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The HOMFLYPT polynomial

In the beginning was the skein relation:

t · P
( )

+ t−1 · P
( )

= (q− q−1) · P
( )

This relation defines a polynomial invariant of knots called the HOMFLYPT
polynomial (essentially the most general possible with such a skein relation).

But this is a rather ahistorical introduction; after all, why was this polynomial
invented roughly simultaneously by 8 people 20 years after skein relations
appeared in the work of Conway?

Because the HOMFLYPT polynomial is more properly understood as part of
the larger edifice of quantum topology.
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Braids

Let

σi =

1

· · ·

i i + 1 n

· · ·

These are generators of the braid group Bn with the relations

σiσi+1σi = σi+1σiσi+1 σiσj = σjσi (i 6= j± 1)

Note: for any Cartan matrix A = (aij), we have an Artin braid group BA given
by the relations above when aijaji = 1 and aijaji = 0 respectively. When
aijaji = 2, 3 we have the relations

(σiσj)
2 = (σjσi)

2 (σiσj)
3 = (σjσi)

3
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Markov theorems

Theorem (Alexander; Markov)
Every knot is the closure of a braid. Two braid closures are isotopic if they are
related by the moves of:

conjugation

στ

=
τσ

stabilization

τ
=

τ

So: any knot invariant in a ring R is a trace on the ring R[Bn].
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HOMFLYPT and Hecke

The Hecke algebra is the quotient of Bn by the quadratic relation

(σi + q1/2)(σi − q−1/2) = 0.

Natural for many reasons:

Hn ∼= EndUq(slm)(V⊗n) where V deforms Cn, and σi acts by Ri,i+1 (if
m < n, then there’s a kernel).

HG(p) ∼= EndG(Fp)(C[G/B(Fp)]) = EndG(Fp)

(
IndG(Fp)

B(Fp)
1

)
.

Equivalently, HG(p) is the subalgebra of C[G(Fp)] constant on left and
right B-orbits under the map

σ−1
i 7→ fi(g) =

{
p−1/2 g ∈ B(i, i + 1)B
0 g /∈ B(i, i + 1)B.
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HOMFLYPT and Hecke

Theorem (Ocneanu)

There is an (essentially) unique C(q, t)-valued trace Tr on Hn which gives a
link invariant P such that

P( ) = t−t−1

q−q−1 .

P is multiplicative under disjoint union.

The resulting invariant is the HOMFLYPT polynomial.

Proofish. We have a decomposition Hn = Hn−1 + Hn−1σn−1Hn−1. The trace
on the first part is determined by the properties above, and on the latter by the
second Markov move.

Questions (Jones)
Direct description of this trace (geometric)?

Yes.

Other groups?

Yes.

What about the K-L basis?

Yes.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 7 / 22



HOMFLYPT and Hecke

Theorem (Ocneanu)

There is an (essentially) unique C(q, t)-valued trace Tr on Hn which gives a
link invariant P such that

P( ) = t−t−1

q−q−1 .

P is multiplicative under disjoint union.

The resulting invariant is the HOMFLYPT polynomial.

Proofish. We have a decomposition Hn = Hn−1 + Hn−1σn−1Hn−1. The trace
on the first part is determined by the properties above, and on the latter by the
second Markov move.

Questions (Jones)
Direct description of this trace (geometric)?

Yes.

Other groups?

Yes.

What about the K-L basis?

Yes.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 7 / 22



HOMFLYPT and Hecke

Theorem (Ocneanu)

There is an (essentially) unique C(q, t)-valued trace Tr on Hn which gives a
link invariant P such that

P( ) = t−t−1

q−q−1 .

P is multiplicative under disjoint union.

The resulting invariant is the HOMFLYPT polynomial.

Proofish. We have a decomposition Hn = Hn−1 + Hn−1σn−1Hn−1. The trace
on the first part is determined by the properties above, and on the latter by the
second Markov move.

Questions (Jones)
Direct description of this trace (geometric)?

Yes.

Other groups?

Yes.

What about the K-L basis?

Yes.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 7 / 22



HOMFLYPT and Hecke

Theorem (Ocneanu)

There is an (essentially) unique C(q, t)-valued trace Tr on Hn which gives a
link invariant P such that

P( ) = t−t−1

q−q−1 .

P is multiplicative under disjoint union.

The resulting invariant is the HOMFLYPT polynomial.

Proofish. We have a decomposition Hn = Hn−1 + Hn−1σn−1Hn−1. The trace
on the first part is determined by the properties above, and on the latter by the
second Markov move.

Questions (Jones)
Direct description of this trace (geometric)? Yes.
Other groups? Yes.
What about the K-L basis? Yes.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 7 / 22



The Hecke category

The Hecke algebra is categorified by a particular geometric category: the
B× B-equivariant derived category of G:

D = D+(B\G/B) = D+
B×B(G)

This is “the category of bounded-below complexes of sheaves of k-vector
spaces on B\G/B whose cohomology is constructible, with
quasi-isomorphisms inverted.”

Objects in this category are roughly complexes of sheaves with a
B× B-action, but you should be careful computing Ext’s in this category. In
particular, it’s set up so that

Ext•D(kG,kG) ∼= H∗
B×B(G;k).

Ext•D(kG,F) ∼= H∗
B×B(G;F)
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The Hecke category

This category actually has a monoidal structure given by convolution. We
have maps of spaces

B\G×B G/B
B\G/B

B\G/B
B\G/B

π1

π2

m

Given F1,F2 ∈ D, we define the convolution by

F1 ? F2 ∼= m∗
(
π∗1F1 ⊗ π!

2F2

)
This induces a product on the Grothendieck group K0(D).
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The Hecke category

A good example of an object in D would be the complex of sheaves Cw

(defined for each w ∈ W) on G by

Cw(U) = · · · → Ci(U ∩ BwB) → Ci+1(U ∩ BwB) → · · ·

In fact, since every B× B orbit contains a unique element of W, these are a
minimal generating set for the category.

Proposition

There is an isomorphism HG(q1/2 = −1) ∼= K0(D) sending σi to [Csi ].

What can we do to keep the q in the picture?

Short answer:

The category D has a natural graded lift D̃ and HG ∼= K0(D̃) with q1/2 being
the grading shift functor M 7→ M(1).
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The mixed structure

Really, we should have done this all over characteristic p: every complex
algebraic group has a nice (split) version over Z and thus over Fp.

There is a notion of B× B equivariant derived category on G/F̄p (using the
étale topology) which is actually equivalent to that on G/C.

Thus, every object in D can be (functorially) realized as a sheaf on G/F̄p.

Now, we have a Frobenius map Fr : G/Fp → G/Fp given by raising all
functions to the pth power. If a sheaf is “equivariant” for this map, we call it
“mixed.”

D̃ is (roughly) the mixed B× B-equivariant derived category of G/Fp.

Grading shift is twisting the mixed structure by p1/2.

The grading on Hom(F ,G) given by 2 logp of the complex norm of the
eigenvalues of Frobenius.
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Intersection cohomology

There’s another minimal generating set for this category: the intersection
cohomology complexes ICw = IC(BwB). These can be distingished in a
number of ways, but the most natural for us is:

There’s an abelian subcategory of D+
B×B(G) called perverse sheaves. The

complex ICw is the unique simple perverse sheaf whose support is BwB.

Perversely, the perverse t-structure is really more natural for most purposes.
For example, it is much more compatible with the grading:

Proposition (Gabber)

There is a unique (up to shift) graded lift of ICw, and any object of D̃ which is
“concentrated in one degree” is a direct sum of shifts of ICw’s.

Proposition (Kazhdan-Lusztig)

The classes [ICw] are the Kazhdan-Lusztig basis of HG.
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Geometry of Markov traces

Now we wish to study the trace we mentioned earlier in terms of these
geometric structures. One sensible thing to look at is the action of B by
conjugation (that is, the diagonal B∆ ⊂ B× B).

For any F1,F2 ∈ D, we have a canonical isomorphism of vector spaces

H∗
B∆

(G;F1 ? F2) ∼= H∗
B∆

(G;F2 ? F1)

So, this is a sort of “categorified trace.” How to get Ocneanu’s trace?

The cohomological grading q.
The internal (weight) grading t.

Theorem (W.-W.)

For all w ∈ Sn, the trace of [ICw] is the mixed Hodge polynomial of ICw:

Tr([ICw]) = dimq,t H∗
B∆

(SLn; ICw) =
∑

(−1)iqi/2t j · dim Hi;j
B∆

(SLn; ICw)
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Geometry of Markov traces

This resolves all the questions I mentioned before:

It gives a direct geometric description of the trace.

It is very natural in the K-L basis.

The definition used nothing special about SLn; it works just as well for
other Lie groups.

In fact, this coincides with a trace defined in arbitrary type by Gomi
combinatorially. In order to show that our trace coincides with Gomi’s, we
must expand it in terms of irreducible characters of the Hecke algebra, using
the theory of character sheaves. More on that later.
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HOMFLYPT homology

So: the prospects look good for categorifying the Hecke algebra:

We know how to categorify the map Bn → Hn by sending generators to

σi 7→ Cw[1] = jw∗kBwB[1] σ−1
i 7→ jw! kBwB[1]

and extending to a map F : Bn → Ob(D̃) multiplicatively.

We know how to categorify the trace Tr : Hn → C(q, t) by sending
semi-simple perverse sheaves to their mixed Hodge polynomials.

But there’s a problem here: the sheaves Fσ are essentially never semi-simple.
Since cohomology has a long exact sequence, mixed Hodge polynomials
don’t add in exact triangles.

In fact, the mixed Hodge polynomial of Fσ only depends on the number of
components the closure σ̄ has.
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HOMFLYPT homology

Fσ has a weight filtration such that the “associated graded” of Fσ is a sum of
shifts of ICw’s. So we could take the mixed Hodge polynomial of that. That
would by HOMFLYPT, but it has another problem: it’s not a knot invariant.

Solution:
There’s a spectral sequence (which we call chromatographic) that starts at
the cohomology of the associated graded and abuts to the cohomology of Fσ.

The first (and only the first) differential in this spectral sequence preserves
both gradings, so the E2-term has the same mixed Hodge polynomial as the
E1 term: the HOMFLY polynomial.

Theorem (W.-W.)
The En-page of the chromatographic spectral sequence is a knot invariant for
n ≥ 2. In particular, the E2-page is a knot invariant that categorifies the
HOMFLYPT polynomial, and it coincides with the invariant already defined
by Khovanov and Rozansky.
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The bimodule picture

Let R = C[t]. For any F ∈ D̃, the cohomology H∗
B×B(F) is an R bimodule

under the identification R ∼= H∗(BB).

As we described earlier, there is a chromatographic spectral sequence
associated to a (not quite unique) weight filtration on F . The E1-term as a
complex is well-defined up to homotopy, and in fact, that page is functorial.

Proposition (Schnürrer)

The functor S from D̃ to homotopy complexes of R-bimodules sending
F ∈ Ob(D̃) to the E1-page of its B× B-equivariant chromatographic spectral
sequence is monoidal, full and faithful.

Soergel:

“Komplexe von Bimoduln sind die Gewichtsfiltrierung des armen Mannes.”
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The bimodule picture

The functor sends the pure sheaves ICw to single bimodules H∗
B×B(ICw):

S(IC1) ∼= H∗
B×B(G; IC1) ∼= R S(ICsi)

∼= H∗
B×B(G; ICsi)

∼= R⊗Rsi R(1)

The bimodule for each w = si1 · · · sim is the minimal summand of

S(ICsi1
? · · · ? ICsin

) ∼= R⊗Rsi1 R⊗Rsi2 · · · ⊗Rsin R(m)

containing the lowest graded piece.

The bimodules that can be realized as the B× B-equivariant cohomology of
semi-simple objects in D̃ are called Soergel bimodules.

Proposition (W.-W.)

The “trace” H∗
B∆

(G; ICw) can be obtained as the Hochschild homology
HH∗(S(ICw)).
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Hochschild homology

Hochschild homology also naturally appears in the construction of KR
homology. It is the derived functor of HH0(M) = M/[R, M] where as usual

[R, M] = R · {r · m− m · r|r ∈ R, m ∈ M} · R ⊂ M.

Definition
For any projective resolution of M,

P• = · · · −→ P1 −→ P0 −→ 0

HH∗(M) is the homology of the complex HH0(P•).

Note that HH∗(M) has the obvious “Hochschild” grading (which is
independent of any grading on R) and another “polynomial” grading which
arises from using a graded projective resolution of M. These correspond to the
two geometric gradings.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 20 / 22



Hochschild homology

Hochschild homology also naturally appears in the construction of KR
homology. It is the derived functor of HH0(M) = M/[R, M] where as usual

[R, M] = R · {r · m− m · r|r ∈ R, m ∈ M} · R ⊂ M.

Definition
For any projective resolution of M,

P• = · · · −→ P1 −→ P0 −→ 0

HH∗(M) is the homology of the complex HH0(P•).

Note that HH∗(M) has the obvious “Hochschild” grading (which is
independent of any grading on R) and another “polynomial” grading which
arises from using a graded projective resolution of M. These correspond to the
two geometric gradings.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 20 / 22



Hochschild homology

Hochschild homology also naturally appears in the construction of KR
homology. It is the derived functor of HH0(M) = M/[R, M] where as usual

[R, M] = R · {r · m− m · r|r ∈ R, m ∈ M} · R ⊂ M.

Definition
For any projective resolution of M,

P• = · · · −→ P1 −→ P0 −→ 0

HH∗(M) is the homology of the complex HH0(P•).

Note that HH∗(M) has the obvious “Hochschild” grading (which is
independent of any grading on R) and another “polynomial” grading which
arises from using a graded projective resolution of M. These correspond to the
two geometric gradings.

Webster and Williamson (MIT) Knot homology and geometry April 26, 2009 20 / 22



Hochschild homology

Consider an R− R bimodule M as an R⊗ R module. Note that the R-module
M/[R, M] can be rewritten as the extension of scalars

M/[R, M] ∼= M ⊗R⊗R R

By the standard yoga of homological algebra, Hochschild homology can be
reinterpreted as a derived extension of scalars.

HH∗(M) ∼= M
L
⊗R⊗R R

In particular, for a complex A•, we can consider the complex HH∗(A•). This
is the E1 page of a natural spectral sequence

E1 = HH∗(A•) ⇒ E∞ = R
L
⊗R⊗R A•.

where in the latter, A• is considered as an object in the derived category.
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The bimodule picture

As we mentioned earlier, the sheaf of a braid Fσ is virtually never
semi-simple. The complexes F(σ) = S(Fσ) can however be obtained from
those of single twists by taking tensor product of R− R-bimodules

σi
F7→ R⊗Rsi R(1)

π→ R(1) σ−1
i

F7→ R(−1)
ν→ R⊗Rsi R(1).

These are precisely (up to changes of convention) the complexes associated by
Khovanov to a braid in his bimodule construction of triply-graded homology.

Theorem (W.-W.)
The chromatographic sequence of Fσ is canonically isomorphic to the
spectral sequence

E1 = HH∗(F(σ)) ⇒ E∞ = R
L
⊗R⊗R F(σ).

The E2-page of this complex is Khovanov’s definition of triply graded
homology.
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