
M206: PROBLEM SET 2

DUE TO MONDAY NOVEMBER 30, 2017

Abstract. This problem set corresponds to the second block of the course, covering material on

the representation theory of Lie algebras and their structure.

Student Name:

Grade: / 100

Instructions: It is perfectly fine to consult with other students and collaborate when working on the
problems. However, you should write the solutions on your own, using your own words and thought
process. List any collaborators in the upper-left corner of the first page. The notation 2.1-2.4 means
exercises from 2.1 to 2.4, including 2.2 and 2.3. Start with the problems from the book.

Textbook: “Lie groups and Lie Algebras” by A.A. Kirillov and the material in the lectures.

Exercises from the book (60 pts)

Exercise 1. (20 pts) Exercises 4.1-4.3 Pages 68-69.

Exercise 2. (15 pts) Exercises 4.11-4.13 Page 70.

Exercise 3. (15 pts) Exercises 5.1-5.2 Page 87.

Exercise 4. (10 pts) Exercise 5.5-5.6 Page 87.

Problem Set (40 pts)

Problem 1. In this exercise we study representations of finite groups, the behaviour of which is
inherited by compact Lie groups and their Lie algebras.

1. Describe the representation category of the finite group G = Z/mZ for m ≥ 2 with its tensor
structure. You can proceed as follows:

(a) Prove that any representation of Z/mZ is completely reducible.

(b) Describe all the irreducible representations {ρi}i∈I , where I is a finite set.

(c) Describe the groups Hom(ρi, ρj) for all i, j ∈ I.

(d) What is the decomposition of ρi ⊗ ρj in irreps ?

2. Describe the regular representations of Z/mZ and D3 in terms of irreps.

3. Compute the character table for D3 and verify their orthogonality relations.

4. Show that the number of irreducible characters of a finite group G is equal to the number of
conjugacy classes of G. (Hint: characters are constant in conjugacy classes.)

Problem 2. In this exercise we review the theory we developed for G = SU2. In class we denoted
by V k

2 = Symk(C2) the symmetric representations of SU2.
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(a) Show that complex representations of su2 are completely reducible.

(b) Compute the Clebsch-Gordan decomposition for V 2
2 ⊗ V 2

2 ⊗ V 3
2 .

(c) Show by hand that the irreps of sl(2,C) of highest weight k are obtained by taking the deriva-
tives of the symmetric irreps of SU2. (Hint: Exponentiate, apply the irrep and derive.)

Problem 3. Let us study a bit further Casimir operators.

1. Show that the Casimir operator for so(3,R) is given by the angular momentum

C =
1

2
(J2

x + J2
y + J2

z ) ∈ U(so(3,R)),

with Jx, Jy, Jz the infinitesimal generators of SO3.

2. Let g be a semisimple Lie algebra C-spanned by {Xi} and K the Killing form. Consider the

K-dual basis {X̃i}, and show that

CK =
∑
i,j

K(Xi, Xj)X̃iX̃j ,

is independent of the chosen basis {Xi} and it is in the enveloping center CK ∈ Z(U(g)).

3. Compute CK for sl(2,C).

Problem 4. Let us study semisimplicity in this problem.

(a) Let g be a Lie k-algebra of matrices, k = R,C,H. Show that if g is closed under conjugate
transpose then g is reductive.

(b) Show that g = sl(n,C) is semisimple by proving [sl(n,C), sl(n,C)] = sl(n,C).

(c) Compute the centers of gl(n,C) and u(n).


