
18.116: PROBLEM SET 3

DUE TO MONDAY OCTOBER 3, 2016

Abstract. This problem set corresponds to the third week of the course, covering maps between

Riemann surfaces. Each problem contributes equally to the grade.

The following four exercises cover the basic material of this week Sep 26–Sep 30 2016. There is no
exercises on the algebraic topology of branched coverings and their relation to the fundamental group,
consult for office hours if you are interested in learning more about the fundamental group and the
Galois correspondance.

1. Basic short questions

(a) Describe the non–compact Riemann surfaces associated to the following list of functions

zm/n,
√

(z2 − 1)(z2 − 4),
3
√
z3 − z,

√
z3 − 3z, esin(cos(z)),

log(z), log(z2 + i), log ((z − 1)/(z + 1)) ,

z5/7(z − 3)2/7, z2/7(z − 2)2/7(z − 2i)3/7, z + 1/z

where m,n ∈ N. This implies listing the branch points, their ramification indices and the
branch cuts required to patch the Riemann surface. For now, no need to specify mon-
odromy. Describe also the topology of the resulting Riemann surfaces for the functions

n
√
z,

√
(z2 − 1)(z2 − 4), log(z).

(b) Let us consider a lattice Λ ⊆ C and its Weierstrass function

ρΛ(z) =
1

z2
+
∑
λ∈Λ

(
1

(z − λ)2
− 1

λ2

)
: C −→ C.

Show that ρΛ : C/Λ −→ CP1 is a proper map of degree 2.
Prove that its branch points are located at 1

2Λ \ Λ.

(c) Show that any proper holomorphic function f : C −→ C is a polynomial.

(d) Give an example of an holomorphic map f : X −→ Y between Riemann Surfaces, dif-
ferent from C, such that f is a local homeomorphism but not proper.

(e) Show that the quotient Riemann surface

{[w : u] ∈ CP1}/([w : u] ∼ [u : w])

is biholomorphic to CP1.

(f) Find a degree 7 holomorphic map from Klein’s quartic

{[z : w : u] ∈ CP2 : z3w + w3u+ u3z = 0}

to the Riemann sphere CP1.

Hint: Since the quartic does not look quite heptic, a change of coordinates might be
appropriate. This is an instance that degrees in algebraic equations are only indicative
of the geometry to some extent.
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2. Elliptic curves to P1

In this problem we focus on a class of Riemann surfaces, elliptic curves, and study some of
their branched coverings to the Riemann sphere P1.

(a) Show that the map

f1 : Σ = {(w, z) ∈ C2 : w2 = z3 − z} −→ C, f1(z) = z2,

has degree four, and the map

f2 : Σ = {(w, z) ∈ C : w2 = z3 − 1} −→ C, f2(z) = z3,

has degree six. Find the branch points and their ramification data.

(b) Compute the ramification indices for the map

f : Σ = {(w, z) ∈ C2 : w2 = z3 − 120z + 740} −→ C,

f(w, z) =
1

324
(w(z + 5) + 162).

(c) Consider the Riemann surface

Σn = {(w, z) ∈ C2 : w2 = z3 + n2}.

Find a map f : Σn −→ C whose branched set is contained in the set {0, 1,∞} ⊆ C.

(d) Consider the Riemann surfaces

Σ(g2,g3) = {(w, z) ∈ C2 : w2 = 4z3 − g2z − g3}.

Suppose that the polynomial f(z) = 4z3 − g2z − g3 has simple roots.
Describe the smooth topology of Σ(g2,g3).

(e) Let us now consider the Riemann surfaces Σ(g2,g3) with the arithmetic property that
g2, g3 ∈ Q. Show that there exists a proper holomorphic map

f : Σ(g2,g3) −→ CP1,

from the projective closure of Σ(g2,g3) to the Riemann sphere P1, such that the branch
points are contained in {0, 1,∞}.

(f) Let us be even more explicit about this.
Find the ramification indices for the projection

h : {(w, z) ∈ C : w2 = z(z − 1)(z − 2−1/3)} −→ C, h(z) = z3.

Does there exists an holomorphic function h1 : C −→ C such that the composition map
h1 ◦ h has only three branch points ?

3. Monodromy groups

In this exercise we consider some explicit computations going between the algebraic descrip-
tion of a branch cover and its monodromy data.

(a) Consider the degree 4 map

f : CP1 −→ CP1, f(z) =
4z2(z − 1)2

(2z − 1)2
.

Show that there are three branch points p1, p2, p3 whose monodromies are given by

σ1 = (12)(34), σ2 = (13)(24), σ3 = (14)(23).
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(c) Consider the degree 7 map

f : CP1 −→ CP1, f(z) =
46656z7

823543(z − 1)
.

Show that there are three branch points p1, p2, p3 with two of the monodromies being

σ1 = (1234567), σ2 = (12), σ3 = (14)(23).

(b) Prove that the monodromy group of the map

Dn : CP1 −→ CP1, Dn(z) = zn + z−n,

is the dihedral group Dn.

(d) Let us consider the Fermat curves

Fn = {[z : w : u] ∈ CP2 : zn + wn = un} ⊆ CP2.

Find the critical values of the projection

π : Fn −→ CP1, [z : w : u] 7−→ [z : w],

and show that the monodromy group is Z/nZ.

(e) Prove that the holomorphic map

f : P1 −→ P1

z 7−→ z3(z − 1)4.

has three branch points with two monodromies being

(1, 2, 3, 4, 5, 6, 7), (1, 4).

(f) Compute the Galois group of the map

f : P1 −→ P1

z 7−→ −z2(2z − 3).

(g) Find a rational function f(z) ramified over 0, 1 and∞ with degrees 2, 3 and 1 such that
the monodromies are (12), (243) and (1234).

(h) Discuss the monodromy group of the meromorphic function

f : P1 −→ P1

z 7−→ z3(z + 4)(z − 1)−1.

4. Dessins d’enfants 101.

In this exercise we present some basic steps towards the theory of Belyi maps. For now, we
are concerned about the complex geometrical nature of the maps, however their interest in
the “Dessins d’enfants” is arithmetic.

Figure 1. Schematics for z4.
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(a) Consider the holomorphic functions

fn : C −→ C, fn(z) = zn.

Let us draw the following subset of the domain C: f−1(0) is marked with white dots,
f−1(1) is marked with black dots, and the pre–image f−1[0, 1] will be red edges connect-
ing them. For instance, for the function f4(z) = z4 this qualitative drawing is depicted
in Figure 2. Draw the corresponding diagrams associated to fn(z) = zn.

(b) Consider the three holomorphic functions g, h : C −→ C given by

g1(z) =
27z2(1− z)

4
, g2(z) = 16z2(1− z)2.

Compute the branch points of g1 and g2 and draw their corresponding diagrams.

(c) Let us proceed conversely, and find an holomorphic function whose diagram is a given
one, at least qualitatively. Consider the diagram depicted in Figure 2:

Figure 2. Schematics for h(z).

Find a holomorphic function h : C −→ C whose diagram is that of Figure 2.

(d) Let Tn(z) be the nth Tchebychev polynomial, given by Tn(cos θ) = cos(nθ).
Draw the associated diagram for the holomorphic function T 2

n(z).

(e) The complex plane as domain is quite nice, but we can consider other Riemann surfaces
Σ and proper holomorphic maps f : Σ −→ C. For instance, let us take

f : Σ = {(z, w) ∈ C2 : w2 = (z2 − 1)(z − cos(π/10))} −→ C,
z 7−→ f(z) = T 2

5 (z).

Show that Σ compactifies to a Riemann surface Σ̄ in CP2, which allows us to extend
the map to the closures f̄ : Σ̄ −→ P1, and find the topological type of Σ̄.

Study the branching behaviour of the holomorphic function f̄ , and draw qualitatively
the diagram in the Riemann surface Σ̄.

(f) Consider the compact Riemann surface in CP2 with affine part

Σ′ = {(z, w) ∈ C2 : w2 = (z2 − 1)(z − cos(3π/10))}.
Note that both cos(π/10) and cos(3π/10) are roots of T5, but Σ and Σ′ are not biholo-
morphic1 Draw the diagram of T 2

5 .

1We will be able to prove this in the near future.


