
18.116: RIEMANN SURFACES

FALL 2016 FINAL

DUE TO THURSDAY DECEMBER 22 AT 9PM, 2016

Name: Undergraduate Student / Graduate Student

Problem 1: /30 Problem 2: /70 Problem 3: /30 Problem 4: /70

Total Score: /200

Rules: You are allowed to use the results from the PSets and anything we have proven in class.

Instructions: Scan the exam with your solutions and send them to casals@mit.edu.

1. (30=15+15 points) Let us consider Euler’s equations for the rigid body:

ω̇1 = (λ3 − λ2)ω2ω3

ω̇2 = (λ1 − λ3)ω1ω3

ω̇3 = (λ2 − λ2)ω1ω2

where (ω1, ω2, ω3) ∈ C3 are the time–dependent variables and (λ1, λ2, λ3) ∈ C3 fixed.
The problem is to find the functions ω1(t), ω2(t) and ω3(t).

(a) Rephrase the problem in terms of a holomorphic 1–form η on a Riemann surface Σ.
What is the genus g(Σ) ?

(b) Consider the Abel–Jacobi map ι : Σ −→ J(Σ), where J(Σ) is the Jacobian of Σ.
Prove that the image of t 7−→ η(t) via Abel–Jacobi ι is a straight line in J(Σ).

2. (70=10+15+10+15+20+20 points)

Let C be a Riemann surface, consider the Abel–Jacobi map

ι : C −→ H0(C,KC)∗/Im(f), ι(p) =

(∫ p

p0

ω1, . . . ,

∫ p

p0

ωg

)
where ω1, . . . , ωg are a basis of H0(C,KC) and f : H1(C,Z) −→ H0(C,KC)∗ is

[γ] 7−→
(
ω 7−→

∫
γ

ω

)
.

(a) Show that the d–symmetric product Sym(d)(C) = Cd/Sd is a complex manifold, where
Sd is the symmetric group acting by permutations.

Prove that Sym(d)(P1) ∼= Pd.

(b) We can extend ι to the divisors of C by linearity, and thus to

ι(d) : Sym(d)(C) −→ J(C).

Show that the fibers of ι(d) are complex projective spaces.
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(c) Identify the tangent spaces of Sym(d)(C) with a cohomology group.
Compute the derivative of ι(d), and give a cohomological interpretation.

(d) What is the derivative of ι(g) ? Conclude that ι(g) is surjective.

(e) Describe the map ι(2) : Sym(2)(Σ2) −→ J(Σ2) for a genus 2 Riemann surface Σ2.

Hint: Use that Σ2 is hyperelliptic, and take symmetric products.

(f) Study the map ι(2) : Sym(2)(Σ3) −→ J(Σ3) for a genus 3 non–hyperelliptic curve.
What is the image of ι(2) is Σ3 is hyperelliptic ?

3. (30 = 15+15 points) Consider the holomorphic embedding

i : P1 −→ P5, i([z : w]) = [z3 : z2w : zw2 : w3 : 0].

(a) Show that i∗(TP5) ∼= O(4)⊕O(4)⊕O(4)⊕O(3).

(b) Suppose that j : P1 −→ P3 is an holomorphic embedding whose image is a curve which
intersects with a hyperplane P2 in k points.

Show that j(P1) is contained in a smooth quadric surface if and only if

j∗(TP3) ∼= O(2k − 2)⊕O(k + 1)⊕O(k + 1).

4. (70=10+10+15+10+10+15 points)

Consider the quotient topological space

X = {(z, τ) ∈ C×H}/ ∼,
where the relation are given by the two identifications (z, τ) ∼ (z+1, τ) and (z, τ) ∼ (z+τ, τ).

(a) Find an equation for the Riemann surface E0 = C/(Z + iZ) ∼= π−1(i) as a smooth plane
algebraic curve and compute its genus.

(b) Prove heuristically that the space M1 of holomorphic structures, up to diffeomorphism,
on a Riemann surface of genus 1 is complex 1–dimensional.

(c) Show that X is a complex surface and the projection

π : X −→ H, π(z, τ) = τ

is an holomorphic map.

(d) Prove that there exists a diffeomorphism f : X −→ E0 × H such that the fibres of the
composition π1 ◦ f : X −→ E0 are holomorphic.

(e) Thinking of π : X −→ H as a family of Riemann surfaces deforming E0, infinitesimal
deformations live in H1(E0, TE0). Show that H1(E0, TE0) ∼= C.

(f) Compute the class KS(π) ∈ H1(E0, TE0) of infinitesimal deformations.
In particular, are the fibers of π biholomorphic ?


