
MIT MATHEMATICS

18.702: Problem set 6

Due date: April 6 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 CONTRAVARIANT HOM

Let R be a commutative ring with identity, and let M , N , and P be R-modules. We consider
the operation of applying HomR (−, M). Given a module homomorphism ϕ : N → P , there is
an induced homomorphism HomR (P, M) → HomR (N , M). First, carefully observe for yourself
how this map is defined. In particular, notice that the arrows go the “other way” after applying
HomR (−, M). This property is known as contravariance.

1. Let N → P be a surjective module homomorphism. Prove that the induced map

HomR (P, M) → HomR (N , M)

is injective.
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2. Given an example to show that the opposite need not hold. Specifically, if N → P is
injective, then HomR (P, M) → HomR (N , M) need not be surjective.

3. Prove that the statement of the previous part does hold if R is a field.

Compare and contrast this with the case of the covariant hom discussed in class. Specifically,
both hom’s like injective maps. The covariant hom turns injections into injections, while the
second hom turns surjections into injections. Compare this also with the tensor product –
which as we saw in class, does not preserve injections.

0.2 TENSOR PRODUCTS

This time we deal with tensor products.

1. Let V and W be finite dimensional vector spaces over a field. Without choosing a basis1

prove that there is an isomorphism

Homk (V ,W ) =W ⊗k V ∗,

where V ∗ is the dual vector space of linear maps from V to the field k.

2. Let m and n be integers. Explicitly describe the Z-module

Z/nZ⊗ZZ/mZ.

3. In general, tensor does not preserve injections. Let R be an integral domain and M → N
be a injective map of R-modules. Let F be the fraction field of R. Prove that M ⊗R F →
N ⊗R F is also injective.

More generally, one can replace F above with any localization of R, as defined in the previous
problem set, and tensoring with such localizations will preserve injection. This is sometimes
phrased as localization is exact.

0.3 VALUATION RINGS

We introduce valuation rings – a ubiquitous concept in arithmetic and geometry. Let B be an
integral domain and K its field of fractions. The ring B is said to be a valuation ring if, for
each x 6= 0, either x ∈ B or x−1 ∈ B .

1. Give two examples of valuation rings that are not fields.

2. Prove that if B is a valuation ring, then B is a local ring, i.e. it has a unique maximal
ideal.

1In other words, prove there is a “canonical” isomorphism.
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3. (No actual question being asked) Given a valuation ring B with fraction field K , con-
sider quotient group

Γ := K ×/B×.

Here B× is the group of units in B (not simply the nonzero elements!). This is called the
value group of B . This group is abelian and totally ordered, by defining an order

a ≥ b ⇐⇒ a −b ≥ 0,

where x ≥ 0 precisely when x is the image of an element in B . That is, the image of B in
Γ are “positive”. Contemplate this.

4. Prove that the valuation map
ν : K × → Γ

satisfies the “triangle inequality”

ν(a +b) ≥ min{ν(a),ν(b)}.

0.4 NOETHERIAN PROPERTIES

Let R be a commutative ring with identity. Noetherian rings and non-noetherian rings are
both ubiquitous.

1. If R is noetherian and I is an ideal, then prove that R/I is also noetherian.

2. Let R be the ring of continuous real valued functions on the interval [0,1]. Prove that R
is non-noetherian.

3. (Not for credit) What about the ring of differentiable functions on (0,1)? How about
infinitely differentiable functions? Contrast this with the fact that the formal power
series ring in one variable is noetherian.
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