
MIT MATHEMATICS

18.702: Problem set 2

Due date: February 23 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

Throughout this problem set, G will denote a finite group, with the exception of possibly in
the third problem, and a representation of G will be a homomorphism ρ : G → GL(W ) for a
complex vector space W of finite dimension.

0.1 CHARACTER TABLES

The purpose of this exercise is to get some practice with character tables, computing them.
You may use the full power of the main theorem on characters stated in class, including the
divisibility of the order of the group by the dimension of an irreducible character, and the fact
that the sum of squares of the dimensions of irreducible characters is equal to the order of
the group.

1. If every irreducible representation of G is one-dimensional, is G necessarily abelian?
Prove or give a counterexample.
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2. Determine the character table for the Klein four group. (The character table is the table
that lists the irreducible characters down the left, conjugacy classes on the top, and the
entry is the value of the character on the corresponding class).

3. Let Q be the quaternion group. How many irreducible characters does Q possess? De-
termine representatives for the conjugacy classes of Q.

4. (Slightly hard) Determine the full character table for Q.

There are a number of ways to proceed in the last step. If you get stuck, here’s some leading
questions. Given a homomorphism Q → GL(W ), if this map factors through a cyclic quotient
group, can you use the quotient group to build an irreducible character? What do you know
about the normality of index 2 subgroups? If you can determine all the one-dimensional irre-
ducible characters, can you use the main theorem on characters to finish off things off?

0.2 MORE ON CHARACTERS

1. There are two ways to attach complex numbers to group elements. The first is by giving
a representation of dimension one, and the second is by giving a character. Find a
necessary and sufficient condition for a character to be equal to a representation.

2. Find all one dimensional representations of the symmetric group Sn .

3. The standard representation of Sn on the subspace of Cn where the sum of the coor-
dinates is zero is known to be irreducible. Now, let χ : Sn → C be the character of the
representation of Cn permuting the coordinates. Compute the sum∑

g∈Sn

χ(g )2.

0.3 THE CIRCLE GROUP

1. Let S1 be the circle group of complex numbers of norm equal to 1. A one dimensional
representation of S1 is a homomorphism

S1 →C× =GL(1,C),

that is differentiable. Construct infinitely many distinct one-dimensional irreducible
representations of S1.

2. Formulate and sketch a proof of Maschke’s theorem for differentiable representations
of S1. By “sketch”, I mean that if there are parts that are identical to the finite group
case, you can say so.
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0.4 GROWING REPRESENTATIONS FROM SUBGROUPS

1. Let G be a finite group and let H be any subgroup. Given a representation W of H ,
construct a representation of G as follows. Let g1, . . . , gn be left coset representatives of
G/H , and consider the new vector space

W G
H =

n⊕
i=1

gi W.

Here, the vector space gi W is isomorphic to W , but whose vectors are written as gi w
for gi fixed and w ∈W . Prove that the natural action of G on W G

H is a representation of
G . This is called the induced representation

2. Take G = S3 and H = {e}, and W =C in the above construction, and write the represen-
tation W G

H as a direct sum of irreducible representations.

3. More generally, take G = Sn , H = {e}, and W =C. Describe the representation W G
H .
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