CORRECTIONS FOR LECTURES ON THE
ORBIT METHOD, BY A.A. KIRILLO V.

Version of January 1, 2005

This is a list of corrections for the book Lectures on the Orbit Methaod, by A.A.
Kirillo v (Graduate Studies in Mathematics, Volume 64, American Mathematical
Saciety, 2004). Becausethe book is aimed at studerts, | have not omitted \trivial"
or \obvious" corrections; my own experiencewith books in areasunfamiliar to me
is that there is no such thing as a trivial mistake. | am an ardent admirer of the
orbit method and of its creators, sol want to support students reading this book.
They are they intended audienceof these notes.

This list is certainly incomplete, and it certainly includes corrections that are
inadequate. | have little doubt that it includes corrections of statemerts that were
not wrong. | would be very pleasedto have errors of all three sorts brought to my
attention: | will try to update the list accordingly.

Referencedrom Kirillo v's bibliography are cited as[Di3] . Additional references
at the end of this list are [S].

page 3, Example 2. It is not true that an SO(n; R) orbit on skew-symmetric
matrices is determined by its spectrum. The possible eigervalues are as stated
in the text: multisets of n elemens in iR, symmetric with respect to complex
conjugation. If n is even, and all the eigervalues are non-zero, then there are two
orbits having a speci ed set of eigervalues. For example, there are two (SO(2; R)-
orbits of) skew-symmetric real matrices with eigervaluesi and i:

0 1 and 0 1
10 1 0

In all other cases(equivalertly, if at least one of the eigervaluesis zero) the orbit
is determined by the eigervalues.

If the connectedgroup SO(n; R) is replacedby the disconnectedgroup O(n; R)
(of all real orthogonal matrices), then the orbits of O(n; R) are in one-to-onecor-
respondencewith the multisets of eigervalues.

The collection of real numbers ftr X 2;::: ;tr X 2kg (with k = 5 ) precisely
determinesthe multiset of eigervalues;soit doesnot determine the orbit when n
is even.

page 8, pro of of Theorem 2. The argumert given shaws that the coadjoint
orbit ¢ is openin the symplectic leaf L. To complete the proof, notice that L¢
must be the disjoint union of the coadjoint orbits that it contains. Becauseeadh
orbit is open, eact (as the complemen of the union of the remaining orbits in L)
must also be closed. Now L is (by de nition) connected,and ¢ is a non-empty
open and closedsubset;soLr = £.

Typesetby Ay S-TEX
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page 9, line 3. The referenceto Appendix 11.3.2 should be 11.3.4.

page 14, Prop osition 3. The result stated hereis dicult to interpret pre-
cisely and many possibleinterpretations are false. The referencescited are [Bor]
and [R]. As far as | can tell, there is nothing closeto this result in Borel's text
[Bor] . Richardsonin [R] provessomething like this in an extremely special case,
but he doesnot proceedby way of a generalresult closeto this. It is possiblethat
the reference[R] wasintendedto be [Ro]. Theorem 2 of [Ro] (on page407) implies
something closeto Proposition 3: the main di erence is that one hasto replace X
by a G-invariant open subsetU  X.

Here is one of the di culties. A rational invariant is by de nition a quotient of
two polynomial invariants; soit hasa well-de ned value only wherethe denominator
is non-zero. To speak of \level sets of rational invariants" therefore makes sense
only whereall denominatorsare non-zero. In most examples,the union of the zeros
of denominators of all rational invariants is all of X, so this is clearly not what
is meart. What is reasonableis to choose some nite generating set of rational
invariants, and to exclude the zerosof their nitely many denominators. In order
for this approac to make sense,one needsthe eld of rational invariants to be
nitely generated. This is true, and not very dicult. | do not know a good
reference,but it follows from Theorem 2 of [Ro].

To seesomeof the simple di culties with Proposition 3, let X = C? and

_ a 0 . .
G= b 1 ja2C ;b2cC

The open set of points § with x 6 0 is a single orbit of G; ewvery point on

the y-axisis xed by G, and is therefore an orbit. The only rational invariants are
thereforethe constart functions. The \common level setof all rational invariants” is
all of X, which consistsof in nitely many orbits. To get somethinglike Proposition
3 to be true, one hasto replace X by the complemen U of the y axis. This is a
smaller open set than is forced on us by vanishing of denominators.

Some more subtle di culties of the same nature can be seenin the example
studied in pages79{80 of the text.

There is a fairly nice general relationship between orbits and invariants in the
caseof an algebraic action of a reductive group G on an ane algebraic variety.
The basic referenceis [M]; there is a nice introduction in Chapter 3 of [N].

page 21, Remark 4. The internal referenceshould be to Examples6 and 7.

page 24, Lemma 8. This is false without someadditional hypothesis, for ex-
ample that the foliation be a bration. The reasonis that otherwise C3 (M) is
too small. The mistake in the proof is in the last line (lines 4{5 on page 25): the
spaceof skew gradients of functions in C} (M) neednot have dimension % dimM .
For example, suppose M is the two-dimensional torus R?=Z2, with the symplec-
tic structure inherited from the standard one on R2. Let P be the polarization
generatedby the vector eld

- @@+ 2@@:
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what matters about the constart P 2 s that it is irrational. Functions in C3 (M)
are constart on the integral curvesof , which are the lines

f(a;b)+t(1;p§)jt2Rg

for xed (a;b) 2 R?. Each sud line is densein the torus M, soa function constart
on the lines must be constart. That is,

C (M) = constart functions on M .

The spaceof skew-gradierts of these functions has dimension 0 (not 1). We can
adjoin to the constarts any non-constart smooth function f on M, obtaining a
two-dimensional abelian subalgebrathat properly cortains C3 (M).

page 27, line 3 (form ula (ii)). The formula for the dimensionof a polarization
h (which is one of the most important in the orbit method) is incorrect. The line
should read

dim g+ dim stab(F)
2
The formula in the text is correct for genericelemens F 2 g .

(i.e., h has maximum possibledimension

)

page 29, Theorem 5% The hypothesis of the theorem incorrectly omits the
word \admissible": it should read in part

set of all admissible complex algebaic polarizations h

page 44, pro of of Theorem 3. The languageusedin the formulation of the
italicized assertionmay be misleading. What is meart is

If all of the eigenvaluesof a diagonal matrix T are distinct, then any matrix A
that commuteswith T is itself a diagonal matrix.

page 48, line 8. The referenceto formula (23) should be to (18).

page 48, lines 9{11. Theseassertionsare incorrect in detail. The operatorsu
and v are unitary operators on the Hilb ert spaceH of the canonical commuation
relations (as explained before(18) on page42). ghey commute with ead other, and
therefore the collection of Laurent polynomials ., 5, Cm:n U™ V" is @ commutativ e
algebra of operators on H. The term \Laurent polynomials" can only mean that
this sum is intended to be nite.

Since the operators u and v are unitary, the analogop,sformal in nite  sum is
corvergert in the operator norm as long as the series jcn.nj corverges, and
the resulting collection of operators is commutative. In order to get a maximal
commutativ e algebra of operators, one must adjoin to the Laurent polynomials at
least all of thesein nite sums. (Probably one actually needsto use formal sums
of operators with ¢y, the Fourier coe cien ts of any L function on the torus; |
have not cheded this carefully.)
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In order to get an algebrathat is \isomorphic to the algebra of smooth functions
on the two-dimensionaltorus," one should userapidly decreasingcoe cien ts:

jcmni  Ak(m?+ n%+ 1) K; allk o.

This is intermediate betweenthe Laurent polynomials and the maximal commuta-
tive algebra.

page 72, Prop osition 2(d). This is false unlessG is simply connected. The
simplest exampleis G equal to the one-dimensionalcircle group, which is abelian
and therefore (according to De nition 2) nilp otent. The group of upper triangular
matrices with oneson the diagonal has no non-trivial compact subgroups, so it
cannot cortain a copy of G.

page 74, line 5. The formula for the dimension of a polarization is incorrect.
The correct formula is

_ dim G + dim StabF

dimh 5

page 74, after (6). | do not know a precise statemert or referencefor the
\F robenius Duality Principle.”

pages 74{75 sentence \If we x a smooth measure ::: " This is falsefor
most choicesof smooth measure. Choosing a Haar measureidenti es generalized
functions with distributions; in this identi cation, generalizedcharactersare indeed
tempered distributions.

page 75, lines 3{7. | do not know what is meart by \regular distribution,"

and | cannot nd the term elsewherein the text. In order for these assertionsto
make sense\regular distribution" should mean\in tegration against a cortinuous
function times a smooth density." The assertionthat \any distribution is a deriv-
ative of a regular distribution" is then precisely true for distributions of compact
support, and locally true for any distribution. It seemsreasonableto guessthat it
is preciselytrue for the character of an irreducible represenation of a nilp otent Lie
group, but | do not know a proof.

page 75, De nition 2.6. This de nition of \functional dimension" certainly
applies only in the nilpotent case, and using it even there requires great care.
Notice for example that (28) on page 48 identi es the Schwartz spaceof the one-
dimensional spaceR with smooth sectionsof a line bundle on the two-dimensional
torus T2.

page 76, after (7). The assertionthat \GK-dimension generalizesthe notions
of Krull dimensionfor commutativ e rings and of transcendencedegreefor quotient
elds" requires some quali cation and explanation. Supposethat A is a nitely
generated commutativ e algebra over a eld k (that is, a quotient of a polynomial
ring over k). Then the Krull dimension of A (de ned to be the maximum length
of a strictly increasing chain of prime idealsin A) is equal to its GK-dimension.
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This is a consequencef the theory of Hilb ert functions for local rings (Chapter 11
of [AM], for example). If A is a domain, then this is equal to the transcendence
degreeof the quotient eld of A over k (JAM], Theorem 11.25).

page 77, footnote 2. The referenceto [Dil] is not very helpful, since this
bibliographical ertry consistsof six articles covering about 170 pages. The reference
here should probably be to Dixmier's article I11.

page 110, Prop osition 1. The Lie algebra sl(2;R) satis es condition (b)
but not the (supposedly equivalent) condition (a). (The exponertial map for the
corresponding simply connected group is one-to-one but not onto: for the group
SL(2; R), the matrix

1 1
0 1

is not in the image of the exponertial map.) The proposition should either assume
at the beginning that G is solvable, or replace (b) by

b) The Lie algebm g has no sulalgeba isomorphic either to g2) or to sl(2;R).

pages 123{124, de nition of rigged. The Auslander-Kostant Theorem 3,
parametrizing irreducible unitary represertations in terms of rigged coadjoint or-
bits, makes senseas stated also for type | solvable groups that are not simply
connected. | believe that it is falsein that setting (but | do not know an example
or a reference). This fact, and parallel problems in the caseof compact groups,
suggestthat the notion of rigged orbit is not yet the right one. Duo's notion
[D] of admissibleorbit datum addresseghese objections: it allows for generalizing
Auslander-Kostant, and it works well for compact groups. (This is a criticism, not
a correction.)

page 126, (20). This formula (realizing the diamond Lie algebraasa subalgebra
of a symplectic Lie algebra)is correct, but it takesplacein an unusual versionof the
symplectic Lie algebra: not the one described in most standard texts. A discussion
of this text's version of the symplectic Lie algebraappearsin the note for page 315
below.

page 127, (23c). The formula should read
6= (c;0;0;0); c2R:

The corresponding one-dimensionalrepresenations have the three-dimensionalnor-
mal subgroup with Lie algebra spannedby X, Y, and Z acting trivially , and T
acting by 2 ic.

page 133, Theorem 4. The theorem proved in [Sh] assumesalso that H is
connected. It is conceiable that the theorem is true without that assumption, but
one would needa substartially more complicated proof.

page 133, de nition of basic. The de nition is incorrect; as stated it allows
H to be trivial, in which caseK is alsotrivial, so G=K = G can be any solvable
group. Hereis the correct version, taken from [Sh].
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SupposeG is a connectedand simply connectedtype | solvable Lie group, and H
is a maximal closedconnectedsubgroup of type |. Let K be the largest connected
normal subgroup of G cortained in H. Then the quotient group G=K is called a
basic group .

page 133, Lemma 3.2. The end of the sertence should read, \m ultiplications
by e!; 2 CnR.” This meansthe one parameter subgroup consisting of all these
multiplications, ast variesover R.

The connectionbetweenKirillo v's notation and that in [Sh]is slightly confusing.
Shdepochkina's Lie algebraG;( ) (de ned in [Sh, page 330]) is the Lie algebra of
Kirillo v's group G3( + i). Replacing by a non-zeroreal multiple doesnot change
Gs( ), soevery non-real is accourted for.

page 133, solution to Exercise 10(c). This is a very interesting example,
and the solution given is incorrect. The induced represeration is a discrete direct
sum of continuous direct integrals of the represertations ,.c, with ¢c;c; > 0 and
2 c; 2 Z. The integrality condition is omitted in the text.

The error arisesfrom a subtlety in the de nition of \lying over" for rigged mo-
ments (equation (30) on page 132). All of the orbits ¢,.c, with cic; > O lie over
the zero orbit for the group H = exp(RT). That is, we can always choosea point
F 2 ., lying over FO= 0. This is condition (30)(a). Write and © for the
unique rigged momerta at F and F% these are represenations of Stab(F) and
Stab(F% = H respectively.

Condition (30)(b) is that

= %onH\ Stab(F):

Now Stab(F) is a two-dimensional abelian subgroup of G, isomorphic to R?. If
c; 6 0, it is easyto ched that T doesnot belongto the Lie algebra of Stab(F).
That is, H\ Stab(F) hastrivial Lie algebra. For simply connectednilp otent groups,
this circumstance would force H \ Stab(F) to be trivial, and condition (b) would
automatically be satis ed. But in this case,it turns out that

H\ Stab(F) = fexp(2 mT)jm2 Zg' Z:

(These elemens belong to Stab(F) even though T is not in the Lie algebra of
Stab(F).) Further calculation shows that

(exp(2 mT)) = exp(2 im(2 c)); Yexp(2 mT)) = 1:

Therefore condition (30)(b) amounts to 2 ¢, 2 Z, the omitted integrality condition
in the text.

page 135, paragraph 2. The assertionthat \most abelian Lie groups are of
theform R" T™ Z' F" isconfusing. What is true is that an abelian Lie group
A hasthe suggestedform if and only if the group of connectedcomponerts A=A,
is nitely generated.

page 135, last paragraph. The restriction to connectedand simply connected
K eliminates almost all of the most familiar examples: the circle group T, the
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unitary group U(n), the orthogonal groups O(n) and SO(n). Most of the resultsin
the text can berecastto cover theseexamples,but this is not a reasonableexercise
for the reader. (This is a criticism, not a correction.)

page 135, bottom line. The internal referenceto Appendix 111.2.3 should be
to Appendix 111.3.4.

page 137, Chevalley basis. The characteristic properties of a Chewalley ba-
sis are stated incorrectly, more or less becauseof some mistakes on page 312 in
Appendix 111.3.3. Condition (ii) should be dropped. Condition (iii) should be

X ;X ]=H:
HereH 2 his the coroot for , characterized by
H)=20 )=(; )

To describe a Chevalley basisas \canonical" is misleading. If fX g is one such
basis (corresponding to a xed maximal torus T K), there are two ways to
construct others. One is to take an elemert t 2 T and de ne the new basis

X0 = Ad(t)X :

Another is to choosefor every root asign = 1, subject to the condition that
= . Then one getsa new Chevalley basis

X%= X :

Thesetwo operations (on Chevalley basesattachedto T) commute with ead other;
by performing them in successionpne can get any suc basisfrom the initial one.
(This uniquenesgesult is afairly easyexercise.What requirescareis the existence.)
The text givesno reference;one sourceis [Hu] , Theorem 25.2.

page 139, third paragraph. The lattices P and Q are de ned on page 307.

page 142, second paragraph. To prove that every integral weight is the
highest weight of a represeration, the text says that \the explicit construction is
usually used." Cartan's Theorem (Theorem 3 on page 157) is mertioned as an
alternativ e approach. My understanding is that Cartan proved his theorem by the
\explicit construction" of represertations, sothis doesnot appear at rst to be an
alternative. Howewer, the text givesa proof of Cartan's theorem without recourse
to case-ly-caseconstruction; the key step is in the next to last paragraph of page
159. Sothe \alternativ e" is geruine.

On the other hand, it is certainly no longer reasonableto say that \the explicit
construction is usually used." Harish-Chandra gave the rst proof of Cartan's
theorem without case-ly-caseconsiderationsin the early 1950s,using the \V erma
modules” that he invented for this purpose. Harish-Chandra's proof is the one
givenin the standard text [Hu] .
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page 148, line 1. | don't know a referenceor a statemert for the \w ell-known
theorem about compacttransformation groups" cited here. In any casethe theorem
is not usedbelow.

page 148, Prop osition 3(b). It istrue that there are nitely many subgroups
intermediate betweenT and K, but ertirely falsethat ead of them is the stabilizer
of somepoint of t. There are two kinds of reasons.First, the stabilizer of an elemen
of t must be connected,and there are many disconnectedsubgroupscortaining T
(lik e the normalizer of T).

One may deducefrom reading the proposedproof that the author intended to
sa&y that any connected subgroup S between T and K must be the stabilizer of
a point of t. This also is false, however. The simplest exampleis K = SO(5),
T =S0(2) SO(2), S= SO(4).

The gap in the proof appearsin the fourth paragraph of page 149, where the
existenceof an appropriate elemert (M) of t is simply assertedwithout proof.

T
page 149, line 1. The symbol is extraneousand should be omitted.

page 156, four lines from bottom. The referenceto a formula in the Ap-
pendix should be (50). In the following display, replaceG by K (twice).

page 157, line 2. The referenceto [B] is incorrect. Perhapswhat is intended
is [Bou] , where there are related results in x5 and x6 of Chapter 5.

page 157, Theorem 3(a). | could not locate the de nition of the partial order
in Appendix 111.3.1. 1t is

1() 1 IS a sum of positive roots (repetitions allowed).
page 159, pro of of Prop osition 4. In the fourth line, the formula should be

page 160, bottom line. The sertence should read, \If x; and x/ were inde-
pendert, the dimensionof Vi, would be:::." (There is a lessseriouscorrection in
the third paragraph of 3.1 on page161: \in tegral orbits form a discreteset::: ")

page 168, before Prop osition 5. The reference[KI] should be replaced by
[Kly] .

page 168, Prop osition 5. This is false as stated. For example, let ; =
2 = 3 bethe smallestnon-trivial integral orbit for SU(2). In that case 1+ -
cortains the integral orbits 0, 1, and 2 ;. The represeniation corresponding to
1 is the 2-dimensional represettation of SU(2). The tensor product is the
sum of the 1-dimensionaland the 3-dimensionalrepresettations, corresponding to
the orbits 0 and 2 ;; doesnot occur.
The last line of the Proposition should read, \Supposethat ; is the orbit of
i2t,andthat 1+ > 32 Q. Then 1+ ,cortains j3if andonlyif ; 2
contains 3."
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page 172, Example 12. The Serreduality theorem provides a natural isomor-

phism

H'(F;L ) " H" (F;L 5 ):
Herer is the dimensionof F, and 2 is the weight of the canonicalline bundle (top
degreedi erential forms).

In the last line of Example 12(a), it is therefore more natural to say that \r-
dimensional cohomologywith coe cientsin L , is dual to the O-dimensionalco-
homology with coe cien ts in the trivial sheafl .

The explanation of the last examplein (b) is alittle sketchy. First, the projective
spaceat the beginning is not the one discussedon page 171 (of lines in C3) but
rather the dual projective spaceP?(C) of two-dimensionalplanesin C2 (or linesin
the dual space). With this clari cation, the rst assertionis that

H2(F;L 4,)" H*P*C)L a,):

This is true. To prove it, apply the Leray spectral sequenceof the projection
F ! P?(C) (sendinga ag in C® to the 2-dimensional subspacein the ag). The
b er of this projection over a plane W is the projective spaceP*(C) of linesin W.
The bundle is trivial onthe b ers,and therefore (sincethe b ersare P*) the higher
cohomologyof the b erswith coe cien ts in the bundle is zero.

The canonical bundle for P?(C) is 3! ,. Serreduality therefore guararteesthat

H2(P*(C)L 4,)" HOP*C)iLa, a,) :
Arguing as at the bottom of page 171, one seesthat
HO(P?(C)iLi,) ' Wiyt
We have therefore shawvn that
H2(F;L a,)" o,
This is indeed isomorphic to
" H2(P(C);Ly,);

by a represeration-theoretic calculation of the dual and the calculation from page
171. 1 do not know a straightforward geometric argumert for the isomorphism

HO(P?(C);Lki,) ' H°(P?(C);Lk,):

page 173, Theorem 9. The referenceto [K11] is pedagogical:to a placeto
learn the mathematics, rather than to an original source. As the discussionof the
proof shows, this result was rst proved by Harish-Chandra (announcedin 1956;
seepage 232 of volume |1 of his collected works).

page 174, line 4. The referencelK1] is meart to be[Kil] ; the formula appears
on page 98 of the English translation.
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page 180, intro duction to 1.2. For the unitary represeration theory of real
semisimple groups, only the reference[W a] is reasonable: both [V o0l] and [Zh2]
are concernedwith more algebraic matters. | would add also [Kn] and [KV].

page 180, last paragraph. The structure theorem stated for general Lie
groups s correct if G is connectedand simply connected,but not in general;it is
falsefor U(2), for example.

page 184, metaplectic represen tation. This represetation has a long and
colorful history, in which I will not attempt to sort out credit. (Two of the key orig-
inal referencesare [Sh] and [WI].) For a student wishing to learn the mathematics,
[LV] is a beautiful reference.

page 188, end of Example 3. The reference[Ner] is missingfrom the bibli-
ography. Possibly [Nerl] is meart.

page 196, Prop osition 3. The discussionof referencesfor this result is con-
fused. Berezin's result was published in 1957 as[Bz1]. The correction discussedin
a footnote is apparertly [Bz2] (published in 1963, rather than 1967).

Becauseof the vague statemert of the result, it is dicult to be certain; but it
seemslikely that Proposition 3 is the result proved by Harish-Chandra in a 1956
paper (Theorem 2 on page 125 of volume Il of Harish-Chandra's collected works
[H]). This result was announcedin 1955(Lemma 2 on page 10 of volume |l of the
collected works).

page 220, after Prop osition 2. This paragraph should be eliminated ertirely.
It is not possibleto de ne relative Lie algebracohomologygroupsH ¥ (g; h; V) unless
V carries a represettation of g (not just H). The equivariant vector bundle E =
G 4y V indeed makes senseif V is only an H represenation, but the space of
sectionsof E is certainly not a local system.

If the represertation V of H is trivial on the identity componert Hg, then it
makes senseto speak of \lo cally constart sections" of E. The sheafE, of germs
of locally constart sectionsis a local systemon G=H, soit makes senseto speak
of the Cech cohomology of G=H with coe cien ts in that sheaf. It is possibleto
formulate a true statemert vaguely related to the last sertence (\It turns out :::
") but oneneedsto replacelLie algebracohomologyby somethinginvolving groups;
and | do not know any reasonto make the e ort.

page 225, Prop osition 3. The assertionthat (the abelian group) Ho(X; Z) is
equalto (the pointed set) o(X) is incorrect. What is true is that Hq(X;Z) is the
free abelian group generatedby o(X).

page 229, Prop osition 2. This assertionis false. Take for exampleG = 1
acting on X equalto the unit circle T (in the plane R?) by

(1) xy)=( y):

Each orbit consists of one or two points, and is therefore a closed O-dimensional
submanifold of X ; but the quotient M = X=G is di eomorphic to the closedunit
interval [0; 1] (which is not a smooth manifold).
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One might hope that the dicult y doesnot arise for connectedgroups G, but
this is not the case. Take for example G = SO(3) acting by conjugation on the 3-
dimensionalspaceX = SO(3) f1g of non-idertity elemens. Each orbit is a closed
smooth 2-dimensionalsubmanifold: all but oneis S?, and the remaining oneis the
real projective spaceRP?. The quotient manifold is di eomorphic to the half-open
interval (0; 1], with the non-smaoth point 1 corresponding to the projective space
orbit.

page 235, Example 4. The assertionthat S°" admits a complex structure
only for n = 1 has not beenproved. Borel and Serre proved in [BS] that S? and
S8 are the only spheresadmitting almost complex structures. Using the sewen-
dimensional represenation of the compact group of type G,, it is fairly easyto
construct a Gy-invariant almost complex structure on S®; but sudch a structure
cannot be integrable. The non-existenceof a complex structure on S° is a famous
and long-standing open problem.

page 261, footnote. Should read, \but not positive de nite, we obtain :::

page 266, before Prop osition 9. The hypotheses(a) and (b) are probably
not su cien t to ensurethat the cosetspaceMg is a smooth manifold. | have not
tried to construct an example, but the rst referenceimplied in the text (Marsden
and Weinstein [MW]) assumesalsothat the action of Stab(F) on  (F) is proper.

| was not able to locate the secondreferenceimplied in the text, to work of V.
I. Arnold.

page 301, before Prop osition 4. The assertionthat \the whole root system
R can be reconstructed from the system of simple roots" is true only for reduced
root systems(in which twice a root is assumednot to be a root). There are a
number of similar misstatemerts on the following pages,like the claim after (29)
(that a root systemis determined by its Cartan matrix), generally corrected by
adding the word \reduced."

page 304, Example 7(2). Irbthe last line, the summation should run from 0
to 8 (not 9): \on the hyperplane tzg xk = 0form aroot ::: "

page 312, pro of of Theorem 8. The element - de ned hereis not the \dual
root to ." It is almost obvious that the collection R- of elemeris - de ned here
is just the image of the root system R under the isomorphismh ' h induced by
the Killing form. In particular, this would meanthat R- is isomorphicto R asa
root system, and that is incorrect. (The dual of the root system of type B is the
root systemof type C.)

The dual root to , which is generally called the coroot correspnding to ) is
actually the element H de ned in the next to last paragraph of page 312. The
notations - and H are both widely usedfor the coroot.

| don't know the best way to correct this mistake, which percolates through
the rest of this section and into the chapter on compact groups. Humphreys in
[Hu] (section 8.2) usesthe notation t for what is here written as -. Keeping
the notation - is not reasonable,sincethat notation is so often usedfor the dual
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root. | would therefore suggesteliminating the useof - altogether. The last few
paragraphs of page 312 might then read as follows.

Since the Killing form is non-degenerate,we can assume(after modifying our
choiceof X by ascalar)that (X ;X )k = 1. Then the elemen

t =X ;X ]

has the property that
(t ;H)x = (H)

for all H 2 h. In other words, t is exactly the elemen of h that corresponds to
2 h under the isomorphismh' h induced by the Killing form.
Let g( ) denote the 3-dimensional subalgebrain g spannedby X , X , and
t . It is isomorphic to sl(2; C). This algebrahasa natural basis

01 00 _ .
E= 090 F= 10+ H= o 1

satisfying the commutation relations
[E;F]=H; [HE]=2E; [H;F]= 2F

(seeExample 8 in Appendix 3.3.4below). We can choosethe isomorphism of g( )
with sl(2; C) sothat

X ! E; 2t =( ; )! H; 2X = ;) F:
Becauseof the good properties of this basisof sl(2; C), it is conveniert to de ne
H: =2t = ; )

The elemen H is sometimescalled the dual root to . The collection of all
dual roots forms a root systemin h. This systemis denoted by R- and is called
the dual root system.

From now on we will always modify X by a scalar sothat we have the com-
mutation relations

XX 1=H; MH;;X]=2X; [H;X ]= 2X

Let us study the adjoint action :::

page 315, denitions of sp(2n;C) and sp(2n;R). De ning the Lie algebra
assaiated to a bilinear form requiresspecifying the form. Herethe symplectic form
on column vectorsv, w in C?" or R?" hasbeenchosento be

Lon(V;w) = vidonw:
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All that's required for this de nition to givethe right Lie algebraup to isomorphism
is that J,, beinvertible and skew-symmetric. | could not locate a de nition of Jy,
in the text. | believe that most authors use

o_ 0O In |
‘J2n - In 0 ’
this is the corvertion in [OV], [Hel], [Hu], and [Kn] , for example. The corre-
sponding Lie algebra has a matrix description in terms of n  n blocks as

A B

sfem0) = - ;

jBt=B;C'=C,D= A!

Here, however, it appearsthat the intention is to use

0 S

J2n = Sn 0

Here S, is the \anti-diagonal" n n matrix

00 0 0 11
0O 10
Sn:% : E:
0 1 00
10 00

This choice changesthe description of sp(2n; C): the requiremerts onthe n  n
blocks A, B, C, and D must now be phrased not in terms of transpose, but in
terms of ipping the matrix over the anti-diagonal. For n = 2, for example, we get

goa b c dlg

e f cC™
Sp(4;C)Z>%)i j gf bg>:
" m i e a

This distinction matters in the matrix description of the diamond Lie algebra on
page 126.

page 334, Example 2, form ula (29. The limit formula for the L* norm is

not correct for all functionsf 2 L without further assumptions(for example, that

(X) < 1). If X hasin nite measure,then the constart function 1 haskf k; = 1,
but kf k, = 1 for all nite p.

page 367, Remark 3. The text obsenesthat in many examplesthe Garding
space(of compactly supported smooth densitiesapplied to H) coincideswith H?! |
and raisesthe question of whether this is always the case. Dixmier and Malliavin
in [DM] prove this for any cortinuous Fredet represertation of a Lie group G.

page 369, Theorem 6. A footnote says that part (a) (the conjugation-
invariance of generalizedfunction characters) holds only for unimodular groups.
This caveat seemsto be unnecessary For non-unimodular groups, the relationship
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betweengeneralizedfunctions and distributions is a bit more subtle (since there is
no bi-invariant Haar measure). But as long as one works with the character as a
generalizedfunction (as the author is careful to do) the assertion of (a) seemsto
hold.

In part (c) (that the character of an irreducible represernation determines the
represenation) there is a hypothesisthat the character be non-zero. This hypoth-
esisis automatically satis ed for unitary represenations: if is a non-negative
test density supported near the identity, then ( ) will be a non-zero operator, so

() () will have strictly positive trace. But

()0 =09

(with ~equalto twisted by the inversion map on G), sothe character takes a
strictly positive value at the test density =

page 370, pro of of Theorem 6. The referenceto [Di3] seemso beto section
17.2.

page 371, Planc herel form ula. The formulas in (13) make senseonly for
f 2 LY(G)\ L?(G). The theorem should be attributed to Segal[S]. There is an
account with proofsin section 18.8 of [Di3] .

page 376, bottom line. This should read \ Burnside form ula."
page 383, line 4. The letters M and U are interchangedin this line.
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