
18.336J/6.335J Fall 2017: Problem Set #1
Carlos Pérez-Arancibia (cperezar@mit.edu)

Due October 11th in class.

Consider the problem of scattering that arises from the interaction of a plane acoustic wave
uinc(x, y) = eik(x cosα+y sinα) with a bounded obstacle Ω ⊂ R2 whose boundary ∂Ω = Γ is given
by

Γ = {(cos(t) + 0.65 cos(2t)− 0.65, 1.5 sin(t)), 0 ≤ t ≤ 2π}.
Here α ∈ [0, 2π) denotes the direction of the incident plane-wave and k = ω2/c2 denotes the
wavenumber, which is expressed in terms of the angular frequency ω > 0 and the speed of sound
c > 0 in the medium exterior to the obstacle.

Part 1
Assume that the medium inside Ω is such that the total pressure u satisfies the homogeneous
Dirichlet (also known as sound-soft or pressure release) boundary condition u = 0 on Γ. We are
interested in finding the scattered field us = u − uinc which is solution of the following exterior
Dirichlet problem: 

∆us + k2us = 0 in R2 \ Ω,
us = −uinc on Γ,

lim
|x|→∞

|x|1/2
{
∂us

∂|x|
− ikus

}
= 0 .

(1)

(a) Using a direct and an indirect integral equation formulation derive first- and second-kind integral
equations, respectively, for the solution of (1).

(b) Implement a collocation method to solve the integral equations derived in (a). Expand the
unknown integral equation solutions in terms of piecewise constant basis functions.

In order to assess the accuracy of your calculations, solve (1) with boundary condition us(x) =

H
(1)
0 (k|x|), x ∈ Γ, where H

(1)
0 denotes the Hankel function of the first kind and order zero.

The exact solution of the resulting exterior Dirichlet problem in this case, is given by use(x) =

H
(1)
0 (k|x|), x ∈ R2 \ Ω. Compare the exact solution use and the approximate solution usa

(obtained by means of the boundary integral equation) by computing the error

E =
√

10 max
j=1,...,40

|usa(xj)− use(xj)| (2)

where xj = 10(cos(2πj/40), sin(2πj/40)), for various grid sizes h > 0 and k = 1. How fast does
the error E decay as h→ 0? Explain.

Hint: The fundamental solution of the Helmholtz equation (k > 0) can be expressed as

i

4
H

(1)
0 (k|x− y|) = − 1

2π
log (|x− y|) +Rk(|x− y|)

where

Rk(r) :=
i

4
H

(1)
0 (kr) +

1

2π
log (r)

is continuous for all r ≥ 0.
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(c) Solve the exterior Dirichlet boundary value problem (1) for k = 1 and 10 using both direct
and indirect integral equation formulations and the collocation method implemented in (b).
Plot the real and imaginary parts of both direct usd and indirect usi approximate PDE solutions
in the domain [−10, 10] × [−10, 10]. Make sure to use a sufficiently small grid size h > 0 in
the integral equation discretizations—say λ/h > 10 where λ = 2π/k—to properly resolve the
oscillations of the kernel along the curve Γ. Is usd approximately zero inside Ω? Should it be?
Does usd coincide with usi outside Ω? Plot also the absolute value of the total field u = us + uinc

for k = 40 and α = 0, π/4, π/2. Explain your observations using physical arguments.

(d) Plot the absolute value of the minimum eigenvalue of the matrices obtained from the discretiza-
tion of the first- and second-kind integral equations with k = 1, versus the grid size h > 0.
What integral equation, direct (first-kind) or indirect (second-kind), is best in order to obtain
well-conditioned linear systems? Justify your observations by invoking the spectral properties
of compact operators discussed in class.

Part 2
Assume now that the medium inside Ω is such that the total pressure u satisfies the homogeneous
Neumann (also known as sound-hard) boundary condition ∂u/∂n = 0 on Γ. We are then interested
in finding the scattered field us = u − uinc which is solution of the following exterior Neumann
problem: 

∆us + k2us = 0 in R2 \ Ω,

∂us

∂n
= −∂u

inc

∂n
on Γ,

lim
|x|→∞

|x|1/2
{
∂us

∂|x|
− ikus

}
= 0 .

(3)

(a) Using an indirect integral equation formulation with the double-layer potential, derive a second-
kind integral equation for the solution of (3). Hint: Use one of the Calderón identities.

(b) Implement a collocation method to solve the integral equations derived in (a). Expand the
unknown integral equation solution in terms of piecewise constant basis functions.

Based on the validation procedure described in Part 1 (b), design a benchmark problem to assess
the accuracy of the approximate solution of the exterior Neumann problem (3). Compare the
benchmark and approximate solutions by computing the error E in (2) for various grid sizes
h > 0 and k = 1.

(c) Solve the exterior Neumann problem (3) by means of the collocation method implemented
in (b). Plot the absolute value of the total field u = us+uinc in the domain [−10, 10]× [−10, 10]
for k = 40 and α = 0, π/4, π/2. Explain your observations using physical arguments.
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