
18.100A: PROBLEM SET 3

DUE TO FRIDAY MARCH 3, 2017

Abstract. This problem set corresponds to the first week of the course Feb 22-Mar
1, covering material on nested intervals, Bolzano–Weierstrass and Cauchy sequences.

Textbook: “Introduction to Analysis” by Arthur Mattuck.

Problem 1. (10 pts) Exercise 6.4 Page 90.

If you need a term which is not there, add and substract it. This trick featured promi-
nently on Fri Feb 24, this exercise should be simple once you review that lecture.

Problem 2. (10 pts) Problem 6-3 Page 91.

Problem 3. (10 pts) Problem 6-4 Page 91.

Think of the behaviour of each coordinate in the sequence of points. The x–coordinates
of {(xn, yn)} form a sequence {xn}, conclude first that this sequence has a subsequence.

Problem 4. (10 pts) Problem 6-5 Page 91.

This is a different approach to deal with the fact that a bounded sequence, as given in
the hypothesis of Bolzano–Weierstrass, is not necessarily monotone. One can instead
look for a monotone subsequence, which you are asked to prove always exist, and then
apply the chorus “monotone and bounded” to the subsequence.

Problem 5. (10 pts) Find different sequences {an}, or prove they do not exist, whose
sets S({an}) of cluster points are:

a. S({an}) = ∅, the empty set.
b. S({an}) = {n1, . . . , n7}, where n1, . . . , n7 ∈ R are distinct real numbers.
c. S({an}) = Z
d. S({an}) = Q
e. S({an}) = R

Note that Part (d) is essentially the same than Part (c), explain why ! For Part (e) you
might want to keep in mind that a real number has infinitely many rational numbers
arbitrarily close to it.

Problem 6. (10 pts) Prove that the set of cluster points of the sequence an = sin(n)
is the set [−1, 1] ⊆ R.

This is a bit hard, it might be helpful to first rephrase the problem to showing that any
real number can be arbitrarily approximated by numbers of the form Z + 2πZ.

1



2 DUE TO FRIDAY MARCH 3, 2017

The next four problems become simpler with the material in the Lecture on Feb 27.

Problem 7. (10 pts) Exercise 7.1 Parts 1-2 Page 109.

Part 1.(c) was essentially explained in class, mimic the method for Parts 1.(a)-(b).

Problem 8. (10 pts) Exercise 7.4 Parts (a)-(d) Page 110.

Problem 9. (10 pts) Exercise 7.5 Part 3 Page 111.

Problem 10. (10 pts) Problem 7-4 Page 112.


