
MIT MATHEMATICS

18.702: Problem set 5

Due date: March 16 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 MAPS OF FREE MODULES

This is Artin, Chapter 14, Problem 2.3. Let A be the matrix of a homomorphism ϕ :Zn →Zm .

1. Prove that ϕ is injective if and only if the rank of A is n, considered as a real matrix.

2. Prove thatϕ is surjective if and only if the GCD of the determinants of the m×m minors
is 1.

0.2 ANNIHILATORS

Let R be a commutative ring and M be an R-module. A submodule of M is a subgroup that
is closed under multiplication by elements in R.
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1. Consider R itself as an R-module. Prove that the submodules of R are precisely the
ideals of R.

2. Let P and N be submodules of M . Define (N : P ) to be the set of all r ∈ R such that
r P ⊂ N . Prove that (N : P ) is always an ideal.

3. The annihilator ideal of M , denoted Ann(M) ⊂ R is defined to be (0 : M). Prove that

Ann(M +N ) = Ann(M)∩ Ann(N ).

0.3 LOCALIZATION

Let R be a commutative ring. A multiplicatively closed subset of R is a subset S ⊂ R such that
1 ∈ R and S is closed under multiplication. Define a relation ≡ on the product of sets R ×S as
follows:

(r1, s) ≡ (r2, t ) ⇐⇒ (r1t − r2s)u = 0 for some u ∈ S.

Intuitively, we thin of (r1, s) as being the “fraction” r1
s , so we are allowing inverses of teh ele-

ments in S. The equivalence extends the usual notion of when two fractions define the same
number.

1. Check that this relation defined above is an equivalence relation: that it is reflexive,
symmetric, and transitive. Let S−1R denote the set of equivalence classes obtained
above. Denote the equivalence class of (r, s) as r

s .

2. The set of equivalence classes constructed above is the localization of R with respect
to S. Prove that S−1R has the structure of a commutative ring by defining addition and
multiplication of these “fractions” in the same way as in elementary algebra.

3. By sending r ∈ R to r
1 we obtain a ring homomorphism

ϕS : R → S−1R.

Give an example to show that this ring homomorphism is not always injective.

For intuition in this problem, think back to how you getQ from Z.

0.4 LOCALIZATION AND PRIMES

Let p ⊂ R be a prime ideal in a commutative ring R. Observe that R \p is a multiplicatively
closed set. Denote this set by Sp. Then the localization of R at the prime p is defined to be
S−1
p R and is denoted Rp.

1. Take R =Z. Explicitly describe the localizations at all primes (p) ∈Z.

2. Let p ∈Z be a nonzero prime. Describe all the prime ideals in Z(p).

3. For any multiplicatively closed set S, prove that every ideal in S−1R is an extension of
an ideal in R – see the previous problem set for the definition of extensions.
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4. Optional and not for credit – but try! For any multiplicatively closed set S, prove that
the prime ideals of S−1R are in one-to-one correspondence with prime ideals of R that
don’t meet S.

A consequence of the last part of this problem is that passing from R to Rp cuts out all primes
ideals except those containing p. Contrast this with the passage from R to R/p.
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