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The Langlands Classification and Irreducible
Characters for Real Reductive Groups

JEFFREY ADAMS
DAN BARBASCH
DAVID A. VOGAN, JR.

1. Introduction.

In [2] and [3], Arthur has formulated a number of conjectures about automorphic forms. These con-
jectures would have profound consequences for the unitary representation theory of the group G(R) of real
points of a connected reductive algebraic group G defined over R. Our purpose in this book is to establish
a few of these local consequences. In order to do that, we have been led to combine the ideas of Langlands
and Shelstad (concerning dual groups and endoscopy) with those of Kazhdan and Lusztig (concerning the
fine structure of irreducible representations).

We will recall Arthur’s conjectures in detail in Chapters 22 and 26, but for the moment it is enough to
understand their general shape. We begin by recalling the form of the Langlands classification. Define

I(G(R)) D it (G(R)) D Hiemp (G(R)) (1.1)

to be the set of equivalence classes of irreducible admissible (respectively unitary or tempered) representations
of G(R). Now define
(G(R)) O Premp(G(R)) (1.2)

to be the set of Langlands parameters for irreducible admissible (respectively tempered) representations
of G(R) (see [34], [10], [1], Chapter 5, and Definition 22.3). To each ¢ € ®(G(R)), Langlands attaches a
finite set II, C II(G(R)), called an L-packet of representations. The L-packets Il4 partition II(G(R)). If
¢ € Pemp(G(R)), then the representations in Il are all tempered, and in this way one gets also a partition
of Iemp (G(R)).

Now the classification of the unitary representations of G(R) is one of the most interesting unsolved
problems in harmonic analysis. Langlands’ results immediately suggest that one should look for a set between
®(G(R)) and Piemp(G(R)) parametrizing exactly the unitary representations. Unfortunately, nothing quite
so complete is possible: Knapp has found examples in which some members of the set Il are unitary and
some are not.

The next most interesting possibility is to describe a set of parameters giving rise to a large (but
incomplete) family of unitary representations. This is the local aim of Arthur’s conjectures. A little more
precisely, Arthur defines a new set

U(G/R) (1.3)(a)

of parameters (Definition 22.4). (We write G/R rather than G(R) because Arthur’s parameters depend only
on an inner class of real forms, and not on one particular real form.) Now assume that G(R) is quasisplit.
Then Arthur defines an inclusion

U(G/R) = ®(G(R)), o dy. (1.3)(b)
Write @ arthur(G(R)) for the image of this inclusion. Then
®(G(R)) O Parthur (G(R)) D Premp(G(R)). (1.3)(c)

Roughly speaking, Arthur proposes that ¥(G/R) should parametrize all the unitary representations of G(R)
that are of interest for global applications. More specifically, he proposed the following problems (still for
G(R) quasisplit at first).



Problem A. Associate to each parameter ¢ € U(G/R) a finite set II;, C II(G(R)). This set (which we
might call an Arthur packet) should contain the L-packet 114, (cf. (1.3)(b)) and should have other nice
properties, some of which are specified below.

The Arthur packet will not in general turn out to be a union of L-packets; so we cannot hope to define it
simply by attaching some additional Langlands parameters to .
Associated to each Arthur parameter is a certain finite group A, (Definition 21.4).

Problem B. Associate to each m € II,, a non-zero finite-dimensional representation 7, (m) of Ay.
Problem C. Show that the distribution on G(R)

> (exdim(ry(m))) O(m)

melly

is a stable distribution in the sense of Langlands and Shelstad ([35], [48]). Here e, = +1 is also to be
defined.

Problem D. Prove analogues of Shelstad’s theorems on lifting tempered characters (cf. [48]) in this
setting.

Problem E. Extend the definition of Il to non-quasisplit G, in a manner consistent with appropriate
generalizations of Problems B, C, and D.

Problem F. Show that every representation 7 € 1l is unitary.

We give here complete solutions of problems A, B, C, D, and E. Our methods offer no information
about Problem F. (In that direction the best results are those of [5], where Problem F is solved for complex
classical groups.)

The central idea of the proofs is by now a familiar one in the representation theory of reductive groups.
It is to describe the representations of G(R) in terms of an appropriate geometry on an L-group. So let VG
be the (complex reductive) dual group of G, and VGT the (Galois form of the) L-group attached to the real
form G(R). The L-group is a complex Lie group, and we have a short exact sequence

1-VYG = "VG" = Gal(C/R) — 1 (1.4)(a)

(The complete definition of the L-group is recalled in Chapter 4.) We also need the Weil group Wg of C/R;
this is a real Lie group, and there is a short exact sequence

1—C* - Wg — Gal(C/R) — 1. (1.4)(b)

(The Weil group is not a complex Lie group because the action of the Galois group on C* is the non-trivial
one, which does not preserve the complex structure.)

Definition 1.5 ([34], [10]). A quasiadmissible homomorphism ¢ from Wx to VGT is a continuous group
homomorphism satisfying

(a) ¢ respects the homomorphisms to Gal(C/R) defined by (1.4); and
(b) ¢(C*) consists of semisimple elements of VG.

(Langlands’ notion of “admissible homomorphism” includes an additional “relevance” hypothesis on ¢, which
will not concern us. This additional hypothesis is empty if G(R) is quasisplit.) Define

P(VGY) ={¢: Wr — VG | ¢ is quasiadmissible }.
Clearly VG acts on P(YG") by conjugation on the range of a homomorphism, and we define
®(G/R) = { VG orbits on P(YG")}.

(If G(R) is quasisplit, this is precisely the set of parameters in (1.2). In general Langlands omits the
“irrelevant” orbits.)



Now a homomorphism ¢ is determined by the value of its differential on a basis of the real Lie algebra
of C*, together with its value at a single specified element of the non-identity component of Wg; that is, by
an element of the complex manifold Vg x Vg x YG'. The conditions (a) and (b) of Definition 1.5 amount to
requiring the first two factors to be semisimple, and the third to lie in the non-identity component. Requiring
that these elements define a group homomorphism imposes a finite number of complex-analytic relations,
such as commutativity of the first two factors. Pursuing this analysis, we will prove in Chapter 5

Proposition 1.6. Suppose VG' is an L-group. The set P(VG') of quasiadmissible homomorphisms
from Wg into ¥ GY may be identified with the set of pairs (y, \) satisfying the following conditions:
a) y € VGY — VG, and X € Vg is a semisimple element;
b) y? = exp(27il); and
c) [AAd(y)A] =0.

The Langlands classification described after (1.2) is thus already geometric: L-packets are parametrized
by the orbits of a reductive group acting on a topological space. Subsequent work of Langlands and Shelstad
supports the importance of this geometry. For example, one can interpret some of the results of [48] as
saying that the L-packet II, may be parametrized using ¥ G-equivariant local systems on the VG orbit of ¢.

By analogy with the theory created by Kazhdan-Lusztig and Beilinson-Bernstein in [28] and [8], one
might hope that information about irreducible characters is encoded by perverse sheaves on the closures
of VG-orbits on P(VGY). Unfortunately, it turns out that the orbits are already closed, so these perverse
sheaves are nothing but the local systems mentioned above. On the other hand, one can often parametrize
the orbits of several rather different group actions using the same parameters; so we sought a different space
with a V@ action, having the same set of orbits as P(YGT), but with a more interesting geometry.

In order to define our new space, we need some simple structure theory for reductive groups. (This will
be applied in a moment to VG.)

Definition 1.7. Suppose H is a complex reductive group, with Lie algebra h, and A € b is a semisimple
element. Set

b ={pebApul=np} (neZ) (L.7)(a)
A= Y b\ (1.7)(b)
e(A\) = exp(2miA) € H. (1.7)(e)

The canonical flat through X is the affine subspace
F(A)=X+n(N) Ch. (1.7)(d)

We will see in Chapter 6 that the canonical flats partition the semisimple elements of h — in fact they
partition each conjugacy class — and that the map e is constant on each canonical flat. If A is a canonical

flat, we may therefore write
e(A) = exp(2mi)) (any A € A). (1.7)(e)

Finally, write F(h) for the set of all canonical flats in .

Definition 1.8 Suppose VG' is the L-group of a real reductive group (cf. (1.4)). The geometric
parameter space for VGT is the set

X=X("G")={(yA)|ye G =G, Ae F('g), y* = e(A) }.

This is our proposed substitute for Langlands’ space P(YGY). The set F(Vg) is difficult to topologize
nicely, as one can see already for SL(2); this difficulty is inherited by X. To make use of geometric methods
we will always restrict to the subspaces appearing in the following lemma.

Lemma 1.9 (cf. Proposition 6.16 below). In the setting of Definition 1.8, fix a single orbit O of VG
on the semisimple elements of Vg, and set

XO,VGY ={(y,A)e X |ACcO}.
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Then X(0,VGY) has in a natural way the structure of a smooth complex algebraic variety, on which VG acts
with a finite number of orbits.

The variety X(O,VGT) need not be connected or equidimensional, but this will cause no difficulties. We
topologize X by making the subsets X (O, G") open and closed. (It seems likely that a more subtle topology
will be important for harmonic analysis, as soon as continuous families of representations are involved.)

Of course the first problem is to check that the original Langlands classification still holds.

Proposition 1.10. (cf. Proposition 6.17 below). Suppose VG is an L-group. Then there is a natural
VG -equivariant map
p:PYGY) = X(YGY), p(y,N) = (v, F(N)

inducing a bijection on the level of Y G-orbits. The fibers of p are principal homogeneous spaces for unipotent
algebraic groups. More precisely, suppose x = p(¢). Then the isotropy group VG is a Levi subgroup of ¥ G.

This proposition shows that (always locally over R!) the geometric parameter space X shares all the
formal properties of P(VG"') needed for the Langlands classification. In particular, if G(R) is quasisplit,
L-packets in II(G(R)) are parametrized precisely by ¥ G-orbits on X. What has changed is that the orbits on
the new space X are not closed; so the first new question to consider is the meaning of the closure relation.

Proposition 1.11. Suppose G(R) is quasisplit. Let ¢, ¢' € (G /R) be two Langlands parameters, and
S, §" C X the corresponding ¥ G-orbits. Then the following conditions are equivalent:
i) S is contained in the closure of S’.
ii) there are irreducible representations m € I, and ' € Ily with the property that ©' is a composition
factor of the standard representation of which 7 is the unique quotient.
If ¢ is a tempered parameter, then the orbit S is open in the variety X (O,VG") containing it (cf. Lemma
1.9).

(In the interest of mathematical honesty, we should admit that this result is included only for expository
purposes; we will not give a complete proof. That (ii) implies (i) (even for G(R) not quasisplit) follows from
Corollary 1.25(b) and (7.11). The other implication in the quasisplit case can be established by a subtle
and not very interesting trick. The last assertion follows from Proposition 22.9(b) (applied to an Arthur
parameter with trivial SL(2) part).)

Proposition 1.11 suggests the possibility of a deeper relationship between irreducible representations and
the geometry of orbit closures on X. To make the cleanest statements, we need to introduce some auxiliary
ideas. (These have not been emphasized in the existing literature on the Langlands classification, because
they reflect phenomena over R that are non-existent or uninteresting globally.) The reader should assume at
first that G is adjoint. In that case the notion of “strong real form” introduced below amounts to the usual
notion of real form, and the “algebraic universal covering” of VG is trivial.

Definition 1.12. Suppose G is a complex connected reductive algebraic group. An extended group for
G/R is a pair (G, W), subject to the following conditions.
(a) GT is a real Lie group containing G' as a subgroup of index two, and every element of GI' — G acts on
G (by conjugation) by antiholomorphic automorphisms.
(b) W is a G-conjugacy class of triples (J, N, x), with
(1) The element & belongs to G — G, and §° € Z(G) has finite order. (Write ¢ = o(§) for the
conjugation action of 4 on G, and G(R) or G(R, ) for the fixed points of o; this is a real form of
G.)
(2) N C G is a maximal unipotent subgroup, and ¢ normalizes N. (Then N is defined over R; write
N(R) = N(R, ) for the subgroup of real points.)
(3) The element y is a one-dimensional non-degenerate unitary character of N(R). (Here “non-
degenerate” means non-trivial on each simple restricted root subgroup of N.)

We will discuss this definition in more detail in Chapters 2 and 3. For now it suffices to know that each
inner class of real forms of G gives rise to an extended group. The groups G(R) appearing in the definition
are quasisplit (because of (b)(2)) and the pair (N(R),y) is the set of data needed to define a Whittaker
model for G(R).



Definition 1.13. Suppose (G, W) is an extended group. A strong real form of (G, W) (briefly, of G)
is an element § € G'' — G such that 62 € Z(G) has finite order. Given such a d, we write ¢ = o(§) for its
conjugation action on G, and

G(R) = G(R, )

for the fixed points of o. Two strong real forms § and 0’ are called equivalent if they are conjugate by G;
we write § ~ §’. (The elements ¢ of Definition 1.12 constitute a single equivalence class of strong real forms,
but in general there will be many others.)

The usual notion of a real form can be described as an antiholomorphic involution ¢ of G. Two such
are equivalent if they differ by the conjugation action of G. This is exactly the same as our definition if G is
adjoint. The various groups G(R,d) (for & a strong real form of (G'',V)) constitute exactly one inner class
of real forms of G.

Definition 1.14. Suppose (G, W) is an extended group. A representation of a strong real form of
(G, W) (briefly, of G) is a pair (7, d), subject to
(a) § is a strong real form of (GT', W) (Definition 1.13); and
(b) 7 is an admissible representation of G(R, ).

Two such representations (m,d) and (7’,¢") are said to be (infinitesimally) equivalent if there is an
element g € G such that gég~! = &', and m o Ad(g~!) is (infinitesimally) equivalent to «’. (In particular,
this is possible only if the strong real forms are equivalent.) Finally, define

o(GY, W) = II(G/R)

to be the set of (infinitesimal) equivalence classes of irreducible representations of strong real forms of G.

Lemma 1.15. Suppose (G¥', W) is an extended group for G (Definition 1.12). Choose representatives
{ds | s € X} for the equivalence classes of strong real forms of G (Definition 1.13). Then the natural map
from left to right induces a bijection

[T (G R, 6,)) =~ 11(G/R)

sEX

(Definition 1.14; the set on the left is a disjoint union).

This lemma is an immediate consequence of the definitions; we will give the argument in Chapter 2.
The set II(G/R) is the set of representations we wish to parametrize. To do so requires one more
definition on the geometric side.

Definition 1.16. Suppose YGT is the L-group of the inner class of real forms represented by the
extended group G' (cf. (1.4) and Definition 1.13). The algebraic universal covering VG is the projective
limit of all the finite coverings of VG. This is a pro-algebraic group, of which each finite-dimensional
representation factors to some finite cover of VG.

With the algebraic universal covering in hand, we can define a complete set of geometric parameters for
representations.

Definition 1.17. Suppose G is a connected reductive algebraic group endowed with an inner class of
real forms, and VG' is a corresponding L-group for G. A complete geometric parameter for G is a pair

§= (57 V)v

where
(a) S'is an orbit of YG on X(YG") (Definition 1.8); and B
(b) V is an irreducible ¥ G-equivariant local system on S, for some finite covering VG of vV G.

We may write (Sg, Ve) to emphasize the dependence on £. In (b), it is equivalent to require V to be vgels.

equivariant. Write Z(G/R) for the set of all complete geometric parameters.
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A slightly different formulation of this definition is sometimes helpful. Fix a ¥G-orbit S on X, and a
point z € . Write VG for the stabilizer of z in YG™, and define

alg (llg
qloc,alg \/g / (VG )
0

x

for its (pro-finite) component group. We call Alsoc’alg the equivariant fundamental group of S; like a funda-
mental group, it is defined only up to inner automorphism (because of its dependence on z). Representations
of Alsoc’alg classify equivariant local systems on S, so we may also define a complete geometric parameter for
G as a pair

§£=(5,7),
where
(a) S is an orbit of VG on X (VG'); and
(b) 7 is an irreducible representation of Alsoc’alg.
Again we may write (Se, 7¢).

Theorem 1.18. Suppose (G*', W) is an extended group for G (Definition 1.12), and ¥V G" is an L-group
for the corresponding inner class of real forms. Then there is a natural bijection between the set II(G/R)
of equivalence classes of irreducible representations of strong real forms of G (Definition 1.14), and the
set E(G/R) of complete geometric parameters for G (Definition 1.17). In this parametrization, the set of
representations of a fized real form G(R) corresponding to complete geometric parameters supported on a
single orbit is precisely the L-packet for G(R) attached to that orbit (Proposition 1.10).

As we remarked after Proposition 1.6, one can find results of this nature in [48].
For each complete geometric parameter &, we define (using Theorem 1.18 and Definition 1.14)

(m(€),6(€)) = some irreducible representation parametrized by & (1.19)(a)

M (&) = standard representation with Langlands quotient m(&). (1.19)(b)

As a natural setting in which to study character theory, we will also use
KTI(G/R) = free Z-module with basis II(G/R). (1.19)(c)

We will sometimes call this the lattice of virtual characters. One can think of it as a Grothendieck group of
an appropriate category of representations of strong real forms. In particular, any such representation p has
a well-defined image

o] € KTI(G/R).

By abuse of notation, we will usually drop the brackets, writing for example M(§) € KII(G/R). (All of
these definitions are discussed in somewhat more depth in Chapters 11 and 15.)

In order to write character formulas, we will also need a slight variant on the notation of (1.19)(a). Fix
a strong real form § of G, and a complete geometric parameter £. By the proof of Lemma 1.15, there is at
most one irreducible representation m of G(R, ) so that (m, ) is equivalent to (7(£),(§)). We define

(&, 0) = . (1.19(a)
If no such representation 7 exists, then we define
m(£,0) = 0. (1.19)(e)

Similarly we can define M (€, ).
Lemma 1.20 (Langlands — see [54], [56]). The (image in KII(G/R) of the) set

{M() | £ € E(G/R) }

8



is a basis for KII(G/R).

Because the standard representations of real groups are fairly well understood, it is natural to try to
describe the irreducible representations in terms of the standard ones. On the level of character theory, this
means relating the two bases {m(£)} and {M(£)} of KII(G/R):

M(E) = me(y,6)m(7). (1.21)

YEE

(The subscript r stands for “representation-theoretic,” and is included to distinguish this matrix from an
analogous one to be introduced in Definition 1.22.) Here the multiplicity matriz m,.(, ) is what we want.
The Kazhdan-Lusztig conjectures (now proved) provide a way to compute the multiplicity matrix, and a
geometric interpretation of it — the “Beilinson-Bernstein picture” of [8]. Unfortunately, this geometric
interpretation is more complicated than one would like in the case of non-integral infinitesimal character,
and it has some fairly serious technical shortcomings in the case of singular infinitesimal character. (What
one has to do is compute first at nonsingular infinitesimal character, then apply the “translation principle.”
The translation principle can introduce substantial cancellations, which are not easy to understand in the
Beilinson-Bernstein picture.) We have therefore sought a somewhat different geometric interpretation of the
multiplicity matrix. Here are the ingredients. (A more detailed discussion appears in Chapter 7.)

Definition 1.22. Suppose Y is a complex algebraic variety on which the pro-algebraic group H acts
with finitely many orbits. Define

C(Y,H) = category of H-equivariant constructible sheaves on Y. (1.22)(a)

P(Y,H) = category of H-equivariant perverse sheaves on Y. (1.22)(d)

(For the definition of perverse sheaves we refer to [9]. The definition of H-equivariant requires some care in
the perverse case; see [38], section 0, or [39], (1.9.1) for the case of connected H.) Each of these categories is
abelian, and every object has finite length. (One does not ordinarily expect the latter property in a category
of constructible sheaves; it is a consequence of the strong assumption about the group action.) The simple
objects in the two categories may be parametrized in exactly the same way: by the set of pairs

§= (8 Ve) =(5,V) (1.22)(c)

with S an orbit of H on Y, and V an irreducible H-equivariant local system on S. The set of all such pairs
will be written Z(Y, H), the set of complete geometric parameters for H acting on'Y. Just as in Definition
1.17, we may formulate this definition in terms of the equivariant fundamental group

AGe=Hy/(Hy)o  (y€S)

and its representations. We write (&) for the irreducible constructible sheaf corresponding to £ (the extension
of £ by zero), and P(€) for the irreducible perverse sheaf (the “intermediate extension” of & — cf. [9],
Definition 1.4.22).

The Grothendieck groups of the two categories P(Y, H) and C(Y, H) are naturally isomorphic (by the
map sending a perverse sheaf to the alternating sum of its cohomology sheaves, which are constructible).
Write K(Y, H) for this free abelian group. The two sets {P(§) | £ € Z} and {u(§) | £ € E} are obviously
bases of their respective Grothendieck groups, but they are not identified by the isomorphism. Write d(&)
for the dimension of the underlying orbit Se. We can write in K (Y, H)

w© = (=D" 3" my(v.6)P(y) (1.22)(d)

YEE(Y,H)

with mg(vy,£) an integer. (The subscript g stands for “geometric.”) In this formula, it follows easily from
the definitions that

mg(§,6) =1, my(v,€) #0onlyif S, C (S¢ — S¢) (v # &) (1.22)(e)

9



The matrix mg(7, §) is essentially the matrix relating our two bases of K (Y, H). It is clearly analogous to
(1.21). In each case, we have a relationship between something uncomplicated (the standard representations,
or the extensions by zero) and something interesting (the irreducible representations, or the simple perverse
sheaves). One can expect the matrix m to contain interesting information, and to be difficult to compute
explicitly.

Definition 1.23. In the setting of Definition 1.8, define
C(X(VG"),"G")

to be the direct sum over semisimple orbits © C Vg of the categories C(X (O, VGT),VG™) of Definition 1.22.
The objects of this category are called (by a slight abuse of terminology) VGl -equivariant constructible
sheaves on X. Similarly we define

PX(VG"), VG,

the VGalg-equivam'ant perverse sheaves on X. The irreducible objects in either category are parametrized
by Z(G/R) (cf. Definition 1.22), and we write

KX(VGY)

for their common Grothendieck group. We write u(€) and P(€) for the irreducible objects constructed in
Definition 1.22, or their images in KX (¥G"). These satisfy (1.22)(d) and (e).

Since Theorem 1.18 tells us that the two Grothendieck groups KX (VG') and KII(G/R) have bases in
natural one-to-one correspondence, it is natural to look for a functorial relationship between a category of
representations of strong real forms of G, and one of the geometric categories of Definition 1.23. We do not
know what form such a relationship should take, or how one might hope to establish it directly. What we
are able to establish is a formal relationship on the level of Grothendieck groups. This will be sufficient for
studying character theory.

Theorem 1.24 Suppose (G*, W) is an extended group for G (Definition 1.12), and VG* is an L-group
for the corresponding inner class of real forms. Then there is a natural perfect pairing

<, > KI(G/R) x KX(YG") > Z

between the Grothendieck group of the category of finite length representations of strong real forms of G, and
that of ¥ G™ -equivariant (constructible or perverse) sheaves on X (cf. (1.19) and Definition 1.283). This
pairing is defined on the level of basis vectors by

< M(&), u(&) >= e(G(R, 6(€)))de e

Here we use the notation of (1.19) and Definition 1.22. The group G(R,0(§)) is the real form represented
by M(€); the constant e(G(R)) = %1 is the one defined in [32] (see also Definition 15.8), and the last § is a
Kronecker delta. In terms of the other bases of (1.19) and Definition 1.23, we have

< (), P(¢') >= e(G(R,5(£))(~1)" ¢ ¢

The content of this theorem is in the equivalence of the two possible definitions of the pairing. We will
deduce it from the main result of [56]. As an indication of what the theorem says, here are three simple
reformulations.

Corollary 1.25.
a) The matrices m, and mg of (1.21) and Definition 1.22(d) are essentially inverse transposes of each

other:
D (=D me (v, €)my (7, €') = (=1)" e 0.
.
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b) The multiplicity of the irreducible representation w(y) in the standard representation M () is up to a
sign the multiplicity of the local system V¢ in the restriction to S¢ of the Euler characteristic of the
perverse sheaf P(7):

my(v,€) = (—1)*)—d&) Z(—l)i(multiplicity of Ve in H'P(7) |s,).

¢) The coefficient of the standard representation M(¥y) in the expression of the irreducible representation
7(€) is equal to (—1)¥N=4E) times the multiplicity of the perverse sheaf P(€) in the expression of

p(y)[=d()]-

Here part (c) refers to the expansion of 7(§) in the Grothendieck group as a linear combination of standard
representations (cf. Lemma 1.20); and similarly for u(vy).
Another way to think of Theorem 1.24 is this.

Corollary 1.26. In the setting of Theorem 1.24, write
K = KII(G/R)

for the set of (possibly infinite) integer combinations of irreducible representations of strong real forms of G.
Then K may be identified with the space of Z-linear functionals on the Grothendieck group KX(VGF):

KI(G/R) ~ Homy (KX (YG"),Z).

In this identification,
a) the standard representation M(£) of G(R,5(§)) corresponds to e(G(R,5())) times the linear functional
“multiplicity of Ve in the restriction to S¢ of the constructible sheaf C';” and
b) the irreducible representation w(€) of G(R,8(€)) corresponds to e(G(R,5(£)))(=1)) times the linear
functional “multiplicity of P(£) as a composition factor of the perverse sheaf Q.”

Here in (a) we are interpreting KX (YG") as the Grothendieck group of constructible sheaves, and in (b) as
the Grothendieck group of perverse sheaves.

We call elements of KII(G/R) formal virtual characters of strong real forms of G.
In order to bring Langlands’ notion of stability into this picture, we must first reformulate it slightly.

Definition 1.27. In the setting of Definition 1.14 and (1.19), suppose

n=>_ n(&)(r(&),5()

{eE

is a formal virtual character. We say that 7 is locally finite if for each strong real form § there are only
finitely many £ with n(§) # 0 and §(&) equivalent to 6. Suppose that 7 is locally finite, and that § is a strong
real form of G. There is a finite set my,...,m, of inequivalent irreducible representations of G(R,d) so that
each (7, ) is equivalent to some (7(§;), 0(§;)) with n(&;) # 0. Each of these representations has a character
©O(r;), a generalized function on G(R,d); and we define

O(n,8) = > _n(&)0(m),

J

a generalized function on G(R, §). This generalized function has well-defined values at the regular semisimple
elements of G(RR, ¢), and these values determine ©(n,d). In the notation of (1.19)(d,e), we can write

O(n,8) =Y _n(§)O(x(&,9)).

3
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We say that 7 is strongly stable if it is locally finite, and the following condition is satisfied. Suppose ¢
and ¢’ are strong real forms of G, and g € G(R, ) N G(R, §’) is a strongly regular semsimple element. Then

O(n,9)(g9) = ©(n,0")(9)-

A necessary condition for 7 to be strongly stable is that each ©(n,d) should be stable in Langlands’
sense. Conversely, Shelstad’s results in [48] imply that if © is a stable finite integer combination of characters
on a real form G(R, ), then there is a strongly stable n with © = ©(n, 9).

Corollary 1.26 gives a geometric interpretation of formal virtual characters. We can now give a geometric
interpretation of the notion of stability.

Definition 1.28. In the setting of Definition 1.22, fix an H-orbit S C Y, and a point y € S. For a
constructible sheaf C' on Y, write C,, for the stalk of C at y, a finite-dimensional vector space. The map

X§°:ObC(Y,H) = N, x¢°(C) = dim(C,)
is independent of the choice of y in S. It is additive for short exact sequences, and so defines a Z-linear map
X% K(Y,H) - Z,

the local multiplicity along S. If we regard K (Y, H) as a Grothendieck group of perverse sheaves, then the

formula for Xls‘)c on a perverse sheaf P is

X&°(P) = 3 (~1)dim(H'P),.

Any Z-linear functional n on K(Y, H) is called geometrically stable if it is in the Z-span of the various XIS"C.
In the setting of Definition 1.23, a Z-linear functional  on K (Y, H) is called geometrically stable if its
restriction to each summand K (X (O), VGF) is geometrically stable, and vanishes for all but finitely many

0.

Theorem 1.29. In the identification of Corollary 1.26, the strongly stable formal virtual characters
correspond precisely to the geometrically stable linear functionals.

This is an immediate consequence of Corollary 1.26 and Shelstad’s description of stable characters in [47].
(It is less easy to give a geometric description of the stable characters on a single real form of G, even a
quasisplit one.)

In a sense Arthur’s conjectures concern the search for interesting new stable characters. We have
now formulated that problem geometrically, but the formulation alone offers little help. The only obvious
geometrically stable linear functionals are the st?c. For S corresponding to an L-packet by Proposition
1.10, the corresponding strongly stable formal virtual character is essentially the sum of all the standard
representations attached to the L-packet. This sum is stable and interesting, but not new, and not what is
needed for Arthur’s conjectures. To continue, we need a different construction of geometrically stable linear

functionals on K (Y, H).

Definition 1.30. Suppose Y is a smooth complex algebraic variety on which the pro-algebraic group
H acts with finitely many orbits. To each orbit S we associate its conormal bundle

Ts(Y) cT*(Y);

this is an H-invariant smooth Lagrangian subvariety of the cotangent bundle. Attached to every H-
equivariant perverse sheaf P on Y is a characteristic cycle

Ch(P) =) X&“(P)T5(Y).
S

mic

Here the coefficients x'&*°(P) are non-negative integers, equal to zero unless S is contained in the support
of P. One way to construct Ch(P) is through the Riemann-Hilbert correspondence ([12]): the category
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of H-equivariant perverse sheaves on Y is equivalent to the category of H-equivariant regular holonomic
D-modules on Y, and the characteristic cycle of a D-module is fairly easy to define (see for example [16] or
[24]). The functions x%* are additive for short exact sequences, and so define Z-linear functionals

X2 K(Y,H) > Z,

the microlocal multiplicity along S.

Theorem 1.31 (Kashiwara — see [23], [24], Theorem 6.3.1, or [16], Theorem 8.2.) The linear functionals
of Definition 1.30 are geometrically stable. More precisely, for every H-orbit S’ such that S’ O S there
is an integer ¢(S,S") so that for every H-equivariant perverse sheaf on'Y,

TYM,C

XF(P) = eS8, 8 )N (P).

S’

Here XZOC is defined in Definition 1.28.

In fact Kashiwara’s interest was in an inverted form of this relationship, expressing ngoc in terms of the

various X2, (The invertibility of the matrix ¢(S, S’) is an immediate consequence of the facts that ¢(S, S) =
(=1)4mS " and that ¢(S,S") # 0 only if S’ > S.) We could therefore have defined geometrically stable in
terms of the linear functionals x&".

Perhaps the main difficulty in Theorem 1.31 is the definition of the matrix ¢(S, .S”). That definition is due
independently to Macpherson in [41]. Although the D-module approach to characteristic cycles is intuitively
very simple, it entails some great technical problems (notably that of lifting [44]). We will therefore find it
convenient to use a geometric definition of y7'*¢ due to MacPherson (see (24.10) and Definition 24.11 below).
With this definition, Theorem 1.31 has a very simple proof due to MacPherson; we reproduce it at the end
of Chapter 24.

The matrix ¢(S,S5’) and its inverse have been extensively studied from several points of view (see
for example the references in [16]). If S # S’ is contained in the smooth part of S, then ¢(S,S’) = 0.
Nevertheless (and in contrast with the multiplicity matrices of (1.22)(d)) there is no algorithm known for
computing it in all the cases of interest to us.

Corollary 1.32. Suppose (YG,W) is an extended group for G (Definition 1.12), and VG is an L-
group for the corresponding inner class of real forms. Fiz an orbit S of VG on X (YGT) (Definition 1.8) (or,
equwalently, an L-packet for the quasisplit form of G (Proposition 1.10)). Then the linear functional X%
on KX(VG (Definition 1.30) corresponds via Corollary 1.26 to a strongly stable formal virtual represen-
tation nZc. The irreducible representations of strong real forms occurring in n3° are those for which the
corresponding perverse sheaf P has X'3°(P) # 0. This includes all perverse sheaves attached to the orbit S
itself, and certain sheaves attached to orbits S’ containing S in their closures. With notation as in (1.19)
and Definition 1.27, the corresponding stable distribution on G(R,J) is

OUE™,8) = e(G(R,5)) 3 (~1) 1) 4mS \mie( ()@ (€', ).

§'eE

In terms of standard representations, this distribution may be expressed as

015", 6) = e(G(R,8))(=1)"™5 Y~ ¢(S, Se)O(M(¢', ).

§'eE

The set {nm“} (as S waries) is a basis of the lattice of strongly stable formal virtual representations.

mic dlm S loc I

(Recall that the tempered representations correspond to open orbits; in that case x&
and we get nothing new.)

As the second formula of Corollary 1.32 shows, obtaining explicit character formulas for 72'*¢ amounts
to computing the matrix ¢(S5,S”) in Theorem 1.31.

isequal to (—1
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To approach Arthur’s conjectures, we need an extension of some of the notation in Definitions 1.22 and
1.30.

Definition 1.33. Suppose Y is a smooth complex algebraic variety on which the pro-algebraic group
H acts with finitely many orbits. Fix a point y belonging to an H-orbit S C Y, and write 7§ (V') for the
conormal bundle at y to the orbit S. (This is a subspace of the cotangent space at y, having dimension equal
to the codimension of S in Y.) The isotropy group H, acts linearly on 7§, (Y); so for any v € T§ (Y),
the isotropy group H, , is a pro-algebraic subgroup of H,. We can therefore form the pro-finite component
group Ay, = Hy,/(Hy,)o. This family of groups will be locally constant in the variable v over most of
Ts,(Y) (Lemma 24.3 below), so we can define the equivariant micro-fundamental group A" to be A, ,, for
generic v.

Attached to every H-equivariant perverse sheaf P on Y is a representation Tg”c(P) of Agf” (Theorem
24.8 and Corollary 24.9 below), of dimension equal to x%¢(P) (Definition 1.30).

The differences between Langlands’ original conjectures and those of Arthur amount geometrically to
the difference between local geometry (on the orbits S) and microlocal geometry (on the union of the
conormal bundles T%(Y)); formally, to the difference between the equivariant fundamental group A%¢ and
the equivariant micro-fundamental group A7¢. (Here we are writing Y for the geometric parameter space
X(0,VGY) containing S.) Notice that if S is open, then T:,(Y) is zero, and A" coincides with the
equivariant fundamental group AIS"C. Because tempered representations correspond to open orbits in Theorem
1.18 (Proposition 1.11), we see why the Langlands theory is so effective for tempered representations: the
local and the microlocal geometry coincide.

More generally, an L-packet is called generic if some irreducible representation in it admits a Whittaker
model (see (3.11) and (14.11)—(14.14) below. Here we must understand L-packets as extending over all
strong real forms of G.) The generic L-packets (in fact the individual generic representations) were explicitly
determined in [30] and [52]. Using those results and Proposition 1.11, it is not difficult to show that an
L-packet is generic if and only if the corresponding orbit S is open; that is, if and only if S coincides with
the conormal bundle T¢(Y). We believe that this collapsing of microlocal to local geometry explains why
representation theory should be simpler for generic L-packets.

The existence of the representation 75'(P) in Definition 1.33 is well-known but quite subtle. We will
construct it, following Goresky and MacPherson in [17], using a pair of small spaces J D K that reflect the
local nature of the singularity of the orbit stratification of Y along S. The representation 72'(P) will be the
hypercohomology of the pair (J, K) with coefficients in P. By a “purity” theorem of Goresky-MacPherson
and Kashiwara-Schapira ([17], [26]; see also Chapter 24 below) this hypercohomology is non-zero in only one
degree.

Our approach to Arthur’s conjectures is now fairly straightforward. Arthur attaches to his parameter
a Langlands parameter ¢, and thus (by Proposition 1.10) an orbit Sy,. We define II,;, to consist of all those
representations appearing in TIgZC; that is, representations for which the corresponding perverse sheaf has
the conormal bundle of Sy in its characteristic cycle. We will show (Corollary 27.13) that this agrees with
the previous definition of Barbasch and Vogan (in the case of “unipotent” parameters) in terms of primitive
ideals. It follows from Proposition 22.9 that Arthur’s group Ay is isomorphic to a quotient of the equivariant
micro-fundamental group Agzc’alg . The difference arises only from our use of the algebraic universal covering

of VG, and for these local purposes our choice seems preferable. We therefore define
! ic,al
A9 = ATl (1.34)(a)
Definition 1.33 provides a representation Tgfzc(P) of Agmc’alg , of dimension equal to Xg”jc(P). Now Problems

A, B, C, and E are resolved as special cases of Corollary 1.32 and the preceding definitions. In particular,
the representation 7, () of Problem B is defined to be

Ty = T (P(m)), (1.34) (b)

with P(r) the irreducible perverse sheaf corresponding to 7 (Theorem 1.24).
Arthur’s Problem C identifies one interesting linear combination of the representations in Il, using the
dimensions of the representations 7, (7). If we use instead other character values, we can immediately define
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several more. Fix an element o € Azlg , and consider the complex-valued linear functional on equivariant
perverse sheaves given by
mic
P tr [Tsw (P)](o) (1.34)(c)

By Corollary 1.26, this linear functional corresponds to a complex formal virtual representation 7, (c); that
is, to a formal sum with complex coefficients of representations of various strong real forms of G. Just as in
Corollary 1.32, we can write this virtual representation on a single strong real form ¢ as

O(ny(0),6) =e(G(R,0) > (=)= Sutr () (0)O(r). (1.34)(d)
TET(G(R,8))y

(More details may be found in Definition 26.8.) Arthur’s Problem D asks for a description of the (complex
formal virtual) character 7, (o) in terms of stable characters like 7, (1) on smaller groups.

To see how this might be possible, we need a long digression about Langlands’ functoriality principle.
This principle concerns relationships between the representations of real forms of G and those of a smaller
reductive group H. The simplest way that such relationships arise is when G and H are equipped with fixed
real forms, and H(R) C G(R). In that case we have functors of induction (carrying representations of H(R)
to representations of G(R)) and restriction (carrying representations of G(R) to representations of H(R)).
Except in a few very special cases (for example, when G/H is symmetric and we restrict attention to the
trivial representation of H(R)) these functors are poorly behaved on irreducible representations, and offer
little insight into their structure.

A more interesting situation arises when H is a Levi subgroup of a real parabolic subgroup P = HN
of G. Then we have the functor of parabolic induction, which carries irreducible representations of H(R) to
finite-length representations of G(R). (There are also various “Jacquet functors,” analogous to restriction,
carrying irreducible representations of G(R) to finite-length (sometimes only virtual) representations of

The parabolic induction functors provide the basic model for Langlands functoriality. They exhibit
a number of important features of functoriality in general, of which we will mention two. First, they are
most simply defined on the level of virtual representations. The reason is that we want to go directly from
representations of H(R) to representations of G(R). The definition of parabolic induction requires the choice
of a parabolic subgroup P with Levi subgroup H. Different choices of P lead to inequivalent representations,
but to the same virtual representations. If we work with virtual representations, we may therefore suppress
the dependence on P.

The second feature is actually hidden within the first. To get independence of P even on the level of
virtual representations, we must normalize parabolic induction using certain “p-shifts.” The definition of
these shifts requires the extraction of a square root of a character of H (on the top exterior power of the Lie
algebra of N). This character happens to be real-valued on H(R), so the square root more or less exists on
H(R). (The problem of square roots of —1 can be swept under the rug.) Nevertheless it is clear that (linear)
coverings of H are waiting in the wings.

To get correspondences from representations of a small group H to those of a larger group G that
behave like parabolic induction, we will use Theorem 1.24. It is therefore natural to begin with extended
groups (G, W) and (H', Wy), and corresponding L-groups VG and VHT. Adopting the suggestion from
the preceding paragraph that we should seek only a correspondence of virtual representations, we find that
we want something like a Z-linear map

e. : KII(H/R) — KII(G/R). (1.35)(a)

According to Theorem 1.24 (compare Corollary 1.26), such a map is more or less the same as the transpose
of a Z-linear map

e KX(VGY) = KxX(YHY). (1.35)(b)

(The “more or less” refers only to issues of finiteness — the difference between K and K in Corollary 1.26.)
Recall now that the Grothendieck groups in (1.35)(b) are built from equivariant constructible sheaves on
geometric parameter spaces. Bearing in mind that H is supposed to be smaller than G, we find that a
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natural source for a map like (1.35)(b) is the pullback of constructible sheaves by an equivariant morphism
of varieties. It is therefore natural to seek a morphism of pro-algebraic groups

o : VH™ 5 VG™, (1.35)(c)
and a compatible morphism of geometric parameter spaces
X(e): X(YH") = x(VGh). (1.35)(d)

Because the geometric parameter spaces are constructed from the L-groups, this suggests finally the definition
at the heart of the functoriality principle.

Definition 1.36 (cf. Definitions 5.1 and 26.3 below). Suppose (G, W) and (HY, W) are extended
groups (Definition 1.12), with corresponding L-groups VGY and VHT. An L-homomorphism is a morphism

e:VH" - VG
respecting the homomorphisms to Gal(C/R) (cf. (1.4)(a)).

Proposition 1.37 (Corollary 6.21 and Proposition 7.18 below). Suppose (G*',W) and (H', Wy) are
extended groups with corresponding L-groups VGt and VH' and e : VH" — VG is an L-homomorphism.

a) The restriction of € to the identity component ¥ H induces a morphism of pro-algebraic groups
€o : v vgH

as in (1.35)(c).
b) The map € induces a morphism of geometric parameter spaces

X(e): X(VH") = xX(¥G")

as in (1.35)(d), compatible with the actions of VH9 and VG9 and the morphism e, of (a).
¢) Pullback of constructible sheaves via the morphism X (¢) of (b) defines a Z-linear map

e KX(YGY) = KX(VHY)

as in (1.35)(b).
d) The transpose of the map in (c) is a Z-linear map

e, : KII(H/R) — KII(G/R)

(cf. Corollary 1.26), which we call Langlands functoriality. It carries representations of strong real forms
of H to formal virtual characters of strong real forms of G.

The most important point about this proposition is that the relationship between H and G is entirely
on the dual group side; there may be no homomorphism from H to G dual to € in any sense. (A typical
example is provided by the split symplectic group G = Sp(2n), and the split orthogonal group H = SO(2n).
The corresponding L-groups are VGY' = SO(2n + 1) x T' and VH" = SO(2n) x T, so there is an obvious
L-homomorphism as in Definition 1.36. For n at least 3, however, any homomorphism from H to G must be
trivial.) Similarly, a group homomorphism from H to G need not give rise to an L-homomorphism in general.
On the other hand, a real parabolic subgroup P = HN of G does provide an L-homomorphism. (Here “real”
should be interpreted with respect to one of the special real forms defining the extended group structure
on G.) It is not very difficult to show that in this case the Langlands functoriality map of Proposition 1.37
implements the parabolic induction functor discussed earlier; this is implicit in Proposition 26.4.

The primary motivations for studying Langlands functoriality are connected with automorphic repre-
sentation theory and the trace formula (see for example [2]); we will not discuss them further. However,
there are also purely local motivations. One is that the distribution character of the (virtual) representation
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€+(mg) can be expressed in terms of the distribution character of mp. We will not explain in detail how to
do this; but in Proposition 26.4(b) we will solve the closely related problem of calculating e, in the basis of
standard representations.

In the setting of (1.34), we can now refine slightly our formulation of Arthur’s Problem D: the goal is
to find 1y (o) in the image of a Langlands functoriality map €,. Choose an elliptic element

sevg™ (1.38)(b)

representing the class o € Ailg ; this is possible by Lemma 26.20. (We may actually choose § to have finite

order in every algebraic quotient of vGalg.) The idea is to use the element 5 to construct the data (e, H)
required for Proposition 1.37. To do this, we begin by defining

Y H = identity component of centralizer in VG of 3. (1.38)(c)

We can then define H to be a complex reductive group with dual group YH. The Arthur parameter 1
defines a Langlands parameter ¢, and therefore a geometric parameter x,, (Proposition 1.10). As a point
of a geometric parameter space, Ty is a pair (yy,Ay) (Definition 1.8), with y, an element of VG — VG
commuting with 5. Set

VH" = group generated by y,, and VH, (1.38)(d)

and let € : VHT — VGT be the identity map. Because of our choice of 3, the Arthur parameter v takes values
in the group VH'; we may write it as 1y when we wish to emphasize this.
We are now nearly in the setting of Proposition 1.37. The group ¥ H?' inherits from VG a short exact
sequence
1—VH - VH" - Gal(C/R) — 1 (1.38)(e)

as in (1.4)(a). In particular, there is an action of Gal(C/R) on the based root datum for ¥ H and for H (see
Definition 2.10). This gives rise to an extended group structure (H",Wpg) (see Chapter 3). The reductive
group H, together with the inner class of real forms defined by the extended group structure, is an endoscopic
group for G (see Definition 26.15 and (26.17) below). Unfortunately, ¥ H' fails to be an L-group for H"
(Definition 4.6 below) for two reasons. First, the sequence (1.38)(e) may admit no distinguished splittings.
Second, even if such splittings exist, there is no natural way to fix a ¥V H-conjugacy class of them. The
second of these problems is only a minor nuisance, but the first is somewhat more serious. We will postpone
discussing it for a moment in order to formulate a solution to Arthur’s Problem D.

Theorem 1.39 (cf. Theorem 26.25 below). Suppose (GT', W) is an extended group with L-group VG',
1 is an Arthur parameter for G, and o € Afplg. Following (1.34), define a complex formal virtual character
Ny (o) for strong rational forms of G. Choose an elliptic representative § € VG for o, and define VHF, €,
and (H, W) as in (1.38). Finally, choose any preimage Sp € VH for § under the map €, of (1.35)(c).

Assume that VH" is endowed with the structure of an L-group for (H, Wy ). Then vy may be regarded
as an Arthur parameter for H, and g represents a class oy € Afpllg. The complex formal virtual characters

of strong rational forms of H and G defined in (1.34) are related by Langlands functoriality (Proposition
1.37) as follows:

1p(0) = €ty (0m))-

We will discuss the proof of this result in a moment; first there are some formal issues to address. At
(1.34), we asked for a description of 7, (o) in terms of virtual representations like 7,,(1) on smaller groups.
The right side of the formula in Theorem 1.39 involves not 7y, (1), but rather 1y, (ox). The difference is

harmless, for the following reason. The element 5 representing oy is central in ¥V H® (by (1.38)(c)). Its
image in vV H is fixed by the action of T on Z(VH) (by (1.38)(d)). Now Lemma 26.12 below shows that for
any strong real form 0y of H there is a non-zero complex number ¢ = 7Tyniy (05 )(55) so that

@(771111-1 (UH)76H) = 06(771/11-1(1)’5}1)' (140)
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(Here we use the notation of Definition 1.27.) If §5 is one of the distinguished (quasisplit) strong real forms
of H defining the extended group structure, then ¢ = 1.

The second formal issue is the one we postponed a moment ago: what happens when YHT is not the
L-group for H? The answer is implicit in [35]. All of the geometry we have discussed for L-groups can still be
carried out on VHT. The resulting geometric parameter space is slightly different from the one constructed
using the L-group of H, and so it should correspond to something slightly different from representations of
real forms of H. The right objects turn out to be projective representations. The failure of ¥V H' to be an
L-group is measured by a certain cocycle (the “second invariant of an E-group” introduced in Definition
4.6 below). This same cocycle defines a class of projective representations of real forms of H (Definition
10.3). There is a version of Theorem 1.18 (Theorem 10.4 below) relating these representations to geometry
on YHT. Once all this extra formalism is assembled, Theorem 1.39 makes sense (and is true) without the
hypothesis that ¥V H' is an L-group. It is this version that is proved in Chapter 26. (Recall also that the use
of projective representations in Langlands functoriality is one of the possibilities suggested by the example
of parabolic induction.)

A third formal issue is exactly how much Theorem 1.39 is telling us about distribution characters. In
light of the remarks after Proposition 1.37 on the computability of Langlands functoriality (cf. Proposition
26.4(a) and (b)), Theorem 1.39 reduces the calculation of the complex formal virtual characters 7,(c) to
the case o = 1. This is the case considered in Corollary 1.32, where we found that it was equivalent to an
interesting but (in general) unsolved geometric problem. (Another approach that is sometimes effective is
described in the next paragraph.)

A fourth issue in the formulation of Theorem 1.39 is the dependence of the endoscopic group H on
the choice 5 of a representative of o. Simple examples show that this dependence is very strong: different
choices lead to very different endoscopic groups. For example, if the identity component of the group VG,
(the centralizer of the Arthur parameter 1)) is not central in ¥G, one can choose a non-central element 3
to represent 1 € Ailg . Theorem 1.39 then computes the stable character 7,(1) in terms of the same kind
of character on a strictly smaller group, bypassing the problem of computing the matrix ¢(S,5’). (More
precisely, we are showing how to compute the matrix ¢(S,S") in the presence of a non-trivial torus action.)
The variation of H with the choices should therefore be regarded as a helpful tool, rather than as a weakness
of the result.

The last formal issue is that of computing irreducible characters. It is natural to consider the identities
(1.34)(d) for fixed ¢ and varying o, and to try to invert them to get formulas for the individual irreducible
characters O(m) (for 7 € II) as linear combinations of the formal virtual representations 7,(c). This
was done by Shelstad for tempered representations in [48], and by Barbasch-Vogan for special unipotent
representations of complex groups in [7]. In both cases the result is an elementary consequence of two facts
peculiar to these cases: the representation 7, (m) of Afblg is irreducible, and the map 7 +— 7, (from II,; to

A\zlg ) is injective. The second fact is certainly not true for Arthur packets in general (see Theorem 27.18
and the remarks after it). It seems likely that the first fails as well; but a counterexample would have to be
geometrically rather complicated, and we have not found one. In any case, the identities (1.34)(d) cannot
be inverted in general. We do not know whether to expect the existence of a larger set of natural identities
that could be inverted.

Here is a sketch of the proof of Theorem 1.39. After unwinding the definition in (1.34) of the virtual
representations 7y (c), and the definition in Proposition 1.37 of the Langlands functoriality map e,, what
must be proved is the following formula. Suppose C is any VGl -equivariant constructible complex on the
geometric parameter space X (VG'). Then

Z(—l)ptr (o on HP(J,K;C)) = Z(—l)qtr(UH on H(Jy,Ku; e (C))). (1.41)

Here J D K is the pair of spaces arising in the definition of 7, at (1.34); the cohomology is the hyperco-
homology of the pair with coefficients in the complex C. (By taking C perverse, we could arrange for this
cohomology to be zero except in one degree. But even in that case €*(C') would not necessarily be perverse,
so we would still need the alternating sum on the right.) The objects on the right are defined similarly for
H and the Arthur parameter ¥z . The spaces J and K may be chosen invariant under the action of §; then
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the left side of (1.41) is a Lefschetz number for § acting on J D K (an automorphism of finite order). If we
recall that ¥ H was defined as the centralizer of 3, it is perhaps not surprising that Jz D K turns out to be
the fixed point set of §. We should be able to compute a Lefschetz number in terms of local contributions
along this fixed point set; a theorem of Goresky and MacPherson allows us to do this explicitly, leading to
(1.41). The answer is so simple because the automorphism 3 is of finite order. The geometric details are in
Chapter 25 (Theorem 25.8).

2. Structure theory: real forms.

In this chapter we review the basic facts about real forms of reductive groups. Since our concern is
entirely with local problems over R, we have included proofs of several well-known results that are perhaps
less familiar to experts on real groups. (The definitions, statements and some of the proofs have nevertheless
been constructed with more general fields in mind.)

Suppose G is a connected reductive complex algebraic group. A real form of G is an antiholomorphic

involutive automorphism
o:G—G. (2.1)(a)

Here “antiholomorphic” means that if f is any algebraic function on G, then the function

g9~ flog) (2.1)(b)
is also algebraic. Equivalently, the differential of o (an automorphism of g = Lie(G)) satisfies
do(ix) = —ido(x). (2.1)(®")
“Involutive” means that o2 is the identity. The group of real points of o is
G(R,0) = G(R) = {g € G| og=g}. (21)(¢)

Condition (2.1)(b') shows that the Lie algebra g(R) determines do, and hence determines 0. We may
therefore speak of G(R) as the real form of G without danger of confusion. However, not every real form of
the Lie algebra g exponentiates to a real form of G. The multiplicative group G = C* has exactly two real
forms, given by the automorphisms

os(z) =z, o.(2) =71 (2.2)(a)

The corresponding groups are
G(R,o5) =R", G(R,0.) = St (2.2)(b)

The real forms of the Lie algebra C, on the other hand, are parametrized by real lines in C. The corresponding
subgroups {e** | t € R} are not (identity components of) real forms unless z is real or imaginary.

It is worth remarking that this definition is quite restrictive in some slightly surprising ways. For
example, the identity component of a disconnected group of real points is not usually a group of real points.
Thus familiar linear groups like SO(p, q)o are excluded. This is necessary to get the very clean character
formulas discussed in the introduction. (Of course it is a routine matter — though not a trivial one — to
relate the representations of SO(p, ¢)o to those of SO(p, q), which is a group of real points.)

Two real forms o and ¢’ are called equivalent if there is an element g € G such that

o' = Ad(g) oo o Ad(g™?). (2.3)(a)

We can write this as
o' = Ad(go(g ")) oo. (2.3)(a")

In terms of the groups of real points, it is equivalent to
G(R,0") = gG(R,0)g~". (2.3)(a”)

19



The set of real forms equivalent to a fixed real form o is therefore a homogeneous space G/H; the isotropy
group is
H={geGlgo(g™") € Z(G)}. (2.3)(b)

This isotropy group contains G(R, 0)Z(G), but may be larger. (For example, if G(R) = SL(2,R), then the
group H contains the diagonal matrix with entries (i, —¢).) The point of the theory of strong real forms is
to find a notion of equivalence for which the corresponding isotropy group is just G(R). This in turn will
allow us to formulate results like Lemma 1.15.

This notion of equivalence is already a little more subtle than the one sometimes encountered in the
classification of real forms of simple Lie algebras. There one is interested in the question of when the groups
of real points of two real forms are isomorphic. The group SO(4n,C) has two isomorphic but inequivalent
real forms (the isomorphism class is represented by SO*(4n)) if n > 1. The involutions are conjugate by the
non-identity component of O(4n,C). (There is a unique equivalence class of real forms of SO(4n+ 2, C) with
G(R) isomorphic to SO*(4n +2).) A less subtle example is provided by the inequivalent real forms R* x S1
and S x R* of C* x CX.

Two real forms o and ¢’ are said to be inner to each other if there is an element g € G such that

o' = Ad(g)oo. (2.4)

This is an equivalence relation. (If o is a real form, the automorphism ¢’ defined by (2.4) will certainly
not be a real form for arbitrary g.) Because of (2.3)(a’), equivalent real forms are inner to each other. We
therefore get an equivalence relation on equivalence classes of real forms. Obviously the relation is trivial if
G is abelian. The two isomorphic inequivalent real forms of SO(4n,C) mentioned earlier are inner to each
other, and to the real forms SO(2p,2q). The real forms SO(2p + 1,2q — 1) constitute a separate inner class.

Example 2.5. Suppose G = GL(n,C), and o. is the compact real form
o.(g9) =g 1, GR,o0.) =U(n).
For 0 < p < n, let g, be the diagonal matrix with p entries equal to 1 and n — p equal to —1. Set
op = Ad(gp) 0 0.

Then
G(Ra G;D) = U(pa q)7

so all these forms are inner to each other. On the other hand, the split real form

0s(9) =9,  G(R,05) = GL(n,R)

is not inner to o, (as one can see — rather unfairly — by examining their restrictions to the center of G).

We recall that a real form o is called quasisplit if there is a Borel subgroup B C G such that

o(B) = B. (2.6)

Proposition 2.7. Suppose o’ is a real form of the connected reductive complex algebraic group G. Then
there is a unique equivalence class of quasisplit real forms of G inner to o’. Specifically, there is a quasisplit
real form o of G and an element g of G so that

o' = Ad(g) oo.

Before giving the proof, we recall the basic structural fact on which it is based.
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Proposition 2.8. Suppose G is a connected reductive complex algebraic group. Fix a Borel subgroup
B of G, a mazimal torus T C B, and a set of basis vectors {X,} for the simple root spaces of T in the Lie
algebra b. Let B',T',{X,'} be another set of choices of these objects. Then there is an element g € G such
that
9By~ =B,  gTg'=T,  Ad(g)({Xa}) = {X.'}.

The inner automorphism Ad(g) is uniquely determined by these requirements; that is, any two choices of g
differ by Z(G). If we require only the first two conditions, then the coset gT is uniquely determined; and if
we require only the first condition, then the coset gB is uniquely determined.

To get a formulation valid over any algebraically closed field k, one need only replace the Lie algebra
elements X, by one-parameter subgroups z, : k — B.

Proof of Proposition 2.7. Fix B, T C B, and {X,} as in Proposition 2.8. Then the automorphism o’
carries these objects to others of the same kind:

o' (B) =B, od(T)=T c B, do(X,) =X, . (2.9)(a)
By Proposition 2.8, we can therefore find an element g € G such that
Ag)(B) =B,  Adg)T)=T,  Adlg™)({X}) = (X 2.9/
Define o = Ad(g~!) o ¢’; then o is an antiholomorphic automorphism of G, and

o(B) = B, o(T) =T, oc({Xa}) = {Xa} (2.9)(e)

Furthermore o2 is an inner automorphism of G' (namely Ad(g~!) o Ad(¢’(¢g~!))) with the properties in

(2.9)(c). By Proposition 2.8, such an inner automorphism is necessarily trivial, so o is an involution. It is
therefore a real form. Since o preserves B, it is quasisplit. By construction it is inner to o’.

It remains to prove the uniqueness of the equivalence class of o. So suppose ¢’ is another quasisplit real
form in the inner class of o. By definition of quasisplit, this means that there is a Borel subgroup B” fixed
by o”. The first problem is to find a ¢”-stable maximal torus in B”. Write N” for the unipotent radical of
B", and T"” = B"”/N"; this torus inherits a quotient real form ¢”, and is isomorphic by the quotient map
to any maximal torus of B”. Using any of these isomorphisms, we get a well-defined set of positive roots
(characters of T"). These roots are permuted by the action of o’ on the character lattice X*(T"). Let Z
be any element of the Lie algebra t” on which all the positive roots take positive values; then Z + ¢//(Z) has
the same property. It follows that any preimage of Z + ¢//(Z) in b” is a regular semisimple element. Let
Z € b be any preimage of Z; then Z + 0" (Z) is a preimage of Z+a(Z), so it is a o"-fixed regular semisimple
element of b”. Its centralizer in B” is therefore a ¢”-stable maximal torus.

Finally, we want to find a o’’-stable set of basis vectors for the simple root spaces of T” in B"”. We know
that o” permutes these root spaces by a permutation of order 2. We consider first a pair {«, 5} of distinct
simple roots interchanged by ¢”. Choose any basis vector X, for the a root space, and define X3 = ¢”(X,).
Then the relation (0”)? = 1 forces X, = 0”'(Xg). Next, suppose the root « is fixed by o”. Let Y, be any
basis vector for the root space. Then there is a complex number ¢, with ¢”(Y,) = ¢,Y,. Applying o” to
this relation, and using the fact that ¢” is an antiholomorphic involution, we get c,¢q = 1. Let 2z, be a
square root of c; then it follows easily that X, = z,Y, is fixed by o”.

We have shown how to construct B”, T" C B”, and {X,"} as in Proposition 2.8 preserved by ¢”. By
Proposition 2.8, we can find a g € G carrying B to B”, etc. It follows that the antiholomorphic involution

0" = Ad(g) o0 Ad(g™")

preserves B” etc. Therefore (o) Lon preserves them as well. But the assumption that ¢ and ¢” are in the
same inner class means that this last automorphism is inner. By Proposition 2.8, it is trivial. So ¢’ = o”’.

The right side here is equivalent to o, as we wished to show. Q.E.D.

Definition 2.10 (see [50]). Suppose G is a complex connected reductive algebraic group, B C G is
a Borel subgroup, and T' C G is a maximal torus. The based root datum for G defined by B and T is the
quadruple
Uo(G,B,T) = (X*(T),A(B,T), X.(T), AV (B, T)).
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Here X*(T) is the lattice of rational characters of T', A(B,T) C X*(T) is the set of simple roots of T in b,
X.(T) is the lattice of rational one-parameter subgroups of T, and AV(B,T) C X.(T) is the set of simple
coroots.

It is a consequence of Proposition 2.8 that any two based root data are canonically isomorphic. Following
[33], we use these canonical isomorphisms to define the based root datum for G, Uy(G), as the projective
limit over all such T' C B:

\IIO(G) = (X*v Av X, Av) = 13}1’% \IJO(Gv B, T)

The structure of the based root datum consists of the lattice structures on X* and X,, the containments
A C X* and AV C X,, and the perfect pairing

()i X*x X, > T

By an isomorphism or automorphism of based root data we will understand a map preserving these structures.

Proposition 2.11 (see [50], Corollary 2.14.) Suppose G is a complex connected reductive algebraic
group. Write Aut(G) for the (complex) group of rational (equivalently, holomorphic) automorphisms of G,
and Aut(Vo(Q)) for the (discrete) group of automorphisms of the based root datum of G. Then there is a
natural short exact sequence

1 Int(G) — Aut(G) 23 Aut(To(G)) — 1.

This sequence splits (but not canonically), as follows. Choose a Borel subgroup B of G, a mazimal torus
T C B, and a set of basis vectors {X,} for the simple root spaces of T in the Lie algebra b; and define
Auwt(G, B, T,{X,}) to be the set of holomorphic automorphisms of G preserving B, T, and {X,} as sets.
Then the restriction of ¥y to Aut(G, B,T,{X,}) is an isomorphism.

For the reader’s convenience we recall how the map ¥y is defined. Fix 7 € Aut(G), and choose any
pair T C B as in Definition 2.10. (We assume no relationship between 7 and B or T.) If X is any rational
character of T, then A o 77! is a rational character of 7(T). This defines an isomorphism

X*(T) — X*((T))

carrying A(B,T) to A(7(B),7(T)). Similarly, composition with 7 carries one-parameter subgroups of 7' to
one-parameter subgroups of 7(T). Assembling these maps, we get an isomorphism

Uo(r,B,T) : ¥o(G, B, T) = ¥o(G,7(B),7(T)).

Since both range and domain are canonically isomorphic to ¥o(G), this map provides the automorphism
Uo(7) that we want.

An automorphism belonging to one of the sets Aut(G, B, T, {X,}) is called distinguished.

We have seen that the inner classes of real forms of G are in one-to-one correspondence with the
equivalence classes of quasisplit real forms. The quasisplit real forms are easy to classify.

Proposition 2.12. Suppose G is a complex connected reductive algebraic group. Then the equivalence
classes of quasisplit real forms of G (and therefore also the inner classes of all real forms) are in one-to-one
correspondence with the involutive automorphisms of ¥o(Q).

Proof. Suppose ¢ is any antiholomorphic automorphism of G; we will show how to define an automor-
phism Uy (o) of ¥o(G). (This is not immediately handled by Proposition 2.11, since ¢ is not a holomorphic
automorphism of G.) Fix a Borel subgroup B of G, and T C B a maximal torus. If A is a holomorphic
character of T', then A oo ~! is an antiholomorphic character of o(7T'); so A o o1 is a holomorphic character
of o(T'). The map sending A to Ao o~1 is an isomorphism

XHT) = X*(a(T)),
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and it carries A(B,T) to A(o(B),o(T)). Continuing in this way, we find that ¢ induces an isomorphism
\PO(Ua Ba T) : \IJO(Ga Ba T) - \IIO(G7 U(B)a U(T))

Since both of these objects are canonically isomorphic to ¥o(G), we have the automorphism we want. If o’
is another antiholomorphic automorphism of G, then it is clear from the definitions that

Voo o (0')™) = Vo(a) o Ug(a')~t

Here the map on the left is given by Proposition 2.11, and those on the right by the preceding construction.
It follows from Proposition 2.11 that Uy(o) = ¥y(¢’) if and only if o and ¢’ differ by an inner automorphism.
This proves the injectivity of our map from inner classes of real forms to involutive automorphisms of the
based root datum.

For the surjectivity, fix an automorphism a of ¥o(G) of order 2, and data B, T, and {X,} as in
Proposition 2.8. We must find a real form o of G with ¥o(c) = a. The theory of Chevalley forms (forms of
a reductive group defined and split over any field) shows that there is a real form o, of G such that

5
&
I
s
o
5
I

T7 Us(Xa) :Xom

and o, induces the identity automorphism of X*(7T") and X.(T). On the other hand, the splitting of the
exact sequence of Proposition 2.11 produces a holomorphic automorphism ¢, of G such that

ta(B> =B, ta(T) =T, ta(on) = Xa(a)7

and ¢, induces the automorphism a on X*(7T") and X, (7T'). The composition o = ¢, 00, is an antiholomorphic
automorphism of G satisfying

o(B) =B, o(T)=T, 0(Xa) = Xt(a)7

and o induces the automorphism a on X*(T') and X, (7). This implies first of all that ¥o(c) = a. Since
a has order 2, it follows that o2 is a holomorphic automorphism of G acting trivially on 7" and fixing the
various X,. Such an automorphism is trivial by Proposition 2.8; so 02 = 1, and o is the real form we want.
Q.E.D.

We can now describe approximately the context in which we will do representation theory. We fix the
connected reductive complex algebraic group G, and an inner class of real forms of G. This inner class is
specified by an automorphism of order 2 of the based root datum ¥y(G). We need to consider at the same
time representations of various real forms of G. It is natural therefore to consider pairs (7, 0), with o a real
form of G (say in the specified inner class) and 7 a representation of G(R, o). It is natural to define two such
pairs (m,0) and (7, 0”) to be equivalent if there is an element g € G such that o’ = Ad(g) oo o Ad(g~!), and
7o Ad(g~!) (which is a representation of G(R,0’) on the space of 7) is equivalent to 7. The difficulty with
this definition first appears in the example of SL(2,R), discussed after (2.3). If we let m be a holomorphic
discrete series representation of G(R, o) = SL(2,R), and 7’ the corresponding antiholomorphic discrete series
representation, then this definition makes (7, o) equivalent to (7, o). Clearly this will lead to inconvenience
at least when we try to use the theory to write precise character formulas. The next definition, taken from
Definitions 1.12, 1.13, and 1.14 of Chapter 1, provides a way around the problem.

Definition 2.13. Suppose G is a connected reductive complex algebraic group. A (weak) extended
group containing G is a real Lie group G subject to the following conditions.

(al) G' contains G as a subgroup of index two.
(a2) Every element of G — G acts on G (by conjugation) as an antiholomorphic automorphism.

Condition (al) may be rephrased as follows. Write I = Gal(C/R) for the Galois group.

(al’) There is a short exact sequence
1-G—=G" -T -1

23



A strong real form of G is an element § € G — G such that 6> € Z(G) has finite order. The associated
real form for ¢ is the (antiholomorphic involutive) automorphism o (d) of G defined by conjugation by §:

a(8)(g) = dgs—".
The group of real points of ¢ is defined to be the group of real points of ¢(d):
GR,0)={geG|dgit=g}
Two strong real forms § and &' of G' are called equivalent if they are conjugate by G:
§ ~ ¢ if and only if ' = gdg~* for some g € G.

Thus the set of strong real forms equivalent to a fixed strong real form ¢ is a homogeneous space G/H; the
isotropy group is
H={geG|gsg~' =5}=CGR,3)

(ct. (2.3)).

A representation of a strong real form of G' is a pair (7, 6), subject to

(a) 0 is a strong real form of G ; and
(b) 7 is an admissible representation of G(R, ).

Two such representations (m,§) and (7’,d’) are said to be (infinitesimally) equivalent if there is an element
g € G such that gdg~! = ¢’, and m o Ad(g~!) is (infinitesimally) equivalent to 7/. (In particular, this is
possible only if the strong real forms are equivalent.) Finally, define

(GY) = TI(G/R)

to be the set of (infinitesimal) equivalence classes of irreducible representations of strong real forms of G'.
(Here when we use the notation on the right, we must have in mind a particular weak extended group GT.)

Clearly the equivalence of strong real forms implies the equivalence of the associated real forms. We
have not formulated the obvious definition of “inner” for strong real forms, since any two strong real forms
for the same G' are automatically inner to each other. In order for this to be a reasonable definition, we
need to know that every real form is represented by a strong real form of some extended group. This is a
consequence of Proposition 2.14 and Corollary 2.16 below.

We pause now to give the proof of Lemma 1.15. (The extra datum W needed to complete the definition
of an extended group plays no rdle in this lemma.) Surjectivity of the map is clear; what must be established
is injectivity. So suppose that 7 and 7’ are irreducible representations of G(R, d5) and G(R, d4), respectively,
and that the pairs (m,d,) and (7, ds) are equivalent. We must show that §; = d,/, and that 7 is equivalent
to 7. The hypothesis means that there is an element g € G such that

0.9t =0y, moAd(g™') ~ 7’

The first condition says that the strong real forms ds and Jy are equivalent. Since they belong to a set
of representatives for the equivalence classes, they must in fact coincide. Consequently g commutes with
Js, and so belongs to G(R,d,). But this means that 7 o Ad(g~!) is equivalent to 7, the equivalence being
implemented by the operator 7(g) on the space of . The second condition therefore implies that =’ is
equivalent to 7 as representations of G(R, J), as we wished to show. Q.E.D.

We conclude this chapter by investigating the possible structures of weak extended groups.

Proposition 2.14. Suppose G is a weak extended group. Then the set of real forms of G associated
to strong real forms of GU constitutes exactly one inner class of real forms.

Proof. The conjugation action of any element § of GI' — G defines an antiholomorphic automorphism
a(0) of G. This automorphism preserves Z(G), and in fact its restriction oz to Z(G) is independent of the
choice of 4.
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The proof of Proposition 2.12 attaches to each element § of G — G an automorphism a = ¥(§) of the
based root datum of G. The proof also shows that a is independent of the choice of §, and that the various
conjugation actions o (d) give all antiholomorphic automorphisms ¢ of G such that Uy(o) = a. In particular,
Proposition 2.12 implies that for any real form o in the inner class defined by a, there is a §; € GT — G with
o(d1) = 0. Since o is an involution, this implies that 62 = 2; € Z(G). To complete the proof, we must show
that our choice of §; can be modified to make z; have finite order. We first compute

0z(z1) = 61267 ' = 616167 = 67 = z1.

That is, z1 € Z?%2. We can now apply the following elementary lemma.

Lemma 2.15. Suppose Z is a (possibly disconnected) complex reductive abelian algebraic group, and o
is an antiholomorphic involutive automorphism of Z. Put

14+0)Z={z0(2)|2€ Z}.

Then the quotient group Z° /(1 + o)Z is finite, and each coset has a representative of finite order in Z.

Of course the quotient in the lemma is a Galois cohomology group.
We can now complete the proof of Proposition 2.14. By Lemma 2.15, there is an element 2o € Z(Q)
such that z = z12007(22) has finite order. Set

0= 2251.

Then o(§) = o, and 62 = z has finite order; so J is the required strong real form. Q.E.D.
Here is the classification of weak extended groups.

Corollary 2.16. Suppose G is a connected reductive complex algebraic group.
a) Fir a weak extended group G' for G. Let oz be the antiholomorphic involution of Z(G) defined by the
conjugation action of any element of GX' — G. We can attach to G' two invariants. The first of these
s an involutive automorphism
a € Aut(Po(Q))

of the based root datum of G. The second is a class
zeZ(G)°?/(1+02)Z(G).

b) Suppose G and (GF)/ are weak extended groups for G with the same invariants (a,z). Then the identity
map on G extends to an isomorphism from G* to (GF)/.

¢) Suppose a € Aut(¥o(G)) is an involutive automorphism. Write oz for the antiholomorphic involution
of Z(G) defined by the action of any real form o in the inner class corresponding to a (Proposition
2.12); and suppose

zZ2€ Z(G)°? /(14 02)Z(G).
Then there is a weak extended group GU with invariants (a,z).

Proof. For (a), any element § of GI' — G defines by conjugation an antiholomorphic automorphism o (4)
of G. By Proposition 2.12 and its proof, the corresponding automorphism a = ¥y (o (9)) is independent of the
choice of 6. To define z, fix a quasisplit real form o, in the inner class defined by a, and choose §, € G — G
so that

0(dq) = 04

(as is possible by Proposition 2.14.) Since 03 =1,

62 =2¢€2(G);

q:

and using §, to compute oz, we see that
oz(z) = z.
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By Proposition 2.7, any other choice of oy, differs from o, by conjugating with an element Ad(g); so any
other d; is of the form

by = 2196,9 "

We compute immediately that
(5;)2 = 2102(21)537

so the class Z is independent of all choices.
For (b), fix a quasisplit real form o, of G as in (a), and choose elements 6, € G* — G, 6,” € (GT)" so
that
o(8q) = aq, o(8,") = ay.

Write z = 63, 2" = (6,")%. By the hypothesis on the invariants of the two weak extended groups, there is an
element z; € Z(G) so that z = 2’ (z10(21)). Set 0/, = z18,"; then

o(0y) = 0(dq) = 0y, 5 =(6,)° = =. (2.17)(a)
Now the group G' is the disjoint union of G' and the coset Gd,; these are multiplied according to the rules

(9104)(9204) = 9104(g2)z, (9104)(g2) = 9104(92)04 (2.17)(b)

and the obvious rules for the other two kinds of product. We can define a bijection from GT to (GF)/ by
using the identity on G, and sending gd, to gd;. By (2.17), this bijection is a group homomorphism, proving
(b).

For (c), choose a quasisplit real form o, of G in the inner class corresponding to a (Proposition 2.12),
and a representative z € Z(G) of the class z. Define G' to consist of the union of G' and the set of formal
symbols gd, (topologized as the union of two copies of G). Introduce a multiplication on G' by the rules in
(2.17)(b); then it is a simple matter to check that G' is a weak extended group with the desired invariants.
Q.E.D.

3. Structure theory: extended groups and Whittaker models.

Part of the goal of the Langlands classification is a parametrization of the representations of real forms
of G in terms of L-groups. A difficulty with this goal is that several different pairs (real form, representation)
may be isomorphic. The basic example is (SL(2,R), discrete series), where we may have a holomorphic or
an antiholomorphic discrete series representation with the same infinitesimal character. Even though the
notion of strong real form allows us to separate these pairs (Lemma 1.15), it still gives no reason to prefer
one over another. The L-group parameters we find for these representations (typically local systems of some
kind) do include a distinguished parameter (a trivial local system). In order to establish a parametrization
like Theorem 1.18, we therefore need (roughly speaking) a way to specify a preferred representation in each
L-packet.

Langlands’ program suggests a way to approach this problem. One can specify a “Whittaker model”
for a quasisplit real form G(R) of G (or rather an equivalence class of such models for an equivalence class of
quasisplit strong real forms). Two such models must differ by an automorphism of G(R), but not necessarily
by an inner automorphism. It is essentially known from [30] that each tempered L-packet for G(R) contains
exactly one representation admitting a Whittaker model. (Such a result is expected over any local field, but
of course it is unlikely to be established in the absence of a definition of L-packets.) In the case of non-
tempered L-packets, often no representation admits a Whittaker model. Nevertheless, there will be exactly
one irreducible representation in the L-packet for which the corresponding standard representation admits
a Whittaker model. This representation will be taken as the “base point” corresponding to the trivial local
system in Theorem 1.18.

Definition 3.1. Suppose G(R) is a quasisplit real form of a complex connected reductive algebraic
group. Fix T C B Cartan and Borel subgroups of G defined over R, and write A C T for the maximal
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split torus in 7. (Thus the identity component of A(R) is an “Iwasawa A” for G(R).) Write N for the
unipotent radical of B. List the simple (restricted) roots of A in N as {a1,...,}, and write go; C n for
the corresponding restricted root spaces. Then

l
n/[n,n] ~ Zgaj. (3.1)(a)

All the spaces here are defined over R, so we get a corresponding decomposition of n(R)/[n(R),n(R)]. In
particular, the space of (one-dimensional) unitary characters of N(R) is isomorphic (by taking differentials)
to

l
S g, (B)", (3.1)()

the space of imaginary-valued linear functionals on the simple restricted real root spaces. A unitary character
x of N(R) is called non-degenerate if its restriction to each simple restricted root subgroup is non-trivial.
Suppose x is a non-degenerate unitary character of N(R). Write C,, for the one-dimensional space on
which x acts, and
Ly = G(R) Xy C (3.1)(c)

for the corresponding line bundle on G(R)/N(R). The Whittaker model Wh(x) for G(R) defined by x is the
space of smooth sections of L,:

Wh(x) ~ { f € C*(G(R)) | f(gn) = x(n)~"f(9) } (3-1)(d).

We make Wh(x) into a smooth representation of G(R) by left translation.
A Hilbert space representation (7, H,) of G(R) is said to admit a Whittaker model of type x if there is
a non-zero continuous map

HY — Wh(x) (3.1)(e)

respecting the action of G(R). (Equivalently, 7 should admit a non-zero distribution vector transforming
according to the character y under N(R).)

We consider first the uniqueness of non-degenerate characters. The following lemma is well illustrated
by the examples of GL(2,R) (which has up to conjugacy only one kind of Whittaker model) and SL(2,R)
(which has two). The element ¢ of (¢) below can always be chosen in T'(R) in the first case, but not in the
second.

Lemma 3.2([30], Lemma 6.2.1). Suppose G(R) is a quasisplit real form of a complex connected reductive
algebraic group, and T C B are Cartan and Borel subgroups defined over R.

a) The decomposition (3.1)(a) of n/[n,n] is invariant under Ad(B). Consequently the adjoint action of
B(R) on characters of N(R) preserves the set of non-degenerate unitary characters. In particular, the
notion of non-degenerate unitary character of N(R) is independent of the choice of T.

b) Suppose t € T. Then the automorphism Ad(t) of G is defined over R if and only if it preserves each of
the simple real restricted root spaces ga, (R).

¢) Suppose x and X' are non-degenerate unitary characters of N(R). Then there is an element t € T
such that Ad(t) is defined over R (so that Ad(t) defines an automorphism of N(R)), and t - x is equal
to X' (the action on characters being defined by composition of the character with the inverse of the
automorphism of N(R)).

d) In (c), the coset tZ(QG)is uniquely determined by x and x'. In particular, x is conjugate to x' by G(R)
if and only if t € T(R)Z(G).

Proof. For (a), Ad(N) acts trivially on n/[n,n]; so we need only consider Ad(T"). Because the decom-
position arises from the weights of the action of a subtorus of 7', the invariance is clear. The second claim
follows. For the last, recall that any two choices of T'(R) are conjugate by N(R).

For (b), the condition is obviously necessary for Ad(t) to be defined over R; so suppose that it holds.
Write o for the complex conjugation on G. Because o preserves 7', it must permute the root spaces in g; we
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write o for the corresponding permutation of the roots. Then Ad(t) is defined over R if and only if for every
root B of T in G, we have

Blat) = (aB)(?). (3.3)(a)

It suffices to verify this condition for simple roots S. Write « for the restriction of 5 to A; then the real
restricted root space g, consists of elements of the form

X+o0X (X € g3).

Now
Ad(t) (X +0X) =B(t)X + (6B(t))o X. (3.3)(b)

It follows that Ad(t) preserves the real restricted root space if and only if
(@B(t)oX = a(B()X).

Since o is conjugate-linear, this is equivalent to (3.3)(a).

For (c), we regard the complexified differential of x as a character of the Lie algebra n. As such, it has a
complex value dx(X) € C on any X € n. The condition that x be unitary is equivalent to dy taking purely
imaginary values on each simple restricted real root space. By (3.3)(a), this is equivalent to

dx(X) = —dx(oX) (X €gp) (3.4)(a)
for every simple root 5. The non-degeneracy condition is

AN(X)£0 (X €gs—0). (3.4)(b)

Suppose now that x and x’ are as in (c) of the lemma. Since the simple roots are linearly independent, we
can find t € T with

B(t) = dx(X)/dx'(X) (X €gs—0). (34)(c)

Combining (3.4)(c) with (3.4)(a) gives exactly the condition in (3.3)(a) for Ad(¢) to be defined over R. To
compute the action of ¢ on x, it is enough to evaluate the differential at an element X € gg. This is

d(t - x)(X) = dx(Ad(t™)X) = dx(B(t™1)X) = B(1)""dx(X) = dx/(X).

It follows that ¢ -y = X/, as we wished to show.

For (d), the proof of (c) shows that the choice (3.4)(c) of B(t) (for every simple B) is forced by the
requirement that ¢ - x = x’. This gives the first assertion. For the second, x is conjugate to x’ by G(R) if
and only if it is conjugate by the normalizer B(R) = T(R)N(R) of N(R). Since N(R) fixes x, (d) follows.
Q.ED.

Recall now from Definition 1.12 the notion of an extended group (G¥, W) for G. The invariants of the
extended group are the automorphism a of the based root datum ¥y (G) attached to the underlying weak
extended group G' (Corollary 2.16), and the element

z=0%¢€ Z(G)7=. (3.5)

Here ¢ is any element of a triple (J, N, x) € W (Definition 1.12). The element z is independent of the choice
of §, since W is a single conjugacy class under G.
Here is the classsification of extended groups.

Proposition 3.6. Suppose G is a connected reductive complex algebraic group.
a) Suppose (GY', W) and ((GF)/ , W') are extended groups for G with the same invariants (a, z) (cf. (3.5)).

Then the identity map on G extends to an isomorphism from G' to (GF)/ carrying W to W'. Any two
such extensions differ by an inner automorphism of G* from Z(G).
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b) Fiz a weak extended group G¥ for G with invariants (t,z). If (G',W) is an extended group, then its
second invariant is a representative for the class of Z. Conversely, if z € Z(G)°% is an element of finite
order representing the class of Z, then there is an extended group structure on G' with second invariant
z.

Proof. For (a), fix (§, N,x) € W. Since 62 = 2z € Z(G), conjugation by § defines an antiholomorphic
involutive automorphism ¢ = ¢(d) of G, and thus a real form G(R). By condition (b)(2) in Definition 1.12,
G(R) is quasisplit. The real forms defined analogously using W’ are also quasisplit, and inner to G(R). By
Proposition 2.12, at least one of them must coincide with G(R). That is, we can find (§', N',x’) € W’ so
that

(') =o. (3.7)(a)

Now N and N’ are maximal unipotent subgroups of G defined over R. They are therefore conjugate by
an element g € G(R). After replacing (6’, N’,x’) by their conjugates by g (which does not change ¢’, and
therefore preserves (3.7)(a)) we may assume that

N'=N. (3.7)(b)

Now x and ' are non-degenerate unitary characters of N(R). By Lemma 3.2, there is an element ¢t € G
normalizing N(R), carrying x’ to x, and with Ad(¢) defined over R. This last condition means that

o(t) = tw
for some w € Z(G). We finally replace (6’, N’, ') by their conjugates by ¢. This replaces ¢’ by w=1d¢’, and
therefore (since w is central) does not affect (3.7)(a). Condition (3.7)(b) is preserved since ¢ normalizes N.
By the choice of t,

X =X (3.7)(c)

We can now construct the desired isomorphism between the extended groups as in the proof of Corollary
2.16(b), by sending § to ¢’

For the uniqueness, any other such isomorphism must send (4, N, x) to a G-conjugate g - (6', N, x) of
(6', N, x) (since it carries W to W'). We wish to show that g € G(R)Z(G). Since the isomorphism is the
identity on G, we deduce three facts: the conjugation actions of § and g(§’)g~! must agree on G; gNg~—! = N;
and g - x = x. The first of these facts means that Ad(g) is defined over R. The second fact implies that
g = tn € B. Since Ad(g) is defined over R, it follows that n € N(R) and that Ad(¢) is defined over R.
Because of Lemma 3.2(d), the third fact guarantees that t € Z(G), as we wished to show.

The first part of (b) is clear from the definitions. For the second part, the argument before (2.17)(a)
shows how to find an element § of GI' — G with o(§) a quasisplit real form of G, and 62 = z. Let N be
any maximal unipotent subgroup of G defined over R, and let x be any non-degenerate unitary character of
N(R). Then the G-conjugacy class W of the triple (0, N, x) is evidently an extended group structure with
second invariant z. Q.E.D.

Corollary 3.8. Suppose G is a connected complex reductive algebraic group endowed with an inner
class of real forms. Then the equivalence classes of extended groups for G are parametrized by elements of
finite order in Z(G)°Z (cf. Corollary 2.16).

We have found no use for the wide selection of extended groups provided by Corollary 3.8, and no
reason to prefer one choice over another. This should probably be taken as evidence that our definitions are
imperfect. The analogous phenomenon for dual groups (Proposition 4.7) has a much clearer réle, as we will
see.

4. Structure theory: L-groups.

The based root datum for a complex connected reductive algebraic group (Definition 2.10) characterizes
that group up to isomorphism. On the other hand, based root data of reductive groups may be characterized
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by some simple axioms (see [50]). These axioms are symmetric in X* and X,; that is, the quadruple
Uy = (X*, A, X,,AV) is the based root datum of a reductive group if and only if Y¥y = (X, AV, X* A) is
as well. We call YU the dual based root datum to ¥q. Notice that the automorphism groups of dual based
root, data are canonically isomorphic:

Aut(Wo) ~ Aut (¥ ¥y). (4.1)

Definition 4.2 (see [34] or [10]). Suppose G is a complex connected reductive algebraic group. A dual
group for G is a complex connected reductive algebraic group VG, together with an isomorphism from the
dual of the based root datum for G to the based root datum for VG:

V\IJQ(G) ~ \Ifo(vG)

By Proposition 2.8, any two dual groups for GG are isomorphic, and the isomorphism is canonical up to
inner automorphism of either group.

Definition 4.3 (cf. [1], Definition 10.5). Suppose G is a complex connected reductive algebraic group.
A weak E-group for G is an algebraic group YGT containing a dual group VG for G as a subgroup of index
2. That is, there is a short exact sequence

1-5VG=VGr =T — 1.

Here I' = Gal(C/R) as in Definition 2.13.

It will often be convenient for us to use this terminology in a various more specific ways, which we record
here though they require Proposition 4.4 below for their formulation. Suppose G' is a weak extended group
for G (Definition 2.13). Recall that there is attached to G' an involutive automorphism a of the based root
datum of G (Corollary 2.16); of course a really depends only on the inner class of real forms of G defined by
GY. A weak E-group for G' is a weak E-group for G with second invariant a (Proposition 4.4(a)). We may
also call this a weak E-group for G and the specified inner class of real forms, or even a weak E-group for
G(R) (with G(R) a real form in the specified inner class).

Finally, we will occasionally need to use this terminology in a less specific way. We will say that a weak
E-group is an algebraic group H' containing a complex connected reductive algebraic subgroup H of index
two. That is, there is a short exact sequence

1>H—>H T > 1.

Of course every complex connected reductive algebraic group may be regarded as a dual group, so this
definition does not enlarge the class of weak E-groups.

The notion of dual group is symmetric, in the sense that if VG is a dual group for G then G is a
dual group for VG). We emphasize that there is no such symmetry between the notions of weak extended
groups and weak E-groups. An E-group is always a complex algebraic group, but an extended group never
is (because of condition (a2) in Definition 2.13).

Here is the classification of weak E-groups.

Proposition 4.4. Suppose G is a connected reductive complex algebraic group.

a) Fir a weak E-group VGY for G. Let 87 be the holomorphic involution of Z (¥ G) defined by the conjugation
action of any element of VG' —VG. We can attach to VGT two invariants. The first of these is an
involutive automorphism

a € Aut(To(Q))

of the based root datum of G. The second is a class
2 Z(VG)7 )1+ 02)Z(V Q).

b) Suppose VG and (VGF)/ are weak E-groups for G with the same invariants (a,z). Then any one of the

canonical isomorphisms from VG to VG’ described after Definition 4.2 extends to an isomorphism from
VG 1o (VGTY'.
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¢) Suppose a € Aut(Vo(G)) is an involutive automorphism, and VG is a dual group of G. Write 07 for
the involution of Z(VG) defined by the action of any automorphism o corresponding to a (Proposition
2.11 and (4.1)); and suppose
zeZ2V)7 /(14 60,)2(VG).

Then there is a weak E-group VGY with invariants (a,%).

(In order to make sense of the statement in (b), note that by the remarks after Definition 4.2, the centers of
any two dual groups of G are canonically isomorphic.)

The proof is a slightly simpler version of the proof of Corollary 2.16, so we omit it. We should record
the construction of Z, however. Let V6 be any element of YG' — VG such that the conjugation action of
Vé on VG is a distinguished automorphism (as defined after Proposition 2.11). (Such elements necessarily
exist.) Then

Vet =2€ Z(VG) (4.5)

is a representative of Z.

Definition 4.6. Suppose G is a complex connected reductive algebraic group. An FE-group for G is a
pair (VG D), subject to the following conditions.
(a) VGT is a weak E-group for G (Definition 4.3).
(b) D is a VG-conjugacy class of elements of finite order in VGT — VG.
(c) Suppose Vd € D. Then conjugation by V4§ is a distinguished involutive automorphism of VG (see the
definition after Proposition 2.11).

The invariants of the E-group are the automorphism a attached to YG' by Proposition 4.4, and the
element
2 =V6te 2(VQ)'7;

here V6 is any element of D.
An L-group for G is an E-group whose second invariant is equal to 1. That is, we replace condition (b)
above by

(b)" D is a VG-conjugacy class of elements of order two in YG¥ — VG.

Of course the notion of L-group is due to Langlands (cf. [34], [10]). Just as in Definition 4.3, we can
speak of E-groups or L-groups attached to an extended group, to an inner class of real forms, to a single real
form, or to nothing at all.

Here is the classification of E-groups.

Proposition 4.7. Suppose G is a connected reductive complex algebraic group.
a) Suppose (VG', D) and ((VGF)/,D’) are E-groups for G with the same invariants (a, z). Then any one

of the canonical isomorphisms from VG to VG’ described after Definition 4.2 extends to an isomorphism
from VGT to (VGF)/ carrying D to D'.

b) In the setting of (a), suppose 71 and T are isomorphisms from VGY to (VGF)I with the property that
7i |vg is one of the canonical isomorphisms described after Definition 4.2, and that 7,(D) = D’. Then
there is an element g € VG such that 71 = 19 0 Ad(g).

¢) Fiz a weak E-group VG for G with invariants (a,z). If (YGY, D) is an E-group, then its second invariant
(Definition 4.6) is a representative for the class of Z. Conversely, if z € Z(¥G)%% is an element of finite
order representing the class of Z, then there is an E-group structure on ¥VG' with second invariant z.

The argument follows that given for Proposition 3.6, and we leave it to the reader.

Corollary 4.8. Suppose G is a connected complex reductive algebraic group endowed with an inner class
of real forms. Then there is an L-group for G and this class of real forms (Definition 4.6). Any two such
L-groups (YGY', D) and ((VGF)’7D') are isomorphic. We may choose this isomorphism 7 so that 7(D) = D',
and the restriction of T to VG is one of the canonical isomorphisms described after Definition 4.2. This
choice of T is unique up to composition with an inner automorphism from vV G.
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In the course of the proof of Theorem 1.18 (see Definition 13.7 below) it will be convenient to reformulate
the definition of E-group. We need a preliminary definition, which will be applied in a moment to a dual

group.

Definition 4.9. Suppose G is a complex connected reductive algebraic group, B is a Borel subgroup,
and T C B is a maximal torus. Write
x(2¥p):C* =T (4.9)(a)

for the sum of the positive coroots, an element of X, (7). Set
m(¥p) =x(2"p)(@) €T, 2(Yp) =m("p)* = x(2'p)(~1). (4.9)(b)
The familiar fact that the sum of the positive coroots takes the value 2 on each simple root o means that
Ad(m(Y)(Xa) = ?Xa = —Xa,  Ad(2("p))(Xa) = Xa (4.9)(c)

for any element X, of the o root space. In particular, z(¥p) € Z(G); this element is independent of the
choice of B and T, so it is preserved by all automorphisms of G.

Suppose 6 is an involutive (holomorphic) automorphism of G preserving a Borel subgroup B. Fix a
f-stable maximal torus T' C B (as is possible). We say that the pair (0, B) is large if 6 acts by —1 on each
f-stable simple root space. We say that (0, B) is distinguished if 6 acts by +1 on each #-stable simple root
space. (Since T is unique up to conjugation by the f-invariants in B, these definitions do not depend on the
choice of T.)

Lemma 4.10. Suppose G is a complex connected reductive algebraic group, B C G is a Borel subgroup,
and 0 is an involutive holomorphic automorphism of G preserving B. Fix a 0-stable mazimal torus T C B.
a) The automorphism 0 fizes the map x(2Vp) of Definition 4.9. In particular, it fizes the element m(Vp);
s0
0 = Ad(m(¥p)) o6

is another involutive automorphism of G preserving B.

b) The pair (0, B) is large (respectively distinguished) if and only if (0, B) is distinguished (respectively
large).

¢) The pair (0, B) is distinguished if and only if 0 is a distinguished automorphism (as defined after Propo-
sition 2.11).

Proof. Parts (a) and (b) are immediate from Definition 4.9 (particularly (4.9)(c)). The “if” in part
(c) is also immediate from Definition 4.9. For the “only if,” suppose (0, B) is distinguished in the sense of
Definition 4.9, and T is a #-stable maximal torus in B. To see that  is distinguished in the sense of Chapter
2, we must find a set of simple root vectors {X,} permuted by 6. Begin with any set {X/ } of simple root
vectors. If « is fixed by 6, then the assumption that (6, B) is distinguished means that X! = X/,. For such
roots a we define X, = X/,. The remaining simple roots occur in pairs interchanged by 6; by choosing one
representative of each pair, we can list them as {81,...,08,,001,...,008.}. We now define

Xp, = Xp,,  Xop =0X}.

Then 6 € Aut(G, B, T,{X,}), as we wished to show. Q.E.D.

Lemma 4.11. Suppose G is a complex connected reductive algebraic group, and 0 is a distinguished
involutive holomorphic automorphism of G. Then any two 6-stable Borel subgroups of G are conjugate by
the invariants of 6 in G.

Proof. The proof requires a few ideas from the theory of Cartan involutions, and we only sketch it.
Write K for the group of fixed points of # in G, and K| for its identity component. Suppose B and B’ are
f-stable. Choose 6-stable tori T" and 1" in B and B’; then T N Ky and 7" N Ky are maximal tori in K,
contained in Borel subgroups B N Ky and B’ N K. By conjugacy of maximal tori and Borel subgroups in
the reductive group Ky, we may assume (after replacing B’ by a conjugate under Kj) that they coincide:

TNKy=T NKy, BNKy=BNK,.
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Now T' N K{ contains regular elements of G (for example in the image of the map x(2Vp)), so the identity
component of its centralizer is exactly T. It follows that T = T".

Up until now we have used only the assumption that € is an involutive automorphism. A root of T in
G is B-simple if and only if its restriction to T'N Ky is simple for B N Kjp; this is a consequence of the fact
that (6, B) is distinguished (Definition 4.9 and Lemma 4.10(c)); and similarly for B’. Using this fact, we see
that the simple roots of 7' in B and in B’ coincide, so B = B’. Q.E.D.

Using these two lemmas, we can formulate a first approximation to our new definition of E-groups.

Definition 4.12. Suppose G is a complex connected reductive algebraic group. An E-group for G is a
pair (VG £), subject to the following conditions.

(a) VG is a weak extended group for G (Definition 4.3).

(b) &€ is a VG-conjugacy class of pairs (V§,?B), with V§ an element of finite order in VGT — VG, and B a
Borel subgroup of VG.

(c) Suppose (V§,9B) € £. Then conjugation by V¢ is a distinguished involutive automorphism of VG (see
the definition after Proposition 2.11) preserving ¢B.

To see that Definition 4.12 is equivalent to Definition 4.6, suppose first that (YGT, &) is an E-group in
the sense of Definition 4.12. Set
D={V5|(V6,"B)c &} (4.13)(a)

Then (VYGY,D) is an E-group in the sense of Definition 4.6. Conversely, suppose (YG'', D) is an E-group in
the sense of Definition 4.6. Set

E={(V6,"B) | V6 € D, and ?B is a Vé-invariant Borel subgroup of VG }. (4.13)(b)

Lemma 4.11 implies that & is a single ¥ G-conjugacy class, so (YGT, £) is an E-group in the sense of Definition
4.12.
It is now a simple matter to pass to our final definition of E-groups.

Definition 4.14 ([1], Definition 10.5). Suppose G is a complex connected reductive algebraic group.
An E-group for G is a pair (YGT,S), subject to the following conditions.
(a) VGT is a weak extended group for G (Definition 4.3).
(b) S is a VG-conjugacy class of pairs (V§,%B), with V4 an element of finite order in YG* — VG, and 9B a
Borel subgroup of V@G.
(c) Suppose (V4,?B) € S. Then conjugation by V§ defines an involutive automorphism 6 of VG preserving
4B. The pair (6,9B) is large (Definition 4.9).
The invariants of the E-group are the automorphism a attached to YG' by Proposition 4.5, and the
element
2= 2(p)"o" € (V@)%
here (V§,9B) is any element of S, and z(p) € Z(Y @) is the distinguished element described in Definition 4.9.
An L-group for G is an E-group whose second invariant is equal to 1. That is, the elements V4§ appearing
in (b) are required to satisfy V6> = z(p).

We recall from section 9 of [1] the proof that Definitions 4.12 and 4.14 are equivalent. Suppose that
(VGT, &) is an E-group in the sense of Definition 4.12. Fix (V4,%B) € &, and write 6 for the automorphism
of V@ defined by conjugation by V4§. Choose a f-stable maximal torus 47" C 4B, and define m(p) € 9T as in
Definition 4.9. Set

VI —1vyg.
5 = m(p)"15; (4.15)(a)

the corresponding automorphism of VG is
0’ = Ad(m(p))6. (4.15)(b)
Changing the choice of T changes V¢ only by conjugation by ¢B; so the conjugacy class
S=Ad(VG)(Vd',B) (4.15)(c)
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is well-defined. By hypothesis, the pair (#,?B) is distinguished, so by (4.15)(b) and Lemma 4.10 the pair
(0',9B) is large. Consequently (YG',S) is an E-group in the sense of Definition 4.14. This argument may
be reversed without difficulty, proving the equivalence of the two definitions.

5. Langlands parameters and L-homomorphisms.

The (local) goal of Langlands’ theory of L-groups is the description of representations of real forms
of G in terms of an L-group of G. In this chapter we begin our detailed analysis of the parameters that
will appear in this description, without as yet explaining how they are related to representation theory.
As is explained in [1], E-groups play the same réle with respect to the description of certain projective
representations (corresponding always to linear covering groups) and they can be treated at the same time
without difficulty. (Indeed it is apparent from Definitions 4.3 and 4.6 that E-groups are in certain respects
less complicated than L-groups.) In any case we will need to have E-groups available when we discuss
endoscopy.

Definition 5.1 ([34], section 2). Suppose VH' and VGT are weak E-groups (Definition 4.3). An L-
homomorphism from ¥ H' to VGT is a morphism € : VH" — VGT of algebraic groups, with the property that
the diagram

VHF L> VGI‘
N\ vd
Tr

(cf. Definition 4.3) commutes. (Even when VH' and VG' are E-groups, we do not require that e should
respect the distinguished conjugacy classes D, &, or S of Definitions 4.6, 4.12, and 4.14.) Two such morphisms
e and € are said to be equivalent if they are conjugate by the action of VG, that is, if there is an element
g € VG so that € = Ad(g) oe.

A central feature of Langlands’ (local) philosophy is that an equivalence class of L-homomorphisms
should give rise to something like a map (“transfer”) from representations of (real forms of) H to repre-
sentations of G. In particular, any object we construct from an E-group that is intended to correspond to
representations of G ought to be covariant with respect to L-homomorphisms. The first object of this kind
that we will consider is the set of “Langlands parameters” of Definition 1.5. To describe these more carefully,
we begin by recalling the definition of the Weil group for R.

Definition 5.2 (see [34], [10], or [51]). The Weil group of R is the real Lie group Wg generated by C*
and a distinguished element j, subject to the relations

j2=—-1€C*, jzj t=z% (5.2)(%)

We define a homomorphism from Wg to the Galois group I' of C/R by sending C* to the identity and j to
complex conjugation. (This gives the exact sequence

1C* =Wr—-T—1

of (1.4)(b).) Again we emphasize that the Weil group is not a complex Lie group.
Suppose VG' is a weak E-group. A quasiadmissible homomorphism (or Langlands parameter) ¢ from
Wr to VG' is a continuous group homomorphism satisfying
(a) the diagram
We -2 VGr
N\ e
r

is commutative; and
(b) ¢(C*) consists of semisimple elements of VG.
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Two such homomorphisms are said to be equivalent if they are conjugate by the action of VG. The set
of Langlands parameters for VGT is written

P(VGY) ={¢: Wr — VG | ¢ is quasiadmissible }.

We make VG act on P(¥VG") by conjugation on the range of a homomorphism. The set of equivalence classes
of Langlands parameters — that is, the set of orbits of VG on P(YGY) — is written

®(VG") = { VG orbits on P(VGT) }.

Definition 5.3 (see [34], [10]). Suppose G is a connected complex reductive algebraic group endowed
with an inner class of real forms. If (VG', D) is any L-group for G' (Definition 4.6), then we write

®(G/R) = ¢(VG").

The omission of YG' from the notation is justified by Corollary 4.8: if ((YGT),D’) is any other L-group
for the same inner class of real forms, then the corollary provides a canonical bijection from ®(¥GT) to
®((VGY)'). A little more generally, if (VG', D) is an E-group with second invariant z (Definition 4.6), then
we write
®*(G/R) = d(VGh).
The set of Langlands parameters behaves well under L-homomorphisms.

Proposition 5.4. Suppose VH' and VG are weak E-groups, and e : VH" — VG' is an L-homomor-
phism. Then composition with € defines a map

P(e): P('H") = P(*G")
on Langlands parameters, which descends to a map

®(e) : (VHY) —» d(Vah)
on equivalence classes.

This is obvious. We begin now the proof of Proposition 1.6.

Lemma 5.5 Suppose H is a complex Lie group, with Lie algebra . Then the set of continuous homo-
morphisms ¢ from C* into H is in one-to-one correspondence with the set of pairs (A, 1) € b x b, subject to
the following conditions:

a) [\ p] =0; and
b) exp(2mi(A — p)) = 1.

We omit the elementary proof; essentially the same result may be found in Lemma 2.8 of [34], or
Proposition 2.10 of [1]. We will need a formula for ¢, however; it is

B(e') = exp(tA + tu) (teC). (5.5)(a)
This is usually written more succinctly (if perhaps a little less clearly) as
P(z) = 23" (z € CX). (5.5)(b)

We restate Proposition 1.6 in our present slightly more general setting.

Proposition 5.6. Suppose VG is a weak E-group (Definition 4.3). The set P(YGY) of quasiadmissible
homomorphisms from Wx into VG' (Definition 5.2) may be identified with the set of pairs (y,\) satisfying
the following conditions:

a) y e VG' — VG, and X € Vg is a semisimple element;
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b) y? = exp(27il); and
c) [X Ad(y)A] =0.
Proof. Suppose ¢ is a quasiadmissible homomorphism. By Lemma 5.4, the restriction of ¢ to C*
determines two commuting elements A and p of Vg such that

P(z) = 27 z* (z € CX). (5.7)(a)

By Definition 5.2(b), the elements A and p are semisimple. Since j acts on C* by complex conjugation, we
have

Ad(9(4))(A) = p. (5.7)(b)
Define
y = exp(miA)o(j) € VG" -V G; (5.7)(c)

the last inclusion is a consequence of Definition 5.2(a). This gives (a) of the Proposition. Since Ad(exp(mil))
fixes A, we have

Ad(y)(A) = p. (5.7)(d)
Since A and p commute, this gives (c) of the proposition. Now
y® = exp(mi\)o(j)exp(mid) ()
= exp(miA)@(j)exp(mid)6(j) " 6 (j%)
— exp(mi))exp(rin)p(—1) (by (5.7)(b) and (5.2)(+))
= exp(mi(A + p))exp(mi(A —p))  (by (5.5)(a))
exp(2miA),

as required by (b) of the proposition.
Conversely, suppose we are given y and \ satisfying (a)—(c) of the proposition. Define p by (5.7)(d);
then A and p are commuting semisimple elements of Vg. By (b) of the proposition,

exp(2miA) = exp(2miAd(y)(N)).

So X and p satisfy the conditions of Lemma 5.5, and we can define a homomorphism ¢ from C* into VG by
(5.7)(a). We extend this to Wg by setting

¢(j) = exp(—mid)y. (5.7)(e)

That the relations (5.2)(x) are preserved, and that ¢ is a quasiadmissible homomorphism, can be proved by
reversing the arguments given for the first half of the proposition. We leave the details to the reader. Q.E.D.
When y, A\, and ¢ are related as in Proposition 5.6 — that is, when (5.7)(a)—(e) hold — we write

o=y, A, y=y(9), A=A¢) (5-8)(a)

It will also be convenient to write (following (1.7)(c))
e(A) = exp(2mi\) € H (5.8)(b)

whenever H is a complex Lie group and A € §.
Corollary 5.9. Suppose VG is a weak E-group, ¢ € P(VG"') is a Langlands parameter, and y, \ are
as in Proposition 5.6. Define
YG()\) = centralizer in VG of e(\)
L\ ={g€ G |Ad(g)A=A}
Ly A)={g€ G Ad(g)A =X\ Ad(9)(y-N\) =y- A}
VG = centralizer in VG of ¢(Wg)
K(y) = centralizer in VG of y.
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a) We have
VG4 C LA\ y-X) C LX) C YG(N).

All four groups are complex reductive algebraic subgroups of ¥ G; the middle two are Levi subgroups of
parabolics (and therefore connected).

b) Conjugation by y defines an involutive automorphism 0, of ¥ G(X) preserving L(\,y - X).

¢) The group of fized points of 0, on ¥G(\) is K(y). We have

VGy=K(y) N LA\ y-A) = K(y) N L.

In particular,

d) YGg may be described as the set of fized points of an involutive automorphism of the connected reductive
(Levi) subgroup L(\,y-\) of VG.

This is immediate from Proposition 5.6.
Recall now from Definition 1.16 the algebraic universal cover VG of VG. We write

15 m(VG)™s 5 VG™ VG > 1. (5.10)(a)

(Recall that 71 (¥ G)™9 is the projective limit of the finite quotient groups of 7y (VG).) If H is any subgroup

of VG, then we write H9 for its inverse image in YG™7. (
Vv

different weak E-groups, this notation is ambiguous; we will write instead H®9>

sequence

When we consider H as a subgroup of several
G.) This gives an exact

1= m(G)" — H — H — 1. (5.10)(b)

We should offer here some justification for the introduction of these covering groups. One way to
eliminate them is to change the definition of strong real form (Definition 2.13) to require 62 = 1. Then many
of our principal results (beginning with Theorem 1.18) hold with no covering groups at all. The problem
with this approach is that not every real form is represented by a strong real form with §2 = 1. (For example,
the real form SU(2) of SL(2) is eliminated.) For this reason we believe that the use of some covering groups
is unavoidable. It is still of interest to understand exactly which real forms require which coverings of VG,
and we will investigate this carefully in Chapter 10 (Theorem 10.11).

We can now introduce the parameters for the complete Langlands classification (Theorem 1.18).

Definition 5.11. Suppose VG is a weak E-group, and ¢ € P(YGY). Use the notation of Corollary 5.9.
Define
AGe="Gs/ (YGy)y,

the Langlands component group for ¢. Similarly, set
Aloc,alg _ \/Galg \/Galg
o = Go /"Gy )

the universal component group for ¢. (We will occasionally need to write Af;cv’aglg to avoid ambiguity. When

VGT is an E-group for G, we simplify this to Ag)’CG’alg .) Tt is a consequence of Corollary 5.9(d) that Aé,oc is a

(finite) product of copies of Z/2Z, and that AY“* is abelian. This is not entirely obvious; the argument is
given at (12.11)(e) below. By (5.10)(b), there is a right exact sequence

(VG — Af;’c’“lg — AP > 1.

Qa,

(The kernel of the first map is the intersection of 7 (YG)%9 with the identity component of VG d)lg ) A

T

complete Langlands parameter for VG is a pair (¢, ), with 7 an irreducible representation of Aquc’alg. Two

such parameters are called equivalent if they are conjugate under the obvious action of VG We write

Z(VGT) for the set of equivalence classes of complete Langlands parameters. As in Definition 5.3, the case
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of L-groups merits special attention: if G is a connected complex reductive group endowed with an inner
class of real forms, we write

Z(G/R) = { equivalence classes of complete Langlands parameters for the L-group of G }.

(This is not the definition that was given in the introduction, but we will see in Chapter 7 that it is
equivalent.) More generally, if (YGY, D) is an E-group for G with second invariant 2 (Definition 4.6) then
we write 2% (G/R) for Z(VGL). If (VGY)’, D) is another E-group with second invariant z, then Proposition
4.7(b) provides a canonical bijection from Z(YGT) onto Z((YG"')’). This justifies the omission of the E-group
from the notation.

Although we will make no use of it, the following proposition may provide a little motivation for this
definition.

Proposition 5.12. Suppose VG is a weak E-group. Then there is a natural one-to-one correspondence
between equivalence classes of complete Langlands parameters for YGY (Definition 5.11), and irreducible
VG™ _equivariant local systems on ¥ G-orbits on P(YGY) (Definition 5.2).

This is immediate from the definitions (see also Lemma 7.3 below).
Particularly in connection with endoscopy, we will occasionally need to consider a slightly different
situation. Suppose that @) is any pro-finite group, and that we have an extension of pro-algebraic groups

15Q-VG? VG > 1. (5.13)(a)
If € : H— VG is any morphism of algebraic groups, we can pull back the extension (5.13)(a) to
1 - Q - H° —- H — 1
I (5.13)(b)
1 - Q — Y62 = VG — 1

(The case of (5.10) has Q = 71 (YG)™9, and € the inclusion of a subgroup. In almost all the examples we
consider, @ will be a quotient of w1 (VG)9.) If ¢ € P(VG"), we define the Q-component group for ¢ by

loc, Q Q
AP =VGT (VG o (5.13)(c)
If we need to emphasize the group, we write Ag“vg There is a right exact sequence
Q — Ag’c’Q — Ay > 1. (5.13)(d)

A complete Langlands parameter for VG of type Q is a pair (¢, 7), with ¢ a Langlands parameter and 7 an
irreducible representation of Aljc’Q. Two such parameters are called equivalent if they are conjugate by the

action of VG?. We write Z(VGY)? for the set of equivalence classes of complete Langlands parameters of

type Q.
Suppose now that we have an L-homomorphism

e:VH" = VG, (5.14)(a)
(Definition 5.1), and that we are given compatible pro-finite extensions

1 - Qu — YHY" 5 VH - 1

+ d ee e (5.14)(b)

1 - Q — Y69 — VG - 1
(In our examples, VG will usually be the algebraic universal covering of VG, and YH' will be (roughly)
the centralizer in VG of a semsimple element. We will take Qy = @, and VH® the induced extension
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(cf. (5.13)(b)). In this case VH? will be a quotient of the algebraic universal cover of VH.) Suppose now
that ¢ € P(YHTY), so that eo ¢ € P(VGT) (Proposition 5.4). Then the map

€ VHO 5 VG© (5.14)(c)

carries the centralizer of the image of ¢ to the centralizer of the image of € o ¢; so we get an induced
homomorphism of component groups

loc, loc,
Alee(e) s AYGEN — ALSY (5.14)(d)

Notice that this map appears to go in the wrong direction from the point of view of Langlands functoriality
principle: a complete Langlands parameter of type Qg for VH" induces a Langlands parameter for VG, but
not a representation of the Q-component group. (The problem is unrelated to our extensions; it occurs even
if @ =Qpm ={1}.) We will return to this point in Chapter 26, using the ideas of Langlands and Shelstad.

6. Geometric parameters.

We continue the analysis of the preceding chapter, turning now to the new geometric parameters defined
in the introduction. A calculation illustrating several of the technical difficulties is outlined in Example 6.22.
The reader may wish to refer to it while reading this chapter.

Definition 1.7 of the introduction was made as succinctly as possible; we repeat it here, including some
useful auxiliary ideas. Suppose H is a complex reductive group, with Lie algebra h, and A\ € b is a semisimple
element. Set

B\ = {1 b |l =nu} (ne) (6.1)(a)
hA) = > bV (6.1)(b)
nez

[(A) = h(A)o = centralizer of A in b (6.1)(c)
nA)= Y bW (6.1)(d)
p(A) =1A) +n()) (6.1)(e)

Next, define
e(A\) = exp(2miA) € H. (6.2)(a)
H()\) = centralizer in H of e()) (6.2)(b)
L(\) = centralizer in H of A (6.2)(c)
N(X) = connected unipotent subgroup with Lie algebra n(\) (6.2)(d)
PA) = LN () (6.2)(e)

Lemma 6.3. Suppose H is a complex reductive algebraic group, and A € Y is a semisimple element.
Use the notation of (6.1) and (6.2).

a) H(N) is a reductive subgroup of H with Lie algebra h(\).

b) L()\) is a reductive subgroup of H(X) with Lie algebra (). It is connected if H is.

¢) N(X) is a connected unipotent subgroup of H(X) with Lie algebra n(\).

d) P(X) is a parabolic subgroup of H(\) with Lie algebra p(\), and Levi decomposition P(X) = L(A)N(X).
It is connected if H is.

e) Ad(P(N)) - A=Ad(N(X)) - A= A+n(N). More precisely, the adjoint action of N(\) defines an isomor-
phism of varieties

N(A) ~ A +n(N), n — Ad(n)A.
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This is elementary. (Perhaps the most subtle part is (e). This goes back at least to [19], Lemma 8; the
hypotheses there are a little more special, but the proof extends without change. A convenient reference is
[62], equation (4) on page 55.) The affine space in (e) is just the canonical flat of Definition 1.7:

FA) = Ad(P(N) - A = Ad(N(A) - A = A +n(N). (6.4)

Proposition 6.5. Suppose H is a complex reductive algebraic group, and A € b is a semisimple element.
Use the notation of (6.1)-(6.4), and suppose X' € F(\). Then

a) N is a semisimple element of by, conjugate to A by Ad(N(X));

b) e(A)=e(XN), HA) =H(XN), N(A) = N(X), P(\) =P\N), F(A) = F(XN); and

¢) the stabilizer in H of the set F(X\) is P(\). More precisely, if Ad(h)-F(\) has a non-trivial intersection
with F(X), then h € P(\).

Proof. Part (a) is immediate from (6.4). Write A = Ad(n) - A, for some n € N(\) C H()\). Obviously
Ad(n) carries objects defined in terms of A to those defined in terms of A'. Since e(\) is central in H(\),
the first claim of (b) follows. For the next three, use the fact that N(\) normalizes H(\), N(X), and P(\).
For the last claim of (b), use the fact that F()) is already a homogeneous space for N(A). For (c), suppose
h € H carries A to another element X of F(\). By (a), there is an element n € N(A) with ' = Ad(n) - A.
Since n and h carry A to the same element, the element | = n~'h belongs to the stabilizer L(\) of A. Hence
h = nl belongs to P()), as we wished to show. Q.E.D.

Suppose now that A is a canonical flat in h. We define

e(A)=e(A), H(A)=H(\), N(A)=N(), PA)=P (6.6)

for any A € A; this is well-defined by Proposition 6.5(b). We write h(A), etc., for the Lie algebras.

Proposition 6.7. Suppose H is a complex reductive algebraic group, and A C b is a canonical flat.
Use the notation of (6.6).

a) A is an affine space for the vector space n(A), and a homogeneous space for P(A). These structures are
compatible (via the adjoint action of P(A) on n(A)). We can therefore form the induced bundle

H xpy A — H/P(A),
which is an affine bundle for the vector bundle
H xpayn(A) — H/P(A).
b) The inclusion of A in b induces a map
H xpiayA—b,  (h,A) = Ad(h) - \.

This map is an isomorphism onto the conjugacy class containing A. The fibers of the bundle structure
map to the canonical flats in the conjugacy class.

Proof. (A brief discussion of induced bundles can be found in the appendix of [61]; this result has some
overlap with those of section 3 in that paper. Recall that a point of the induced bundle is an equivalence
class of pairs (h,A), with h € H and A € A; the equivalence relation is (hp, ) ~ (h,p - A) for p € P(A).)
Part (a) and the existence of the map in (b) are formal (cf. Proposition A.2(b) in [61], for example). That
the map is an isomorphism follows from Proposition A.2(d) of [61], or a direct calculation: the fiber over A
consists of the equivalence classes of pairs (h, ') with Ad(h) - X' = A. By (c) of Proposition 6.5, it follows
that h € P(A), and thus that (h, ') is equivalent to (e, A). This shows that the map is bijective. Since the
domain and range are homogeneous spaces, it must be an isomorphism. For the last claim, obviously the
fiber of the bundle over the identity coset eP(A) maps to the canonical flat A. The general statement then
follows from the H-equivariance of the map. Q.E.D.
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Example 6.8. Most semisimple elements (a dense open set) of a reductive Lie algebra have no integral
eigenvalues except zero; and the zero eigenspace is the unique Cartan subalgebra to which they belong. For
such an element A, we have P(\) = L(\) = T, a Cartan subgroup of H; F(A) = {A}; the unipotent group
N()) is trivial; the bundles of Proposition 6.7 are trivial on H/T; and Proposition 6.7(b) simply identifies
the conjugacy class of A\ with H/T.

At the other extreme, suppose A has all of its eigenvalues integral. Then H(A) contains the identity
component of H, and P(\) is a parabolic subgroup of H. The partition of the Ad(H) orbit of X into canonical
flats can be viewed as a Lagrangian foliation of a symplectic structure on the orbit; but since this is an adjoint
rather than a coadjoint orbit, the symplectic structure is not canonical and this is not a particularly good
point of view.

Suppose for example that H = SL(2,C). Write {h,e, f} for the standard basis of the Lie algebra, and
choose

a=v= (17 0) (65)(a)

Then
H(AN)-1=Cf, bh(A\)o=Ch, Hh(N)1=Ce (6.8)(b)
BA) =b, [(A)=Ch, n(})=Ce, p(\)=Ch+Ce (6.8)(c)
e(\) = —T € SL(2,C), H(\) = SL(2,C) (6.8)(d)

FO = { <1(/)2 f/Q) e C} (6.8)(e)

The orbit of A is the quadric

Ad(H)-)\:{(Z b ) |a2+bc:1/4}; (6.8)(f)

—a

its partition into the conjugates of the line (6.8)(e) is just one of the two standard rulings of a quadric surface
([20], Exercise 1.2.15).

Definition 6.9. Suppose VG! is an E-group. A geometric parameter for VGV

(a) ye VGr - V@G,
(b) A C Vg is a canonical flat (Definition 1.7); and
(c) y? = e(A) (notation (6.6)).

The set of geometric parameters for VG is written X (YGT). We make VG act on X (VGT) by con-
jugation. Two geometric parameters are called equivalent if they are conjugate by this action. (We do
not introduce a separate notation for the set of equivalence classes, since this will turn out to be naturally
identified with ®(VG").)

If O is a VG orbit of semisimple elements in Vg, then as in Lemma 1.9 we define

is a pair (y, A) satisfying

X(0,VG" ={(y,N) e X(YG") |AC O}.

We begin now our analysis of the spaces X (O,VG"). Fix a VG orbit of semisimple elements
OcVy, (6.10)(a)

and write F(QO) for the set of canonical flats in O. If we fix such a flat A, then Proposition 6.5(c) provides
an isomorphism

F(O) = VG/P(A). (6.10)(b)

We also need to consider the conjugacy class of e(A) in VG. This is
C(O) ={ge(N)g~" | g€ "G }. (6.10)(c)
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By (6.2)(b), there is an isomorphism
C(O) ~VG/YG(N). (6.10)(d)

Because e(A) is a semisimple element, the conjugacy class C(O) is closed in VG. From the form of Definition
1.8, it is clear that we also need to consider the subvariety

I(0)={y € 'G" =G| y* €C(O)} (6.10)(e)
It will be convenient also to consider

I(A) = {y € VG~ VG| y* = e(A) }. (6.10)(f)
Finally, for y € Z(O), we write

K(y) = centralizer of y in VG. (6.10)(g)

Now the definition of the map e (cf. (6.2)(a) and (6.6)) on F(O) involves the exponential map, and so
is not algebraic in nature. Nevertheless, we have

Lemma 6.11. In the setting of (6.10), the map
e: F(O) = C(O), Aw—eA)

is a smooth projective algebraic morphism.
Proof. By (6.10)(b) and (d), the map is just the natural quotient map of algebraic homogeneous spaces
VG/P(A) — VG /YG(A).
Since P(A) is parabolic in YG(A), the map is projective. Q.E.D.
The next lemma will be the key to the finiteness claim of Lemma 1.9.

Lemma 6.12. Suppose H is a complex reductive algebraic group (possibly disconnected), and z € H
centralizes the identity component Hy. Consider the set

I={yeH|y*==z}.

Then I is the union of finitely many orbits under the conjugation action of Hy.

Proof. The conjugation action of y € I on Hy defines an involutive automorphism 6,. Fix a connected
component C' of H, and consider the subset I NC of I. Since H has finitely many components, it suffices to
show that I N C has finitely many Hy orbits. The involutions in the set

o(C) = {0, |y e InC}

all differ by inner automorphisms (since C'is a coset of Hy). In particular, they have a common restriction 6z
to the center Z(Hy), so they are distinguished by their restrictions to the semisimple commutator subgroup
of Hy. A complex semisimple algebraic group admits only finitely many conjugacy classes of involutive
automorphisms; indeed Cartan showed that these classes correspond bijectively to the equivalence classes of
real forms. It follows that ©(C) is a finite union of Hy orbits. To complete the proof, we must study the
fibers of the map

InC— 60, Y 0.

It is enough to show that each fiber is a finite union of orbits under the conjugation action of Z(Hy). Now
the fiber over 0, is clearly
{yw |w € Z(Hy),wlz(w) =e} =yZ.

On the other hand, the Z(H,) conjugacy class of y is
{yw | w=v0z(v)"!, some v € Z(Hy)} = yZs.
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The two subgroups of Z(Hj) appearing here are algebraic, and Z, C Z;. Since they have the same Lie
algebra (namely the —1 eigenspace of the differential of 6), it follows that Zs has finite index in Z;, as we
wished to show. Q.E.D.

Proposition 6.13. In the setting (6.10), the orbits of the conjugation action of YG on Z(O) are in
one-to-one correspondence (by intersection with Z(A)) with YG(A) orbits on Z(A). All of these orbits are
closed, and there are finitely many of them.

Fiz a single orbit Z,(O) of VG on Z(O). Then the natural map

Li(0) = C(O), yry°

is a smooth algebraic morphism.

Proof. The bijection is formal. That the orbits are closed follows from the fact that they are finite
unions of connected components of semisimple conjugacy classes in the (disconnected) reductive group VG'.
For the finiteness, we consider the reductive group

H = centralizer of e(A) in VGT.

Obviously any element y of Z(A) belongs to H (since y always commutes with 3?). Furthermore z = e(A)
is central in H. Tt follows that the set I of Lemma 6.12 contains Z(A). Since YG(A) contains the identity
component of H, the finiteness we need follows from Lemma 6.12.

For the last claim, fix an element y; € Z;(0O) with yf = e(A). Then

7(0) = VG /K (1), (6.14)(a)
and the morphism in question is just the quotient map
VG/K (1) — YG/VG(A). (6.14)(d)

Of course this map is smooth. Q.E.D.
Here is the last general ingredient we need to complete our description of the geometric parameter space.

Lemma 6.15. Suppose G is an algebraic group, H is a closed subgroup of G, and A and B are closed
subgroups of H. Then G/A and G/B both carry natural maps to G/H, so we can form the fiber product

X =G/Axgy G/B— G/H.

On the other hand, H acts on H/A and on H/B, so it acts on the product H/A x H/B. We can therefore
form the induced bundle
Y=Gxpy(H/Ax H/B)— G/H.

Finally, A acts on the homogeneous space H/B, so we can form the induced bundle
Z=Gx,H/B—G/A—G/H

(and similarly with A and B exchanged).

a) X, Y, and Z are smooth bundles over G/H.

b) Y is isomorphic to X by the map sending the equivalence class of (g, (h1 A, haB)) € Y to (gh1 A, ghaB) €
X. This map is a G-equivariant isomorphism of fiber bundles fromY to X.

¢) Z is isomorphic to X by the map sending the equivalence class of (g, hB) to (gA, ghB). This map is a
G-equivariant isomorphism of fiber bundles from'Y to X.

d) The isomorphism in (b) induces a natural bijection from the orbits of H on (H/A x H/B) onto the
orbits of G on X.

e) The isomorphism in (c) induces a natural bijection from the orbits of A on H/B onto the orbits of G
on X.
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f) The following four sets are in natural one-to-one correspondence: the orbits of H on (H/A x H/B); the
(A, B) double cosets in H; the orbits of A on H/B; and the orbits of B on H/A.

Proof. An induced bundle is smooth if and only if the inducing space is smooth; so the smoothness
of Y (respectively Z) is a consequence of the smoothness of (H/A x H/B) (respectively H/B). As for X,
the spaces G/A and G/B are both smooth over G/H, so their fiber product is smooth over G/H as well
([20], Proposition II1.10.1(d)). For (b), the G-equivariant maps from an induced bundle to a G-space are
determined by the H-equivariant maps from the inducing space. The map in (b) corresponds in this way to
the natural inclusion of (H/A x H/B) in the fiber product X. That this map is a bijection is formal. That
it is an isomorphism can be deduced by computing its differential (because of the smoothness established in
(a)). Part (c) is similar; or one can show directly that Z is isomorphic to Y. For (d) and (e), the G-orbits
on an induced bundle are in natural bijection with the orbits on the inducing space. Part (f) is elementary
group theory. Q.E.D.

Proposition 6.16. Suppose VG' is a weak E-group. Fiz an orbit O of VG on the semisimple elements
of Vg, and use the notation of (6.6) and (6.10). In particular, we have smooth algebraic maps

F(O) = C(0), Z(0) — C(0).
The variety X (O,VGY) of Definition 6.9 is the fiber product
X(0,YG") = F(0) x¢(0) Z(0).

A little more explicitly, it has the following structure. List the orbits of VG on Z(0) as I;(0), ..., Z.(0)
(Proposition 6.13). Fiz a canonical flat A € F(O). This gives a reductive group ¥ G(A) and a parabolic
subgroup P(A) (cf. (6.6) and Lemma 6.3). For each i, choose a point

v € ,(0), y? =e(A).

Then conjugation by y; defines an involutive automorphism 6; of ¥V G(A) with fized point set K; = K (y;) (cf.
(6.10)(g)). The variety X(O,VG") is the disjoint union of r closed subvarieties

Xi(O, VGF) = .7:(0) Xc(o) IL(O)
The ith subvariety looks like

Xi(0,YGF) = VG xvan) (YGA)/K; x VG(A)/P(A)
~ VG xx, (YG(A)/P(A)).

In particular, the orbits of VG on X;(O,VGY) are in one-to-one correspondence with the orbits of K; on the
partial flag variety ¥ G(A)/P(A). These orbits are finite in number. The isotropy group of the action of VG
at the point x = (y, \) is

VG, = K(y) N P(A).

We will see later (Proposition 7.14) that the correspondence between K; orbits on YG(A)/P(A) and VG
orbits on X;(O) not only is a bijection of sets, but also preserves the closure relations and the nature of the
singularities of closures.

Proof. Everything but the last finiteness assertion is immediate from Lemma 6.15 and Proposition 6.13.
(The description of X (0O,VGY) as a fiber product is just a restatement of Definition 1.8.) For the finiteness,
we must show that if H is a reductive group, Z is a partial flag variety for H (that is, a homogeneous space
for which an isotropy group contains a Borel subgroup of Hy) and K C H is the group of fixed points of
an involution, then K has finitely many orbits on Z. After straightforward reductions, we may assume that
H is connected and semisimple, and that Z is the variety of Borel subgroups. In that case the result is
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well-known. (A complete description of the orbits may be found in [42]; the finiteness result is even older.)
Q.E.D.

With this description of the geometric parameter space, we can consider now its relationship to the
Langlands parameters of Chapter 5.

Proposition 6.17. Suppose VG is a weak E-group. Then there is a natural ¥ G-equivariant map p
from the set of Langlands parameters for VG (Definition 5.2) onto the set of geometric parameters for ¥V GT
(Definition 6.9). In terms of the description of Langlands parameters in Proposition 5.6, this map is

p: P(YGY) = X(YGY), ple(y,N) = (y, F(N)

(notation (5.8), (6.4)). The map p induces a bijection from equivalence classes of Langlands parameters
(that is, VG orbits on P(YGT)) onto equivalence classes of geometric parameters (that is, VG orbits on
X(VGY)). If x = p(¢), then the isotropy group ¥ Gy (Corollary 5.9) is a Levi subgroup of the isotropy group
VG, (Proposition 6.16). In particular, the fiber p~1(z) is a principal homogeneous space for the unipotent
radical of ¥V Gy.

Before embarking on the proof, we need some general facts about parabolic subgroups and involutions.

Lemma 6.18. Suppose G is a connected complex reductive algebraic group, P C G is a parabolic
subgroup, and 0 is an involutive automorphism of G. (We do not assume that 0 preserves P.) Write K C G
for the group of fixed points of 0.

a) There is a mazimal torus T C P such that 0T =T.
From now on we fix such a torus. There is a unique Levi decomposition P = LN with T C L.

b) The group Ly = LNOL is a connected 8-stable reductive subgroup of G containing T'.
¢) The group Ny generated by NNOP and PNON is a connected 0-stable unipotent subgroup of G, normalized
by Lg.
d) The group Py = PNOP is a connected algebraic subgroup of G, with 0-stable Levi decomposition Py =
LgNp.
e) We have
LNK=LyNnK, PNK=PNK=(LgNK)(NgNK).

The last formula is a Levi decomposition of the algebraic group PN K.

Proof. For (a), we may as well replace P by a Borel subgroup contained in it. In that case the existence
of T is established in [42]. Now write R = R(G,T) for the set of roots. Because 6 preserves T, 6 acts on R
as an automorphism of order 2. Write

R(P,T) = R(L,T)UR(N,T)
for the corresponding sets of roots. Fix an element A € t with the property that
a(A) =0 (aeR(L,T)), a(A) >0 (aeR(N,T)).
Then 0 also belongs to t, and has the corresponding properties for P. For (b), L is the centralizer in G of

A, so
LNOL ={geG|Ad(g)A = X Ad(g)(6)) =61 }.

Since A and 6\ are commuting semisimple elements of g, it follows that L N 6L is connected and reductive.
The rest of (b) is clear.
For (c) and (d), one computes easily that the roots of T' in Ly and P, are
R(Ly,T)={a e R|a(A)=0and a(6\) =0}
R(Py,T)={ae R|a(A)>0and a(fN) >0}.
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The groups NNOP and PNON are obviously unipotent algebraic, and therefore connected. The corresponding
roots are

R(NNOP,T)={ac R|a(A) >0and a(f)) >0}
R(PNON,T)={a € R|a(r) >0and a(6X) >0}.

Now set
Ry = R(NNOP,T)UR(PNON,T).

Because this set is easily seen to be closed under addition, it is the set of roots of T" in the group Ny. To
prove (c), we must show that Ny is unipotent. This is a consequence of the fact that all the roots in R(j lie
on one side of the hyperplane defined by A\ + 6.
For (d), observe first that
R(Py,T) = R(Ly,T) U R(Ny, T),

a disjoint union. It follows from (b) and (c) that Ly Ny is a Levi decomposition of the identity component of
Py; it remains to show that Py is connected. So suppose p € Py; we want to show that p is in the identity
component. Now pT’p~! is a maximal torus in Ps; so by the conjugacy of maximal tori in connected algebraic
groups, we can find an element pg in the identity component of Py conjugating pTp~' to T. After replacing
p by pop, we may therefore assume that p normalizes T. Now the normalizer of 7' in P is contained in L;
so p € L. Similarly, the normalizer of T in 6P is contained in 0L, so p € 0L. Therefore p € Ly, which we
already know is a connected subgroup of Pj.

Part (e) is clear: since 6 respects the Levi decomposition in Py, an element of Py N K must have both
its Levi components in K. Q.E.D.

Proof of Proposition 6.17. That p is a well-defined ¥ G-equivariant map is clear from Proposition 5.6
and Definition 6.9. The first problem is to show that p is surjective. So fix z = (y,A) € X(VG'). Obviously

p~ @) ={d(y, M) [ A€ ANy A =0} (6.19)(a)

Use the notation of (6.6); then P(A) is a parabolic subgroup of YG(A) (Lemma 6.3), and the conjugation
action of y defines an involutive automorphism 6 of YG(A), with fixed points K(y). Apply Lemma 6.18
to this situation. We conclude first of all that P(A) contains a #-stable maximal torus T. The semisimple
P(A)-conjugacy class A C p(A) must meet the Lie algebra t in some element A. Then A and y - A both belong
to t, so they commute; so ¢(y, A) € p~1(x) by (6.19)(a).
To prove that p is a bijection on the level of orbits, we must show that the isotropy group
G, = P(A) N K(y) (6.19)(b)

(cf. Proposition 6.16) acts transitively on the fiber p~1(x). Now any element of G, is fixed by 6, so it must
also belong to P(A). Consequently

Go = Py(A) N K(y) = (Le(A) N K(y))(No(A) N K(y)). (6.19)(c)
So suppose ¢(y, \') is another point in the fiber. By Lemma 6.3(e),
N = Ad(n)\ (6.20)(a)
for a unique n € N(A). By (6.19)(a), we have
[n-A0(n-N)]=0. (6.20)(b)
Now the centralizer of X in Vg is [(A) C p(A). It follows that the centralizer of 8(n - \) is
O(n-1(A)) C O(n-p(A)) = Op(A).
From this and (6.20)(b), we deduce that
n-Aep(A)Nop(A).
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The latter Lie algebra is described in Lemma 6.18. In conjunction with (6.3)(e), this allows us to conclude
(using notation from Lemma 6.18) that

n-Ae (A+n(A) N (lp(A) +na(A)) = A+ (n(A) Nng(A)).

Now the isomorphism in Lemma 6.3(e) respects T-stable subgroups of N(A); so the conclusion we draw
(using the uniqueness in Lemma 6.3(e)) is

n € N(A) N Ng(A).
We now rewrite (6.20)(b) by applying 6(n~!) to each term in the bracket. The conclusion is
[(B(n~1)n) - X, 0)] = 0. (6.20)(c)

Since Ng(A) is preserved by 6, the element m = 6(n~')n belongs to Ny(A). The discussion of roots in
Lemma 6.18 leads to a factorization

No(A) = (N(A) MOL(A))(N(A) NON(A))(L(A) NON(A));
write m = mymams accordingly. Then mg fixes A, and m; fixes 6, so (6.20)(c) leads to
hng-A,QA]::&

But Lemma 6.3(e) tells us that the first term here is of the form A 4+ X, with X3 € n(A) NOn(A). Such an
element commutes with O\ only if Xo = 0, which implies that mo = e. On the other hand, the definition of m
shows that @m = m ™!, from which we conclude that m; = (m3z'). Define n’ = nmz*; then ((n')~")n’ = e.
Assembling all of this, we find

n’ € No(A) N K(y), n - A=N. (6.20)(d)

Clearly n' - ¢(y, ) = ¢(y, A'). Since n’ belongs to the unipotent radical of G, (cf. (6.19)(c)), this completes
the proof of Proposition 6.17. Q.E.D.

Corollary 6.21. Suppose VH' and VG' are weak E-groups, and ¢ : VH' — VG' is an L-homomor-
phism (Definition 5.1). Then there is a natural map
X(e): X(VH") = x(VGa"h)

on geometric parameters, compatible with the maps P(€), ®(€) of Proposition 5.4 via the maps p of Propo-
sitton 6.17. Explicitly,

X(€)(y,A) = (e(y), e(A)).

(Here €(A) denotes the unique canonical flat containing de(A).)
Fiz a VH orbit O C Vb of semisimple elements, and define €(O) to be the unique VG orbit containing
de(O). Then X (e) restricts to a morphism of algebraic varieties

X(0,¢): X(0,VH") = X(e(0),VG").

If € is injective, then X (O, €) is a closed immersion.

Proof. The first point that is not quite obvious is that the image under de of a canonical flat A is
contained in a single canonical flat for Vg. To see this, fix A € A, and use the notation of (6.1)—(6.4). Write
N =de(N), N = F(N). Clearly

(N = (de) ™ g(X)n

for every n. From this it follows that

A=+ 3VB(N, € (de)~ (V) + S (de)Va(X), = (de) M (A).

n>0 n>0
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It follows that de(A) C A’, as we wished to show. Notice also that if de is injective, this containment becomes
an equality:

A = (de)~ (A).

For the last assertion, we first verify that X () is injective if € is. So suppose
X(€)(y1, A1) = X(€)(y2, A2) = (¢, A').

This means first of all that ¢(y;) = y, and therefore that y; = y2. Next, the last observation in the preceding
paragraph shows that A; = (de)~'(A’), and therefore that A; = A,. This proves that X (e) is injective.
Essentially the same argument proves that X (O, ¢€) is a closed immersion; we leave the remaining details to
the reader. Q.E.D.

Example 6.22. Suppose G = GL(3,C), endowed with the inner class of real forms including U(2,1)
and U(3). The based root datum of G (Definition 2.10) is the quadruple

(237 {(17 71’ 0)7 (07 17 71)}a Zsa {(15 7170)’ (Oa 17 71)}%

with the standard pairing between the two copies of Z3. The automorphism t of Proposition 2.12 associated
to the inner class of real forms acts on Z? by t(a,b,c) = (—c, —b, —a). As a dual group for G we can choose
VG = GL(3,C). Define an automorphism 6 of VG by

0
0g=Ad | 0 (tg™1).
1

o = O
S O =

Then 6 is an involutive automorphism preserving the standard Cartan and Borel subgroups 4T C ?B; the
induced automorphism of the based root datum is t. We can therefore construct a weak E-group VG'
generated by VG and an element V¢ of order two, subject to the relations

(Y0)g(Ya) =0g  (9€7G).
(If we take as the distinguished set S of Definition 4.14 the conjugacy class of (Vd,?B), then VGT is an

L-group for G.)
Consider the elements

1 00 0o 0 0
A=10 1 0], y="6, y-A=10 -1 0
0 0 0 0 0 -1

Notice that e(\) = e = y?, and A commutes with y - A; so there is a Langlands parameter ¢ = ¢(y, \). Since
e(\) = e, VG(A\) = VG. The corresponding parabolic P()\) is the standard parabolic in GL(3) with Levi
subgroup GL(2) x GL(1), and the canonical flat is
1 0 a
A= 01 b|labeC
0 0 0

Of course = (y,A) is a geometric parameter. The Levi subgroup L(A,y - A) is the diagonal subgroup; its
intersection with K (y) (which is a form of O(3)) is

z 0 0
VG¢ = 0 £1 0 | z € C*
0 0 =z!



The Langlands component group Ay (Definition 5.11) therefore has order 2. The group Py(A) of Lemma
6.18 is just the standard Borel subgroup. The isotropy group of the geometric parameter x has unipotent
radical equal to the #-invariant upper triangular unipotent matrices; this group is

1 a
K(y)NNyg(A) = 01 -a |aeC
0 0

The full stabilizer of 2 in VG is the semidirect product of VG, with this unipotent group, namely

z +a —z"'a?/2
VG, = 0 +1 —z7la |laeC,zeC*
0 0 27t

To conclude this chapter, we offer a variant of Proposition 6.16. Although the version presented first
seems to be the most natural one, it has the technical disadvantage that the group YG(A) need not be
connected. The only subtlety in the variant is the definition

K(y)" = K(y)nYG(A)o (6.23)(a)

for y € Z(A) (cf. (6.10)). In the notation of Lemma 6.12, this is the group of fixed points of the involution
6, on the connected group YG(A)o. We have

K(y)o € K(y)° € K(y), (6.23)(b)

and both of these inclusions may be proper.

Proposition 6.24. Suppose VG is a weak E-group. Fiz an orbit O of VG on the semisimple elements
of Vg, and use the notation of (6.6), (6.10), and (6.23). Fiz a canonical flat A C O, and write P°(A) for
the VG(AN)o orbit of A in the set of canonical flats. List the orbits of VG(N)g on Z(A) as IP(A),...,Z0(A)
(notation (6.10)(f) and Lemma 6.12). For each j, choose a pointy; € IJQ(A). Then conjugation by y; defines
an involutive automorphism 6; of ¥ G(A)o with fived point set K = K(y;)° (cf. (6.23)). From the chosen
base points A and y; we get isomorphisms

1

PUA) = YG(M)o/P(A),  T}(A) = VG(A)o/Kj.

J

The variety X(O,VGF) is the disjoint union of s closed connected smooth subvarieties X;(O,VG"). The jth
subvariety looks like

X;(0,YG") ~ VG xvga), (TV(A) x P(A))
~ VG xvga), (YG(A)o/K] x VG(A)o/P(A))
~ VG x g (YG(A)o/ P(A)).
In particular, the orbits of VG on X;(O,VG") are in one-to-one correspondence with the orbits of K? on the
partial flag variety ¥ G(AN)o/P(A). These orbits are finite in number.

The proof is identical to that given for Proposition 6.16. (It is helpful to keep in mind that P(A) is connected
(Lemma 6.3(d)) and therefore contained in YG(A)g.) As with Proposition 6.16, we will eventually want the
stronger information about the orbit correspondence contained in Proposition 7.14(c).

7. Complete geometric parameters and perverse sheaves.
In this chapter we continue our analysis of the geometric parameter spaces described in the preceding
chapter. To begin, we recall some terminology from Definition 1.22 in the introduction. This will be applied

first of all in the setting of Definition 6.9, to the action of YG™? on X (0O, VGF).
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Definition 7.1. Suppose Y is a complex algebraic variety on which the pro-algebraic group H acts
with finitely many orbits. A geometric parameter for H acting on Y is a (closed) point of Y. Two such
parameters are called equivalent if they differ by the action of H. The set of equivalence classes of geometric
parameters — that is, the set of orbits of H on Y — is written ®(Y, H).

Suppose y € Y'; write H,, for the isotropy group of the action at y. The (local) equivariant fundamental
group at y is

Aloe = H,/(H,)s, (7.1)(a)

the (pro-finite) group of connected components of H,,. If 3/’ is equivalent to y (that is, if it belongs to the same
H orbit) then we can find h € H with h-y =y'. It follows that conjugation by h carries H, isomorphically
onto H,, so we get an isomorphism

Aloe ~ Alce. (7.1)(b)

The coset hH, is uniquely determined, so this isomorphism is unique up to inner automorphisms.
Suppose S € ®(Y, H) is an orbit of H on Y. The equivariant fundamental group of S is the pro-finite

group
Age= Al (yes). (7.1)(c)

The isomorphisms in (7.1)(b) show that A% is well-defined up to inner automorphism. This means that we
can safely discuss conjugacy classes in AZS"C, or equivalence classes of representations, but it is dangerous to
speak of particular elements as well-defined entities. -

A (local) complete geometric parameter for H acting on'Y is a pair (y,7) with y € Y and 7 € Ale¢ an
irreducible representation. Two such parameters (y,7) and (y',7’) are called equivalent if there is an element
of H carrying y to ¢’ so that the induced isomorphism (7.1)(b) carries T to 7/. The set of equivalence classes
of (local) complete geometric parameters is written Z(Y, H).

A complete geometric parameter for H acting on'Y is a pair (S,V), with S € ®(Y, H) an orbit of H on
Y and V an irreducible H-equivariant local system on S. (By a “local system” we will understand a vector
bundle with a flat connection; perhaps this is not the most reasonable definition, but we are considering only
smooth varieties and complex coefficients).

Of course the terminology “geometric parameter” for a point is a little ridiculous, but we include it to
maintain consistency with the case of Definition 6.9.

We should make a few remarks about the “pro-algebraic” condition. This means that H is the limit of
an inverse system {H; | ¢ € I'} of algebraic groups indexed by a directed set I. It is harmless and convenient
to assume that all the morphisms

in the inverse system are surjective. (In our examples, the H; will all be certain finite coverings of a fixed
group Hi.) Then the limit morphisms

are surjective as well. The identity component of H is by definition the inverse limit of the identity compo-
nents of the H;. To say that H acts on Y means that for a cofinal set Iy C I, the various {H; | i € Iy}
act compatibly on Y'; we may as well assume (by shrinking I) that they all do (as will be the case in our
examples). Each H; will have an algebraic isotropy subgroup H; 4 at a point y. These groups again form an
inverse system of algebraic groups, whose limit is what we called H,. It is easy to check that Agfc (defined
as a quotient of inverse limits) is naturally isomorphic to the inverse limit of the quotients:

AL = Yimm H,, /(H o (7.2)(¢)
Again we have surjective maps
a; : Aéoc — Hz,y/(Hz,y)O (72)(d)

By a (finite-dimensional) representation of AZ’C we understand a representation that factors through one of
the maps a; (and therefore automatically through all a; with j > 7). For our purposes this can be taken as a
definition; but if Aéfc is given the inverse limit topology, then it is a theorem that any continuous irreducible
representation has this property.
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Here are some standard and elementary facts.

Lemma 7.3. In the setting of Definition 7.1, suppose y € Y. Write S = H -y for the orbit of y.

a) If H is algebraic, connected, and simply connected, then the local equivariant fundamental group AZ’C 18
canonically isomorphic to the topological fundamental group 71 (S;y) of homotopy classes of loops in S
based at y.

b) More generally, there is always a natural map

m1(S;y) — A?lfc.

This map is surjective whenever H is connected algebraic, and injective whenever H is simply connected
algebraic. In particular, any representation of AlyoC gives rise to a representation of w1 (S;y).
¢) Suppose (1,V) is a representation of Aifc. Regard T as a representation of H, trivial on the identity
component. Then the induced bundle
V=H XH, V-5

carries an H-invariant flat connection.

d) Suppose V is an H-equivariant vector bundle on S carrying an H-invariant flat connection. Write V
for the fiber of V at y, and T for the isotropy action of H, on V. Then T is trivial on (Hy)o, and so
factors to a representation of Al°c.

e) The constructions of (¢) and (d) establish a natural bijection between the equivalence classes of local
complete geometric parameters for H acting on Y, and the complete geometric parameters.

We will use Lemma 7.3(e) to identify the set Z(Y, H) of equivalence classes of local complete geometric
parameters. Thus if £ € Z(Y, H), we will write

£=(S,V) = (8¢, Ve)s (7.4)

and say that a pair (y,7) in the equivalence class “represents £.” The assertions about fundamental groups
are included to explain how H-equivariant local systems are related to arbitrary local systems.
Proof. We begin by defining the map in (b). Suppose

v:00,1] =8, 4(0)=~(1)=y
is a loop. Identify S with the quotient H/H,; then 7 can be lifted to a continuous map
5:00,1) = H, 5(0) =e.

The element h = J(1) must map to y, so h € H,. Any two liftings 4 differ by a continuous map from [0, 1]
into H, starting at e. Such a map must take values in (H,)o, so the class of he AZOC is independent of the
lifting. Similarly, a homotopy of the loop 7 does not affect h; so we get the map in (b). To see that the map is
surjective when H is connected algebraic, fix h € H,. A path connecting e to h descends to a loop in H/H,
that is the required preimage of h. For the injectivity when H is simply connected algebraic, suppose 7 is a
loop at y mapping to the class of e. This means that the lifting 4 satisfies (1) = h € (Hy)o. Choose a path
connecting h to the identity in (H,)o; modifying 4 by this path gives a new lifting 4’ satisfying 7'(1) = e.
This new lifting is therefore a loop. Since H is simply connected, 4’ is homotopic to a trivial map. This
homotopy descends to a homotopy from v to a point in H/H,. This proves (b), and (a) follows.

We omit the elementary arguments for (¢) and (d), but a few remarks on the definitions in the pro-
algebraic case may be helpful. For part (c), recall that 7 is really a representation of some component group
H; ,/(Hiy)o (cf. (7.2)). Then the algebraic vector bundle

carries an action of H;, and thus compatible actions of all H; with j > i. Therefore it is an “H-equivariant

vector bundle.” Conversely, to say that V is H-equivariant means that it carries an action of some H;.
Consequently the isotropy action on V factors to H;,. Part (e) is immediate from (c) and (d). Q.E.D.
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Lemma 7.5. Suppose VG is a weak E-group, ¢ € P(YGY) is a Langlands parameter, and x = p(¢) €
X (VGT) is a geometric parameter (cf. Proposition 6.17). Then the natural inclusion of isotropy groups

Gy — VGy
induces an isomorphism of component groups
VG /(VGy)o =G /(Y Ga)o.
If we consider isotropy groups in the algebraic universal cover VGt (Definition 1.16 and (5.10)), we get
VGG = G (G .

Similarly, in the setting (5.13),
YGE /(G0 = G /(G .

Proof. The inclusion of isotropy groups comes from the equivariance of the map p. By Proposition
6.17, VG, is the semidirect product of YGy and a connected unipotent group U,. It follows that (YG,)o
must be the semidirect product of (YGy)o and U,. The first claim follows. The the second is a special case
of the third, so we consider the third. The identity component (U%) is a covering group of U,. Now a
unipotent algebraic group is simply connected, so (U%)o must map isomorphically onto U,, and we identify
them henceforth. It follows easily that VG? must be the semidirect product of ng and U,. Now we can
argue as for the first claim to get the isomorphism of component groups. Q.E.D.

Definition 7.6. Suppose VG is a weak E-group, and X (VG") is the corresponding set of geometric
parameters (Definition 6.9). In order to place ourselves precisely in the setting of Definition 7.1, we can
implicitly restrict attention to a single variety X (O,YG") (see Proposition 6.16). For z € X(YGV), we
consider the (local) equivariant fundamental groups for the actions of ¥YG and Vg,

APe=VGe/(YGr)o, AP =V (G .

€T

By Lemma 7.5, there are natural isomorphisms
loc ~, Aloc loc,alg ~, ploc,alg
AFC = AQS, A ~ Ad>

for any Langlands parameter ¢ € p~!(x) (cf. Definition 5.11). We therefore refer to these groups as the
Langlands component group for x and the universal component group for z. If S is an orbit on X (VG'), we
write following Definition 7.1

loc __ ploc loc,alg __ ploc,al .
Alge = ploe glocalg _ plocaly (¢ g),

again these groups are defined up to inner automorphism.

A (local) complete geometric parameter for VG is a pair (x,7) with z € X(VG') and 7 € AP
an irreducible representation. Two such parameters are called equivalent if they are conjugate by VG,
Lemma 7.5 provides a natural map from complete Langlands parameters for YG' onto (local) complete
geometric parameters, inducing a bijection on equivalence classes. We may therefore write Z(YGT) for the
set of equivalence classes (cf. Definition 5.11).

As in (7.4), we identify Z(YGY) with the set of pairs (S,V), with S an orbit on X(VG') and V an
irreducible vGalg-equivaurialrlt local system on S; we call such a pair a complete geometric parameter for
X(VGT). If ¢ € Z(VGY), we write

§=(5Ve)

as in (7.4). A (local) complete geometric parameter (z,7) in the corresponding equivalence class will some-
times be called a representative of €.
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All of this discussion can be extended to the setting (5.13). We write
AP = VG2 (A,
the Q-component group for x. The set of complete geometric parameters for vGe acting on X (VGT) is
written Z(YGT)¥; we call these complete geometric parameters of type Q.

We return now to the general context of Definition 7.1, and expand on the discussion in Definition 1.22.

Definition 7.7. Suppose Y is a smooth complex algebraic variety on which the pro-algebraic group H
acts with finitely many orbits. Write Dy for the sheaf of algebraic differential operators on Y ([12], VL.1).
Define

C(Y,H) = category of H-equivariant constructible sheaves of complex vector spaces on Y.

A definition of constructible sheaves may be found in [11], V.3.
Next, set

P(Y,H) = category of H-equivariant perverse sheaves of complex vector spaces on Y.

The definition of perverse sheaves is discussed in [BBD] (see especially the introduction.) Again it is most
convenient to take the analytic topology on Y, but the equivariance condition implies that one can work
algebraically. (See [9], section 6. The main point is that all the local systems involved, which are described
by Lemma 7.3, arise from representations of 7 factoring through finite quotients.) This will be crucial for
our eventual application of the results of [40].

Finally, we will consider

D(Y,H) = category of H-equivariant regular holonomic sheaves of Dy-modules on Y.

In this case it is most convenient to work in the Zariski topology; then [12] is a convenient reference. For
an (algebraic) definition of regular holonomic, we refer to [12], section VIL.11. (By [12], Theorem VII.12.11,
any H-equivariant coherent sheaf of Dy-modules on Y is automatically regular holonomic.)

Each of these three categories is abelian, and every object has finite length. The corresponding Gro-
thendieck groups are written

KC(Y,H), KP(Y,H), KD(Y,H).

Each is a free abelian group with a basis corresponding to the (finite) set of irreducible objects in the
corresponding category.

The next two results recall the the most important relationships among these three categories. The first
is essentially obvious from the definitions. (It is the definitions that are deep.)

Lemma 7.8 ([9].) In the setting of Definition 7.7, suppose P is an H-equivariant perverse sheaf on'Y.
Then the cohomology sheaves H*P are H -equivariant constructible sheaves on'Y. A short exact sequence of
perverse sheaves gives rise to a long exact sequence of cohomology sheaves, so there is an additive map

X:ObP(Y,H) - KC(Y,H), x(P)=) (-1)'H'P.
The map x induces an isomorphism
x:KP(Y,H)— KC(Y,H)

of Grothendieck groups.

Theorem 7.9 (the Riemann-Hilbert correspondence — see [12], Theorem VIII.14.4). In the setting of
Definition 7.7, there is an equivalence of categories (the “de Rham functor”)

DR :D(Y,H) — P(Y, H).
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This induces an isomorphism
DR:KD(Y,H)— KP(Y,H)

of Grothendieck groups.

We will use the isomorphisms of Lemma 7.8 and Theorem 7.9 to identify the three Grothendieck groups,
writing simply
K(Y,H)~KC(Y,H)~KP(Y,H)~ KD(Y,H) (7.10)(a)

We will also need notation for the irreducible objects in the three categories. These irreducible objects
are in each case parametrized by the set Z(Y, H) of complete geometric parameters (Definition 7.1). Fix
&= (5,V) € E. We need a little notation from [9], section 1.4. Write

j=js:S—>§, i=is:§—>y (7.10)(b)

for the inclusion of S in its closure, and the inclusion of the closure in Y. Write d = d(S) = d(§) for the
dimension of S. Regard the local system V as a constructible sheaf on S. Applying to this first the functor
j1 of extension by zero, and then the direct image i,, we get a complex

(&) = i,jr1V € ObC(Y, H), (7.10)(c)

the extension of & by zero. Its irreducibility, and the fact that every irreducible has this form, are consequences
of the adjunction formulas relating 4, and j; with the restriction functors ¢* and j* ([9], 1.4.1). Next, consider
the complex V[—d] consisting of the single sheaf V in degree —d. This is an H-equivariant perverse sheaf
on S. Applying to it the “intermediate extension functor” ji. ([9], Definition 1.4.22) followed by the direct
image i,, we get a perverse sheaf on Y:

P(€) = ixjiV]—d] € ObP(Y, H), (7.10)(d)

the perverse extension of £. Its irreducibility, and the fact that every irreducible has this form, are conse-
quences of Théoréme 4.3.1 of [9]. Finally, we define

D(¢) = DR\(P(¢)) € ObD(Y, H). (7.10)(e)

It is a consequence of Theorem 7.9 that every irreducible H-equivariant Dy-module on Y is of this form.
(Of course one can define D(§) somewhat more directly as a Dy-module. The starting point is the sheaf
M of germs of sections of V on S. Since V has an H-equivariant flat connection, M has the structure of a
an H-equivariant Dg-module ([12], section VI.1.6). One now applies the (subtle) notion of direct image for
D-modules to get a Dy-module. The first complication is that the inclusion j need not be affine, so there
are higher direct images to consider. The second is that (even if j is affine) the direct image will not be
irreducible; one has to pass to an appropriate subquotient. None of this is particularly difficult, given the
machinery of [12], but it is easier simply to quote Theorem 7.9.)

The sets {u(§) | £ € E}, {P(&) | £ € E}, and {D(§) | £ € E} are all bases of the Grothendieck group
K(Y,H). By Theorem 7.9 and the definitions of (7.10), the last two bases are exactly the same. However,
the first two are not identified by the isomorphism of Lemma 7.8. As in Definition 1.22, we can write in
K(Y, H)

p(©) = (1" 3" my(1,€)P(y) (7.11)(a)

YEE(Y,H)

with mg(7,€) an integer. The matrix m, is called the geometric multiplicity matriz. It follows easily from
the definitions that

mg(6,6) =1, my(v,€) #0only if S, C (S¢ — S¢) (v # &) (7.11)(b)

It is also useful to consider the inverse matrix ¢, = mg_l, the geometric character matriz. By its definition,
cg satisfies

Piy)= Y (=1)"ey(&7)n(6). (7.11)(c)

£eE(Y,H)
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Because of the form of the isomorphism in Lemma 7.8, we have

cg(&,7) = (—1)%©) Z(—l)i(multipncity of Ve in H'P(v)]s,). (7.11)(d)

This says that the entries of ¢, are essentially local Euler characteristics for intersection cohomology. As a
consequence of (7.11)(d) (or of (7.11)(b)),

(1,1 =1, (&) #0onlyif Se € (S, —S5,) (£#) (7.11)(e)

Because of (7.11)(b), we can define the Bruhat order on Z(Y, H) as the smallest partial order with the
property that

mg(7,§) # 0 only if v < & (T.11)(f)

This refines the partial preorder induced by the closure relation on the underlying orbits. Because the inverse
of an upper triangular matrix is upper triangular, we get the same order using ¢, in place of m,.

To understand why we call m, a multiplicity matrix, suppose for a moment that the orbit S is affinely
embedded in its closure. (For Y = X (O, "VGYT) as in Definition 6.9, this turns out to be automatic if the orbit
O consists of regular elements.) Regarded as an element of the derived category concentrated in degree —d,
the constructible sheaf p(£)[—d] is then perverse ([9], Corollary 4.1.3), and the map of Lemma 7.8 is

X(u(©)[=d]) = (=1)*u(&).

On the other hand, as a perverse sheaf ;(§)[—d] must have a finite composition series. The integer mgy(7, &)
is just the multiplicity of the irreducible perverse sheaf P(v) in this composition series. In particular, it is
non-negative. One can give a parallel discussion in terms of D-modules.

We will be forced occasionally to refer to certain derived categories (which are of course central to
the basic theory developed in [9] and [11]). In general an object in one of these derived categories will be a
complex S* of sheaves on Y; we will write H*(S*®) for the ith cohomology sheaf. The notion of H-equivariance
in such categories is quite subtle, and we will simply not consider it (although a complete treatment of some
of the “obvious” assertions we make requires confronting this issue). Write

D (C(Y) (7.12)(a)

for the bounded derived category of sheaves of complex vector spaces on Y (analytic topology) having
cohomology sheaves constructible with respect to an algebraic stratification of Y (cf. [9], section 2.2, and
[11], section 6.3). Perverse sheaves on Y live in this derived category. Finally, write

D}, (D(Y)) (7.12)(b)
for the bounded derived category of sheaves of quasicoherent Dy-modules having regular holonomic coho-

mology sheaves (cf. [12], Corollary VII.12.8).

Definition 7.13. Suppose VG is a weak E-group, and X (VG") is the corresponding set of geometric
parameters (Definition 6.9). Define
C(X(\/GF), VGalg)
to be the direct sum over semisimple orbits O C Vg of the categories C(X (O, GT),YG*9) of Definition 7.7.
We call the objects of this category VGalg—equivariant constructible sheaves on X (VG'). Similarly we define

P(X(YGN),YG™),  DX(VGY),VG"),

the VG _equivariant perverse sheaves and the VG -equivariant coherent D-modules on X(VGY). These
are still abelian categories in which every object has finite length, and we have analogues of Lemma 7.8

and Theorem 7.9. In particular, we can write KX (YG') for the common Grothendieck group of the three
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categories. The irreducible objects in each category are parametrized by the set Z(VG') of complete geo-
metric parameters (Definition 7.6); we write u(€), P(§), and D(§) as in (7.10). We get matrices m, and ¢,
satisfying (7.11), the geometric multiplicity matriz and the geometric character matriz for ¥V GT.

In the setting (5.13), we introduce a superscript @ in this notation. Thus for example KX (VG")? is the
Grothendieck group of VGQ—equivariant perverse sheaves (or constructible sheaves, or coherent D-modules)
on X(VGTL).

We want to use structure theorems like Proposition 6.16 to study the geometric multiplicity matrix.
To do that, we must first understand the behavior of the categories of Definition 7.7 under some simple
constructions.

Proposition 7.14. Suppose Y is a smooth complex algebraic variety on which the pro-algebraic group
H acts with finitely many orbits. Suppose G is a pro-algebraic group containing H. Consider the induced
bundle
X=Gg XH Y.

a) The inclusion
1:Y = X, i(y) = equivalence class of (e, y)

induces a bijection

(Y, H) - ®(X,G), S~ G-i(S)

from H-orbits on'Y to G-orbits on X.
b) Ify € Y, then the isotropy group of the G action on X at i(y) is Hy. In particular, the local equivariant
fundamental groups satisfy
loc _ gl
Ay = Ai((),;)

(notation as in Definition 7.1). Consequently there is an isomorphism
1 l
Ag© ~ Aq?(ci)(sy

canonically defined up to inner automorphisms.
¢) The maps of (a) and (b) combine to give a natural bijection

i:E(Y,H) = Z2(X,G).
In the language of (7.4), the H -equivariant local system V on S corresponds to
iV)=GxgV

on G -i(S).
d) There are natural equivalences of categories

C(Y,H)~C(X,G), PY,H)~P(X,G), DY, H) ~DX,G).

These equivalences are compatible with the parametrizations of irreducibles by Z(Y,H) ~ Z(X, H)
((7.10) and (¢) above) and with the isomorphisms of Grothendieck groups coming from Lemma 7.8
and Theorem 7.9.

e) The geometric multiplicity and character matrices of (7.11) for (Y, H) and (X, G) coincide (under the
bijection of (c) above for the index sets).

Proof. Parts (a), (b), and (c) are formal; in fact similar ideas appeared already in Lemma 6.15. The
equivalences of categories are in some sense “obvious” once the categories are understood, and we will just
offer some hints. We discuss only the perverse case; the constructible case is similar but more elementary,
and the D-module case is handled by Theorem 7.9. It is helpful to introduce the intermediate space

Z=GXY,
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on which the group G x H acts by

(9:h)- (g y) = (gg'h " h-y).

It is easy to see that Z(Z, G x H) is in one-to-one correspondence with Z(Y; H). The groups G and H each
act freely on Z (although the product need not). Dividing by the G action gives a smooth quotient morphism

fgiZ—>Y

(projection on the second factor) that respects the action of H. Dividing by the H action gives a smooth
quotient morphism
fH =X

(the definition of the induced bundle) that respects the action of G. We can therefore apply Proposition
4.2.5 of [9] to conclude that f%[dim G] (respectively f};[dim H]) is a fully faithful exact functor from P(Y, H)
(respectively P(X,G)) into P(Z,G x H). That the irreducible objects behave properly under these functors
is contained in the discussion at the bottom of page 110 in [BBD]. We leave the rest of the argument to the
reader. Part (e) is a formal consequence of (d). Q.E.D.

Proposition 7.15. Suppose X and Y are smooth algebraic varieties on which the pro-algebraic group
H acts with finitely many orbits, and
f: X->Y

is a surjective smooth equivariant morphism having connected fibers of dimension d.

a) There is a natural inclusion
" E(Y,H)— 2(X,H)

from complete geometric parameters for H acting on'Y to complete geometric parameters for H acting
on X.

b) The functor f*[d] is a fully faithful exact functor from P(Y,H) into P(X, H), carrying the irreducible
P(&) to P(f*€) (notation (7.10)(d)).

¢) The inclusion of (a) respects the geometric character matrix of (7.11):
Cg(f*gvf*'y) :Cg(fv')/) (&7 € E(Y, H).

Proof. We begin by describing the map f* on geometric parameters. If S is an orbit of H on Y, of
dimension d(S), then f~1S is a smooth H-invariant subset of X, of dimension d(S) + d. Since H has only
finitely many orbits on X, there is an open orbit f*S of H on f~1S. Since f has connected fibers, f*S is
unique, and is dense in f~1S. This defines an injection on the sets of orbits

ffeY,H) —» (X, H). (7.16)(a)
The image of f* consists of orbits S’ C X satisfying any of the three equivalent properties

S’ is open in f~(f(5")), dim f(S") = dim S" — d, dim Hy,) =dimH, +d (z € 5'). (7.16)(b)

Suppose S’ satisfies these conditions. A typical fiber of the map S’ — f(S’) is dense in the corresponding
fiber of f, and is therefore connected. Consequently

Hy(y)/H, is connected (xe S e f (oY, H)). (7.16)(c)
For the natural map on component groups, it follows that
Aloe Alfo&) is surjective (x eS8 € f(®(Y, H)). (7.16)(d)
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Consequently every irreducible representation of Aif(cx) defines by composition an irreducible representation

of Al¢. This construction clearly provides the inclusion of (a) on the level of equivalence classes of local
complete geometric parameters. The image of f* consists of equivalence classes of pairs (x,7) for which z
and its orbit S satisfy (7.16)(b), and the representation 7 is trivial on the kernel of the map (7.16)(d). On
the level of local systems, the map f* sends (S, V) to (S’,V’), with

S" open in f71S, V' = (f*V) |s . (7.16)(e)

For the rest of the argument, we refer to [9], Proposition 4.2.5. Q.E.D.

It is not true that the inclusion f* respects the geometric multiplicity matrix in general. The matrix
cg for Y can be regarded as an upper left corner block of ¢, for X, but such a relationship between two
matrices is not preserved by inverting them. (One might hope for help from the fact, implicit in (7.11)(e),
that cq is upper triangular. Unfortunately, the ordering of the basis needed to get upper triangular matrices
is incompatible with the ordering needed to make the matrix for Y a corner of the one for X.)

We conclude this chapter with a more general (and correspondingly weaker) functorial relationship
between different geometric parameters. We begin with two pairs (X, G) and (Y, H) as in Definition 7.7.
That is, X and Y are smooth algebraic varieties, on which the pro-algebraic groups G and H act with finitely
many orbits. We suppose given in addition a morphism

e: (YH) = (X,G). (7.17)(a)

This means that € : Y — X is a morphism of varieties, € : H — G is a morphism of pro-algebraic groups,

and
e(h)-e(y) =e(h-y) (heHyyeY). (7.17)(b)

It follows immediately that e induces a map from the set of orbits of H on Y to the set of orbits of G on X:
(e) : ©(Y, H) = ©(X,G),  P(e)(H y) =G e(y) (7.17)(c)

cf. Definition 7.1). Evidently e carries the isotropy group H, into G, so we get a homomorphism on the
Y (v)
level of equivariant fundamental groups

Aloc(€):A§/oc_>Al6(zz) (7.17)(d)

(Definition 7.1).
Proposition 7.18. In the setting of (7.17), there is an exact functor

e :C(X,G) = C(Y,H).

The stalk (e*C)y at a point y € Y is naturally identified with C(,y. In particular, the representation of Affc

on this stalk is obtained from the representation of AZG(ZZC/) on Ce(y) by composition with the homomorphism

Aloe(e) of (7.17)(d).

The functor €" induces a homomorphism of Grothendieck groups
e K(X,G)— K(Y,H)

(notation (7.10)(a)).

This is obvious: the functor €* is just the usual inverse image for constructible sheaves. This functor
behaves very well on the derived category D®(C(X)), but not on the abelian subcategory of perverse sheaves.
If P is a G-equivariant perverse sheaf on X, then ¢*P will be only an H-equivariant constructible complex
on Y its ordinary cohomology sheaves and its perverse cohomology sheaves will both live in several different
degrees. Proposition 7.18 computes the homomorphism €* in the basis of irreducible constructible sheaves.
We will make this explicit in Proposition 23.7.
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Here is an example. Suppose we are in the setting of (5.14). That is, we have an L-homomorphism
e: VHT — VGT, and compatible pro-finite extensions VH®" and VG®. The maps X (€) of Corollary 6.21
and e, of (5.14)(c) give

€= (X(e).ea) : (X("H"),VH®")) = (X(“G"),VG7) (7.19)(a)
as in (7.17). In particular, we have the correspondence of orbits
d(e): d(VH") = d(VGY) (7.19)(b)
and the homomorphisms of equivariant fundamental groups

oc oc loc,
Alec(e) s Ale@r — AS9 (7.19)(c)
given by (7.17). These are clearly identified (via Proposition 6.17 and Lemma 7.5) with the ones constructed
in Proposition 5.4 and (5.14)(d). Finally, we have from Proposition 7.18 a natural homomorphism

e KX(VGN? —» KX (VH")9x, (7.19)(d)

We will see in Chapter 26 that this last homomorphism provides the formal part of the “Langlands functo-
riality” associated to the L-homomorphism e.

8. Perverse sheaves on the geometric parameter space.

In this chapter we begin to study in detail the categories of Definition 7.13. Specifically, we want to
be able to compute the geometric multiplicity and character matrices of (7.11). After the formalities of
Propositions 7.14 and 7.15, our main tools will be the results of [8], [14], and [40]. We begin by recalling the
first of these.

Suppose Y is a smooth complex algebraic variety. Recall from Definition 7.7 the sheaf Dy of algebraic
differential operators on Y. We write

Dy = FDY (81)(0,)

for the algebra of global sections of Dy, the algebra of global differential operators on'Y. If G is an algebraic
group acting on Y, then every element of the Lie algebra of G defines a global vector field on Y; that is, a first
order differential operator (without constant term). This mapping extends to an algebra homomorphism

Yy :U(g) = Dy (8.1)(b)

called the operator representation of U(g) (see for example [13], section 3.1). The kernel of 1)y is a two-sided
ideal
Iy =kertypy C U(g). (8.1)(c)

If M is any sheaf of Dy-modules, then the vector space M = I'M is in a natural way a Dy-module, and
therefore (via 1y ) a module for U(g)/Iy. The functor sending M to the U(g)/Iy-module M is called the
global sections functor. In the other direction, if M is any module for U(g)/Iy, then we may form the tensor
product

M =Dy Qyy (U(g)/1y) M. (8.1)(d)

This is a sheaf of Dy-modules on Y. The functor sending M to M is called localization. For formal reasons,
there is an adjoint relationship

Homp, (Dy ® M,N) ~ Homy (g)/1, (M,TN). (8.1)(e)
We need to recall a little algebraic representation theory at this point.
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Definition 8.2. A compatible pair (g, H) consists of a Lie algebra g and a pro-algebraic group H,
endowed with an algebraic action
Ad: H — Aut(g),

and an injective Lie algebra homomorphism
i:h—g

compatible with the differential of Ad. A compatible (g, H)-module is a g-module M endowed with an
algebraic representation 7 of H, satisfying the compatibility conditions

m(h)(X - m) = (Ad(h)(X)) - m(h) - m

and
dm(Z)-m=1i(Z)-m

forhe H X €g,mée M, and Z € h. We allow M to be infinite-dimensional; to say that the representation
of H is algebraic means that each vector belongs to a finite-dimensional H-invariant subspace on which H
acts algebraically in the obvious sense. Fix an ideal I C U(g). The category of finite length compatible
(g, H)-modules annihilated by I is denoted

F(g,H,I).

This idea is essentially due to Harish-Chandra; the definition was formalized by Lepowsky.

Theorem 8.3 (Beilinson-Bernstein localization theorem — see [8], [13], Theorem 3.8, and [14], Theorem
1.9). Suppose G is a complex connected algebraic group, and Y is a complete homogeneous space for G.

a) The operator representation vy : U(g) — Dy of (8.1)(b) is surjective.

b) The global section and localization functors provide an equivalence of categories between quasicoherent
sheaves of Dy -modules on'Y and modules for U(g)/Iy.

¢) Suppose (g, H) is a compatible pair (Definition 8.2), and that H acts (compatibly) with finitely many
orbits on Y. Then the functors in (b) provide an equivalence of categories between D(Y, H) (Definition
7.7) and F(g, H, Iy) (Definition 8.2).

To understand this result, one should keep in mind that the complete homogeneous spaces for an
algebraic group G are precisely the quotients G/P, with P a parabolic subgroup. The unipotent radical of
G must act trivially on such a homogeneous space, so there is essentially no loss of generality in assuming
G to be reductive. In part (b), what is being established is an analogue of the relationship between modules
and quasicoherent sheaves on affine algebraic varieties ([20], Corollary I1.5.5). The case of projective space
(with G equal to GL(n)) is treated in [12], VIL.9. Once (b) is proved, part (c) is nearly formal; the only point
is to show that an H-equivariant coherent Dy-module is automatically regular holonomic ([12], Theorem
VII.12.11).

For the rest of this chapter, we will fix

vGr, 0cVg (8.4)(a)
a weak E-group and a semisimple orbit in its Lie algebra. Fix a canonical flat A C O, and define
e(N) €Y@, P(A) Cc YG(N) (8.4)(b)

as in (6.6). Recall (Lemma 6.3) that P(A) is a connected parabolic subgroup of the reductive group VG(A).
As in Proposition 6.24, write
PYA)=YG(A)o-ACO (8.4)(c)

for the indicated orbit of A in the variety of all canonical flats in O. Proposition 6.5 identifies P°(A)
naturally with the variety of conjugates of P(A) in YG(A)o (by sending each flat in P°(A) to its stabilizer).
In particular,

PO(A) ~ VG (A)o/P(A). (8.4)(d)
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This space is a complete homogeneous space for YG(A)g, and we will apply Theorem 8.3 to it. Recall the
orbit decomposition
IZ(A) =T)(A)U...UT(A) (8.4)(e)

of Proposition 6.24, and choose a representative y; € I]Q (A) for each orbit. Define KJQ as in Proposition 6.24,
so that

70(A)

12

YG(A)o/ K. (8.4)(f)

Recall from (5.10) that we write K;)’alg for the preimage of K9 in Vg

Theorem 8.5. Suppose VG' is a weak E-group and O C Vg a semisimple orbit in its Lie algebra. Use

the notation of (8.4). Then the category of ¥ G™9-equivariant perverse sheaves on X(O,YG™) (Definitions
6.9, 7.7, and 7.13) is equivalent to the direct sum of the categories F (¥ g(A), K?’alg,IPO(A)) (Definition 8.2)

of compatible modules of finite length annihilated by the kernel Ipo s of the operator representation on PO(A)
(see (8.1)).

This is an immediate consequence of Proposition 6.24, Proposition 7.14, Theorem 7.9, and Theorem 8.3.
Next, we want to reduce (that is, to reduce the calculation of the geometric multiplicity and character
matrices) to the case of regular A. For that we need a kind of “translation functor” for these categories.

Definition 8.6. In the setting of (8.5), suppose 0’ is another orbit of semisimple elements. A translation
datum from O to O is a Y G-conjugacy class T of pairs (A1, A}), subject to the following conditions.

(a) Ay C O and A} C O’ are canonical flats.
(b) P(A}) C P(Ay), and e(Aq) = e(A)).

There are several other ways of specifying the same data. If we fix a canonical flat A C O, then it is
equivalent to specify a single canonical flat A" C O, subject to the conditions

(c) P(A') C P(A), and e(A) = e(A').
(Necessarily A’ will be contained in p(A).) In this case two canonical flats define the same translation datum
if and only if they are conjugate by P(A).

If we fix a point A € O, then it is equivalent to specify another point A’ € @', subject to
(d) P(X) c P(N), L(XN) C L(N), and e(\) = e(N).
(Necessarily A" will belong to [(A).) In this case two points A}, A, define the same translation family if and
only if they are conjugate by L(\).

Finally, we could fix a pair (A, T"), with T" a maximal torus and A € O Nt. Then the translation datum
is determined by the choice of another point A € O’ Nt, subject to

(e) For every root « of T in VG,
a(\) e N—{0} = a(\) e N— {0},

and
A=) e X,.(T).

(Of course the lattice on the right here is the kernel of the normalized exponential mapping e on t.) Two
such points A}, A} determine the same translation datum if and only if they are conjugate by the Weyl group
of T in L()\).)

Lemma 8.7. Suppose VG is a weak E-group and O C Vg a semisimple orbit in its Lie algebra. Then

there is a reqular semisimple orbit O’ C Vg and a translation datum T from O to O’ (Definition 8.6)

Proof. We can use the last description (e) of translation data in Definition 8.6. With that notation,
choose a set RT of positive roots for T' in VG containing the roots of 7' in N () (notation (6.1) and (6.2)).
Let u be any element of X, (T) on which the positive roots take strictly positive values; for example, the
sum of the positive coroots. Then X' = X\ + p is a regular semisimple element satisfying the conditions of
Definition 8.6(e), so the corresponding conjugacy class

T="G-(F(\),F(X))
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is the translation datum we need. Q.E.D.

Proposition 8.8. Suppose VG is a weak E-group, O, O are semisimple orbits in its Lie algebra, and

T is a translation datum from O to O'.

a) The set T is the graph of a ¥V G-equivariant smooth proper morphism
fr: F(O') = F(O)

(notation (6.10)).
b) The morphism in (a) induces an equivariant smooth proper morphism

fr:X(O,VGY) = X(0,VGY).

l o )
“9 _equivariant perverse sheaves on X (O,VGT) is

Consequently (Proposition 7.15) the category of VG
equivalent to a full subcategory of VGalg—equivarz'ant perverse sheaves on X(O',VGY). This inclusion

respects the geometric character matriz.
Fiz a pair (A,A) € T.
¢) The objects of (8.4) for A and A" are related by

e(A) =e(A), YG(A)o="G(A), Z(A)=I(N).
The morphism of (a) restricts to a smooth ¥ G(A)g-equivariant proper morphism
fr:PUA) — PO(A).

d) The kernel Ipo(ny of the operator representation of U(Yg(A)) contains the kernel Ipo(xry. Consequently
(for any y € Z(A)) the category }'(Vg(A),KO’“lg(y),Ipo(A)) (Definition 8.2) is a full subcategory of
f(vg(A/)7 KO,alg(y)7 I”P“(A’))'

e) The inclusions of categories in (b) and (d) correspond under the equivalences of Theorem 8.5.

Proof. Part (a) is a consequence of Definition 8.6(b) and (6.10)(b). (That the morphism is projective
follows from the fact that P(A’) is parabolic in YG(A) (Lemma 6.3), and therefore also in P(A) C YVG(A).)
The second condition in Definition 8.6(b) implies that C(O) = C(O’) (notation 6.10(c)). Now (b) follows
from the description of the spaces as fiber products in Proposition 6.16. Part (c¢) is immediate from the
definitions; the last statement is just (a) applied to the group YG(A)g. Part (d) is just the obvious statement
that the kernel of the operator representation on a homogeneous space grows as the isotropy group grows.
(It is instructive to find a description of the kernel in terms of the isotropy subgroup. Halfway through this
exercise you will no longer believe that the preceding assertion is obvious, but in the end you will see that it
is after all.) Notice that the inclusion of categories in (d) is really that: an object of the smaller category is
by definition an object of the larger one as well. Part (e) is an immediate consequence of the dense thicket
of definitions from [9] and [12] that it conceals; we will not attempt even to sketch an argument. Q.E.D.

Lemma 8.7 and Proposition 8.8 reduce the calculation of the geometric character matrix — and therefore
also its inverse, the multiplicity matrix — to the case of a regular orbit. We recall now very briefly how that
case is treated in [40]. Suppose we are in the setting (8.4). Write Z(O,YG") for the corresponding set of
complete geometric parameters (Definition 7.6). By Propositions 6.24 and 7.14, there is a natural one-to-one
correspondence

2(0,YG") = [[E(P (), K1), (8.9)(a)
J
This decomposition respects the geometric multiplicity and character matrices. (In particular, if £ and &'
correspond to different values of j on the right, then my (&, &) = ¢4(€,¢') =0.)

Suppose now that O is regular. Then the groups L(\) of Lemma 6.3 are all maximal tori, so P(A) is a
Borel subgroup of YG(A)g, and the variety P°(A) may be identified with the variety B of Borel subgroups
of VG(A)g. The parameter set corresponding to j on the right in (8.9)(a) is now

D; = E(B,K;"). (8.9)(b)
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This is almost precisely the setting of Definition 1.1 in [40]. (The only difference, aside from a harmless
change of ground field, is that our group K?’alg is a covering of the fixed point group of an involution, rather
than the fixed point group itself. The arguments of [LV] carry over to this setting unchanged.) For every
pair (§,¢’) of elements of D;, Theorem 1.11 of [40] provides a polynomial

Py(&,¢) € Zlul, (8.9)(c)

the Kazhdan-Lusztig polynomial. The algorithm of [40] for computing this polynomial involves an action
of the Hecke algebra associated to the Weyl group of YG(A) on the free Z[u,u™!]-module with basis D;.
Theorem 1.12 of [40] asserts that these polynomials compute the geometric character matrix:

cg(£,€) = (~1)¥O-1EV P (g, €)(1). (8.9)(d)

To be a little more precise: (7.11)(d) says that c4(&,&’) is an Euler characteristic. The theorem in [40] says
that the cohomology groups in the Euler characteristic vanish in every other degree, and that the dimensions
of the remaining ones are given by the coefficients of P,(¢,&’). We will recall some additional details in
Chapter 16, in connection with the proof of Theorem 1.24.

9. The Langlands classification for tori.

In this chapter we establish Theorem 1.18 (the bijection between irreducible representations of strong
real forms and complete geometric parameters on an L-group) in the special case of a torus. We will treat the
general case of Theorem 1.18 by reduction to this special case. (Of course such an approach seems unlikely
to succeed for groups over other local fields, where not all representations are constructed from characters
of tori.)

So suppose that T is an algebraic torus; that is, a connected complex reductive abelian algebraic group.
As in Definition 2.10, we write

X.(T) = Homgy(C*,T), (9.1)(a)

the lattice of (rational) one-parameter subgroups of T. We can use the exponential map to identify the Lie
algebra of C* with C. A one-parameter subgroup is determined by its differential, which is a complex-linear
map from C to t. Such a map is in turn determined by its value at 1 € C; so X, (7T) is identified with a
lattice in t. As is well-known ([1], Proposition 2.2)

X.(T) ~ (1/2mi) ker(exp) = ker(e) C t. (9.1)(b)

Here exp refers to the exponential mapping in T, and e is as in (6.2)(a). We can recover T from X,.(T') by

the natural isomorphism
X.(T)®@zC* =T, ¢Rz+ ¢(2). (9.-1)(¢)

On the level of Lie algebras, this gives

X.(T)®zC =t ¢®z+— dp(z) (9.1)(d)
t* ~ Homgz(X.(T),C), A= (¢ Adg(1))). (9.1)(e)

Dually, write
X*(T) = Homg(T,C*), (9.2)(a)

the lattice of (rational) characters of T. A character is determined by its differential, which is a linear
functional on t*; the resulting lattice may be identified as

X*(T)={ )€t | A(X.(T) CZ}. (9.2)(b)
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This exhibits the natural pairing between X, (7T") and X*(T') as the restriction of the pairing between t and
t*. The analogue of (9.1)(c) is

T ~ Homgz(X*(T),C*), t~ (17— 7(t)). (9.2)(c)

Similarly,
’ t ~ Homz(X*(T),C), X — (1 dr(X)) (9.2)(d)
X' (T)Y@zC~t", 7z (X zdr(X)). (9.2)(e)

By the remark after Definition 4.2, a dual group VT for T is determined up to unique isomorphism.
Explicitly, the formulas in (9.1)(c) and (9.2)(c) show that we may choose

YT = X*(T)®zC*  or YT =Homg(X.(T),C*). (9.3)(a)
In any case Definition 4.2, (9.1)(d)—(e), and (9.2)(d)—(e) provide natural isomorphisms

Vit Vit~ (9.3)(b)

Proposition 9.4 (Langlands — see [34], Lemma 2.8, or [1], Theorem 4.4.) Suppose T is an algebraic
torus defined over R. Fix an L-group (VT',D) for T (Definition 4.6). Then there is a natural bijection

¢ —m(9)

from the set ®(T/R) = ®(VT") of equivalence classes of Langlands parameters (Definitions 5.2 and 5.3) onto
the set II(T'(R)) of equivalence classes of irreducible representations (that is, continuous homomorphisms into
C*) of T(R). In this bijection, the differential dm(¢) (an element of t*) is identified by (9.3)(b) with the
parameter A(¢) € Vt (¢f. (5.8)(a)). The trivial character of T(R) is attached to the parameters ¢(¥d,0) with
v € D (notation (5.8)(a)); these constitute a single equivalence class.

Notice that the last assertion shows clearly the dependence of the classification on the L-group structure
(and not just the weak E-group).

This beautiful result is not as it stands a special case of Theorem 1.18, for it mentions neither strong
real forms of T(R) nor complete geometric parameters. We will analyze each of these ideas in turn and
compare them to get that result. Our main tool is the following elementary version of Pontriagin duality.

Lemma 9.5. Suppose T is an algebraic torus; use the notation of (9.2). There is a natural inclusion-
reversing bijection between algebraic subgroups of T and sublattices (by which we mean simply subgroups) of
X*(T). To an algebraic subgroup S C T corresponds the sublattice

L={r7eX*(T)|7(s)=1, alls€ S}. (a)
Dually, to a sublattice L corresponds the algebraic subgroup
S={seT|7(s)=1, allT € L}. (b)

Suppose the subgroups S1 C Sy correspond to sublattices L1 D Lo. Then restriction of characters from
T to S1 defines a natural isomorphism

Homag(51/52,C*) ~ La/Ly. (c)
Suppose the subgroup S corresponds to the sublattice L. Then the identity component Sy C S corresponds

to the lattice
L’ = {7 € X*(T) | nt € L for some positive integer n'} O L. (d)
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Suppose 0 is an algebraic automorphism of T, and a is the transpose automorphism of X*(T) (so that
7(0t) = (a7)(t) for allT € X*(T) and t € T). Then the algebraic subgroup T? of fized points of @ corresponds
to the sublattice

(1-a)X*(T)={7—ar| 7€ X*(T)}. (e)

Dually, the sublattice X*(T)* of fixed points of a corresponds to the (connected) subgroup

(1—0T ={t0t) " |teT}. (f)

This is well-known and elementary; we omit the proof.
We turn now to the description of complete geometric parameters for tori.

Proposition 9.6. Suppose VT is a weak E-group for the algebraic torus T. Write a for the corre-
sponding automorphism of the based root datum (Proposition 4.4) and 8 for the automorphism of VT defined
by any element of VTT —VT. Suppose x € X(VT") is a geometric parameter (Definition 6.9).

a) The stabilizer VT, of x for the action of VT on geometric parameters is the group vr? of fized points
of 0.
b) The Langlands component group AL is

VTl N = VT )1+ )V T

¢) The group of characters of the Langlands component group is given by a natural isomorphism

Alee ~ X (T)/(1 — a) X, (T).

Since T is a torus, geometric parameters are in one-to-one correspondence with Langlands parameters (even
before passing to equivalence classes) by Proposition 6.17.

Proof. Part (a) is immediate from Proposition 6.16 (or from Corollary 5.9, or from the definitions
directly). Part (b) follows from (a). Part (c) follows from (b) using Lemma 9.5(c), (e) and (f). Q.E.D.

We now extend this result to algebraic coverings. Suppose VT is a finite covering of an algebraic torus
VT. The lattice of rational characters of VT must contain X*(VT') as a sublattice of finite index:

X*(VT) c X*(VT). (9.7)(a)
We may therefore regard X *(VAT) as a lattice in the rational vector space generated by X*(¥T):
X*(VT) € X*(VT) 2 Q. (9.7)(b)

Conversely, any lattice in this vector space containing X*(VT') as a subgroup of finite index is the character
lattice of a finite covering of V7. Tt follows that the group on the right (which is no longer finitely generated,

and so not really a “lattice”) is the group of rational characters of the pro-algebraic group v, Extending
the notation of (9.2), we write

X*(VT™) = X*(YT) @2 Q. 9.7)(c)
Equivalently,
X*(VT™) = X.(T) @7 Q. (9.7)(d)

Proposition 9.8. Suppose we are in the setting of Proposition 9.6; use the notation there and in (9.7).
Write as usual VT;lg for the preimage of VT, in VTalg, and (VTZZQ)O for its identity component.

a) The group of rational characters of VT™ trivial on VT;lg is identified via (9.7)(d) with (1 — a)X..(T).
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b) The group of rational characters of VT trivial on (VT9)o is identified via (9.7)(d) with (X.(T) ®z
Q).
¢) The group of characters of the universal component group (Definition 7.6) is given by a natural isomor-
phism R
AP = (X (T) @2 Q) /(1 — a) X.(T).

The proof is parallel to that of Proposition 9.6, so we omit it. (For (c) we are using the fact that
any rational character of a pro-algebraic subgroup of a reductive abelian pro-algebraic group extends to the
whole group. This is a formal consequence of the corresponding fact for algebraic groups.)

Next, we consider the notion of strong real form in the case of tori. We make use of the following
elementary result, which is in some sense dual to Lemma 9.5.

Lemma 9.9. Suppose T is an algebraic torus; use the notation (9.1). Write TT™ for the subgroup of
T consisting of elements of finite order. Define

to=X.(T)®zQC t

(cf- (9.-1)(d)).

a) The normalized exponential mapping e, given by e(7) = exp(2mit) (cf. (6.2)(a)) defines an isomorphism
t/ X, (T) ~T.
b) The preimage of T/ under the isomorphism in (a) is precisely tg, so we have a natural isomorphism
to/X.(T) ~ T,
¢) Suppose o is an antiholomorphic automorphism of T. Then the isomorphism of (a) carries —do to o:

e(=do(r)) = o(e(r)).

d) In the setting of (c), write a for the automorphism of X.(T) induced by o (Proposition 2.12). Write a
also for the corresponding (Q-linear) automorphism of tg. Then the isomorphism of (b) carries —a to
o:

In particular, a = do on tg.

Proof. Part (a) is immediate from (9.1)(b). Part (b) follows from (a). Part (c) is clear. For (d), one
must examine the definition of a in the proof of Proposition 2.12, and use the fact that if 2 € C* has finite
order, then Z = z~!. Q.E.D.

Proposition 9.10. Suppose T is a weak extended group for T (Definition 2.13). Write o for the
antiholomorphic involution on T defined by conjugation by any element of TV — T. Consider the three
subgroups ‘

T-od" = {t € T | to(t) has finite order}
T 9={teT|to(t)=1}

Ty = identity component of T~ = {so(s™')|s€T}.

a) Left multiplication defines a natural simply transitive action of T~/ on the set of strong real forms
of TT (Definition 2.13).

b) Two strong real forms are equivalent precisely when they lie in the same coset of Ty 7. Consequently
there is a natural simply transitive action of the quotient T‘“’fi"/T07” on the set of equivalence classes
of strong real forms.

¢) The mapping T — e(7/2) (cf. Lemma 9.9) maps the —1 eigenspace ty* into T=o/"  The preimage of
the subgroup T~ is the lattice X.(T)~*. The preimage of the subgroup Ty is the lattice (1 —a)X.(T).

d) After composition with the quotient, the map of (c) becomes a surjection onto T~/ /T,
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e) There are natural isomorphisms
to"/(1 = a)X.(T) =~ T~ T 7
X (1) /1 —a)X(T) =T °)T5°.

Proof. The first thing to prove is the equivalence of the two definitions of 7;; . The Lie algebra of
{so(s71)} is {T — do(7)}. Since o has order two, this is equal to the —1-eigenspace of do, which in turn is
the Lie algebra of T~7. Since {so(s!)} is clearly connected, the claim follows.

Now consider (a). Suppose ¢t € T, and 4 is a strong real form. Then

(t0)? = t(5t6~1)0% = to(t)s>.

Since 62 is assumed to have finite order, it follows that ¢§ is a strong real form if and only if t € T—%/™, A
similar calculation shows that
s(t6)s™t =t(sa(s71))s,

from which (b) follows.
For (c), suppose that 7 € t;". Then

e(r/2)o(e(7/2)) = e(t/2)e(—at/2) = e(7/2)e(1/2) = e(T).

Here we use successively Lemma 9.9(d) and the assumption on 7. Now the first two claims of (c¢) are clear.
For the rest of the argument, we will need to use the fact that

T =T,°T¢. (9.11)

(The two factors may have a non-trivial intersection; the claim is simply that every element of T is a product.)
This follows from the corresponding assertion on the Lie algebra, which in turn follows from the fact that o
has order 2.

For the third part of (c), suppose that 7 € t;* and that e(7/2) = sa(s1). Because of (9.11), we may as
well assume that s € T 7. By Lemma 9.9(c), s = e(8), with § in the +1-eigenspace of do. The assumption
on s says (in light of Lemma 9.9(a) and (c)) that for some v € X, (T,

7/2=0/24+do(B/2)+~v=8+17.

The first conclusion is that 8 € tg. By Lemma 9.9(c), 8 is in the +1-eigenspace of a. Consequently 7/2 is
the projection of v on the —1-eigenspace of a. That is,

7/2 = (v —av)/2,

which gives the third part of (c).

For (d), (9.11) and Lemma 9.9(c) imply that every coset in T~/ /T~ has a representative t = e(7/2)
with 7 in the —1-eigenspace of do. As in (a) we compute to(t) = e(7); so 7 must actually belong to the
—l-eigenspace of do on tg. By Lemma 9.9(d), 7 belongs to t;“, as we wished to show.

Part (e) is an immediate consequence of (c¢) and (d). Q.E.D.

Corollary 9.12. Suppose VT' is a weak E-group for the algebraic torus T (Definition 4.3), and TV
is a weak extended group for the corresponding real form (Definition 2.13). Suppose v € X(VTV) is a

geometric parameter (Definition 6.9). Then there is a natural simply transitive action of the group Alocsalg
(of characters of the universal component group) on the set of equivalence classes of strong real forms of T*.

Proof. Combine Proposition 9.8(c) with Proposition 9.10(d). Q.E.D.

Proof of Theorem 1.18 for tori. The extra datum W needed to make an extended group for a torus
from a weak extended group is precisely an equivalence class of strong real forms (cf. Definition 1.12). The
action of Corollary 9.12 therefore gives a natural bijection between strong real forms and characters of the
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universal component group (sending the distinguished class of strong real forms to the trivial character). In
conjunction with Proposition 9.4, this gives Theorem 1.18 for tori. Q.E.D.

10. Covering groups and projective representations.

In order to deduce Theorem 1.18 from the special case established in the last chapter, we will need to
exploit a relationship between characters of tori in G and representations of G. This relationship is most
natural when it is formulated in terms of certain coverings of the tori related to “p-shifts” for G (see for
example Theorem 1.37 or Theorem 6.8 in [58]). We will therefore need for tori a version of Theorem 1.18
that describes representations of such coverings. It is just as easy to treat coverings of general groups; in
any case this will be necessary when we discuss endoscopy.

Definition 10.1. Suppose G' is a weak extended group for G (Definition 2.13). A connected finite
covering group _
1> F—->G—->G—1
is said to be distinguished if the following two conditions are satisfied.
(a) For every z € G — G, the conjugation action o, of z on G lifts to an automorphism &, of G.

It is equivalent to require this condition for a single x. As x varies, 7, changes by inner automorphisms;

S0 its restriction oz to Z(G) is independent of the choice of z. Necessarily oz preserves the subgroup F of
Z(G). We can now formulate the second condition on G.

(b) The automorphism &z sends every element of F to its inverse.

Write G*¢ for the simply-connected covering group of G, and 71 (G) for the kernel of the covering map. This
covering automatically satisfies the condition analogous to (a) above, so that we can define an involutive
automorphism o3 of Z(G*¢), which preserves the subgroup 71 (G). We may regard F as a quotient of 71 (G):

1-K—->m(G)—F—1.

Then condition (a) amounts to the requirement that K should be preserved by o3, and condition (b) to

K>{y-o7(y) |yem(G)}.

The canonical covering G°®™ is the projective limit of all the distinguished coverings of G. This is a
pro-algebraic group, of which each finite-dimensional representation factors to some distinguished finite cover
of G. We write (in analogy with (5.10))

1= m(G)*" - G" - G — 1.
The group m1 (G)“" depends on the inner class of real forms under consideration. It is a pro-finite abelian

group, the inverse limit of certain finite quotients of m (G).

Lemma 10.2. Suppose G is a connected complex reductive algebraic group, and VG is a dual group
(Definition 4.2).

a) The group of complex characters of m1(G) is naturally isomorphic to the center of VG:
Z(YG) ~ Hom(m1(G),C*).

Write this isomorphism as z — X .

Suppose G is endowed with an inner class of real forms. Write o3 for the induced action of any of these
real forms on w1 (G). Dually, write a for the automorphism of the based root datum of G defined by the inner
class of real forms (Definition 2.12), and 0z for the automorphism of Z(VG) induced by any automorphism
of VG corresponding to a (cf. Proposition 4.4).
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b) The automorphisms o3f and 0z composed with inversion are transposes of each other with respect to the
isomorphism in (a). That is, if z € Z(VG) and p € 71 (G), then

X=(P) = Xo, ()1 (07 (P))-

¢) The character x, is trivial on the subgroup {poif(p)} of m1(G) if and only if 0z(z) = =.
d) The group of continuous characters of m1(G)“*™ (Definition 10.1) is naturally isomorphic to the group
of elements of finite order in Z(¥G)%%.

Proof. Part (a) is well-known and elementary (see for example [1], Proposition 10.1). Part (b) is
immediate from the definitions, and (c) follows from (b). Part (d) is a consequence of (c) and the description
of 1 (G)*" in Definition 10.1. (Recall that a continuous character of a pro-finite group factors through any
large enough finite quotient.) Q.E.D.

Definition 10.3 (cf. Definition 2.13). Suppose G is a weak extended group for G; use the notation of
Definition 10.1 and Proposition 10.2. If § is a strong real form of G (Definition 2.13), write G(RR, §)*" for
the preimage of G(R,d) in G*". There is a short exact sequence

1= m(G)*" = G(R,§)“" - G(R,§) — 1.

A canonical projective representation of a strong real form of G* is a pair (7, ), subject to

(a) § is a strong real form of G''; and
(b) 7 is an admissible representation of G(R, §)°*™.

Equivalence is defined as in Definition 2.13. Suppose z € Z(VG)%2. We say that (7,6) is of type z if the
restriction of 7 to m1(G)™ is a multiple of x, (Proposition 10.2(a)). (Notice that every irreducible canonical
projective representation has a unique type.) Finally, define

I1*(G") = I*(G/R)

to be the set of infinitesimal equivalence classes of irreducible canonical projective representations of type z.

With this definition, we can formulate a mild generalization of Theorem 1.18. (It is important to re-
member that the coverings appearing in Definition 10.3 are all linear. Extending the Langlands classification
to non-linear coverings is a much more difficult and interesting problem.)

Theorem 10.4. Suppose (GF',W) is an extended group for G (Definition 1.12), and (YG*,D) is an
E-group for the corresponding inner class of real forms (Definition 4.6). Write z for the second invariant of
the E-group (Definition 4.6). Then there is a natural bijection between the set II*(G/R) of equivalence classes
of irreducible canonical projective representations of strong real forms of G of type z (Definition 10.3), and
the set Z*(G/R) of complete geometric parameters for VG' (Definition 7.6 and Definition 5.11).

We will give the proof in the next four chapters. For the moment, we record only the corresponding
generalization of Proposition 9.4. It is helpful first to describe the rational characters of the pro-algebraic
group T°*" when T is an algebraic torus defined over R. A calculation analogous to (9.7) gives

XH(T") ={Xe X.("T) @z Q| A -0 e X.(YT)}. (10.5)(a)

Following Lemma 9.9, we write
Vig = X.('T) @2 Q. (10.5)(b)

Now Lemma 9.9(b) says that the normalized exponential mapping e provides an isomorphism
Vig/ X, (YT) ~ VT (10.5)(c)

Clearly X*(T°*") is precisely the inverse image of the #-fixed elements V7™ under this map; so

X*(Te) ) XH(T) ~ (YT, (10.5)(d)
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Of course the group on the left may be identified with the characters of m (7)™, and we recover the
isomorphism in Lemma 10.2(d).

Proposition 10.6 ([1], Theorem 5.11.) Suppose T is an algebraic torus defined over R. Fiz an E-group
(VTY, W) for T with second invariant z (Definition 4.6). Then there is a natural bijection

¢ = m(¢)

from the set ®(VT") of equivalence classes of Langlands parameters (Definition 5.2) onto the set 11*(T(R)) of
equivalence classes of irreducible canonical projective representations of T(R) of type z (Definition 10.3). In
this bijection, the differential dm (@) (an element of t*) is identified by (9.3)(b) with the parameter A\(¢) € Vt
(cf. (5.8)(a)).

Suppose X\ € Yty satisfies e(\) = z. By (10.5), X may be identified with a rational character of T"
of type z. By restriction to T(R)*™, X defines an irreducible canonical projective representation of T(R) of
type z. Its Langlands parameters are the various ¢(¥d,\) (notation (5.8)(a)) with V& € D; these constitute
a single equivalence class.

As in Proposition 9.4, the last assertion is included primarily to show how the classification theorem
forces the choice of the class D in addition to the weak E-group structure.

Corollary 10.7. Theorem 10.4 is true if G is an algebraic torus.

Just as in the argument at the end of Chapter 9, we need only apply Corollary 9.12 and Proposition
10.6.
We record some notation based on Theorem 10.4, extending (1.19) in the introduction.

Definition 10.8. In the setting of Theorem 10.4, suppose ¢ € Z*(G/R) is a complete geometric
parameter. A representative for the corresponding equivalence class of representation and strong real form
will be written as

(m(€),0(¢)) € T*(G/R)

(Definition 10.3). If we regard £ as represented by a complete Langlands parameter (¢, 7) (Definition 5.11),
we may write instead (mw(¢,7), (¢, 7)).

Conversely, suppose (m,d) € II*(G/R). The corresponding complete geometric parameter ¢ will be
written as

5(7(7 6) = (S(Tr’ 6)’ V(ﬂ-7 5))

Here S is an orbit of VG on the geometric parameter space, and V is a VGt -equivariant local system on S. A

representative for the corresponding equivalence class of complete Langlands parameters is (¢(m, d), 7(m, §))
(Definition 5.11). More generally, we may use invariants previously attached to complete geometric pa-
rameters as if they were attached directly to representations. For example, we write d(w) or d(m,d) for
the dimension of the orbit S(m,d) (cf. (7.10)), and e(nm) or e(m,d) for the Kottwitz sign attached to &(m, d)
(Definition 15.8 below).

Suppose now that ¢ € ®*(G/R) (Definition 5.3), and let Sy C X (YGT) be the corresponding orbit
(Proposition 6.17). The L-packet attached to ¢ is the set of irreducible (canonical projective) representations
of strong real forms parametrized by complete geometric parameters supported on S:

IF(G/R)y = { (m(£),0(8)) [ & = (5, V) }

{(m
{(m,0) | ¢(m,0d) is equivalent to ¢ }.

Perhaps the least satisfactory aspect of Theorem 10.4 is the appearance of the algebraic universal
covering VG, (We can avoid coverings of G, at least in the final result, by using the L-group instead of
another E-group.) It is therefore of interest to understand exactly what coverings are needed to classify what
representations. This information will be important in our treatment of endoscopy in Chapter 26 as well.

Lemma 10.9. Suppose we are in the setting of Lemma 10.2.
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a) The group of continuous characters of m (¥ G)¥9 is naturally isomorphic to the group Z(G)'™ of ele-
ments of finite order in Z(G). Write x. for the character corresponding to z.

b) In the setting of Theorem 10.4, write zo € Z(G)f™ for the second invariant of the extended group
(GY, W) (cf. (8.5)). Suppose that the complete geometric parameter & corresponds to the irreducible
canonical projective representation (m(€),6(€)). Set z1 = 62 € Z(G)/"™. Then 71 (YG)¥9 acts on & by
the character X sz, -

Proof. Part (a) is almost identical to Lemma 10.2. For (b), the definitions underlying Theorem 10.4
(see particularly Chapter 13) reduce it to the case of a torus, where it follows by inspection of the proof of
Corollary 9.12. We omit the details.

Here is an important case of the situation considered in (5.13).

Definition 10.10. Suppose VG' is a weak E-group, and Q is any quotient of (¥ G)9:
1 Ko —m(G)™ - Q—1 (10.10)(a)
(We assume that K¢ is closed; equivalently, that @ is the inverse limit of its finite quotients.) Define
VG =VG"™ K, (10.10)(b)
a pro-finite covering of VG-
15Q-VG" VG > 1. (10.10)(c)
(Notice in particular that VGﬂl(vG)alg is just VGalg.) Recall from Definition 7.6 the notion of a complete

geometric parameter of type @; this may be regarded as a complete geometric parameter (S,)) with the
property that Kg acts trivially on V, so

=(VGN)Q c =(VGT). (10.10)(c)

In the setting of Theorem 10.4, we may write Z*(G/R)? for Z(¥VG')?.

Suppose (GT,W) is an extended group with second invariant zo (cf. (3.5)), and J C Z(G)f™ is any
subgroup. A strong real form of G of type J is an element § € G — G such that 62 € zy.J. (The shift by 2
guarantees that the real forms in W are of type J for every J.) We write

I(G/R); = {(,8) € I(G/R) | 6* € zoJ }

for the set of equivalence classes of irreducible representations of strong real forms of G of type J, and extend
other notation analogously.

Theorem 10.11. In the setting of Theorem 10.4, suppose Q is the quotient of w1 (Y G)™9 by a closed
subgroup K¢ C m(YG)*. Define J C Z(G)/™ to consist of all those elements for which the corresponding
character (Lemma 10.9)(a)) is trivial on Kq:

J={z2€Z(G)"™ | x.(k) =1, all k € K }.
Then the bijection of Theorem 10.4 restricts to a bijection

Z*(G/R)? « TI*(G/R) ;.

This is immediate from Theorem 10.4 and Lemma 10.9. Notice that Lemma 10.9(a) provides a natural
identification of J with the group @ of characters of @), and conversely. The conclusion of Theorem 10.11

may therefore be written as
25(G/R)? & II*(G/R) 5, (10.12)(a)
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u I1(G/R); ¢ 2(G/R)”. (10.12)(b)

11. The Langlands classification without L-groups.

In this chapter we recall the “elementary” version of the Langlands classification of representations, in
which L-groups do not appear (Theorem 11.14 below). Because some of the groups we consider (such as
G(R)*™) are not precisely groups of real points of connected algebraic groups, we need to formulate this
result in a slightly more general setting. With possible generalizations in mind, we allow even nonlinear
groups. The class of groups we consider is essentially the one in section 5 of [50]. (The only difference is
that Springer allows G to be disconnected, and imposes an additional technical hypothesis that is empty if
G is connected.) We refer the reader to [50] for basic structural facts and further references.

We will be quoting a number of technical results, particularly from [54]. Unfortunately our hypotheses
in this chapter are weaker than those of [54], where it is assumed that Gg is linear. We offer two possible
responses to this problem. The first is that we will quote only results that can be extended routinely to the
present setting. The second is that all of the groups considered elsewhere in this paper are linear.

So suppose G is a connected reductive complex algebraic group defined over R; and suppose Gy is a
real Lie group endowed with a homomorphism

Gr — G(R) (11.1)(a)

having finite kernel and cokernel. We use the homomorphism to identify the Lie algebra gg with g(R), and
its complexification with g. A Cartan subgroup of Ggr is by definition the centralizer in Gg of a Cartan
subalgebra of gg. (Such a subgroup Tg is the preimage of the real points T'(R) of a unique maximal torus
defined over R:

Tk — T(R). (11.1)(d)

(We should remark that Tg may be non-abelian under these hypotheses, although this does not happen inside
our canonical coverings.) Using such homomorphisms, we can pull extensions of G(R) and its subgroups
back to Gg, getting for example a central extension

1= w1 (G)™" — G — Gy — 1. (11.1)(c)

We may therefore speak of a “canonical projective representation of G of type z” as in Definition 10.3, and
we write

ITI?(GRr) = { infinitesimal equivalence classes of such irreducible representations }. (11.1)(d)

(Here z is an element of finite order in Z(¥G)%# if we have a dual group G available; otherwise we can just

think of z directly as a character of m1(G)®" as in Lemma 10.2(d).) If Hg is a subgroup of G, we write
HE™ or Héa"’a for its preimage in G§". This is a central extension

1= m(G)*™ — HE™C — Hg — 1. (11.1)(e)

Definition 11.2 (cf. [57], Definition 2.6, and [1], Definition 8.18). In the setting of (11.1), suppose Tr
is a Cartan subgroup of Gr. Fix an element z € Z(VG)%2 of finite order. We may choose as a dual group
for T a maximal torus YT C VG; then

Z(VG)QZ - \/T‘gz7

and this embedding is independent of all choices. It therefore makes sense to regard z as an element of finite
order in VT?%. Recall the element z(p) € VT?% constructed in Definition 4.9. (Actually z(p) even belongs
to Z(VG)%7, but this fact is a bit of an accident in the present context, and is better ignored.) In any case
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zz(p) € VT% is an element of finite order, so it makes sense to speak of canonical projective representations
of Tg of type zz(p).

A Gg-limit character of Tr of type z is a triple A = (A", R;&, Ri{) subject to the following conditions.
The first term is an irreducible canonical projective representation

A e T172(P) (T). (11.2)(a)

This means that A" is an irreducible representation of Tﬂgan’T and that the restriction of A" to w1 (T")%*™
is a multiple of Xsz(p)' Write
A= dA" € ¢, (11.2)(b)

Next,
Rf, Rf (11.2)(c)

are positive root systems for the real and imaginary roots of T in G. Finally, we assume that
{a,\) >0, (o € Rf). (11.2)(d)

If these inequalities are strict (for example if A is regular), the choice of Rjf; is forced by (11.2)(d), and we
may sometimes omit it in writing the limit character.

The limit character is called G-regular if (o, A) # 0 for any root « of T in G.

Attached to each limit character A there is a standard limit representation M (A), defined by a procedure
outlined in section 8 of [1] or section 2 of [57]. We define our standard limit representations as in [34]
(using for example real parabolic induction with non-negative continuous parameter), so that the Langlands
subquotients appear as quotients. Thus we define

m(A) = largest completely reducible quotient of M (A), (11.2)(e)

the Langlands quotient of M(A). Occasionally we will need the standard representation having a Langlands
subrepresentation; this is written

M(A) S w(A). (11.2)(f)

This representation has exactly the same composition factors and multiplicities as M (A).

The infinitesimal character of M(A) or w(A) is given in the Harish-Chandra parametrization (see for
example [54], Corollary 0.2.10, or [22], p. 130) by the weight A = dA*"™ € t*. In particular, the infinitesimal
character is regular if and only if the limit character is G-regular.

The definition of limit character given here looks somewhat different from the one in [57], so we will
explain briefly their relationship. It is convenient to fix a maximal compact subgroup Kr of Gg so that the
corresponding Cartan involution preserves Tg. This gives rise to a direct product decomposition

TR = (T]R n KR)(AR) (113)(@)
with the second factor a vector group. This decomposition in turn leads to
Tﬂgan = (TR N K]R)can(AR). (113)(b)
The first step is to choose a positive root system R™ for T in G containing the systems of positive real and
imaginary roots already fixed. We may assume that the set of non-imaginary roots in R* is preserved by
complex conjugation; then
p(RY) = p(R%) on the Lie algebra of Tk N Kp. (11.3)(c)
Now it follows from (10.5) that p(R*) may be regarded as a rational character of T°*T of type z(p).
Consequently
A" @ p(RT) € TI*(T(R)) (11.3)(d)
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may be regarded as a character of Tﬂ({“mT of type z. Since the type is in Z(VG)%%, we can now replace
Tﬂga"’T by T]Rfa”’G. After tensoring with the sum of the negative compact imaginary roots and an appropriate
character of the vector group Ag, we therefore get a character A € TI*(T(R)) satisfying

0R = Xt p(RE) — 2R ) (113)(¢)

iR,compact

It is not difficult to show that A is independent of the choice of R*; the argument is contained in Lemma
11.5 below. The pair (1~\, A) is what is called (T',7¥) in Definition 2.4 of [57]. Write Lg for the centralizer of
Ag in Gg. The standard representation M (A) may be constructed by parabolic induction from a limit of
discrete series representation on Lg*" having lowest Lr N Kg-type of highest weight A.

As is explained in [1], the dependence of M(A) on Ry is very mild. We recall the result. Suppose (R )’
is another set of positive real roots for T in G. Define

n(R, (RE)) = span(Xa | o € RE - (Ry)'). (11.4)(a)

The Cartan subgroup Tk acts on n(Rg, (Rit)’), and the determinant of this action is a real-valued character
of Tr. We may therefore define a character T(Ryt, (Ry)") taking values in {£1} by

(R, (RE))(t) = sgn (det(Ad(t) on n(Rg, (Ry)")) - (11.4)(b)

Lemma 11.5 ([1], Lemma 8.24). Suppose A = (A“™, R, RY) is a limit character of Tr (Definition
11.2) and (R{)" is another set of positive real roots of T in G. Choose sets of positive roots Rt D R, R
and (R*Y) D Ry, (R) for T in G as in (11.3), and use them to construct characters A and A’.

a) p(R*) = p((R*)") ® 7(Rg, (Rg)") on (Tk N Kg)**™T.
b) A=Ne7(RE, (RE)).
c) Write
A= (A" @ 1(Ry, (Rg)), Rig. (R )").-

Then there is an isomorphism of standard limit representations M(A) ~ M(A’).

Proof. With notation analogous to (11.4), it is easy to check that (as rational characters of 7™ 1)
p(RY) = p((R*)') @ (det(Ad on (R, (R*)))).

That is,
p(R)(t) = p(R)) () [ ).

a€RT

ag(R+)/
Assume now that t € (Tg N Kg)“*?. The roots (like all characters of Ti) have absolute value 1 on the
compact group Tk N Kg; so the real roots contribute exactly 7(R;, (Rf))(t) to the product. Therefore

p(RE)() = p(RT))(O7(RE, (RN [T al).
aElj;(};:fI;})lex

The roots in this last product occur in complex conjugate pairs, since the non-imaginary roots in R+ and
(R™)" were assumed to be stable under complex conjugation. Such a pair contributes |a(t)|> = 1 to the
product. This proves (a). Part (b) is immediate from (a) and the definition of A. For (c), part (b) shows
that the two limit characters correspond to exactly the same limit character in the sense of [57], so they
define the same representation. Q.E.D.

Definition 11.6. In the setting of (11.1) and Definition 11.2, suppose (A", R;&, RD'{) is a limit character
of Tk, and ((A°™), (R}%)', (Ry)’) is a limit character of Tj. We say that these limit characters are equivalent
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if there is a g € Gg that conjugates T} to Tg and (RjR)’ to R;ﬂv and has the following additional property.
Write (Ry)” = Ad(g)(Rg)’ (a set of positive real roots for T in @), and

(Acan)// — Ad(g) (Acan)/’
a canonical projective representation of Tg. Then our final requirement is
(Acan)// — Acan ® T(Rﬁ{, (Rﬁg),/)

Because of Lemma 11.5(c), equivalent limit characters define equivalent standard limit representations.

With this (rather subtle) notion of equivalence in hand, we can formulate an important special case of
the Langlands classification.

Theorem 11.7 ([34]) Suppose Gg is a real reductive group as in (11.1). Then the infinitesimal equiv-
alence classes of irreducible admissible representations of Gg with regular infinitesimal character are in
one-to-one correspondence with the equivalence classes of G-regular limit characters, as follows.

a) Suppose A is a G-regular limit character of a Cartan subgroup Tg (Definition 11.2). Then the corre-
sponding standard representation M(A) is non-zero, and has a unique irreducible quotient. In particular,
the Langlands quotient representation w(A) is irreducible.

b) Suppose T is an irreducible canonical projective representation of Gr of type z (Definition 11.2), having
regular infinitesimal character. Then there is a G-regular limit character A of type z with the property
that 7 is infinitesimally equivalent to m(A).

¢) Suppose A and A’ are G-regular limit characters, and that w(A) is infinitesimally equivalent to w(A').
Then A is equivalent to A’ (Definition 11.6).

This formulation of Langlands’ result incorporates the work of several other people. We mention in
particular Harish-Chandra’s result on the irreducibility of tempered induction at regular infinitesimal char-
acter, and Mili¢i¢’ observation that the Langlands quotient (originally defined as the image of an intertwining
operator) is simply a unique irreducible quotient.

Of course we need a result for singular infinitesimal character as well. Before beginning the technical
preliminaries to its formulation, let us consider what goes wrong with Theorem 11.7 when we drop the
regularity hypotheses. First, the standard limit representation M (A) may be zero. The simplest example
occurs with Gg = SU(2), and T a compact torus. In that case z(p) = 1 (since half the sum of the positive
roots is already a rational character of the algebraic torus T'), so all the coverings under consideration are
trivial. We can take A" to be the trivial character of Tk, and R arbitrary. (There are no real roots.)
The corresponding standard representation must have infinitesimal character zero by Definition 11.2; but
no representation of SU(2) has infinitesimal character zero. (Harish-Chandra’s parametrization assigns the
infinitesimal character p to the trivial representation.)

Next, the standard representation may be non-zero, but it may have several distinct irreducible quotients.
The first example occurs with Gg = SL(2,R), and Tg ~ R* the diagonal subgroup. Again all the coverings
are trivial. We take A°®" to be the trivial character of Tk, and Rﬁg. Because the restriction to TN Kg = {£1}
of the rational character p is non-trivial, we find that the character A of (11.3) is the signum character of
R*. The standard representation is induced from A, and is therefore equal to the reducible unitary principal
series representation of SL(2,R): a direct sum of two limits of discrete series. The Langlands quotient is
therefore also equal to this direct sum.

We will see that part (b) of Theorem 11.7 remains valid for singular infinitesimal characters. This already
provides a kind of counterexample to (c): in the preceding example, the two constituents of the Langlands
quotient must themselves be (irreducible) Langlands quotients of some other standard limit representations.
In fact the situation is even a little worse: there can be two non-zero standard limit representations having
isomorphic and irreducible Langlands quotients, with inequivalent limit characters. The simplest example
occurs with Gg = GL(2,R), Tg = split Cartan subgroup, and (7g)’ = fundamental Cartan subgroup. The
standard representation we want is an irreducible unitary principal series whose restriction to SL(2,R) is
reducible; this representation is also a limit of (relative) discrete series. We will write down one of the limit
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characters, just as an example of the coverings involved. A dual group is GL(2,C), and the element z(p) is
—1I. The complex torus T consists of diagonal matrices in GL(2,C), so

T~{(21,22) | 2 €C*} (11.8)(a)

The T-canonical covering of T' (Definition 10.1) turns out to be the projective limit of all the finite covers,
since T is split. A character of type z(p) factors through the double cover

T ={(21,20,w) | zi,w € C*,w” = 212, }. (11.8)(b)

(This is the “square root of p double cover” considered in Definition 1.33 of [58], or Definition 8.3.11 of [1].)
Its pullback to T is

T = { (z1, 20, w) | 2, € R ,w € C*,w? = 21251 }. (11.8)(c)

We take A" to be the character
A (21, 22, w) = |w[sgn(z1) /w, (11.8)(d)

which takes values in {£1, +i}. Let ng be the positive root corresponding to the upper triangular matrices.

Then the rational character p on T is p(z1, 22, w) = w. The character A of (11.3) from which we induce is
now easily computed to be R

Az, z2) = sgn(xq). (11.8)(e)
Now it is clear that M (A) is an irreducible unitary principal series whose restriction to SL(2,R) is the
reducible principal series of the preceding example. We leave to the reader the construction of the corre-
sponding limit character on (Tk)’.

In order to extend Theorem 11.7 to singular infinitesimal character, we need to restrict the class of
limit characters in order to avoid such phenomena. It is a remarkable fact (related to the simple nature of
the Galois group of C/R) that nothing essentially more complicated than these examples can happen. The
problem of vanishing is particularly simple.

Proposition 11.9. In the setting of Definition 11.2, suppose A = (A°*™, R:{R, Ri{) is a limit character.
Then M(A) = 0 if and only if there is a simple root o € R}, such that o is compact, and (o, \) = 0.

(Notice that the first condition provides a subgroup of Gg locally isomorphic to SU(2), and the second says
that, along that subgroup, our limit character looks like the one in the first example after Theorem 11.7.)

Proof. The standard limit representation may be constructed by induction from a parabolic subgroup
Pr = LgNg, so it will be zero if and only if the inducing representation is zero. This provides a reduction
to the case Lg = Gg; that is, to the case of (relative) limits of discrete series. That the condition in the
proposition implies that the standard limit representation is zero is easy. For example, it is immediate from
one of the two character identities established in [45]. Another approach (cf. [54], Proposition 8.4.3) is to
construct the standard limit representation using cohomological parabolic induction. Then an induction by
stages argument reduces one to the case of SU(2).

The converse is not quite so easy. The argument is a special case of the one we will give for Theorem 11.14
below, and the reader may refer to that for some additional details. We are still assuming that Lg = Gg;
that is, that R;’ﬁ% is a full set of positive roots of T in G. Fix a dominant regular rational character p of T,
and consider the limit character

(A" &, RE RE).

We denote this by the symbol A + u. The corresponding weight is A 4+ du, which is dominant regular by
(11.2)(d) and the choice of g. Then M (A + u) is a (non-zero irreducible) discrete series representation. The
standard limit representation M (A) is obtained from M (A+ u) by applying a Jantzen-Zuckerman translation
functor (namely the one denoted 3 4+ 10 [54]). By [54], Corollary 7.3.23, it follows that M(A) = 0 if and
only if there is a root a in 7(M (A + p)) (the Borho-Jantzen-Duflo 7-invariant) satisfying (o, A) = 0. Now
the 7-invariant is a subset of the set of simple roots for the system of A-integral roots. By (11.2)(d), a simple
A-integral singular root o must be simple in all of R*. By hypothesis, @ must be noncompact. By [54],
Corollary 8.4.7, a does not lie in the 7-invariant; so M (A) # 0, as we wished to show. Q.E.D.
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We want now a condition analogous to the one in Proposition 11.9 that will rule out the other bad
examples given after Theorem 11.7. In each example, there was a real root « orthogonal to A. Assuming
that such roots do not exist certainly eliminates these phenomena, but it also eliminates limit characters
that are needed for the classification. The prototypical example is the spherical representation 7’ of SL(2,R)
of infinitesimal character zero. In the notation of the second example after Theorem 11.7, 7’ is the unique
Langlands quotient of — in fact is equal to — the standard limit representation M (A’), with (A’)“*™ the
signum character of Tg. Furthermore 7’ occurs in no other standard limit representation. To get a good
classification theorem, we need to keep the limit character A’ but discard A. What distinguishes these two
limit characters is their behavior on the non-identity component of Tg. The appropriate generalization of
this is provided by the “parity condition.”

Definition 11.10 ([53], Proposition 4.5, or [54], Definition 8.3.11). Suppose Gg is as in (11.1), Tk is a
Cartan subgroup, and « is a real root of 7' in G. Choose a root subgroup homomorphism

o : SL(2) = G (11.10)(a)
defined over R, so that ¢, (diagonal matrices) C T. Since SL(2) is simply connected, this lifts to
Peem  SL(2) — G, (11.10)(b)
Since SL(2,R) is connected, this map restricts to
@™ SL(2,R) — image of G§*" C G(R)**". (11.10)(c)

The mapping (11.1)(a) therefore induces an extension of SL(2,R). Passing to its identity component, we
get

¢ . SL(2,R) — GE*™, (11.10)(d)
with .
SL(2,R) — SL(2,R) (11.10)(e)
a connected cover. Define
f = exp <07T g) € SL(2,R),  1ha = 05" (i) € GE. (11.10)(f)

(If Gg is linear, then S‘\E(Z,R) = SL(2,R), and m = —1I. In general m is a generator for Z(SNL(ZR)), and
it may have any (finite) order.) The homomorphism ¢,, is not quite uniquely determined by the conditions
we have imposed on it. It is easy to check that changing the choice replaces 7, by m2!.

Suppose A = (A", R;ﬁi, Rﬁ{ ) is a limit character of Tg. Choose any set RT of positive roots for 7" in G.
Asin (11.3), regard A" ® p as a representation of Tﬂg‘m’c. It may then be applied to the element 1, defined
above. We say that a satisfies the parity condition for A if the eigenvalues of the operator (A" ® p)(1)
are contained in the set

—exp (Him(a”, A+ p— p(RE))) - (11.10)(g)

(Because of the + in the exponent, this condition is unchanged if we replace m, by m;'.) Here it is
important to understand that p(Rﬁ{ ) refers to the set of positive real roots fixed in A, but that p refers to
the arbitrary set R* of positive roots. We do not assume that Ri{ is contained in R*. If Gy is linear (so
that 772, is a central element of order 2 in T5"™%) this condition amounts to

(@ A+ p = p(Rg)) = n € Z, and (A" @ p)(1ia) = (=1)"*". (11.10)(h)

Since the notion of limit character we are using is a little different from that in [53] and [54], we need
to check that this definition of the parity condition agrees with the (more complicated) one there. The first
thing to notice is that our condition (11.10)(g) does not depend on the choice of positive root system RT.
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The reason is this. Write a¥ € X, (T') for the coroot corresponding to «. By a calculation in SL(2), the
image of My in G is
me =a’(=1) eT. (11.11)(a)

It follows that if ~y is any rational character of T, then
Y(me) = (=1)%" ), (11.11)(b)
In particular, if R™ and (R™)’ are two systems of positive roots,
(P(RF) @ p((R7))71) (ma) = (—1)fe D20, (1111)(c)

This equality shows that the condition at (11.10)(g) does not depend on RT. (A similar argument shows
that the parity condition behaves well under equivalence of limit characters.) To complete the comparison
with [53] or [54], one can use the prescription in (11.3) for translating limit characters from one form to the
other. The argument is not trivial, but it is straightforward and dull, so we omit it.

Here is an analogue of Proposition 11.9.

Proposition 11.12 (The Hecht-Schmid character identity — see [45] and [53], Proposition 4.5.) In
the setting of Definition 11.2, suppose there is a real root o such that o satisfies the parity condition for A
(Definition 11.10), and (o, \) = 0. Then the standard limit representation M(A) is isomorphic to a direct
sum of one or two standard limit representations attached to limit characters on a Cartan subgroup (Tg)’
having a strictly smaller split part.

Definition 11.13 ([57], Definition 2.6.) In the setting of Definition 11.2, the limit character A =
(A R, Rt is called final if it satisfies the following two conditions.

(a) Suppose « is a simple root in Rf, and (o, A) = 0. Then « is noncompact.
(b) Suppose « is a real root, and {a, A) = 0. Then « does not satisfy the parity condition for A (Definition
11.10).
We write
L*(Gr) = { equivalence classes of final limit characters of type z }.

The standard limit representations attached to final limit characters are called final standard limit represen-
tations.

Theorem 11.14 ([29]; see [57], Theorem 2.6). Suppose Gg is a real reductive group as in (11.1).
Then the set IT*(GRr) of infinitesimal equivalence classes of irreducible admissible representations of Gg is in
one-to-one correspondence with the set L*(Gr) of equivalence classes of final limit characters, as follows.

a) Suppose A is a final limit character of a Cartan subgroup Tg (Definition 11.13). Then the corresponding
standard representation M(A) is non-zero, and has a unique irreducible quotient. In particular, the
Langlands quotient representation w(A) is irreducible.

b) Suppose m is an irreducible canonical projective representation of Gr of type z (Definition 11.2). Then
there is a final limit character A of type z with the property that w is infinitesimally equivalent to mw(A).

¢) Suppose A and A’ are final limit characters, and that w(A) is infinitesimally equivalent to w(A'). Then
the limit characters are equivalent (Definition 11.6).

Any standard limit representation of Gg (Definition 11.2) is isomorphic to a direct sum of final standard
limit representations.

Proof. (The result in [29] is for linear groups, and is in any case formulated in a very different way.
Since [57] contains no proof, we outline the argument.) The last claim is clear from Propositions 11.9 and
11.12. For the rest, one can use the Jantzen-Zuckerman translation principle just as it is used in the proof
of Proposition 11.9. Here is a sketch. (Another development of the translation principle, emphasizing the
connection with the geometric version in Chapter 8, may be found in Chapter 16.) Fix a maximal torus Ty,
of G and a weight

Ao €L (11.15)(a)
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We study representations of infinitesimal character A,. Fix also a system of positive roots R} for T} in G,
chosen so that
(a,Ag) > 0= € R (11.15)(b)

Fix a regular dominant rational character pu, € X*(7,). By (11.15)(b),
A= Ao + pa (11.15)(c)

is a G-regular weight, and satisfies the analogue of (11.15)(b). As in the proof of Proposition 11.9, we
consider the translation functor

=P, (11.15)(d)

from modules with the (regular) infinitesimal character A, + 1, to modules with infinitesimal character A,.
(The functor is defined by tensor product with the finite-dimensional representation of lowest weight — i,
followed by projection on the infinitesimal character A,.) Finally, define

AY = simple roots for R} orthogonal to \,. (11.15)(e)

Any irreducible representation 7’ of infinitesimal character A/ has a Borho-Jantzen-Duflo r-invariant, 7(7’)
which is a subset of the simple roots for the positive Al -integral roots (cf. [54], Definition 7.3.8.) This set of
simple roots includes AY, so we can define

(') = 7(z") N AL, (11.15)(f)

Here are the general facts we need from the translation principle.

Proposition 11.16 ([54], Corollary 7.3.23; cf. also [61], Proposition 7.7). Suppose Gg is a real reductive
group as in (11.1), and suppose we are in the setting (11.15). Then the translation functor ¥ of (11.15)(d) is
an ezact functor from canonical projective representations of Gr of type z and infinitesimal character X, to
canonical projective representations of type z and infinitesimal character \,. It has the following additional
properties.

a) Suppose 7' is an irreducible representation of infinitesimal character A,. Then (') is irreducible or
zero. The first possibility occurs if and only if 7°0(7') (cf. (11.15)(f)) is empty.
b) Suppose 7 is an irreducible representation of infinitesimal character \,. Then there is a unique irre-

ducible representation ©' with ¥(7') ~ .

In order to use this result to reduce Theorem 11.14 to the special case of Theorem 11.7, we need to
know two more specific things: how the translation functor affects standard limit representations, and how
to compute 7°(7’) in terms of the classification of Theorem 11.7. Suppose then that A’ = ((A/)*", R, R{Y)
is a Gg-limit character of Tk of infinitesimal character \,. Write A’ for the differential of A’. Since X' and
Al are regular and define the same infinitesimal character, there is a unique isomorphism

i N) T, —» T (11.17)(a)

induced by an element of G and carrying A, to X'. We also write (A, \') for the induced isomorphism from
the root system of T, in G to that of T, and so on. Put

R =i(Xg, N)(Ry), (11.17)(b)
a system of positive roots for T in G. Because of (11.15)(b) and (11.2)(d), we have
Rt D RE. (11.17)(c)

Similarly, define
1= i(N, X (a) € X*(T). (1117)(d)
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Then we can define
N == (A" @ p R RE). (11.17)(e)

Because of (11.15)(b) and (11.17)(c), this is a Gg-limit character of Tr of infinitesimal character A,.

Proposition 11.18 Suppose we are in the setting of (11.15), and A’ is a Gr-limit character of infinites-
imal character X,,. Use the notation of (11.17).

a) The translation functor v satisfies
P(M(A')) =~ M(A = p).

b) Write AY for the image of A2 under the bijection i(\,,\'). Then the T invariant 7°(m(A")) corresponds
to the subset of roots in A9 satisfying one of the following three conditions:
i) a is compact imaginary;
it) « is complex, and its complex conjugate @ is positive; or
i11) « is real and satisfies the parity condition (Definition 11.10).
c¢) Suppose T°(m(A")) is empty. Then 1(m(AN')) is the unique irreducible quotient of M (A" — u). That is,

() = 7(A = ).

Proof. Part (a) is proved for linear groups in [54], Proposition 7.4.1; the argument is unchanged in
general. For (b), the 7-invariant depends only on the restriction of a representation to the identity component
(in fact only on its annihilator in the enveloping algebra); so we may assume Gg is connected. Then the
result is proved in [53], Theorem 4.12. (For linear groups, this is [54], Theorem 8.5.18.)

For (c), suppose that 7 is an irreducible quotient of M (A). By Proposition 11.16, there is an irreducible
representation 77 of infinitesimal character A, with ¢ (m]) ~ m1. The translation functor ¢ has a two-sided
adjoint

¢ = plothe (11.19)(a)

([54], Proposition 4.5.8). Consequently
Hom(M (A" — p), m1) ~ Hom(¢p(M(A)), ¥o(m)) ~ Hom(M (A'), ¢ (1)) (11.19)(b)

(The Hom spaces are infinitesimal homomorphisms; that is, (g, Kg)-module maps for an appropriate max-
imal compact Kg.) Now it is a formal consequence of the adjointness of ¢ and ¢ that any irreducible
subrepresentation 7 of ¢y (7]) must be a preimage of m; under ¢. By Proposition 11.16(b),

Hom(7h, ¢p(mh)) = {C7 if 73 g_ﬂi (11.19)(c)
0  otherwise.
On the other hand, (11.19)(b) implies that the unique irreducible quotient 7’ of M (A’) must be a composition
factor of ¢i(7}). But the only composition factor of ¢¢(r}) having 70 empty is 7 itself ([54], Proposition
7.3.2(b) and Corollary 7.3.21). Consequently 77 ~ 7/, and m ~ ¢(n’). The last group in (11.19)(b) is
therefore
Hom (M (A"), ¢ip(')). (11.19)(d)

The image P’ of a non-zero map in this space must have 7’ as its unique irreducible quotient (since P’ is a
quotient of M(A’)) and as its unique irreducible subrepresentation (by (11.19)(c)). But 7’ occurs only once
as a composition factor of M(A’), so it follows that P’ = 7’. Consequently

Hom(M (M), pp(7")) ~ Hom(n', p2p(7')) ~ C. (11.19)(e)

In conjunction with (11.19)(b), this shows that ¥ (n’) occurs exactly once as a quotient of M(A), as we
wished to show. Q.E.D.

Propositions 11.16 and 11.18 explain rather explicitly how to describe representations of infinitesimal
character A\, in terms of representations of (regular) infinitesimal character /. The proof of Theorem 11.14
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now comes down to checking that these constructions are compatible with the parametrization in terms of
final limit characters. Here is the result we need.

Proposition 11.20. In the setting (11.15), there is a bijection from the set

{equivalence classes of limit characters A’ of infinitesimal character X, with 79(7(A’)) empty }
onto the set

{equivalence classes of final limit characters A of infinitesimal character A, }.

In the notation of (11.17), this bijection sends the class of A’ to the class of N — .

Proof. Suppose first that 70(7(A’)) is empty; we want to show that A = A’ — p is final (Definition
11.13). First, Proposition 11.18 guarantees that M(A) # 0. By Proposition 11.9, it follows that A satisfies
condition (11.13)(a). To verify condition (11.13)(b), we need to understand a little about the root system

R ={ac R(G,T)| {(a,\)=0}. (11.21)(a)

First, it has (R%)™ = R* N RY (notation (11.17)(c)) as a set of positive roots, with AY the corresponding
simple roots. Define
A = AN Ry, R% = RN Rg. (11.21)(b)

What we need to show is that
A} is a set of simple roots for RY. (11.21)(c)

Assume for a moment that we have established this. From Definition 11.10 one can check that
if o and B in R$ do not satisfy the parity condition, then neither does s, (3). (11.21)(d)

(For linear groups one can say even more: because of (11.11)(a), the set of coroots for roots in R{ not
satisfying the parity condition is closed under addition (cf. [54], Lemma 8.6.3). In the non-linear case, one
can reduce immediately to the case of split simple groups of rank 2. These can be treated by hand; the
calculation is very easy except in type Bs.) By Proposition 11.18(b)(iii) and the hypothesis on A’, the roots
in A% do not satisfy the parity condition. By (11.21)(c) and (d), it follows that no root in Ry satisfies the
parity condition. This is (11.13)(b).

To prove (11.21)(c), observe first that

if & € (R%)F, then (—a@, \) > 0. (11.22)(a)
For it is enough to prove this for a € A%, If « is real or imaginary, the inner product is zero. If a is complex,
then the hypothesis on A’ and Proposition 11.18(b)(ii) guarantee that —& € R™; so the inequality follows
from (11.15)(b) (and (11.17)). Now define

R®={acR|-acR’}

={acR| (oA =(-a,\)=0}. (11.22)(b)
This is a root system; we define
(Rt =RYnRY, A% =A"nRY, (11.22)(c)
Because of (11.22)(a),
A% is a set of simple roots for (R%)*. (11.22)(d)
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Now a + —a is an involutive automorphism of R%, so we can apply to it Lemma 8.6.1 of [54]. Suppose « is
a complex simple root for (R%?)T. By (11.22)(d), o € A% so by Proposition 11.18(b)(ii) and the hypothesis
on A, —@ € (R%)". Lemma 8.6.1 of [54] therefore implies that

the set of non-real roots in (R%)7 is stable under o+ —a. (11.22)(e)
Now (11.21)(c) is precisely the conclusion of Lemma 8.6.2 of [54].
We have therefore shown that the map in Proposition 11.20 is well-defined. To see that it is surjective,
assume that
A = (A" Rf, R) is a final limit character of Tk of infinitesimal character \,. (11.23)(a)
Write R for the set of roots of 7" in G. Define
R'={acR|{x,\) =0}, (11.23)(b)
R®={acR|-acR"}. (11.23)(c)
Choose a set of positive roots (R%)* for R% with the property that

the set of non-real roots in (R%)7 is stable under o+ —a. (11.23)(d)

(This is certainly possible.) Possibly after modifying this system by reflections in imaginary roots, we may
assume that

RENRY™ c (R)*F, (11.23)(e)
Now define a positive root system for R° by

(R)T = (R™)Tu{acR|(-a\) >0}. (11.23)(f)

Write
A" = simple roots for (R%)*. (11.23)(g)

Since A and A\, define the same infinitesimal character, there is a unique isomorphism
iAa, ;AL AN T, T (11.24)(a)
induced by an element of G, carrying A\, to A and AY to AY. Just as in (11.17), we now define
RY =i(Aa, \; A, A%)(R), (11.24)(b)

a system of positive roots for T in G. Because of (11.23)(e) and (f), and (11.2)(d), we have

R O RE. (11.24)(c)
Put
p=1iAa, A\; A2 A% (ug) € X*(T). (11.24)(d)
Then we can define
A = (A" @ u, Rf, RE). (11.24)(e)

Because of (11.23)(f) and (11.24)(c), this is a Gg-limit character of Tg of infinitesimal character A,. We
are again in the situation (11.17), and A = A’ — u. We need to check that 7°(w(A’)) is empty. So fix a
root a € A If o is imaginary, then (11.24)(c) implies that it is simple in Rj; so since A is final, a is
noncompact. If o is complex, then (11.23)(d) and (f) imply that —@ is positive. If « is real, then since A
is final, & does not satisfy the parity condition. By Proposition 11.18(b), « is not in the 7-invariant. This
proves the surjectivity of the map in Proposition 11.20.
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For the injectivity, suppose A} and A} both map to the equivalence class of A. By Proposition 11.18(c),
P(m(A})) = m(A) = p(m(A)).

By Proposition 11.16(b), it follows that w(A]) ~ w(A}). By Theorem 11.7(c), A} is equivalent to A5. Q.E.D.
Theorem 11.14 is a formal consequence of Proposition 11.16, Proposition 11.18, Proposition 11.20, and
Theorem 11.7 (applied to the infinitesimal character A, in the setting (11.15)). Q.E.D.

12. Langlands parameters and Cartan subgroups.

In this chapter we show how to reformulate Theorem 10.4 in terms of Cartan subgroups of extended
groups and E-groups. We begin by recasting Theorem 11.14 in the language of extended groups.

Definition 12.1. Suppose G' is a weak extended group for G, VG is a dual group for G, and z €
Z(VG)92 (cf. Definition 10.3). A Cartan subgroup of GT is a weak extended group T C GT with identity
component a maximal torus 7' C G. The conjugation action of any element 6 € 7" — T on T is a real form
of T, independent of the choice of §; we write T'(R) for the group of real points.

A G-limit character of T* of type z is a pair (§, A) subject to the following conditions. First,

§ € TV — T is a strong real form of G (12.1)(a)
(Definition 2.13). Thus T'(R) is a Cartan subgroup of G(R,d). We can therefore impose the second require-

ment

A is a G(R, 0)-limit character of T'(R) of type z (12.1)(d)

(Definition 11.2). We say that (d,A) is final if A is (Definition 11.13). We say that (4, A) is equivalent to the
G-limit character (8’,A’) of (T")' if there is an element g € G that conjugates &’ to d, so that g - A’ and A
are equivalent as limit characters of G(R,d) (Definition 11.6). Write

L?(G/R) = { equivalence classes of final limit characters (J, A) of type z }. (12.1)(c)

This definition can be formulated a little more directly, by incorporating some of the earlier definitions
to which it refers. We can say that a limit character of TT of type z is a quadruple

(6, A" R, Rit), (12.2)(a)
subject to the conditions below. First,
§€T" —T, and 6% € Z(G). (12.2)(d)

Write T¢%™T for the corresponding canonical cover (Definition 10.1), and 7°*™T(R) for the preimage of T'(R)
in this cover (Definition 10.3):

1 — 7 (T)*" — T(R)“™T & T(R) — 1. (12.2)(c)
Then zz(p) € VT (Definition 11.2) defines a character XZz(p) of w1 (T)¢®™. The second condition is

A" is a character of T(R)*™7 and Ac‘m|7r1 (T)can = Xsz(p)' (12.2)(d)

(Notice that this condition does not involve §.) Write R;g for the set of roots assuming imaginary values on
t(R), and Rg for those assuming real values. Then

R}, is a set of positive roots for R;g, and Ry for Rg. (12.2)(e)
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Finally, write A = dA*™ € t*. Then we require
(N >0, (aeRE). (12.2)(f)

We leave to the reader the straightforward task of formulating similarly explicit descriptions of the notion
of final and the equivalence relation on limit characters.

Theorem 12.3. Suppose G is a weak extended group for G (Definition 2.13). Then there is a natural
bijection between the set II*(G/R) of equivalence classes of irreducible canonical projective representations
of type z of strong real forms of G (Definition 10.3) and the set L*(G/R) of equivalence classes of final limit
characters of type z of Cartan subgroups in G*' (Definition 12.1).

This is just a reformulation of Theorem 11.14.

We would like a parallel description of the Langlands parameters, in terms of tori in the dual group.

Definition 12.4. Suppose VGT is a weak E-group (Definition 4.3). A Cartan subgroup of VG is a
weak E-group T " VGT such that the identity component 9T is a maximal torus in VG, and the inclusion
of 47" in VGT is an L-homomorphism (Definition 5.1). Conjugation by any element y of A _ 4T defines
an involutive automorphism @ of 4T, which is independent of y. Write

ACT") =977 )('T" ) (12.4)(a)

for the group of connected components of the fixed points of #. We call this group the Langlands component

G

\2
group for d7' As in (5.10) we can form such groups as s (which is a quotient of the algebraic

. . d alg,®T
universal covering “T’ ). Define
T\ algV 0\ alg.V 0\ alg.V
AT ) oG = () (7)), (12.4)(b)

the universal component group for ar' with respect to VGT .

Since IT" is a weak E-group in its own right, we can speak of Langlands parameters for apt (Definition
5.2). A Langlands parameter ¢ is said to be ¥ G-regular if for every root a of 4T in VG, we have

a(M(¢)) #0 (12.4)(c)

(notation (5.8)). In general the roots that fail to satisfy (12.4)(c) are called A(¢)-singular or ¢-singular.

A complete Langlands parameter for a with respect to VG is a pair (¢,71) with ¢ a Langlands
parameter for dTF, and 7; an irreducible representation of A(dTF)“lg’vG (cf. Definition 5.12). Such a
parameter is said to be equivalent to a complete parameter (¢,7]) for (dTF)’ if the triple (‘iTF,qS, 1) is
conjugate by VG to ((dTF)’7 &, 7).

To formulate a definition analogous to that of “final,” we need a little preliminary notation. Suppose

we are in the setting of Definition 12.4. Since 6 extends (although not uniquely) to an automorphism of VG,
it must permute the roots and coroots of T in VG. We write

1R = R(VG,T) (12.5)(a)
‘R ={acR|ba=—a} (12.5)(b)
Rg={ac’R|ba=a}, (12.5)(c)

. . r . . .
the real and imaginary roots of “T" . Suppose now that « is a real root. The corresponding coroot " is a
alg,” G
)

homomorphism from C* to 4T (or even into 4T . Since « is real, it satisfies

0(a¥(2)) =aV(z71). (12.6)(a)
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In particular, we get a distinguished element of order two

Ma = oV (-1) € 477, (12.6)(b)

Similarly, we write
m@l9 = oV (—1) € (4T°)elo" G (12.6)(c)

These elements define elements of order two in the component groups of Definition 12.4, which we write as
mals e AT Y9G (o € “Rp). (12.6)(d)

Next, suppose « is an imaginary root, and y € d" _ 4T Choose root vectors X1, € Vg. Since 0 fixes
a, Ad(y) must send each root vector to a multiple of itself:

Ad(y)Xia = 2+aXa- (127)(@)

The bracket of these two root vectors is a multiple of the derivative of the coroot oV, and is therefore fixed
by 6 = Ad(y). Tt follows that

20 = (2-a)". (12.7)(b)

Similarly, if «, 8 and « + 8 are all imaginary roots,

ZatB = ZaZp- (12.7)(c)

Now y? belongs to T, so a(y?) is defined. Clearly

(2a)* = a(y?). (12.7)(d)

We say that « is y-compact if z, = 1, and y-noncompact if z, = —1. As a consequence of (12.7)(d), every
imaginary root in the centralizer of y? is either compact or noncompact.

Definition 12.8. Suppose ¢ is a Langlands parameter for dT" Asin (5.8), we associate to ¢ elements
y = y(o) € dpt A7 and A\ = M) € 9. An imaginary root « is called ¢-compact (respectively ¢-
noncompact) if it is y(¢)-compact (respectively y(¢)-noncompact) in the sense of (12.7). By Proposition
5.6(b) and (12.7)(d), every ¢-singular imaginary root is either ¢-compact or ¢-noncompact.

Suppose next that (¢, 71) is a complete Langlands parameter for dT" with respect to VG' (Definition
12.4). We say that the pair (¢, 71) is final if it satisfies the following two conditions.

(a) Every ¢-singular imaginary root of 4T in VG is ¢-compact.
(b) If v is a ¢-singular real root of a7" in VGT, then

el (mglg) =1

(notation 12.6)(c).)

Theorem 12.9. Suppose VG is a weak E-group (Definition 4.3). Then there is a one-to-one correspon-
dence between the set Z(YGY) of equivalence classes of complete Langlands parameters for YGY (Definition
5.11) and the set of equivalence classes of final complete Langlands parameters for Cartan subgroups of ¥V G
(Definition 12.8).

Proof. Suppose (¢,7) is a complete Langlands parameter for YG'. We want to construct a Cartan

subgroup dpt containing the image of ¢. To do this, use the notation of Corollary 5.9. There we defined
a Levi subgroup L(\,y - A) of VG, on which conjugation by y acts as an involutive automorphism 6,. We
apply to this subgroup the following well-known facts. (The slightly awkward hypotheses on K will allow us
to apply the result to coverings.)
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Lemma 12.10 Suppose G is a connected compler reductive algebraic group, and 6 is an involutive
automorphism of G. Suppose K is an algebraic subgroup of G having the same identity component as the
group of fixed points of 0, with the property that the automorphisms of G in AA(K) all commute with 6.
Then there is a 0-stable mazimal torus T C G, determined up to conjugation by Ky by either of the following
properties. Write a for the —1 eigenspace of 0 on t, and M for the centralizer of a in G.

a) The Lie algebra a is a maximal semisimple abelian subalgebra in the —1 eigenspace of 0 on g.

b) Every root of T in M is compact (cf. (12.7); the roots in M are precisely the imaginary roots of T in
G).
In addition, T has the following properties.

¢) TN K meets every connected component of K. That is, the natural map (TNK)/(TNK)y — K/Ky is
surjective.

d) The kernel TN Ky of the map in (c) is generated by (T N K)o and the elements mqy € T attached to real
roots o (cf. (12.6)).
In particular, the characters of the component group K/Ky are in one-to-one correspondence with the

characters of (TN K)/(T N K)o trivial on all the elements mq, (for o real).

A torus with the properties in the lemma will be called a mazimally 0-split torus for G. We postpone a
discussion of the proof for a moment, and continue with the proof of Theorem 12.9. So choose a maximally
0,-split torus

AT L\ y- N). (12.11)(a)

Since L(\,y-A) is a Levi subgroup of VG, it follows that 9T is a maximal torus in VG. Furthermore the Lie
algebra 9t must contain the central elements A and - A of [(\,y - \), so

(b‘(cx C* = dT.
Define r
dT" = group generated by y and ¢T, (12.11)(d)

so that .
¢ Wg — T . (12.11)(c)
Since 6, preserves 9T, the element y normalizes ¢T. Since y? belongs to 9T (cf. Proposition 5.6(b)), it

follows that ¢T has index two in 97" . Tt follows easily that 4T is a weak E-group, and so a Cartan subgroup
of VG (Definition 12.4).

A real or imaginary root is A-singular if and only if it is y - A-singular. It follows that the real or
imaginary ¢-singular roots are exactly the real or imaginary roots of 47" in L(\,y - ). By Lemma 12.10(b),
this means that

every ¢-singular imaginary root of 4T in VG is ¢-compact. (12.11)(d)

As in Corollary 5.9, write K (y) for the centralizer of y in VG. The component group of which the datum
T is a character is roeal
AJM =K (y) N LAy - ]/ (K (y) N Ly - 2],

(Corollary 5.9(c)). Lemma 12.10(c) (applied to the group L(X,y - A)*9: ¢) provides a surjective map
r v loc,al
AT )M G APt (12.11)(e)
We use this map to pull 7 back to a character 7 of A(dTF)“lg’vG. By Lemma 12.10(d),
1 (m9) =1 (a real and ¢-singular). (12.11)(f)

By (12.11)(d) and (12.11)(f), the pair (¢,71) is a final complete Langlands parameter for I7" with
respect to YG'. The only choice involved is that of the maximal torus 7', and Lemma 12.10 guarantees that
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T is unique up to conjugation by the centralizer of ¢ in VG. It follows easily that the map from parameters
for VG to parameters for Cartan subgroups is well-defined on equivalence classes.

This argument can be reversed without difficulty, to recover a unique complete parameter for VGT from
a complete final parameter for a Cartan subgroup. It follows that the correspondence is bijective. Q.E.D.

Sketch of proof of Lemma 12.10. That conditions (a) and (b) are equivalent is fairly easy; the main
point is the uniqueness of T' up to Ky-conjugacy . This is proved in [31], Theorem 1 (or [60], p.323). Part
(c) is [31], Proposition 1 (or [60], Proposition 7).

For (d), consider the Levi subgroup

L = centralizer of (T'N K)p in G.

As the centralizer of a torus, L is connected. The roots of T in L are precisely the real roots of T' in G.
Since (T'N K)o is also a torus in Ky, it follows that L N K is also connected. It follows that

TNKy=TN(LNKy)=Tn(LNK)o.

It therefore suffices to prove (d) for the subgroup L instead of for all of G; that is, under the assumption
that all roots are real. It is enough to prove (d) for a finite cover of G, and then for each factor of a #-stable
direct product decomposition. After such reductions, we may assume that G is simple and simply connected,
and that # acts by —1 on t. Then T? consists precisely of the elements of order 2 in T. Since G is simply
connected, X, (T) is generated by the coroot lattice. Now it follows from Lemma 9.9 and the definitions that
the elements m,, generate the full group of elements of order 2 in 7. Consequently

TNKyCT? = group generated by the mq,.

The other containment (that is, that m, € Kj) follows from a standard calculation in SL(2). Q.E.D.

13. Pairings between Cartan subgroups and the proof of Theorem 10.4.

Theorem 12.3 describes representations in terms of Cartan subgroups of G, and Theorem 12.9 describes
Langlands parameters in terms of Cartan subgroups of YG'. To complete the proof of Theorem 10.4, we
need to relate Cartan subgroups of G and YG*. We begin by doing this for maximal tori. The following
lemma more or less restates the definition of dual group; we leave its proof to the reader.

Lemma 13.1. Suppose G is a complex connected reductive algebraic group, and VG is a dual group for
G (Definition 4.2). Fiz mazimal tori T C G and T C VG. Write VT for a dual torus to T (cf. (9.3)).
Suppose A C X*(T) is a set of simple roots for T in G, and *A C X*(T) a set of simple roots for 4T in
VG. Write AV C X.(T) and iNY C X, (AT for the corresponding sets of simple coroots.

a) There is a natural isomorphism

C(ACA) VT — 4T

b) The induced map on one-parameter subgroup lattices
G(A,7A) : (X.(YT) = X*(T)) = X.(‘T)

carries A onto 4N .
¢) The induced map (in the other direction) on character lattices

CH(AIA) : XH(IT) — (X*(YT) = X.(T))
carries *A onto AV.
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d) If sets of simple roots are not fized, we obtain a finite family of natural isomorphisms
¢C:VT — T,

Any two of these isomorphisms differ by composition with the action of a unique element of the Weyl

group of T in VG.

The characteristic property of the isomorphism ((A,%A) is that the induced maps described in (b) and
(¢) implement the natural isomorphism from the dual

YW (G) = (X.(T),AY, X*(T),A)
of the based root datum for G, onto the based root datum

Uo(VG) = (X*(9T), A, X.(°T), A7),

With the roles of G and VG reversed, (a) provides also an isomorphism
COAA,A) :VIT 5 T,

It coincides with the one obtained from ((A,¢A) by applying the dual torus functor (cf. (9.3)). Using that
functor, we can also think of the various natural isomorphisms of (d) as differing by elements of the Weyl
group of T in G.

Definition 13.2 (cf. [1], Definition 9.11). Suppose G' is a weak extended group, and VG' is a weak

E-group for GT' (Definition 4.3). Fix Cartan subgroups 77 C G and dp" c vGr (Definitions 12.1 and 12.4).
Write o for the real form of T’ defined by any element of 7" — T, and  for the involutive automorphism of

4T defined by any element of 4T Py, By Proposition 2.12, ¢ defines an involutive automorphism
ap € Aut(Uo (7)) = Aut(X*(T), X.(T)).

That is, ar gives an automorphism of each of the lattices X*(T) and X, (T), respecting the pairing into Z.
Similarly (Proposition 2.11 or Proposition 4.4) the involution € defines an involutive automorphism

aap € Aut(V o (7)) = Aut(X.(‘T), X*(“T)).
A weak pairing between T' and 47" s an identification of 7" with a weak E-group for TT, subject to

one additional condition that we now describe. According to Definition 4.3, the identification in question

amounts to an isomorphism
¢C:VT — 4T (13.2)(a)

of the dual torus VT for T (cf. (9.3)) with ¢T. Such an identification is just an isomorphism
¢+ (XH(T), Xu(T)) = (Xu("T), X*(“T)) (13.2)(b)
In order to make ¢T" an E-group for TT, this isomorphism must satisfy
¢ carries ar to aap. (13.2)(c)
The additional requirement that we impose for a weak pairing is
¢ is one of the natural isomorphisms of Lemma 13.1(d). (13.2)(d)

This condition brings the groups G' and VG into the definition.

Lemma 13.3. Suppose we are in the setting of Definition 13.2; use the notation there.
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a) The isomorphism ¢ induces an identification of Weyl groups
¢C:W(G,T) = W(G,T).

b) The isomorphism of (a) carries the action of the involution o on W(G,T) to the action of 8 on
W (VG,T). In particular, we have an isomorphism

C:W(G,T)” - W('G,*T)’.

¢) Suppose (' is another isomorphism from VT to T (Lemma 13.1(d)). Then ¢’ is a weak pairing between
the Cartan subgroups if and only if (' = w o { for some w € W(VG,T)°?.

This is obvious.

Proposition 13.4 ([1], Lemma 9.16). Suppose GT is a weak extended group, and VG is a weak E-group
for GT (Definition 4.3).

a) Suppose T is a Cartan subgroup of GT (Definition 12.1). Then there is a Cartan subgroup ap" of VGT
and a weak pairing between TT and apt (Definition 13.2). The Cartan subgroup 't s unique up to
conjugation by VG.

b) Suppose d" is a Cartan subgroup of VG (Definition 12.4). Then there is a Cartan subgroup T' of

GY and a weak pairing between T and dpt (Definition 13.2). The Cartan subgroup T" is unique up
to conjugation by G.

Proof. For (a), let T be any maximal torus in VG, and y an element of VGT — VG normalizing 7.
(To find such an element y, start with any o in VG — V@, and modify it by an element of VG conjugating
Ad(yo)(T) back to 9T.) Then conjugation by y defines an automorphism 6, of 4T, and so an automorphism

f VWU, (dT
ay O o(*T).

Fix one of the natural isomorphisms ¢ from VT to T (Lemma 13.1). This isomorphism carries the
automorphism ar to an involutive automorphism asp of VW, (4T). Since YG' is an E-group for GT, it
follows from Definition 4.3 that a, and a«p must differ by the action of an element w € W (VG,T):

Qdp = W O Qy.

Now let n € VG be any representative of w, and set 4/ = ny. Then 3/ € VGT — VG still normalizes T, and
the conjugation action of 4’ defines the involutive automorphism 6 of 4T corresponding to aaz. The group
dpt generated by v’ and T is therefore a Cartan subgroup of VG paired with 7T.

For the uniqueness, suppose (dTlf)’ is another Cartan subgroup paired by ¢; with 7. After conjugating
by VG, we may assume that ¢T; = T and that ¢(; = . Then the automorphism of T defined by any
element y of dpt 4T coincides with the automorphism defined by any element 3’ of (dTF)' — 47, Tt follows
that y¢T = y'%T, so that apt (dTF)/ as we wished to show.

The proof of (b) is formally identical, and we omit it. Q.E.D.

Our next goal is to reduce the ambiguity in the notion of weak pairing described in Lemma 13.3(c).

Definition 13.5. Suppose (G',W) is an extended group for G (Definition 1.12). A based Cartan
subgroup of (GY',W) is a quadruple 7% = (T, W(TT), R, R), subject to the following conditions.

(a) T" is a Cartan subgroup of G (Definition 12.1).

(b) W(T"V) is an extended group structure on 7" (Definition 1.12). That is, W(T") is a T-conjugacy class
of elements 6 € TV — T, with the property that 62 has finite order.

(c) W(T") is a subset of W, in the sense that for every 6 € W(T") there are N and y so that (5, N, x) € W.

(d) R?{R is a set of positive imaginary roots of 7" in GG, and RfRf is a set of positive real roots.

(e) The extended group structure and the positive imaginary roots are compatible in the following sense. Fix
§ € W(TT), and N and x so that (6, N, x) € W. Write G(R) = G(R, d) for the corresponding (quasisplit)
real form of G. Suppose A" is an irreducible canonical projective representation of T'(R)**™T of type
zz(p), and that

A= (A" RE, RE))
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is a G(R)-limit character of type z (Definition 11.2). Then what we require is that the corresponding
standard limit representation M (A) admit a Whittaker model of type x (Definition 3.1).

Two based Cartan subgroups are called equivalent if they are conjugate by G.
Proposition 13.6. Suppose T' is a Cartan subgroup of the extended group (G',W), and (R&,Rﬁ{)

are systems of imaginary and real positive roots. Then there is a unique extended group structure W(T") on
TY making the quadruple (TV, W(T"), R;&, Ri{) a based Cartan subgroup.

The proof is fairly long, so we postpone it to the next chapter.
There is an analogue of Definition 13.5 for E-groups. The key to it is the notion of “special” systems of
positive imaginary roots formulated in section 6 of [1].
Definition 13.7. Suppose (YG',S) is an E-group for G (Definition 4.14). A based Cartan subgroup of
(VGT,S) is a quadruple 17T = (dTF7 S(dTF)7 dR;%, dR]?é), subject to the following conditions.
(a) 47" is a Cartan subgroup of YGT (Definition 12.4).
(b) S(?T") is an E-group structure on 97" (Definition 4.14). That is, S(?T") is a 9T-conjugacy class of
elements V8 € T — T, with the property that V6> has finite order.

(c) S(dTF) is a subset of S, in the sense that for every Vd € S(dTF) there is a Borel subgroup ?B so that
(V6,’B) € S.

(d) “R, is a set of positive imaginary roots of 9T in VG, and 4Ry, is a set of positive real roots (cf. (12.5)).

(e) The E-group structure and the positive imaginary roots are compatible in the following sense. Fix
Vo e S(dTF), and define ?B to be the set of Borel subgroups ?B so that (V§,?B) € S). (The set B is

a single orbit under the action of the centralizer K of V¢ in VG.) Then what we require is that dR;]@ be
special with respect to 4B ([1], Definition 6.29).

Two based Cartan subgroups are called equivalent if they are conjugate by VG.

It is possible to give a more geometric definition of “special” than the one in [1], and in fact this is
crucial for the proof given there of some technical results we will use.
Here is the analogue of Proposition 13.6.

Proposition 13.8. Suppose d7" is o Cartan subgroup of the E-group (YG*,S), and (deﬁR,dRﬁ{) are

systems of imaginary and real positive roots. Then there is a unique E-group structure S(dTF) on 4T"
making the quadruple (dTF, VV(dTF)7 R, RY) a based Cartan subgroup.

Again we postpone the proof until the next chapter.

Definition 13.9. Suppose (G',W) is an extended group for G (Definition 1.12), and (YG',S) is a
corresponding E-group (Definition 4.14). Fix based Cartan subgroups 7' for G (Definition 13.5) and "
for VG' (Definition 13.7). A pairing between T' and dTF is a weak pairing

¢:VT =T (13.9)(a)
(Definition 13.2), subject to the additional conditions

¢ carries the positive imaginary roots R onto the positive real coroots dR£’+ (13.9)(b)

(cf. Lemma 13.1(b)), and
¢ carries the positive real roots Ri onto the positive imaginary coroots dR;/Rﬁ. (13.9)(c)

In particular, this identifies (dTF, S(dTF)) as an E-group of (TV, W(T"V)).

Proposition 13.10. Suppose (G', W) is an extended group for G (Definition 1.12), and (VG',S) is a
corresponding E-group (Definition 4.14).
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a) Suppose T' is a based Cartan subgroup for G* (Definition 13.5). Then there is a based Cartan subgroup
ITT for VGT and a pairing between them (Definition 13.9). *TT is uniquely determined up to conjugation
by VGT.

b) Suppose 4T is a based Cartan subgroup of VG (Definition 13.7). Then there is a based Cartan subgroup
TT for GV and a pairing between them. T' is unique up to conjugation by G.

¢) Suppose ¢ is a pairing between based Cartan subgroups as above. If (' is another isomorphism from VT
to T, then (' is a pairing if and only if ¢’ = wo for some w € W (VG,9T)? preserving dR;% and dRig.

d) Suppose w is as in (c), and use the isomorphism of Lemma 13.3(b) to identify w with an element of
W(G,T)?. If ¢ is any real form of G extending o on T, then w has a representative in G(R,c’).

Proof. For (a), use Proposition 13.4(a) to find a Cartan subgroup dT" of VGT and a weak pairing ¢
between it and T%. By (13.2)(c),  carries the positive imaginary roots R, onto some set dR£’+ of positive
real coroots for T'; and similarly for real roots. Proposition 13.8 then guarantees that we can use these sets
of positive roots to construct a based Cartan subgroup ¢7T. The uniqueness of its equivalence class follows
from the uniqueness in Proposition 13.4(a), Lemma 13.3(c), and the uniqueness in Proposition 13.8. Part
(b) is proved in exactly the same way. Part (c¢) is clear from Lemma 13.3(c) and Definition 13.9. Part (d)
follows from the description of real Weyl groups in [56], Proposition 4.16. Q.E.D.

We are near the end of the maze leading to Theorem 10.4 now. Before we pull all the pieces together,
we need one more definition.

Definition 13.11. Suppose 77 is a based Cartan subgroup of an extended group (G, W) (Definition
3.5). A G-limit character of T" (Definition 12.1) is said to be compatible with TT if the corresponding
systems of positive real and imaginary roots agree.

Suppose 47T is a based Cartan subgroup of the E-group (VG',S) (Definition 13.7). A complete Lang-

lands parameter for dp" (Definition 12.4) is said to be compatible with ¥TT if
(N >0  (acRy). (13.11)

Here ) is constructed from the Langlands parameter as in (5.8). We do not assume any relationship between
A and the positive imaginary roots.

Proposition 13.12. Suppose T is a based Cartan subgroup for an extended group (GF,W), dt
is a based Cartan subgroup for an E-group (YGT,S), and ¢ is a pairing between them (Definition 13.9).
Write z for the second invariant of the E-group (Definition 4.14). Use ¢ to identify (4T, S(T")) as an
E-group for TV (of second invariant zz(p)). Then the correspondence of Corollary 10.7 induces a bijection
between the set of limit characters of TY compatible with T* and the set of complete Langlands parameters
for ATY compatible with “TY (Definition 13.11). This bijection identifies final limit characters with final
limit parameters.

A little more precisely, each Langlands parameter ¢ for *TT gives rise to a canonical projective character
Aca(g) of T(R) of type zz(p) (Proposition 10.6). Each irreducible representation T1 of A(YT1)9 gives rise
to a T-conjugacy class in TY — T, say with a representative §(11) (Corollary 9.12). We have

a) The element 6(71) defines a strong real form of G — that is, §(11)? belongs to Z(G) — if and only if 7
factors through the quotient group A(TT)ale:"G

b) The positivity requirement (12.2)(f) on A (¢) is equivalent to the compatibility requirement (13.11).

¢) A simple imaginary root « for T is noncompact with respect to 6(71) if and only the corresponding simple

real root %« for T satisfies

n(mﬁfj) =1

d) A real root B for T satisfies the parity condition for A°®™(¢) if and only if the corresponding imaginary
root B for T is ¢p-noncompact (Definition 12.8).

Proof. Because of the definitions, it suffices to prove the assertions (a)-(d). For (a), fix an element
§ € W(TT). The element &(71) is obtained by multiplying § by an appropriate element ¢ = e(7/2), with
7 € tg* (Proposition 9.10); here T represents 71 in the isomorphism of Proposition 9.8(c). One can check

easily that 7 factors through A(dTF)‘”g’vG if and only if the roots of T" in G take integer values on the
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element 7. (To see what the root lattice has to do with the problem, recall that 71 (?7T) may be identified
with X, (¢T) ~ X*(T). The inclusion of 9T in VG induces a surjection 7 (?T) — 71 (VG), and the kernel of
this map is the lattice of roots of T in G.) On the other hand, we compute

§(m1)? = to(t)6% = e(1)0% = e(1)2(p)

(cf. proof of Proposition 9.10). So d(71) is a strong real form if and only if e(7) € Z(G). Of course this
condition is also equivalent to the roots of T'in G taking integral values on 7, proving (a).

Part (b) is clear (see Proposition 10.6). For (c), we can use the notation of (a). Inspecting the definitions
in Chapter 9 and at (12.6), we find that

T (mgff) = exp(2mia(r)) = (—1)*(7/2),
So the condition on 7y is equivalent to
a(7/2) is an even integer.

On the other hand, every simple imaginary root « of T" in G is noncompact with respect to § (see the proof
of Proposition 13.6 in Chapter 14). Consequently « is nocompact with respect to d(71) = ¢4 if and only if
a(t) = 1. Since t = e(7/2), this is equivalent to a(7/2) being an even integer.

The proof of (d) is similar; since we have referred to [1] for the construction of A(¢), we omit the details.
Q.E.D.

Proposition 13.13. Suppose (G, W) is an extended group for G, and (YGT,S) is an E-group for the
corresponding inner class of real forms. Write z for the second invariant of the E-group (Definition 4.14).
Then the various correspondences of Proposition 13.12 induce a bijection from the set of equivalence classes
of final limit characters of type z of Cartan subgroups of G (Definition 12.1) and equivalence classes of final
complete limit parameters of Cartan subgroups of VG (Definition 12.8).

Proof. Suppose (¢,71) is a complete limit parameter for 47" To construct the corresponding limit
character, we need to make T a based Cartan subgroup; so we must choose certain sets of positive roots.
Let YRt be a set of positive real roots for 4T making A(¢) dominant (cf. (12.5) and Definition 13.11); and let
dR;-]FR be an arbitrary set of positive imaginary roots. Let 7T be the corresponding based Cartan subgroup
(Proposition 13.8). Fix a based Cartan subgroup 7' for G'' and a pairing

¢ VT =T (13.14)

with 4TT. Proposition 13.12 gives a final limit character (§(71),A(#)) of TV. We must show that the
equivalence class of this character is independent of the two positive root systems we chose.

Consider first a second system (?R)" of positive real roots making A(¢) dominant. These two positive
systems differ by a Weyl group element w that is a product of simple reflections in real roots vanishing on A.
Let n be a representative of w. Changing the sytem of positive real roots changes the based Cartan subgroup
4TT by conjugation by n, and replaces ¢ by w o . (Evidently this implies that the final limit character
(6(71), A(¢)) is unchanged.) We claim that w has a representative n fixing (¢, 7). It is enough to check this
for a simple reflection s, with « a real root vanishing on A. Choose a root subgroup ¢, : SL(2) — VG as
usual (cf. Definition 11.10)) with the additional property that ¢, carries the inverse transpose involution on
SL(2) to the action of 6. We may take

Ng = (;ba <_01 (1)>

as a representative of s,. Evidently n, belongs to K(y) N L(A\,y - A) (cf. Corollary 5.9); that is, to the

\2
centralizer of ¢. To compute its effect on 71, recall that 7y is a character of (a certain quotient of) (¢77)l9:" G,
If ¢ is in this group, then «(t) = £1 since « is real. Consequently

sa(t) = ta" (a(t™1)) = taV (£1) =t or tm29.
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Since (¢, 1) is final, 71 (m9) = 1; so we find that s, (1) = 71, as we wished to show.

Next, consider a second choice (YR)’ of positive imaginary roots. This differs from the original by an
element w in the Weyl group of the imaginary roots. To get the corresponding based Cartan subgroup (477,
we must also conjugate S(?TT) by a representative n of w (because of Definition 13.7(e)). This conjugation
has the effect of multiplying S(?7TT) by an element ¢ = nf(n~1); this element satisfies 6(t) = ¢t~!. Back in
G, we can get the new based Cartan subgroup just by replacing the set of positive real roots by the new set
(Ry)" corresponding to (“Rj)". The pairing ¢ is then unchanged. The canonical character (A°")’ attached
to these new choices differs from A" only because of the change in the E-group structure on 47", The
proof of Lemma 9.28 of [1] shows that the effect of this change is to twist A°*™ by the character 7(Rg, (Rg)’)
of (11.4). By Definition 11.6 and Definition 12.1, the equivalence class of the limit character is unchanged.

That this construction actually depends only on the equivalence class of (A, 71) is obvious. That it is
surjective is clear from Proposition 13.12. That the inverse correspondence is well-defined may be proved in
exactly the same way. Q.E.D.

Theorem 10.4 is a consequence of Proposition 13.13, Theorem 12.3, and Theorem 12.9.

14. Proof of Propositions 13.6 and 13.8.

Evidently part of what a based Cartan subgroup provides is some distinguished extensions of its real
form to all of G. We begin by studying such extensions.

Lemma 14.1. Suppose T is a maximal torus in the connected reductive algebraic group G, and o is a
real form of T permuting the roots of T in G. Suppose that o1 and oo are two real forms of G extending o,
and that they determine the same sets of compact (and noncompact) imaginary roots. Then o1 and oo are
conjugate by an element of T.

Proof. Choose a set RT of positive roots of T' in G having the property that o preserves the non-
imaginary positive roots. (One way to do this is to order the roots using first their restrictions to the
+1-eigenspace of o on the rational span of the coroots.) In the argument below, we will usually write 3 for
an imaginary root, -y for a non-imaginary root, and « for a general root. For any root in R*, we have either

B is imaginary, and off = —f3 (14.2)(a)
or
~ is not imaginary, and o+ is positive. (14.2)(b)
For simple roots in R, one can say even more.

Lemma 14.3. In the setting of Lemma 14.1, suppose RT is a set of positive roots for T in G such
that o preserves the non-imaginary positive roots. Then every simple oot of R falls into ezactly one of the
following three categories.

a) B is imaginary, and o = —f.
b) v is not imaginary, and

oy =7+ > ns(7)B

B simple imaginary

with ng(y) a non-negative integer.
¢) v is not imaginary, and there is a distinct non-imaginary root v' so that

oy=7"+ > ns(v)B

B simple imaginary

with ng(y) a non-negative integer. In this case

oy =7+ > ns(7)B.

B simple imaginary
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Proof. Suppose « is a non-imaginary simple root. Then o+ is a positive root by (14.2)(b), so it can
be expressed as a sum of simple roots with non-negative coefficients. In this expression there must appear
at least one non-imaginary simple root v = 7/(v), for otherwise oy (and therefore v) would be imaginary.
Thus

oy ="+ (other non-imaginary simple roots) -+ Z ngp.

Now apply o to this expression. On the right we get at least one non-imaginary simple root from the first
term, more from the second if it is non-zero, and various imaginary simple roots. On the left we get -y, since
o is an involution. It follows that the second term is zero, and that o’ involves . The remaining assertions
of the lemma are now clear. Q.E.D.

We continue now with the proof of Lemma 14.1. Fix root vectors {X,} for all the roots. As usual we

may choose these so that
[XouX—a] = H, (144)((1)

(the usual coroot), and
[XQ7X(X’] = Q(Oé,a/)Xa+a/ (144)(b)

(with ¢(a, ') rational) whenever a + o is a root. Define complex constants ¢;(a) by

0i(Xa) = ci(a@) Xsa- (14.4)(c)
Since o1 and o3 agree on T, they differ by the adjoint action of an element s of T":

co(a)/cr1(a) = afs). (14.4)(d)

In particular,
co/cy1 extends to a multiplicative character of the root lattice. (14.4)(e)

Replacing o by toit~! replaces ¢1(a) by

[(ea)(t)/e(B)]er (). (14.5)(a)

It follows that ¢ conjugates oy to oy if and only if

() (t)/a(t) = ca2(@)/er(e) (14.5)(b)

for every root a. Because of (14.4)(e), it suffices to verify (14.5)(b) for any set of roots o generating the
root, lattice. What we must show is that our hypotheses on ¢; provide enough control on ¢; to guarantee
the existence of an element ¢ satisfying (14.5)(b). We choose a generating set S of roots as follows: S is the
union of

S1 = simple imaginary roots;

Sy = simple roots as in Lemma 14.3(b); (14.6)
S3 = one simple root v from each pair (7y,7’) as in Lemma 14.3(c); and )

Sy = the roots o, with v € Ss.
Lemma 14.3 shows that S is actually a basis of the root lattice. We may therefore choose ¢ so that a(t) has

any value we specify for o € S; we must show that this can be done so that (14.5)(b) holds for a € S.
Applying the antiholomorphic involution o; to (14.4)(c), we find that

ci(a)e(oa) = 1. (14.7)(a)

Applying o; to (14.4)(b) gives
ei(@)ci(e) = gla, o)eila+ o) (14.7)()

whenever o + o/ is a root.
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Suppose now that 8 is an imaginary root. Then 0 Hg = —Hg. Applying o; to (14.4)(a) gives

ci(B)ei(=B) = 1. (14.8)(a)
On the other hand, (14.7)(a) gives
ci(B)ei(=B) = 1. (14.8)(b)
Consequently
ci(B) is real, and ¢;(—f) = ¢;(8) L. (14.8)(c)
Calculation in SL(2) shows that
¢i(B) is positive if and only if 8 is noncompact for o;. (14.8)(d)

The hypothesis of Lemma 14.1 therefore guarantees that c1(3)/ca(f) is positive for every imaginary root 5.
We therefore require of our element ¢ that

B(t) is a square root of ¢1(8)/ca(B) (14.8)(e)

for every 8 in S;. Condition (14.5)(b) follows for such 3, and then for all imaginary roots by (14.4)(e).
Suppose next that v belongs to Sy. The requirement (14.5)(b) on ¢t may be written as

(c2/c1)(7) = (v(&) [ (1)) (o7 — )(2). (14.9)(a)

This is the same as -
() /7(t) = (c2/cr)() (v — o7)(t). (14.9)(b)

We can choose 7(t) so that this equation is satisfied if and only if the right side has absolute value 1. To see
that this is the case, divide (14.7)(a) for o3 by the same equation for o1, to obtain

= (c2/c1)(7)(c2/c1)(07)
= (ca/c1)(V)(c2/c1)(V)(er/e2) (v — o) (14.9)(c)
= |(c2/c1) (V)P (er/e2) (v — 7).

Now Lemma 14.3 shows that v — o7y is a sum of imaginary roots. It therefore follows from (14.8) that the
last factor on the right here is the positive real number (y — oy)(t)2. Consequently

1= (eafer) ()P (7 = o) (1) (14.9)(d)

This guarantees the existence of a solution ~(¢) to (14.9)(b).
Finally, suppose v € S3. We require of ¢ that

1) =1, ov(t) = (c2/er)(7): (14.10)

Then (14.5)(b) is automatically satisfied for & = . To check it for @ = o7, just apply (14.7)(a). This
completes the construction of ¢ satisfying (14.5)(b), and so the proof of Lemma 14.1. Q.E.D.

Proof of Proposition 13.6. The real form o7 of T (defined by conjugation by any element y of TT — T')
is an antiholomorphic involution preserving the roots. It may therefore be extended to a quasisplit real
form og of G, with the property that every simple root of 7' in R;% is noncompact. (A proof of this fact
may be found in [56], Lemma 10.9.) Clearly o belongs to the inner class defined by G, so by Proposition
2.12 there is a triple (61, N1, x1) € W with Ad(é;) = o¢. In particular, é; and y both act by or on T, so
81 € yT =T' —T. If we write Wy (T") for the T-conjugacy class of 61, then conditions (a) — (d) of Definition
13.5 are satisfied. The interesting and subtle point is arranging (e). This is essentially in [30]; we sketch the
argument.
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Fix (81, N, x1) as above, and write G(R, d1) for the corresponding real form. Define Ag C T(R) as in
(11.3) (the identity component of the split part of T(R)), and put

M = centralizer of Ag in G.

Fix a og-stable parabolic subgroup P = MU of G with Levi subgroup M. After replacing (N, x1) by a
conjugate under G(R, 1), we may assume that

PN is open in G.

It follows that Npy = N N M is a maximal unipotent subgroup of M normalized by §;, and that xa1 =
X1|ny (ry 18 & non-degenerate unitary character (Definition 1.12). We apply to this situation the following
lemma.

Lemma 14.11. Suppose o is a quasisplit real form of a complexr connected reductive algebraic group
G, and P = MU is a o-stable Levi decomposition of a parabolic subgroup of G. Suppose (N, x) is the data
for a Whittaker model for G (Definition 3.1). Suppose also that PN is open in G, so that if we write
Ny = NNOM, xar = X|ny ), then (Nag, xar) is the data for a Whittaker model for M.

Suppose wyr s a finite length admissible Hilbert space representation of M(R), and m = Indggggmw.
Then m admits a Whittaker model of type x if and only if mpr admits a Whittaker model of type xar-

Proof. The “only if” assertion is a special case of Theorem 1 of [21]. The “if” part is a formal consequence
of the “only if,” Harish-Chandra’s subquotient theorem, and the fact that a principal series representation
has exactly one Whittaker model of a given type ([30], Theorem 6.6.2). Q.E.D.

We continue with the argument for Proposition 13.6. Now the standard limit representations in Def-
inition 13.5(e) may be constructed by induction from limits of discrete series on M (see the discussion at
(11.2)). By Lemma 14.11, they will admit Whittaker models of type x; if and only if these limits of discrete
series admit Whittaker models of type xs,1. Because all of the limits of discrete series in question correspond
to a single system of positive imaginary roots, it is possible to pass from any one to any other by tensoring
with finite-dimensional representations of M (R) (more precisely, of its canonical covering). This does not
affect the existence of Whittaker models (cf. [30], proof of Theorem 6.6.2).

We may therefore confine our attention to a single limit of discrete series representation 7y of M(R). By
the construction of o, every simple imaginary root of 7 in M is noncompact. It follows that the annihilator
of 7ps in the enveloping algebra of m is a minimal primitive ideal ([52], Theorem 6.2). By Theorem 6.7.2 of
[30], there is a non-degenerate unitary character x s of Nps(R) so that 7y, admits a Whittaker model of type
X - It is clear from Definition 3.1 that there is a non-degenerate unitary character x of N(R) restricting to
xm on M. By Lemma 14.11, our standard limit representations all admit Whittaker models of type x. By
Lemma 3.2, there is a t € G normalizing N, so that Ad(t) is defined over R, and ¢ - x; = x. Consider now
the triple

(to1t7 1, N t - x1) = (6, N, x).

Since W is a G-orbit, this triple belongs to W. Since Ad(t) is defined over R, conjugation by ¢ defines the
same real form og as d;. Define
W(TF) = T-conjugacy class of §.

This satisfies the requirements of Definition 13.5.

For the uniqueness, suppose W (TT) is another extended group structure on 7T satisfying the require-
ments of Definition 13.5. Fix a triple (6', N’,x’) € W so that ¢’ belongs to W/(T"). The argument in the
first half of the proof may be reversed to deduce from the assumed existence of Whittaker models (Definition
13.5)(e)) that every simple root of R;’ﬁ{ must be noncompact for the real form o, defined by conjugation
by ¢’. By the construction of og, it follows that o¢ and of, define exactly the same sets of compact and
noncompact imaginary roots. By Lemma 14.1, they are conjugate by an element of 7. Since W/(TV) is a
T-conjugacy class, we may therefore assume that ¢’ is chosen so that

the conjugation action oy, of ¢’ is equal to o¢. (14.12)(a)
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This means that the real form G(R) defined by §’ coincides with the one defined by 6. The groups N and
N’ are therefore conjugate by G(R); after applying such a conjugation to N’ (which does not change ¢’) we
may assume that N = N’. Fix a maximal torus Ty C M normalizing N and defined over R; we write

B, =T,N,  B,(R)=T,(R)Ns(R). (14.12)(b)

Of course T contains Z(G), so the set of elements of B, for which the conjugation action on G is defined
over R may be decomposed as

(Bs/Z(G))(R) = (T /Z(G)) (R) Ny (R). (14.12)(c)

Recall now that (d, N, x) and (6, N, x’) both belong to W, and so are conjugate by an element ¢ of G.
This element normalizes N, and so belongs to B,. By (14.12), the element may be chosen to belong to T}
(where it must represent a class in (T5/Z(G))(R)). In particular,

t-x=x, tot~ =¢'. (14.13)

On the other hand, Definition 13.5(e) and Lemma 14.11 provide a single limit of discrete series representation
for M(R) admitting Whittaker models of types xas and x’,;. To this situation we can apply

Lemma 14.14. Suppose G(R) is a quasisplit real form of a complex connected reductive algebraic group,
and 7 is an irreducible representation in the limits of (relative) discrete series. If m admits Whittaker models
of types x and X', then x and x' must be conjugate under G(R).

Proof. Fix a Borel subgroup Bs; = TN defined over R, and a maximally compact maximal torus T'(R).
We may as well assume that y and x’ are non-degenerate unitary characters of N(R). Consider the group
(AdG)(R) of inner automorphisms of G defined over R. It contains the image (Ad(G(R)) of G(R) as a
subgroup of finite index. Define

Q(G(R)) = (AdG)(R)/(Ad(G(R)). (14.15)(a)

This finite group acts on the set of equivalence classes of representations of G(R), and on the set of conjugacy
classes of Whittaker models.

It follows easily from the essential uniqueness of B that every coset in Q(G(R)) meets Ts. It therefore
follows from Lemma 3.2 that

Q(G(R)) acts simply transitively on conjugacy classes of Whittaker models for G(R). (14.15)(b)
At the same time, the existence of representatives in Ts shows that
Q(G(R)) acts trivially on the set of principal series representations for G(R). (14.15)(c)

On the other hand, the essential uniqueness of the maximally compact torus 7" shows that every coset
in Q(G(R)) meets the normalizer of T in G. Define

W2 (G,T) = Weyl group of T in (Ad G)(R).
Since T'(R) is connected, it follows that
Q(G(R)) = Wa(G,T)/W(G(R), T(R)).
From this it follows that
Q(G(R)) acts without fixed points on limits of discrete series representations of G(R). (14.15)(d)

To prove the lemma, realize 7 as a quotient of a principal series representation p. By (14.15)(b), there
is an element ¢ € Q(G(R)) with ¢ - x is conjugate by G(R) to x’. It follows formally that 7’ = ¢ - 7 has
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a Whittaker model of type x’. By (14.15)(c), q - p is equivalent to p, so «’ is also a quotient of p. The
quotient representations m and 7’ of p now both have Whittaker models of type x’. Because p has a unique
Whittaker model ([30], Theorem 6.6.2) it follows that 7 must be equivalent to 7. By (14.15)(d), ¢ = 1, so
X is conjugate to x’. Q.E.D.

Returning to the proof of Proposition 13.6, we deduce that x,s is conjugate to x4, by an element of
M (R); by Lemma 3.2, we may as well choose this element ¢y, in T5(R). We can replace x’ by tar - X/, and ¢
by ttar; then (14.13) remains true, and we have in addition that xs = x4,. From this we deduce that Ad(¢)
acts trivially on each of the simple restricted root spaces in m. Consequently ¢ is central in M, so it belongs
also to the maximal torus T of M. The second equation of (14.13) now shows that § and ¢’ are conjugate
by T, as we wished to show. Q.E.D.

We turn now to the proof of Proposition 13.8. Formally the argument is quite similar, and most of
the subtleties have been dealt with in [1]. We will therefore omit some details. Again the first point is to
understand extensions of involutions from maximal tori to reductive groups.

Lemma 14.16. Suppose T is a mazimal torus in the connected reductive algebraic group G, and 6
is a (holomorphic) involutive automorphism of T permuting the roots of T in G. Suppose 01 and 05 are
two involutive automorphisms of G extending 6, and that they determine the same sets of compact (and
noncompact) imaginary roots. Then 01 and 02 are conjugate by an element of T.

(Recall from (12.5) — (12.7) that a root is called imaginary if it is fixed by 8, and compact if the corresponding
root vector is also fixed.)
The proof is exactly parallel to (and perhaps slightly simpler than) that of Lemma 14.1, so we omit it.

Proof of Proposition 13.8. By Lemma 9.17 of [1], there is an element Vé; € SN d7" Write K, for the

centralizer of Vé; in VG, and
By ={B|(Y6,,’B) € S}

This is evidently a single Kj-orbit of Borel subgroups. By Proposition 6.30 of [1], there is a set deRJ
of positive imaginary roots special with respect to “B;. Now there is a unique element w of the Weyl
group of imaginary roots carrying dR;%J to dR;%. The action of w on 9T (as a product of reflections in
imaginary roots) commutes with the action of ¥d; on ¢T. Choose an element n of the normalizer of 9T in
V@ representing w, and define Vé = n(V§;)n~t. Clearly V4 belongs to S. The action of Vé on 9T agrees with

that of V&, (since the latter commutes with w); so V6 = Vd;t for some t € 4T’; so V§ belongs to SN4T". The

corresponding set B of Borel subgroups is obtained from ¢B; by conjugating by n; so it follows immediately

from the definition that deR = (dR;HM) is special with respect to “B. The 9T-conjugacy class S(dTF) of

V§ therefore satisfies the requirements of the proposition.

For the uniqueness, suppose S’ (dTF) is another E-group structure satisfying the requirements of the
proposition. Fix V¢’ € S’(dTF); what we are trying to show is that V¢’ is conjugate to ¥ by ¢T". Write 0 and
¢’ for the involutive automorphisms of VG defined by conjugation by V4§ and V¢’. By Proposition 6.30(a) of
[1], every simple root in dR;% is noncompact with respect both to € and to ¢’. By Lemma 14.16, it follows
that 0 and 0’ are conjugate by ?T. After replacing V¢’ by a conjugate, we may therefore assume that 6 = ¢'.

Now V§ and V¢ belong to S, which is a single orbit of YG. It follows that there is an element z of
VG conjugating V6 to V. We can multiply = on the right or left by elements of K without affecting this
property; what we need to show is that this may be done so as to put x in 7. The automorphism Ad(z)
commutes with 6, so the coset #Z(VG) belongs to the group K of fixed points of § in Ad(¥G). Now Ad(z)
carries 9T to another #-stable maximal torus 7", so these two tori are conjugate by K. We apply to Ad(VG)
the following easy lemma.

Lemma 14.17. Suppose G is a connected reductive algebraic group, and 6 is an involutive automorphism
of G. Write K for the group of fixed points of 0. Suppose T and T’ are 0-stable maximal tori in G, conjugate
by K. Then they are conjugate by the identity component K.

We omit the elementary proof.

In our situation, we conclude that there is an element zy € K conjugating 7" to 7. Multiplying z
by zo on the left, we may therefore assume that ?7” = 9T that is, that 2 normalizes ¢T. In particular, the
action of = defines an element w € W (VG, 4T) commuting with 6. Proposition 3.12 of [56] describes the Weyl
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group elements commuting with 6. By Proposition 4.16 of [56], we may modify x by a representative in K
of an appropriate Weyl group element, and arrange for w to be in the imaginary Weyl group. Since x carries
V§ to V', it follows that w(dR;%) must (like dR;-%) be special with respect to ?B’. By Proposition 6.30(c) of
[1], it follows that w has a representative in K. After multiplying = by the inverse of such a representative,
we get x € 9T, as we wished to show. Q.E.D.

15. Multiplicity formulas for representations.

Our next goal is Theorem 1.24 of the introduction, relating the geometric invariants discussed in Chap-
ters 7 and 8 to representation theory. We begin by discussing a little more carefully the definition of the
representation-theoretic multiplicity and character matrices (cf. (1.21)). For the same reasons as in Chapter
11, we work at first in the setting of (11.1). Recall from Definition 11.13 the set L*(Gg) of equivalence
classes of final limit characters of type z. For A € L*(Gg), write

M(A) = standard limit representation attached to A (15.1)(a)

(cf. (11.2)), and
m(A) = Langlands quotient of M(A). (15.1)(b)

(We leave open the question of which form of the representation to use — Harish-Chandra module or
some topological version. Several reasonable possibilities are discussed below.) By Theorem 11.14, w(A) is
irreducible, and this correspondence establishes a bijection

L*(Gp) & IF(Gr), A 1(A). (15.1)(c)

There are several ways to fit these representations into a nice abelian category. By far the simplest
approach, due to Harish-Chandra, is to choose a maximal compact subgroup Kg of Gg. (This is unique up
to conjugation by Gg.) One can then consider

M (g, Kr), (15.2)(a)

the category of finite-length canonical projective (g, Kg)-modules of type z, or Harish-Chandra modules.
(Such a module is a representation simultaneously of g and of K™% (cf. (11.1)(e)), with m (G)°™ acting
by the character parametrized by z.) Sometimes it is convenient to obscure the choice of Ky, writing instead

o (Gr) (15.2)(b)

for this category. Alternatively, one can consider the category
M (Gr) (15.2)(c)

for which a typical object is the space of smooth vectors in a finite-length canonical projective representation
of Gg of type z on a Hilbert space. That this is a nice category is a deep theorem of Casselman and Wallach;
in fact they show that it is equivalent (by taking Kg-finite vectors) to M?(g, Kr). Instead of smooth vectors,
one can consider distribution vectors, analytic vectors, or hyperfunction vectors; all of these choices lead to
equivalent categories (designated with a subscript —oo, w, or —w). For our purposes in this paper, the
category of Harish-Chandra modules is sufficient; but the aesthetic advantages of the other possibilities
(such as the elimination of the choice of Kg) are significant. Recall also that the critical Definition 13.5(e)
really makes sense only on M?Z_ (cf. Definition 3.1).
In any case, the categories are all canonically equivalent, so we can safely define

KII*(Gr) = Grothendieck group of M%~(Gr). (15.2)(d)
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Suppose © and A belong to L*(Gg). As in (1.21), define
m,(0,A) = multiplicity of 7(0) in M(A). (15.3)(a)

We call m, the representation-theoretic multiplicity matriz. In the Grothendieck group this definition
amounts to
M@A)= > m(0,M)r(e). (15.3)(b)

©€eL?(Gr)

Entries of m, corresponding to limit characters of distinct infinitesimal character are zero, so m,. is “block-
diagonal” with finite blocks. In an appropriate ordering of the basis, each block is upper triangular with
one’s on the diagonal ([54], Lemma 6.6.6). Consequently the multiplicity matrix is invertible; its inverse ¢,
is called the representation-theoretic character matrix. Explicitly,

m(O©) = Y (A ©)M(A) (15.3)(c)

AeL?(Gr)

in KTI*(GRr). In particular, the final standard limit representations M (©) form a basis of the Grothendieck
group. (The distribution characters of the standard representations are relatively simple. The equation
(15.3)(c) therefore provides a fairly good formula for the distribution character of the irreducible represen-
tation w(0); hence the term “character matrix.” In the case of regular infinitesimal character, the standard
representation M (A) is characterized by the appearance of one particular term in the formula for its distri-
bution character (on the Cartan subgroup Tk corresponding to A). The entries ¢,.(A, ©) may therefore be
interpreted as certain coefficients in the character formula for 7(0).) In analogy with (7.11)(f), we define
the Bruhat order on L*(GRr) to be the smallest partial order with the property that

m,(0,A) # 0 only if © < A. (15.3)(d)

We could replace m, by ¢, without changing the order. The Bruhat order makes tempered final limit
characters minimal, since the corresponding standard representations are irreducible. (Of course there are
non-tempered minimal elements as well.)

We will need to recall a little about the Kazhdan-Lusztig algorithm for computing the matrices m,. and
¢ (for linear groups). Just as in the geometric case (Proposition 8.8) the first step is a reduction to the
regular case using a translation principle. We begin with an easy and well-known result.

Lemma 15.4. Suppose G is a complex connected reductive algebraic group, and VG is a dual group for
G. Write g for the Lie algebra of G, and

3(g) = center of U(g).

Then there is a natural one-to-one correspondence between the set of algebra homomorphisms

x:3(g) = C

and the set of semisimple orbits O of VG on Vg.

Proof. Fix maximal tori T C G and 9T C VG. Harish-Chandra’s theorem (see [22]) parametrizes the
characters of 3(g) by orbits of the Weyl group on the dual t* of the Lie algebra of T. By (9.3)(b), t* is
naturally isomorphic to the Lie algebra vt of the dual torus VT. By Lemma 13.1, there is an isomorphism of
VT with T determined uniquely up to the action of W; so Weyl group orbits on the respective Lie algebras
are canonically identified. But every semisimple orbit of VG on Vg meets ?t in a unique Weyl group orbit.
Q.E.D.

We sometimes write
xo:3(g) = C (15.5)(a)
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for the character corresponding to the semisimple orbit O in the bijection of Lemma 15.4. If T is a maximal
torus in G and A € t*, then we may also write

xx:3(g) = C (15.5)(b)

using Harish-Chandra’s theorem more directly. The various definitions in (15.2) may be restricted to a single
infinitesimal character, as in

L*(0,Gr) = { A € L?*(Gr) | m(A) has infinitesimal character xo } (15.5)(c)
M53%c(0,GRr) = Harish-Chandra modules of generalized infinitesimal character xo (15.5)(d)
KII*(O,Gr) = Grothendieck group of M%,~(O, Gr). (15.5)(e)

The set L*(O, GR) is finite, so KII*(O, GR) is a lattice of finite rank.

It is convenient to include here the notation we will use in the extended group setting, even though we
have a little more work to do with Gg. So suppose for a moment that (G¥, W) is an extended group for
G. As in Lemma 1.15, choose a set {05 | s € X } of representatives for the equivalence classes of strong real
forms of G. Recall from Definition 12.1 that L*(G/R) is the set of G-conjugacy classes of pairs (A, J), with
d a strong real form of G (Definition 1.13) and A € L*(G(R, §)) a final limit character. As in Lemma 1.15,
there is a natural identification

L*(G/R) ~ [ L7 (G (15.6)(a)

sEX

Theorem 12.3 provides a bijection between these parameters and the set II?(G/R) of Definition 10.3; and
the proof of Lemma 1.15 shows that

I*(G/R) ~ [ I*(G (15.6)(b)

SED

Just as in (15.5), we can restrict attention to a single infinitesimal character corresponding to a ¥ G-orbit
O, writing for example L*(O,G/R). Finally, let (YGT,S) be an E-group for G with second invariant z.
Theorem 10.4 identifies IT*(G/R) with

2 (G/R) = Z(VG). (15.6)(c)

This set also decomposes according to the semisimple orbits of VG on Vg, and we have
Z%(0,G/R) = { complete geometric parameters for VG acting on X (0,VGT) } (15.6)(d)
It is clear from the definitions that Theorem 10.4 provides an identification
I*(0,G/R) ~ E%(0, G/R). (15.6)(e)

In analogy with Definition 7.13, we can form the direct sum of abelian categories

o(G/R) = P Mi;c 8s)). (15.7)(a)

sEX

(Recall that the notation conceals a choice of maximal compact subgroup for each strong real form.) Every
object in this category has finite length, and we have irreducible and standard representations parametrized
by L*(G/R) or E#*(G/R). For £ € E%(0, G/R), we may write as in (15.3)

ME= >, m(H7() (15.7)(b)

YE€E*(0,G/R)

and so forth; this identity is in the Grothendieck group

KII*(0,G/R) = @) K1I* (0, G(R, 5.)). (15.7)(c)

sEX
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In order to define the pairing of Theorem 1.24, we need one more definition.

Definition 15.8. Suppose VG' is a weak E-group. Recall from Definition 4.9 the element z(p) €
A (VGalg ); it has order 2. Because it is canonically defined, it is fixed by the conjugation action of any
element of VG'. If ¢ = (¢,7) € E(VGY), it follows that z(p) belongs to VG;lg. Write z(p) for its image in

the universal component group Af;c’alg ; this is a central element of order 2. It therefore acts by £1 in the
irreducible representation 7, and we define

(&) = (7)) = £1.
We also recall from (1.22) the notation
d(€) = dim S,
with S¢ the VG-orbit on X (VG') corresponding to ¢ (Definition 7.6).
Lemma 15.9. In the setting of Theorem 10.4, suppose & € Z*(G/R) corresponds to an irreducible

representation © of a real form G(R,5). Then the sign e(€) of Definition 15.8 is equal to the sign e(G(R,9))
defined in [32]. In particular, it is equal to 1 if G(R,d) is quasisplit.

We will give a proof at the end of Chapter 17.
Definition 15.11. Suppose we are in the setting (15.6). The Grothendieck groups KII?(O, G/R) (cf.

(15.7)(c)) and KX (0O,YG") (Definition 7.13) are both free Z-modules on bases parametrized by Z*(G/R).
It therefore makes sense to define the canonical perfect pairing

(,): KII*(0,G/R) x KX(0,YG") = Z

by the requirement
(M(&), u(7)) = e(§)e -
The last term on the right is a Kronecker delta.

We can now restate Theorem 1.24 using E-groups instead of L-groups.

Theorem 15.12. Suppose (GF', W) is an extended group for G (Definition 1.12), and (VG',S) is an
E-group for the corresponding inner class of real forms, having second invariant z (Definition 4.14). Fix
a semisimple orbit O of VG on Vg. Write KIT*(O,G/R) for the Grothendieck group of canonical projec-
tive representations of type z and infinitesimal character xo of strong real forms of G (c¢f. (15.7)(c)), and

KX(0,VGY) for the Grothendieck group ovaalg—equivariant constructible sheaves on the geometric param-
eter space X (O,VGY) (Definitions 6.9 and 7.13). Fix complete geometric parameters &,y € Z*(O0,G/R) (cf.
(15.6)(d)), and write w(§), P(y) for the corresponding irreducible representation and perverse sheaf (Theorem
10.4 and Definition 7.13). Then the canonical pairing of Definition 15.11 satisfies

(m(€), P(7)) = e(€)(=1)"5¢ ..
Here e(§) is defined in (15.8).

We will prove this result in the next two chapters. The following relationship between the geometric
and representation-theoretic multiplicity matrices is just a reformulation.

Corollary 15.13. In the setting of Theorem 15.12, fix n and v in Z*(G/R). Then the geometric and
representation-theoretic multiplicity and character matrices (cf. (7.11) and (15.3)) satisfy

a) cg(n,y)(=1)1M=40) = m, (v,n).
b) cr(n,7)(=1)HM=4) = m(y,n).

Proof. Using (15.3)(c) and (7.11)(c), we can rewrite the pairing in Theorem 15.12 in terms of standard
representations and elementary constructible sheaves. The result is

(w(€), P()) = (3 er (€ OME), S ey (s 1)) (~1)*))

& ¥
=Y (€, eg(V, (=1 ME), u(+').
€
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By Definition 15.11, only the terms with +' = £’ contribute; we get

Z Cr(nv 5)69(7’7 7)(_1)d(n)e(77)

n

Now the central element z(p) clearly acts by e(vy) on all the stalks of the perverse sheaf P(y). So whenever
the second factor is non-zero, we must have e(n) = e(vy). This leads to

(1T e, E)eq(n,7)(=1) 1M1,

Comparing with the formula in Theorem 15.12, we find

D er(m &)eg(n7)(~1)*D ) = ¢ .
n

Since the inverse of the matrix ¢, (7, &) is by definition m..(v, ), it follows that

m.(y,m) = cg(n,7)(=1)*M =40,

which is (a).
For (b), write

cg(m,7) = my(y,n)(=1)4M =40,

Multiply by m4(§,n) and sum over 7. Since ¢, is by definition the inverse of mg, we get d¢ , on the left. The
right side can be written as

(1)1~ 3 (o, mhmg (€, m)(—1) 4=,
n

Since the left side is zero unless v = £, we can drop the sign in front of the summation. Since ¢, is by
definition the inverse of m.., it follows that

Cr("], é-) = mg(g’ n)(fl)d(f)*d(n)

This is (b). Q.E.D.
We leave to the reader the straightforward verification that the argument given for Corollary 15.13(a)
can be reversed, so that
Theorem 15.12 is equivalent to Corollary 15.13(a). (15.14)

16. The translation principle, the Kazhdan-Lusztig algorithm, and Theorem 1.24.

In this chapter we will begin the proof of Theorem 15.12 (which is essentially Theorem 1.24). The first
step is a reduction to the case of regular infinitesimal character. For this, we reformulate the translation
principle for representations so as to emphasize the connection with the geometric translation principle of
Proposition 8.8.

Definition 16.1. In the setting of Lemma 15.4, suppose O and O’ are semisimple orbits of VG on Vg,
and 7 is a translation datum from O to O’ (Definition 8.6). Fix maximal tori T C G and 9T C VG, and
construct g = X' — X\ € X, (T) as in Definition 8.6(e); this element is defined up to the Weyl group. By
Lemma 13.1(b), u corresponds to a weight (also called p) in X*(7T'), defined up to the action of the Weyl
group. By the Cartan-Weyl theory, there is a unique finite-dimensional irreducible algebraic representation

103



Fr of G having extremal weight —u. Write P for the functor of projection on the generalized infinitesimal
character xo; this is defined on all representations of g on which 3(g) acts in a locally finite way.
The Jantzen-Zuckerman translation functor

7 MF(O',Gr) = M?*(O,Gg)

is defined by
Y7 (M) = Po(M ® Fr).

(Of course it is also defined on M*(O’,G/R).) In the notation of (11.15), this is ¢§:+Ma. Our present
hypotheses are somewhat weaker. Because of the definition of translation datum, this functor is a translation
“to the wall.” A complete development of the theory also requires the adjoint translation functor (“away
from the wall”)

qu : MZ(O, GR) — MZ(O/, G]R)

defined by
¢17(M) = Po/(M @ F7).

The most basic properties of these functors (that they are well-defined, covariant, exact, and adjoint to
each other) are established in [54], Proposition 4.5.8. Before we recall anything deeper, it may be helpful to
reformulate the definition of translation datum so as to put Definition 16.1 in a more familiar setting.

Lemma 16.2. Suppose G is a complex connected reductive algebraic group, VG is a dual group, and O
and O are semisimple orbits of VG on Vg. Then a translation datum T from O to O' (Definition 8.6) may
be identified with a G-conjugacy class of triples (T, A\, \') subject to the conditions below.

i) T is a mazimal torus in G, and X and N belong to t*.
ii) The infinitesimal characters x and x'\ are equal to xo and xor respectively (notation (15.5)).
ii1) Suppose a is a root of T in g, and (\,a") is a positive integer. Then (N, ") is a positive integer.
iv) The weight p = X — X belongs to X*(T).
Any triple (T, X\, N') satisfying (i)-(iv) determines a unique translation datum.

This is clear from Definition 8.6 and Lemma 13.1. In the language of Definition 4.5.7 of [54], our (t, A\, \)
corresponds to (h%, £+ Xo, £+ A1). (Various extra complications appear in [54] because the finite-dimensional
representations are not assumed to come from an ambient algebraic group. On the other hand, the definition
in [54] does not require any condition like (iii) of Lemma 16.2; such conditions appear only when there are

theorems to be proved.) Our functor ¢ is called wgii‘; in [54], and our ¢ is wgij\\f

In the setting of Definition 16.1, suppose A’ = ((A“*™)’, R;ﬂa’ R{) is a limit character of infinitesimal
character O’ (cf. (11.2)). When G is linear we can define a new limit character

A = 7 (A) (16.3)(a)

as follows (cf. (11.17)). First, the Cartan subgroup Tk and the positive root systems are unchanged. Identify
the translation datum 7 as in Lemma 16.2, and choose a triple (T, A\, ') with T the complexification of Tg
and X the differential of (A’)“"; this is possible by our hypothesis on the infinitesimal character of A’. By
the definition of a translation datum (see Lemma 16.2(iii)), the stabilizer of X' in the Weyl group W (G, T)
also stabilizes A. It follows that A is uniquely determined by T and \'; so the weight = X — X € X*(T)
is well-defined. (This step is not symmetric in A and A’; we cannot reverse it to define “¢7(A).”) Via the
map (11.1)(b), we can regard p as a character of Tk; so we can define

AT = (M) @ i, (16.3)(b)
The positivity assumption in Lemma 16.2(iii) guarantees that A inherits from A’ the requirement (11.2)(d)
in the definition of a limit character. (This is where the linearity of G enters: it forces the imaginary roots

to be integral, so that Lemma 16.2(iii) imposes some restrictions on their positivity. This point introduces
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substantial difficulties in the detailed character theory of non-linear groups. In Chapter 11, we avoided these
problems by assuming g dominant.)

Theorem 16.4. Suppose G is a complexr connected reductive algebraic group, and Gy is a linear real
Lie group as in (11.1). Fiz infinitesimal characters O and O’ (Lemma 15.4) and a translation datum T
from O to O'.

a) Suppose N is a limit character with infinitesimal character O write A = 7 (N') (cf. (16.3)). Then
Yr(M(A)) = M(A)

(notation (11.2) and (16.1).)

b) Suppose ' € II*(GR) is an irreducible canonical projective representation of infinitesimal character O'.
Then 7 (') is irreducible or zero.

¢) In the setting of (a), suppose in addition that A’ is final and that Y7 (w(A')) #0. Then A is also final,
and

Yr(n(A)) = m(A).
In this way Y1 defines a bijection from a subset of II*(O', Gr) onto I1#(O, GR).

This is another version of the results in Propositions 11.16, 11.18, and 11.20; the arguments and refer-
ences given there apply here as well. Write

1/)}1 :11%(0, Gr) — II#(O', Ggr) (16.5)(a)

for the injective map inverting the correspondence of (¢). This is not so easy to describe explicitly; one
characterization is
¢! (m) = unique irreducible subrepresentation of ¢ (). (16.5)(b)

Because of Theorem 11.14, there is a corresponding injective map on equivalence classes of final limit char-
acters

o7 L*(0,Gr) — L*(O',Gg). (16.5)(c)

As a consequence of Theorem 16.4, this map respects the representation-theoretic multiplicity matrix:
my(¢7(0), ¢7(A)) =mr(©,A)  (0,A € L*(O,Gr)). (16.5)(d)

Because of Lemma 8.7, this reduces the calculation of the multiplicity matrix m, to the case of regular
infinitesimal character. In connection with Theorem 1.24, we need to know that this reduction is compatible
with the corresponding one on the geometric side.

Proposition 16.6. In the setting of (15.6), suppose T is a translation datum from O to O'. Then the
diagram
L*(0,G/R) T L[#0',G/R)
\J . )
=2(0,v6h) 15 =20, var)
commutes. Here the vertical arrows are the bijections of Theorem 10.4.

Proof. The map in the top row has been described rather explicitly in terms of Cartan subgroups of
G" in the course of the proof of Proposition 11.20. (The hypotheses there were slightly different, but the
same ideas apply.) The sets in the bottom row have been parametrized in terms of Cartan subgroups of
VGT (Theorem 12.9). The vertical maps are defined in terms of Cartan subgroups (Propositions 13.12 and
13.13). All that remains is to check that the geometrically defined map in the bottom row (cf. (7.16)) can
be computed in terms of Cartan subgroups. This is an elementary exercise, and we leave it to the reader.
(Notice that there are no perverse sheaves in this calculation — just homogeneous spaces and representations
of component groups.) Q.E.D.
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To get the reduction of Theorem 15.12 to the case of regular infinitesimal character, we use the equivalent
form Corollary 15.13(a) (cf. (15.14)). For that, we need only compare Proposition 7.15(c) with (16.5)(d).
(The orbit correspondence of Proposition 7.15 does not preserve dimensions of orbits, but it changes all of
them by the same constant d. Since only differences of dimensions appear in Corollary 15.13(a), this suffices.)

For the balance of this chapter, we may therefore assume that

O C Vg is a regular semisimple orbit of VG. (16.7)(a)

In order to describe the proof of Theorem 15.12, we need to recall in some detail the structure of the
Kazhdan-Lusztig algorithm that computes the various character matrices. Suppose (7T, A1) and (9T, \s)
are pairs with 9T'; a maximal torus in VG and \; € ¢T;NO. Just as in (11.17), there is a unique isomorphism

F(A1, A2) Ty — 9T (16.7)(b)

induced by an element of ¥YG and carrying A1 to Ag. (It is the assumption that O is regular that makes the

isomorphism unique.) Define
(VTO; )\(9) = lim (dTa )‘)7 (167)(0)

the projective limit taken over pairs as above using the isomorphisms of (16.7)(b). Then any such pair is
canonically isomorphic to (To, \o), say by

iAo, N) VT — 9T (16.7)(d)
Write
To = dual torus to VTo. (16.8)(a)
The dual of the Lie algebra of Tp may be identified with Vtn, so we may write

Ao € 5. (16.8)(b)
By inspection of the proof of Lemma 15.4, it is clear that we may identify
(To, o) = lim (T, \). (16.8)(c)

The projective limit is taken over pairs (T, A\) with T a maximal torus in G, and A € t* a weight defining
the infinitesimal character o, using isomorphisms analogous to those of (16.7)(b). In particular, we get
isomorphisms

(Ao, ) : To =T (16.8)(d)
as in (16.7)(d).

The torus YT inherits a root system R(VG,VTo) C X*(VTo), a Weyl group W(VG,VTp), and so
on. Similarly (using (16.8)(c)) we can define R(G,Tp). The identification (16.8)(a) makes R(G,Tp) and
R(VG,VT ) into dual root systems, so that the roots for one may be regarded as coroots for the other. We
define the set of O-integral coroots

RY(0)={a" € R(VG, To)|a"(\o) € Z}. (16.9)(a)
Equivalently,
R RY(0)={a" € RY(G,To)|)o(a") € Z}. (16.9)(b)

Clearly an isomorphism j(Ap, ) as in (16.7)(d) identifies RV (O) with the set of roots of 4T in YG(\)
(cf. (6.2)(b)). In G, i(Ao, ) identifies R(O) with the set of A-integral roots of T in G. There is a natural
positive root system

RT(O)={a € RO)|a"(No) >01}; (16.9)(c)

(Ao, A) identifies the positive coroots with the roots of T in the Borel subgroup P()) of VG(A) (cf. (6.2)(e)).
We write

R(A) = i(Xo, )(R(0)) ={a € R(G,T)|a”(\) €Z}, R"(A) =i(Ao, \)(RT(0)), (16.9)(d)
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and similarly for RV. Define
A(O) = set of simple roots of R*(0), W(O) = Weyl group of R(O). (16.9)(e)

We can regard W(0O) as a group of automorphisms of Tp or of YT'». The corresponding set of simple
reflections is written

S(0) = {salr € A(O) }. (16.9)(f)

Of course (W(0),S(0)) is a Coxeter group. We may therefore attach to it a Hecke algebra H(O)
(cf. [27]). The Hecke algebra is a free Z[u'/?, u~'/?]-algebra with basis

{Tylw e W(0O)}. (16.10)(a)
It is characterized by the relations
LTy =Ty  (z,y € W(0),l(x)+IU(y) = l(zy)) (16.10)(b)
and
(Ts + 1)(Ts —u) =0 (s € S(O)). (16.10)(c)

(Here I(x) is the length function on the Coxeter group (W(0), S(O)); it need not be the restriction of any
length function on the larger Weyl group W(G,Tn).) It follows that the operators T generate the Hecke
algebra. The specialization to u'/? = 1 of H((©) — that is, its quotient by the ideal generated by u'/? — 1
— is naturally isomorphic to the group algebra of W(O).

This is the basic structure required for the Kazhdan-Lusztig algorithms, and we will make no explicit
use of any more natural descriptions of it. As a hint about the geometry underlying the algorithms, however,
we mention a (well-known) geometric description of W (O). Recall the map e from Vg to VG (cf. (6.2)(a)).
We use the notation of (6.10). Thus F(O) is the set of canonical flats in @, C(O) is the corresponding
conjugacy class in VG, and e is a smooth projective algebraic morphism from F(O) to C(O). Define

Z(0,G) = F(O) xc(o) F(O) (16.11)(a)

This definition is analogous to that of the geometric parameter space in Proposition 6.16, but it is substan-
tially simpler. An analysis along the lines of that proposition shows that there is a natural bijection

{ VG-orbits on Z(0) } <> W(O). (16.11)(b)

Here the diagonal orbit (which is just F(O)) corresponds to the identity element of W(Q©). The length
function on W (O) corresponds to the dimension of orbits (shifted by the dimension of F(O)). Now one can
realize the group algebra of W(Q) (and even the Hecke algebra H(Q)) as an algebra of correspondences,
endowed with a natural geometric action on KX (O,VGY). For a sketch of this, we refer to the end of [40].
(Our construction of geometric translation functors in Chapter 8 was of essentially the same nature; recall
that a translation datum was a very special kind of ¥G-orbit on F(O) x¢(oy F(O’).)

We return now to our description of the Kazhdan-Lusztig algorithms. Suppose Gy is a linear Lie group
as in (15.1)—(15.2). Define

KII*(0, Gg) = KII*(0, Gg) @z Z[u/?,u="/?], (16.12)(a)

(cf. (15.7)), the free Z[u'/?, u=1/2]-module with basis the irreducible (or standard) representations of Gg. We
may refer to this as the mized Grothendieck group of representations. (In a sense the definition is misleading;:
an ordinary Grothendieck group should be naturally the specialization to © = 1 of a mixed one, but a mixed
one does not arise naturally by extension of scalars from an ordinary one. In our case there is little to be
done, because of the lack of a category of “mixed representations.”) In the setting of (15.6), we will write

KII*(0,G/R) = KII*(O, G/R) ®z Z[u/? u=1/?], (16.12)(b)
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Similarly, we define
KX(0,VGY) = KX (0,VGY) @z Z[u'? w172, (16.12)(c)

the mized Grothendieck group of perverse sheaves. In this case a more geometric interpretation is available
([40], Definition 2.2). Finally, we will need an analogue of the definition in Corollary 1.26:

KII*(0,G/R) = Z[u'/?,u~1/?]-linear combinations of elements of TI*(O, G/R); (16.12)(d)

here infinite linear combinations are allowed. (Infinite combinations can arise only for non-semisimple groups,
because of the possibility of infinitely many strong real forms.) We call K the formal mized Grothendieck
group of representations.

Proposition 16.13. In the setting (16.7) - (16.12), there are natural actions of the Hecke algebra H(O)
on the mized Grothendieck groups KII*(O,Gr) (or KII*(O,G/R), or KII*(O,G/R)) and KX (O,VG").

Proof. By (8.9), the Z[u'/2,u~'/?]-module XX (O,"VG") is a direct sum of copies of Hecke algebra
modules constructed in [40]. Explicit formulas for the action of the generators Ts appear in Lemma 3.5 of
[40]. For KII*(O, Gr), the action is constructed in [56], section 12. Explicit formulas may be found there
or in [55], Definition 6.4. (There is a small but dangerous subtlety concealed in the details omitted here.
The basis for KII*(O, Gg) used in the references corresponds after Beilinson-Bernstein localization to a local
system on an orbit, placed in degree 0. This differs by something like (—1)¢, with d the orbit dimension,
from a standard representation. One effect appears in the formula for C, in Proposition 16.20 below, which
contains a sign absent from the references. Of course the sign could be absorbed in the definition of the
representation-theoretic Kazhdan-Lusztig polynomials, and this is probably where it belongs.) Q.E.D.

In addition to the Hecke algebra module structure, there are two more structures that are needed for
the Kazhdan-Lusztig algorithms.

Definition 16.14 (see [27]). Verdier duality is the unique algebra automorphism
D :H(O) = H(O)

satisfying
Du'? =u 2 DTy =u NTi + (1—w) (s € S(0)).

The terminology arises from the geometric interpretation of H(0). Using the defining relations (16.10), one
can easily verify that D is also characterized by

Dut? =y~ Y2 DT, = (T,-1)™  (we W(0)).
Another useful characterization is
Du'? =u™'2 DT, + 1) =u (T, +1) (s € S(0)).

It follows from either characterization that D? = 1. If M is a module for H(O), then a Verdier duality for
M is a Z-linear involution
Dy M — M
satisfying
Dpq(a-m) = (Da) - (Dpm) (a € H(O),m € M).

Again several equivalent characterizations are possible, notably

Dy(ut?-m) =u"V2(Dpym), Dp((Ts+1)-m) =u" Ty +1)- (Dyym)  (me M,s e S(O)).

Proposition 16.15 ([40], Theorem 1.10, and [55], Lemma 6.8). In the setting of Proposition 16.13,
there is a natural Verdier duality Dx on the Hecke algebra module KX (O,VGY). It is characterized uniquely

by the requirement that the matriz of Dx with respect to the basis {u(§)} of (7.10)(c) be upper triangular in
the Bruhat order (cf. (7.11)(f)) with u=%& on the diagonal.
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The duality Dx is constructed in [40] directly from Verdier duality for complexes of sheaves. (The
powers of u on the diagonal here differ from those in [55] by a constant. This modifies Dx by a power of u,
but has no other effect.) Since we are interested in using this duality to compute the geometric character
matrix, there is a small problem of circularity: the characterization of Dx involves the Bruhat order, which
in turn is defined using the geometric character matrix. This problem is circumvented in [55] by defining in
elementary terms a weaker preorder relation, then proving a stronger uniqueness result for Dy, involving
only the weaker preorder. In any case, the proof of the uniqueness of Dx provides an algorithm for computing
it.

To formulate an analogous result for the mixed Grothendieck group of representations, we need a
function on L*(GR) analogous to the function d(¢) (dimension of the orbit) on Z(YGT). In the cases of
interest Theorem 10.4 provides a bijection between these two sets, so we could simply use d(§); but this is a
little unsatisfactory aesthetically. What we want is essentially the “integral length” of [54], Definition 8.1.4;
we will normalize it in a slightly different way, however.

Definition 16.16. Let Gg be a linear Lie group as in (11.1). Fix a Langlands decomposition Mg Ag Ng
of a minimal parabolic subgroup of G, and let By; be a Borel subgroup of M. Define

co(Gg) = 1/2(dim Byy). (16.16)(a)

Suppose that A is a Gg-limit character of a Cartan subgroup Tg, with differential A € tg (Definition
11.2). Assume that A has infinitesimal character corresponding to O as in (16.7), so that we have a well-
defined set RT()) of positive integral roots (cf. (16.9)(d)). Choose a Cartan involution 6 of Gg preserving
Tg. Then # acts on the roots of T in G, and this action preserves the integral roots. (For this we need the
linearity of Gr.) We can therefore define the integral length of A by

'(A) =-1/2([{a € RT(\)|0a € RT(\) } + dim(T§)) + co(Gr). (16.16)(b)

Clearly this differs by a constant (depending on O and Gg) from the definition in [56], Definition 12.1 or
[54], Definition 8.1.4. It is also evident from the discussion in [56] that I takes non-positive integral values.
In the setting of (15.6), we will write

1) = 11(A) (16.16)(c)
whenever £ € Z*(G/R) corresponds to A € L*(G(R, ds)).

Proposition 16.17 ([56], Lemma 12.14). In the setting of Proposition 16.13, there is natural Verdier
duality Dy on the Hecke algebra modules KII# (O, G/R). It is characterized uniquely by the requirement that
the matriz of D with respect to the basis {M(A)} of (15.1)(a) be upper triangular in the Bruhat order (cf.

(15.3)(d)) with u="®) on the diagonal.

The construction of Dy in [56] is a very complicated reduction to the case of integral infinitesimal
character. In that case the Beilinson-Bernstein localization theory provides a further reduction to the case
of Proposition 16.15. Again it is important to establish a stronger uniqueness theorem (not involving the
Bruhat order) so that Dy is computable.

We now have all the ingredients needed to define the Kazhdan-Lusztig polynomials.

Proposition 16.18 ([55], Theorem 7.1). In the setting (16.7)-(16.12), there is for every geometric
parameter v € Z(0,VGY) an element

Co(7) =D Pa&Mu©)  (Py(&7) € Zu'/?, u/?)
¢

of KX (0,VGY) characterized by the following properties.
i) DxCy(vy) = u=Cy(y) (cf. Proposition 16.15).
i) Pyloy) = 1.
iii) Py(&,7y) # 0 only if £ <~y in the Bruhat order (cf. (7.11)(f)).
i) If € # v, then Py(€, ) is a polynomial in u of degree at most 1/2(d(y) —d(§) —1).
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As in Proposition 16.15, there is actually a stronger uniqueness theorem, and an algorithm for computing
the polynomials. We call the P, geometric Kazhdan-Lusztig polynomials. Here is the main result of [40].

Theorem 16.19 ([40], Theorem 1.12). In the setting of Proposition 16.18, fix v, € 2(0,VGY). Recall
from (7.10)-(7.11) the perverse sheaf P(7y) and the local system Ve on Se.
a) H- ¥4 P(y) =0 if i is odd.
b) The multiplicity of Ve in H’d(V)“P('y)\Sg is the coefficient of u'/? in P,(&,7).

¢) ¢g(&,y) = (1) MO~ Py (€, 7)(1).
d) The specialization Cy(v)(1) € KX(O,VGY) is equal to (—1)4) P(v).

Here the first two assertions are in [40] (although our present definition of P(vy), which follows [9], differs
by a degree shift from the one in [40]). The third assertion is immediate from the second and (7.11)(d), and
the last follows from (7.11)(c).

On the representation-theoretic side, things are formally quite similar.

Proposition 16.20 ([56], Lemma 12.15). Suppose we are in the setting (16.7)-(16.12) (so that in
particular Gg is a linear group). Then there is for every element © € L*(O, Gg) an element

C.(©) = Z(*l)ll(@)’lI(A)PT(A,@)(u)M(A) (P.(A,©) € Z[uM?,u=1/?))
A

of KII*(O, Gr) characterized by the following properties.

i) DnC(©®) = u_ll(@)C’r(@) (cf. Proposition 16.17).
ii) P.(0,0)=1.
i11) P.(A,©) # 0 only if A < © in the Bruhat order (cf. (15.3)(d)).
iv) If A # O, then P,.(A,©) is a polynomial in u of degree at most 1/2(11(0) — I1(A) — 1).

Again there is a better uniqueness theorem and an algorithm for computing the polynomials. We call the
P, representation-theoretic Kazhdan-Lusztig polynomaials. To state a result completely analogous to Theorem
16.19, we need to compute entries of the representation-theoretic character matrix as Euler characteristics.

Proposition 16.21. Suppose A = (A", RZT%, Ri{) is a Gr-limit character of Tr of infinitesimal char-
acter O (cf. Definition 11.2 and (16.7)). Choose a Cartan involution 0 for Gg preserving Tg. Write A
for the differential of A°®™, so that RT(A) is the corresponding set of positive integral Toots (cf. (16.9)(d)).
After replacing A by an equivalent limit character, assume that R (\) C Ry (Definition 11.6). Fiz a system
of positive roots

RT DO RT(N)URY
for T in G. Define
b=1/2{a € R" —R"(\) | a € R" }|,

a non-negative integer. Let n be the nilpotent subalgebra spanned by the negative root vectors for RT, so that
A*™ @ p(n) is a character of Tﬂgan’c of type z. Recall from Definition 11.2 the dual standard representation
M(A).

a) The weight A @ p(n) occurs in Hy(n, M(A)) ezactly once, in degree b — 17 (A).

b) If © is another standard limit character not equivalent to A, then A" ® p(n) does not occur in

H;(n, M(©)).

¢) For any standard limit character O, the representation-theoretic character matriz is given by

cr(N,0) = (—1)11(A)+b Z(—l)i(multiplicity of A" @ p(n) in H;(n,7(0))).

We use here the Harish-Chandra module version of the standard representations (cf. (15.2), taking for Kg
the fixed points of the Cartan involution 6 chosen at the beginning of the proposition. The Lie algebra t and
the group Tr N Kr both act on the Lie algebra homology groups, and the multiplicities are to be interpreted
in the category of (t,Tg N Kr)-modules. It is not difficult to reformulate the result without a choice of 6,
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using instead the complex conjugation on T' coming from Tk. In this form it is probably true for the various
smooth forms of the standard modules discussed in (15.2), but we do not know how to prove it.

Proof. Since Gg is assumed to be linear, all the imaginary roots are integral. The set of roots appearing
in the definition of b therefore consists of certain pairs «, 8« of complex roots. Consequently b is an integer.
In the case of integral infinitesimal character, parts (a) and (b) are Corollary 4.7 of [55]. The proof given
there carries through essentially without change in general. (It consists mostly of references to [54], where
there is no assumption of integrality.) Part (c) is a formal consequence of (a) and (b), together with the fact
that the Euler characteristic of n homology is a well-defined map from the Grothendieck group KTI?(Gg) to
KTI*(Tg).
Theorem 16.22. [In the setting of Proposition 16.20, fix A and © in L*(O,GRr), and choose n as in
Proposition 16.21.
a) A" ® p(n) does not occur in Hy_j1ey4i(n,7(0)) if i is odd.
b) The multiplicity of A" @ p(n) in Hy_j1@)4i(n, 7(©)) is the coefficient of u'’? in P.(A,©).
¢) (A, ©) = (=)' M@ P (A, ©)(1).
d) The specialization C(0)(1) € KII*(O, Gr) is equal to w(O).

We postpone a discussion of the proof to the next chapter.

Definition 16.23. Suppose we are in the setting (15.6). The mixed Grothendieck groups KII*(O, G/R)
and KX (O,VGY) (cf. (16.12)) are both free Z[u'/?,u~'/?]-modules on bases parametrized by Z*(O,G/R).
It therefore makes sense to define the canonical perfect pairing

(,): KIT* (0, G/R) x KX (0,VGY) = Z[u/? u=Y/?]

to be the Z[u'/? u~1/?]-linear map satisfying

<M(£)a /1‘(7)> - 6(5)5577u1/2(d("/)+11(§))

(cf. Definition 15.8, Definition 16.16) Notice that the specialization to u = 1 of this pairing is the canonical
pairing of Definition 15.11.

Theorem 16.24. Suppose we are in the setting (15.6). With respect to the pairing of Definition 16.23,
the elements C,.(&) and Cy(7y) of Propositions 16.18 and 16.20 satisfy

(Cr(€): Cy (7)) = e(€)dg yul XN+ (€D,
The geometric and representation-theoretic Kazhdan-Lusztig matrices are essentially inverse transposes of

each other: , E
S (=) OEOD P (0, §)Py(n, ) = be -
n

We will discuss the proof of the first assertion in Chapter 17. The second is a formal consequence, as in
the proof of Corollary 15.13 from Theorem 15.12.

Theorem 15.12 follows from Theorem 16.24 by specializing to u = 1 (see Theorem 16.19(d) and Theorem
16.22(d)). Q.E.D.

17. Proof of Theorems 16.22 and 16.24.

When the infinitesimal character is integral, Theorem 16.22 is the main result (Theorem 7.3) of [55]; it
is a more or less straightforward consequence of [8] and [40]. The proofs in [55] can be modified easily to
cover the case when the simple root system A(O) of (16.9) is contained in a set of simple roots for R(G,To).
Unfortunately this is not always the case. That the general case can be treated has been known to various
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experts for many years, but there does not seem to be an account of it in print. The geometric part of
the argument for the case of Verma modules may be found in the first chapter of [37]. The outline below
is gleaned from conversations with Bernstein, Brylinski, Kashiwara, and Lusztig; it is due to them and to
Beilinson. To simplify the notation, we take the central element z in Z(YG)%# to be trivial; this changes
nothing.

To begin, we must choose a system of positive roots

RT(G,To) D RT(0) (17.1)(a)

for the root system R(G,Tp). There is no distinguished choice for this positive system, and in fact the
argument will use several different ones. We write

po=1/2 > o (17.1)(b)

a€ERT(G,To)

Now classical intertwining operator methods (as for example in [49]) show that ¢.(A,©) is unchanged by
a small modification of © that does not affect the integral roots. (Implicit here is the assertion that it is
possible to make a corresponding modification of A.) After making such a modification, we may assume that
the infinitesimal character is rational; that is, (in the notation of (16.8)) that there is a positive integer n
with

n(/\o — po) ="Y0 € X*(To). (17.1)(0)

Define
B = variety of Borel subalgebras of g. (17.2)(a)

If b € B is any Borel subalgebra with Cartan subalgebra t, then there is a natural isomorphism j : to — t
carrying RT(G,To) to the roots of t in g/b. Using these isomorphisms, and the character vo of T, we can
define an algebraic line bundle

L — B. (17.2)(d)

(If the infinitesimal character is integral, then £ has non-trivial sections.) The complexification K¢ of a
maximal compact subgroup Kr of Ggr acts algebraically on B and £, with a finite number of orbits on B.
We make the multiplicative group C* act on L one fiber at a time, by

z-&=2"¢ (zeC*,¢eL). (17.2)(c)
Then the product group H = K¢ x C* acts on
L* = L — zero section , (17.2)(d)
with finitely many orbits corresponding precisely to the orbits of K¢ on B.
It is convenient to develop this situation a little more generally at first. So suppose Y is a smooth
complex algebraic variety, and £ is an algebraic line bundle. Write £* for £ with the zero section removed:
T LY =Y (17.3)(a)
a principal C* bundle. We make C* act on £* as in (17.2)(c):
z-&=2"¢ (zeC*, e LX) (17.3)(b)

We may therefore speak of C* -equivariant Dpx -modules on L*. If M is such a module, then its direct image
on Y is graded by the action of C*:

T (M) =Y (M) (k) (17.3)(c)

kEZ
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We say that M is genuine if the group of nth roots of unity in C* acts by the inverse of the tautological
character:
w-m=w'm (W'=1,meM) (17.3)(d)

Evidently this is equivalent to

T (M) = Y. mM)K) (17.3)(e)

k=—1 (mod n)

One can define a sheaf of algebras Dy (£'/™) on Y, as follows. Informally, Dy (£'/™) is the algebra of
differential operators on sections of the (1/n)th power of £. The difficulty is that there is usually no such
line bundle. Now if k is an integer, the space of sections of £L&* may be identified with the space of functions
on L£* homogeneous of degree —k in the fiber variable; that is, with functions satisfying

flz-€) =27"Ff(8). (17.4)(a)

Write E for the (Euler) vector field on £, induced by the vector field 2 on C* and the action (17.2)(c).
This is a globally defined vector field on £*. Clearly

{ functions homogeneous of degree —k } = { functions killed by E + nk }. (17.4)(b)

It follows easily that the differential operators on sections of £&* may be identified with the differential
operators on £ commuting with E, modulo the ideal generated by E + nk. This suggests defining (over
every open set U C Y)

Dy (LY")(U) = (Dex (v~ U)) P /(E +1) (17.4)(c)

Here on the right we are dividing by the ideal generated by E + 1.
Proposition 17.5. In the setting (17.3)-(17.4), there is a natural equivalence of categories

( genuine C* -equivariant Dy~ -modules on LX) > ( Dy (LY™)-modules on Y ).
In the notation of (17.3)(e), the equivalence is

M & o (M)(=1).

This is easy general nonsense.
We now return to the setting of (17.1) and (17.2). The action of G on B lifts to £, and so defines an
operator representation

wﬁx : U(g) — DEX . (176)(&)
The action of G commutes with that of C*, so the image of U(g) commutes with E. By (17.4)(c), we get

Ps(LY™) 1 U(g) — Dp(L™). (17.6)(b)

We write
Is(LY™) = ker (L) € Ulg). (17.6)(c)

Theorem 17.7 (Beilinson-Bernstein localization theorem — see [8]). Suppose we are in the setting
(17.1)-(17.2) (so that in particular the weight Ao is regular). Use the notation of (17.8)-(17.4) and (17.6).

a) The operator representation (17.6)(b) is surjective, with kernel equal to the ideal generated by the kernel
of the infinitesimal character xo.

b) The global sections and localization functors provide an equivalence of categories between quasicoherent
sheaves of Dg(L'™)-modules on B and g-modules of infinitesimal character xo.

Corollary 17.8. In the setting of Theorem 17.7, there is a (contravariant) equivalence of categories
between finite-length (g, Kc)-modules of infinitesimal character xo, and genuine H-equivariant perverse
sheaves on L*.
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Here H = K¢ x C* acts on £* as in (17.2)(c), and “genuine” is explained in (17.3)(d). To get this, we
first apply Proposition 17.5 to pass to genuine H-equivariant coherent D, x-modules, then use the Riemann-
Hilbert correspondence of Theorem 7.9. To get the equivalence to be contravariant, we must use the solution
sheaf version of the Riemann-Hilbert correspondence rather than the DeRham functor; this is the approach
used in [55].

According to (7.10), the genuine irreducible H-equivariant perverse sheaves on £* are parametrized by
genuine H-equivariant local systems on orbits; so we must study such local systems.

Lemma 17.9. In the setting of Theorem 17.7, there is a natural bijection between genuine H -equivariant
local systems on H-orbits on L, and equivalence classes of limit characters in L(O, Gr) (cf. (15.5)). Suppose
the limit character A corresponds to a local system on an orbit S. In the notation of Definition 16.16 and
Propostion 16.21, the codimension of the orbit S is equal to b — I (A).

Proof. Fix a Kc-orbit Sy on B, and write S for its preimage in £* (an orbit of H). We can find a Borel
subalgebra
b=t+nes (17.10)(a)

with the property that t is both #-stable and defined over R. The stabilizer Bx of b in K has a Levi
decomposition

the first factor is reductive, with compact real form
TK,R =Tk N Kg =1Tr N Kg. (1710)(0)

There is a natural map from Bk into the Borel subgroup B corresponding to b (induced by restricting
(11.1)(a) to Kg and complexifying). On the other hand, the line bundle £ gives a character v of B, and so
of Bg. The stabilizer in H of any point £ of £L* over b is then

Br ={(b,z) | b€ Bg,z€C*,v(b)=2""}. (17.10)(d)

By projection on the first factor, we see that E; is a central extension of By by the nth roots of one.
Projection on the second factor defines a genuine character of Bx of differential equal to p — A. Tensoring
with this character therefore defines a bijection

( characters of Bg with differential A — p ) <> ( genuine characters of B\;/(B\;)o ). (17.10)(e)

The objects on the right are essentially the genuine geometric parameters for the orbit S. Using (17.10)(b)
and (17.10)(c), we may identify the characters on the left with characters of Tr with differential A\ — p.
(The point is that Tk is a direct product of Tx g with a vector group, so that characters with specified
differential are determined by their restrictions to Tk r.) Such characters in turn give rise (by twisting by p
as in (11.3)) to limit characters of differential A, and so to classes in L(O, Gg). We leave to the reader the
easy verification that this construction establishes the bijection we need. The last assertion is an elementary
calculation, which we omit. Q.E.D

Proposition 17.11. In the setting of Theorem 17.7, suppose V is a finite-length Harish-Chandra
module for Gr of infinitesimal character xo. Let P be the corresponding perverse sheaf on L* (Theorem
17.7). Fiz an orbit S and a genuine H -equivariant irreducible local system V on S. Choose corresponding
Tr, n, and limit character A as in the proof of Lemma 17.9. Then the multiplicity of V in H'P|s is equal to
the multiplicity of the character A°™ @ p(n) in H;\ qim ox (0, V).

The proof is parallel to that of Proposition 4.1 of [55], and we omit it.

The main assertion in Theorem 16.22 is (b); for (a) is a special case, and (c¢) and (d) follow from
(b) and Proposition 16.21. So we need to calculate certain Lie algebra homology groups with coefficients
in irreducible representations. Proposition 17.11 reduces this to calculating the stalks of some irreducible
perverse sheaves. Assembling all of this (and the dimension calculation in Lemma 17.9) we see that Theorem
16.22 is equivalent to
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Theorem 17.12. In the setting of Theorem 17.7, suppose P(O) is the irreducible perverse sheaf on
L* corresponding to the limit character © € L(O,Gr). Write d for the dimension of the underlying orbit.
Suppose A is another limit character, corresponding to the local system V) on the orbit S. Then the multiplicity
of V in H-4t"P(0)|g is the coefficient of u'/? in P.(A,©).

The analogy with Theorem 16.19 is now immediately apparent.

To prove Theorem 17.12, we can proceed as follows. The corresponding calculation of Lie algebra ho-
mology groups is carried out in [54], under the hypothesis that certain representations U, (X) are completely
reducible (cf. [55], section 7). Here X is an irreducible representation of infinitesimal character o, and
a € A(O) is a simple integral root (cf. (16.9)). The idea is to prove that complete reducibility more or
less geometrically. Write P and U, (P) for the perverse sheaves corresponding to X and U, (X) (Corollary
17.8). We may assume by induction that Theorem 17.12 is true for P. We would like to find a geometric
description of U, (P). Unfortunately, no such description is available in general. To get one, we must first
replace our choice of positive root system in (17.1) by a new one

(RY)(G,To) > RT(0) (17.13)(a)
with the additional property that
« is a simple root in (R1) (G, To). (17.13)(b)

Such a choice certainly exists; the difficulty is that we cannot make one choice for all «. This change replaces
all the nilpotent algebras n whose homology we considered by slightly different algebras n’; but Proposition
4.3 of [55] guarantees that the homology changes only by a shift in degree. Next, we must replace the
infinitesimal character Ao by some

Aor = Ao + i, (17.13)(c)

with p € X*(Tp). What we require of the new infinitesimal character is
Ao is regular and dominant for R*(0), and oV (A\o/) = 1. (17.13)(d)

(To get the second condition, we may have to replace G by some finite cover.) The translation principle
identifies the Lie algebra homology groups we want with some corresponding ones for representations of
infinitesimal character attached to O'.

After making all of these adjustments, we are reduced to the case when our simple integral root « is
simple in R*(G,T), and the coroot o is one on Ap. Because of (17.1)(c), we have

a’(v0) =0 (17.14)(a)

Write
P, = variety of parabolic subalgebras of type a (17.14)(b)

(as for example in [40], (3.2)). The condition (17.14)(a) is what is needed for the weight y» to define an
equivariant algebraic line bundle

Lo — Pa. (17.14)(c)

The natural projection 7, from B to P, pulls £, back to £; so it defines a (proper equivariant) morphism
o L = L. (17.14)(d)

The fibers of m, are one-dimensional projective lines. The geometric U, functor on the derived category of
H-equivariant constructible sheaves on £* is given by

Ua,g(C) = 15 (ma)«(C) (17.14)(e)
(cf. [40], Definition 3.1, and [37], Lemma 1.19).
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Suppose now that P is an irreducible genuine H-equivariant perverse sheaf on £* as above. By the (very
deep!) decomposition theorem of Beilinson, Bernstein, Deligne, and Gabber ([9], Theorem 6.2.5), the direct
image (74 )« P (in an appropriate derived category) is a direct sum of irreducible (genuine H-equivariant)
perverse sheaves on LX, with various degree shifts. By Proposition 7.15, 7% [1] carries irreducible perverse
sheaves on LY to irreducible perverse sheaves on £*. It follows that U, 4(P) is a direct sum in the derived
category of irreducible perverse sheaves, with degree shifts. Since we know the cohomology sheaves of P by
induction, and since they vanish in every other degree, it is possible to compute the cohomology sheaves of
Ua,g(P) completely. The result agrees with the calculation of the Lie algebra homology of U, (X) made in
[54] (compare the argument at (7.9) — (7.12) in [55]). It follows first of all that U, (P) and U, 4(P) have
the same image in the Grothendieck group. Now an equivariant perverse sheaf in our setting that is not
completely reducible must have some stalks of its homology sheaves strictly smaller than those for the direct
sum of its composition factors. (This is elementary; it is also not difficult to prove a corresponding statement
on the level of Harish-Chandra modules.) Consequently U, (P) is completely reducible, as we wished to show.
Q.E.D.

We turn now to the proof of Theorem 16.24. Of course this is essentially taken from [56]. The idea
is to define a certain natural dual of the Hecke algebra module KX (O,VGY), then to identify this dual
with KIT*(O, G/R) (or rather an appropriate completion) using the pairing of Definition 16.23. The dual
module has a basis dual to the basis {Cy(7)}; an element of this basis must for formal reasons satisfy the
requirements of Definition 16.20 characterizing the C,.(§). The first point is therefore to define a dual Hecke
module.

Definition 17.15. In the setting of (16.10), suppose M is a module for H(O). Set
M* = Homz[u1/27u—1/2](M7Z[ul/g, u=). (17.15)(a)
Any Z[u'/?,u=/?]-linear map A on M defines a Z[u'/? u~1/?]-linear map A’ on M*, by the requirement
(A'p)(m) = p(Am) (m e M,ue M"). (17.15)(b)

As usual, we have (AB)" = B'A'. Since the Hecke algebra is non-commutative, we cannot make M* into a
module for it just by transposing the action on M; we must twist by an anti-automorphism of H(O). Such
an anti-automorphism may be defined by sending T, to (—u)" ()T, 1. (The inverse of Ty may be computed
from (16.10)(c); it is

T =u YTy + (1 —u)). (17.15)(c)

The invertibility of the other T, then follows from (16.10)(b).) We can therefore make M* a module for the
Hecke algebra by defining
Ty p=(—u)"(TH) (17.15)(d)

Using (17.15)(b)—(d), we can get three equivalent formulations of this definition:

(Ty - w)(m) = p(~T — 1+ u) -m), o
((Ty+ 1) - p)(m) = —p((T, — u) - m), or (17.15)(e)
(Ty =) - p)(m) = (T + 1) - m).

Suppose that M admits a Verdier duality Da. We can define a Z-linear involution D¢+ on M™* by
(Dag=p)(m) = p(Dpgm) (17.15)(f)

Here bar denotes the automorphism of Z[ul/z, u*1/2] defined by u/2 = w2, Tt is straightforward to check
that Dy~ is a Verdier duality for M* (Definition 16.14).

Proposition 17.16. Suppose we are in the setting of (15.6); use the notation of (16.12). Then the
pairing of Definition 16.23 extends to

(,) : KIT*(0,G/R) x KX (0,VGY) = Z[u*/? u=/?
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On this level it provides an identification
KII* (0, G/R) ~= Homy,1/2 ,-1/2) (KX (0,YG), Zu/? u™1/?)) = KX(0,YG")".
The Hecke algebra actions provided by Proposition 16.13 and Definition 17.15 are identified by this isomor-

phism.

Proof. Because the representation-theoretic character matrix is a direct sum of invertible finite blocks,
the formal mixed Grothendieck group KII*(O, G//R) may be identified with formal sums of standard repre-
sentations. Now the first assertion is obvious from Definition 16.23: the dual of a free module is a direct
product over a dual basis. For the second, we must show (according to Definition 17.15(e))

(T —u)M(&1), p(&2)) = —(M(&), (Ts + Du(&2)) (17.17)

for every &1,& € E#(O,G/R), and every simple reflection s = s, € S(O) (cf. (16.9)(f)). The proof of this
is essentially identical to the proof of Proposition 13.10(b) in [56]. We will examine carefully one easy case
and one difficult case.

So suppose &; corresponds to a complete Langlands parameter (¢1,7;) for a Cartan subgroup 7T of
VGT (Definition 12.4 and Theorem 12.9). Choose a compatible based Cartan subgroup structure

arr — (@1t sETh), dR;EM’ dRﬂth) (17.18)(a)
(Definition 13.11). Choose a based Cartan subgroup
T = (T7 , W(TY), R 1, RE: ) (17.18)(b)
for G and a pairing

G YTy — Ty (17.18)(c)

between them (Definition 13.9 and Proposition 13.10(b)). Construct a limit character (d1,A;) for 7T (Def-
inition 12.1) as in Proposition 13.12. By the definition in Proposition 13.13, the standard representation
M (&) is attached to the real form §; of G and the limit character A;. The parameter \; € 9T’ attached to
¢1 (Proposition 5.6) belongs to O, so (16.7)(d) provides natural isomorphisms

iQo, A1) VT — 4T, iAo, A1) : To — Th. (17.18)(d)
Under these maps, the simple root o« € A(O) of (17.17) corresponds to
o € A()\l) (17.18)(6)

(aroot of T} in G), and oV to a root
day € TA(\) (17.18)(f)

of ¢T; in VG.
For our easy case, assume that oy is a compact imaginary root of T} in G(R, d1), and that & = &. By
[56], Definition 12.3,
ToM (&) = uM(&1). (17.19)(a)

By Proposition 13.12(c), oy is a real root failing to satisfy the parity condition. By [40], Lemma 3.5(e),
Top(&2) = —p(&2)- (17.19)(b)

It follows from (17.19) that both sides of (17.17) are zero.

For a hard case, assume that «; is noncompact imaginary in G(R, d1), and that the reflection s,, does
not belong to the Weyl group of T3 (R) in G(R, §1). (In the terminology of [54], oy is “type I.” This case arises
in SL(2,R) but not in PGL(2,R). Our assumption on & will be formulated after (17.20).) Define G(a;)
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to be the subgroup generated by T} and the image of the root subgroup ¢,, (see (11.10)). The assumption
that «; is imaginary implies that G(a;) is normalized by 7T, and in fact

G(O&l)r = G(Ozl)Tlr (17.20)(&)

is a weak extended group. By the proof of Proposition 13.6 (after (14.10)), « is also noncompact imaginary
with respect to the real forms in W(TT'). We can therefore find an element

8% e w(tt) (17.20)(b)

that acts as §; does on G(a1). Up to center, the common real form G(a1,d1) = G(aq, 6?) is locally isomorphic
to SL(2,R), and T1(R) corresponds to a compact Cartan subgroup. Now let T5(R) be another Cartan
subgroup of G(a1,d?), corresponding to a split Cartan subgroup of SL(2,R). Define

TY = group generated by T, and 69, W(TY) = Ad(Ty) - 69. (17.20)(c)

This is a Cartan subgroup of G', the Cayley transform of Tt through a;. (Compare [54], Definition 8.3.4.)
We want to define on T4 a structure of based Cartan subgroup. To do that, we first fix an isomorphism

given by conjugation by an element of G(ay). This choice carries a; to a real root ap of Tp in G. It identifies
the imaginary roots in 75 with the imaginary roots in 7T} orthogonal to a1, so we can define

ij = ¢(Rfz1) N Rir2. (17.20)(e)

On the other hand, ¢~! carries the real roots of T, orthogonal to o onto the real roots of T;. We choose a
set of positive real roots subject to the two conditions

Rﬁg’Q D c(Rﬁ{JL oy is simple in Rﬁ{,? (17.20)(f)
This is certainly possible. We claim that
7—2F = (T2F’ W(T{)7 Ri+R,2’ R]EQ) (17-20)(9)

is a based Cartan subgroup of G*'. The only difficult condition is (e) of Definition 13.5. To check it, suppose
AY is a limit character for G(R, §?) as in Definition 13.5(e). Form the Cayley transform of this limit character
through the noncompact root oy ([54], Definition 8.3.6). This is a limit character AJ for the Cartan subgroup
T»(R) of G(R,4Y), again of the type considered in Definition 13.5(e). By a theorem of Hecht and Schmid
([54], Proposition 8.4.5), the standard representation M (AY) contains M(AY) as a subrepresentation. Since
the latter is assumed to admit a Whittaker model, the former must as well; so 7' is a based Cartan subgroup.
We define

Ay = (Aga",R;Hm, Rﬂ{,z) (17~20)(h)

to be the Cayley transform of A; through the root ay ([54], Definition 8.3.6).

We assume (back in (17.17)) that & is the geometric parameter corresponding to (As,d1). Definition
12.3(c) of [56] expresses (Ts — u)M (&) in terms of standard representations. The coefficient of M (&2) is 1.
By Definition 16.23, the left side of (17.17) in this case is therefore e(fg)ul/z(d(52)+ll(f2)).

To continue with our calculation, we need to describe a based Cartan subgroup for VG' paired with
TS Since a; was assumed to be real, the corresponding root ¢y for 4Ty is a real root satisfying the parity
condition (Proposition 13.12(c)). We may therefore proceed in analogy with (17.20) to construct a Cayley
transform 973 of 4TT through %a;. Specifically , the map ¢; of (17.18) provides an element

y €41l — 1y, (17.21)(a)
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and we can choose
Ve e S(ATT) (17.21)(b)

acting on VG (%) as y does. We define
ST = Ad(Ty) - Vo, (17.21)(c)

and fix an isomorphism %c between the maximal tori inner for ¥ G(%a;). As in (17.20)(e), this choice provides
a noncompact imaginary root ay, and a natural choice dRﬁ{ 5 of positive real roots. It also carries A\; € dy

to Ag € %y, and the pair (y, \2) defines a Langlands parameter
¢g: W — ATY. (17.21)(d)

We want to define a pairing between Ty and 9T,. We have a pairing ¢; from (17.18)(c), and the map c of
(17.20)(d) defines an isomorphism ¢ from Y75 to V7T7. Put

G ="4coCoVe: VT — Ty, (17.21)(e)
Finally, let dR;&’Q be the set of roots corresponding to Rﬂg’z under this pairing. By construction and (17.20)(f),
RjR’Z D dc(RjﬁML 4y is simple in R;im' (17.20)(f)

We claim that R;’i{?2 is special ([1], Definition 6.29.) This follows from the appendix to [1] in essentially the
same way as we checked Definition 13.5(e) after (17.20)(g). Granted this, it is now clear that

r r + +
dEF = (dTZaS(dTQ)adRi]R,deR]R,Q) (1721)(9)

is a based Cartan subgroup (Definition 13.7) paired with T;" by (5. The strong real form &; of Ty (cf. (17.20))
defines a character 75 of the canonmical component group for T} with respect to VG (Definition 12.4
and Proposition 13.12(a)). By Proposition 13.12, the pair (¢2,72) corresponds to the complete geometric
parameter &5.

By inspection of the definitions (particularly the proofs in Chapter 9) one can find the following more
direct description of 7. (Additional details may be found in [54], section 8.3). Write

A= (UTyete S T (17.22)(a)
By calculation in SL(2), one sees that
(‘T ¢ C (T (17.22)(0)
(That is, the compact part of the more compact Cartan subalgebra is larger.) Set
App = ("I Ty (T (17.22)(c)

By definition A5 is a subgroup of A;; in fact it is precisely the kernel of the character defined by the real
root Ya; (which takes values in {£1}). Similarly, the natural map from A3 to Ay is surjective; the kernel

is generated by the element mfjﬁfl.

representation 112 of A1o. Because of Proposition 13.12(c), 712 descends to a representation of As, and this
is the one we want.

We can now consider the right side of (17.17). Lemma 3.5(c2) of [40] expresses (Ts +1)p(&2) in terms of
other extensions by zero of sheaves on orbits. The coefficient of p(£;) is —1. By Definition 16.23, the right
side of (17.17) is therefore e(fl)u1/2(d(51)+ll(51)). To compare this with the formula for the left side obtained
after (17.20), notice first that 71 and 75 agree on the central element z(p) by (17.22). By Definition 15.8,
e(&1) = e(&). Next, the geometric description of orbits in [40] shows that d(&1) = d(&2) + 1. Finally, it is

Now 7 is a representation of A;. We may therefore restrict it to a
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elementary to show from Definition 16.16 and (17.20) that I7(&;) = 11 (&) — 1. Tt follows that the exponents
of u on the two sides of (17.17) agree as well.
This completes our hard case; the similar arguments for other cases are left to the reader. Q.E.D.

Corollary 17.23. The identification
KII*(0,G/R) ~ KX (0,VG")*

of Proposition 17.16 identifies the Verdier duality Dy of Proposition 16.17 with the “conjugate transpose”
of Dx (Definition 17.15). Explicitly,

(DuM, p) = (M, Dx 1)
for M € KII*(O,G/R) and u € KX(O,VGT).

Proof. Proposition 17.16 guarantees that the conjugate transpose of Dx is a Verdier duality. Proposition
16.17 provides a characterization of Dy in terms of its action on the basis {M(&)}. Definition 16.23 allows
us to check very easily that the conjugate transpose of Dx has the required characteristic properties. (We
refer to [56], Lemma 13.4 for more details.) Q.E.D.

To complete the proof of Theorem 16.24, notice that Proposition 16.18 guarantees that the elements

Cy(€) form a basis of KX (O,VGY). By Proposition 17.16, we may therefore define elements C/.(§) of
KII* (O, G/R) by the requirement

(CL(E), Cy(7)) = €(€) e ,ul/2EMNHE),

By Corollary 17.23 and Proposition 16.18(i), these elements satisfy Proposition 16.20(i). Slightly more
calculation (using also Definition 16.23) shows that the remaining conditions (ii)—(iv) of Proposition 16.18
guarantee those in Proposition 16.20. By Proposition 16.20, C/(£) = C,.(£), as we wished to show. (We refer
to Lemma 13.7 of [56] for more details.) Q.E.D.

We conclude this chapter with the proof of Lemma 15.9. Applying the translation principle as in
Proposition 16.6, we can reduce to the case when £ has regular infinitesimal character. We may therefore
place ourselves in the setting of (12.4)—(12.6), with £ corresponding to some complete Langlands parameter

(¢, 1) for 47" We can choose a set R+ of positive roots for 4T in VG with the property that
Rt — R is preserved by 6. (17.24)(a)
For every root a, we can define an element
me =’ (1) (17.24)(b)
as in (12.6). For any positive root system, we have by (4.9)(b)
)= [] ma- (17.24)(c)
acdRt

By (17.24),
MmaMea = Mq (ema> € dT()G (1724)(d)

Since the character 7 is trivial on the identity component of 4T, it follows from (17.24)(c)—(d) that
n(z(p) = ] mma)- (17.24)(e)

aedeJRr

Proposition 13.12(c) allows us to translate this back to G(R,J) and a Cartan subgroup 7(R) dual to ¢TT.
Here is the result. Let x be the character of the lattice of imaginary roots for T(R) in G(R, ¢) which is 1 on
noncompact simple roots and —1 on compact simple roots. Then

e© =[] x®. (17.24)(f)

+
BeR},
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At this point there are several ways to proceed. For one of them, let A(R) be the maximal R-split torus
in T(R), and M (R) its centralizer in G(R, ). We have shown that e(¢) may be calculated in M (R); since
the same is true of Kottwitz’s sign ([32], Corollary (6) on page 295) we may assume M = G. Let xo be the
character of the imaginary root lattice that is —1 on each simple root. Evidently xxgo is —1 exactly on the

noncompact ]L‘OOtS7 SO
number of noncompact positive roots
e(f) = (_1)( P P ) * €0,

where ey does not depend on the real form. The exponent of —1 here is just ¢(G(R, ¢)), half the dimension
of the symmetric space attached to G(R); so

e(é) = (_1)q(G(R75)) - €.

On the other hand, if G(R,d") is quasisplit, then we can choose the positive root system so that all simple
imaginary roots are noncompact. It follows from (17.24)(f) that e(§) = 1 in that case. Comparing with the
last formula gives eg = (—1)9(¢R:99) 5o finally

e() = (—1)HCED)~a(GRS), (17.24)(g)

which agrees with Kottwitz’s definition. Q.E.D.

18. Strongly stable characters and Theorem 1.29.

We begin by recalling Langlands’ notion of stable characters. This seems to make sense only for linear
groups, so we will not try to define it in the setting of (11.1). Suppose therefore that we are in the setting
of Definition 10.3, and that 7 is a finite-length canonical projective representation of type z of a strong real
form § of G'. Thus 7 is in particular a representation of G(R,d)°*". The character of 1 is a generalized
function O(n) on G(R,§)*", defined as follows. Suppose f is a compactly supported smooth density on
G(R,9)™. Then n(f) is a well-defined operator on the space of 7. (If we write f as a compactly supported
smooth function times a Haar measure, f(g)dg, then n(f) is given by the familiar formula

n(f) = / f(9)1(g)dg.)
G(R,5)can

The operator n(f) is trace class, and the value of the generalized function ©(n) on the test density f is by
definition the trace of this operator:

Om)(f) = tr(n(f)) (18.1)(a)

Of course we can immediately define the trace of any virtual canonical projective representation (cf. (15.5)):
© : KII*(G(R, d)) — ( generalized functions on G(R, §)*" ). (18.1)(b)

This map is injective (since characters of inequivalent irreducible representations are linearly independent).
Recall that an element g of G(R, §)°*" is called strongly regular if its centralizer is a Cartan subgroup. (This
condition is slightly stronger than regular semisimple, which asks only that the centralizer in the Lie algebra
be a Cartan subalgebra.) Write

G(R,0)5% C G(R,§)™ (18.1)(c)

for the set of strongly regular elements; it is a dense open subset of full measure. Harish-Chandra’s regularity
theorem for invariant eigendistributions shows that the trace of a virtual representation is determined by its
restriction to this subset, and that this restriction is an analytic function. The map of (18.1)(b) therefore
becomes

Osgr : KII*(G(R,0)) — C(G(R,§)<R)- (18.1)(d)

Of course the resulting functions are constant on conjugacy classes of G(R, §)c*".
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Definition 18.2. ([35]). In the setting of (18.1), the virtual representation 7 is said to be stable if
whenever g and ¢’ are strongly regular elements of G(R, §)°*™ conjugate under the complex group G°*™, we
have

Osr(n)(g9) = Osr(n)(g).

Now we have in Corollary 1.26 a formal parametrization of all virtual representations in terms of L-
group data, specifically as linear functionals on a category of perverse sheaves. It is natural to look for a
characterization of the subset of stable virtual characters. As we remarked after the formulation of Theorem
1.29, it is quite difficult to find such a characterization. Fortunately the ideas of Langlands and Shelstad
about stable characters admit a slightly different formulation. To begin, define

G(R, %)™ = {(g,0) | 6 € G¥ — G a strong real form, g € G(R, )"} (18.3)(a)

This set is analogous to P(YGL) (Proposition 5.6), or to various fiber products appearing in Chapter 6. The
group G°*™ acts on it by conjugation. More generally, whenever D is a set of strong real forms of G, we can
define

G(R,D)**" ={(g,6) |6 € D,g € G(R,0)*" } (18.3)(b)

Suppose for example that Dy is the equivalence class of the strong real form dy. Then
G(R7 DO)Can ~ GCH.’IL XG(R,(SQ)CG" G(R’ 6O)Can, (183)(0)

with G(R, )" acting by conjugation to define the induced bundle. (The base space of the bundle is
G /G(R, 60)°*™, which is just Dy.) The singular space G(R, )" is undoubtedly an interesting place to
do analysis, but we will confine our attention to the smooth open subset

GR,*)Gxr ={(g,0) € G(R, *)°*"| g is strongly regular }. (18.3)(d)

This is a disjoint union of open subsets corresponding to equivalence classes of strong real forms; each open
subset is invariant under conjugation by G°*", and may be described as a smooth induced bundle in analogy
with (18.3)(c).

Lemma 18.4. Suppose G* is a weak extended group (Definition 2.13). In the setting (18.3), to specify
a smooth G°*"-invariant function on G(R,*)§F is equivalent to specifying (for one representative &y of each
equivalence class of strong real forms of G) a smooth G(R, 60)““"-invariant function on G(R,do)&% .

This is obvious from the definition. Using this idea, we can reformulate Langlands’ definition of stability.

Lemma 18.5. Suppose Dy is an equivalence class of strong real forms of the weak extended group GT,
do € Dy, and n is a virtual representation of G(R, ). Use the character of n to define a smooth G°*™-
invariant function ©sgr(n, Do) on G(R,Do)FE ((18.3)(b) and Lemma 18.4). Then n is stable (Definition
18.2) if and only if ©sr(n, Do) is constant on the fibers of the first projection

1 G(R,Do)sE — G™, p1(g,6) =g.

Now Corollary 1.26 suggests considering families of virtual representations of all strong real forms. Such
families are going to give rise to smooth functions on G(R, *)%%, by means of (18.1)(d) and Lemma 18.4.
Here is the appropriate class of virtual representations.

Definition 18.6ch. Definition 1.27). Suppose G' is a weak extended group (Definition 2.13). As in
Corollary 1.26, write K (G/R) for the set of formal infinite integral combinations of irreducible canonical
projective representations of strong real forms of G, the group of formal virtual representations. Such a
formal virtual representation

=Y, @

£€E#(G/R)
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is called locally finite if for each fixed strong real form ¢ there are only finitely many & with n(£) # 0 and
5(€) (the strong real form parametrized by &) equivalent to §. Write

K II*(G/R) (18.6)(a)
for the set of locally finite formal virtual representations. Evidently the map of (18.1) extends to
O(+,6) : KfII*(G/R) — ( generalized functions on G(R, )" ). (18.6)(b)
Finally, these maps can be assembled into a single map
Osnl-4) : KA (G/R) — C (G(R, x)54) (18.6)(c)

defined by
Osr(n,*)(g,0) = O(n,6)(g)- (18.6)(d)

That is, given a strong real form 0 and a (strongly regular) element g of it, we find the (finitely many)
irreducible representations of G(R, §)°*™ appearing in 7n; add their distribution characters; and evaluate the
sum at g.

The locally finite formal virtual representation 7 is said to be strongly stable if the function Ogg(n, *)
is constant on the fibers of the first projection

p1: GR, %R = G, pi(g,6) =g

By Lemma 18.5, the restriction of a strongly stable virtual representation to a single strong real form
must be stable. The converse is false, however, since a strongly regular element g of G°“* may belong to
several inequivalent strong real forms of G. In fact g must belong to a quasisplit real form (if it belongs to
any at all); we have already encountered this elementary fact in the proof of Proposition 13.6. It follows
that a strongly stable virtual representation is determined by its restriction to any quasisplit real form of G.
The results of Shelstad in [47] can be formulated as a converse to this statement, as follows.

Theorem 18.7 ([47]). Suppose G is a weak extended group for G (Definition 2.13), and & is a strong
real form of G. Suppose 1y is a stable virtual representation of G(R, dp)®™ (Definition 18.2). Then there is
a strongly stable locally finite formal virtual representation n for G (Definition 18.6) with the property that

Osr(n,*)(g,00) = Osr(1M0)(9)

for every strongly regular element g of G(R, dp)™ (cf. (18.6)(c) and (18.1)(d)). If oy is quasisplit, then n
1S unique.

We will need a more explicit statement than this; formulating it will also allow us to explain the
relationship between Theorem 18.7 and the superficially rather different results of [47]. We begin with
something in terms of the traditional Langlands classification. For the rest of this chapter we will fix an
E-group

(VG", D) (18.8)

for G with second invariant z (Definition 4.6).

Definition 18.9 ([47], section 3). In the setting of (18.1) and (18.8), suppose ¢ € P(VG") is a Langlands
parameter (Definition 5.2). The stable standard (virtual) representation attached to ¢ is by definition the sum
of all the (inequivalent) standard final limit representations of G(R, )" parametrized by ¢ (Proposition
13.12); to simplify later definitions we insert the sign e(G(R,d)) attached to the real form by Kottwitz
(Definition 15.8). It is written as 77°(6). (Equivalently, ni’°(6) may be defined as the sum of the inequivalent
standard representations induced from discrete series parametrized by ¢.) In the notation of (1.19),

e () = e(G(R,)) > M (€);

£=(¢,7)EE"(G/R)
6(&)=4
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the sum is over complete Langlands parameters (Definition 5.11), with ¢ fixed.
The terminology of the definition is justified by

Lemma 18.10 ([47], Lemma 5.2). In the setting of Definition 18.9, the virtual representation ng’c(é)
is stable.

Shelstad proves this under the assumption that ¢ is tempered, but the argument is unchanged in general.
Although she does not state the result explicitly, her argument also proves

Lemma 18.11. In the setting of (18.1), the lattice of stable virtual representations has as a basis the
set of non-zero nfﬁoc(é) (as ¢ varies over ®(VGT)).

To prove Theorem 18.7, we need also a way to compare different real forms.

Theorem 18.12 ([47], Theorem 6.3). In the setting of Definition 18.9, suppose that 6 and &' are strong
real forms of G, and that
g € G(R,0)" N G(R,§")"

s strongly regular. Then
Osr(15°(8))(9) = Osr(15°(8))(9)-
Here Ogp is as in (18.1).

Definition 18.13. In the setting of Definitions 18.6 and 18.9, suppose ¢ € P(VG') is a Langlands
parameter (Definition 5.2). The strongly stable standard formal virtual representation attached to ¢ is by
definition the sum of all the (inequivalent) standard final limit representations parametrized by ¢ (Proposition
13.12), normalized by the signs e(¢) (Definition 15.8). It is written as nfboc. In the notation of (1.19),

nye = > e(OM(8);

£=(¢,7)€E7(G/R)

the sum is over complete Langlands parameters (Definition 5.11). Equivalently,
e = Yo
s

the sum is over strong real forms. Finally, we can also write

nge= > ele,T)M(4,7),

Te(Af;c,azg)’\

a sum over the (necessarily one-dimensional) irreducible representations of the universal component group.
The terminology is justified by

Theorem 18.14. In the setting of Definition 18.12, the formal virtual representation ng’c s strongly
stable. The lattice of strongly stable formal virtual representations has as a basis the set of néf’“ (as ¢ varies
over ®(VGY)).

Theorems 18.7 and 18.14 follow from Lemmas 18.10 and 18.11, and Theorem 18.12.

To complete the proof of Theorem 1.29, we need to identify the formal virtual representation nfb"c in the
isomorphism of Corollary 1.26; that is, as a Z-linear functional on the Grothendieck group K X (VG").

Lemma 18.15. In the setting of Definition 18.13, write S for the orbit of VG on X (VG"') corresponding
to ¢ (Proposition 6.17). Then

e = > e(&)M(8).

£=(S,V)€E#(G/R)
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Here we identify complete geometric parameters as in Definition 7.6; the sum is therefore over irreducible
equivariant local systems V on S. In the isomorphism of Corollary 1.26, this formal virtual representation
corresponds to the map

X% ObC(X(VGY),YG") = N

that assigns to a constructible equivariant sheaf the dimension of its fiber over S (Definition 1.28).

Proof. The first formula is immediate from Definition 18.13 and the identification of complete Langlands
parameters with complete geometric parameters (Definition 7.6). For the second, notice first of all that all
the irreducible equivariant local systems on S have fiber dimension 1. (This is equivalent to the assertion
that the group Alsoc’alg is abelian. The proof of Theorem 10.4 exhibits Alsoc’alg as a subquotient of a Cartan

subgroup of the connected reductive complex group Vgl (Definition 12.4 and Theorem 12.9), proving the
assertion.) We may therefore write

X§°(C) = ( multiplicity of V in C restricted to S ), (18.16)
%

the sum extending over irreducible equivariant local systems on S. Comparing (18.16) with the first formula
of the lemma, and using Corollary 1.26(a), we get the second formula. Q.E.D.
Theorem 1.29 now follows from Lemma 18.15 and Theorem 18.14.

19. Characteristic cycles, micro-packets, and Corollary 1.32.

In this chapter we will repeat in a little more detail the argument given in the introduction for defining

mic

the new strongly stable virtual representations n¢"*“. It is convenient to work at first in the setting of
Definition 7.7; that is, that Y is a smooth complex algebraic variety on which the pro-algebraic group H
acts with finitely many orbits. At each point y of Y, the differential of this action defines a map
ay:h—=T,Y (19.1)(a)
from the Lie algebra h of H into the tangent space of Y at y. If y belongs to the H-orbit S, then
a,(h) = T, (19.1)(b)
If we regard h X Y as a trivial bundle over Y, we get a bundle map

a:hxY —->TY (19.1)(c)

Of course the cotangent bundle of Y is dual to the tangent bundle, so we may define the conormal bundle
to the H action as the annihilator of the image of a. Explicitly,

Tr(Y) ={(A\y) | A e T (Y), May(h)) =0} (19.1)(d)

It is clear from this definition that 77 (Y) is a closed cone in the cotangent bundle. In the situation of
(19.1)(b), the fiber of T%(Y") at y is the conormal bundle to S at y (that is, the annihilator of 7),S in T} (Y")):

Tj (V) = T, (V). (19.1)(e)
Consequently
(V)= J T (19.1)(f)
H-orbits S

That is, the conormal bundle to the action is the union of the conormal bundles to the orbits.

125



Lemma 19.2. Suppose the proalgebraic group H acts on the smooth variety Y with finitely many orbits;
use the notation of (19.1).

a) The conormal bundle T} (Y) is a closed Lagrangian cone in T*(Y).
b) The H-components (that is, the smallest H-invariant unions of irreducible components) of T} (Y) are
the closures T§(Y) of conormal bundles of H-orbits S in Y.

Proof. We have already seen that T} (Y) is a closed cone. Since the conormal bundle to a locally closed
smooth subvariety is automatically Lagrangian, part (a) follows from (19.1)(f). The conormal bundle 7§ (Y")
to an H-orbit S has dimension equal to the dimension of Y, and is H-irreducible (that is, H permutes the
irreducible components transitively). Part (b) follows. Q.E.D.

We turn now to a discussion of the characteristic variety. We follow [12], VI,1.9, which the reader may
consult for more details. On any smooth algebraic variety Y, the sheaf Dy of algebraic differential operators
has a natural filtration by order

Oy =Dy (0) CDy(1) C--- (19.3)(a)

The terms here are coherent Oy-modules, and the multiplication of differential operators satisfies

Dy (p)Dy (q) C Dy (p+q), (19.3)(d)

Write p : T*(Y) — Y for the natural bundle map. The symbol calculus for differential operators is an
isomorphism of graded sheaves of algebras

gt Dy = p.(Or«(y)). (19.3)(c)
Because p is an affine map, p, defines an equivalence of categories
( quasicoherent sheaves of O« (yy-modules ) — ( quasicoherent sheaves of p.Op-(yy-modules ) (19.3)(d)

([20], Exercise I1.5.17(e)).
Suppose now that M is a quasicoherent Dy-module. A filtration on M is a sequence

- CM(p)cMp+1)C--- (pez) (19.4)(a)

of quasicoherent Oy -submodules, satisfying

D(p)M(q) C M(p+4q), (JMp) =M, [(M(p)=0 (19.4)(b)

p

The first condition makes the associated graded sheaf gr M into a sheaf of modules for gr Dy. By (19.3)(c)
and (d), we may therefore regard gr M as a sheaf of modules on T*(Y"). The filtration on M is called good
if gr M is a coherent sheaf (of Op-(y)-modules). (This implies in particular that M(p) = 0 for p sufficiently
negative.)

Proposition 19.5 ([12], VI.1.9, Mili¢i¢). Suppose M is a coherent Dy -module.

a) M is locally finitely generated. More precisely, if U is any affine open subset of Y, then the restriction
of M to U is generated by a coherent Oy -submodule Ny .

b) M is generated as a Dy -module by a coherent Oy -submodule N .

¢) M admits a good filtration.

Proof. Part (a) is in [12]. The rest of the argument was provided to us by Dragan Mili¢i¢, and we are
grateful for his permission to include it here. Cover Y by affine open sets Uy, ..., U,, and choose coherent
Oyp,-submodules My, as in (a). By [20], exercise I1.5.15(d), there is for each i a coherent Oy-submodule N;
of M, with the property that Ny, is contained in the restriction of N; to U;. Let A/ be the Oy-submodule
of M generated by the various A;. Then A is a coherent Oy-module. Its restriction to each U; contains
Ny, and therefore generates the restriction of M to U;. Consequently since “generating” (the surjectivity
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of the natural map Dy ®o, N — M) is a local property, N’ must generate M. This is (b). For (c), we
simply define M(p) = Dy (p) @ N. Q.E.D.

We will eventually see that ¥G*Y-equivariant D-modules on X (O, VGT) admit global ¥G*Y-invariant
good filtrations (Proposition 21.4).

Good filtrations are certainly not unique. The next lemma allows us to compare objects defined using
different filtrations, and to deduce that some such objects are independent of the filtration chosen.

Lemma 19.6 ([16], Corollary 1.3; cf. [59], Proposition 2.2). Suppose F and G are good filtrations of the
coherent Dy -module M. Then there are finite filtrations

gI‘(M,f)(O) C gr(./\/l,]:)(l) c---C gl‘(M,}—)(N) - gr(./\/l,f)
gr(M,G)(0) C gr(M,G)(1) C -+ C gr(M, G)(N) = gr(M,G)

by graded coherent sheaves of p.Orp-(yy-modules ), with the property that the corresponding subquotients are
isomorphic:

gr(M, F)(5)/gr(M, F)(j = 1) =~ gr(M, G)(j)/er(M, G)(j —1)  (0<j < N).

(There is a constant N', 0 < N’ < N, with the property that the jth isomorphism shifts the grading by
j—N")

In particular, the class of gr(M) in the Grothendieck group of coherent sheaves of Op«(yy-modules is
independent of the choice of good filtration.

Definition 19.7. Suppose V is a complex algebraic variety, and N is a coherent sheaf of Oy -modules.
The associated variety (or support) of N is the set of (not necessarily closed) points v € V' at which the stalk
of N is not zero:

V) ={veV|N,#0}

It is a closed subvariety of V, defined by the sheaf of ideals Ann N C Oy. The set {W;} of irreducible
components of V(N) is the set of maximal points (that is, points not in the closure of other points) of V(N).
(If V is affine, these correspond to the minimal prime ideals containing the annihilator of A.) To each such
point we assign a positive integer

the multiplicity of N along W;. One way to define it is as the length of Ny, as a module for the local ring
Ov.w,. The associated cycle of N is the formal sum

Ch(N) = Z mw, (N)YW;.

This is a finite formal integer combination of irreducible subvarieties of V', with no containments allowed
among the subvarieties. Notice that the support of A/ is the union of the subvarieties appearing in the
associated cycle.

The theory of associated cycles is elementary, and well-known to experts; but it is not easy to give
references with enough details for the novice. The theory is essentially local, so it suffices to discuss it for
affine varieties. In that case the necessary commutative algebra is summarized in section 2 of [59].

Lemma 19.8. Suppose N and N are coherent sheaves of modules on the complex algebraic variety V.
Assume that N and N admit finite filtrations (as Oy -modules) with the property that gr N ~ gr N”. Then
ChN = ChN'.

Again this is well-known, and again we refer to section 2 of [59] for a proof.

Definition 19.9 Suppose M is a coherent Dy-module on the smooth algebraic variety Y. Fix a good
filtration of M (Proposition 19.5). The characteristic variety of M (or singular support) is the support of
the Op-«(yy-module gr M (cf. (19.4)):

SS(M) = V(gr M) C T*Y.

127



By Lemmas 19.6 and 19.8, this is independent of the choice of good filtration. Since gr M is graded, the
characteristic variety is a closed cone in T*(Y). The characteristic cycle of M is the associated cycle of
gr M:

Ch(M) = Ch(gr M).

It is a formal sum of irreducible subvarieties of T*(Y), with positive integer coefficients; the union of these
subvarieties is the characteristic variety of M. Lemmas 19.6 and 19.8 guarantee that it is independent of
the choice of good filtration.

Obviously the characteristic variety of M is contained in the inverse image under p (cf. (19.3)) of the
support of M. In fact
SS(M)NT,(Y) # 0 < y € Supp(M). (19.10)

In this sense the characteristic variety refines the notion of support for D-modules (or, via the Riemann-
Hilbert correspondence of Theorem 7.9, for perverse sheaves).

Recall that the dimension of the characteristic variety of M is (everywhere locally on SS(M)) greater
than or equal to the dimension of Y ([12], Theorem VI.1.10) and that (by definition) M is holonomic exactly
when equality holds.

Examples 19.11. If M is equal to Dy, then the usual filtration by degree is good. The associated
graded module is Or-(yy, so Ch(Dy) = 1-T*(Y).
Suppose M is equal to Oy. Then we can define

Mp)=0y  (p=0,1,2,...).

(This module is regular holonomic.) The associated graded module is Oy; that is, it is Op-(y) modulo the
ideal defining the zero section of the cotangent bundle. Consequently Ch(Oy)=1-Y
Suppose M is the Dy module generated by a delta function supported at the point y; that is,

M = Dy/DyI(y).

(Here we write Z(y) for the ideal in Oy defining the point y. Again the module is regular holonomic.) Then
M inherits a good quotient filtration from Dy . The associated graded module is the sheaf of functions on
the cotangent space T, (Y'), so Ch(M) =1-T;(Y).

We return now to the equivariant setting.

Proposition 19.12. Suppose we are in the setting of Lemma 19.2, and that M is an H -equivariant
coherent Dy -module.

a) For each X € b, let a(X) be the vector field on'Y induced by the action of H, a first-order differential
operator on Y. Then the action of a(X) on M induced by the Dy -module structure agrees with the
action of X defined by differentiating the action of H on M.

b) The characteristic variety of M is contained in the conormal bundle to the H action (cf. (19.1)).

¢) The H-components (Lemma 19.2) of SS(M) are closures of conormal bundles of H-orbits on'Y. Con-
sequently

Ch(M) = > x§“(MT5(Y),
H-orbits S

for some non-negative integers xX'%¢(M).

d) The support of M is given by
Supp(M) = U S.
X&' (M)#0

e) The functions X% are additive for short eract sequences (of H-equivariant coherent Dy -modules).

Consequently they define Z-linear functionals

X&' K(Y,H) = Z
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(notation (7.10)).

Proof. Part (a) is a trivial exercise in understanding the definition of equivariant D-modules ([12],
VII.12.10). (We couldn’t do it ourselves, but never mind.) For (b), assume for simplicity that there is
a global H-invariant good filtration. Fix X € h. We may regard the vector field a(X) as a first-order
differential operator, and therefore

a(X): M(p) = M(p+1).
On the other hand, the action of H preserves degree in the filtration, so the differentiated action of h does
as well. By (a), it follows that
a(X) : M(p) = M(p).
It follows that the principal symbol of a(X) annihilates gr(M). This symbol is nothing but a(X), regarded
as a function on 7*(Y"). It follows that

V(gr M) C{(Ay) e T*(Y) | May(X)) =0}.

Comparing this with (19.1)(d) gives (b). Part (c) follows from (b) and Lemma 19.2. Part (d) follows from
(¢) and (19.10). Part (e) is clear from the definitions. Q.E.D.

This completes our exposition of Definition 1.30. Corollary 1.32 is an immediate consequence of Theorem
1.31 (Kashiwara’s local index theorem) and Theorem 1.29. It will be convenient to introduce a bit more
notation in that context, however.

Definition 19.13. In the setting of (19.1), fix S € ®(Y, H) (Definition 7.1); that is, an orbit of H on
Y. To every complete geometric parameter &' € Z(Y, H) is associated an irreducible perverse sheaf P(£’)
(cf. (7.10)(d)). The conormal bundle 7%(Y) has a non-negative integral multiplicity x2'*¢(¢) in the charac-
teristic cycle Ch P(&’) (Proposition 19.12). We define the micro-packet of geometric parameters attached to
S to be the set of £ for which this multiplicity is non-zero:

E(Y, H)§" = {€ | x§ () #0}.

Lemma 19.14. [In the setting of Definition 19.13, suppose & = (S',V') is a geometric parameter
(Definition 7.1).
a) If & € Z(Y, H)%, then S C S'.
b) if S' =S, then & € Z(Y,H)%. In this case X'§°(&') is equal to the rank of the local system V'; that
is, to the dimension of the corresponding representation of Afgoc (Definition 7.1).
Proof. Part (a) is clear from (19.12)(d), as is the first assertion in (b). The rest of (b) (which is “well-
known”) can be deduced from the construction of the Dy-module corresponding to the perverse sheaf P(¢')
([12]; some of the main points are contained in the proof of Kashiwara’s theorem VI.7.11 in [12]). Q.E.D.

Definition 19.15. In the setting of Theorem 10.4, fix an equivalence class ¢ € ®*(G/R) of Langlands
parameters (Definition 5.3), and write S = S for the corresponding orbit of VG on X (VGT) (Definition 7.6).
Then we can define the micro-packet of geometric parameters attached to ¢ as

2GR = E(X(VG"), VG ge

(notation as in Definition 19.13). The micro-packet of ¢ is the corresponding set of irreducible representations
of strong real forms of G: _ _
I (G/R)g" = {m(&) | £ € Z*(G/R)G"™ }.

Corollary 19.16. In the setting of Theorem 10.4, fix an equivalence class ¢ € ®*(G/R) of Langlands
parameters. Then the micro-packet II*(G /R)§"¢ contains the L-packet I1*(G/R)y. If w(£') is any irreducible

representation occurring in the micro-packet, then the corresponding orbit S' on X (YGY) contains Se in its
closure. There is a strongly stable formal virtual character

=Y ) () i),
! ellz (G/R);ﬂc
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Here e(n') = £1 1is Kottwitz’ sign attached to the real form of which @' is a representation; d(w') is the
dimension of the orbit Sy on X(YGY); and the positive integer ngc(ﬂ") is the multiplicity of the conormal
bundle to Sy in the characteristic variety of the irreducible perverse sheaf corresponding to @'. This is

therefore a sum over the full L-packet HZ(G/R)Z”C, together with “correction terms” taken from L-packets
corresponding to larger orbits on X (VGV).

The set {ng”C} (as ¢ varies over ®*(G/R)) is a basis of the lattice of strongly stable formal virtual
representations.

This is just a reformulation of Corollary 1.32 (taking into account the information in Lemma 19.14).
The point of the result is that under favorable circumstances the characteristic variety of an equivariant
D-module is relatively small; at best it may just be the conormal bundle of a single orbit. The sum in
Corollary 19.16 therefore does not extend over too many representations. By contrast, the sum in Lemma
18.15 (when expressed in terms of irreducible representations) tends to include most of the representations
for which the corresponding irreducible perverse sheaf has Sy in its support.

Example 19.17. Suppose that G is adjoint. In this case strong real forms are the same as real forms,
and V@ is simply connected (so there are no coverings to consider). Take (VG',S) to be an L-group for G
in the sense of Definition 4.14. Let O C Vg be the orbit of half sums of positive coroots; this corresponds to
representations of G of infinitesimal character equal to that of the trivial representation (Lemma 15.4). The
conjugacy class C(O) of (6.10) consists of the single (central) element z(p). Since p is regular and integral,
each canonical flat A C F(O) is preserved by a unique Borel subgroup ?B(A) (notation (6.6)). We may
therefore identify the geometric parameter space X (O, VG") with the set of pairs (y,¢B), withy € VG' -VG,
y? = 2(p), and “B a Borel subgroup of VG (Definition 6.9).

Now by definition the L-group structure provides a distinguished orbit Sy = S of VG on X (O,VGY). We
write ¢ for the corresponding Langlands parameter. Fix a point (y,?B) € Sy. Since VG is simply connected,
the fixed point group K (y) of the involution 6, is connected. Since 6, preserves 4B, the intersection 4 BNK (y)
is a Borel subgroup of K (y), so it is connected as well. Evidently 4B N K (y) is just the isotropy group of
the action of VG, so it follows that the canonical component group Af;(]c’alg is trivial. The L-packet II,
therefore consists of a single representation. Inspecting the constructions in the proof of Theorem 10.4,
we find that M(¢g) is a spherical principal series representation of the quasisplit real form of G (in our
fixed inner class), and that m(¢g) is the trivial representation of this group. The strongly stable standard
formal virtual representation néﬁf of Definition 18.13 is M(¢) alone. This representation has a great many
irreducible composition factors, however, occurring with relatively high multiplicity; so as a “stabilization”
of the trivial representation m(¢g), M (o) is not very useful. (Another way to say this is that the relationship
between the characters of 7w(¢g) and M (¢o) is quite weak.)

We consider therefore the virtual representation nggic. To calculate it, we need to know the multiplicity
of the conormal bundle 7§ (X (O, ¥ ()) in the characteristic variety of any irreducible perverse sheaf. We will
consider some techniques for making such calculations in Chapters 21 and 27 (see for example Theorem 27.18).
For the moment we simply state the result: the micro-packet of ¢ consists of one trivial representation of
each real form of G in our inner class. The multiplicities xgloic are equal to 1, and the differences in orbit
dimensions have the same parity as Kottwitz’ invariant. The formula in Corollary 19.16 therefore reduces to

npve = Z ( trivial representation of G(R,d) ).

real forms §

This is a charming (if rather obvious) stabilization of the trivial representation. Notice that all real forms
(in the inner class) appear, even though ¢q is relevant only for the quasisplit one.

20. Characteristic cycles and Harish-Chandra modules.

Recall that Theorem 8.5 related the category of equivariant perverse sheaves (or, equivalently, equiv-
ariant D-modules) on the geometric parameter space to certain categories of Harish-Chandra modules. Our
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goal in this chapter is to see what this relationship has to say about the characteristic cycles. Theorem 8.5
implies that the characteristic cycles must somehow be encoded in the Harish-Chandra modules. We are
not able to break that code, but we get some useful information about it (Theorem 20.18). This will later
be the key to relating our definition of Arthur’s unipotent representations to the original one of Barbasch
and Vogan. Roughly speaking, Arthur’s representations will be characterized on the E-group side by the
occurrence of certain “regular” components in a characteristic cycle (Definition 20.7). We therefore seek to
understand that occurrence on the level of Harish-Chandra modules.
We begin with analogues of Propositions 7.14 and 7.15.

Proposition 20.1. Suppose X and Y are smooth algebraic varieties, and
f:X—=Y

is a smooth surjective morphism having connected fibers of dimension d. Suppose M is a Dy -module.
a) There is a natural inclusion
ff(ry)—=TX
identifying the pullback of the cotangent bundle of Y with a subbundle of T*X. This induces a bundle
map ~
f:fr(TY)->TY
which is again a smooth surjective morphism having connected geometric fibers of dimension d.
b) The Ox-module f*M carries a natural Dx-module structure.

¢) The functor f* is a fully faithful exact functor from coherent Dy modules to coherent Dx modules.
d) Suppose M(p) is a good filtration of M. Then

(f*M)(p) = f*(M(p))

is a good filtration of f* M. The associated graded module gr(f*M) is defined on the subvariety f*(T*Y)
of T* X, where it may be computed by

gr(f* M) ~ frgr(M).
The characteristic cycle of f*M is therefore
Ch(f*M) = f~}(Ch(M)).

e) Suppose we are in the setting of Proposition 7.15 (that is, that a pro-algebraic group H acts on every-
thing). Suppose M is an H-equivariant coherent Dy -module, and S is an H-orbit on Y. Define f*S
to be the unique dense H-orbit in f=1S (cf. (7.16)). Then the multiplicities of Proposition 19.12 are
given by ‘ ‘

NS M) = Y2 (M),

Proof. Part (a) is formal. Part (b) may be found in [12], VI.4.1. Part (c) is [12], Proposition VI.4.8.
For (d), we know that f* is an exact functor on Oy-modules (since f is smooth), and that it preserves
coherence; the only thing to check is the degree condition in (19.4)(b). This is immediate from the definition
of the Dx-module structure. The rest of (d) is a straightforward consequence. (Notice that the inverse
image under a smooth map with connected fibers of an irreducible variety is irreducible, so the last assertion
makes sense.) The formula of (e) just interprets the last relation in (d). Q.E.D.

For an analogue of Proposition 7.14, we will need to recall (in that setting) that the induction functor
Gx g is an equivalence of categories from H-equivariant (quasi)-coherent Oy-modules to G-equivariant
(quasi)-coherent Ox-modules. We have already used this for local systems, but we will need it now more
generally. (The definitions of the functors may be found for example in the appendix to [61].)

Proposition 20.2. Suppose we are in the setting of Proposition 7.14. Regard gxTY as a vector bundle
over' Y, containing the bundle h x Y of (19.1). We make H act on the bundle by the adjoint action on g.
Write i : h XY — g x Y for the inclusion, and consider the bundle map

itxXa:hxY = gxTY.
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Write Q for the quotient bundle: the fiber at y is
Qy = (g x T,Y)/{(X, ay(X)) [ X € b}.
a) The tangent bundle TX of X = G xg Y is naturally isomorphic to the bundle on X induced by Q:
TX ~Gxy Q.

b) The action mapping az : g = TpX (cf. (19.1)) may be computed as follows. Fix a representative (g,y)
for the point x of G Xy Y, and an element Z € g. Then

az(Z) = class of (g, (Ad(g™")Z, (y,0)))-

Here (y,0) is the zero element of T,)Y , so the term paired with g on the right side represents a class in

Qy-
¢) The conormal bundle to the G action on G Xy 'Y is naturally induced by the conormal bundle to the H

action on Y :
TE(GExgY)~G xygTHY).

Suppose M is an H-equivariant coherent Dy -module admitting an H-invariant good filtration M(p).
Let N be the corresponding G-equivariant Dx-module (Proposition 7.14(d)).

d) As a G-equivariant Ox-module, N is isomorphic to G x g M.
e) The filtration
N(p) =G xug M(p)

is a G-equivariant good filtration of N'. In particular,
gr(N) =~ G xy gr(M).
f) The characteristic cycle of N may be identified as a cycle in TEX (see (¢) above) as
Ch(N) = G x g Ch(M).
In particular, the multiplicities are given by

XGXysN) = x5 (M).

Proof. Parts (a) and (b) are elementary. Part (c) is a consequence of (b). Parts (d) and (e) of course
involve the explicit equivalence of categories in Proposition 7.14(d), which we have not written down. The
idea, as in Proposition 7.14, is to apply Proposition 20.1 to the two smooth morphisms f¢ : G XY — Y
(projection on the second factor) and fy : GxY — G x Y (dividing by the H action). Then fj;M ~ fEN;
this is more or less the definition of N'. Part (f) follows from (e). Q.E.D.

We work now in the setting of Theorem 8.3. Fix a complex connected reductive algebraic group G, and
a complete homogeneous space Y for G. If y is any point of Y, then the isotropy group G, is a parabolic
subgroup of G; in this way Y may be identified with a conjugacy class P of parabolic subgroups in G (or
parabolic subalgebras in g). As in (19.1) or (8.1) there is a bundle map

a:gxY -»TY. (20.3)(a)
It is surjective because Y is a homogeneous space. The transpose of a is a bundle map
a*:T"Y — g* xY. (20.3)(b)

It is a closed immersion (and therefore projective) since a is surjective. Composing a* with projection on

the first factor gives the moment map
w:TY —g* (20.3)(c)

132



([13], 2.3). The first projection is a projective morphism because Y is a projective variety; so u is also
projective. Clearly

w(Ty(Y)) = (9/8y)", (20.3)(d)
so that the image of u consists of all linear functionals annihilating some parabolic subalgebra in the class

P ([13], Proposition 2.4). We write
Ny = pu(T*Y), (20.3)(e)

an irreducible closed cone in g*.

Proposition 20.4 (Richardson — see [43] or [13], 2.6). In the setting of (20.3), the cone N is contained
in the cone of nilpotent elements of g*. It is the union of finitely many orbits under G. In particular there
s a unique open orbit

Zy C ./V.;;,

the Richardson orbit attached to'Y. The dimension of Zy is equal to the dimension of T*Y ; so u is generically
finite. The preimage p~'(2y) is an open orbit of G on T*Y .
The degree of i may be computed as follows. Fir z € Zy, and a point ( € T;(Y') with pu(¢) = 2. Write
G for the isotropy group of z, Gy for the isotropy group of y (a parabolic subgroup in P), and G¢ for the
isotropy group of . Then
Ge=GyNG,, G,DG:D(G,)o.

The degree of v is equal to the index of G¢ in G,. Equivalently, it is the number of distinct parabolic
subalgebras in P annihilated by the linear functional z € g*.

We should say a word about the meaning of “nilpotent elements” of g*. The Lie algebra g is reductive,
and so may be identified with its dual using an invariant bilinear form. Using this identification, we may
therefore speak of nilpotent or semisimple elements in g*. A more intrinsic discussion may be found in
section 5 of [59].

Finally, suppose M is a finitely generated U(g)-module. By an argument parallel to (but technically
much simpler than) Definition 19.9, we can define the associated variety of M,

V(M) Cg” (20.5)

(see [59] or [13], 4.1.) Again the irreducible components of the associated variety have well-defined multi-
plicities, so that we can define the associated cycle Ch(M) ([59], Definition 2.4 or [14], 1.2).

Theorem 20.6 (Borho-Brylinski — see [14], Theorem 1.9). In the setting (20.3), suppose M is a finitely
generated module for U(g)/Iy (cf. (8.1)(c)) and M is the corresponding Dy -module (Theorem 8.3). Then

V(M) = p(SS(M)).

Keeping track of multiplicities is a more delicate task, because the fibers of p can be quite complicated.

Theorem 20.7 (Borho-Brylinski). In the setting of Theorem 20.6, fix good filtrations of M and M.
Consider the higher direct images

R'pu(gr M) = N°,
which we regard as finitely generated graded S(g)-modules. Then N is supported on

{ze Ny | dim(p () NSSM) >i} C V(M).

In the Grothendieck group of coherent modules supported on V(M), we have

grM = Z(—l)iNi.
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Proof. That N® is coherent follows from the fact that p is projective ([20], Theorem II1.8.8). The
statement about support follows from [20], Theorem III.11.1. A version of the last assertion is proved in
[14], Corollary A.6 after twisting by a sufficiently positive line bundle on Y. (This has the effect of killing
the higher direct images.) Their argument proves this result in general. Q.E.D.

There are several ways to describe the modules N* of Theorem 20.6. One is

N~ HY(T*Y,gr M) (20.8)(a)

([20], Proposition I11.8.5). Here we are using (19.3) to regard gr M as a sheaf on T*Y. Elements of S(g)
define global functions on T*Y, and so act on this cohomology. Another is

N~ H(Y,gr M) (20.8)(b)

([20], Exercise II1.8.2). Here we are regarding gr M as a quasicoherent sheaf on Y that happens to be also
a module for p,Op«y. The extra structure is needed to make N* an S(g)-module, but not to compute it as
a vector space or as a module for some group.

Definition 20.9. In the setting of Proposition 20.4, we say that an element { € T*Y is regular if it
belongs to the inverse image of the G-orbit Zy. Similarly, an element z € N5 is Y -regular (or simply regular)
if it belongs to Zy. An irreducible subvariety W of T*Y or N5 is regular if it contains a regular element;
equivalently, if its subset of regular elements is open and dense.

Corollary 20.10. In the setting of Proposition 20.4, suppose that W C T*Y is a reqular irreducible
subvariety (Definition 20.9). Then u(W) is a Y -regular irreducible subvariety of Ny, and every Y -reqular
irreducible subvariety arises in this way. If in addition p has degree 1, then this correspondence of regular
irreducible subvarieties is bijective.

In the setting of Theorem 20.7, assume that p has degree 1. Then u defines a multiplicity-preserving
bijection from the reqular irreducible components of SS(M) onto the reqular irreducible components of V(M).

Definition 20.11. A symmetric pair consists of a complex reductive Lie algebra g, an involutive
automorphism 6 of g, and a reductive pro-algebraic group K, with the following properties:

(a) (g, K) is a compatible pair (Definition 8.2);
(b) £=g’; and
(¢) 6 commutes with Ad(K).

We will sometimes write s for the —1-eigenspace of § on g, so that
g="t+s,

the Cartan decomposition.

In the setting of (20.3), we assume in addition now that
(g, K) is a symmetric pair, and K acts compatibly on Y (20.12)(a)

Since Y may be identified with a conjugacy class P of parabolic subalgebras, the action of K may be identified
with

kE-p=Ad(k)(p). (20.12)(b)
(The only reason we need to assume in (a) that the action exists is that if K is disconnected, it could fail

to preserve P.) Recall from (19.1) the conormal bundle 7% (Y) to the K action on Y (the union of the
conormal bundles of the orbits). The fiber of this bundle at the point y may be identified with

Ty =(9/(gy +1)" (20.12)(c)
Set
Ny = (T (V) = J (0/(p +8)"; (20.12)(d)
peP
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the second description is immediate from (20.12)(c). This is a closed cone in N5.

Lemma 20.13. In the setting (20.12), suppose M € F(g, K, Iy) (Definition 8.2); that is, that M is
a finite-length (g, K)-module annihilated by the kernel of the operator representation on'Y. Let M be the
associated K -equivariant Dy -module (Theorem 8.3)(c)), so that M may be identified with the space of global
sections of M.

a) The associated variety V(M) is a closed K-invariant cone in Ny;.
b) The module M admits a K-invariant good filtration.

Proof. Part (a) follows from Theorem 20.6, Proposition 19.12(c), and (20.12)(d). For (b), choose a
finite-dimensional K-invariant generating subspace M (0) of M ~T'M, and let M(0) be the (coherent) Oy -
submodule of M generated by M (0). Then M(0) generates M as a Dy module (Theorem 8.3). It follows
that

M(p) = Dy (p)M(0)

is a K-invariant good filtration of M. Q.E.D.

Lemma 20.14 (Kostant-Rallis; see [31] or [59], Corollary 5.20). In the setting of (20.12), the group K
has a finite number of orbits on Ny y. If 2 € Ny ¢, then

dimK-2z=1/2dimG - z.

In particular, z is reqular (Definition 20.9) if and only if dim K - z = dim Y.

Theorem 20.15 (Borho-Brylinski) In the setting (20.12), suppose M € F(g,K,Iy) (Definition 8.2);
that is, that M is a finite-length (g, K)-module annihilated by the kernel of the operator representation on
Y. Let M be the associated K -equivariant Dy -module (Theorem 8.3)(c)), so that M may be identified with
the space of global sections of M. Then the following four conditions are equivalent:

1) the Gelfand-Kirillov dimension Dim M s equal to the dimension of Y;

2) the annihilator Ann M is equal to Iy ;

3) the associated variety V(M) contains Y -reqular elements (Definition 20.9); and
4) the singular support SS M contains reqular elements (Definition 20.9).

Proof. We know that the Gelfand-Kirillov dimension of M is half that of U(g)/Ann M ([52], Theorem
1.1); so condition (1) is equivalent to

DimU(g)/Ann M = 2dimY.

It is well-known that the right side is equal to the Gelfand-Kirillov dimension of U(g)/Iy. (This follows from
Theorem 20.6, for example.) On the other hand, Iy is a prime ideal (since it is the kernel of a map into a
ring without zero divisors), and Ann M D Iy. It follows that

DimU(g)/Ann M > DimU(g)/Iy,

with equality only if Ann M = Iy. This gives the equivalence of (1) and (2). Since the Gelfand-Kirillov
dimension of M is the dimension of the largest component of V(M), the equivalence of (1) and (3) follows
from Lemma 20.14. That of (3) and (4) follows from Corollary 20.10. Q.E.D.

In light of this result and Proposition 19.12, we now seek to understand the K-orbits S on Y with the
property that T3Y is regular.

Lemma 20.16. In the setting (20.12), suppose S is an orbit of K on'Y. Then pu(T5Y) is the closure
of a single orbit Zg of K on ./\/'{;,K. We have

dim Zg = dim Y — fiber dimension of p TEY -

Proof. Since T3Y is a vector bundle over a homogeneous space for K, it is “K-irreducible;” that is, K
permutes its irreducible components transitively. Consequently p(7¢Y") is also K-irreducible. By Lemma
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20.14, it must be contained in the closure of a single orbit. Since the dimension of T¢Y is equal to the
dimension of Y, the last statement follows. Q.E.D.

Definition 20.17. In the setting (20.12), an orbit S of K on Y is called regular if any of the following
equivalent conditions is satisfied:
(a) TSY is regular;
w(TEY) is Y-regular;

(b)
(c) the restrlctlon of u to T¢Y has finite degree; or
(d) dimp(TEY) =dimY.

The equivalence of the conditions follows from Corollary 20.10, Lemma 20.14, and Lemma 20.16.

Theorem 20.18. In the setting (20.12), suppose that the moment map p has degree 1 on T*Y . Then
the correspondence of Lemma 20.16 defines a bijection from the set of reqular orbits S of K on'Y onto the set
of regular orbits Zs of K on N{EK. This bijection is multiplicity-preserving in the following sense. Suppose
the K -equivariant Dy -module M corresponds to the finite-length (g, K)-module M (Theorem 8.3). Then for
every regular K-orbit S on'Y, the multiplicity x'&"“(M) (Proposition 19.12) is equal to the multiplicity of
Zg in the associated cycle Ch( ).

This is a special case of Corollary 20.10. It is not very difficult to analyze the case when p has degree
greater than one. For example, if we fix a regular orbit Zy of K on N{ﬁ %, then

Z degree of 1 on T¢Y = degree of pon T*Y. (20.19)
Zs=2,

We conclude this chapter with some examples illustrating the notion of regular.

Example 20.20. Suppose that Y is the variety of Borel subgroups of G. Then Nj5: is the nilpotent cone
in g*, and Zy is the open orbit of principal nilpotent elements. Suppose S is a regular orbit. We claim that
S consists of 6-stable Borel subalgebras having no compact simple roots. (These are the Borel subalgebras
of large type for 6 in the sense of Definition 4.9.) To see this, suppose z € u(7§,Y) is a regular element.
If y corresponds to the Borel subalgebra b, this means (by (20 12)(c)) that z € (g/(b + £))*; that is, that z
annihilates b. Since 0b C b + £, z also annihilates #b. The linear span of any two distinct Borel subalgebras
must contain a larger parabolic subalgebra; so if b # 0b, then there is a parabolic p properly containing b
and annihilated by z. It follows from Proposition 20.4 that the G orbit of z has dimension at most twice
the dimension of G/P; so z is not principal, a contradiction. Consequently b = 6b. If some simple root «
is compact, we find that z must also annihilate s, b, and reach a contradiction again. Conversely, if (6, b) is
large, then it is easy to find a principal nilpotent element z annihilating b with 8z = —z ([1], Proposition A.7).
Then z annihilates €, and so is a regular element of M(Tg’yY). We have therefore completely characterized
the regular orbits in this case. (The moment map has degree one, since the stabilizer of a principal nilpotent
element is contained in a Borel subgroup.)

Example 20.21. Suppose G = Sp(4), and Y = P3, the variety of (isotropic) lines in C*; the Levi
subgroup for the corresponding parabolic is GL(1) x Sp(2). It turns out that Zy consists of all short
root vectors in the Lie algebra, and that the moment map has degree 2. We take K = GL(2), acting on
C* = C? + C? by block diagonal matrices with blocks g and (g*)~!. The two copies of C? are in natural
duality by the symplectic form. We therefore think of C* as consisting of pairs (v,7), with v € C? and n a
linear functional on C2. Obviously there are four orbits of K on Y:

S = lines with v = 0, S; = lines with n =0 (20.21)(a)

Sy = lines with 7(v) = 0 not in S5, S3 = lines with n(v) # 0. (20.21)(b)

The subscripts indicate the dimensions of the orbits. The orbit S is obviously not regular, since its conormal
bundle is zero. It turns out that the other three orbits are all regular, and that the corresponding orbits on
N y are precisely the three regular orbits there. Consequently (cf. (20.19)) the moment map has degree 2
on the conormal bundle of each regular orbit.
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Example 20.22. Take G = Sp(2n) and Y the variety of Lagrangian subspaces of C?"; the corresponding
parabolic has Levi factor GL(n), and the moment map has degree 1. We take K = GL(n), acting on
C"™ + (C™)* by diagonal blocks g and (g*)~!. Using a little linear algebra, we can identify Y with the set of
triples (Vo, V1, Q). Here Vo C Vi C C™ are subspaces, and @ is a non-degenerate quadratic form on Vi /V.
We will not recall in detail why this is so, but here are the definitions. If L is a Lagrangian subspace, define

Vo=LNC", Vi={veC"|(v,A) €L for some A € (C")* }. (20.22)(a)
Suppose then that (v, A) and (v', \') belong to L. The quadratic form is defined by
Qv,v") = A\0") = X (v); (20.22)(b)

these are equal because their difference is the symplectic pairing of (v, A) and (v', \'). From this description
of Y, it is clear that the orbits of K are parametrized by integers p and ¢ with p + ¢ < n: we can take
p = dimVp, ¢ = dim(C"/V;). The orbit S, , is open if and only if p = ¢ = 0, and closed if and only if
p+ g =mn. The n+ 1 closed orbits are also precisely the regular orbits; they correspond by Theorem 20.18
to the n + 1 regular orbits of K on Ny .

21. The classification theorem and Harish-Chandra modules for the dual group.

We assemble here the results we have established linking the representation theory of real forms of G to
Harish-Chandra modules for certain subgroups of VG. This is for the most part a reformulation of the results
of [56]. We work therefore in the setting of Proposition 6.24. Specifically, we fix always a weak E-group
VGT, and a semisimple orbit

OcCVg (21.1)(a)

We fix a canonical flat A C O, or sometimes just a point A € O. In either case we get as in (6.6) a well-defined
semisimple element

e(A) = exp(2mi)) € VG (A €A) (21.1)(b)

and subgroups
P(A) CcYG(A)o (21.1)(c)

The reductive group YG(A)g is the identity component of the centralizer of e(A). Its parabolic subgroup
P(A) is the stabilizer of A in the action of VG on F(O) (cf. (6.10)). Define P(A)? as in Proposition 6.24 to
be the YG(A)g-orbit of A. Then

P(A)? ~VG(A)o/P(N), (21.1)(d)

a flag manifold for YG(A)g. (This space will play the role of Y in Chapter 20.) Recall from (8.1) the ideal
Inap € U(Vg(8), (21.1)(e)
and from Proposition 20.4 the nilpotent orbit
Zpayp C Vag(A). (21.1)(f)

Recall from (6.10)(f) the set Z(A), on which YG(A)o acts with finitely many orbits Z{(A), ..., ZY(A); choose
representatives
y; € I (A). (21.1)(9)

Write 6; for the involutive automorphism of YG(A)g defined by y;, K jQ for its group of fixed points, and
Ya(A) =t +s; (21.1)(h)
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for the corresponding Cartan decomposition. Finally, recall from Proposition 6.24 that the geometric pa-
rameter space X (O,VG") is the disjoint union of s smooth connected subvarieties X;(O,VGY), with

X;(0,VG") = VG x o (YG(A)o/P(8)) (21.1)(i)

In particular, the orbits of VG on X;(O,VG") are naturally in one-to-one correspondence with the orbits of
K on YG(A)o/P(A).

We will sometimes abuse this notation in the following way. The element e(A), the group YG(A)g, and
the sets Z7(A) depend only on the YG(A)o orbit P(A)%, and not on A itself. We may therefore allow A to
vary over P(A)°, rather than keep it fixed.

Here is a reformulation of Theorem 8.5.

Theorem 21.2. Suppose we are in the setting (21.1). Then there are natural bijections among the
following sets:
1) irreducible (Vg(A), (K;-))“lg)—modules annihilated by Ipayo;
2) irreducible (K;))“lg—equivam'ant Dp(ayo-modules; and
3) irreducible ¥ G -equivariant D-modules on X,;(O,VGT).
These bijections arise from natural equivalences among the three corresponding categories. If in addition
we are in the setting of Theorem 10.4, then the union over j of these sets is in natural bijection with
4) equivalence classes of irreducible canonical projective representations of type z and infinitesimal character
O of strong real forms of G.

Proof. The bijection between (1) and (2) is the Beilinson-Bernstein localization theorem 8.3. That
between (2) and (3) is the smooth base change of Proposition 7.14 (for which the hypotheses are established
in Proposition 6.24). That between (3) and (4) is Theorem 10.4. Q.E.D.

We want to apply the results of Chapter 20 on characteristic varieties to these bijections.

Proposition 21.3. Suppose we are in the setting (21.1). Regard x = (y;,A) as a point of X(O,VGF)
(Definition 6.9), so that

S=VG-xC X(0,VGY), Sk =K} -ACPA)

are corresponding orbits.

a) The isotropy group of the action of VG at x (or of the action of KJQ at A) is P(A)N KJQ.
b) The conormal space to the orbit S at x (or to the orbit Sk at A) may be identified naturally (as a module
for P(A) N KY) with

T5,(X(0,YGY)) = Tiq . (X(0,7G)) = (Ya(A)/(p(A) +8;))"

¢) Fiz a non-degenerate ¥ G' -invariant symmetric bilinear form on Vg, and use it to identify ¥V g(A)* with
Vg(A). Then the subspace appearing in (b) corresponds to

(Ya(A)/(p(A) + &))" = n(A) N5

Proof. Part (a) is obvious (and contained in Proposition 6.16). For (b), combine the last description
of X(0,VGY) in Proposition 6.24 with Proposition 20.2(a) and (20.12)(d). For (c), the left side is clearly
identified with p(A)* N {%j‘; here the orthogonal complements are to be taken with respect to the bilinear
form. It is well known (and easy to check) that the orthogonal complement of a parabolic subalgebra is its
nil radical; and the Cartan decomposition of (20.11) is orthogonal since (by assumption) Ad(y;) respects the
form. Q.E.D.

Proposition 21.4. Suppose we are in the setting (21.1).

a) Every Y G™ -equivariant D-module on X(O,YGY) admits a ¥ G -invariant good filtration.

138



b) Suppose that the vGalg-ec_;uivari(mt D-module N corresponds to the Kjo’alg-equivam'ant D-module M
in the equivalence of Theorem 21.2. Suppose S is any orbit of VG on X(O,YGY); write Sk for the
corresponding orbit of K;-)’alg on P°(A). Then the multiplicities in the characteristic cycle are related by

X5 N) = XG5 (M).
Proof. Part (a) follows from Proposition 20.2(e) and Lemma 20.13. Part (b) is Proposition 20.2(f).

Q.ED.
Recall now from (20.3) and (20.12) the moment map

g T (P(A)°) = Npay C Va(A)* (21.5)(a)
and its restriction
bt Tieo (PA)) = Npgayo g0 © (“0(A)/85)° (21.5)()
Write
Zpayp,0 = Zpay N (Vg(A)/4)", (21.5)(c)

a finite union of orbits of K7 of dimension equal to dimP(A)? (Lemma 20.14). Recall (Definition 20.17)
that an orbit Sk of KJQ on P(A)Y is called regular if and only if pu(T%,_(P(A)?)) meets Zp(ayo. We say that
an orbit S of VG on X;(0,VG") is regular if the corresponding orbit of K7 is regular (cf. (21.1)(i)).

Theorem 21.6. Suppose we are in the setting (21.1); use the notation (21.5). Suppose that the
irreducible (VY g(A), (K3)"9)-module M, the irreducible (K9)*9-equivariant Dppyo-module M, and the ir-
reducible VGalg—equivam'cmt D-module N correspond in the bijections of Theorem 21.2. Then the following
conditions are equivalent.

a) The characteristic variety SS(N) contains the conormal bundle of a regular orbit S (Definition 19.9

and (21.5)).

b) The characteristic variety SS(M) contains the conormal bundle of a regular orbit Sk .
¢) The associated variety V(M) meets Zp(A)0,K? ((20.5) and (21.5)).

d) The annihilator Ann M is equal to Ipayp ((21.1)(e)).

e) The Gelfand-Kirillov dimension Dim M is equal to dim P(A)°.

Proof. The equivalence of (a) and (b) follows from the definition of regular and Proposition 21.4(b).
The rest of the result is Theorem 20.15. Q.E.D.

Theorem 21.7. In the setting of (21.1), assume that the moment map u of (21.5)(a) has degree one.

Then there are natural bijections among the following three sets:
1) regular orbits S of VG on X;(0,VGY);
2) regular orbits Sk of K3 on P(A)°; and
3) orbits Zg of KI on Zp(ay o ((21.5)(c)).

This bijection is multiplicity-preserving in the following sense. Suppose S, Sk, and Zg correspond as
above, and N', M, and M correspond as in Theorem 21.2. Then x'3¢(N) = Xgic(./\/l), and these are equal
to the multiplicity of Zs in the associated cycle Ch(M) (cf. (20.5)).

Proof. The first bijection is a definition, and the equality xg*“(N) = x§°(M) is Proposition 21.4(b).
The rest of the result is Theorem 20.18. Q.E.D.

Theorem 21.8 (cf. [7], Proposition 3.24). Suppose we are in the setting (21.1). Then there is a natural
order-reversing bijection
I—VI

from the set of primitive ideals in U(g) of infinitesimal character X\, onto the set of primitive ideals in
U(Vg(A)) containing Ipayo. In particular, the mazimal primitive ideal Jypax(N) of infinitesimal character A
corresponds to Ippyo:

VT maz(A) = Ip(ayo.
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In the setting of Theorem 21.2 and Theorem 10.4, suppose that the irreducible (Vg(A),K]Q)-module M
corresponds to the irreducible canonical projective representation © of G(R,8)°*™. Then the annihilators

correspond:
V(Ann7) = Ann M.

In particular, the annihilator of m is a mazximal primitive ideal if and only if the annihilator of M is equal
to Ip(ayo-

Recall that Theorem 21.6 provides several characterizations of the modules M with annihilator equal
to I'p(A)O.

22. Arthur parameters.

In this chapter we recall from [3] the parameters appearing in Arthur’s conjectures. We begin with some
simple facts about conjugacy classes in complex algebraic groups, which will be applied to E-groups.

Definition 22.1. Suppose H is a complex algebraic group. An element h € H is called elliptic if the
closure in the analytic topology of the group (h) generated by h is compact. Similarly, an element X € §
is called elliptic if the closure in the analytic topology of the one-parameter subgroup {exp(tX) |t € R} is
compact.

Lemma 22.2. Suppose H is a complex algebraic group, h € H, and X € §).

a) If h is elliptic, then h is semisimple; and if X is elliptic, then X is semisimple.
b) The element h is elliptic if and only if h™ is elliptic for every non-zero integer n.

Suppose T' C H is an algebraic torus. Define
tr=X,.(T)®zRCt
(cf. (9.1)(d) and Lemma 9.9), so that X.(T) is a lattice in the real vector space tg. Finally, define
Te = e(tr) ~ tr /X (T),

a compact analytic torus in T (cf. Lemma 9.9).
¢) Suppose h € T. Then h is elliptic if and only if h € T..
d) Suppose X € t. Then X is elliptic if and only if X € itg.

We leave the elementary argument to the reader. The point of (a) and (b) is that they reduce the
problem of testing for ellipticity (even if H is disconnected) to the cases treated in (c) and (d)).

Definition 22.3. Suppose VG' is a weak E-group. A Langlands parameter ¢ € P(VG') (Definition
is said to be tempered if it satisfies any of the following equivalent conditions.

)
—

) The closure of ¢(Wg) in the analytic topology is compact.

In the notation of Proposition 5.6, the Lie algebra element A + Ad(y)A is elliptic.

(c) Suppose 9TT is a Cartan subgroup of VG, and that ¢(Wg) C ?TT. Fix an E-group structure on
47T and let T be an algebraic torus defined over R admitting 7" as an E-group. Then the canonical
projective character 7(¢) of T'(R)°*™ associated to ¢ (Proposition 10.6) is unitary.

(d) Fix an E-group structure on VGT, and let (G',W) be an extended group admitting VG' as an E-
group. Then at least one of the irreducible canonical projective representations of strong real forms of
G parametrized by ¢ (Theorem 10.4) is tempered.

e) In the setting of (d), all the representations parametrized by ¢ are tempered.

=®

r

We write Ptemp(vGF) for the set of tempered Langlands parameters, and @temp(vGF) for the corre-
sponding set of equivalence classes.

To see that the conditions in the definition are equivalent, we can argue as follows. First, the Weil group is the
direct product of the positive real numbers R™ and a compact group; so (a) is equivalent to ellipticity of the
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generator of ¢(RT). This generator is precisely A + Ad(y)\ (cf. (5.5)(a)). Hence (a) and (b) are equivalent.
In the setting of (c), T(R) is the direct product of a compact group and a vector group ([1], Corollary 3.16),
so m(¢) is unitary if and only if its restriction to the vector group is. Now A + Ad(y)A is identified with
the differential of that restriction, so the equivalence of (b) and (¢) follows ([1], Proposition 4.11). From the
definitions underlying Theorem 10.4 (Proposition 13.12), it follows that (c) is equivalent to versions of (d)
and (e) in which “tempered representation” is replaced by “unitary limit character” (Definitions 11.2 and
12.1). To finish, we need to observe that in the classification of Theorem 11.4, tempered representations
correspond precisely to unitary final limit characters. This is a fairly serious result, but it is well-known (see
34)).

Definition 22.4 (cf. [3], section 6). Suppose YG' is a weak E-group (Definition 4.3). An Arthur
parameter is a homomorphism
Y Wg x SL(2,C) — VG*

(see Definition 5.2) satisfying

(a) the restriction of ¢ to Wk is a tempered Langlands parameter; and
(b) the restriction of ¢ to SL(2,C) is holomorphic.

Two such parameters are called equivalent if they are conjugate by the action of VG. The set of Arthur
parameters is written Q(VGT); the set of equivalence classes is written W(YGY). In the setting of Definition
5.3, we may also write U(G/R).

Suppose 1 is an Arthur parameter. In analogy with Definition 5.11, we define

VGy = centralizer in VG of Y(Wg x SL(2,C)),

and
Ay ="Gy/(YGy)o,

the Arthur component group for . Similarly,
Azlg — \/C;Z)l!]/(VGYZZIQ)07

the universal component group for 1.
The associated Langlands parameter for 1 is the homomorphism

1/2
(b¢, Wk — VC}'7 (bw(’lﬂ) = w(w’ <|w|0 |w|91/2>) (w S W]R)

Attached to ¢y, is an orbit Sy, of VG on X (YG") (Proposition 6.17); define
Sy =Sg,-

Write
PArthuT(vGF) = {¢Il) I 1/) € Q(\/GF)} - P(VGF)

for the image of the map on parameters, and
(bArthur(\/GF) C (I)(VGF)

for the corresponding set of equivalence classes.

Proposition 22.5 (Arthur [2], p.10). Suppose VG' is a weak E-group. The map 1 — ¢y from Arthur
parameters to Langlands parameters defines a bijection on the level of equivalence classes

\IJ(VGF) = (I)Arthur<vGF)~

We have
(I)temp(vGF) C (I)Arthur(vGF) C @(VGF)
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If ¢ is an Arthur parameter, there is an inclusion
v A~ v~
G, C Gy, .
The induced maps on component groups
loc alg loc,alg
A¢—>A¢w, Aw —>A¢w
are surjective.

Here is the definition of the “Arthur packets” discussed in the introduction.

Definition 22.6. In the setting of Theorem 10.4, suppose ¢ € W¥(VGT) is an Arthur parameter
(Definition 22.4). The Arthur packet II7, of ¢ is by definition the micro-packet of the Langlands parameter
¢y attached to ¢ (Definition 19.15, Definition 22.4):

II*(G/R)y = II* (G/R) e

A little more explicitly , write S = Sy as in Definition 22.4. Then II7 consists of those irreducible rep-
resentations with the property that the corresponding irreducible perverse sheaf (Theorem 1.24 or Theorem
15.12) contains the conormal bundle T%(X (YGT)) in its characteristic cycle (Proposition 19.12).

Theorem 22.7. Suppose (GF,W) is an extended group for G (Definition 1.12), and (YG*,D) is an
E-group for the corresponding inner class of real forms, with second invariant z (Definition 4.6). Fiz an
Arthur parameter ¢ € U*(G/R) (Definition 22.4). Define the Arthur packet I1y, as in Definition 22.6.

a) Ly contains the L-packet Iy, , and at most finitely many additional representations of each strong real
form of G.

b) There is a strongly stable formal virtual character
= Y e(m)(=1) 1) o (2.
' €Iy

Here the terms are as explained in Corollary 19.16. In particular, e(w') = £1 is Kottwitz’ sign attached
to the real form of which ©’ is a representation, and x(7') is a positive integer.

This is immediate from Corollary 19.16 and the definitions. Essentially it solves Problems A, C, and
E from the introduction. For Problem B, we must attach to each 7’ € II, a representation of Ailg , of
dimension equal to x4 (7). This will turn out to be standard micro-local geometry. To see that, however,
we need a micro-local interpretation of A;lg .

We turn therefore to an analysis of the geometry of an Arthur parameter 1. Write vy for the restriction
of ¥ to Wg, a tempered Langlands parameter. According to Proposition 5.6, 9y is determined by a pair

(Y0, Ao), yo € VG' - V@, Ao € Vg. (22.8)(a)

Write v for the restriction of ¢ to SL(2,C), an algebraic homomorphism into ¥G. We can define

Y1 =11 <(Z) Ez) €'a, A1 = dyy <162 _?/2) €'y (22.8)(b)

An elementary calculation from Definition 22.4 and Proposition 5.6 shows that the Langlands parameter ¢,
is associated to the pair (y, \), with

Y = Yoy1, A= Ao+ A1 (22.8)(c)

(Here and elsewhere in the following discussion, one should keep in mind that elements of 1 (Wg) commute
with elements of 11 (SL(2,C).) Using A and y, we can introduce all of the structure considered in Chapter
6 (cf. (6.1), (6.10)). We also write 6, for the conjugation action of y on VG(A), and

Yg(\) = t(y) +s(y) (22.8)(c)
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for the corresponding Cartan decomposition. Define

o=t (g o)e's Fo=an(] {)evs (22:8)(d)

these are nilpotent elements. By calculation in sl(2), Ey, lies in the +1-eigenspace of ad(\1). Since A¢ and
E, commute, it follows that
Ey € Vg(M\)1 C n(N). (22.8)(e)

Similarly, we check that Ad(y:1)(Ey) = —Ey, and deduce

Ey € s(y). (22.8)(f)

Here is a micro-local description of the Arthur component group. The result is a slight generalization
of work of Kostant and Rallis in [31]; the proof follows their ideas very closely.

Proposition 22.9. Suppose VGT is an E-group, and 1 € Q(YGY) is an Arthur parameter. Let x =
p(py) € X(VGY) (Proposition 6.17) be the corresponding point, and S = VG -z the corresponding orbit. Fix
a non-degenerate ¥ G' -invariant symmetric bilinear form on Vg, and use it as in Proposition 21.3 to identify
the conormal space TZ (X (VGY)) with n(\) Ns(y). Accordingly regard Ey as an element of this conormal
space (cf. (22.8)(e),(f)):

By €n(\) Ns(y) ~ Ts (X (VGY)).

a) We have
[P(N) NE(Y), Byl = n(A) Ns(y).
b) The orbit (P(\) N K(y)) - Ey (with the natural action of the isotropy group on the conormal space) is
Zariski dense in T§ (X (YG")).
¢) The orbit VG - Ey, is Zariski dense in the full conormal bundle T%(X (VGL)).
d) The isotropy groups of Ey in the actions of (b) and (c) coincide; write VG, for this subgroup of ¥ G..
Then ¥ Gy is a Levi subgroup of VG, .
e) The inclusion in (d) identifies the Arthur component group (Definition 22.4) naturally with the compo-
nent group of VG, :
Aw ~ VGEw/(VGEw)o.
Similarly,
al al aly
Ay~ VGEZ/(VGEz)().

Proof. By the representation theory of s[(2), ad(A1) has half-integral eigenvalues. (For this discussion,
we call any element of 1/27Z a half-integer.) By definition of g(A), ad(\) has integral eigenvalues on g(\).
It follows that Ay = A — A1 has half-integral eigenvalues on g(\). In analogy with (6.1)(b), we define for

half-integers r and s
\%

95 ={pneal Nospl =7rp, A, ] = sp (22.10)(a)
Then

r4+s=n

Consulting the definitions (6.1), we deduce that

MN= Y Ve P)= ) Ve (22.10)(c)

r+seN—{0} r+seN

Now 8,(Xo) = 0y, (Xo) commutes with \g and with A; (Proposition 5.6(c)) and so acts diagonalizably
on each Vg, .. Since ¢y is tempered, Ao 4 6y, (No) has purely imaginary eigenvalues (Definition 22.3(b)). It
follows that 6, (\) acts by —r on Vg, ;. On the other hand,

0y (A1) = Ad(y1)(M) = Ay;

143



s0 0y(A1) acts by s on Vg, .. Combining these two facts, we get
Oy: V05 = V0 s (22.10)(d)
Combining the descriptions of 6, and p(\) in terms of the eigenspaces ¥ 9,5, We get
ty)Np(\) ={X+60,X|X ey, ,streN} (22.10)(e)

s(y)nn(\) ={X -0,X| X eVg,,,streN-{0}} (22.10)(f).
To study the adjoint action of E;, we use the representation theory of s[(2). We deduce that

a’d(Elp) : vgr,sfl — vgns; (2210)(9)

this map is surjective for s > 1/2 and injective for s < 1/2.

We can now prove (a). Since both sides are vector spaces, it is enough by (22.10)(f) to show that
every element of the form X — 6,X belongs to the left side, with X € ng and s £ r positive integers. By
(22.10)(g), we can find Y € Vg, ., with [Y, Ey] = X. Since 0,E,; = —E,, it follows that

Y +6,Y,Ey] = X — 6,X.

Furthermore (s — 1) £ r must be non-negative integers, so (by (22.10)(e)) Y +6,Y € ¢(y) Np(A). This is (a).

For (b), recall that the conormal space T (X (YGT)) has been identified with s(y) Nn()\). This identi-
fication sends the isotropy action of VG, = K(y) N P()\) (Proposition 6.16) to the restriction of the adjoint
action. It follows that the tangent space to the orbit (P(A\) N K(y)) - Ey is just [£(y) Np(N), Ey]. (Here we
identify the tangent space to the vector space s(y) N n(\) at the point E, with the vector space.) By (a),
this tangent space is the full tangent space at E; so the orbit is open, as we wished to show.

For (c), the conormal bundle T%(X (YGY)) is an equivariant bundle over the homogeneous space S =
VG /VG,. The orbits of such an action are in one-to-one correspondence with those of VG, on the fiber over x
(cf. Lemma 6.15); this bijection preserves isotropy groups and codimension of orbits. Since (P(A)NK (y))-Ey
has codimension 0 in T , (X (YG")), it follows that YG - Ey has codimension 0 in T4 (X (YG")), as we wished
to show.

We have already explained the first claim of (d). For the rest, we begin with the Levi decomposition

PA) N K (y) = (L(A) N K(y))(Ne, N K(y)) (22.11)(a)
of Proposition 6.17 and Lemma 6.18. We claim that this decomposition is inherited by the subgroup VG g b
YGp, = (LN NK(y)e, (No, N K(y))E,- (22.11)(b)

So suppose that In is the decomposition of an element of VG, ; it is enough to show that [ € VG g, . Using
(22.10), one calculates easily that

ng, = > Vg, (22.11)(c)

s>|r|,s>0,s+r€Z

It follows that
Ad(n)(Ey) = Ey + (terms in Vg, . with s > 1). (22.11)(d)

(Recall that By, € Vgo,.) Applying Ad(l) to this, we get
Ey = Ad(In)(Ey) = Ad(l)(Ey) + (terms in Vg, . with s > 1). (22.11)(e)

Projecting on the 1-weight space of A1, we find that Ad({)(Ey) = Ey, proving (22.11)(b).
To complete the proof of (d), it suffices to show that

(L) MK )5, =" Gy (22.12)(a)
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That the left side contains the right is trivial from the definitions; so suppose I € (L(A\) N K(y))g,. We
must show that [ centralizes the image of 1. It is enough to show that it fixes the images under di; of the
basis {Ey, 21, Fy} of sl(2) (see (22.8)). Since | commutes with A and y, it commutes also with ,\. Now
it follows from (22.10)(c) that the only eigenvalue of Ao + 6y \g on ¥g(\) is 0; so it is central in Vg(\), and
in particular is fixed by [. Hence

2\ = (/\ + Gy)\) — ()\0 + ey)\o) (22.12)(())

is also fixed by [. By the injectivity statement in (22.10)(g), there is at most one element F € Vg, _; with
the property that

[Ey, F] = 2)1. (22.12)(c)

By calculation in s[(2), Fy, satisfies (22.12)(c). Since [ fixes E, and 2A;, Ad(l)(Fy) is a second solution of
(22.12)(d). By the uniqueness, [ fixes F;,. Consequently [ commutes with Ey, 21, and Fy, as we wished to
show.

Part (e) follows from (d) exactly as in Lemma 7.5. Q.E.D.

23. Local geometry of constructible sheaves.

As preparation for the serious geometry of the next chapter, we present here some trivial reformulations
of material from Chapter 7. The goal is to find local results analogous to the microlocal ones we want.
Constructible sheaves have a local behavior analogous to the microlocal behavior of perverse sheaves, so we
will concentrate on them.

We work in the setting of Definition 7.7, so that the pro-algebraic group H acts on the smooth algebraic
variety Y with finitely many orbits:

v= |J = (23.1)(a)
H-orbits S

Each orbit S is smooth and locally closed. If y € S, then

S~ H/H, (23.1)(b)

Proposition 23.2. In the setting (25.1), suppose C is an H -equivariant constructible sheaf on'Y. Then
the restriction of C' to an H-orbit S is an H-equivariant local system Qg"c(C) on S.

a) The rank of Q°(C) is equal to the dimension of the stalks of C' along S.

b) Suppose that & = (S,V) is a complete geometric parameter for H acting on Y (Definition 7.1), and
that p(§) (the extension of & by zero — see (7.10(c)) is the corresponding irreducible H -equivariant
constructible sheaf. Then Q¢°(u(€)) =&, and Q¢ (u(€)) =0 for S’ # S.

¢) Q¢¢ is an exact functor from C(Y, H) to H-equivariant local systems on S.

This is entirely trivial. Using the description of equivariant local systems in Lemma 7.3, we deduce

Corollary 23.3. In the setting (23.1), suppose C is an H-equivariant constructible sheaf on'Y, and
S CY is an H-orbit. Attached to C there is a representation 7°°(C) of the equivariant fundamental group

Ale (Definition 7.1).

a) The dimension of T¢(C) is equal to the dimension of the stalks of C on S.

b) Suppose that § = (S, ) is a local complete geometric parameter for H acting on'Y (with T an irreducible
representation of A%%°), and u(§) is the corresponding irreducible constructible sheaf (see (7.10)(c)).
Then 75¢(u(€)) = 7, and 75¢(u(€)) = 0 for S # S'.

¢) The functor T¢ from C(Y, H) to representations of Al¢ is exact. In particular, it gives a well-defined

map (also denoted T¢) from the Grothendieck group K(Y,H) (cf. (7.10)) to virtual representations of

loc
Alee.

145



Definition 23.4. Suppose P € P(Y, H) is an H-equivariant perverse sheaf on Y. (In fact we could take
for P any H-equivariant constructible complex on Y.) Then the cohomology sheaves H'P are H-equivariant
constructible sheaves on Y (Lemma 7.8), so we can attach to each orbit S an H-equivariant local system

(Q¥°)'(P) = Q§°(H'P)
on S (Proposition 23.2), and a representation
()i (P) = 7lee(H°P)

of the equivariant fundamental group A% (Corollary 23.3). We write
TEY(P) =Y (1)'(7§°)'(P),

a virtual representation of A%°.

Because of Lemma 7.8, this notation is consistent with that of Corollary 23.3(c). We have already
seen the virtual representation 70¢(P), at least for P irreducible, as the geometric character matrix. More
precisely, suppose v = (S,,7y) and { = (Sg¢, 7¢) are complete geometric parameters (Definition 7.1), with
7, an irreducible representation of AZS": and 7¢ an irreducible representation of Ag’f. Write P(y) for the
irreducible perverse sheaf parametrized by « (cf. (7.10)). Then

multiplicity of 7¢ in TéZC(P(’)/)) = (—1)4mSec, (€,7) (23.5)

(notation (7.11)).

Definition 23.6. Suppose F' € K(Y, H) (notation (7.10)), S is an H-orbit on Y, and o € A¥¢. The
local trace of o on F is

XS°(F)(0) = tr(r*(F)(0)). (23.6)(a)

(The trace of an element in a finite-dimensional virtual representation of a group is well-defined.) If C is an
H-equivariant constructible sheaf, or perverse sheaf, or constructible complex representing F' (cf. (7.10)(a)),
then we write xY¢(C)(0) instead of x'¢¢(F)(o). Explicitly, fix y € S, so that A is the group of connected
components of H,, and choose a representative s € H, for c. Then

X§9(C) (o) = D (=1)'tx(s on (H'C),), (23.6)(b)

the alternating sum of the traces of s on the stalks of the cohomology sheaves of C'.
The local multiplicity of F' along S is

XSO(F) = x§°(F)(1) (23.6)(c)

In the setting of (23.6)(b), this is the alternating sum of the dimensions of the stalks of the cohomology
sheaves. (In particular, it is non-negative for constructible sheaves.)

We can use this notation to reformulate the result of Proposition 7.18.

Proposition 23.7. Suppose we are in the setting (7.17).
a) Suppose C € ObC(X,G) is a G-equivariant constructible sheaf on X, so that €*C is an H-equivariant

constructible sheaf on Y (Proposition 7.18). Fix an orbit S of H on Y. Then the representation
rlee(e*C) (Corollary 23.3) is given by

(e 0) = AY(e) 0 7 5(C)
(notation (7.17)).
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b) Suppose &' = (S',7") € E(X, G) is a local complete geometric parameter for G acting on X, with 7" an
irreducible representation of Al%S (Definition 7.1). Then

eu(E) = Z (multiplicity of T in A(e) o 7/ )u(€).
£=(S,7)EE(Y,H)
'=®(e)S

¢) Suppose F € K(X,G) (cf. (7.10)(a)). Fixz an H-orbit S CY, and an element o € A® (Definition 7.1).
Define
S =®(e)S C X, o' = Al°(e)(0) € Alge.

Then the local trace of o on €*F (Definition 23.6) is
XS F)(0) = X$°(F) (o).
In particular, the local multiplicity of €*F along S is equal to the local multiplicity of F along S’.

Proof. Part (a) is a reformulation of Proposition 7.18. Part (b) follows from (a) and Corollary 23.3(b).
If F is represented by a constructible sheaf C, then (c) follows from (a) by taking the trace of the action of
o. The general case follows from the fact that both sides are homomorphisms from K(X,G) to C. Q.E.D.

24. Microlocal geometry of perverse sheaves.

Up until now we have described the integers that are to be the dimensions of the representations whose
existence is predicted by Arthur’s conjectures (Theorem 22.7). Here the key idea was that of the multiplicity
of a component of a characteristic cycle. To produce the representations themselves, we must exhibit such a
multiplicity as the dimension of a natural vector space, on which something like the Arthur component group
can act. Now it is relatively easy to find a vector space whose dimension is the multiplicity, and in this way
to construct (in the notation of Definition 22.4) a representation of something like VG;lg . (Something very
similar is done in [Assoc], Theorem 2.13.) The difficulty arises in showing that this representation is trivial
on the identity component. (The analogous result in [Assoc] is Theorem 8.7.) Before going into further
detail, we introduce some notation.

We work in the setting of Definition 7.7, so that the pro-algebraic group H acts on the smooth algebraic
variety Y with finitely many orbits. Recall from (19.1) the conormal bundle

= U 1o (24.1)(a)
H-orbits S

A covector (A,y) € T§(Y) is called degenerate if it belongs to the closure in 7*Y" of some other conormal
bundle T¢ (Y) (cf. [GM], Definition 1.1.8). (In this case necessarily S C S’.) We indicate non-degenerate
conormal covectors with the subscript reg, so that

Th(Vreg= U T3 )req. (24.1)(b)
H-orbits S

The set of degenerate covectors at y is evidently a closed H,-invariant cone in the conormal space, so the
complementary set is an open cone. It follows that

TS(Y)reg = H xp, TS, (Y)regs (24.1)(c)

a smooth cone bundle over S ~ H/H,.

At this point things become much simpler if H has an open orbit on T¢(Y') (or, equivalently, if H,
has an open orbit on the vector space Tgy(Y)) This is automatic in the case of orbits attached to Arthur
parameters (Proposition 22.9) but not in general. Here are two examples.
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Example 24.2. Suppose Y is the projective line CP', and H is the additive group C (acting by
translation on the affine line, and fixing the point at infinity). Then the conormal bundle to the fixed point
y is just the cotangent space at y: a one-dimensional vector space. The only degenerate covector is 0. The
action of H = H,, on this cotangent space is unipotent algebraic, and therefore trivial; so there are infinitely
many orbits of H,, and none is open. (This example cannot be realized as a geometric parameter space.)

For a more interesting example, take Y to be the complete flag variety of Borel subgroups in SL(4), and
H = B the standard Borel subgroup of upper triangular matrices. (This example — or rather the essentially
equivalent (Proposition 20.2) SL(4) x g Y — does occur as a geometric parameter space, in connection with
representations of PGL(4,C).) According to the Bruhat decomposition, B has 24 orbits on Y, corresponding
to the various B-conjugacy classes of Borel subgroups. Suppose B’ is such a subgroup, corresponding to a
point ¥y € Y and an orbit S C Y. Write N and N’ for the corresponding unipotent radicals, and T for a
maximal torus in BN B’. Then

B,=BNB =T(NONN'), T&,(Y)~nnn' (24.2)(a)

(compare Proposition 20.14). Suppose now B’ is chosen so that N N N’ is abelian. Then the unipotent
radical N N N’ of BN B’ acts trivially on nNn’, so

orbits of B, on Tg (V) =~ orbits of T on nNn’. (24.2)(b)

Now let B’ be obtained from B by permuting the first two and the last two coordinates. Then

nAw = (8 ’3); (24.2)(c)

here we use two by two block matrices. Consequently n N n’ is abelian and four-dimensional. Since T is
three-dimensional, there can be no open orbits of 7' on nNn’. By (24.2)(b), there are no open orbits of B,
on 1§, (Y).

Lemma 24.3. Suppose the complex algebraic group G acts on the smooth irreducible variety X. Write
G, for the stabilizer in G of the point x € X.

a) There is a variety Gx and a morphism f : Gx — X (a group scheme over X ) with the property that
the fiber over x is Gy.

b) Put m = dimGx — dim X. There is an open G-invariant subvariety Uy of X with the property that
dim G, = m for all x € Uy.

¢) There is an open G-invariant subvariety Uy C Uy with the property that Gy, = f~*(Uy) is smooth, and
the restriction of f to Gy, is a smooth morphism .

d) There is an open G-invariant subvariety Uy C Uy with the following property. Put Gy, = f~1(Us), and
let (Gu,)o be the union of the identity components (Gy)o (for x € Uz). Then (Gu,)o is (the set of closed
points of ) an open and closed subgroup scheme of Gy, .

e) There is a an étale group scheme Ay, over Us, with the property that the fiber A, over x € Us is
isomorphic to the component group G /(Gz)o-

f) There is an open G-invariant subvariety Us C Us over which the étale group scheme of (e) is finite. The
family of component groups A, = G, /(Gy)o is in a natural way a local system of finite groups over Us.

g) For each x € Us, the (algebraic) fundamental group m (Us;x) acts by automorphisms on A,. If y is
any other point of Us, then A, is isomorphic to A, by an isomorphism that is canonical up to an
automorphism coming from w1 (Us; x).

Proof. The definition of the action provides a morphism a : G x X — X. We define Gx to be the
subvariety of G x X

Gx ={(g,z) | ag,z) = }.

Obviously this is a closed group subscheme of G x X. The morphism f is just the restriction to Gx of
projection on the second factor. Part (b) is a general property of morphisms of varieties ([20], Exercise
11.3.23). (More precisely, we choose U’ as in the general property, then let Uy = G - U’.)
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To prove (c¢), we work in the analytic topology; this does not affect the notion of smooth points of a
variety or a morphism. The strategy we use for showing that f is smooth near some point (go, zg) in Gx is
this. We look for a neighborhood X of zg, a neighborhood Z; of 0 in C™, and a holomorphic immersion
v : Zyx Xog — G x X, with the following properties: v(z,z) € Gx, fovy(z,z) = x, and (0, z¢) = (go, xo). If
such a map exists, then f is smooth of relative dimension m at (go, o), and the image of + is a neighborhood
of (go, o) in Gx. (We will call v a local trivialization, even though it is not really trivializing the whole
bundle Gx over Xy.) Conversely, if Gx and f are smooth of relative dimension m at (go, o), then the
implicit function theorem guarantees the existence of a local trivialization.

For (c), we may as well assume X = Uy, so that G, has dimension m for all . We will first show that
f is smooth near e x X C Gx. The family of Lie algebras g, may be regarded as a map from the smooth
variety X to the Grassmanian variety of m-dimensional subspaces of g. In an analytic neighborhood X of
any point zg on X, we can find m holomorphic functions

s;i:Xo—g (i=1,...,m)
so that {s;(z)} is a basis of g,. For a sufficiently small neighborhood of zero Z, in C™, the map
Ye : Xo X Zy — Gx, ’ye(x,z):(exp(Zzisi(x)),x) eGxX

is a local trivialization at (e,xg); so f is smooth near e x X.

Next, fix an irreducible component C' of G x, and suppose that the restriction of f to C' is dominant
(that is, that f(C) contains an open set in X). Fix a smooth point (go,zo) of C' at which the restriction of
f to C' is smooth; this is possible by [20], Lemma II1.10.5. Then on an appropriate analytic neighborhood
X of xg, we can choose a holomorphic section

o:Xy—C, o(x0) = (90, o).

Now the group scheme structure g (that is, the multiplication in G in the first factor) gives a holomorphic
map

v:Xo x Zg = C, ’7(1'72) = ,u('ye(:c,z),o(x)).

The map v is a local trivialization at (go, o), and it follows that the restriction of f to C is smooth of
relative dimension m.

If C is an irreducible component of Gx on which f is not dominant, then f(C) is contained in a Zariski-
closed G-invariant proper subvariety of X. After removing such subvarieties, we may as well assume that no
such components exist. Write V for the (Zariski open and dense) set of points of Gx at which f is smooth
of relative dimension m. The argument of the preceding paragraph now shows that V is a subgroup scheme
in Gx. (We multiply a local section at one smooth point (go, zo) by a local trivialization at another (g(, o)
to get a local trivialization at the product point (gog(,zo).) We also know that V' contains the identity
component of G, for every x. Write Z for the complement of V. Every fiber Z, is a union of cosets of (Gy)o,
so has dimension equal to m (if it is non-empty). Since Z has dimension less than the dimension of Gy,
f(Z) must be contained in a proper G-invariant subvariety of X. After removing this subvariety, we are left
with f smooth everywhere.

For (d), we replace X by U; as in (c). Corollary VI-B 4.4 (page 349) of [15] guarantees the existence of
an open subgroup scheme (Gx )o with the property that the fibers of f on (Gx )¢ are the identity components
(G)o. Let Z be the complement of (Gx)o in its closure. Then dim Z < m + dim X. On the other hand,
the fibers of f on Z are unions of cosets of (G, ), and therefore have dimension m. It follows that f(Z) is
contained in a proper G-invariant closed subvariety of X. After removing such a subvariety, we find that
(Gx)o is closed, as we wished to show.

We will not prove (e) in detail (but see [4], Lemma 1.17, where a related result is also not proved in
detail). Of course Ax is the quotient of Gx by (Gx)o. If we had not arranged for (Gx)o to be closed as
well as open, this quotient would exist only as an algebraic space, and not as a scheme.

For (f), an étale morphism must be finite over an open set ([20], exercise I11.3.7). Part (g) is a general
statement about local systems of finite groups. Q.E.D.
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Example 24.4. Let G be the group of upper triangular two-by-two matrices of determinant one, and
X the Lie algebra of G (with the adjoint action). Then the stabilizer of the origin is all of G, and so has
dimension 2. Every other point has a one-dimensional stabilizer. The stabilizers of the semisimple points
(those with non-zero diagonal entries) are the (connected) maximal tori of G. The stabilizer of a non-zero
nilpotent element is the subgroup of upper triangular matrices with diagonal entries 41; it has two connected
components. Explicitly,

GX{(<8 abl),<g yx>)|2xaby(a21)0}, (24.4)(a)

a three-dimensional irreducible variety. The morphism f is projection on the second factor. By the Jacobian
criterion (that is, by inspection of the differential of the defining equation) Gx is smooth except at the
two points (£1,0). At smooth points of Gx, we can test for smoothness of f by determining whether df
is surjective. The conclusion is that f is smooth except at x = y = 0. In the notation of Lemma 24.3,
we can therefore take Uy = U; = X — 0. The open subgroup scheme discussed in the proof of (d) is
Gy, — {z = 0,a = —1}. This is dense in Gy,, and the complementary closed set is the two-dimensional
variety
Z={a=-1,z=0,y#0}.

Its image in X is the one-dimensional cone of non-zero nilpotent elements; so we take

a={(s 1))

The group scheme Ay, is trivial, so we can take Us = Us.

Definition 24.5. In the setting of Lemma 24.3, the finite group A, attached to any x € Us is called
the generic component group for the action of G on X. If G is only assumed to be pro-algebraic, then A, is
pro-finite.

The hypotheses of Lemma 24.3 may be weakened slightly. For example, we need not assume that X is
smooth; there will in any case be a G-invariant open smooth subvariety. We can allow X to be reducible, as
long as G permutes the irreducible components transitively. It would be nice to have a well-defined “generic
isotropy group,” but this is not possible. The difficulty is that the unipotent radical U, of G, may vary
continuously over an open set. Nevertheless the dimension of U, and the isomorphism class of the (reductive)
quotient L, = G, /U, will be constant on an open set. We will make no use of these facts, however.

Lemma 24.6. Suppose the complex pro-algebraic group G acts on the smooth irreducible variety X.
Write A = G/Gq for the pro-finite component group of G. Choose an open G-invariant subvariety U C X
as in Lemma 24.3(f), so that the pro-finite component groups A, = G5 /(Gz)o form a local system over U.

a) There is a locally constant family of natural homomorphisms
ip: Ay — A (x €U).

The image of these homomorphisms is independent of x.

b) If G has an open orbit on X, then the homomorphisms of (a) are surjective.

¢) Suppose V is a G-equivariant local system of complex r-dimensional vector spaces on X. Then V defines
a local system of r-dimensional representations of A,.

Proof. The maps in (a) are just

That they are locally constant is clear from the construction of the local system Ay in Lemma 24.3. Since
U is connected, the image must be constant. Clearly the image of i, consists of the classes of elements in G
that preserve the orbit Gg - x. If X has an open orbit S, then we may take x in S. Since X is irreducible, .S
must be connected; so S = G-z = Gy - x, and i, is surjective. For (¢), we apply Lemma 7.3 to the restriction
of V to the orbit G - z. That is, we take the isotropy action of G, on the fiber V,. Q.E.D.
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Definition 24.7. Suppose Y is a smooth complex algebraic variety on which the pro-algebraic group
H acts with finitely many orbits. Fix an orbit S of H on Y, and a point y € S. Consider the action of H,
on the regular part 7§, (Y)rey of the conormal space (cf. (24.1)), and choose an open set Usgy C T§ (Y )reg
as in Lemma 24.3(f). Notice that
US =H XHy Us’y

is then an open set in T§(Y),ey. Fix a point v € Ug,,. The (local) equivariant micro-fundamental group at
(y,v) is the pro-finite group ‘
Ay’ = Hyw/(Hy)o-

Notice that this is just the generic component group for the action of H, on Tgﬁy(Y), or for the action
of H on T{(Y) (Definition 24.5). By Definition 7.1 and Lemma 24.6, it comes equipped with a natural
homomorphism

by AP — AC

which is surjective if H,, has an open orbit on 7§  (Y) (or, equivalently, if H has an open orbit on T3(Y)).
The equivariant micro-fundamental group for S is

Age =AY ((y,v) € Us C T5(Y)).

By Lemma 24.3, it is independent of the choice of (y,v) up to automorphism; if H has an open orbit on
T%(Y), then it is independent of choices up to inner automorphism. There is a natural homomorphism

ig @ ARiC — Alee,
which is surjective if H has an open orbit on T§(Y").

Theorem 24.8 ([25], [17]). In the setting (24.1), suppose P is an H-equivariant perverse sheaf on
Y. Attached to P there is an H-equivariant local system Q™(P) of complex vector spaces on T (Y )req
(notation (24.1)(b)).

a) The rank of Q™(P) at any point (y,v) of T&(Y )req is equal to the multiplicity x'Z(P) of P in the
characteristic cycle of P (Proposition 19.12).

b) Suppose that P is supported on the closure of the H-orbit S. Then the restriction of Q™(P) to T&(Y )req
is the pullback of (Q%°)~ 4™ S(P) (Definition 23.4) by the projection TE(Y )yeqg — S.

¢) QM€ is an exact functor from P(Y, H) to H-equivariant local systems on Ti;(Y )reg-

Corollary 24.9. In the setting (24.1), suppose P is an H-equivariant perverse sheaf on'Y, and S CY
is an H-orbit. Attached to P there is a representation TQ”C(P) of the equivariant micro-fundamental group
Amie (Definition 24.7).

a) The dimension of TZV°(P) is equal to the multiplicity X'3¢(P).

b) Suppose that § = (S, ) is a local complete geometric parameter for H acting on'Y (with T an irreducible
representation of A%°), and P(€) is the corresponding irreducible perverse sheaf. Then TH'¢(P(£)) =
Toig (Definition 24.7).

¢) The functor T2 from H-equivariant perverse sheaves on'Y to representations of A% is exact. In
particular, it gives rise to a map (also denoted T5V') from the Grothendieck group K(Y,H) (cf. (7.10))
to virtual representations of A%,

This theorem is absolutely fundamental to “microlocal geometry,” and it is well-known to all mathe-
maticians working in the field. Nevertheless it appears to be very difficult to find a complete proof in the
literature. We are certainly not qualified to fill this gap, but we will try to indicate what is involved.

There are several ways to define the local system Q™“(P). Kashiwara and Kawai begin with the H-
equivariant D-module M corresponding to P under Theorem 7.9. By extension of scalars, they get a module
M™i€ for the sheaf £ of micro-differential operators. The restriction of M™€ to T4(Y ),¢, can be understood
completely: it gives rise to the local system that we want ([25], Theorem 1.3.1, and [24], Theorem 3.2.1).
Unfortunately, even to formulate their definition of the local system requires not only &, but also the much
larger sheaf of algebras £¥. Some of the necessary proofs appear in [24], but several key steps (like the
flatness results that make the extensions of scalars exact) may apparently be found only in [44].
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A closely related possibility is to work with the Op«y-module gr(M) (cf. (19.4)). We first consider
what can be done easily. If the filtration of M is chosen to be H-invariant (as is possible on the geometric
parameter space by Proposition 20.15) then it follows easily that gr(M) is annihilated by the defining ideal
of TH(Y) (see the proof of Proposition 19.12(b)). We may therefore regard gr(M) as a sheaf of modules on
T} (Y'), which we may restrict to a single conormal space T§(Y'). Because it is H-equivariant, this restriction
is of the form H xp, N for some Hy-equivariant coherent OTgiy(y)—module N (cf. (24.1)(c)). There is an
open Hy-invariant subvariety U of T , (V') over which A is (the sheaf of sections of ) an H,-equivariant vector
bundle V (compare [46], Proposition VI.3.1). Essentially by definition, the rank of V is the multiplicity of
TE(Y) in the characteristic cycle of M. If v € U is arbitrary, we get an isotropy representation 7, of H, ,
on the stalk of V at v. It is a consequence of Lemma 19.6 that the class of 7, ,, in the Grothendieck group
of virtual representations of H, , is independent of the choice of good filtration on M. In order to prove
at least Corollary 24.9 (which is all we will use) the main difficulty is to prove that 7, , must be trivial on
the identity component of H, ,. It seems likely that this can be done in a direct and elementary way, as in
the proof of Theorem 8.7 of [59]. We have not done this, however. It turns out that the “canonical” good
filtration constructed in [25], Corollary 5.1.11 has the property that gr(M) is actually a local system on
T} (Y)yeq; but this uses again the machinery of [44].

Another possibility is to use the vanishing cycles functor to construct Q™. One basic result is then
[16], Proposition 7.7.1. (The proof given there appears to use analytic microlocal methods extensively.) This
statement falls short of Theorem 24.8, however, and it is not easy for a non-expert to evaluate the difficulty
of extending it.

The approach we will adopt is the Morse-theoretic method of [17]. The results actually proved in [17] are
not quite as general as we need, but at least one can find there most of the statements and techniques needed
in general (see in particular sections I1.6.3 and I1.6.A). We outline the construction. Fix (y,v) € T§(Y)req-
First, we choose a (smooth) complex analytic submanifold N of Y that meets S transversally at y. Second,
we choose a (real-valued smooth) function f on Y with f(y) = 0 and df (y) = v. (The assumptions on f and
v guarantee that f is Morse on N near y, with respect to the stratification by H-orbits intersected with N
([17], I.2.1.) Finally, we choose a Riemannian metric on Y, and sufficiently small positive numbers € and §
([17], 1.3.6). Write Bs(y) for the closed ball of radius ¢ about y in Y, and define a pair of compact spaces

J=NnNBsy)Nf—ee DK=NnNBsy)Nf (—e) (24.10)(a)
Then the stalk of the local system Q™(P) at the point (y,v) is by definition
QM(P)yy = H™ (], K; P), (24.10)(b)

the hypercohomology of the pair (J, K) with coefficients in the constructible complex P. That this is a local
system on T} (Y ),eq is [17], Proposition I1.6.A.1.

We have not been able to find a good reference for Theorem 24.8(a) (which is stated for example in
[17], I1.6.A.4). One reasonable approach is to drop our old definition of x%*¢(P) completely, replacing it by
Theorem 24.8(a) as a definition. We then need a proof of Theorem 1.31 using the new definition of y2.
We will outline such a proof at the end of this chapter.

Let us verify (b). By the transversality of the intersection of S and N, N N B;(y) meets S (the support
of P) only in the point y. In particular, K does not meet the support of P at all. Consequently

Q™(P),, = H-9™5({y}, 0; P) = stalk at y of H~ 4™ (P).
By Definition 23.4, this is the stalk of (Q'¢¢)~ 4™ S (P) at y, as we wished to show.

The exactness of Q™(P) in P (part (c)) is an immediate consequence of the “purity” theorem of
Kashiwara-Schapira and Goresky-MacPherson ([26], section 7.2 and Theorem 9.5.2, or [17], section II.6.A
and Theorem I1.6.4), which says simply that

H'(J,K;P)=0 (P perverse and ¢ # —dim S). (24.10)(c)
(The proof in [26] uses [44], and the definition of pure is formulated a little differently.)
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This concludes our discussion of Theorem 24.8. The construction allows us to formulate an analogue of
Definition 23.4.

Definition 24.11. Suppose C is any H-equivariant constructible sheaf on Y. (In fact we could take
for C' any H-equivariant constructible complex on Y.) Then there is attached to C' a family (Q™%)*(C) of
H-equivariant local systems on T7;(Y),eg, as follows. Fix a point (y,v) € T§(Y )req) as in (24.10), and define
J D K asin (24.10)(a) . Then the stalk of (Q™)!(C) at (y,v) is

I_IifdimS(J7 K: C)

That this is a local system is [17], Proposition I1.6.A.1. By Lemma 24.6, it carries a representation (72'¢)*(C')

of Ag*. (When we wish to emphasize the base point, we will write (7,7:°)"(C).) The virtual representation
of A% in Corollary 24.9(c) is

T§(C) = Y (1) (T (O).

i

Definition 24.12. Suppose F € K(Y, H) (notation (7.10)), S is an H-orbit on Y, and o € A%*. The
microlocal trace of o on F is ‘ ‘

X5 (F) (o) = tr(rg"(F)(0)). (24.12)(a)

If C' is an H-equivariant constructible sheaf, or perverse sheaf, or constructible complex representing F'

(cf. (7.10)(a)), then we write x'2'“(C)(o) instead of x2“(F)(c). Explicitly, fix (y,v) € T§(Y )reg, so that
AT is the group of connected components of H, ,, and choose a representative s € H, , for o. Then

XE(O) ) = (=)™ 3 (1) (s on H'(J, K C)).

(If s preserves the pair (J, K), then its action on the cohomology is the natural one. In general it will
carry (J,K) to another pair (J', K’') of the same type, and we need to use the canonical isomorphism
Hi(J,K;C) ~ H(J',K';C) explained in [17] to define the action of s.)

Definition 24.13. In the setting of Theorem 10.4, fix an equivalence class ¢ € ®*(G/R) of Langlands

parameters (Definition 5.3), and write S = S, for the corresponding orbit of VG on X (VGT) (Definition

alg

7.6). The micro-component group for ¢ is by definition the YG*7-equivariant micro-fundamental group

ABi¢ (Definition 24.7):
Azﬂc,alg _ Ag”c

By Definition 24.7, there is a natural homomorphism

i¢:AZ”C7alg—>Af;C7algy

which is surjective if VG has an open orbit on T4(X(YGY)). To each irreducible representation 7 €
mic

IT*(G/R) " (Definition 19.15), we associate a (possibly reducible) representation 7*(r), as follows. Let
P(7) be the irreducible perverse sheaf corresponding to m. Then

e (m) = 78(P(m))

(Corollary 24.9). This definition makes sense for any irreducible representation 7 (not necessarily in the
micro-packet of 1). Corollary 24.9(a) guarantees that Témc(ﬂ') # 0 if and only if 7 € II*(G/ R)g”“. Following

Definition 24.12, we write for o € Ag”cvalg

X3 (m) () = tr(r3"(m) ().

Theorem 24.14. Suppose (G¥',W) is an extended group for G, and (YGY,D) is an E-group for the
corresponding inner class of real forms, with second invariant z (Definition 4.6). Fix an equivalence class
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¢ € ®*(G/R) of Langlands parameters, and define the map Ty (from irreducible representations in the
micro-packet HZ(G/R):;”C to representations of Ag“c’alg) as in Definition 24.13.
a) Suppose T belongs to the L-packet 11%, and Té)oc(ﬂ') is the corresponding irreducible representation of
Aquc’alg (Definition 5.11 and Theorem 10.4). Then

T () = T (m) 0 .

b) The dimension of Tj**(m) is the multiplicity x3*“(r) (Corollary 19.16).

This is immediate from Corollary 24.9 and the definitions. In the special case of Arthur parameters, we
get a solution to Problem B of the introduction. Here it is.

Definition 24.15. In the setting of Theorem 10.4, suppose ¥ € W(VGT) is an Arthur parameter
(Definition 22.4), and 7 € 1I7, is an irreducible representation in the corresponding Arthur packet (Definition
22.6). We define a (possibly reducible) representation 7 (7) of the universal component group Af/}lg as follows.
Let 2 = p(¢y) € X(YGY) be the geometric parameter corresponding to the Langlands parameter ¢y, and
S c X(YG"Y) the corresponding orbit. Define B, € Tg’m(VGF) as in Proposition 22.9, so that the orbit of
E, is open and dense in T (YG"). By Proposition 22.9 and Definition 24.7, A;Zlg is naturally identified with
the equivariant micro-fundamental group AZ¢ for the action of VG on X (VGT); that is, with Agic’alg )
We can therefore define

p(m) =75 (m),  xu(m)(0) = trry(m) (o)
(Definition 24.13).

We leave to the reader the formulation of a special case of Theorem 24.14 for Arthur packets, in analogy
with the deduction of Theorem 22.7 from Corollary 19.16.

We conclude this chapter with a proof of Theorem 1.31 using Theorem 24.8(a) as the definition of xZ"*“.
The main point is the following observation of MacPherson taken from [41].

Proposition 24.16. Suppose X is a compact space with a finite Whitney stratification S = {S;} having
connected strata, and C is a complex of sheaves on X constructible with respect to S. Define F;; to be the
dimension of the stalks of the ith cohomology sheaf H'C' at points of S;, and set

Then the Euler characteristic of the hypercohomology
X(X;C) =) (—1)"dim H'(X;C)
depends only on the integers Fy. More precisely, define

¢j = Xe(S;) = Y (—1)" dim Hi(S; C),

%

the Euler characteristic with compact supports of the stratum S;. Then

X(X,C) = ZCJ'F]‘.
J

The elementary proof is sketched in [18], 11.3. (Proofs that all the cohomology groups are finite-dimensional
may be found in [11], Lemma V.10.13.) Connectedness of the strata is needed only to make F;; well-defined;
we may replace the S; by arbitrary unions of strata, as long as the stalks of H'C have constant dimension
on each Sj.
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To prove Theorem 1.31, fix S and any point (y,v) € T§(Y )reg. Define J O K as in (24.10). These
compact sets have Whitney stratifications so that the various JNS” and KNS’ (with S’ an H-orbit containing
S in its closure) are unions of strata. The cohomology sheaves H!(P) are locally constant on these sets,
of constant rank dim(7¢)(P) (Definition 23.4). The alternating sum of these ranks is x¢(P) (Definition
23.6):

Y (=) dim H'(P). = X$°(P)  (z€JNS). (24.17)(a)

Define

(8,8 = (1) (JNS KNS = dlmsz Ydim H (J NS, KNnS';C). (24.17)(b)

Finally, recall that we are defining

X2(P) = (~1)4m SN " dim H'(J, K P). (24.17)(c)

Then Theorem 1.31 is immediate from Proposition 24.16 and (24.17). Q.E.D.

25. A fixed point formula.

We alluded in the introduction to a fixed point formula relevant to the theory of endoscopic lifting. In
this chapter we will explain the formula; the connection with endoscopy will appear in the next chapter.

We work in the setting of Definition 7.7, so that the pro-algebraic group G acts on the smooth variety
X with a finite number of orbits. We wish to study the action of an automorphism of finite order on this
situation. That is, we assume that we are given compatible automorphisms of finite order

c:G—oG, o0:X—-X (25.1)(a)

(A little more formally, we could consider an action of some finite cyclic group Z/nZ on everything, with o
the action of the distinguished generator 1 + nZ.) The compatibility means for example that

(0-9)-(c-2)=0-(g-a). (25.1)(0)
We fix a subgroup H of G, with the property that
(G°) C HCG". (25.1)(c)
We fix also a subvariety Y of X7, with the property that
H-Y =Y,and Y is open and closed in X°. (25.1)(d)

We write
€:Y — X, e:H—G (25.1)(e)

for the inclusions. Typically we will also have an G-equivariant constructible complex C' on X. We will
assume that C' is also endowed with an automorphism o of finite order, compatible with those of (25.1)(a):

c:C—C (25.1)(f)

According to Definition 24.11, we can attach to C' a family of G-equivariant local systems (Q™)(C) on
TE(X ) reg; the stalks at a point (z,v) are given by

(Qmic)i(c)x,u _ Hifdime(J?K; 0)7 (251)(9)
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with J D K as in (24.10). Accordingly we get an action of o on (Q™)!(C):
7 (Q™)(C)rw = (Q™)(C)o(a)- (25.1)(h)
Assume finally that we are given a point o € Y C X, and a conormal covector
(@0, v0) € TE(X)regs o - (xg,10) = (20, V0), (25.1)(4)

so that o defines an automorphism (denoted (77%‘¢ )¢(C')(c), in analogy with Definition 24.11) of finite order

Zosv0/ \
of each of the finite-dimensional vector spaces (Q""¢)*(C)z,,1,- In analogy with Definition 24.12, we write

Xa5, (C) (o) =D (=1 tx(n ) (C) (o), (25.1)(5)

the microlocal trace of o on C at (xo,10). The problem we consider is the calculation of this microlocal
trace. Because of (25.1)(g), it may be regarded as a Lefschetz number — that is, as an alternating sum of
traces on cohomology groups — so we may hope to compute it on the fixed points of o. That is what we
will do in Theorem 25.8.

For our purposes the most important examples of (25.1) arise in the following way. Fix an element
s € G of finite order, and put

g-g=sgs ' (9 € G). (25.2)(a)
We make o act on X and C as s does. In this case (7,7 )"(C)(0) is just the action of s on the stalk of the

local system (Q™){(C) at the point (x¢,1p). Suppose in addition that (x¢,1p) is sufficiently generic that
GOL‘OWO/(GLEO,VD)O = AZ?,?/D (252)(b)

(Definition 24.7). Then the element s (which by assumption (25.1)(i) belongs to G, .,) defines a coset

5 = 5(Gag,ve)o € AL, (25.2)(c)
(Definition 24.7). It follows that o o
(Teowo) (C) @) = (745:5,) (C)(3) (25.2)(d)

(Definition 24.11). Taking the alternating sum of traces, we get

Xy (C)(0) = X505, (C)(5). (25.2)(e)

Here the term on the left is defined in (25.1)(j), and that on the right by Definition 24.12.
In order to formulate the fixed point theorem, we need to know that the pair (Y, H) of (25.1) satisfies
the requirements of Definition 7.7.

Lemma 25.3. Suppose Z is a smooth algebraic variety, and o is an algebraic automorphism of Z of
finite order. Write Z° for the subvariety of fized points.

a) Z° is a closed smooth subvariety of Z.
b) The tangent space to Z° at a fized point of o may be identified with the fized points of the differential
of o on the tangent space to Z:
T.(Z°) = T.(Z)%.

Proof. (This is well-known, and we have omitted many much more difficult arguments; the reader may
take it as an opportunity to relax a moment.) Every point z of Z¢ belongs to an open affine set U, and
therefore to a o-invariant affine open set [, ., 0™ - U. (The intersection is finite since o has finite order.)
We may therefore assume Z = Spec A is affine. Then o arises from an automorphism (also called o) of A,
also of finite order. The subvariety Z? is defined by the ideal I generated by elements f — o - f, with f € A.
Since o acts trivially on A/I and has finite order, we have

AJI ~ A7 (A% (). (25.4)(a)
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Finally, write m for the maximal ideal of the point z; necessarily I C m. The Zariski cotangent spaces to Z
and Z7 at z are
T:(Z) = m/m?, T:(Z°) =m/(m* + 1) ~m?/(m? N (m? +1)). (25.4)(b)

(The last isomorphism uses (25.4)(a).) The (equivalent) cotangent version of (b) in the lemma therefore
amounts to
m?/(m? Nm?) ~ m?/(m° N (m? 4 1)). (25.4)(c)

Here the first space evidently maps surjectively to the second, so the isomorphism is equivalent to
(m? +1)7 C m?
Since o preserves both m? and I, this in turn is equivalent to
I° C m? (25.4)(d)

(This says that a o-invariant function vanishing on Z? must actually vanish to first order there.) To prove
(25.4)(d), suppose f € I?. By the definition of I, we can write f = >_ fi(¢; — 0 - g;). We can expand each
fi and g¢; in eigenfunctions of o. This gives

F=Y filgi—o-g), o fi=Nli o9 =g

for some roots of unity A; and p;. Consequently

F=> 0 =pu)figs o f=> (1= m)Xu(fi9)).

It follows that the terms in the expansion of f in eigenfunctions of ¢ may be found by restricting to the
summands with \;u; fixed. Since f is fixed by o, we may throw away all the terms with \; # (u;)~!. Of
course we may also throw away the terms with p; = 1. This leaves

= Z(l — 1) figs o-fi= )" i 095 =195, pj # 1.

Therefore

F=> A=) =0 )9 — o g5),

which exhibits f as an element of I? C m?. This proves (25.4)(d), and hence (b) of the lemma.

For (a), we must show that the dimension of the Zariski cotangent space is locally constant on Z7;
for the dimension must jump up at a singular point. If z € Z7, choose functions fi,---, f, on Z so that
(dfi1,---,dfn) is a basis of TXZ. Clearly we may assume that the f; are eigenfunctions for o; say o- f; = \; fi.
There is a Zariski open set U C Z with the property that the differentials of the f; are a basis of the tangent
spaces at each point of U. By (b), it follows that

dim 7}, (Z?) = number of 7 such that \; =1

for all y € U N Z?. Thus this dimension is constant on a neighborhood of z in Z7, as we wished to show.
Q.E.D.

This argument can be extended to the case of a reductive group action on a smooth variety without
essential change.

Lemma 25.5. Suppose S is a homogeneous space for an algebraic group G, and o is an automorphism
of finite order of the pair (S,G). Then the orbits of the group of fixed points G on S? are both open and
closed; they are finite in number.

Proof. The tangent space to S at a point z may be identified (using the action mapping of (19.1)) with
the quotient of Lie algebras

1.5 ~g/9..
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Here G, is the isotropy group of the action at x. If o - z = x, then o must preserve G,, and so act on g,.
By Lemma 25.3(b),

T.(S7) ~ g7 /95

This is also the tangent space to the orbit G - xz. We conclude that the (smooth) orbit G? - x has the same
dimension at x as the (smooth) fixed point set S?, and therefore that the orbit contains a neighborhood
of x in S?. It follows that every orbit of G° on S is open. As S7 is the disjoint union of orbits of G,
every orbit must also be closed. Since an algebraic variety has only finitely many connected components,
the lemma follows. Q.E.D.

Theorem 25.6. Suppose we are in the setting (25.1)(a)—-(e). Then Y is a smooth algebraic variety
on which H acts with finitely many orbits. In particular, the map € : (Y,H) — (X, G) of (25.1) has the
properties considered in (7.17). Fix a pointy € Y.

a) The conormal bundle to the H action on'Y aty (cf. (19.1)) may be identified naturally as
Ty, (V) = (T5,,(X))”.
b) In the identification of (a), we have
(T,4(X)reg)” C Tip (Y )reg-

¢) Suppose y € Y. Then there is a natural homomorphism of equivariant fundamental groups (Definition
7.1)
Alc(e) : AlC(Y, H) — AY°(X, G).

d) Suppose (y,v) € Ty, (Y); use (a) to identify (y,v) with a point of T,  (X). Assume that these points
belong to the open sets Up., and Ug., of Definition 24.7. Then there is a natural homomorphism of
equivariant micro-fundamental groups

A™iC(e) s ATE(Y, H) — ATe(X, G).

Proof. Through (a), this is a straightforward consequence of Lemmas 25.3 and 25.5 and the definitions.
For (b), suppose that the normal covector (y,v) to H -y fails to be regular. By (24.1), (y,v) is a limit of
normal covectors to orbits in Y distinct from H -y. By (a), these may be identified with normal covectors
to orbits in X. By Lemma 25.5; the corresponding points of X must (except for finitely many) belong to
orbits of G distinct from G - y. Consequently (y,v) fails to be regular for X, as we wished to show. The
homomorphisms in (c) and (d) arise from the corresponding inclusions of isotropy groups; part (c) is just
(7.17)(d), and part (d) is similar. (The regularity hypothesis on v is included only so that we can call the
component group a micro-fundamental group; it is not needed for the proof.) Q.E.D.

In the setting (25.1), we can introduce categories

C(X,G;0), P(X,G;o0), D(X,G;0) (25.7)(a)

in analogy with Definition 7.7; we include in the objects an automorphism o of finite order, compatible with
o on (X, G). Thus for example an object of C(X, G;0) is an G-equivariant constructible sheaf on X, endowed
with an automorphism o of finite order, and satisfying some obvious compatibility conditions. In the special
case (25.2), we simply use the categories of Definition 7.7. There are obvious analogues of Lemma 7.8 and
Theorem 7.9 in this setting. In particular, the three categories of (25.7)(a) have a common Grothendieck
group

K(X,G;o0). (25.7)(b)

By Theorem 25.6 and Proposition 7.18, there are corresponding categories
C(Y,H;o), P ,H;o), DY, H;o) (25.7)(c)
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and a homomorphism
e : K(X,G;0) = K(Y,H;0). (25.7)(d)

Now the action of o on (Y, H) is trivial. It follows that any object in one of these categories is a direct sum
of “eigenobjects” on which o acts by scalar multiplication (necessarily by a root of unity). For example, a
constructible sheaf C' € ObC(Y, H; o) can be written

C=> C (25.7)(e)

AeCX

using the eigenspace decomposition of the action of o on each stalk. This decomposition is inherited by
K(Y,H;o). (An unnecessarily fancy way to say this is that K (Y, H; o) is the tensor product of K(Y, H)
with the group algebra of the group of roots of unity.)

Theorem 25.8. Suppose we are in the setting (25.1). (Thus o is an automorphism of finite order of
a triple (X,G,C); here G has finitely many orbits on the smooth variety X, and C is an G-equivariant
constructible complex on X.) Then the microlocal trace of o at the o-fized point (xo,vp) € TE(X)req
(cf. (25.1)(j)) may be computed along the fized points of o. More precisely, use Theorem 25.6(b) to identify
(zo,10) as a point of TH (Y )reqg. Write €*C' for the restriction to Y of C, with its inherited action of o
(Proposition 7.18). Then
X2 (C)(0) = (~1ylm Goao—dim oso e (20 () (25.9)(a)
(notation (25.1)(5)). (The trace on the left is for X, and on the right for'Y.)
Suppose in particular that we are in the setting (25.2). Then
X (C)(5) = (—1)dim Geo—dim Hoanymic (o) Amie(e)(5)) (25.9)(b)

Xrg,l/o

(notation as in Theorem 25.6(d)).

We will be most interested in the last case, with C' an irreducible perverse sheaf. In that case the left side
of (25.9)(b) is a value of a character of a representation. The complex €*C need not be perverse, however,
so the right side is only the value of a character of a virtual representation.

Proof. Recall from (24.10) the construction of the pair of spaces J O K attached to the regular conormal
covector (xg,vp). The normal slice N may be taken (near xg) to be the set of common zeros of any set of
holomorphic functions vanishing at zo, whose differentials form a basis of the conormal space T¢; (X).
Obviously we may choose these functions to be eigenfunctions of ¢; and in this case N will be preserved
by o. Of course we can choose the Riemannian metric to be preserved by o. Since (zg,vp) is assumed to
be fixed by o, we may replace the smooth function f by the average of its (finitely many) translates by o
without affecting the requirements f(zg) = 0 and df(z9) = vp. That is, we may assume that o - f = f.
When the choices are made in this way, the automorphism o preserves J O K, and so we may interpret the
microlocal trace directly as a Lefschetz number:

X5, (C) (o) = (=1) w0 Y 7 (—1)'tr (o on H'(J, K; C)). (25.9)(a)

By the long exact sequence for the pair, this is also the difference of the Lefschetz numbers of ¢ on J and K
with coefficients in C.

By the analysis of tangent spaces in Lemma 25.3, and the choice of N made above, we see that N7 is
a smooth submanifold meeting H - zy transversally in the single point zy. The restriction of f to Y still has
differential vy; so we see that the pair of spaces J7 O K? may be taken as the ones constructed in Y using
(o, 10) (cf. (24.10)). Consequently

Xae (€°C) (o) = (1) H w0 N (—1)tr (0 on H'(J7, K;€"C)). (25.9)(b)
Again this is a difference of Lefschetz numbers for J% and K7 separately.
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We now apply to each of J and K the Lefschetz fixed point formula in the form established in [18]. We
take for the “indicator map” needed in [18] the function

t(y) = (0, distance to Y );

this is o-invariant (since the Riemannian metric is) and therefore satisfies Goresky and MacPherson’s re-
quirements
710,00 =Y, tilo-y) 2ty), t(o-y) <ty

Their local group A% ([18], Definition 4.4) for .J is precisely
H'(J; ¢ 0),

and similarly for K. Their Theorem 1 ([18], section 4.7) now says

Z(—l)itr (o on HY(J;C)) = Z(—l)itr (0 on HY(J%;€*C)), (25.9)(c)

and similarly for K. Combining (25.9)(a), (b), and (c) gives the formula we want. Q.E.D.

Most fixed point theorems (including the one in [18]) are concerned with the possibility of pathological
behavior of the map whose fixed points are considered, and this is what makes them difficult. For auto-
morphisms of finite order things are much simpler, and one should expect the most naive results — for
example, that the Lefschetz number of the automorphism is the Euler characteristic of the fixed point set —
to hold under very mild hypotheses. To prove such a statement for finite polyhedra is an easy exercise. Our
topological skills were insufficient to produce a direct elementary proof of Theorem 25.8, but we still believe
that one exists.

26. Endoscopic lifting.

The theory of endoscopic lifting created by Langlands and Shelstad concerns correspondences from stable
characters of various smaller reductive groups into the (unstable virtual) characters of real forms of G. We
begin with a fairly general setting for Langlands functoriality. Suppose (G, W) and (H', Wy) are extended
groups (Definition 1.12). (Recall that this essentially means that G and H are complex connected reductive
algebraic groups endowed with inner classes of real forms.) Suppose (YG', D) and (VH', Dy) are E-groups
for these extended groups (Definition 4.6), say with second invariants z € Z(¥G)% and zy € Z(VH)%2
respectively. Suppose we are given an L-homomorphism

e:VH" - VGr (26.1)(a)
(Definition 5.1). As in Definition 10.10, fix a quotient @ of 7, (¥G)?9, and form the corresponding quotient
15Q—-VGY VG > 1 (26.1)(b)
of VG™. As in (5.13)(b), we can pull this extension back by € to
15Q—VHY 5VH > 1
Define Qg to be the intersection of @ with the identity component (VH Q)o7 so that
15 Qy— YH®" 5 VH > 1 (26.1)(c)

is a connected pro-finite covering of VH. It is easy to see that this is a quotient of the canonical cover of
VH, so Qp is naturally a quotient of (¥ H)%9. Proposition 7.18 provides a natural homomorphism

¢ KX(VGN? - KX(VHY)@H (26.1)(d)
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(cf. (7.19)(d)).
As in Theorem 10.11, we now define a subgroup J C Z(G)%:/™" so that

Q~J, (26.1)(e)

and similarly for Jg. Since Qg is by its definition a subgroup of @, Jy may be regarded as a quotient of J.
The Langlands classification theorem provides bijections

II*(G/R)s ¢ Z*(G/R)?,  II*(H/R)j, « E*(H/R)%". (26.1)(f)

To formulate Langlands functoriality in this setting, we need to consider formal complex-linear combi-
nations of representations. Here is an appropriate modification of Corollary 1.26.

Theorem 26.2. Suppose we are in the setting of Theorem 10.11. Write
KcIl*(G/R)

for the set of (possibly infinite) formal complex combinations of irreducible canonical projective representa-
tions of type z (Definition 10.3) of strong real forms of G of type J (Definition 10.10). Then KcIT*(G/R);
may be identified with the space of complex-valued linear functionals on the Grothendieck group KX (VG')?

KcIl*(G/R) ; ~ Homz (KX (YGY)@, C).

We will call elements of KcII?(G/R); formal complex virtual representations, or simply virtual represen-
tations if no confusion can arise. As in Definition 18.6, we write K¢ fII*(G/R) ;s for the virtual representations
involving only finitely many irreducible representations of each strong real form; these will have well-defined
characters (Definition 18.6).

Definition 26.3. Suppose we are in the setting (26.1). Langlands functoriality is a linear map from
formal complex virtual (canonical projective of type zp) representations of (strong real forms of type Jg of)
H to formal complex virtual representations of G,

€, : KcIl*# (H/R)Q% — KcII*(G/R)?. (26.3)(a)

It is by definition the transpose of €* (cf. (26.1)(d)) with respect to the isomorphisms of Proposition 26.2 for
H and G. In terms of the pairing of Definition 15.11, this means that the defining property is

(exnm, Fa)a = (nm, " Fa)n. (26.3)(b)

Here ny is a formal complex virtual representation for H, and Fg belongs to the Grothendieck group of
equivariant constructible sheaves on X (VGT).

We can calculate the Langlands functoriality map e, using Definition 15.11 and Theorem 15.12. To
see what it does to standard representations for H, we need to see what the restriction map €* does to
irreducible constructible sheaves on X (¥ G). This is easy (Proposition 23.7). To see what it does to irreducible
representations for H, we need to see what €* does to irreducible perverse sheaves. This is much harder.
Here is a precise statement.

Proposition 26.4. Suppose we are in the setting (26.1). Fix complete geometric parameters {g =
(S, ) € Z*H(H/R)QH and & = (Sg,7¢) € Z*(G/R)Q. (Here Sy € ®(H/R) is an orbit of VH on
X(VHY), Ty is an irreducible representation of the corresponding Qg -component group A?I_CI’QH, and simi-
larly for G.)

a) If ©(e)(Sp) # Sa (cf (7.19)(b)) then the standard representation M(£c) does not occur in the expression

of .M (Ex) in terms of standard representations.

b) Suppose ®(€)(Sy) = Sq; recall from (7.19)(c) the induced map A(e) : A?;’QH — AI;GC’Q. Then the
multiplicity of M (£g) in the expression of e, M (£x) in terms of standard representations is equal to the
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multiplicity of Ty in the representation A'°¢(e) o ¢ of AlSOE’QH, multiplied by the quotient e(Sc)/e(Em)
of the Kottwitz invariants (Definition 15.8).
¢) If ®(€)(Sy) is not contained in the closure of Sq, then the irreducible representation w(€g) does not
occur in the expression of e,m(Ey) in terms of irreducible representations.
d) Suppose ®(€)(Sy) C Sg. Recall from (7.10) the irreducible equivariant perverse sheaf P((g). Its
restriction €*P(¢g) is a VHO" -equivariant constructible complex on X (YHT), and may therefore be
written (in the Grothendieck group KX (VHY)) as a sum of irreducible equivariant perverse sheaves,
with integer coefficents. Write m for the coefficient of P(€g) in this sum. Then the multiplicity of

m(&c) in the expression of exm(&pr) in terms of irreducible representations is equal to
me(€a) (=1 5¢) /(e(Er) (1) ).

Proof. According to Definition 15.11, the multiplicity of M({s) in any formal virtual representation
Ne is equal to e({a)(na, u(€a))a. Applying Definition 26.3(b), we find that the multiplicity of M (£g) in
e.M(Exr) is equal to
e(€a){eM(&n), n(éa))a = e(€a)(M(En), € u(éa)) u-

Applying Definition 15.11 for H, we find that the right side is e(ég)/e({y) times the multiplicity of p(&x)
in € u(&g). This last number is computed by Proposition 23.7(b), which gives (a) and (b). Parts (c) and
(d) are proved in exactly the same way, using Theorem 15.12 in place of Definition 15.11. Q.E.D.

In part (d) of the proposition, we could use the alternating sum of the perverse cohomology groups
PH'(e*P(&g)) (see [9]) to represent the image of ¢* P(£g) in the Grothendieck group of equivariant perverse
sheaves. These cohomology groups are equivariant perverse sheaves, so m is the alternating sum of the
non-negative integers

m; = multiplicity of P(£) in PH'(e* P(¢g)).
This perhaps sounds a little more concrete, but seems to add nothing in the way of computability to the
formulation in the proposition.

The reader may wonder why we define Langlands functoriality in such generality, when our applications
will be to the very special case of endoscopy. One reason is that it seems to us to be easier to understand the
definition in a setting including only what is needed. Another is that we expect to find applications more
general than endoscopy. For example, the cohomological induction functors used to construct discrete series
representations from characters of compact Cartan subgroups implement some non-endoscopic examples of
functoriality; this was critical to the proof of the Langlands classification theorem. In any case, the reader
is of course welcome to think of H as an endoscopic group.

We now introduce some virtual representations that behave particularly well under functoriality.

Definition 26.5. In the setting of Theorem 10.11, suppose ¢ € P(VG") is a Langlands parameter, and
xr € X(VGT) is the corresponding point of the geometric parameter space. Write S for the orbit of z, so that
the VGQ—equivariant fundamental group of S is isomorphic to the @-component group for ¢ (Definition 7.6):

loc,Q __ ploc,Q ~, ploc,Q
Alge@ — ploeQ o ls

(Definition 7.6). Fix o € Af;C’Q. The standard formal complex virtual representation attached to ¢ and o
is a sum of the standard final limit representations in the L-packet IT*(G /R)g, with coefficients given by

character values for the corresponding representation of A;OC’Q. Specifically,

ny o)=Y el©u(o)M(E);
£=(¢,7)€E*(G/R)?
the sum is over complete Langlands parameters of type @ with ¢ fixed (Definition 5.11 and (5.13)). We may

also write this as 7Y% (0) or 7/°Q(g). When we wish to emphasize the group G, we will write ning (0).
Incorporating the definition of e(§) (Definition 15.8), we may rewrite the definition as

ny Qo)=Y trr(oz(p)M(e,7),

TE(AZ)C’QS\
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a sum over the irreducible representations of the Q-component group.
This virtual representation is locally finite (Definition 18.6). If  is a strong real form of G of type J
(Definition 10.10) we can write

;" 9(0)(8) = e(G(R,6)) > tr7 (o) M(E)
(b€ (O/R)

for the part of nfb"c(a) living on G(R,¢). This is a finite combination of irreducible representations with

complex coefficients, so it has a well-defined character

O(ny?(0),),

a generalized function on G(R, §)°*™.

The term z(p) appears unnatural here; it is justified by Shelstad’s Theorem 18.12.

Lemma 26.6. In the setting of Definition 26.5, the isomorphism of Theorem 26.2 identifies the formal
complex virtual representation nfboc’Q(a) with the map X?c’Q(-)(U) (Definition 23.6) that assigns to a con-
structible equivariant sheaf C the trace of o acting on the stalk C,.. In terms of irreducible representations,
we therefore have

loc, loc,
g Y0) = D ODIONGUPE)(0)n(©).

EEE#(G/R)?

Here as usual P(€) is the irreducible perverse sheaf and w(§) the irreducible representation corresponding to
the complete geometric parameter €.

This is proved in exactly the same way as Lemma 18.15; the z(p) has disappeared because of its occurrence
in Definition 15.11.

Proposition 26.7. Suppose we are in the setting (26.1). Fix a Langlands parameter ¢ € P(YHY),
s0 that ¢g = € o ¢ s a Langlands parameter for VGT . Fiz an element oy € Af;;’QH, and write

oc = A(e)(oy) € Ay

(cf. (5.14)(d)). Then Langlands functoriality sends the virtual representation attached to ¢ and o to the
one attached to ¢pg and og:
ey (on) = 059 (oq).

Proof. This is a reformulation of Proposition 23.7(c) in a special case. It may also be deduced from
Proposition 26.4(a) and (b), using the formulas in Definition 26.5 to express the standard virtual represen-
tations in terms of standard representations. Q.E.D.

The reason this result is so easy is that it has so little content. We have shown that Langlands functo-
riality is computable, but not that it has any nice properties.

Using the results of Chapter 23, we can now give an unstable generalization of the microlocal stable
characters of Chapter 19.

Definition 26.8. In the setting of Theorem 10.11, suppose ¢ € P(VG") is a Langlands parameter, and
x € X(VGT) is the corresponding point of the geometric parameter space. Write S for the orbit of z, so that
the equivariant micro-fundamental group of S is isomorphic to the micro-component group for ¢ (Definition
24.13):
ic,Q ic,Q
A’I’STL’LC ~ AZl'LC .
Fix o € A;mc’Q. The formal complex virtual representation attached to ¢ and o is a sum of the irreducible

mic

representations in the micro-packet II*(G/R) T with coefficients given by character values for the corre-

sponding representation of AZ‘“’Q. Specifically,

ny (o) = > e(8) (=1 M=) (x g (m) (o)) 7
(m,6)€TI=(G/R)"pic
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(notation 24.13). As in Definition 26.5, we may replace the Kottwitz invariant e(d) with an extra factor 2(p)
next to . We may also separate the terms nZ”C’Q(J)(cS) corresponding to each strong real form, and attach
a generalized function to each of these.

Suppose 1 € Q(VGY) is an Arthur parameter (Definition 22.4). We identify the Q-component group

Ag with AZC’Q (Definition 24.15). This allows us to define

mic,Q

13 () = 1o (o)

for any o € Afg. Using the notation of Definitions 22.6 and 24.15, this amounts to

0 (o) = > e(8)(=1) M=) (xy () (o) .

(m,6)€ll*(G/R) 5,4

Lemma 26.9. In the setting of Definition 26.8, fix a sufficiently generic point (z,v) € TE(X(VG"))req

(Definition 24.7). The formal complex virtual representation ng”c’Q(J) corresponds in the isomorphism of

Theorem 26.2 to the map (fl)d(‘z’)x?ji’)@()(a) (Definition 24.12) that assigns to a VGQ -equivariant perverse

sheaf P the trace of o acting on the stalk of Q™(P) at (x,v), multiplied by (—1)®). In terms of standard
representations, we therefore have

g o) = (=DM N e(OXEF () (@) M(E).

£€27(G/R)

mic,Q

Proof. We use Theorem 15.12 to compute the pairing of U (o) with the irreducible perverse sheaf
P(7). The result is

e(8)(=1) "= (3 (m)(0)) (m, P(m)) = (=1)"Dxj (m) (o).

The first assertion follows. The second is a consequence, because of Definition 15.11. Q.E.D

We should make here a few remarks about the computability of these virtual characters. The param-
etrization of standard final limit representations in Theorem 10.11 is fairly concrete; there is no difficulty
in listing all the induced from limits of discrete series representations corresponding to a given Langlands
parameter ¢, or in describing the associated characters of Af;c’Q. In this sense the virtual representations

nfboc’Q(a) are very well understood. The characters of standard limit representations are computable as

well, although it is not quite so easy to get answers in closed form. Nevertheless the generalized functions
@(n;OC’Q (0),0) may be regarded as known. To describe T};OC’Q(O') in terms of irreducible representations is not
very different from describing the composition series of the standard representations. This is accomplished
in principle by the Kazhdan-Lusztig algorithms (see Chapters 15 — 17), although one can get useful answers
in closed form only under very special circumstances.

The situation for ng“c’Q(o) is less satisfactory. We do not know even in principle how to compute
characteristic cycles of perverse sheaves, so we cannot compute even the size of the micro-packets of Definition
19.15 in general. Nevertheless, we expect them to be moderately small — larger than L-packets, but not too
much. It should actually be simpler to compute characteristic cycles for irreducible perverse sheaves than for
irreducible constructible sheaves (or at least the answer should be simpler). The expression of nglc’Q(J) in
terms of standard representations (which would provide explicit formulas for its character) therefore promises
to be very complicated. _

We would like a version of Proposition 26.7 for the virtual representations T]Z”C’Q(O'). It is immedi-
ately clear that some additional hypotheses are required: there is no homomorphism of equivariant micro-
fundamental groups A™(e) attached to a general L-homomorphism, so we cannot even formulate an analo-
gous statement. But we found in Chapter 24 geometric conditions under which such a homomorphism does

exist, and even leads to a result like Proposition 23.7 (which was the geometric part of Proposition 26.7). In
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the present context, these conditions lead directly to the Langlands-Shelstad theory of endoscopic groups.
Before we discuss that theory, it is convenient to develop a small extension of the results of Chapter 18.

Definition 26.10. Suppose we are in the setting (5.14). Recall from Proposition 4.4 the group Z(¥G)%#;
write Z (VG979 for its preimage in VGQ, so that we have a short exact sequence

1-Q—2(VG3)29 = 2(VGQ)P7 — 1.
If ¢ is any Langlands parameter for VG', then this group centralizes the image of ¢:
2("G)’2Q c VGl (26.10)(a)
(notation as in (5.14)). The universal Q-component group for VGt is
48,,(7G) = Z(VG)' R (Z(G)'* Q). (26.10)(b)
The map of (26.10)(a) provides a natural homomorphism

i+ i (VG7) = AL (26.10)(c)
for every Langlands parameter ¢; similarly we get maps into the various geometrically defined groups of
Chapter 7, into the Q-component group for an Arthur parameter, and into the micro-component groups of
Definition 24.13.

Suppose now that we are in the setting of Theorem 10.10, and that (,d) is an irreducible canonical
projective representation of type z of a strong real form § of type J. Theorem 10.10 associates to (m,d) a
complete Langlands parameter (¢(m,d),7(m,d)), with 7(m, §) an irreducible representation of A;OC’Q. Define

Tunin(T,8) = 7(m,8) 0 ilo¢, + A9 . (VG') = C*, (26.10)(d)

univ
a one-dimensional character of ASW. In terms of geometric parameters, Tyniy (7, 0) is the character by which

Z(V@)9%:Q acts on the stalks of the equivariant local system (or the equivariant perverse sheaf) corresponding
to (m,d).

We have already considered several cases of this definition. The element z(p) belongs to Z(VG)%2:@Q,
and Definition 15.8 says that

Tuniv(7,6)(2(p)) = €(5), (26.11)(a)

the Kottwitz invariant of the real form. As another example, let zg € Z(G)?%/" be the second invariant of
the extended group (G, W) (cf. (3.5)). Then Lemma 10.9(b) says (in the notation defined there)

Tuniv(7,0)(2Q) = XZO(;z(zQ) (zQ € Q). (26.11)(b)

These examples are special cases of the following general fact.

Lemma 26.12. In the setting of Definition 26.10, the character Tunio(7,8) of Z(¥VG)9%:Q depends only
on the G-conjugacy class of §, and not on the representation w. We may therefore write it as Tuniv(9).

We have not found a particularly compelling proof of this result, but one can proceed along the following
lines. The group Z(VG)%2:% must act by scalars on an irreducible VG9-equivariant perverse sheaf on the
geometric parameter space. By Theorem 15.12, it follows that 7,5, (7, d) is unchanged if 7 is replaced by
any composition factor of the standard limit representation having 7 as a quotient. In this way (using the
subquotient theorem) we can reduce to the case of ordinary principal series representations of G(R,§)".
Since all of these may be regarded as associated to the same Cartan subgroup and set of positive imaginary
roots, it is fairly easy to apply the definition of 7(m,d) directly (see Chapter 13) and verify the lemma. We
leave the details to the reader.
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Definition 26.13. Suppose we are in the setting of Definition 26.10, and o € Affmv(vGF). Using the
notation of (18.3), we now define a function (, on G(R, *)&% by

Co(9,0) = Tunin(6)(0) (26.13)(a)

The locally finite formal complex virtual representation n € K¢ (II7(G/R) is said to be strongly o-stable if
the function

Osr(n,)(¢) ™" (26.13)(b)
is constant on the fibers of the first projection p; : G(R, *)?R — G@ (Definition 18.6). Define

Ko 1P (G/R)T (26.13)(c)

to be the vector space of these virtual representations.

Theorem 26.14. Suppose we are in the setting of Theorem 10.11, and o € Afmv(vGF) (Definition
26.10).
a) The restriction of a strongly o-stable formal complex virtual representation to single strong real form is
stable (Definition 18.2).
b) Suppose 0y is a strong real form of G of type J, and ny is a stable virtual representation of G(R, dy)°*™
(Definition 18.2). Then there is a strongly o-stable locally finite formal complex virtual representation
n of G with the property that

Osr(n,*)(g,%0) = Osr(n0)(9)

for every strongly regular element g € G(R, §p)™. If & is quasisplit, then n is unique.

¢) The vector space K¢ 11*(G/R)5 " has as a basis the set {nfzboc’@(iz",fw(a))} (Definitions 26.5 and
26.10), as ¢ varies over ®(VGT).

d) The vector space K¢ (117(G/R)5 ™" has as a basis the set {r];ch(zum,ffv(a))} (Definitions 26.8 and
26.10), as ¢ varies over ®(VGY).

Proof. Part(a) follows from Lemma 18.5. The function (, is constant on strong real forms and nowhere
zero, so (b) is a formal consequence of Theorem 18.7. Similarly (c) follows from Theorem 18.14. For (d),
Theorem 1.31 shows that this set is related to the basis of (c) by an upper triangular matrix with £1 in each
diagonal entry. Q.E.D.

In the setting of Example 19.17, it is not difficult to see that the function (, is nothing but the character
of the complex formal virtual representation 77;:?6’@(0).

Definition 26.15. Suppose YG" is a weak E-group (Definition 4.3), and @ is any quotient of 71 (¥ G)*9
(Definition 10.10). A weak endoscopic datum for VGT is a pair (s@, Y H"'), subject to the following conditions.

i) 5@ ¢ VG is a semisimple element, and VH" c VG' is a weak E-group. Write s for the image of s% in

V@G.

ii) YH"Y is open in the centralizer of s in VG?'.

In (i), it is understood that the weak E-group structure ¥V H' — T is the restriction of that for G; that
is, that the inclusion

e:VH' - VGh

is an L-homomorphism (Definition 5.1). An endoscopic datum is a weak endoscopic datum endowed with
an E-group structure on YH' (Definitions 4.6, 4.14). That is, it is a triple (s@,VHT,Dg), subject to the
conditions above and
iii) Dy is a ¥ H-conjugacy class of elements of finite order in VH' — Y H, each acting by conjugation on ¥ H
as a distinguished involution.
Endoscopic data (s?,VHT ,Dg) and ((s?)’, (VHT)', (Dy)') are equivalent if there is an element g9 €
VG with the property that

gVH"Y g ' =VHY,  g(Du)'g ' =Du,  g99) (997 € sQZ(YH)29),.
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Here g is the image of g@ in VG. The last condition says that s? and g%(s%)’(¢%)~! should have the same
image in A9% (VHT).

This definition of endoscopic data is compatible with the one given by Langlands and Shelstad in [36],
1.2 (although of course they do not use a covering group); their element s satisfies slightly weaker conditions,
but can obviously be modified within their notion of equivalence to satisfy the conditions here. What is
more serious is that the notion of equivalence in [36] is substantially less stringent: they replace our coset
s9Z(VH®)y by sZ(VHY)oZ(YG). This is part of the reason that the endoscopic lifting of [48] is defined only
up to a sign. In any case, we find a natural surjective correspondence from equivalence classes of endoscopic
data in our sense to those of [36].

Notice first of all that every element s¢ € Z(¥G)%2'% (notation as in Proposition 4.4) defines an
endoscopic datum (s?,VGY, D). Two of these are equivalent if and only if s¢ and (s9)’ have the same image
in Agmv (Definition 26.10). In general, suppose s¥ is any semisimple element of vGQ; write s for its image
in VG. Define

S = centralizer of s in VGT, S1 = centralizer of s in VG,

and write Sy for the identity component of S. Then the number of weak endoscopic data corresponding to
5% is the number of elements of order 2 in the finite group S/Sy not belonging to S;/So.

Here is an important construction for weak endoscopic data. Suppose ¢ € P(VG') is a Langlands
parameter, and s € VG% is a semisimple element (Definition 5.11). (One should think of s© as representing

an element o € Af;c’Q.) Let VH be the identity component of the centralizer of s in VG. Then
VHT = (YH)o(W) (26.16)

is a weak E-group, and the pair (s@,VH") is a set of weak endoscopic data.

We can now describe the setting for endoscopic lifting. We begin in the setting of Theorem 10.11, with
an extended group (G'', W) a corresponding E-group (YG', D) with second invariant z, and a quotient @ of
71 (VG)¥. Fix a set of endoscopic data

(s@,VH" Dy) (26.17)(a)

for VG as in Definition 26.15, say with second invariant zz. (We may also call this endoscopic data for G.)
An extended endoscopic group attached to this set of data is an extended group

(H" , Wi) (26.17)(b)

with E-group VH' (Definition 4.3) and second invariant 1 (Proposition 3.6). Recall from Definition 1.12
that the extended group structure Wy includes an equivalence class of quasisplit strong real forms of H.
Fix one of these dp. In the terminology of [36], H(R, dy) is an endoscopic group attached to the endoscopic
data. The L-homomorphism

e:VH" — VGr (26.17)(c)

now places us in the setting (26.1), so we can make use of all the constructions introduced there. (It is easy
to check that in the present situation the group Qg of (26.1)(c) is actually equal to @; but this is something
of an accident that disappears in the case of twisted endoscopy, so we will make no use of it.) In particular,
we have a restriction homomorphism

& KX(VGNY - KX (VHY)@H (26.17)(d)

and Langlands functoriality o o

€. : KcIl?# (H/R)9H — KcIl*(G/R). (26.17)(e)
With these definitions, it is easy to check that the element s@ from the endoscopic datum belongs to
Z(VH)%2-Q#1 | and therefore defines a class

op € A9 (VHT) (26.17)(f)

uUnLv
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(Definition 26.10).

Definition 26.18. Suppose we are in the setting (26.17). Endoscopic lifting is the restriction of
Langlands functoriality to og-stable virtual representations. That is,

Lift : K¢ (1177 (H/R)5" % — K¢ ;11 (G/R) ;.
Fix a quasisplit strong real form §y of H from the distinguished class given by Wy, and write
Kc, [117 (H(R, &))"

for the Grothendieck group of stable complex virtual representations (projective of type zg) of the group
H(R,dp). By Theorem 26.14 (which relies on Shelstad’s Theorem 18.7), restriction to H(R,dy) defines an
isomorphism

K fI1P (H/R)5 ™ ~ Kl (H(R, &))"

Using this identification, we may regard lifting as defined on stable virtual (canonical projective) represen-
tations of the endoscopic group H (R, dp):

Liftg : KcII*" (H(R, 50))St — ?@JH'Z(G/R)J.

If we fix a strong real form & of G of type J (that is, satisfying 6% € Jzp, with 2o the second invariant of
the extended group GT), then we may project the image of lift on the complex virtual (projective of type z)
representations of G(R,d). This gives a map

Lifto(6) : KcII*# (H(R, 60))* — KcIT(G(R, 6)).

It is essentially this restricted map that Langlands and Shelstad use.

Lemma 26.19. Endoscopic lifting depends only on the equivalence class of endoscopic data. More pre-
cisely, suppose (s@,VHY,Dy) and ((sQ),(VHYY,(Dg)') are endoscopic data for G (Definition 26.15), say
with second invariants zy and 2. Fiz associated extended endoscopic groups (HY, Wy) and ((H), W})
(cf- (26.17)). Fiz an equivalence Vj from (s@,VHY ,Dy) to ((sQ), (VHYY ,(Dg)'), implemented by conjuga-
tion by an element g@ € X (Definition 26.15). Finally, choose distinguished (quasisplit) strong real forms
do and &) for H and H'.

a) The isomorphism Vj carries og to o (cf- (26.17)(f)).
b) The isomorphism v j induces an isomorphism

j: (HS, Wa) S (HTY W)
unique up to an inner automorphism from H.
¢) The isomorphism j allows us to identify equivalence classes of irreducible canonical projective represen-
tations of strong real forms of H and H':
j 10 (H/R) 5, 5 10 (H'[R) .
d) The isomorphism j induces an isomorphism

Jo : H(R,8) = H'(R, &)

unique up to an inner automorphism from the normalizer of H'(R,d¢) in H.
e) The isomorphism jo allows us to identify stable virtual representations of H(R,dp) and H'(R, ) :

jo : KclI?" (H (R, 89))*" = KcIl*#' (H'(R, ).
This isomorphism depends only on j.
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f) If ng is a og-stable formal complex virtual (canonical projective of type zp) representation of strong
real forms of H of type Jy, then
Lift(ny) = Lift(j(na))-

g) If (no) g is a complex virtual (canonical projective of type zg ) representation of H(R,d), then

Lifto((no)#) = Lifto(jo((n0)m))-

Proof. Part (a) is immediate from the definition of equivalence and the definition of ASTZU (Definition
26.10). Part (b) is Proposition 3.6, and then (c) is immediate. For (d), j(dp) must be a distinguished strong
real form coming from Wy . Since these strong real forms constitute a single conjugacy class, conjugation by
an element of H' carries j(dg) to ). The composition of this inner automorphism with j gives jo. For (e), we
need only know that the normalizer of H'(R, () in H' acts trivially on stable virtual representations. This
is obvious from the definition of stability (Definition 18.2). Parts (f) and (g) are clear from the definitions.
Q.E.D.

The first serious problem we face is showing that Definition 26.18 agrees with the definition of [48], up
to a multiplicative constant (which can be chosen more or less arbitrarily in Shelstad’s formulation, and
which depends on the choice of strong real form § in ours). To do this, notice that both kinds of lifting
can be computed explicitly on the basis elements nf;’;’QH (or)(d0): this is Proposition 26.7 in our case and
Theorem 4.1.1 of [48] in hers. In each case the answer is a sum over the final standard limit representations
in the L-packet IT*(G(R, d)4., with coefficients given in an explicit combinatorial way in terms of a single
Cartan subgroup. Comparing the definitions is a tedious but straightforward exercise (to which Proposition
13.12 is particularly relevant). We omit the details.

Our main theorem on endoscopic lifting concerns the virtual representations of Definition 26.8. In order

to apply the results of Chapter 25, we need an element of finite order.

Lemma 26.20. Suppose G is a (possibly disconnected) complex algebraic group, and ag € G is a
semisimple element. Define H = G, to be the centralizer of ag in G, Z(H) the center of H, and Z(H)s the
group of semisimple elements in Z(H).

a) The set of elements of finite order is Zariski dense in Z(H)s.
b) The set
U={a€Z(H)s |dimG, =dimH }

is Zariski open in Z(H)s and contains ag.
¢) There is an element o’ € aog(Z(H)s)o of finite order such that H is open in the centralizer of a’ in G.

Proof. The identity component (Z(H)s)o is a product of copies of C*. The elements of finite order are
therefore dense in it. We need only show that they meet every other component. Suppose b € Z(H),. Since
the group of connected components of Z(H) is finite, b™ € (Z(H)s)o for some positive integer n. Since C*
is a divisible group, there is an element by € (Z(H),)o with b = b™. Then bby ' is an element of order n in
the component b(Z(H)s)o-

For (b), we have G, D H for every a € Z(H)s. Consequently

U ={ac Z(H), | det(Ad(a)|g/5) #0}.

This is obviously an open set. Part (c) follows from (a) and (b). Q.E.D.
Suppose we are in the setting (26.17). By Lemma 26.20, we can find an element s’ € sZ(YH")y so that
s’ has finite order, and
VH" is open in the centralizer of s’ in VGT. (26.21)(a)

Now Z(YH")g is just Z(YH)3?. We may therefore find a preimage
(sQ) € sQ(Z(VH)?7Qm), c VG (26.21)(b)

for s'. When the pro-finite group @ is infinite, this preimage may not itself have finite order; but it will have
finite order in every algebraic quotient of ¥ H Q, and this is all we need to apply the results from Chapter 25.
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(For example, any particular vG’Q—equivariamt constructible sheaf on X (VGT) will actually be equivariant
for an algebraic quotient of VGQ.) By Definition 26.15,

((s®),YH", Dm) (26.21)(c)

is again an endoscopic datum, equivalent to (s?,VHT, Dy ) by the identity map on ¥V H'. In this setting, we
will write o for the action of s’ on X (YGT) or on VG (by conjugation); these are compatible automorphisms
of finite order. By the choice of s’,
(VG cVH CVG°. (26.21)(d)
Lemma 26.22 In the setting (26.21), X(VH") is open and closed in X(¥G')°.

Proof. Tt is immediate from the definition of the geometric parameter space that
X(VGT) = { (5, A) |y € VG, Ad(s)A = A .

Because a canonical flat A is an affine space, and therefore convex, it contains a fixed point of each linear
automorphism of finite order preserving it. (Take the center of mass of an orbit.) Hence

X("GN)7 ={(y.A) |ye'G" ANh#0}
On the other hand, the image of the closed immersion X (¢) (Corollary 6.21) is

{(y.A) lye "H,ANH#0}.
Since Y H is open and closed in ¥YG’, the lemma follows. Q.E.D.

Proposition 26.23. In the setting (26.17), suppose x € X(YHY); write e(x) for the corresponding
point of X(VGT).

a) The element s € VG from the endoscopic datum defines an automorphism o of the conormal space
TS, 6(z)(X(VGF)) to the ¥ G-orbit of €(x).
b) There is a natural isomorphism

€1 T o (X(VHD) 5 (TG (X(VGT))
¢) In the isomorphism of (b),
(T (XC G reg) € (T (X H))ey) -

d) Suppose (x,v) € Tiy (X (VH")), so that (e(x),e(v)) € T, (@) (X(YGY)). With notation as in Defini-
tion 24.7, assume that
(x,v) € Uvpg, (e(x),e(v)) € Uvg.e(a)-
(This is automatic if the orbit ¥ G - (e(x),e(v)) is open in the conormal bundle.) Then there is a natural
homomorphism of micro-component groups

mic . Amic,Q mic,Q
A (e) s AR — Ae(w),e(u)'

Proof. This result is true, and not difficult to prove, in exactly the form stated. For our applications,
however, it is enough to know that it is true after the endoscopic datum is modified in accordance with
(26.21). (This will change the automorphism o, but not its subspace of fixed points.) In that case it follows
from Theorem 25.6, which we are allowed to apply by Lemma 26.22. Q.E.D.

Theorem 26.24. Suppose we are in the setting (26.17). Fiz a Langlands parameter ¢ € P(VH"), so
that ¢g = € o ¢y (that is, ¢r regarded as a map into the larger group VG' ) is a Langlands parameter for
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G. Write zg € X(VHY) for the point corresponding to ¢, so that e(xo) € X(YGY) corresponds to ¢g. Fix
a generic conormal covector vy € Uv .., (Definition 24.7), so that the micro-component group for ¢ may

be computed at (zq,vp):
mic,Qu _ pgmic,Qu
Agy A

— (zo,v0)

(Definition 24.13). Using Proposition 26.23, regard (e(xo),€(vo)) as a conormal covector to VG - €(zo).
Assume that this covector is also generic, so that

AZZC’Q = A(G(xo), G(Vo))Mic’Q,
and Proposition 26.23 provides a homomorphism
AMie(e) s ATICRH y AR,
Define oy € AS&U(VHF) as in (26.17)(f). We write also

opy = ii(om) € ATV, ople = A og) € AT

¢ =

Then endoscopic lifting (Definition 26.18) sends the o g -stable formal complex virtual representation attached

to ¢ and o'° to the one attached to ¢ and O'ZZC,'

Life(n, 9" (075%)) = " (o).

In terms of the restricted map of Langlands and Shelstad, we have

Liflo )@ (bo) = e(d) Y (-1 (R ) (o)
eIl (G(R,0)) e

for each strong real form § of type J.

Proof. By Lemma 26.19, we may replace the endoscopic datum by an equivalent one without changing
miC»QH( mic

Lift. By (26.21), we may therefore assume that s has finite order. Now regard Lift(n;, ogic)) as a

linear functional on constructible VGQ—equivariant sheaves (Theorem 26.2), and evaluate it on such a sheaf
C. By Lemma 26.9, the result is (—1)d(¢H) times the alternating sum of the traces of aggc on the on the
stalks at (g, 1) of (Q™)(¢*C). By Theorem 25.8, this is equal to (—1)%?¢) times the alternating sum of
the traces of oj* on the stalks at (¢(zo), €(1p)) of (Q™*)*(C). By Lemma 26.9 again, this alternating sum

is ngzc’Q(UgZC) evaluated at C, as we wished to show. Q.E.D.
Here is the solution to Problem D from the introduction.

Theorem 26.25. Suppose we are in the setting (26.17). Fix an Arthur parameter g € Q(VH')
(Definition 22.4), so that Vg = € oy (that is, 1y regarded as a map into the larger group VGL ) is an
Arthur parameter for G. Write

AATthUT ¢y AQH 5 A

for the induced map on component groups. Define

Ty = Tt (on) € APH, oy = AT (e)(0y,) € AY.

Then endoscopic lifting satisfies
Lift(an (UwH )) = Mg (Uﬂlc )
In terms of the restricted lifting map of Langlands and Shelstad,

Lifto (0) (N (o4 ) (00)) = €(5) > (—1) =W (x i (7) (T )T
TEM= (G(R,8)) s
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for each strong real form § of G of type J.
In light of the discussion at Definition 24.15, this is just a special case of Theorem 26.24.

27. Special unipotent representations.

Arthur’s parameters are in many respects most interesting when they are as far as possible from being
tempered; that is, when the tempered part of the parameter is as trivial as possible. The corresponding
representations are the special unipotent representations. These were defined already in [7]. (The theorems of
that paper are proved only in the complex case, but the basic definition works in general.) In this chapter we
will consider the unipotent case in more detail, and prove that our new definition of Arthur’s representations
agrees with the old one (Corollary 27.13).

The reader may wonder about the qualifying adjective “special” in the terminology. Arthur’s rep-
resentations should include all the unitary representations of real forms of G that can appear in spaces of
square-integrable automorphic forms (with respect to congruence subgroups). They do not, however, include
all the interesting unitary representations; perhaps the simplest example of one which is omitted is (either
irreducible component of) the metaplectic representation of the complex rank two symplectic group. This
representation should be an example of a (still undefined) larger class of interesting unitary representations,
for certain of which we are optimistically reserving the term “unipotent.” A longer discussion (if not a more
illuminating one) may be found in [58].

Definition 27.1. Suppose VG' is a weak E-group. An Arthur parameter ¢ (Definition 22.4) is said to
be unipotent if its restriction to the identity component C* of Wy is trivial. Write Qunip(YGT) for the set
of unipotent Arthur parameters, and \I/ump(vGF) for the corresponding set of equivalence classes. Following
Definition 22.4, write

Punip(vGF) C PArthur(vGF) C P(VGF)

for the corresponding Langlands parameters ¢, and
(I)“”ip(vGF) C CI)Arthur(vGF) C (I)(VGF)

for their equivalence classes.

Proposition 27.2. Suppose VG is a weak E-group. The set of unipotent Arthur parameters for ¥ G'
(Definition 27.1) may be identified naturally with the set of L-homomorphisms (Definition 5.1) from the
L-group of PGL(2) to VGY. Suppose that 1) corresponds to €. Then the Langlands parameter associated to
v (Definition 22.4) is the lift by € of the Langlands parameter of the trivial representation of PGL(2,R)
(Proposition 5.4).

Proof. The dual group of PGL(2) is SL(2). Since PGL(2,R) is split, the corresponding automorphism
a of the based root datum (Corollary 2.16) is trivial. The L-group is therefore the direct product of the dual
group and the Galois group I' (Chapter 4):

L-group of PGL(2) = SL(2) x T.

The L-homomorphisms in question are therefore certain homomorphisms from SL(2) x ' to VGT. On the
other hand, the Weil group W modulo its identity component is just ', so it is immediate from Definitions
22.4 and 27.1 that unipotent parameters are certain homomorphisms from I' x SL(2) to VGT. One checks
immediately that the additional conditions imposed on these homomorphisms by Definition 22.4 correspond
precisely to those imposed on L-homomorphisms by Definition 5.1.

Now write v : Wg — T for the natural quotient map (Definition 5.2). The Langlands parameter of the
trivial representation of PGL(2,R) is represented by the homomorphism

6 We — SL2)xT,  élw) = ((WE/Q w|91/2> ,v(w)) :
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(This is well-known: in addition to the definitions of Chapters 11-14, one must understand exactly which
standard representation of PGL(2,R) contains the trivial representation.) Comparing this with the definition
of ¢y in Definition 22.4 gives the last assertion. Q.E.D.

Corollary 27.3. Suppose VG' is a weak E-group. Fiz an algebraic homomorphism
¥ : SL(2,C) — VG,

and define
S = centralizer of 1 (SL(2,C)) in VG

So=S5NYG,  Si=5-5, ST ={ywes =1}

Then the set of unipotent Arthur parameters 1 restricting to ¢ on SL(2,C) may be naturally identified with
S?), Two such parameters are equivalent if and only if the corresponding elements of S%Q) are conjugate

under Sy. If the Arthur parameter 1 corresponds to yg € Siz), then the Arthur component group for 1 is the
component group of the centralizer So(yo) of yo in So:

Ay = 50(y0)/(So(y0))o; A3 = So(y0)™/ (So(y0)™)o

(Definition 22.4).
This is immediate from the definitions.

Corollary 27.4. Suppose VGT is a weak E-group. Then the set W,,:,(YGY) of equivalence classes of
unipotent Arthur parameters is finite.

Proof. According to a classical result of Dynkin, the number of H-conjugacy classes of algebraic
homomorphisms of SL(2,C) into a complex reductive algebraic group H is finite. Applying this to VG, we
find that there are only finitely many possible 1 up to equivalence. Now Corollary 27.3 completes the proof.
Q.E.D.

Example 27.5. Suppose G = GL(n), endowed with the inner class of real forms including GL(n,R).

Then the L-group is
VG' = GL(n,C) x T. (27.5)(a)

A homomorphism ; of SL(2) into VG is therefore an n-dimensional representation of SL(2). Such a
representation may be decomposed as a direct sum of irreducible representations of various dimensions
p1 > p2 > -+ > p,; say the representation of dimension p; occurs m; times, so that n = > m;p;. It follows
from Schur’s lemma that the centralizer in GL(n) of the image of 1; is isomorphic to the product of the
various GL(m;); so in the notation of Corollary 27.3,

So = GL(my) X --- x GL(m,), S =8y xT, S%Q) = (elements of order 2) x {c}; (27.5)(b)

here o is the non-trivial element of I'. The equivalence classes of v associated to 1 therefore correspond
to conjugacy classes of elements of order 2 in Sy. Now an element of GL(m) has order 2 if and only if it
is diagonalizable with all eigenvalues 1 or —1. There are exactly m + 1 such conjugacy classes (indexed by
the multiplicity of the eigenvalue —1); so we find finally (mq 4+ 1)--- (m, + 1) different unipotent Arthur
parameters associated to ;.

It turns out that the Arthur packet of each of these parameters contains exactly one representation of
GL(n,R). We now describe these representations. Let P = MN be the standard parabolic subgroup of
GL(n) with Levi factor

M = GL(p1)™ x --- x GL(p)™". (27.5)(c)

For each i, fix an integer k; between 0 and m;. Consider the one-dimensional character m; of GL(p;)™
defined by
7i(g1s -+, gm,;) = sgn(det(gigz - .. gk,))- (27.5)(d)
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Set
mw = IndIGD(L]RS)n’]R) (71'1 ® e ® 7T'r) (275>(€)

Then 7 is a unipotent representation attached to the Arthur parameter specified by 1, and the various k;.
(This can be verified by computing ¢,; what is also true, but not so immediately clear, is that there are no
other representations of GL(n,R) in the Arthur packet of v.)

Example 27.6. Suppose G = G; x G1, endowed with the inner class of real forms including G,
(regarded as a real group). The L-group of G is

VG = (VG x VGy) % {1,6}, (27.6)(a)

with & acting on the first factor by interchanging the two factors VGy. A homomorphism 1); of SL(2) into VG
is specified by a pair ¥, ¥ of such homomorphisms into ¥ G1; the centralizer Sy of its image is a product
SE x Sft. An element (g%, g%)6 € VGT — VG conjugates (vF,¥F) to (Ad(g¥)vf, Ad(g®)yE). Tt follows at
once that the set 552) of Corollary 27.3 is empty (and so there are no unipotent Arthur parameters) unless
Yl is conjugate to ¥f!. So we assume that they are conjugate; after replacing v; by a conjugate, we may
even assume

o =9f,  S§=S§. (27.6)(b)

An elementary calculation now shows that
S ={(w.a7)d |z € SEY (27.6)(c)

and that this set is precisely the Sy conjugacy class of 6. There is therefore exactly one equivalence class of
unipotent Arthur parameters associated to ¥;. The corresponding representations are (as we will see) the
ones considered in [7].

Fix now an algebraic homomorphism
Y1 SL(2,C) — VG. (27.7)(a)

Define A = A1 as in (22.8). Write A for the canonical flat through A (Definition 1.7 and (6.4)), and O for the
orbit of X in Vg. Representations in Arthur packets attached to unipotent Arthur parameters extending
must have infinitesimal character O, and we wish to apply to them the results of Chapter 21. We therefore
use the notation of (21.1) and (21.5). In particular,

e(A) = 1 (). (27.7)(b)

The automorphism Ade(\) acts by +1 on the integer eigenspaces of ad()), and by —1 on the half-integer
eigenspaces. The map ) is called even if e(\) is central; that is, if ad(A) has no half-integral eigenspaces.

Define

E = di (8 é) e n(A)  Vg(A) (27.7)(¢)

as in (22.8). As in Proposition 22.9, we can use an invariant bilinear form to identify (Yg(A)/p(A))* with
n(A), and so regard E as an element of T7p (P(A)°) or of N;(A)O (cf. (21.5)).

Lemma 27.8. In the setting (27.7), the element E is P(A)°-reqular (Definition 20.9); that is, it belongs
to the Richardson class Zppyo in Vg(A) associated to Y (Proposition 20.4). The moment mapping p has
degree 1; equivalently, the only conjugate of p(A) to which E belongs is p(A) itself.

Proof. This is very well-known, but we sketch an argument. We begin with a direct construction of the
parabolic subalgebra p(A) of Vg(A) from E. Now p(A) is the sum of the non-negative eigenspaces of A on

Vg(A). Suppose (m, W) is any finite-dimensional representation of SL(2), with £ = dr (8 (1)> Then the
sum of the non-negative weight spaces of W is
WE+WENE- W+WE NE2 W+ (27.9)(a)
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(It suffices to check this in an irreducible representation W, where it is immediate.) Consequently
p(A) = Vg(A)AF 4 Vg(A) A 0 (Ad ) g(A) + - -- (27.9)(b)

The first consequence of this description is that the centralizer of E in YG(A) must normalize p(A), and
consequently must belong to P(A):
YG(AN)E c P(A). (27.9)(c)

In the setting of (27.9)(a), the operator E must carry the sum of the non-negative weight spaces onto the
sum of the positive weight spaces. In our case the sum of the positive weight spaces is just the nil radical
n(A) of p(A), so

ad(E)p(A) = n(A). (27.9)(d)

This says that the P(A) orbit of E is open in n(A), which certainly implies that E is in the Richardson class
for P(A). Proposition 20.4 now says that the containment (27.9)(c) is equivalent to the assertion about the
degree of p. Q.E.D.

We can now reorganize the classification of unipotent parameters in Corollary 27.3 to be consistent
with Proposition 6.24 and Theorem 21.2. Expressed in terms of the corresponding Langlands parameters
oy = ¢(y, A) (cf. (5.8) and (22.8)) the difference is this. In Corollary 27.3, we fix ¢ (and therefore A\; = A
and y;) and look for possible elements yo = yy; ! to go with it. In Theorem 21.2, we fix representatives for
the possible y, and then look for A.

Now the equivalence classes of unipotent Arthur parameters v of infinitesimal character O are in one-
to-one correspondence with the equivalence classes of associated Langlands parameters ¢, (Definition 22.4).
These in turn correspond to certain VG orbits on X (0, YG") (Proposition 1.10) and therefore to certain K
orbits on P(A)? (Proposition 6.24). It is these latter orbits that we wish to identify.

Theorem 27.10. Suppose we are in the setting (21.1), and that the orbit O arises from a homomor-
phism of SL(2,C) as in (27.7). The following sets are in one-to-one correspondence.

1) Equivalence classes of unipotent Arthur parameters supported on X;(O,"G").
2) K;-conjugacy classes of parabolic subgroups P' € P(A)® with the following two properties:
a) 0;P" = P'; and
b) W Ns; N Zppy # 0. Herew' is the nil radical of the Lie algebra of P'.
3) K orbits on s; N Zp(pyo.
The Arthur (respectively canonical) component group for a parameter may be identified with the compo-
nent group for the stabilizer of a point in the corresponding orbit of K; (respectively K;lg) on 55 N Zp(pyo-

Notice that the Kj-conjugacy classes in (2) are precisely the “regular orbits” of K; on P(A)? in the sense
of Definition 20.17; the bijection between (2) and (3) is a consequence of Theorem 20.18, although we will
prove it again here.

Proof. Suppose S is an orbit on X (0O, VGT) corresponding to a unipotent Arthur parameter. According
to Proposition 6.24, we may choose a point (y;,A’) in S, with y; one of the representatives chosen in (21.1)(g)
(uniquely determined) and P’ = P(A’) € P(A)° (determined up to conjugation by K;). We want to show
that P’ satisfies the conditions in (2). By the assumption on S, we can find a unipotent Arthur parameter
¢’ for which the corresponding elements y', A, and E' = Ey (cf. (22.8)(c)) satisfy

v =y, NeN. (27.11)(a)

Since E’ is in the +1 eigenspace of ad X, it follows that E’ € n(\’). Since Ad(y')E’ = —E’, E' must also be
in the —1 eigenspace 5; of 6;. By Lemma 27.8, E’ € Zpayo. This gives (2)(b). Since y" and X" commute, 6,
fixes P(\') = P’. This is (2)(a).

Next, suppose we are given a parabolic P’ as in (2); we associate to it the unique K; orbit on 5;NZp(A)°
that is dense in s5; N Zp(A)°.

Finally, suppose we are given an orbit of K; on s; N Zp(). Fix a point E’ of this orbit, and construct
a homomorphism ] from SL(2) to YG()\) satisfying

wi(p o) =F  viCsuem =00l 1.1
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0 i)z>) That this is possible is proved in
[31]. From [31] one can also deduce that 1] is unique up to conjugation by K; (more precisely, by the
unipotent radical of the stabilizer of E’ in K;). Since E’ is conjugate by YG()) to our original E, it follows

that the element A attached to ¥{ must be conjugate to \. Because e()\) is central in VG (N), it follows that

¥ (1) = (). (27.11)(c)

(Here 0gr,(2) is the involutive automorphism conjugation by (l

Define

7

Yo = Y591 <_OZ Q) : (27.11)(d)

Because of (27.11)(b), yo commutes with the image of ;. Because of (27.11)(c), y3 = 1. By Corollary 27.3,
the pair (yo,t]) gives rise to a unipotent Arthur parameter; by construction it depends (up to conjugacy by
K) only on the K orbit from which we began.

We leave to the reader the easy verification that performing any three of these correspondences in
succession recovers the equivalence class from which one started. Q.E.D.

Theorem 27.12. Suppose we are in the setting (21.1), and that the orbit O arises from a homo-
morphism of SL(2,C) as in (27.7). Fiz an equivalence class of unipotent Arthur parameters supported on
X;(0,VGY), say corresponding to a VG orbit S on X;(O,VG"). Write Sk for the corresponding orbit of
K; onY, and Zg for the corresponding orbit of K; on s; N Zppyo (Theorem 27.10). Then the bijections of
Theorem 21.2 identify the following sets:

1) irreducible (Vg(A), K;Zg)-modules M annihilated by Ip(ayo, with the property that Zs C Ch(M) (notation

(20.5));

2) irreducible K;lg—equivariant Dp(ayo-modules M, with the property that TS _(P(A)?) € Ch(M) (Defini-
tion 19.9); and

3) irreducible ¥ G -equivariant D-modules N on X;(O,YGT), with the property that T%(X;) C Ch(N).
Suppose in addition we are in the setting of Theorem 10.4. Then each of these sets is in bijection with

4) II*(G/R)y; that is, equivalence classes of irreducible canonical projective representations of type z of
strong real forms of G, belonging to the Arthur packet for 1.

In cases (1)—(3), the bijections identify the corresponding multiplicities in characteristic cycles. Their
common value (a positive integer) is equal to the weight x(m) of Theorem 22.7 for the representation in

(4)-

Proof. The equivalence between (1) and (2) is given by Theorem 20.18; between (2) and (3) by
Proposition 21.4; and between (3) and (4) by Definition 22.6 (see Definitions 19.13 and 19.15). Q.E.D.

One can extend Theorem 27.12 from multiplicities to the component group representations discussed in
Definition 24.15. For the relation between (3) and (4) this is a matter of definition again, and for (2) and
(3) it is straightforward. For the relation between (1) and (2) there is a problem, however. In the setting of
(1) we have referred to [59] for a definition of the component group representation. That definition is most
easily related to the microdifferential operator definition in the setting of (2), which we elected in Chapter
24 not to discuss. For this reason we will not formulate (or use) such an extension.

The bijection between (1) and (4) in Theorem 27.12 can be formulated using just the results of [56]. In
this form it was proposed several years ago by Barbasch and Vogan (in various lectures) as the definition
of the Arthur packet attached to a unipotent parameter. They also observed the following corollary, which
appeared in [7], Definition 1.17 as the definition of special unipotent representations in the complex case.

Corollary 27.13. Suppose that the infinitesimal character O (cf. Lemma 15.4) arises from a homo-
morphism of SL(2,C) into the dual group as in (27.7). Write Jpmaz(O) for the mazimal primitive ideal in
Ul(g) of infinitesimal character O. Suppose 7 is an irreducible canonical projective representation of type z
of a strong real form of G, having infinitesimal character O. Then w is a special unipotent representation
— that is, ™ belongs to an Arthur packet II1*(G/R),, for some unipotent parameter v — if and only if 7 is
annihilated by Jaq(O).

Proof. This follows from Theorem 27.12, Theorem 21.6, and Theorem 21.8. Q.E.D.
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To say that a representation has a large annihilator amounts to saying that the representation is small
(see [52]). The condition in Corollary 27.13 is therefore equivalent to requiring the Gelfand-Kirillov dimension
of 7 to be minimal, or to requiring the associated variety of the Harish-Chandra module of 7 to be contained
in the closure of a certain complex nilpotent orbit in g* (namely the associated variety of Jp,qa.(O)). The
techniques of [6] make it possible to compute exactly how many such representations exist; that is, to
find the order of the union of the various unipotent Arthur packets for a single real form and infinitesimal
character. Different Arthur packets may overlap, however, and we do not know in general how to calculate
the cardinality of an individual one.

Example 27.14. Suppose G = Sp(4) (by which we mean a group of rank 2), endowed with the inner
class of real forms including Sp(4,R). The L-group is

VGT = 50(5,C) x T. (27.14)(a)

Henceforth we will drop the C; since we consider only complex orthogonal groups, no confusion should arise.
The group SL(2) is a double cover of SO(3); composing the covering map with the inclusion of SO(3) in
SO(5) gives a homomorphism

Pyt SL(2) = SO(5) ~ VG, (27.14)(b)

The centralizer in SO(5) of the image of v, is evidently

So = {(663 2) | A€ O2),det A = e} ~0(2). (27.14)(c)

Here I3 is the 3 by 3 identity matrix, and € = +1. Just as in Example 27.5, we find that the equivalence
classes of unipotent Arthur parameters 1) associated to v, correspond to conjugacy classes of elements of
order 2 in Sy. There are exactly three such classes, represented by the elements

S+ = ((1) (1)> ) S4— = <é _01> ) §—— = (_01 _01) (27.14)(d)

in O(2) = Sp. Write ¥4, etc., for the corresponding Arthur parameters. The corresponding centralizers
are just the centralizers in O(2) of these elements, namely

Sy, =0(2), Sy, =0(1) xO(1), Sy =0(2). (27.14)(e)
The component groups are therefore

Ay,, =Z)2Z, Ay, =T)2LXLJ2L, A, _=7/2L. (27.14)(f)

+

alg

We also want to calculate the various Afplg . The algebraic universal cover VG“Y is the double cover

Spin(5), which is also isomorphic to Sp(4). Perhaps the easiest way to calculate Sglg is to identify the lift

¢ . SL(2) — Sp(4). This turns out to be the diagonal map of Sp(2) (which is isomorphic to SL(2)) into
Sp(2) x Sp(2), followed by the obvious embedding of Sp(2) x Sp(2) into Sp(4). From this one can deduce

that S3' ~ O(2); the covering map
0(2) ~ 85" — Sy ~ 0(2) (27.15)(a)

is the double cover of SO(2) on the identity component. It follows that

S’Zfi =0(2), S’zlf_ = quaternion group of order 8, Szlf_ =0(2) (27.15)(b)
AZler =Ay, ., Azlf_ = quaternion group of order 8, Azlf_ =Ay . (27.15)(c)

We do not know any entirely elementary way to calculate the Arthur packets, but (using Theorem 27.12)
this is not too difficult once one knows something about Harish-Chandra modules for SO(5). We will simply
record some of the results. It turns out that there are exactly four equivalence classes of strong real forms
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of G, having representatives that we denote ds, d(1,1), 0(2,0), and d(g,2). The last two of these represent the
compact real form, which can have no representations of the (singular) infinitesimal character associated to
11. The other two represent the inequivalent real forms Sp(4,R) and Sp(1,1). It turns out that 5(21 y=-1,

so representations of Sp(1,1) correspond to ¥G*Y-equivariant perverse sheaves on which m (VG)™9 acts
non-trivially (Lemma 10.9(b)). It follows from (27.15)(c) that the Arthur packets for ¢, and ¢__ can
contain no representations of Sp(1,1). Furthermore, the representation 7, () of Az)lf_ attached to any
irreducible representation 7 € II(G/R)y, _ (Definition 24.15) must satisfy

|1, if 7 is a representation of Sp(4,R);

Ty (M=) = { —1, if 7 is a representation of Sp(1,1). (27.16)
We mentioned after Corollary 27.13 that one can count unipotent representations using the ideas of [6].

In this way (or any of several others) one finds that Sp(4,R) has exactly eight unipotent representations
attached to ;. They are the three irreducible constituents of Indé’}fé%(\ det |); the three irreducible con-

ZPL(ELQ’]}%) (det); and the two irreducible constituents of Indfﬁ(é’]}g)x Sp(2.R) (sgn(det) ® 1). These

representations may be distinguished by their lowest K-types; the maximal compact subgroup is U(2), so
its representations are parametrized by decreasing pairs of integers. The lowest K-types of the three sets of
representations described above are (0,0), (2,2), and (—2,—2); (1,1), (—=1,—1), and (1,—1); and (1,0) and
(0,—1). We denote the representation of lowest K-type (m,n) by ms(m,n).

An even simpler calculation shows that Sp(1,1) has a unique irreducible unipotent representation at-
tached to 171, namely the unique spherical representation of the correct infinitesimal character. (It lies
one-third of the way along the complementary series.) We denote this representation 7 1)(0).

Here are the Arthur packets.

stituents of Ind

I(G/R)y, . = {ms(0,0),ms(1,—1)} (27.17)(a)
H(G/R)Uf—— = {71—5(170)7'”5(0’_1)} (2717)(b)
H(G/R)w+7 = {778(1’ 1)7 775(_17 _1)’ 7"5(27 2)7 775(_27 _2)7 7T(l,l)(o)} (2717)(0)

In each case the map m +— 7,(m) is a bijection from the packet onto the set of equivalence classes of
irreducible representations of Af/fg ; we have listed the representations so that the one with 7, () trivial is

first. In particular, 74, _(7(1,1)(0)) is the irreducible two-dimensional representation of the quaternion group
(cf. (27.16)).

We conclude with a careful study of the case of one-dimensional representations. One of the points of
this is to understand the failure of injectivity of the map m — 7, (7). (Failure of surjectivity appears already
in the complex case; it corresponds to the fact that we had to use Lusztig’s quotient of the component group
in [7], rather than just a component group.) All of the examples that we know of this failure seem to arise
finally from this very special case. (Part (e) of the following theorem is taken from [34], Lemma 2.11.)

Theorem 27.18. Suppose (G*',W) is an extended group, and (Y GV, D) is an L-group for G*. Fizx a
principal three-dimensional subgroup

wl : SL(Q) — VG.

a) The centralizer Sy of Y1 in VG is Z(VG).
b) The set of equivalence classes of unipotent Arthur parameters attached to 1 may be identified with

{2€2(YG) | 202(2) = 1}/{wby (w) |we Z("G)} = H'(I, Z('G)).
¢) If ¥ is any unipotent Arthur parameter attached to 11, then

Azlg _ Z(\/G)Gz,alg/(Z(VG)Qz,U«lQ)O.

This is precisely the universal component group Adle (VG of Definition 26.10.

univ
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d) The unipotent representations (of some real form G(R,§)) attached to 11 are precisely the representations
trivial on the identity component G(R,d)o.
e) Suppose § is any strong real form of G*. Then there is a natural surjection

HYT,Z(YG)) - Hom(G(R, §)/G(R, 8o, C*).

If G(R,§) is quasisplit, this is an isomorphism.

Suppose ) is a unipotent Arthur parameter attached to 1y, and & is a strong real form of G*. Write
w(1,0) for the character of G(R,§)/G(R,d)o attached to ¢ by composing the bijection of (b) with the surjec-
tion of (e).

f) Suppose 7 is an irreducible unipotent representation (attached to 11 ) of a strong real form G(R,0). Then
the integer x(m) of Theorem 22.7 is given by

_ 1 ifm~=n(4,d)
X () = {0 otherwise.

The character Ty () of Az)lg ~ A9 (VG (see (c) above) is

UNIU

Ty (m,0) = X () Tunin (8)-

If we fix the unipotent parameter 1 attached to 11, we therefore find exactly one unipotent representation
for each strong real form. The correspondence m +— 7y (m) therefore fails to be injective as soon as the
number of strong real forms exceeds the cardinality of Azlg = Z(V@)92:99 /(Z(VG)P2-19),. The simplest
example of this is perhaps for PGL(n) endowed with the class of inner forms including the projective unitary
groups PU(p,q). There are [(n 4 2)/2] real forms. The dual group is SL(n), with 8z acting on the center
by inversion. Consequently Ai}lg consists of the elements of order 2 in the cyclic group of order n; injectivity
fails for n > 3. For simple groups not of type A the situation is even clearer: typically the number of real
forms is on the order of the rank, but A% has order at most four.

Proof of Theorem 27.18. Define E, F, and X for ¢ as in (22.8). Because 1, is principal, A is a regular
element with integral eigenvalues. It follows that P()) is a Borel subgroup of VG write it as B, and write
AT for the unique maximal torus containing ) in its Lie algebra. Then the centralizer of A in VG is T, so
So C T. The element FE is the sum of certain root vectors {X,} for the simple roots, so the centralizer of E
in 4T is the intersection of the kernels of the simple roots, which is Z(VG). This proves (a). For (b), write
S for the centralizer of 1, in YG'. By Definition 4.6, we can find an element V6 € D so that

Vo e Aut(VG, 1B, 4T, {X,}) (27.19)(a)

(see Proposition 2.11). In particular, V4§ centralizes E. Now A belongs to [Vg,"g], and a()\) = 1 for
each simple root . These properties characterize A, and they are preserved by Vd. Consequently V4§ also
centralizes A. Finally, it follows from the representation theory of SL(2) that F' is characterized by the
property [E, F] = 2\, so V¢ also centralizes F. Therefore

Vie S, S=z2"a)uz(¥G)'s (27.19)(b)

Since VGT is an L-group, ¥6> = 1. Part (b) therefore follows from Corollary 27.3 and (27.19)(b). Part (c)
follows from (b) and Corollary 27.3.

For (d), we have already observed that A belongs to the derived algebra and takes the value 1 on each
simple root. The corresponding infinitesimal character is therefore p, half the sum of a set of positive roots
for G. This is the infinitesimal character of the trivial representation, so the corresponding maximal ideal in
U(g) is the augmentation ideal, the annihilator of the trivial representation. Now (d) follows from Corollary
27.13.

For (e), we begin with the isomorphism

Z(¥G) ~ Hom(m(G),C) (27.20)(a)
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of Lemma 10.2(a). Along the lines of Lemma 10.2(d), we deduce that
HYT,Z(V@)) ~ Hom(H"(T, 71 (G)),C*) (27.20)(b)
To prove (e), it is therefore enough to exhibit an injection
G(R,$)/G(R,8)o — HT,m (G)). (27.20)(c)
For this, we begin with the short exact sequence of groups with I' actions
1—-m(G)—G*°—=G—1. (27.20)(d)

(Here we make complex conjugation act by § on G, and pull this automorphism back to G*¢.) The corre-
sponding exact sequence in cohomology includes

H(T,G*) — H(T,G) — HY (T, m,(Q)). (27.20)(e)
Now HY is just the I-invariant subgroup; that is (for G and G*¢) the group of real points. Hence
G*(R,d) = G(R,0) — HY(T', 7 (G)). (27.20)(f)

Since G*¢ is simply connected, its group of real points is connected. The image of the first map is therefore
G(R,d)o. The second map provides (by the exactness of (27.20)(f)) the inclusion in (27.20)(c).

To see that the map of (e) is surjective when G(R,d) is quasisplit, it suffices to find |H(T', Z(VG))|
linearly independent functions on G(R, §)/G(R, ¢)g. The functions we use are the stable characters ©(ny(9))
(notation as in Theorem 22.7 and (18.1)), with ¢ a unipotent Arthur parameter attached to 1. The strongly
stable characters 7, are part of the basis {17(’;”C } of strongly stable virtual characters (Corollary 19.16), and
are therefore linearly independent. By Shelstad’s theorem 18.7, the stable characters ©(n,(J)) are also
linearly independent. By (d), these characters may be regarded as functions on G(R,§)/G(R,d)o. By (b),
there are |H*(T", Z(VQ))| such functions, as we wished to show.

For (f), suppose first that G(R, ¢) is quasisplit. The L-packets attached by the Langlands classification
to the parameters ¢, (with ¢ unipotent attached to ;) are disjoint, and each is a non-empty set of
representations of the component group of G(R,d). It follows from (e) that the L-packet II;, contains
exactly one representation, and that these exhaust the representations of the component group. We leave to
the reader the verification from the definitions that this single representation is actually 7 (v, §). Because the
integer d(7) (the dimension of the corresponding orbit on the geometric parameter space) is the same for all
finite-dimensional irreducible representations of a fixed group, it follows from Corollary 19.16 that the only
representation of G(R,d) in the Arthur packet IL; is w(¢,d). Now the two assertions of (f) are immediate.

Finally we consider the general case of (f). Because of the naturality of the surjection in (e), one can
check easily that the virtual representation

My =Y (1,0
1

is strongly stable. By the preceding paragraph, it agrees with the Arthur character 7, on each quasisplit
real form. By Theorem 18.7, 77;# = 1. This is the first claim of (f). The second follows immediately. Q.E.D.

We leave to the reader the formulation of an analogous result in the case of a general E-group. What
happens there is that some real forms (possibly all) will have no projective representations of type z trivial
on the identity component. The set of equivalence classes of unipotent Arthur parameters attached to
may be empty; if not, then it is a principal homogeneous space for H*(T', Z(VQ)).

180



1]

2]

REFERENCES

J. Adams and D. Vogan, “L-groups, projective representations, and the Langlands classification,” to
appear.

J. Arthur, “On some problems suggested by the trace formula,” in Proceedings of the Special Year in
Harmonic Analysis University of Maryland, R. Herb, R. Lipsman, and J. Rosenberg, eds. Lecture Notes
in Mathematics 1024, Springer-Verlag, Berlin-Heidelberg-New York, 1983.

J. Arthur, “Unipotent automorphic representations: conjectures,” 13-71 in Orbites Unipotentes et
Représentations II. Groupes p-adiques et Réels, Astérisque 171-172 (1989).

M. Artin, “Néron models,” 213-230 in Arithmetic Geometry, G. Cornell and J. Silverman, eds. Springer-
Verlag, New York-Berlin-Heidelberg, 1986.

D. Barbasch, “The unitary dual for complex classical Lie groups,” Invent. Math. 96 (1989), 103-176
D. Barbasch and D. Vogan, “Weyl group representations and nilpotent orbits,” 21-33 in Representation
Theory of Reductive Groups, P. Trombi, editor. Birkhauser, Boston-Basel-Stuttgart, 1983.

D. Barbasch and D. Vogan, “Unipotent representations of complex semisimple Lie groups,” Ann. of
Math. 121 (1985), 41-110.

A. Beilinson and J. Bernstein, “Localisation de g-modules,” C. R. Acad. Sci. Paris 292 (1981), 15-18.
A. A. Beilinson, J. Bernstein, and P. Deligne, “Faisceaux pervers,” 5-171 in Analyse et topologie sur
les espaces singuliers, volume 1, Astérisque 100 (1982).

A. Borel, “Automorphic L-functions,” in Automorphic Forms Representations and L-functions, Proceed-
ings of Symposia in Pure Mathematics 33, part 2, 27-61. American Mathematical Society, Providence,
Rhode Island, 1979.

A. Borel et al., Intersection Cohomology, Birkhduser, Boston-Basel-Stuttgart, 1984.

A. Borel et al., Algebraic D-Modules, Perspectives in Mathematics 2. Academic Press, Boston, 1987.
W. Borho and J.-L. Brylinski, “Differential operators on homogeneous spaces I,” Invent. Math. 69
(1982), 437-476.

W. Borho and J.-L. Brylinski, “Differential operators on homogeneous spaces III,” Invent. Math. 80
(1985), 1-68.

M. Demazure, A. Grothendieck, it et al., Schémas en Groupes I (SGA 3), Lecture Notes in Mathematics
151. Springer-Verlag, Berlin-Heidelberg-New York, 1970.

V. Ginsburg, “Characteristic varieties and vanishing cycles,” Invent. Math.In 84 (1986), 327-402.

M. Goresky and R. MacPherson, Stratified Morse Theory. Springer-Verlag, Berlin-Heidelberg-New York
(1983).

M. Goresky and R. MacPherson, “Local contribution to the Lefschetz fixed point formula,” preprint.
Harish-Chandra, “The Plancherel formula for complex semisimple Lie groups,” Trans. Amer. Math.
Soc. 76 (1954), 485-528.

R. Hartshorne, Algebraic Geometry. Springer-Verlag, New York, Heidelberg, Berlin, 1977.

M. Hashizume, “Whittaker models for real reductive groups,” Japan. J. Math. 5 (1979), 349-401.

J. E. Humphreys, Introduction to Lie Algebras and Representation Theory. Springer-Verlag, Berlin-
Heidelberg-New York, 1972.

M. Kashiwara, “Index theorem for a maximally overdetermined system of linear differential equations,”
Proc. Japan Acad. 49 (1973), 803-804.

M. Kashiwara, Systems of Microdifferential FEquations, Progress in Mathematics 34. Birkhauser,
Boston-Basel-Stuttgart, 1983.

M. Kashiwara and T. Kawai, “On holonomic systems of microdifferential equations. III —Systems with
regular singularities—,” Publ. RIMS, Kyoto Univ. 17 (1981), 813-979.

M. Kashiwara and P. Schapira, Microlocal Study of Sheaves, Astérisque 128 (1985).

D. Kazhdan and G. Lusztig, “Representations of Coxeter groups and Hecke algebras,” Invent. Math.
53 (1979), 165-184.

D. Kazhdan and G. Lusztig, “Schubert varieties and Poincaré duality,” in Geometry of the Laplace
operator, Proceedings of Symposia in Pure Mathematics 33, part 2, 27-61. American Mathematical
Society, Providence, Rhode Island, 1979.

181



[29]

[30]
[31]

[32]

A. Knapp and G. Zuckerman, “Classification of irreducible tempered representations of semisimple Lie
groups,” Ann. of Math. 116 (1982), 389-501. (See also Ann. of Math. 119 (1984), 639.)

B. Kostant, “On Whittaker vectors and representation theory,” Invent. Math. 48 (1979), 101-184.

B. Kostant and S. Rallis, “Orbits and representations associated with symmetric spaces,” Amer. J.
Math. 93 (1971), 753-8009.

R. Kottwitz, “Sign changes in harmonic analysis on reductive groups,” Trans. Amer. Math. Soc. 278
(1983), 289-297.

R. Kottwitz, “Stable trace formula: cuspidal tempered terms,” Duke Math. J. 51 (1984), 611-650.

R. P. Langlands, “On the classification of representations of real algebraic groups,” in Representation
Theory and Harmonic Analysis on Semisimple Lie Groups, Mathematical Surveys and Monographs 31,
101-170. American Mathematical Society, Providence, Rhode Island, 1989.

R. P. Langlands, “Stable conjugacy: definitions and lemmas,” Canad. J. Math. 31 (1979), 700-725.
R. P. Langlands and D. Shelstad, “On the definition of transfer factors,” Math. Ann. 278 (1987),
219-271.

G. Lusztig, Characters of Reductive Groups over a Finite Field. Annals of Mathematics Studies 107.
Princeton University Press, Princeton, New Jersey, 1984.

G. Lusztig, “Intersection cohomology complexes on a reductive group,” Invent. Math. 75 (1984),
205-272.

G. Lusztig, “Character sheaves I,” Adv. in Math. 56 (1985), 193-237.

G. Lusztig and D. Vogan, “Singularities of closures of K-orbits on flag manifolds,” Invent. Math. 71
(1983), 365-379.

R. MacPherson, “Chern classes for singular algebraic varieties,” Ann. of Math. 100 (1974), 423-432.
T. Matsuki, “The orbits of affine symmetric spaces under the action of minimal parabolic subgroups,”
J. Math. Soc. Japan 31 (1979), 331-357.

R. Richardson, “Conjugacy classes in parabolic subgroups of semi-simple algebraic groups,” Bull. Lon-
don Math. Soc. 6 (1974), 21-24.

M. Sato, M. Kashiwara, and T. Kawai, “Hyperfunctions and pseudodifferential equations,” 265-529 in
Lecture Notes in Mathematics 287. Springer-Verlag, Berlin-Heidelberg-New York, 1973.

W. Schmid, “Two character identities for semisimple Lie groups,” 196-225 in Non-commutative Har-
monic Analysis and Lie groups, J. Carmona and M. Vergne, eds., Lecture Notes in Mathematics 587.
Springer-Verlag, Berlin-Heidelberg-New York, 1977.

I. Shafarevich, Basic Algebraic Geometry, translated by K. Hirsch. Springer-Verlag, Berlin, Heidelberg,
New York, 1977.

D. Shelstad, “Characters and inner forms of a quasi-split group over R,” Compositio Math. 39 (1979),
11-45.

D. Shelstad, “L-indistinguishability for real groups,” Math. Ann. 259 (1982), 385-430.

B. Speh and D. Vogan, “Reducibility of generalized principal series representatons,” Acta Math. 145
(1980), 227-299.

T. A. Springer, “Reductive groups,” in Automorphic Forms Representations and L-functions, Proceed-
ings of Symposia in Pure Mathematics 33, part 1, 3-28. American Mathematical Society, Providence,
Rhode Island, 1979.

J. Tate, “Number theoretic background,” in Automorphic Forms Representations and L-functions, Pro-
ceedings of Symposia in Pure Mathematics 33, part 2, 3-26. American Mathematical Society, Provi-
dence, Rhode Island, 1979.

D. Vogan, “Gelfand-Kirillov dimension for Harish-Chandra modules,” Invent. Math. 48 (1978), 75-98.
D. Vogan, “Irreducible characters of semisimple Lie groups I,” Duke Math. J. 46 (1979), 61-108.

D. Vogan, Representations of Real Reductive Lie Groups. Birkhauser, Boston-Basel-Stuttgart, 1981.
D. Vogan, “Irreducible characters of semisimple Lie groups I1I. Proof of the Kazhdan-Lusztig conjectures
in the integral case,” Invent. Math. 71 (1983), 381-417.

D. Vogan, “Irreducible characters of semisimple Lie groups IV. Character-multiplicity duality,” Duke
Math. J. 49 (1982), 943-1073.

D. Vogan, “Understanding the unitary dual,” in Proceedings of the Special Year in Harmonic Analysis,
University of Maryland, R. Herb, R. Lipsman and J. Rosenberg, eds. Lecture Notes in Mathematics

182



1024. Springer-Verlag, Berlin-Heidelberg-New York, 1983.

D. Vogan, Unitary Representations of Reductive Lie Groups. Annals of Mathematics Studies, Princeton
University Press, Princeton, New Jersey, 1987.

D. Vogan, “Associated varieties and unipotent representations,” preprint.

T. Vust, “Operation de groupes réductifs dans un type de cones presques homogenes,” Bull. Soc. Math.
France 102 (1974), 317-333.

D. Vogan, “Dixmier algebras, sheets, and representation theory,” to appear in proceedings of Colloque
Jacques Dixmier.

N. Wallach, Real Reductive Groups I. Academic Press, San Diego, 1988.

Jeffrey Adams

Department of Mathematics
University of Maryland
College Park, MD 20742

Dan Barbasch
Department of Mathematics

Cornell University
Ithaca, NY 14853

David A. Vogan, Jr.

Department of Mathematics
Massachusetts Institute of Technology
Cambridge, MA 02139

183



Index of notation.

We list here some of our principal notation and terminology, with a very brief summary of definitions
and references to more complete discussion.

Aquc’alg : group of connected components of the centralizer in VG of a Langlands parameter ¢ (Defini-
tion 5.11). A Langlands parameter ¢ gives a point = of the geometric parameter space X (VG') (Proposition
6.17), which generates an orbit S under VG. The VGalg—equivariant fundamental group of S based at z

Definition 7.1) is written A2 or Aloc:alg: it is naturally isomorphic to A9 (Lemma 7.5).
S T fo3
Ag’ic’“lg : micro-component group for a Langlands parameter ¢ (Definition 23.13). Write S for the orbit

on X (VGT) corresponding to ¢, and (z,v) for a sufficiently generic conormal vector to S at x € S. Then
AZ”C"”Q is the group of connected components of the stablizer of (z,v) in VG,

Azlg: group of connected components of the centralizer in VG of an Arthur parameter (Defini-
tion 21.4). Naturally isomorphic to the micro-component group Agjc’alg for the corresponding Langlands
parameter (Proposition 21.9 and Definition 23.7).

Ch(M): characteristic cycle for a D-module M (Definition 19.9).

d(¢): dimension of the underlying orbit for a geometric parameter & ((1.22),(7.10)).

e(Gr), e(€): Kottwitz’ sign attached to a complete geometric parameter or to the corresponding real
form of G (Definition 15.8, Lemma 15.9).

e(-): normalized exponential map exp(2mi-); usually from semisimple elements or canonical flats in Vg
((6.2), Lemma 6.11).

G: connected complex reductive algebraic group.

G"'': weak extended group for G (Definition 2.13).

(GY,W): extended group for G (Definition 1.12, Proposition 3.6).

G(R,6): real points of G with real form defined by § € GI' — G (Definition 2.13).

V@G: dual group for G (Definition 4.2).

VGT: weak L-group or E-group for G; an algebraic extension of the Galois group of C/R by a dual
group (Definition 4.3).

(VGY,D): L-group or E-group for G, essentially as defined by Langlands (in Galois form); D is a class
of distinguished splittings.

(VGT,8): L-group or E-group for G, as defined in [AV2] (Definition 4.14). Equivalent to giving an
L-group or E-group as in the preceding definition, but the set S is different from D.

H(O): Hecke algebra attached to a regular semisimple conjugacy class O in vg ((16.10)).

KX(0,VGT): Grothendieck group of vgels -equivariant perverse sheaves (or constructible sheaves, or
holonomic D-modules) on X (O,VGY) (Definition 7.13, (7.10)).

KTI*(O, GRr): Grothendieck group of finite-length canonical projective representations of Gy of type z
and infinitesimal character O ((15.5)). Without the O, no assumption on infinitesimal character. With G /R,
the sum of these over all strong real forms ((15.7)). With K, infinite sums (still with finite multiplicities)
are allowed (Corollary 1.26, (16.12)). With K, these infinite sums are required to include only finitely
many representations of each strong real form (Definition 18.5). With K¢, complex-linear combinations of
irreducible representations are allowed (Proposition 25.1).

KII* (O, G/R): mixed Grothendieck group of finite-length canonical projective representations of strong
real forms of G of type z and infinitesimal character O ((16.12)). (Formally, K denotes extension of scalars
to Z[u'/? u=1/2].)

I(A), 11(¢): integral length for a standard limit character of regular infinitesimal character, or for the
corresponding complete geometric parameter (Definition 16.16).

L#(GRr): equivalence classes of final standard limit characters of Cartan subgroups of Gg (Definition
11.13).
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L?*(G/R): equivalence classes of final standard limit characters of Cartan subgroups of G'' (Definition
12.1).

Lifty: endoscopic lifting from stable virtual (canonical projective representations) representations of a
quasisplit endoscopic group to complex virtual (canonical projective) representations of strong real forms
of G (Definition 26.18). Without the subscript zero, its (technically more convenient) natural extension to
“op-stable” virtual representations of strong real forms of H.

MZ(Ggr), M*(G/R): category of (canonical projective of type z) representations of a real reductive
group G, or of strong real forms of G ((15.2) and (15.7)).

M(A), M(&): standard limit representation attached to a limit character A, or to the corresponding
complete geometric parameter £ (Definition 11.2, (15.7)).
O: semisimple ¥ G-conjugacy class in Vg; parametrizes an infinitesimal character for g. Inserted in other

notation, it restricts attention to objects living on that orbit, or having that infinitesimal character ((6.10),
Proposition 6.16, Lemma 15.4).

SS(M): characteristic variety (or singular support) of the D-module M (Definition 19.9).
TT: Cartan subgroup of G (Definition 12.1).

X (VGT): set of geometric parameters for the E-group YG! (Definition 6.9). With O, the subset of
infinitesimal character O (an algebraic variety).

A: limit character of a Cartan subgroup of a real reductive group; parameter for a standard represen-
tation (Definitions 11.2, 11.6, 11.10, 11.13; Definition 12.1).

X3e(m)(0): trace at o € ATC"”Q of the representation T(Z”C’alg (Definition 23.13). Without the argu-
ment o, the dimension of this representation, which is equal to the multiplicity of the conormal bundle to
the orbit Sy in the characteristic cycle of the perverse sheaf attached to 7 (Definition 19.13, Theorem 23.8).

nfb"cz strongly stable standard formal virtual representation of strong real forms of G attached to a

Langlands parameter ¢ (Definition 18.13). We may replace ¢ by the corresponding Y G-orbit S on the
geometric parameter space X (VG').

772’)”0, n@vic: strongly stable formal virtual representation of strong real forms of G attached to a Langlands
parameter ¢ or to the corresponding orbit S on the geometric parameter space X (YG') (Corollary 19.16,
Corollary 1.32).

&: complete geometric parameter (Sg, Ve). Here Sg is an orbit of VG on the geometric parameter space
X(VGY), and Vg is an irreducible equivariant local system on S¢ (Definition 1.17, Definition 7.6).

m(€): irreducible representation corresponding to the complete geometric parameter £ (Theorem 10.4,
Definition 10.8, and (1.19)). This is a representation of G(R, 6(§))°*™.

m(A): Langlands quotient of the standard representation M (A) (Definition 11.2(e), Theorem 11.14).

II*(G/R): equivalence classes of pairs (,d), with § a strong real form (for a fixed extended group GV)
and 7 an irreducible representation of G(R, §)°*™ of type z (Definition 10.3, Definition 1.14). This set is in
one-to-one correspondence with Z*(G/R).

IT°(G/R)4: the L-packet attached to the Langlands parameter ¢; that is, the subset of II*(G/R)
parametrized by complete Langlands parameters of the form (¢, 7), or by complete geometric parameters
supported on the orbit attached to ¢ (Definition 10.8). Includes at most finitely many representations of
each strong real form.

HZ(G/R)Z”C: the micro-packet attached to the Langlands parameter ¢ (Definition 19.15); the set of
irreducible constituents of the stable virtual representation nZ”C. Contains the L-packet.

Z(VGT): complete geometric parameters; that is, pairs & = (S,V) with S an orbit of VG on the
geometric parameter space X (YG'), and V an irreducible VGl -equivariant local system on S (Definition
7.6). Equivalently, complete Langlands parameters; that is, equivalence classes of pairs (¢, 7), with ¢ a
Langlands parameter and 7 an irreducible representation of Ai;c’alg (Definition 5.11). When VGT has the
structure of an E-group with second invariant z, we may write instead =Z*(G/R).
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®(VGY): equivalence classes of Langlands parameters; that is, ¥ G-conjugacy classes of quasiadmissible
homomorphisms ¢ from Wg to VGT (Definition 5.2). Equivalently, equivalence classes of geometric parame-
ters; that is, ¥ G-orbits on X (YGT) (Definition 7.6). When VG has the structure of an E-group with second
invariant z, we write instead ®*(G/R).

U(VGT): equivalence classes of Arthur parameters; that is, ¥G-conjugacy classes of homomorphisms
from Wgr x SL(2,C) satisfying some additional conditions (Definition 21.4). We sometimes write ¥*(G/R)
as for Langlands parameters.

74¢(): representation (possibly reducible) of Agm’“lg attached to an irreducible representation 7 of a
strong real form of G (Definition 23.13). Non-zero if and only if 7 € HZ(G/R)Z’“.

O(n): distribution character of the virtual representation n ((18.1)). When the argument includes a
strong real form 0, 7 is a (locally finite) virtual representation of all strong real forms, and ©(n, ) is the
character of those defined on the group G(R, 6)c*".

Osr(n): smooth function on the strongly regular elements obtained by restricting the character of 7.
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Arthur packet

Arthur parameter .
associated Langlands parameter
unipotent

Arthur’s conjectures .

associated cycle . .
of a Harish-Chandra module

associated variety . .
of a Harish-Chandra module

based root datum .
Beilinson-Bernstein localization .
Bruhat order .

canonical covering .

canonical flat .

canonical pairing

Cartan subgroup
of an extended group
of an extended group, based
of an E-group
of an E-group, based

Cayley transform

character (of a representation)
character identity, Hecht-Schmid
character matrix

character matrix, geometric
characteristic cycle
characteristic variety

complete geometric parameter

component group .
for an Arthur parameter .
generic
Langlands

type Q
universal .

conormal bundle
constructible sheaves

D-modules . .
regular holonomlc .

derived categories .
distinguished automorphism

dual group . .
Harish- Chandra modules for

E-group

elliptic elements

Index

1.3, 1.32, 22.6
. 13,224

. 224

. 27.1, 27.10
1.1-1.4, 22.7, 26.25
o . 19.7
20.5, 20.10, 20.18

. 19.7

20.5, 20.6

. 2.10

8.3, 17.7, 21.2

.71

10.1, 10.9

. . 1.7, 6.3-6.6
. 15.11-15.14, 16.23-16.24
C111

121

13.5, 13.6

124

13.7, 13.8

17.20

18.1, 18.6

. 119, 11.12

. 15.3

7.11, 7.13

. 1.30, 19.9, 19.12, 20.1, 20.2, 20.18
19.9, 20.6

. 1.17, 6.9

7.1-7.3

92,4925, 22.9, 27.10
24.3, 24.5

. 5.11, 9.6

. 5.13

. 511

191

7.7

7.7

7.7

. 7.12

211

1.4, 4.2

. 21.2

4.3-4.7

22.1-22.2
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endoscopic datum .

endoscopic lifting
of Langlands and Shelstad

equivariant fundamental group
equivariant micro-fundamental group
Euler characteristic, local
Euler characteristic, microlocal
extended group .

fiber product .

filtration, good

fixed point theorem

fixed point variety
fundamental group
Gelfand-Kirillov dimension .

geometric parameters
complete .
complete, of type Q
and Langlands parameters

geometrically stable .
Goresky-Macpherson fixed point theorem
Hecke algebra

infinitesimal character .
inner form

integral (co)roots
Kazhdan-Lusztig algorithm .
Kazhdan-Lusztig conjectures
Kazhdan-Lusztig polynomial
Kottwitz invariant

L-group

L-homomorphism .
L-packet .

Langlands classification
for tori

Langlands functoriality

Langlands parameters . .
and geometric parameters
complete . .
complete of type Q

Langlands quotient

lattice of characters .

lattice of one-parameter subgroups
Lefschetz fixed point theorem .
Lefschetz number, local

Lefschetz number, microlocal .

length function (on limit characters) .

26.15

. 26.18-26.19, 26.24-26.25
26.18

1.17, 7.3
. 247
. 1.25,1.28, 1.30, 7.11, 23.4, 23.6
. 1.30, 19.12

. 1.12, 2.13, 3.5-3.8

6.15, 7.14, 20.2

19.4-19.6, 20.13, 21.4

. 25.8

25.3, 25.5, 25.8

7.3

o 20.15

. 1.8, 6.9, 6.16, 6.24

7.6

. &

. 6.17, 7.6

. 1.28

. 25.9

16.10

. 154

2.4

. . 16.9

. 8.9, 16.18, 16.20
1.21, 15.13, 16.19, 16.21, 16.22
8.9, 16.18, 16.20

1.24, 15.8-15.9, 17.24

1.4, 4.6-4.8

5.1, 5.4, 6.21

1.2

1.2, 1.18, 10.4, 10.11, 11.7, 11.14, 13.13
9.12, 10.7

5.4, 6.21, 7.17-7.19, 26.3, 26.7

1.5, 5.2
. 6.17
. 511
. 5.13

1.19, 11.2

9.1

9.1

25.8-25.9

. . 23.6
. 249, 24.12-24.15, 25.1
16.16
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lifting . . . . . . . . . ..
of Langlands and Shelstad
limit character
final .
micro-component group
micro-packet (of geometric parameters)
mixed Grothendieck group .
moment map .
multiplicity matrix
geometric
one-parameter subgroups
pairing between Cartan subgroups
parity condition
perverse sheaves
Pontriagin duality .
pro-algebraic group
projective representation .

real form .
strong .

representation (of strong real form)
Richardson orbit

Riemann-Hilbert correspondence
root, subgroup

smooth morphism .

special unipotent representations

stable character .
strongly
strongly o- .
standard representation
strongly stable

strong real forms
and the dual group
for tori

strongly stable
T-invariant .
tempered parameter .
translation datum .
translation functor
translation principle .
Verdier duality
virtual character

wall crossing

WEeil group .
Whittaker model

. 26.18-26.19, 26.24-26.25
26.18

. 11.2
11.13

24.13
19.13-19.17
16.12
. 20.3

1.21, 1.22, 15.3
7.11, 7.13

o . 2.10,9.1
13.2, 13.4, 13.9, 13.10
11.10, 11.21

. 7.7,7.10

9.5

7.2, 9.7

10.3, 10.9
21
1.13, 2.13, 10.10

. 2.13

20.4, 27.8

7.9

11.10

7.15, 20.1

. 27.1, 27.13

e . 18.2
1.27, 18.6-18.14, 19.16-19.17
26.13

1.19, 11.2, 11.13
18.13, 18.15

1.13, 2.13, 10.10
26.12, 27.18
9.10-9.12

. 1.27, 18.6-18.14
11.15

. 1.1,1.11, 22.3

8.6-8.8, 16.2

o . 8.8, 16.1
. 8.8,11.15-11.19, 16.4, 16.6
. 16.14-16.17, 17.15, 17.23

. 1.19

17.13-17.14

1.4, 5.2

3.1, 14.11, 14.14
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