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Multigrid	methods	



Multigrid	methods	

Here we consider the model problem:

which is discretized using second order finite di↵erences:

Multilevel methods for solving PDE’s

For certain classes of problems the computational complicity of
multigrid methods is O(N) where N is the number of unknowns



Finite	difference	discretization
We then obtain the linear system:

where

and

i.e.,



Basic	iterative	methods

There are two important measures of v as an approximation of u:

Algebraic error:

Residual:

r = 0 if and only in e = 0

it might not be true that when r is small, e is also small!

Assume the linear system Au = f has a unique solution u that is
approximated by v.

Note that:

there is a relation between the error and the residual:

Ae = rresidual equation:



Relaxation	schemes
Jacobi method:

Idea: solve for j-th equation for vj holding other variables fixed:

Consider the system:

For a general matrix A we write A = D � L� U , then

or equivalently

The Jacobi iteration is then given by:

in terms of the iteration matrix RJ = D�1(L+ U)

and

Note that: e(1) = RJe(0).



Relaxation	schemes
Weighted Jacobi method:

For the same problem we consider the iteration:

and the new iterate is:

In matrix form we have:

and defining we obtain

and

where ! 2 R is a weighting factor that may be chosen.



Relaxation	schemes

Gauss–Seidel method:

Weighted Jacobi: 1) requires 2n storage locations for the approxi-
mation vector; 2) the new information cannot be used as soon as
it is available.

The Gauss–Seidel method incorporates a simple change: compo-
nents of the new approximation are used as soon as they are com-
puted.

In matrix for we have (D�L)u = Uu+f , then u = (D�L)�1Uu+
(D � L)�1f

Letting RG = (D � L)�1U we have



Stationary	linear	iteration

Note that u = v+A�1r. Then identifying u with the exact solution
and v with the current approximation, we have:

v(1) = v(0) +Br(0)

B ⇡ A�1.
where B ⇡ A�1

Then

where

Applying this relation m times we arrive at

where C(f) represents a series of operations on f .



Stationary	linear	iteration

To study the convergence of stationary linear iterations it is su�-
cient to work with homogeneous linear systems:

Au = 0

and arbitrary initial guesses to start the relaxation scheme.

Consider the system:

Iterative methods of the form

v(1) = Rv(0) + c

are referred to as stationary.



An	interesting	example

We obtain some valuable insight by applying various iterations to
this system of equations with an initial guess consisting of the vec-
tors (or Fourier modes)

vj = sin

✓
jk⇡

n

◆
, 0  j  n, 1  k  n� 1

We use vk to designate the entire vector v with wave number k.



An	interesting	example

Consider the weighted Jacobi method with ! = 2/3 and initial
guesses v1, v3 and v6



Consider the weighted Jacobi method with ! = 2/3 and initial
guesses v1, v3 and v6

An	interesting	example

The error associated to higher frequency modes decays faster!



Consider the weighted Jacobi method with ! = 2/3 and initial
guess v = (v1 + v6 + v32)/3

An	interesting	example



Consider the Gauss-Seidel method with initial guesses v1, v3 and v6

An	interesting	example



Convergence

All the methods so far considered can be expressed as

v(1) = Rv(0) + g,

and are designed so that u is a fixed point of the iteration scheme:

u = Ru+ g.

Subtracting these equations we get:

e(1) = Re0 =) e(m) = Rme(0).

Therefore, using a multiplicative norm we obtain

ke(m)k  kRkmke(0)k

If kRk < 1 then ke(m)k ! 0 as m ! 1.



Convergence

It can then be shown that

lim
m!0

Rm = 0 if and only if ⇢(R) < 1.

Recall that the spectral radius of a matrix A is defined as

⇢(R) = max |�(A)|,

and

kAk2 = sup
x 6=0

kAxk2
kxk2

=
q
⇢(ATA).

To estimate the convergence of the relaxation methods we compute
then the spectral radii of the iteration matrices



Convergence
Consider the weighted Jacobi iteration for the 1D model problem:

and the eigenvectors of A are:

The eigenvalues of R! and A are related by

�(R!) = 1� !

2
�(A).



Convergence

Note that if 0 < !  1, then |�k(R!)| < 1

Let e(0) be the error in the initial guess. Then

e(0) =
n�1X

k=1

ckwk, ck 2 R.

Since e(m) = Rm
! e(0) we have

e(m) = Rm
! e(0) =

n�1X

k=1

ckR
m
! wk =

n�1X

k=1

ck�
m
k (R!)wk

kth mode is reduced
by a factor of �m

k (R!)



Convergence

�k(R!)

What choice of ! gives the best iterative scheme?

�k(R!) as a function of k for four di↵erent values of !

for k small, �k(R!) is close
to one regardless of !

Low-fequency (smooth) modes: �k(R!) for 1  k < n/2

High-fequency (smooth) modes: �k(R!) for n/2  k  n�1



Smoothing	property

We would like to find the value of ! that makes |�k(R!)| as small
as possible for all 1  k  n� 1.

Note that

=) �1 is always close to 1.

What value of ! provides the best damping of the oscillatory com-
ponents (n/2  k  n� 1)?

Therefore, no values 0 < !  1 will reduce the smooth components
of the error e↵ectively.

We impose the condition:

�n/2(R!) = ��n(R!) =) ! =
2

3
.We impose the condition:

�n/2(R!) = ��n(R!) =) ! =
2

3
.and ! = 2

3 =) |�k| < 1
3 for n

2  k  n� 1

smoothing factor



! = 1

Number of iterations to reduce initial error by a factor of 1/100
with initial guess wk

Smoothing	property



! = 2/3

Number of iterations to reduce initial error by a factor of 1/100
with initial guess wk

Smoothing	property



Smoothing	property

w3 w16 (w2 +w16)/2

vh after 10 iterations

Weighted Jacobi method with ! = 2/3

Initial guess



Consider the Gauss-Seidel iteration:Letting RG = (D � L)�1U we have

eigenvalues:

�k(RG)

they do not coincide with
the eigenvectors of A

eigenvectors:

Smoothing	property



Number of iterations to reduce initial error by a factor of 1/100
with initial guess given by the kth eigenvector of RG

Smoothing	property



Number of iterations to reduce initial error by a factor of 1/100
with initial guess given by the kth eigenvector of A

Smoothing	property



Multigrid	ideas

Assume that a scheme has been applied until only smooth error
components remain. What do these smooth components look like
on a coarser grid?

the same mode looks
more oscillatory in the
coarse grid ⌦2h



Multigrid	ideas
In fact:

kth mode in ⌦h kth mode in ⌦2h

Passing from the fine grid to the coarse grid a mode becomes more
oscillatory provided 1  k < n/2

The k = n/2 mode on ⌦h becomes the 0th mode on ⌦2h

For k � n/2 the kth mode on ⌦h is aliased and appears as the
(n� k)th mode on ⌦2h:

(wh
k )2j = � sin

✓
2⇡j(n� k)

n

◆
= � sin

✓
⇡(n� k)j

n/2

◆
= �(w2h

n�k)j



Multigrid	ideas

Nested iteration:



Multigrid	ideas

The correction scheme:

What does it mean to relax on Ae = r on ⌦2h?

How do we transfer the error estimate from ⌦
2h

back to ⌦
h
?

the error e
is now smooth



Multigrid	ideas
We need maps to transfers vectors from ⌦h to ⌦2h and from ⌦2h

to ⌦h

Interpolation (or prolongation):

It is mapping from the coarse grid to the fine grid:

Ih2h : ⌦2h ! ⌦h

Let vh and v2h be defined on ⌦h and ⌦2h, then we consider the
interpolation operator

Ih2hv
2h = vh

where vh2i = vhi , v
h
2i+1 = 1

2 (v
2h
i + v2hi+1) for 0  i  n/2� 1

(Ih2h : Rn/2�1 ! Rn�1)

Example: For n = 8 we have



Multigrid	ideas

Restriction by in injection:

Mapping from the fine grid to the coarse grid:

I2hh : ⌦h ! ⌦2h (I2hh : Rn�1 ! Rn/2�1)

Let vh and v2h be defined on ⌦h and ⌦2h. Then

I2hh vh = v2h where v2hi = vh2i.

Restriction by full weighting:

Let vh 2 ⌦h and v2h 2 ⌦2h, then

I2hh vh = v2h where

v2hi =
1

4
(vh2i�1 + 2vh2i + vh2i+1)



Multigrid	ideas

Restriction by full weighting:

Relation between interpolation and full-weighted restriction:

Ih2h = c(I2hh )T , c 2 R.

Example



Two-grid	correction	scheme


