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How to categorify Reshetikhin-Turaev

Reshetikhin-Turaev invariants

There is a big family of link invariants, defined in greatest generality by
Reshetikhin and Turaev, which associates a number to a link for each Lie
algebra g and each labeling of the components with representations of g.

We use the theory of quantum groups to attach maps to small diagrams like:
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These are called the braiding, the evaluation and the coevaluation.

Composing these together for a given link results in a scalar: the
Reshetikhin-Turaev invariant for that labelling.
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How to categorify Reshetikhin-Turaev

A little background

Thus if one wishes to categorify these knot invariants, one obvious approach
is to categorify the entire R-T apparatus.

Problem 1: We don’t know how to associate categories to tensor products of
arbitrary representations. (Categories Cλ1,...,λn in Khovanov’s talk).

Problem 2: In few particular cases, we have many ways of doing this, but
don’t know the relationship between them. Even the best current techniques
only work for miniscule representations, and the fullest picture has only
worked out for the standard representation of sln.

One strand, (which includes the work of Khovanov, Stroppel, Sussan,
W.-Williamson, etc.) is based around category O, especially parabolic.
Another (developed by Seidel-Smith, Manolescu, Cautis-Kamnitzer,
etc.) uses the Fukaya category of Slodowy slices/affine Grassmannian.

These are constructions of the same knot invariants, but there is no obvious
correspondence between them. What I’d like to do in this talk is suggest (in
varying levels of sketchiness) how to generalize both of these.
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The quiver side

Quiver varieties

What are some tempting places to look for such categorifications in general?

Given a quiver I, and λ, µ weights for the Lie algebra gI , Nakajima constructs
a quiver variety Qλ

µ with interesting connections to representation theory.

Theorem (Nakajima)

Associated to weights λ = {λ1, . . . , λm} with λ =
∑

i λi, we have a natural
subvariety Xλ

µ ⊂ Qλ
µ such that

⊕µHBM
top (Xλ

µ) ∼= Vλ1 ⊗ · · · ⊗ Vλn

The action of the universal enveloping algebra on this space, as well as the
evaluation and coevaluation maps are given by pullback and pushforward on
correspondences.

What about the braiding? More on that later.
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The quiver side

Enveloping algebras

Attached to each quiver variety Qλ
µ is its universal enveloping algebra Aλ

µ,
which is (essentially) a universal deformation quantization of Qλ

µ.

Theorem (W. (based on Zheng))

There is a natural category of Aλ
µ-modules Oλ

µ endowed with a grading which
categorifies the representation theory coming from quiver varieties; that is,

⊕µK0(Oλ
µ ) ∼= Vλ1 ⊗ · · · ⊗ Vλn

and there are functors between the derived categories Db(Oλ
µ ) which lift the

quantum group action and (co)evaluation, given by tensor product with
certain bimodules.

Conjecture

The bimodules which give the quantum group action generate a 2-category
categorifying Uq(g), equivalent to that defined by Khovanov and Lauda.
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The quiver side

The Fukaya side of the picture

Morally, at least, this story has a symplectic interpretation.

Conjecture

We have a full and faithful inclusion Fuk(Qλ
µ) ↪→ Db(Aλ

µ −mod)χ where χ is
a particular central character of Aλ

µ.

This conjecture requires two pieces:

1 a not terribly difficult result analogous to the localization theorem of
Beilinson and Bernstein

Proposition (W.)

Aλ
µ −modχ is equivalent to the category of sheaves of modules over a

deformation of the structure sheaf on Qλ
µ.

2 then the hard part: an analogue of the theorem of Nadler-Zaslow relating
Fuk(T∗X) to D-modules on X which applies in this situation.
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The Grassmannian side

The affine Grassmannian

Assume that I is Dynkin. Then we have an affine Grassmannian for the group
G associated to I: Gr = G((t))/G[[t]], with G[[t]]-orbits Grλ = Gλ/G[[t]]
indexed by weights of gI . We have Grµ ⊂ Grλ if (Vλ)µ 6= 0.

We also have a notion of the convolution of two orbits, and a multiplication
map m which adds the corresponding coweights

Grλ ? Grν = Gλ ×G[[t]] Grµ
m→ Grλ+µ.

Let Wλ
µ be the slice to xµ ∈ Grµ in the larger subvariety Grλ. Let W̃λ

µ be the
preimage of Wλ

µ under the map m : Grλ1 ? · · · ? Grλm → Grλ. Let

Yλ
µ = {y ∈Wλ

µ| lim
t→∞

ρ̌(t) · y ∈ m−1(xµ)}

Proposition (Mirković-Vilonen)

We have an isomorphism ⊕µHBM
top (Yλ

µ) = Vλ1 ⊗ · · · ⊗ Vλn .
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We have an isomorphism ⊕µHBM
top (Yλ

µ) = Vλ1 ⊗ · · · ⊗ Vλn .

Ben Webster (MIT) Knot homology and quiver varieties January 7th, 2009 7 / 1



The Grassmannian side

The affine Grassmannian

Assume that I is Dynkin. Then we have an affine Grassmannian for the group
G associated to I: Gr = G((t))/G[[t]], with G[[t]]-orbits Grλ = Gλ/G[[t]]
indexed by weights of gI . We have Grµ ⊂ Grλ if (Vλ)µ 6= 0.

We also have a notion of the convolution of two orbits, and a multiplication
map m which adds the corresponding coweights

Grλ ? Grν = Gλ ×G[[t]] Grµ
m→ Grλ+µ.

Let Wλ
µ be the slice to xµ ∈ Grµ in the larger subvariety Grλ. Let W̃λ

µ be the
preimage of Wλ

µ under the map m : Grλ1 ? · · · ? Grλm → Grλ. Let

Yλ
µ = {y ∈Wλ

µ| lim
t→∞

ρ̌(t) · y ∈ m−1(xµ)}

Proposition (Mirković-Vilonen)
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The Grassmannian side

Enveloping again

The slices Wλ
µ are naturally symplectic, and also have enveloping algebras Bλ

µ.

Conjecture

For each λ, there is a natural category Qλ
µ of modules over Bλ

µ (given by a
definition analogous to the BGG category O) and endowed with a grading
such that K0(Qλ

µ) ∼= Vλ1 ⊗ · · · ⊗ Vλn , and the action of the braiding is given
by tensoring with certain special bimodules.

To those of you who like the symplectic picture, you can think of this as a
replacement for Fuk(W̃λ

µ ), which is typically not smooth, and the bimodules
as replacements for the monodromy functors.

Recent work of Kamnitzer suggests some correspondences which these
bimodules quantize, and that (co)evaluation might be understandable in terms
of some vanishing cycle functors.
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The Grassmannian side

Strange duality

Braden, Licata, Proudfoot and I have observed that certain hyperkähler
varieties seem to come in “dual pairs.” One such pair are the quiver variety
Qλ

µ and the affine Grassmannian slice Wλ
µ.

We have no precise definition of what it means for two varieties to be dual in
this sense. There is a prescription from physics, which neither the physicists
nor I are able to cast in mathematical language.

However, based on the examples we know, we have conjectured some
relationships these varieties should have; one is the isomorphism
HBM

top (Xλ
µ) ∼= HBM

top (Yλ
µ), but there is a categorifed version of this:

Conjecture (BLPW)

The categories Oλ
µ and Qλ

µ are Koszul dual. In particular, we have a natural
derived equivalence Db(Oλ

µ ) ∼= Db(Qλ
µ).
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The Grassmannian side

Knot invariants

If one could prove all the proceeding conjectures, then knot homologies for
arbitrary representations would fall out directly, simply by cutting any tangle
into cups, caps and crossings, and using the (co)evaluation and braiding to
turn these into functors and composing them.

These homologies should also be functorial (up to sign) since all that is
required for that is the adjunction map between the evaluation and
coevaluation functors.

This program has already been carried out on the “quiver side” for
fundamental representations of sln by Stroppel and Sussan, and my
method coincides exactly with theirs (just with more general categories).

On the “Grassmannian side,” it matches the results of Seidel-Smith and
Manolescu for the standard representation of sln.
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The Grassmannian side

Avoiding duality

The Koszul duality conjecture, in particular, seems to be extremely difficult,
and one would not like to wait until it has been proven to get knot invariants,
which means constructing the functors coming from correspondences on the
Grassmanian side without constructing the duality.

Let λ and λ′ be different orderings of the same set of weights. We have
inclusions Oλ

µ ↪→ (Aλ
µ −mod)χ ←↩ Oλ′

µ as the subcategories locally finite
with respect to different subalgebras.

Conjecture

The functor giving the braiding Sλ,λ′ : Oλ
µ → Oλ′

µ is given by the composition
of the inclusion ι and its right adjoint ιR.

Aλ
µ −mod

ιR

((QQQQQQQQQ

Oλ
µ

ι 66nnnnnnnnnn

Sλ,λ′
// Oλ′

µ

Ben Webster (MIT) Knot homology and quiver varieties January 7th, 2009 11 / 1



The Grassmannian side

Avoiding duality

The Koszul duality conjecture, in particular, seems to be extremely difficult,
and one would not like to wait until it has been proven to get knot invariants,
which means constructing the functors coming from correspondences on the
Grassmanian side without constructing the duality.

Let λ and λ′ be different orderings of the same set of weights. We have
inclusions Oλ

µ ↪→ (Aλ
µ −mod)χ ←↩ Oλ′

µ as the subcategories locally finite
with respect to different subalgebras.

Conjecture

The functor giving the braiding Sλ,λ′ : Oλ
µ → Oλ′

µ is given by the composition
of the inclusion ι and its right adjoint ιR.

Aλ
µ −mod

ιR

((QQQQQQQQQ

Oλ
µ

ι 66nnnnnnnnnn

Sλ,λ′
// Oλ′

µ

Ben Webster (MIT) Knot homology and quiver varieties January 7th, 2009 11 / 1



The Grassmannian side

Avoiding duality

The Koszul duality conjecture, in particular, seems to be extremely difficult,
and one would not like to wait until it has been proven to get knot invariants,
which means constructing the functors coming from correspondences on the
Grassmanian side without constructing the duality.

Let λ and λ′ be different orderings of the same set of weights. We have
inclusions Oλ

µ ↪→ (Aλ
µ −mod)χ ←↩ Oλ′

µ as the subcategories locally finite
with respect to different subalgebras.

Conjecture

The functor giving the braiding Sλ,λ′ : Oλ
µ → Oλ′

µ is given by the composition
of the inclusion ι and its right adjoint ιR.

Aλ
µ −mod

ιR

((QQQQQQQQQ

Oλ
µ

ι 66nnnnnnnnnn

Sλ,λ′
// Oλ′

µ

Ben Webster (MIT) Knot homology and quiver varieties January 7th, 2009 11 / 1



The Grassmannian side

Thanks, y’all.
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