
MIT MATHEMATICS

18.702: Problem set 10

Due date: May 11 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 GALOIS BASICS

1. Consider the fieldC(t ). Let σ be the automorphism sending t to 1
t . Determine the fixed

field of the automorphism group generated by σ.

2. Determine the splitting field of x3 −3 overQ.

3. Let ζn be a primitive nth root of unity and let K =Q(ζn). Prove that K is a Galois exten-
sion ofQ.

0.2 GALOIS COMPUTATIONS

Let K =Q(
p

3,
p

2,
p

5).

1. Prove that K is Galois overQ.
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2. Determine the Galois group of K overQ.

3. Determine the minimal polynomial for
p

2+p
3 overQ.

0.3 MAIN THEOREM

1. Let K /F be a Galois extension with Galois group Z/2×Z/12. How many intermediate
extensions L are there with Gal (K /L) isomorphic to the cyclic group on 4-elements?

2. Construct a field extension ofQwith a non-abelian Galois group.

0.4 INVERSE SYSTEMS

An inverse system is a sequence of objects (e.g. sets/groups/rings/modules) (An), one for
each n ∈N, together with projection homomorphisms:

fn : An+1 → An .

The inverse limit
A := lim←−− An

is then defined to be the subset of
∏

n An consisting of those sequences (an) satisfying

fn(an+1) = an .

In other words, these are compatible collections.

1. For a prime p, the ring of p-adic integers is defined as the inverse limit

Zp := lim←−−Z/pn ,

where the homomorphism Z/pn+1 → Z/pn is defined by taking the reduction mod-
ulo pn . Prove that Zp is a ring equipped with a (canonical, whatever that means) ring
homomorphism

Zp →Z/pn

for all n.

2. Prove that Zp is an integral domain.

3. Prove that the fraction fieldQp of Zp is not algebraically closed.

4. There is a subgroup pZp of Zp . Determine the quotient Zp /pZp .

5. Prove that there exists a unique maximal ideal in Zp .

Editor: There are several things to notice here. First, notice the structural between this ring
and the ring C[[t ]] of power series. Can you describe that as an inverse limit in a similar way?
Secondly, you may want to take a close look at the concept of valuation ring which we looked
at in Problem Set 6. Finally, this is just one instance of an inverse limit. These objects occur
throughout algebra and topology. Go look up profinite groups – i.e. groups that are deter-
mined by their finite quotients.
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