
MIT MATHEMATICS

18.702: Problem set 3

Due date: March 2 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 REPRESENTATIONS OVER FINITE FIELDS

Let x be a generator of a cyclic group Cp of order p, where p is a prime. Define a representa-
tion by C →GL(2,Fp ) by

x 7→
[

1 1
0 1

]
.

Prove that this representation is not a direct sum of irreducible representations.
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0.2 SOME BASIC PROPERTIES OF RINGS

Let A be a commutative ring with identity. A nilpotent element x of A is one such that xk = 0
for some positive integer k. A unit in A is an element that has a multiplicative inverse.

• Construct a ring that contains a non-zero nilpotent element.

• Let x be a nilpotent element of A. Prove that (1+x) is a unit.

0.3 THE POWER SERIES RING

Let F be a field. The set of all formal power series p(t ) = a0 + a1t + a2t 2 + ·· · , with ai ∈ F ,
forms a ring which is often denoted F [[t ]]. By formal, we mean that the coefficients can be an
arbitrary sequence, and need not converge in any sense.

• Take for granted that F [[t ]] is a ring, and determine the units in this ring.

• What is the quotient of F [[t ]] by the ideal generated by t 2?

0.4 INTEGRAL DOMAINS

A commutative ring A is called an integral domain if for any a,b ∈ A such that ab = 0, either
a or b is equal to 0.

• Does there exist an integral domain containing exactly 21 elements?

• Let A and B be integral domains. Is A ×B an integral domain? Prove or give a coun-
terexample.

• If A is a domain, prove that A[x], the polynomial ring with coefficients in A, is also an
integral domain.
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