
18.336J/6.335J Fall 2017: Problem Set #2
Carlos Pérez-Arancibia (cperezar@mit.edu)

Due November 2nd in class.

In this homework we will utilize the fast multipole method (FMM) to quantify the shielding effect
of the Faraday cage. For this purpose we consider n > 0 infinitely long wires of circular cross section
and radius r > 0 that are uniformly placed on the unit circle (see Figure 1). The presence of a
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Figure 1: Faraday cage corresponding to n = 8 wires.

punctual charge of strength q = 2π at xs = (2, 0) induces surface charge densities on the wires’
surfaces Sj, j = 1, . . . , n, that produce a total electrostatic potential Φ that is constant (= φ0) on
Sj, j = 1, . . . , n; cf. [1].

In order to tackle this problem we first express the total electrostatic potential as Φ(x) =
log(|x− xs|) + φ(x) where φ satisfies

∆φ(x) = 0 in R2 \
⋃n

k=1Dj,

φ(x) = − log(|x− xs|) + φ0 on
⋃n

j=1 Sj,

lim
|x|→∞

φ(x) = 0,
(1)

with Dj denoting the domain occupied by the wire of boundary Sj = ∂Dj, j = 1, . . . , n.
To solve (1) we utilize an indirect single-layer representation

φ(x) = − 1

2π

n∑
j=1

∫
Sj

log(|x− y|)σj(y) dsy for x ∈ R2 \
n⋃

k=1

Dj, (2)

of the auxiliary potential φ in terms of unknown surface charge densities σj : Sj → R, j = 1, . . . , n.
Clearly, for generic (integrable) surface charge densities the single-layer potential (2) satisfies

|φ(x)| → ∞ as |x| → ∞. An additional condition on σj, j = 1, . . . , n, is then needed to properly
enforce the radiation condition lim|x|→∞ φ(x) = 0. Fortunately, the following lemma allows us to
discriminate admissible surface charge densities in the single-layer representation of φ:
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Lemma .1 The single-layer potential (2) satisfies lim|x|→∞ φ(x) = 0 if and only if

n∑
j=1

∫
Sj

σj(y) ds = 0, (3)

otherwise |φ| → ∞ as |x| → ∞.

Using Lemma .1 and the fact that the single-layer potential (2) is continuous across Sj, j =
1, . . . , n, we conclude that the surface charge densities σj, j = 1, . . . , in (2) and the constant φ0

in (1) can be determined simultaneously by solving the following system of integral equations:

− 1

2π

n∑
j=1

∫
Sj

log(|x− y|)σj(y) dsy = − log(|x− xs|) + φ0, x ∈ Sj, j = 1, . . . , n,

n∑
j=1

∫
Sj

σj(y) ds = 0.

(4)

(a) Read Reference [1], Sections 1-3.

(b) Prove Lemma .1. Hint: Take a point x0 inside any of the wires Dj, and use the identity

log |x− y| = log

(
|x− y|
|x− x0|

)
+ log |x− x0|.

(c) Implement a FMM-accelerated boundary integral equation solver for (4). Validate your solver by
reproducing, to the highest possible accuracy, the results reported in Table 3.1 in Reference [1].
Report the total CPU times corresponding to both FMM-accelerated and unaccelerated (direct)
calculations. For your convenience, you could modify the Matlab code provided here.

(d) Design and implement a fast method for the evaluation of the total potential Φ. In order to
assess the computational cost of your method take n = 12, r = 0.1, and evaluate φ in a M ×M
uniform-grid discretization of the square [−5/2, 5/2]2 by means of (2) using N > 0 collocation
points per surface Sj, j = 1, . . . , 12. Estimate experimentally the computational cost of your
method. Is the cost O(M2 + 12N)? Utilize your method to reproduce Figures 3.1 and 3.2 in
Reference [1].

(e) Would Faraday shielding effects take place inside circular cages made of wires of square cross
section? Support your answer with numerical evidence.

(f) Would Faraday shielding effects take place inside square cages made of wires of circular cross
section? Support your answer with numerical evidence.

(g) Would Faraday shielding effects take place inside square cages made of wires of square cross
section? Support your answer with numerical evidence.
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https://www.dropbox.com/s/eiiu7uyqc8lbk51/FMM_example_PS2.zip?dl=0

