
MIT MATHEMATICS

18.702: Problem set 4

Due date: March 9 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 GROUP RINGS

In this problem, we will explore a particular example of a non-commutative ring that arises in
representation theory. A non-commutative ring is just like a commutative ring, but where the
multiplication is non-commutative – note however, that the addition is always commutative.
Let G be a finite group with elements g1, . . . , gr . Consider the set

C[G] = {
r∑

i=1
ai gi : ai ∈C}.

This set has the structure of a vector space of dimension equal to the size of G .

1. Construct a multiplication operation on C[G] such that when restricted to the subset
G ⊂ C[G], this multiplication recovers the group multiplication on G . Verify that this
multiplication on C[G] is distributive and associative.
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2. Given a vector space W , a representation of C[G], which is also called a C[G]-module
is a ring homomorphism

ρ :C[G] → End(W ),

where End(W ) is the ring of linear endomorphisms of W , i.e. (1) linear maps from W
to itself, i.e. (2) the ring of not-necessarily-invertible matrices after choosing coordi-
nates. Show that the data of a representation of C[G] as defined above is equivalent to
the data of a representation of G (in the usual sense).

Editorial Note: We will discuss modules soon, but essentially, a module is a way for a
ring to act on an vector space, or more generally an abelian group. The purpose of the
problem above is to connect what we’ve done so far to module theory – modules over
the group ring are equivalent to representations of groups, and many of the theorems we
proved for groups generalize in a natural way to modules over more general rings.

0.2 PRIMES AND NILPOTENTS

Let R be a nonzero commutative ring with identity.

1. Recall that an element x ∈ R was called nilpotent if xn = 0 for some n > 0. Let N ⊂ R
be the set of all nilpotent elements. Prove that N forms an ideal.

2. Prove that the quotient ring R/N carries no nilpotent elements.

3. Prove that the ideal N is the intersection of all prime ideals of R.

0.3 EXTENSION, CONTRACTION, AND PRIMES

Let f : R → S be a ring homomorphism. Let I ⊂ R be an ideal.

1. Give an example to show that f (I ) need not be an ideal of S.

2. Define the extension of I to be the ideal generated by all elements in f (I ), i.e. the
smallest ideal containing f (I ). Let Z[i ] be the ring of Gaussian integers, i.e. complex
numbers whose real and complex parts are integers. Consider the inclusion homomor-
phism

f :Z→Z[i ].

Show that the extension of the prime ideal (5) is not prime. Show that the extension of
the prime ideal (3) is prime.

3. The contraction of an ideal J ⊂ S is defined to be f −1(J ). Prove that the contraction of
an ideal is always an ideal.

4. Prove that the contraction of a prime ideal is always a prime ideal.
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0.4 BOOLEAN RINGS

A commutative ring R is called boolean if x2 = x for all x ∈ R. In a boolean ring R, show that
the following hold.

1. 2x = 0 for all x ∈ R, i.e. R has characteristic 2.

2. Every prime ideal is maximal.

3. Every ideal I that is generated by finitely many elements is principal.
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