
MIT MATHEMATICS

18.702: Problem set 7

Due date: April 20 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 SOUTH STATION

The purpose of this exercise is to get our feet firmly grounded on earth and do some compu-
tations with polynomials and fields.

1. Let ζ7 be a primitive 7th root of unity. Prove that the field Q(ζ7) does not contain a
primitive 5th root of unity.

2. Let f (x) = x3 −3. What is the degree of the field extension Q[x]/( f )? (Hint: The answer
is not 6.)

3. Let K be the field Q(
p

2, i ). Compute the degree of this field as an extension of Q.

4. Let ζp be a primitive p th root of unity for a prime p. What is the degree of the field
extension Q(ζp )?

1



0.2 WORCESTER

1. Construct two distinct injective homomorphisms

Q[X ]/(X 2 −2) ,→R.

Prove/observe that the images of both of these homomorphisms coincide.

2. Consider the field F = Q[X ]/(X 3 − 2). Construct three distinct injective homomor-
phisms

Q[X ]/(X 3 −2) ,→C.

3. Prove that the images of the three homomorphisms constructed above are all distinct
subfields of C.

What?! Ok, heads up here because this is an important observation going forward. Think
very carefully about the questions above in the following framing. We have a field extension
F ⊂ K obtained by taking quotients of F -polynomial rings. It is natural to embed the field K
into a larger field (something like C perhaps, or the algebraic closure). In the first case, there
are distinct injective homomorphisms that do the this, but they have the same image. In the
second case, there are distinct injective homomorphisms – but they have different images! Is
that weird? Is it not weird? It is weird – it’s saying that we can’t tell which root we’ve adjoined!

Canonical? One way to capture the last part of the problem is to say that there is no canonical
way (whatever canonical means) to embed Q[X ]/(X 3 −2) into C. You have to make choices.
By contrast, in the first part, you have to make choices to build the embedding, but ultimately
the choice doesn’t matter. Meditate on this.

0.3 STURBRIDGE

1. Let F ⊂ K = F (α1, . . . ,αn) be a finitely generated field extension. Prove that the following
statements are equivalent:

• F ⊂ K is a finite extension.

• F ⊂ K is an algebraic extension.

• Each αi is algebraic over F .

2. Prove that if α,β are algebraic over some field F , then α±β, αβ, and α/β are also alge-
braic over F .

3. Deduce that if F ⊂ K is a field extension, then the set of elements of K that are algebraic
over F forms a field.

2



0.4 WILLINGTON/VERNON

We’ll close with another solid collection of computations. Consider the extensionQ⊂Q(
p

2,
p

3).

1. Prove that the degree of this extension has degree at most 4.

2. Find a nontrivial Q-linear relation between {1,γ,γ2,γ3,γ4} where γ = p
2+p

3. Write
down the resulting degree 4 polynomial in Q[X ] of which γ is a root. Call this polyno-
mial P (X ).

3. Find all the other roots of P (X ). Deduce that P (X ) is irreducible over Q.

4. Prove that
Q(

p
2,
p

3) =Q(
p

2+p
3),

by considering the possible degree of the extension on the right.
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