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CHAPITRE I

In tro duction

1. In tro duction

Une approche de la topologiesymplectiquequi s'est r¶ev¶el¶eeextrêmement fruc-
tueuseau ¯l desann¶eesa pour point de d¶epart l'observation suivante : toute vari¶et¶e
symplectique(X ; ! ) peut être munie d'une structure presque-complexecompatible
avec la structure symplectique,c'est-µa-dire un endomorphismeJ du ¯br ¶e tangent
TX , v¶eri¯ant J 2 = ¡ 1, et tel que la forme bilin¶eaireg(x; y) = ! (x; Jy) d¶e¯nit une
m¶etrique riemanniennesur X (voir par exemple[McS1],p. 116).

L'¶etude desvari¶et¶essymplectiquessepr¶esente alors commeune g¶en¶eralisation
naturelle de la g¶eom¶etrie kÄahl¶erienne: en e®etla vari¶et¶e X est kÄahl¶eriennedµeslors
que la structure presque-complexeJ est int¶egrable, c'est-µa-dire permet de d¶e¯nir
localement descoordonn¶eescomplexessur X . Lesvari¶et¶eskÄahl¶eriennesfournissent
un grand nombre d'exemplesdevari¶et¶essymplectiques,puisqu'ellesenglobent entre
autres toutes les vari¶et¶es alg¶ebriques projectives complexes.Toutefois, de nom-
breusesvari¶et¶es symplectiquesn'admettant pas de structure kÄahl¶erienne ont ¶et¶e
construites,notamment par Thurston [Th] et plus r¶ecemment par Gompf [Go].

La donn¶eed'une structure presque-complexeJ sur X conduit naturellement µa
¶etudier les sous-vari¶et¶esde X dont l'espacetangent est en tout point J -invariant,
c'est-µa-direun sous-espacecomplexedel'espacetangent µa X . Pour un choix g¶en¶erique
dela structure presque-complexecompatibleavec! , detellessous-vari¶et¶esn'existent
qu'endimensioncomplexe1 : cesont lesc¶elµebrescourbespseudo-holomorphes, intro-
duites par Gromov [Gro1] et dont la th¶eoriea connu de constants d¶eveloppements
(voir par exemple[McS2]).

Un autre exemplefrappant de l'analogieentre vari¶et¶essymplectiquescompactes
et vari¶et¶eskÄahl¶eriennescompactesest donn¶e par les invariants de Seiberg-Witten
(voir par exemple[Mor]), dont l'in terpr¶etation en termes de courbespseudo-holo-
morphesr¶ecemment obtenue par Taubes ([T1], [T2] et suivants) pour les vari¶et¶es
symplectiquespr¶esente dessimilarit¶esremarquablesavec l'in terpr¶etation en termes
de courbescomplexesdonn¶eepar Witten [W] pour les vari¶et¶eskÄahl¶eriennes.

N¶eanmoins,certainesconstructionsdeg¶eom¶etrie alg¶ebriquecomplexesemblaient
jusqu'µa r¶ecemment ne paspouvoir être transpos¶eesdansun contexte symplectique:
ainsi, le lieu d'annulation d'une sectionholomorpheg¶en¶eriqued'un ¯br ¶e trµesample
sur une vari¶et¶e projective complexed¶e¯nit une sous-vari¶et¶e complexe,tandis quela
construction analoguene fonctionne pasen g¶eom¶etrie presquecomplexe.

L'id ¶eeintroduite par Donaldson[D1] consisteµa autoriserdepetites variations de
la structure presque-complexe: ainsi, unestructure presque-complexeJ compatible
avec ! ¶etant ¯x ¶ee, il s'agit de construire non pas dessous-vari¶et¶esJ -holomorphes
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4 I. INTR ODUCTION

(qui n'existent en g¶en¶eral pas au-delµa de la dimension 1), mais plut ôt des sous-
vari¶et¶es approximativement J -holomorphes. De telles sous-vari¶et¶es sont obtenues
comme lieux d'annulation de sectionsapproximativement holomorphesde ¯br ¶es
convenablement choisis: l'observation fondamentale deDonaldsonestque,demême
qu'un ¯br ¶e holomorphesu±samment positif sur une vari¶et¶e projective admet un
grand nombre de sectionsholomorphes,un ¯br ¶e en droites su±samment positif sur
une vari¶et¶e symplectiquecompacteadmet de nombreusessectionsapproximative-
ment holomorphes.Toutefois,contrairement au casprojectif oµu un argument facile
de transversalit¶e permet d'obtenir imm¶ediatement deshypersurfacescomplexes,un
raisonnement assezlong est n¶ecessairepour prouver l'existenced'une sectiondont
lespropri¶et¶esdetransversalit¶eµa la sectionnulle garantissent quele lieu d'annulation
est une sous-vari¶et¶e lisseet approximativement J -holomorphe.

Il estais¶edev¶eri¯er qu'unesous-vari¶et¶eapproximativement J -holomorpheW ½
X est symplectique, c'est-µa-dire que la restriction de ! munit W d'une structure
symplectique. En outre, il existe une structure presque-complexeJ 0 compatible
avec ! , proche de J (mais d¶ependant de W), telle que W soit une sous-vari¶et¶e
J 0-holomorphe de X . Un int¶er̂et majeur du r¶esultat de Donaldson est donc de
fournir le premier proc¶ed¶e g¶en¶eral de construction d'hypersurfacessymplectiques
(codimensionr¶eelle2) dansune vari¶et¶e symplectiquecompactearbitraire [D1].

Dans [A1] (voir aussix2 et chapitre I I), cer¶esultat a ¶et¶e ¶etenduau casde ¯br ¶es
de rang sup¶erieur : la construction de sectionsapproximativement holomorphes
v¶eri¯ant des propri¶et¶es convenablesde transversalit¶e permet alors d'obtenir des
sous-vari¶et¶es symplectiques(approximativement J -holomorphes)de codimension
quelconque,dont on d¶etermine mieux le type topologiqueque par simple it¶eration
du r¶esultat de [D1]. Il a de plus ¶et¶e ¶etabli que, en d¶epit de la grande°exibilit ¶e de
la construction de Donaldson,les sous-vari¶et¶esque l'on est susceptibled'obtenir µa
partir de sectionsapproximativement holomorphesd'un ¯br ¶e su±samment positif
donn¶e sont uniques µa isotopie symplectique prµes [A1] (cf. x2 et chapitre I I) ; en
outre, ce r¶esultat restevrai mêmesi l'on fait varier la structure presque-complexe.
Cela signi¯e que les sous-vari¶et¶es symplectiquesconstruites µa partir de ¯br ¶es suf-
¯samment positifs peuvent être utilis¶eespour d¶e¯nir des invariants symplectiques
de la vari¶et¶e consid¶er¶ee: ainsi desinvariants topologiquesd¶e¯nis pour desvari¶et¶es
de petite dimension(par exempleceuxde Seiberg-Witten en dimension4) peuvent
être utilis¶espour caract¶eriserdesvari¶et¶essymplectiquesde dimensionsup¶erieure.

D'autres r¶esultats classiquesde g¶eom¶etrie projective complexe peuvent être
transpos¶esµa la g¶eom¶etrie symplectiquede fa»con similaire. Ainsi, Donaldsona ¶et¶e le
premier µa montrer que deux sectionsapproximativement holomorphesconvenable-
ment choisiesd'un ¯br ¶e en droites su±samment positif d¶eterminent une structure
de pinceau de Lefschetzsymplectique sur une vari¶et¶e symplectiquecompacte[D2].
Une telle structure est l'analogue symplectiquede la notion classiquede pinceau
de Lefschetz alg¶ebrique : la vari¶et¶e consid¶er¶eeest remplie par une famille d'hyper-
surfacessymplectiquesindex¶eespar CP1, s'intersectant le long d'une sous-vari¶et¶e
symplectiquelissede codimension (r¶eelle) 4 (les \p oints base"), toutes les hyper-
surfacesdu pinceau¶etant lissesexcept¶e un nombre ¯ni d'entre ellesdont lespoints
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singulierssont isol¶eset relativement simples(des points doublesµa croisement nor-
mal dans le cas de la dimension4) ; aprµes¶eclatement le long des points base,on
obtient une ¯br ation de Lefschetzsymplectiqueau-dessusde CP1. Outre [D2], on
pourra se r¶ef¶erer au x6.2 du chapitre I I I oµu est esquiss¶ee une preuve du r¶esultat
utilisant lesarguments de [A1] et [A2], ainsi qu'au texte de Sikorav [Si]; en¯n, une
¶etude pouss¶ee des pinceaux de Lefschetz symplectiquesen dimension 4 se trouve
dans [BK].

Dans le mêmeesprit, il a ¶et¶e ¶etabli dans[A2] (voir aussix3 et chapitre I I I) que
toute vari¶et¶e symplectiquecompacteX de dimension 4 peut être vue commeun
rev̂etement rami¯ ¶e(singulier) deCP2 : le rev̂etement estd¶etermin¶epar trois sections
approximativement holomorphessoigneusement choisiesd'un ¯br ¶e en droites trµes
positif sur X . De plus, le choix d'un ¯br ¶e en droites su±samment positif d¶etermine
canoniquement une classed'isotopie de rev̂etements rami¯ ¶es(singuliers)X ! CP2,
ind¶ependamment de la structure presque-complexecompatible consid¶er¶ee [A2]. Il
semble probablequedenombreux autresr¶esultatsclassiquesdeg¶eom¶etrie projective
admettent de la mêmefa»con desanaloguessymplectiques.

Le restede cechapitre a pour but de donnerun aper»cu desprincipaux r¶esultats
obtenusau coursdela r¶ealisationdecetravail, et delesillustrer par diversexemples.
Les¶enonc¶esd¶ecrits ci-dessoussont formul¶esde fa»conplus pr¶eciseet d¶emontr¶esdans
les chapitres I I et I I I ([A1] et [A2]). On pourra ¶egalement se r¶ef¶erer µa [D1] pour
l'argument original de Donaldson,ainsi qu'µa [Si] pour une synthµesedesr¶esultatsde
[D1], [A1] et [D2].

2. Sous-vari ¶et¶es symplectiques : ¶enonc¶es et exemples

Soit (X ; ! ) une vari¶et¶e symplectiquecompactede dimension2n. On fera dans
tout ce qui suit l'hypothµeseque la classede cohomologie 1

2¼[! ] 2 H 2(X ; R) est
entiµere. Cette condition d'int¶egralit¶e n'est pas une restriction trµes forte, car dans
tous les cas il existe des formes symplectiques! 0 arbitrairement proches de ! et
qui, aprµes multiplication par un facteur entier, v¶eri¯ent la condition requise.Une
structure presque-complexeJ compatible avec ! et la m¶etrique riemanniennecor-
respondante g sont ¶egalement ¯x ¶ees.

Soit L le ¯br ¶e en droites complexessur X dont la classede Chern est c1(L) =
1

2¼[! ], muni d'une m¶etrique hermitienne et d'une connexionhermitienne r L dont
la 2-formede courbure est ¶egaleµa ¡ i! (l'existenced'une telle connexionest facile
µa ¶etablir : la courbure d'une connexionhermitienne quelconquer sur L di®µere de
¡ i! par une2-formeexactequi peut semettre sousla formei da aveca 2 ­ 1(X ; R) ;
on peut alors choisir r L = r + i a). L'observation fondamentale est que, pour des
valeurssu±samment grandesdu paramµetre entier k, le ¯br ¶e en droites L k admet de
nombreusessectionsapproximativement holomorphes,qui d¶eterminent un plonge-
ment approximativement holomorphede X dansun espaceprojectif : il s'agit d'un
analoguesymplectiquede la construction classiquede Kodaira (voir par exemple
[GH], x1.4). L'in tuition dicte alorsqu'un hyperplan convenablement choisi doit, par
intersection avec X , d¶eterminer une sous-vari¶et¶e symplectiqueapproximativement
J -holomorphe de X . La formulation rigoureusede cette construction (voir [D1])
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n¶ecessitel'in troduction desnotions d'holomorphieasymptotiqueet de transversalit¶e
uniforme µa 0 d'une famille de sections.

Soient (Ek)kÀ 0 des¯br ¶esvectorielscomplexessur X , tous munis d'une m¶etrique
hermitienne et d'une connexionhermitienne. La structure presque-complexeJ sur
X et la connexionsur Ek d¶eterminent desop¶erateurs@et ¹@sur Ek .

Les ¯br ¶es Ek que l'on utilisera dans la suite sont d¶e¯nis µa partir des ¯br ¶es en
droites L k : par exemple,on s'int¶eresseraparticuliµerement au casde Ek = E ­ L k ,
oµu E est un ¯br ¶e vectoriel hermitien ¯x ¶e muni d'une connexionhermitienne r E .
Les structures et connexionshermitiennes dont on munit Ek naturellement sont
alors induites par cellesde E et L. En particulier, la connexionhermitienne induite
par r L sur L k a pour courbure¡ ik ! ; il s'ensuit que lesvariations dessectionsdes
¯br ¶esEk que l'on consid¶ereratendent naturellement µa seproduire µa des¶echellesde
l'ordre de k¡ 1=2 (µa causede l'identit ¶e liant leurs d¶eriv¶eessecondesµa la courbure).
Il est donc utile de remplacer la m¶etrique g sur X par la m¶etrique renormalis¶ee
gk = k:g : le diamµetre de X est alorsmultipli ¶e par k1=2, et lesd¶eriv¶eesd'ordre p des
sectionssont divis¶eespar kp=2.

Remar que : contrairement µa la convention adopt¶eeici ainsi qu'au chapitre I I I
et dansl'ensemble de la litt ¶erature, dansle chapitre I I ci-dessous([A1]) la m¶etrique
gk n'est pas utilis¶ee,et toutes les estim¶eessont donn¶eespour la m¶etrique g, ce qui
introduit desfacteursk1=2 suppl¶ementaires danslesd¶e¯nitions. Par ailleurs on peut
indi®¶eremment travailler avec desestim¶eesde type C r ([D1], [A1]) ou C1 ([A2]).

D¶efinition 1. Dessections (sk)kÀ 0 de¯br ¶esvectoriels complexesEk sur X sont
dites asymptotiquement holomorphessi, pour tout p 2 N, les d¶eriv¶eescovariantes
r psk et les quantit¶es k1=2r p ¹@sk sont uniform¶ement born¶ees(pour la m¶etrique gk)
par desconstantesind¶ependantesde k, c'est-µa-dire si

8p 2 N; jsk jCp ;gk = O(1) et j ¹@sk jCp ;gk = O(k¡ 1=2):

D¶efinition 2. Dessections (sk)kÀ 0 deEk sur X sont ditesuniform¶ement trans-
versesµa 0 s'il existeuneconstante´ > 0 telle que,pour tout k et en tout point x 2 X
tel que jsk(x)j < ´ , la d¶eriv¶ee covariante r sk(x) : TxX ! (Ek)x est surjective et
\plus grande que´ " (c'est-µa-dire admet un inverse µa droite de norme inf¶erieure µa
´ ¡ 1).

On v¶eri¯e ais¶ement que,si dessections(sk)kÀ 0 deEk sont simultan¶ement asymp-
totiquement holomorpheset uniform¶ement transversesµa 0, alors pour k su±sam-
ment grand le lieu d'annulation Wk = s¡ 1

k (0) est une sous-vari¶et¶e symplectique
lissede X . Lessous-vari¶et¶esWk sont de plus asymptotiquement J -holomorphes,en
ce sensqu'en tout point de Wk le sous-espaceJ (TWk) est µa distanceO(k¡ 1=2) de
TWk . Lesr¶esultatsprincipaux du chapitre I I peuvent alors être formul¶esde la fa»con
suivante :

Th ¶eor µeme 1 ([A1]). Soit E un ¯br ¶e vectoriel complexequelconquesur X : pour
k su±samment grand, les ¯br ¶es E ­ L k admettent dessections asymptotiquement
holomorpheset uniform¶ement transversesµa 0, dont les lieux d'annulation sont des
sous-vari¶et¶es symplectiqueslissesde X .
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Ce th¶eorµeme (chapitre I I, Corollaire 1) ¶etend le r¶esultat principal obtenu par
Donaldsondans [D1], qui correspond au casoµu E est le ¯br ¶e en droites trivial. Le
r¶esultat d'unicit ¶e suivant (chapitre I I, Corollaire 2) est ¶egalement ¶etabli :

Th ¶eor µeme 2 ([A1]). Les sous-vari¶et¶es symplectiques que l'on peut construire
µa partir de sections asymptotiquementholomorpheset uniform¶ement transversesµa
0 de E ­ L k sont, pour toute valeur su±samment grande de k, uniquesµa isotopie
symplectique prµes.

En outre, ce r¶esultat d'unicit ¶e demeurevrai si l'on considµere dessous-vari¶et¶es
obtenuespour di®¶erentes structures presque-complexescompatiblesavec! . Pour k
su±samment grand, le type topologiquedessous-vari¶et¶essymplectiquesconstruites
est donc un invariant symplectiquede (X ; ! ).

Exemple. Dans le tore T4 = R4=Z4 muni de la forme symplectiquestandard
! = 4¼(dx1 ^ dx2 + dx3 ^ dx4), di®¶erentes topologiessont envisageablespour des
sous-vari¶et¶essymplectiquesrepr¶esentant la classed'homologieduale de k

2¼[! ] pour
la dualit¶e de Poincar¶e. La con¯guration la plus simple, qui correspond µa ce que
l'on obtient naturellement pour k su±samment grand µa partir de sectionsasymp-
totiquement holomorpheset uniform¶ement transversesµa 0 de L k , est une surface
de Riemann connexede genre 4k2 + 1 : une telle sous-vari¶et¶e peut par exemple
être obtenue par d¶esingularisation(µa l'aide de sommesconnexes)de la sous-vari¶et¶e
singuliµere (Fk £ T2) [ (T2 £ Fk) oµu Fk ½ T2 est un ensemble ¯ni constitu¶e de 2k
points de T2.

Toutefois, d'autres typesde sous-vari¶et¶essymplectiquespermettent de r¶ealiser
la mêmeclassed'homologie: par exempledessurfacesconstitu¶eesde deux compo-
santes disjointes chacunede genre2k2 + 1. Il est ais¶e de v¶eri¯er sansmêmeinvoquer
le Th¶eorµeme2 quede tellessous-vari¶et¶esne peuvent être obtenuespar lesm¶ethodes
d¶ecritesici (Proposition 2 du chapitre I I). La construction de cessous-vari¶et¶esnon
connexessefonde sur l'existenced'une d¶ecomposition 1

2¼! = » + ³ oµu les 2-formes
» et ³ sont telles que ! ^ » > 0, ! ^ ³ > 0 et » ^ ³ = 0 : les classesd'homologie
dualesde [k»] et [k³ ] peuvent alors être repr¶esent¶eespar descourbessymplectiques
disjointes, chaquecomposante ¶etant de genre2k2 + 1 et obtenue commeci-dessus
par d¶esingularisationde familles de 2-toresplats de T 4.

Cet exempleillustre la non-trivialit ¶e du Th¶eorµeme 2 : contrairement µa ce qui
sepasseen g¶eom¶etrie complexeoµu toutes les hypersurfacesprojectiveslissesd'une
classed'homologiedonn¶eesont di®¶eomorphes,dans le cassymplectiquedi®¶erents
typestopologiquespeuvent coexisterdansunemêmeclassed'homologie.Le r¶esultat
d'unicit ¶e d¶ecrit ici ainsi que plusieursautres propri¶et¶es d¶ecrites dans [D1] et [A1]
indiquent que,par de nombreux aspects, lessous-vari¶et¶esapproximativement holo-
morphes¶etudi¶eesici semblent avoir un comportement topologiqueplus proche de
la g¶eom¶etrie projective complexeque de la g¶eom¶etrie symplectiqueusuelle.

La d¶etermination du typetopologiquedessous-vari¶et¶esconstruitesesteng¶en¶eral
di±cile, mêmesi desinvariants ¶el¶ementaires tels que les nombresde Betti peuvent
être calcul¶esexplicitement (Proposition 2 et x5.2 du chapitre I I). En g¶en¶eral, cette
d¶etermination complµete n'est possiblequedansquelquescastels queceuxdessous-
vari¶et¶es de dimension2 (ce sont des surfacesde Riemann connexesdont le genre
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secalcule ais¶ement), ou parfois lorsquela vari¶et¶e X est une vari¶et¶e alg¶ebrique ou
encoreun produit de vari¶et¶essymplectiques.

Exemple. On considµere le cas oµu X 6 = M 4 £ § 2 est le produit cart¶esiende
vari¶et¶essymplectiques(M ; ! M ) de dimension4 et (§ ; ! § ) de dimension2 v¶eri¯ant
toutes deux la condition d'int¶egralit¶e requise.Par le Th¶eorµeme1, on peut construire
pour k su±samment grand descourbessymplectiques§ k ½ M de classefondamen-
tale k

2¼[! M ] (le genredecescourbesconnexessecalculepar la formule d'adjonction),
ainsi que desparties ¯nies Fk constitu¶eesde f k = k

2¼

R
§ ! § points de §.

La vari¶et¶e X ¶etant munie de la structure symplectiqueproduit ! = ¼¤
1! M +

¼¤
2! § , on peut alors ¶etablir (µa l'aide du Th¶eorµeme2 du chapitre I I) que les ¯br ¶es

L k sur X admettent dessectionsasymptotiquement holomorpheset uniform¶ement
transversesµa 0 dont leslieux d'annulation Wk sont arbitrairement prochesdessous-
vari¶et¶essinguliµeresVk = (§ k £ §) [ (M £ Fk). La topologienaturelle dessous-vari¶et¶es
symplectiquesde X de classefondamentale dualede k

2¼[! ] d¶ecritespar le Th¶eorµeme
1 correspond donc µa une d¶esingularisation(au voisinagede § k £ Fk) de la sous-
vari¶et¶e Vk . On peut montrer que la construction qui permet d'obtenir Wk µa partir
de § k £ § et de M £ Fk est une op¶eration de sommeconnexesymplectique avec
¶eclatementsle long de § k £ Fk : si on note M k la vari¶et¶e obtenue µa partir de M
par ¶eclatement de points de § k jusqu'µa rendre trivial le ¯br ¶e normal de § k , la sous-
vari¶et¶e Wk s'obtient en recollant µa § k £ § un exemplairede la vari¶et¶e ¶eclat¶eeM k

le long de chacunedesf k composantes de § k £ Fk . On ser¶ef¶ereraµa [Go] pour une
description plus pr¶ecisedu proc¶ed¶e de sommeconnexesymplectique.

La construction de sous-vari¶et¶es symplectiquesde dimension 4 (canoniquesµa
isotopieprµesd'aprµesle Th¶eorµeme2) est particuliµerement int¶eressante, car lesnom-
breux invariants de dimension 4 d¶e¯nis pour cessous-vari¶et¶es fournissent autant
d'invariants symplectiquesde la vari¶et¶e ambiante. Dans le cas des invariants de
Seiberg-Witten, cette approche est toutefois d¶ecevante, car les invariants dessous-
vari¶et¶esconstruitespour k grand semblent contenir trµespeu d'information : dansle
casdesvari¶et¶esprojectives,lessous-vari¶et¶esobtenuessont dessurfacesalg¶ebriques
de type g¶en¶eral, dont les invariants de Seiberg-Witten sont peu int¶eressants [FM]
(ils ne d¶ecrivent que la classede Chern c1(TX ) et la pr¶esenced'¶eventuelles sphµeres
exceptionnelles),et dansle casd¶ecrit ci-dessusdu produit X 6 = M 4 £ § 2, le calcul
partiel µa l'aide de formulespour lessommesconnexestellesquecellede [MST] n'est
pas plus fructueux. Toutefois, il est probable que des invariants plus ¯ns tels que
ceux qui d¶ecrivent la topologie des structures de pinceaux de Lefschetz symplec-
tiques en dimension4 ([D2], voir aussi[Si] et [BK]), appliqu¶esaux sous-vari¶et¶esde
dimension4 donn¶eespar le Th¶eorµeme1, permettent d'obtenir desinformations plus
pr¶ecisessur la topologiede la vari¶et¶e ambiante.

3. Rev êtemen ts rami¯ ¶es de CP2

Les th¶eorµemesd'existencede sectionsasymptotiquement holomorpheset uni-
form¶ement transversesµa 0 d¶ecrits ci-dessusconstituent ¶egalement un premier pas
vers l'obtention de structures plus ¶elabor¶ees: ainsi, il est possiblepour k su±sam-
ment grand de construire une section approximativement holomorphede C2 ­ L k
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(c'est-µa-dire un couple de sections de L k) dont les propri¶et¶es de transversalit¶e
entrainent l'existence d'une structure de pinceau de Lefschetzsymplectique sur
X ([D2], voir ¶egalement le x6.2 du chapitre I I I). Dans cette partie nous nous
int¶eresseronsplus particuliµerement µa la construction de trois sectionsapproxima-
tiv ement holomorphesde L k (c'est-µa-dire une section de C3 ­ L k) lorsque X est
de dimension4, cequi permet d'aboutir au r¶esultat que toute vari¶et¶e symplectique
compactede dimension 4 est un rev̂etement rami¯ ¶e (singulier) de CP2 [A2]. Les
¶enonc¶eset d¶e¯nitions ci-dessoussont formul¶esplus pr¶ecis¶ement et d¶emontr¶esdans
le chapitre I I I.

Il existeun lien naturel entre sectionsde C3 ­ L k et applicationsµa valeursdans
CP2 : la donn¶eed'une sections = (s0; s1; s2) de C3 ­ L k qui ne s'annule passur X
permet de d¶e¯nir une application f (x) = [s0(x) : s1(x) : s2(x)] (en coordonn¶eesho-
mogµenes)deX dansCP2. Lorsquek estassezgrand, il estpossibledeconstruiredes
sectionsapproximativement holomorphesde C3 ­ L k qui ne s'annulent paset dont
les propri¶et¶esde g¶en¶ericit¶e et de compatibilit ¶e avec la structure presque-complexe
su±sent µa assurerque l'application projective correspondante est un rev̂etement
rami¯ ¶e singulier approximativement holomorphe (la formulation pr¶ecisedes pro-
pri¶et¶es requises¶etant relativement compliqu¶ee,on se r¶ef¶erera aux D¶e¯nitions 5, 6
et 7 du chapitre I I I).

Le termederev̂etement rami¯ ¶efait r¶ef¶erenceau fait quel'on autorisedesfeuillets
du rev̂etement µa se rejoindre le long d'une sous-vari¶et¶e R appel¶ee lieu de rami¯-
cation : l'exemple le plus simple est l'application (x; y) 7! (x2; y) de C2 dans C2,
dont le lieu de rami¯cation est C£ 0. En outre, le rev̂etement d¶ecrit ici est singulier
de par la pr¶esencede points isol¶esoµu le lieu de rami¯cation R devient \v ertical",
c'est-µa-dire que la restriction de f µa R cessed'être une immersion et l'image f (R)
pr¶esente alors un cusp : un exempletype est l'application (x; y) 7! (x3 ¡ xy; y)
de C2 dans C2 au voisinagede l'origine. Une description plus pr¶ecisede la notion
de rev̂etement rami¯ ¶e singulier est donn¶ee au x1 du chapitre I I I. En outre, dans
le cas que l'on considµere ici l'application de rev̂etement est approximativement
holomorphe,ce qui implique en particulier que le lieu de rami¯cation R est une
sous-vari¶et¶e symplectiqueapproximativement holomorphede X et que son image
par f est une sous-vari¶et¶e symplectiquesinguliµerede CP2.

Le r¶esultat principal de[A2] peut seformuler dela fa»consuivante (cf. Th¶eorµemes
1 et 4 du chapitre I I I) :

Th ¶eor µeme 3. Pour tout k su±samment grand, il est possiblede construire des
sections de C3 ­ L k qui donnent µa X une structure de rev̂etement rami¯ ¶e singu-
lier approximativement holomorpheau-dessusde CP2. En outre, pour chaqueva-
leur su±samment grande de k la topologie d'un tel rev̂etementest canoniquement
d¶etermin¶eeµa isotopie prµes.

De mêmequelesstructuresde pinceauxde Lefschetz symplectiquesdesvari¶et¶es
symplectiquesde dimension4 permettent, par l'¶etude de la monodromie de la ¯-
bration de Lefschetz correspondante au-dessusde CP1, de d¶e¯nir des invariants
symplectiquestrµes¯ns ([D2], [BK]), il est possibled'exploiter le Th¶eorµeme3 pour
construire de nouveaux invariants symplectiques.
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La topologie d'un rev̂etement rami¯ ¶e f : X ! CP2 est en grande partie
d¶etermin¶eepar celledel'image du lieu derami¯cation D = f (R) ½ CP2. Dansnotre
cas,D est une courbe symplectiquesinguliµeredansCP2, dont lesseulessingularit¶es
sont g¶en¶eriquement des cuspset des points doubles(a priori , il n'est pas certain
que l'on puisseexclure les points doublesµa auto-intersectionn¶egative commec'est
le casen g¶eom¶etrie projective). L'¶etudedesinvariants qui caract¶erisent la topologie
d'une telle sous-vari¶et¶e deCP2 estactuellement l'objet d'un travail encollaboration
avec L. Katzarkov, en faisant appel µa destechniquesintroduites et d¶evelopp¶eesen
g¶eom¶etrie complexepar Moishezondanslesann¶ees80([Moi1], [Moi2], ...) et qui per-
mettent de seramenerµa l'¶etude d'une factorisation dansun groupe de tresses.Les
perspectives o®ertespar de tels invariants pour la r¶esolution de divers problµemes
ouverts importants en topologie symplectique de la dimension 4 semblent d'ores
et d¶ejµa prometteuses,même si un travail important reste µa fournir avant que la
topologiedesrev̂etements rami¯ ¶essinguliersde CP2 soit entiµerement comprise.



CHAPITRE II

Asymptotically Holomorphic Families of Symplectic
Submanifolds

(paru dans Geom. Funct. Anal. 7 (1997), 971{995)

Abstra ct. Weconstruct a wide rangeof symplectic submanifolds
in a compact symplectic manifold as zero sets of asymptotically
holomorphic sectionsof vector bundles obtained by tensoring an
arbitrary vector bundle by large powersof the complex line bundle
whose¯rst Chern class is the symplectic form (assuming a suit-
able integralit y condition). We also show that, asymptotically, all
sequencesof submanifolds constructed from a given vector bun-
dle are isotopic. Furthermore, we prove a result analogousto the
Lefschetz hyperplane theorem for the constructed submanifolds.

1. In tro duction

In a recent paper [D1], Donaldson has exhibited an elementary construction
of symplectic submanifolds of codimension 2 in a compact symplectic manifold,
wherethe submanifoldsareseenaszerosetsof asymptotically holomorphicsections
of well-chosenline bundles. In this paper, we extend this construction to higher
rank bundlesas well as to one-parameterfamilies, and obtain as a consequencean
important isotopy result.

In all the following, (X ; ! ) will be a compactsymplectic manifold of dimension
2n, such that the cohomologyclass 1

2¼[! ] is integral. A compatible almost-complex
structure J and the corresponding riemannian metric g are ¯xed. Let L be the
complexline bundle on X whose¯rst Chern classis c1(L) = 1

2¼[! ]. Fix a Hermitian
structure on L, and let r L be a Hermitian connectionon L whosecurvature 2-form
is equal to ¡ i! (it is clear that such a connectionalways exists).

We will considerfamiliesof sectionsof bundlesof the form E ­ L k on X , de¯ned
for all large values of an integer parameter k, where E is any Hermitian vector
bundle over X . The connectionr L inducesa connectionof curvature ¡ ik ! on L k ,
and together with any given Hermitian connectionr E on E this yields a Hermitian
connectionon E ­ L k for any k. We are interested in sectionswhich satisfy the
following two properties :

Definition 1. A sequence of sections sk of E ­ L k (for large k) is said to
be asymptotically holomorphic with respect to the given connections and almost-
complexstructure if the following boundshold :

jsk j = O(1); jr sk j = O(k1=2); j ¹@sk j = O(1);
jrr sk j = O(k); jr ¹@sk j = O(k1=2):

11
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SinceX is compact, up to a changeby a constant factor in the estimates,the
notion of asymptotic holomorphicity doesnot actually depend on the chosenHer-
mitian structuresandon the chosenconnectionr E . On the contrary, the connection
r L is essentially determinedby the symplectic form ! , and the positivit y property
of its curvature is the fundamental ingredient that makesthe construction possible.

Definition 2. A section s of a vector bundle E ­ L k is said to be ´ -transverse
to 0 if wheneverjs(x)j < ´ , the covariant derivative r s(x) : TxX ! (E ­ L k)x

is surjective and admits a right inverse whosenorm is smaller than ´ ¡ 1:k¡ 1=2. A
family of sections is transverseto 0 if there existsan ´ > 0 suchthat ´ -transversality
to 0 holdsfor all largevaluesof k.

In the caseof line bundles,´ -transversality to 0 simply meansthat the covariant
derivative of the section is larger than ´ k1=2 wherever the section is smaller than
´ . Also note that transversality to 0 is an open property : if s is ´ -transverseto 0,
then any section ¾such that js ¡ ¾j < ² and jr s ¡ r ¾j < k1=2² is automatically
(´ ¡ ²)-transverseto 0. The following holds clearly, independently of the choiceof
the connectionson the vector bundles:

Pr oposition 1. Let sk be sections of the vector bundles E ­ L k which are si-
multaneously asymptotically holomorphic and transverseto 0. Then for all large
enoughk, the zero setsWk of sk are embedded symplectic submanifoldsin X . Fur-
thermore, the submanifoldsWk are asymptotically J -holomorphic, i.e. J (TWk) is
within O(k¡ 1=2) of TWk .

The result obtained by Donaldson[D1] can be expressedas follows :

Theorem 1. For all large k there exist sections of the line bundles L k which
are transverseto 0 and asymptotically holomorphic(with respect to connections with
curvature ¡ ik ! on L k).

Our main result is the following (the extension to almost-complexstructures
that depend on the parameter t was suggestedby the referee):

Theorem 2. Let E be a complex vector bundle of rank r over X , and let a
parameter space T be either f 0g or [0; 1]. Let (J t )t2 T be a family of almost-complex
structures on X compatible with ! . Fix a constant ² > 0, and let (st;k )t2 T;k¸ K be
a sequence of families of asymptotically J t -holomorphic sections of E ­ L k de¯ned
for all largek, suchthat the sections st;k and their derivativesdepend continuously
on t.

Then there exist constants ~K ¸ K and ´ > 0 (dependingonly on ², the geometry
of X and the bounds on the derivatives of st;k ), and a sequence (¾t;k )t2 T;k¸ ~K of
families of asymptotically Jt -holomorphicsections of E ­ L k de¯ned for all k ¸ ~K ,
suchthat

(a) the sections ¾t;k and their derivativesdepend continuously on t,
(b) for all t 2 T, j¾t;k ¡ st;k j < ² and jr ¾t;k ¡ r st;k j < k1=2²,
(c) for all t 2 T, ¾t;k is ´ -transverseto 0.

Note that, sincewe allow the almost-complexstructure on X to depend on t,
great caremust be taken asto the choiceof the metric on X usedfor the estimates



1. INTR ODUCTION 13

on derivatives. The most reasonablechoice,and the onewhich will be madein the
proof, is to always usethe samemetric, independently of t (so, there is no relation
betweeng, ! and Jt ). However, it is clear from the statement of the theoremthat,
sincethe spacesX and T are compact, any changein the choice of metric can be
absorbed by simply changing the constants ~K and ´ , and so the result holds in all
generality.

Theorem 2 has many consequences.Among them, we mention the following
extensionof Donaldson'sresult to higher rank bundles:

Cor ollar y 1. For any complexvector bundle E over X and for all large k,
there exist asymptotically holomorphicsections of E ­ L k which are transverseto 0,
and thus whosezero setsare embedded symplectic submanifoldsin X . Furthermore
given a sequence of asymptotically holomorphicsections of E ­ L k and a constant
² > 0, wecan require that the transversesections lie within ² in C0 sense(and k1=2²
in C1 sense)of the given sections.

Therefore,homologyclassesthat onecan realizeby this construction include all
classeswhosePoincar¶e dual is of the form ( k

2¼[! ])r + c1:( k
2¼[! ])r ¡ 1 + : : : + cr , with

c1; : : : ; cr the Chern classesof any complex vector bundle and k any su±ciently
large integer.

An important result that onecan obtain on the sequencesof submanifoldscon-
structed usingCorollary 1 is the following isotopy result derivedfrom the casewhere
T = [0; 1] in Theorem2 and which had beenconjecturedby Donaldsonin the case
of line bundles:

Cor ollar y 2. Let E be any complexvector bundle over X , and let s0;k and s1;k

be two sequencesof sections of E ­ L k . Assumethat thesesections are asymptotically
holomorphic with respect to almost-complexstructures J0 and J1 respectively, and
that they are ²-transverseto 0. Then for all largek the zero setsof s0;k and s1;k are
isotopic through asymptotically holomorphic symplectic submanifolds. Moreover,
this isotopy can be realized throughsymplectomorphismsof X .

This result follows from Theorem2 by de¯ning sectionsst;k and almost-complex
structures Jt that interpolate between(s0;k ; J0) and (s1;k ; J1) in the following way :
for t 2 [0; 1

3], let st;k = (1 ¡ 3t)s0;k and Jt = J0 ; for t 2 [1
3 ; 2

3 ], let st;k = 0 and
take Jt to be a path of compatible almost-complexstructures from J0 to J1 (this
is possiblesincethe spaceof compatible almost-complexstructures is connected);
and for t 2 [2

3; 1], let st;k = (3t ¡ 2)s1;k and Jt = J1. One can then apply Theorem
2 and obtain for all large k and for all t 2 [0; 1] sections¾t;k that di®er from st;k

by at most ²=2 and are ´ -transverseto 0 for some´ . Sincetransversality to 0 is
an open property, the submanifoldscut out by ¾0;k and ¾1;k are clearly isotopic to
those cut out by s0;k and s1;k . Moreover, the family ¾t;k givesan isotopy between
the zero setsof ¾0;k and ¾1;k . So the constructed submanifoldsare isotopic. The
proof that this isotopy can be realized through symplectomorphismsof X will be
given in Section4.
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As a ¯rst step in the characterization of the topology of the constructed sub-
manifolds, we alsoprove the following statement, extending the result obtained by
Donaldsonin the caseof the line bundlesL k :

Pr oposition 2. Let E be a vector bundle of rank r over X , and let Wk be a
sequence of symplectic submanifoldsof X constructed as the zero setsof asymptot-
ically holomorphicsections sk of E ­ L k which are transverseto 0, for all large k.
Then whenk is su±ciently large, the inclusion i : Wk ! X inducesan isomorphism
on homotopygroups¼p for p < n ¡ r , and a surjection on ¼n¡ r . The sameproperty
also holdsfor homology groups.

Section2 contains the statement and proof of the local result on which the whole
construction relies. Section3 dealswith the proof of a semi-globalstatement, using
a globalizationprocessto obtain resultson largesubsetsof X from the local picture.
The proofs of Theorem 2 and Corollary 2 are then completed in Section 4. Sec-
tion 5 contains miscellaneousresultson the topology and geometryof the obtained
submanifolds,including Proposition 2.

Ac knowledgmen ts. The author wishesto thank ProfessorMikhael Gromov
(IH ¶ES) for valuable suggestionsand guidancethroughout the elaboration of this
paper, and ProfessorJean-PierreBourguignon ( ¶Ecole Polytechnique) for his sup-
port.

2. The local result

The proof of Theorem2 relieson a local transversality result for approximatively
holomorphic functions, which we state and prove immediately.

Pr oposition 3. There exists an integer p depending only on the dimension
n, with the following property : let ± be a constant with 0 < ± < 1

2 , and let ¾ =
±: log(±¡ 1)¡ p. Let (f t )t2 T be a family of complex-valued functions over the ball B +

of radius 11
10 in Cn , depending continuously on the parameter t 2 T and satisfying

for all t the following boundsover B + :

jf t j · 1; j ¹@f t j · ¾; jr ¹@f t j · ¾:

Then there existsa family of complexnumbers wt 2 C, depending continuously
on t, suchthat for all t 2 T, jwt j · ±, and f t ¡ wt hasa ¯rst derivative larger than
¾at any point of the interior ball B of radius 1 where its norm is smaller than ¾.

Proposition 3 extendsa similar result provedin detail in [D1], which corresponds
to the casewhereT = f 0g. The proof of Proposition 3 is basedon the sameideas
as Donaldson'sproof, which is in turn basedon considerationsfrom real algebraic
geometry following the method of Yomdin [Y][Gro2], with the only di®erencethat
we must get everything to depend continuously on t. Note that this statement is
false for more generalparameter spacesT than f 0g and [0; 1], since for example
when T is the unit disc in C and f t (z) = t, one looks for a continuousmap t 7! wt

of the disc to itself without a ¯xed point, in contradiction with Brouwer's theorem.
The idea is to deal with polynomial functions gt approximating f t , for which

a generalresult on the complexity of real semi-algebraicsetsgives constraints on
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the near-critical levels. This part of the proof is similar to that given in [D1], so
we skip the details. To obtain polynomial functions, we approximate f t ¯rst by a
continuous family of holomorphic functions ~f t di®ering from f t by at most a ¯xed
multiple of ¾ in C1 sense,using that ¹@f t is small. The polynomials gt are then
obtained by truncating the Taylor seriesexpansionof ~f t to a given degree. It can
be shown that by this method one can obtain polynomial functions gt of degreed
lessthan a constant times log(¾¡ 1), such that gt di®ersfrom f t by at most c:¾in
C1 sense,wherec is a ¯xed constant (see[D1]). This approximation processdoes
not hold on the whole ball where f t is de¯ned, which is why we neededf t to be
de¯ned on B + to get a result over the slightly smaller ball B (seeLemmas27 and
28 of [D1]).

For a given complex-valued function h over B , call Yh;² the set of all points
in B where the derivative of h has norm less than ², and call Zh;² the ²-tubular
neighborhood of h(Yh;² ). What wewish to construct is a path wt avoiding by at least
¾all near-critical levelsof f t , i.e. consistingof valuesthat lie outsideof Z f t ;¾. Since
gt is within c:¾of f t , it is clear that Z f t ;¾ is contained in Z t = Zgt ;(c+1) ¾. However
a generalresult on the complexity of real semi-algebraicsetsyields constraints on
the set Ygt ;(c+1) ¾. The precisestatement which one applies to the real polynomial
jdgt j2 is the following (Proposition 25 of [D1]) :

Lemma 1. Let F : Rm ! R be a polynomial function of degree d, and let
S(µ) ½ Rm be the subsetS(µ) = f x 2 Rm : jxj · 1; F (x) · 1 + µg. Then for
arbitrarily small µ > 0 there exist ¯xed constants C and º depending only on the
dimensionm suchthat S(0) may be decomposed into piecesS(0) = S1 [ S2 ¢¢¢[ SA ,
where A · Cdº , in sucha way that any pair of points in the samepiece Sr can be
joined by a path in S(µ) of length lessthan Cdº .

So, as described in [D1], given any ¯xed t, the set Ygt ;(c+1) ¾ of near-critical
points of the polynomial function gt of degreed can be subdivided into at most
P(d) subsets,whereP is a ¯xed polynomial, in such a way that two points lying in
the samesubsetcan be joined by a path of length at most P(d) insideYgt ;2(c+1) ¾. It
follows that the imageby gt of Ygt ;(c+1) ¾ is contained in the union of P(d) discsof
radius at most 2(c + 1)¾P(d), so that the set Z t of valueswhich we wish to avoid
is contained in the union Z +

t of P(d) discsof radius ¾Q(d), whereQ = 3(c+ 1)P is
a ¯xed polynomial and d = O(log ¾¡ 1).

If one assumes± to be larger than ¾Q(d)P(d)1=2, it follows immediately from
this constraint on Z t that Z t cannot ¯ll the disc D of all complexnumbersof norm
at most ± : this immediately proves the caseT = f 0g. However, when T = [0; 1],
we also needwt to depend continuously on t. For this purpose,we show that if ±
is large enough,D ¡ Z +

t , when decomposedinto connectedcomponents, splits into
several small components and only one large component.

Indeed,given a component C of D ¡ Z +
t , the simplest situation is that it does

not meetthe boundaryof D. Then its boundary is a curveconsistingof piecesof the
boundariesof the balls making up Z +

t , so its length is at most 2¼P(d)Q(d)¾, and
it follows that C hasdiameter lessthan ¼P(d)Q(d)¾. Consideringtwo components
C1 and C2 which meet the boundary of D at points z1 and z2, we can consideran
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arc ° joining the boundary of D to itself that separatesC1 from C2 and is contained
in the boundary of Z +

t . Assuming that ± is larger than e.g. 100P(d)Q(d)¾, since
the length of ° is at most 2¼P(d)Q(d)¾, it must stay closeto either z1 or z2 in order
to separatethem : ° must remain within a distanceof at most 10P(d)Q(d)¾from
oneof them. It follows that there exists i 2 f 1; 2g such that Ci is contained in the
ball of radius 10P(d)Q(d)¾ centered at zi . So all components of D ¡ Z +

t except
at most one are contained in balls of radius R(d)¾, for some¯xed polynomial R.
Furthermore, the number of components of D ¡ Z +

t is boundedby a value directly
related to the number of balls making up Z +

t , sothat, increasingR if necessary, the
number of components of D ¡ Z +

t is alsoboundedby R(d).
Assumingthat ± is much larger than R(d)3=2¾, the area¼±2 of D is much larger

than ¼R(d)3¾2, so that the small components of D ¡ Z +
t cannot ¯ll it, and there

must be a single large component. Getting back to D ¡ Z t , which was the set in
which we had to choosewt , it contains D ¡ Z +

t and di®ersfrom it by at most Q(d)¾,
so that, letting U(t) be the component of D ¡ Z t containing the large component
of D ¡ Z +

t , it is the only large component of D ¡ Z t . The component U(t) is
characterizedby the property that it is the only component of diameter more than
2R(d)¾in D ¡ Z t .

So the existenceof a single large component U(t) in D ¡ Z t is proved upon the
assumptionthat ± is large enough,namely larger than ¾:©(d) where © is a given
¯xed polynomial that can be expressedin terms of P, Q and R (so © dependsonly
on the dimension n). Since d is bounded by a constant times log¾¡ 1, it is not
hard to seethat there exists an integer p such that, for all 0 < ± < 1

2, the relation
¾= ±: log(±¡ 1)¡ p implies that ± > ¾:©(d). This is the value of p which we choosein
the statement of the proposition, thus ensuring that the above statements always
hold.

Since
S

t f tg £ Z t is a closedsubsetof T £ D, the open set U(t) dependssemi-
continuouslyon t : let U¡ (t; ²) be the set of all points of U(t) at distancemorethan
² from Z t [ @D. We claim that, given any t and any small ² > 0, for all ¿ close
enoughto t, U(¿) contains U¡ (t; ²). To seethis, we ¯rst show for all ¿ closeto t,
U¡ (t; ²) \ Z¿ = ; . Assuming that this is not the case,one can get a sequenceof
points of Z¿ for ¿ ! t that belongto U¡ (t; ²). From this sequenceonecan extract
a convergent subsequence,whoselimit belongsto ¹U¡ (t; ²) and thus lies outside of
Z t , in contradiction with the fact that

S
t f tg £ Z t is closed. So U¡ (t; ²) ½ D ¡ Z¿

for all ¿ closeenoughto t. Making ² smaller if necessary, one may assumethat
U¡ (t; ²) is connected,so that for ¿ closeto t, U¡ (t; ²) is necessarilycontained in
the large component of D ¡ Z¿, namely U(¿).

It follows that U =
S

t f tg £ U(t) is an open connectedsubsetof T £ D, and is
thuspath-connected.Soweget a path s 7! (t(s); w(s)) joining (0; w(0)) to (1; w(1))
inside U, for any given w(0) and w(1) in U(0) and U(1). We then only have to
make sure that s 7! t(s) is strictly increasingin order to de¯ne wt (s) = w(s).

Getting the t component to increasestrictly is in fact quite easy. Indeed, we
¯rst get it to be weakly increasing,by consideringvaluess1 < s2 of the parameter
such that t(s1) = t(s2) = t and simply replacingthe portion of the path betweens1

and s2 by a path joining w(s1) to w(s2) in the connectedsetU(t). Then, we slightly
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shift the path, using the fact that U is open, to get the t component to increase
slightly over the parts whereit was constant. Thus we can de¯ne wt (s) = w(s) and
end the proof of Proposition 3.

3. The globalization pro cess

3.1. Statemen t of the result. We will now prove a semi-globalresult using
Proposition 3. The globalization processwe describe hereis basedon that usedby
Donaldsonin [D1], but a signi¯cantly higher amount of work is required because
we have to deal with bundlesof rank larger than one. The important fact we use
is that transversality to 0 is, as expected,a local and open property.

Theorem 3. Let U be any open subsetof X , and let E be a complex vector
bundle of rank r ¸ 0 over U. Let (Jt )t2 T be a family of almost-complexstructures
on X compatible with ! . Fix a constant ² > 0. Let Wt;k be a family of symplectic
submanifoldsin U, obtained as the zero setsof asymptotically J t -holomorphic sec-
tions wt;k of the vector bundles E ­ L k which are ´ -transverseto 0 over U for some
´ > 0 and depend continuously on t 2 T (if the rank is r = 0, then wesimply de¯ne
Wt;k = U). Final ly, let (¾t;k ) be a family of asymptotically Jt -holomorphicsections
of L k which depend continuously on t. De¯ne U=

k to be the set of all points of U at
distance more than 4k¡ 1=3 from the boundary of U.

Then for some~́ > 0 and for all largek, there exist asymptotically J t -holomor-
phic sections ~¾t;k of L k over U, depending continuously on t, and suchthat

(a) for all t 2 T, ~¾t;k is equal to ¾t;k near the boundary of U,
(b) j~¾t;k ¡ ¾t;k j < ² and jr ~¾t;k ¡ r ¾t;k j < k1=2 ² for all t,
(c) the sections (wt;k + ~¾t;k ) of (E © C) ­ L k are ~́-transverseto 0 over U=

k for
all t.

Basically, this result states that the construction of Theorem 2 can be carried
out, in the line bundle case,in such a way that the resulting sectionsare transverse
to a given family of symplectic submanifolds.

As remarked in the introduction, the choiceof the metric in the statement of the
theorem is not obvious. We chooseto usealways the samemetric g on X , rather
than trying to work directly with the metrics gt induced by ! and Jt .

3.2. Lo cal coordinates and sections. The proof of Theorem 3 is basedon
the existenceof highly localized asymptotically holomorphic sectionsof L k near
every point x 2 X . First, we notice that near any point x 2 X , we can de¯ne
local complexDarboux coordinates (zi ), that is to say a symplectomorphismfrom
a neighborhood of x in (X ; ! ) to a neighborhood of 0 in Cn with the standard
symplectic form. Furthermore it is well-known that, by composing the coordinate
map with a (R-linear) symplectic transformation of Cn , one can ensurethat its
di®erential at x inducesa complexlinear map from (TxX ; Jt ) to Cn with its standard
complexstructure.

Since the almost-complexstructure Jt is not integrable, the coordinate map
cannot be madepseudo-holomorphicon a wholeneighborhood of x. However, since
the manifold X and the parameter spaceT are compact, the Nijenhuis tensor,
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which is the obstruction to the integrability of the complex structure J t on X ,
is bounded by a ¯xed constant, and so are its derivatives. It follows that for a
suitable choiceof the Darboux coordinates,the coordinate map canbe madenearly
pseudo-holomorphicaround x, in the sensethat the antiholomorphic part of its
di®erential vanishesat x and grows no faster than a constant times the distance
to x. Furthermore, it is easyto check that the coordinate map can be chosento
depend continuously on the parameter t. So,we have the following lemma :

Lemma 2. Near any point x 2 X , there exist for all t 2 T complexDarboux co-
ordinatesdependingcontinuouslyon t, suchthat the inverseÃt : (Cn ; 0) ! (X ; x) of
the coordinate map is nearly pseudo-holomorphicwith respect to the almost-complex
structure Jt on X and the canonical complex structure on Cn . Namely, the map
Ãt , which trivial ly satis¯es jr Ãt j = O(1) and jrr Ãt j = O(1) on a ball of ¯xed
radius around 0, fails to be pseudo-holomorphicby an amount that vanishesat 0
and thus growsno faster than the distance to the origin, i.e. j ¹@Ãt (z)j = O(jzj), and
jr ¹@Ãt j = O(1).

Fix a certain value of the parameter t 2 T, and consider the Hermitian con-
nections with curvature ¡ ik ! that we have put on L k in the introduction. Near
any point x 2 X , using the local complex Darboux coordinates (zi ) we have just
constructed, a suitable choice of a local trivialization of L k leadsto the following
connection1-form :

Ak =
k
4

nX

j =1

(zj dzj ¡ zj dzj )

(it can be readily checked that dAk = ¡ ik ! ).
On the standard Cn with connection Ak , the function s(z) = exp(¡ kjzj2=4)

satis¯es the equation ¹@A k s = 0 and the bound jr A k sj = O(k1=2). Multiplying this
section by a cut-o® function at distancek¡ 1=3 from the origin whosederivative is
small enough,we get a section~s with small compactsupport. Sincethe coordinate
map near x has small antiholomorphic part where ~s is large, the local sections
~s ± Ã¡ 1

t of L k de¯ned near x by pullback of ~s through the coordinate map can be
easily checked to be asymptotically holomorphic with respect to J t and Ak . Thus,
for all large k and for any point x 2 X , extending ~s ± Ã¡ 1

t by 0 away from x, we
obtain asymptotically holomorphic sectionsst;k ;x of L k .

SinceT is compact, the metrics gt induced on X by ! and Jt di®er from the
chosenreferencemetric g by a boundedfactor. Therefore, it is clear from the way
we constructedthe sectionsst;k ;x that the following statement holds :

Lemma 3. There exist constants ¸ > 0 and cs > 0 such that, given any x 2
X , for all t 2 T and large k, there exist sections st;k ;x of L k over X with the
following properties : the sections st;k ;x are asymptotically Jt -holomorphic ; they
depend continuously on t ; the bound jst;k ;x j ¸ cs holds over the ball of radius
10k¡ 1=2 around x ; and ¯nal ly, jst;k ;x j · exp(¡ ¸k distg(x; :)2) everywhere on X .

3.3. General setup and strategy of pro of. In a ¯rst step,wewish to obtain
sections~¾t;k of L k over U satisfying all the requirements of Theorem3, except that
we replace(c) by the weaker condition that the restriction of ~¾t;k to Wt;k must be
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^́-transverseto 0 over Wt;k \ U¡
k for some^́ > 0, whereU¡

k is the set of all points
of U at distancemore than 2k¡ 1=3 from the boundary of U. It will be shown later
that the transversality to 0 of the restriction to Wt;k \ U¡

k of ~¾t;k , together with the
boundson the secondderivatives,implies the transversality to 0 of (wt;k + ~¾t;k ) over
U=

k .
To start with, wenoticethat thereexistsa constant c > 0 such that Wt;k is trivial

at small scale,namely in the ball of radius 10ck¡ 1=2 around any point. Indeed, if
r = 0 we just take c = 1, and otherwisewe usethe fact that wt;k is ´ -transverseto
0, which implies that at any x 2 Wt;k , jr wt;k (x)j > ´ k1=2. Sincejrr wt;k j < C2 k
for someconstant C2, de¯ning c = 1

100´ C¡ 1
2 , the derivative r wt;k variesby a factor

of at most 1
10 in the ball B of radius 10ck¡ 1=2 around x. It follows that B \ Wt;k

is di®eomorphicto a ball.
In all the following, we work with a given ¯xed valueof k, while keepingin mind

that all constants appearing in the estimateshave to be independent of k.
For ¯xed k, we considera ¯nite set of points x i of U¡

k ½ U such that the balls of
radius ck¡ 1=2 centered around x i cover U¡

k . A suitable choiceof the points ensures
that their number is O(kn ). For ¯xed D > 0, this set can be subdivided into N
subsetsSj such that the distancebetweentwo points in the samesubsetis at least
D k¡ 1=2. Furthermore, N = O(D 2n ) can be chosenindependent of k. The precise
value of D (and consequently of N ) will be determinedlater in the proof.

The idea is to start with the sections¾t;k of L k and proceedin steps. Let N j

be the union of all balls of radius ck¡ 1=2 around the points of Si for all i < j .
During the j -th step, we start from asymptotically J t -holomorphic sections¾t;k ;j

which satisfy conditions (a) and (b), and such that the restriction of ¾t;k ;j to Wt;k

is ´ j -transverseto 0 over Wt;k \ N j , for someconstant ´ j independent of k. For the
¯rst step, this requirement is void, but we choose´ 0 = ²

2 in order to obtain a total
perturbation smaller than ² at the end of the process.We wish to construct ¾t;k ;j +1

from ¾t;k ;j by subtracting small multiples ct;k ;x st;k ;x of the sectionsst;k ;x for x 2 Sj ,
in such a way that the restrictions of the resulting sectionsare ´ j +1 -transverseto
0, for somesmall ´ j +1 , over the intersection of Wt;k with all balls of radius ck¡ 1=2

around points in Sj . Furthermore, if the coe±cients of the linear combination are
chosenmuch smaller than ´ j , transversality to 0 still holds over Wt;k \ N j . Also,
since the coe±cients ct;k ;x are bounded, the resulting sections,which are sumsof
asymptotically holomorphic sections,remain asymptotically holomorphic. So we
needto ¯nd, for all x 2 Sj , small coe±cients ct;k ;x so that ¾t;k ;j ¡ ct;k ;x st;k ;x hasthe
desiredproperties near x.

3.4. Obtaining transv ersalit y near a poin t of Sj . In what follows, x is a
givenpoint in Sj , and Bx is the ball of radius ck¡ 1=2 around x. Let ­ be the closure
of the open subsetof T containing all t such that Bx \ Wt;k is not empty (when
r = 0, onegets ­ = T). When ­ is empty, it is su±cient to de¯ne ct;k ;x = 0 for all
t. Otherwise, ­ = f 0g when T = f 0g, and when T = [0; 1] clearly ­ is a union of
disjoint closedintervals. In any case,we choosea component I of ­, i.e. either a
closedinterval or a point.
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We can then de¯ne for all t 2 I a point x t belongingto Bx \ Wt;k , in such a way
that x t dependscontinuously on t, sinceWt;k dependscontinuously on t and always
intersectsBx in a nice way (when r = 0 one can simply choosex t = x). Let B̂ t

be the ball in Wt;k of radius 3ck¡ 1=2 (for the metric induced by g) centered at x t .
Becauseof the boundson the secondderivativesof wt;k , we know that B̂ t contains
Bx \ Wt;k for all t 2 I . We now want to de¯ne a nearly holomorphicdi®eomorphism
from a neighborhood of 0 in Cn¡ r to B̂ t .

Let B̂ be the ball of radius 4ck¡ 1=2 around 0 in Cn¡ r , and let B̂ ¡ be the smaller
ball of radius 3ck¡ 1=2 around 0. We claim the following :

Lemma 4. For all t 2 I , there existdi®eomorphismsµt from B̂ to a neighborhood
of x t in Wt;k , depending continuously on t, such that µt (0) = x t and µt (B̂ ¡ ) ¾ B̂ t ,
and satisfying the following estimatesover B̂ :

j ¹@µt j = O(k¡ 1=2); jr µt j = O(1); jr ¹@µt j = O(1); jrr µt j = O(k1=2):

Pr oof. Recall that, by Lemma 2, there exist local complex Darboux coordi-
nateson X near x depending continuously on t with the property that the inverse
map Ãt : (Cn ; 0) ! (X ; x) satis¯es the following bounds at all points at distance
O(k¡ 1=2) from x :

j ¹@Ãt j = O(k¡ 1=2); jr Ãt j = O(1); jr ¹@Ãt j = O(1); jrr Ãt j = O(1):

Let Tt be the kernel of the complex linear map @wt;k (x t ) in Tx t X : it is within
O(k¡ 1=2) of the tangent spaceto Wt;k at x t , but Tt is preserved by Jt . Composing
Ãt with a translation and a rotation in Cn , one gets maps ~Ãt satisfying the same
requirements as Ãt , but with ~Ãt (0) = x t and such that the di®erential of ~Ãt at 0
mapsthe spanof the n ¡ r ¯rst coordinates to Tt .

Furthermore, X and T arecompact,sothe metrics gt inducedby ! and Jt di®er
from the referencemetric g by at most a ¯xed constant. It follows that, composing
~Ãt with a ¯xed dilation of Cn if necessary, onemay also require that the imageby
~Ãt of the ball of radius 3ck¡ 1=2 around 0 contains the ball of radius 4ck¡ 1=2 around
x for the referencemetric g. The only price to pay is that ~Ãt is no longer a local
symplectomorphism; all other properties still hold.

Since by de¯nition of c the submanifoldsWt;k are trivial over the considered
balls, it follows from the implicit function theorem that Wt;k can be parametrized
around x t in the chosencoordinatesas the set of points of the form ~Ãt (z; ¿t (z)) for
z 2 Cn¡ r , where ¿t : Cn¡ r ! Cr satis¯es ¿t (0) = 0 and r ¿t (0) = O(k¡ 1=2). The
derivativesof ¿t can be easily computed,sinceit is characterizedby the equation

wt;k ( ~Ãt (z; ¿t (z))) = 0:

Notice that it follows from the transversality to 0 of wt;k that jr wt;k ± d ~Ãt (v)) j is
larger than a constant times k1=2jvj for all v 2 0 £ Cr . Combining this estimate
with the boundson the derivativesof wt;k given by asymptotic holomorphicity and
the above bounds on those of ~Ãt , one gets the following estimatesfor ¿t over the
ball B̂ :

j ¹@¿t j = O(k¡ 1=2); jr ¿t j = O(1); jr ¹@¿t j = O(1); jrr ¿t j = O(k1=2):
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It is then clear that µt (z) = ~Ãt (z; ¿t (z)) satis¯es all the required properties. ¤

Now that a local identi¯cation between Wt;k and Cn¡ r is available, we de¯ne
the restricted sections ŝt;k ;x (z) = st;k ;x (µt (z)) and ¾̂t;k ;j (z) = ¾t;k ;j (µt (z)). Since
st;k ;x and ¾t;k ;j are both asymptotically holomorphic, the estimates on µt imply
that ŝt;k ;x and ¾̂t;k ;j , as sectionsof the pull-back of L k over the ball B̂ , are also
asymptotically holomorphic. Furthermore, they clearly depend continuously on
t 2 I , and ŝt;k ;x remains larger than a ¯xed constant cs > 0 over B̂ . We can then
de¯ne the complex-valued functions f t;k ;x = ¾̂t;k ;j =ŝt;k ;x over B̂ , which are clearly
asymptotically holomorphic too.

After dilation of B̂ by a factor of 3ck1=2, all hypothesesof Proposition 3 are
satis¯ed with ± as small as desired,provided that k is large enough. Indeed, the
asymptotic holomorphicity of f t;k ;x implies that, for large k, the antiholomorphic
part of the function over the dilated ball is smaller than ¾ = ±(log ±¡ 1)¡ p. So
the local result implies that there exist complexnumbers ct;k ;x of norm lessthan ±
and depending continuously on t 2 I , such that the functions f t;k ;x ¡ ct;k ;x are ¾-
transverseto 0 over the ball B̂ ¡ of radius 3ck¡ 1=2 around 0 in Cn¡ r . We now notice
that the sectionsĝt;k ;x = ¾̂t;k ;j ¡ ct;k ;x ŝt;k ;x , which clearly depend continuously on
t and are asymptotically holomorphic, are ¾0-transverseto 0 over B̂ ¡ , for some¾0

di®eringfrom ¾by at most a constant factor. Indeed,

r ĝt;k ;x = r (ŝt;k ;x (f t;k ;x ¡ ct;k ;x )) = ŝt;k ;x r f t;k ;x ¡ (f t;k ;x ¡ ct;k ;x )r ŝt;k ;x :

Wherever ĝt;k ;x is very small, so is f t;k ;x ¡ ct;k ;x , and r f t;k ;x is thus large. Since
ŝt;k ;x remains larger than somecs > 0 and r ŝt;k ;x is boundedby a constant times
k1=2, it follows that r ĝt;k ;x is large wherever ĝt;k ;x is very small. Putting the right
constants in the right places,oneeasily checks that ĝt;k ;x is ¾0-transverseto 0 with
¾=¾0 boundedby a ¯xed constant.

We now notice that the restrictions to Wt;k of the sections gt;k ;x = ¾t;k ;j ¡
ct;k ;x st;k ;x of L k over U, which clearly areasymptotically J t -holomorphicand depend
continuously and t, are also ¾00-transverseto 0 over B̂ t for some¾00di®ering from
¾0 by at most a constant factor. Indeed, B̂ t is contained in the set of all points of
the form µt (z) for z 2 B̂ ¡ , and

gt;k ;x (µt (z)) = ¾̂t;k ;j (z) ¡ ct;k ;x ŝt;k ;x (z) = ĝt;k ;x (z);

so wherever gt;k ;x is smaller than ¾0, the derivative of ĝt;k ;x is larger than ¾0:k1=2,
and sincer µt is boundedby a ¯xed constant, r gt;k ;x is large too.

Next we extend the de¯nition of ct;k ;x to all t 2 T, in the caseof T = [0; 1], since
we have de¯ned it only over the components of ­. However, when t 62­, Wt;k does
not meet the ball Bx , so that there is no transversality requirement. Thus the only
constraints are that ct;k ;x must depend continuously on t and remain smaller than
± for all t. Theseconditions are easyto satisfy, so we have proved the following :

Lemma 5. For all largek there exist complexnumbers ct;k ;x smaller than ± and
dependingcontinuouslyon t 2 T suchthat the restriction to Wt;k of ¾t;k ;j ¡ ct;k ;x st;k ;x

is ¾00-transverseto 0 over Wt;k \ Bx . Furthermore, for someconstant p0 depending
only on the dimension, ¾00is at least ±(log ±¡ 1)¡ p0

.
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3.5. Constructing ¾t;k ;j +1 from ¾t;k ;j . We cannow de¯ne the sections¾t;k ;j +1

of L k over U by
¾t;k ;j +1 = ¾t;k ;j ¡

X

x2 Sj

ct;k ;x st;k ;x :

Clearly the sections¾t;k ;j +1 are asymptotically holomorphic and depend continu-
ously on t 2 T. Furthermore, any two points in Sj are distant of at least D k¡ 1=2

with D > 0, sothe total sizeof the perturbation is boundedby a ¯xed multiple of ±.
So,choosing± smaller than ´ j over a constant factor (recall that ´ j is the transver-
sality estimate of the previous step of the iterativ e process),we can ensurethat
j¾t;k ;j +1 ¡ ¾t;k ;j j < ´ j

2 and jr ¾t;k ;j +1 ¡ r ¾t;k ;j j < ´ j

2 k1=2. As a direct consequence,the
restriction to Wt;k of ¾t;k ;j +1 is ´ j

2 -transverseto 0 wherever the restriction of ¾t;k ;j is
´ j -transverseto 0, including over Wt;k \ N j (recall that N j =

S
i<j

S
x2 Si

Bx ).
Letting ´ j +1 = 1

2¾00, it is known that for all x 2 Sj the restriction to Wt;k of
¾t;k ;j ¡ ct;k ;x st;k ;x is 2´ j +1 -transverseto 0 over Bx \ Wt;k . So,in order to provethat the
restriction to Wt;k of ¾t;k ;j +1 is ´ j +1 -transverseto 0 over Wt;k \ N j +1 , it is su±cient to
check that given x 2 Sj , over Bx , the sum of the perturbations corresponding to all
points y 2 Sj distinct from x is smaller than ´ j +1 , and the sum of their derivatives
is smaller than ´ j +1 k1=2. In other words, sinceseveral contributions were addedat
the sametime (one at each point of Sj ), we have to make sure that they cannot
interfere.

This is where the parameter D (minimum distancebetweentwo points in Sj )
is important : indeed,over Bx , by Lemma 3, each of the contributions of the other
points in Sj is at most of the order of ±exp(¡ ¸D 2), and the sum of theseterms is
O(´ j exp(¡ ¸D 2)). Similarly, the derivativeof that sumis O(´ j exp(¡ ¸D 2) k1=2). So
the requirement that the sum of the contributions of all points of Sj distinct from
x be smaller than ´ j +1 corresponds to an inequality of the form K 0 exp(¡ ¸D 2) <
´ j +1 =´ j , whereK 0 is a ¯xed constant dependingonly on the geometryof X . Recall-
ing that ´ j +1 is no smaller than ´ j log(´ ¡ 1

j )¡ P for some¯xed integerP, the required
inequality is

exp(̧ D 2) > K 0 log(´ ¡ 1
j )P :

This inequality, which doesnot depend on k, must be satis¯ed by every ´ j , for each
of the N stepsof the process.

To check that the condition on D can be enforcedat all steps,we must recall
that the number of steps in the processis N = O(D 2n ), and study the sequence
(´ j ) given by a ¯xed ´ 0 > 0 and the inductive de¯nition described above. It can
be shown (seeLemma 24 of [D1]) that the sequence(´ j ) satis¯es for all j a bound
of the type log(´ ¡ 1

j ) = O(j log(j )). It follows that log(´ ¡ 1
N )P = O(D 2nP log(D 2n )P ),

which is clearly subexponential : a choiceof su±ciently large D thus ensuresthat
the required inequality holds at all steps. Sothe inductive processdescribed above
is valid, and leadsto sections~¾t;k = ¾t;k ;N which areasymptotically Jt -holomorphic,
depend continuously on t, and whoserestrictions to Wt;k are ^́-transverseto 0 over



4. THE MAIN RESULT 23

U¡
k for ^́ = ´ N . Furthermore, ~¾t;k is equal to ¾t;k near the boundary of U because

we only addeda linear combination of sectionsst;k ;x for x 2 U¡
k , and st;k ;x vanishes

by construction outside of the ball of radius k¡ 1=3 around x. Moreover, ~¾t;k di®ers
from ¾t;k by at most

P
j ´ j , which is lessthan 2´ 0 = ². So to completethe proof of

Theorem 3 we only have to show that the transversality result on ~¾t;k jWt;k implies
the transversality to 0 of (wt;k + ~¾t;k ) over U=

k .

3.6. Transv ersalit y to 0 over U=
k . At a point x 2 Wt;k \ U¡

k where j~¾t;k j <
^́, we know that r wt;k is surjective and vanishesin all directions tangential to
Wt;k , while r ~¾t;k has a tangential component larger than ^́ k1=2. It follows that
r (wt;k + ~¾t;k ) is surjective. We now construct a right inverseR : (Ex © C) ­ L k

x !
TxX whosenorm is O(k¡ 1=2).

Consideringa unit length element u of L k
x , there exists a vector û 2 TxWt;k of

norm at most ( ^́ k1=2)¡ 1 such that r ~¾t;k (û) = u. Clearly r wt;k (û) = 0 because
û 2 TxWt;k , so we de¯ne R(u) = û. Now consider an orthonormal frame (vi )
in Ex ­ L k

x . It follows from the ´ -transversality to 0 of wt;k that r xwt;k has a
right inverseof norm smaller than (´ k1=2)¡ 1, so we obtain vectors v̂i in TxX such
that r wt;k (v̂i ) = vi and jv̂i j < (´ k1=2)¡ 1. There exist coe±cients ¸ i such that
r ~¾t;k (v̂i ) = ¸ i u, with j¸ i j < C k1=2 jv̂i j < C ´ ¡ 1, for someconstant C such that
jr ~¾t;k j < C k1=2 everywhere. So we de¯ne R(vi ) = v̂i ¡ ¸ i û, which completesthe
determination of R.

The norm of R is, by construction, smaller than K :k¡ 1=2 for someK depending
only on the constants above (C, ´ and ^́). We thus know that r (wt;k + ~¾t;k )
has a right inversesmaller than K k¡ 1=2 at any point of Wt;k \ U¡

k where j~¾t;k j <
^́. Furthermore we know, from the de¯nition of asymptotic holomorphicity, that
jrr (wt;k + ~¾t;k )j < K 0k for someconstant K 0.

Considera point x of U=
k where jwt;k j and j~¾t;k j are both smaller than some®

which is simultaneouslysmaller than ^́
2 , ´ ^́

2C and ´
2K K 0. From the ´ -transversality to

0 of wt;k , we know that r wt;k is surjective at x and hasa right inversesmaller than
(´ k1=2)¡ 1. Sincethe connectionr is unitary, applying the right inverseto wt;k itself,
we can follow the downward gradient °ow of jwt;k j, and we are certain to reach a
point y of Wt;k at a distanced from the starting point x no larger than ®(´ k1=2)¡ 1,
which is simultaneously smaller than 1

2K K 0 k¡ 1=2 and ^́
2C k¡ 1=2. Furthermore if k is

large enough,d < 2k¡ 1=3 so that y 2 U¡
k .

Sincejr ~¾t;k j < C:k1=2 everywhere, j~¾t;k (y)j ¡ j~¾t;k (x)j < C k1=2 d < ^́
2 , so that

j~¾t;k (y)j < ^́, and the previousresultsapply at y. Also, sincethe secondderivatives
are boundedby K 0k everywhere,r x (wt;k + ~¾t;k ) di®ersfrom r y(wt;k + ~¾t;k ) by at
most K 0k d, which is smaller than 1

2K k1=2, so that it is still surjective and admits a
right inverseof norm O(k¡ 1=2). From this we infer immediately that (wt;k + ~¾t;k ) is
transverseto 0 over all of U=

k , and the proof of Theorem3 is complete.

4. The main result

4.1. Pro of of Theorem 2. Theorem 2 follows from Theorem 3 by a sim-
ple induction argument. Indeed, to obtain asymptotically holomorphic sectionsof
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E ­ L k which are transverseto 0 over X for any vector bundle E, we start from
the fact that E is locally trivial, so that there exists a ¯nite covering of X by N
open subsetsUj such that E is a trivial bundle on a small neighborhood of each Uj .
We start initially from the sectionsst;k ;0 = st;k of E ­ L k , and proceediterativ ely,
assumingat the beginning of the j -th step that we have constructed, for all large
k, asymptotically holomorphicsectionsst;k ;j of E ­ L k which are ´ j -transverseto 0
on

S
i<j Ui for some´ j > 0 and di®er from st;k by at most j ²=N .

Over a small neighborhood of Uj , we trivialize E ' Cr and decomposethe sec-
tions st;k ;j into their r components for this trivialization. Recall that, in order to
de¯ne the connectionson E ­ L k for which asymptotic holomorphicity and transver-
sality to 0 areexpected,we have useda Hermitian connectionr E on E. BecauseX
is compact the connection1-form of r E in the chosentrivializations can be safely
assumedto be boundedby a ¯xed constant. It follows that, up to a changein the
constants, asymptotic holomorphicity and transversality to 0 over Uj with respect
to the connectionson E ­ L k inducedby r E and r L are equivalent to asymptotic
holomorphicity and transversality to 0 with respect to the connectionsinduced by
r L and the trivial connectionon E in the chosentrivialization. So we actually do
not have to worry about r E .

Now, let ® be a constant smaller than both ²=rN and ´ j =2r . First, using
Theorem 3, we perturb the ¯rst component of st;k ;j over a neighborhood of Uj by
at most ® to make it transverseto 0 over a slightly smaller neighborhood. Next,
usingagainTheorem3, we perturb the secondcomponent by at most ® sothat the
sum of the two ¯rst components is transverseto 0, and so on, perturbing the i -th
component by at most ® to make the sum of the i ¯rst components transverseto
0. The result of this processis a family of asymptotically J t -holomorphic sections
st;k ;j +1 of E ­ L k which are transverseto 0 over Uj . Furthermore, sincethe total
perturbation is smaller than r® · ´ j =2, transversality to 0 still holds over Ui for
i < j , so that the hypothesesof the next step are satis¯ed. The construction thus
leadsto sections¾t;k = st;k ;N which are transverseto 0 over all of X . Sinceat each
of the N stepsthe total perturbation is lessthan ²=N , the sections¾t;k di®er from
st;k by lessthan ², and Theorem2 is proved.

4.2. Symplectic isotopies. We now give the remaining part of the proof of
Corollary 2, namely the following statement :

Pr oposition 4. Let (Wt )t2 [0;1] be a family of symplectic submanifoldsin X .
Then there exist symplectomorphisms©t : X ! X depending continuously on t,
suchthat ©0 = Id and ©t (W0) = Wt .

The following strategy of proof, basedon Moser's ideas,was suggestedto me
by M. Gromov. The readerunfamiliar with thesetechniquesmay use[McS1] (pp.
91-101)as a reference.

It followsimmediately from Moser'sstabilit y theoremthat thereexistsa continu-
ousfamily of symplectomorphismsÁt : (W0; ! jW0 ) ! (Wt ; ! jWt ). Sincethe symplec-
tic normal bundlesto Wt are all isomorphic,Weinstein'ssymplectic neighborhood
theoremallowsoneto extendthesemapsto symplectomorphismsÃt : U0 ! Ut such
that Ãt (W0) = Wt , whereUt is a small tubular neighborhood of Wt for all t.
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Let ½t be any family of di®eomorphismsof X extending Ãt . Let ! t = ½¤
t !

and ­ t = ¡ d! t=dt. We want to ¯nd vector ¯elds »t on X such that the 1-forms
®t = ¶»t ! t satisfy d®t = ­ t and such that »t is tangent to W0 at any point of W0.
If this is possible,then de¯ne di®eomorphismsª t asthe °ow of the vector ¯elds »t ,
and notice that

d
dt

(ª ¤
t ½¤

t ! ) = ª ¤
t

µ
d
dt

(½¤
t ! ) + L »t (½

¤
t ! )

¶
= ª ¤

t (¡ ­ t + d¶»t ! t ) = 0:

Sothe di®eomorphisms½t ±ª t areactually symplectomorphismsof X . Furthermore
ª t preservesW0 by construction, so½t ±ª t mapsW0 to Wt , thus giving the desired
result.

Sowe are left with the problem of ¯nding »t , or equivalently ®t , such that d®t =
­ t and »t jW0 is tangent to W0. Note that, since½t extendsthe symplectomorphisms
Ãt , one has ! t = ! and ­ t = 0 over U0. It follows that the condition on »t jW0 is
equivalent to the requirement that at any point x 2 W0, the ! -symplecticorthogonal
NxW0 to TxW0 lies in the kernel of the 1-form ®t .

Sincethe closed2-forms! t are all cohomologous,onehas[­ t ] = 0 in H 2(X ; R),
so there exist 1-forms ¯ t on X such that d¯ t = ­ t . Remark that, although ­ t = 0
over U0, one cannot ensurethat ¯ t jU0 = 0 unlessthe class[­ t ] also vanishesin the
relative cohomologygroup H 2(X ; U0; R). So we needto work a little more to ¯nd
the proper 1-forms®t .

Over U0 one has d¯ t = ­ t = 0, so ¯ t de¯nes a classin H 1(U0; R). By further
restriction, the forms ¯ t jW0 are also closed1-forms on W0. Let ¼ be a projection
map U0 ! W0 such that at any point x 2 W0 the tangent spaceto ¼¡ 1(x) is the
symplectic normal spaceNxW0, and let ° t = ¼¤(¯ t jW0 ). First we notice that, by
construction, the 1-form ° t is closedover U0, and at any point x 2 W0 the space
NxW0 lies in the kernel of ° t . Furthermore the composition of ¼¤ and the restric-
tion map inducesthe identit y map over H 1(U0; R), so [° t ] = [¯ t jU0 ] in H 1(U0; R).
Thereforethere exist functions f t over U0 such that ° t = ¯ t + df t at any point of U0.

Let gt be any smooth functions over X extending f t , and let ®t = ¯ t + dgt . The
1-forms®t satisfy d®t = d¯ t = ­ t , and since®t jU0 = ° t the spaceNxW0 also lies in
the kernel of ®t at any x 2 W0. SoProposition 4 is proved.

5. Prop erties of the constructed submanifolds

5.1. Pro of of Prop osition 2. This proof is basedon that of a similar result
obtainedby Donaldson[D1] for the submanifoldsobtained from Theorem1 (r = 1).
The result comesfrom a Morse theory argument, as described in [D1]. Indeed,
considerthe real valued function f = logjsj2 over X ¡ W (whereW = s¡ 1(0)). We
only have to show that, if k is large enough,all its critical points are of index at
least n ¡ r + 1. For this purpose,let x be a critical point of f , and let us compute
the derivative ¹@@f at x.

First we notice that x is alsoa critical point of jsj2, so that s itself is not in the
imageof r xs. Recalling that s is ´ -transverseto 0 for some´ > 0, it follows that
r xs is not surjective and thus js(x)j ¸ ´ .
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Recalling that the scalarproduct is linear in the ¯rst variable and antilinear in
the secondvariable, we compute the derivative

@logjsj2 =
1

jsj2
(h@s;si + hs; ¹@si );

which equalszeroat x. A ¯rst consequenceis that, at x, jh@s;sij = jh¹@s;sij < Cjsj,
whereC is a constant bounding ¹@s independently of k.

A secondderivation, omitting the quantities that vanishat a critical point, yields
that, at x,

¹@@logjsj2 =
1

jsj2
(h¹@@s;si ¡ h@s;@si + h¹@s; ¹@si + hs;@¹@si ):

Recall that ¹@@+ @¹@is equal to the part of type (1,1) of the curvature of the bundle
E ­ L k . This is equal to ¡ ik ! ­ Id + R, whereR is the part of type (1,1) of the
curvature of E, so that at x,

¹@@logjsj2 = ¡ ik ! +
1

jsj2
(hR:s;si ¡ h@¹@s;si + hs;@¹@si ¡ h@s;@si + h¹@s; ¹@si ):

To go further, we have to restrict our choice of vectors to a subspaceof the
tangent spaceTxX at x. Call £ the spaceof all vectorsv in TxX such that @s(v)
belongsto the complex line generatedby s in (E ­ L k)x . The subspace£ of TxX
is clearly stable by the almost-complexstructure, and its complexdimensionis at
least n ¡ r + 1. For any vector v 2 £, jh@s(v); sij = j@s(v)j jsj is smaller than
jvj jh@s;sij < Cjvj jsj where C is the sameconstant as above, so that @s is O(1)
over £.

Since ¹@s = O(1) and @¹@s = O(k1=2) becauseof asymptotic holomorphicity, it
is now known that the restriction to £ of ¹@@logjsj2 is equal to ¡ ik ! + O(k1=2).
It follows that, for all large k, given any unit length vector u 2 £, the quantit y
¡ 2i ¹@@f (u; Ju), which equalsH f (u) + H f (Ju) whereH f is the Hessianof f at x, is
negative. If the index of the critical point at x werelessthan n ¡ r + 1, there would
exist a subspaceP ½ TxX of real dimensionat least n + r over which H f is non-
negative, and the subspaceP \ JP of real dimensionat least 2r would necessarily
intersectnon-trivially £ whosereal dimensionis at least 2n ¡ 2r + 2, contradicting
the previousremark. The index of the critical point x of f is thus at leastn ¡ r + 1.

A standard Morse theory argument then implies that the inclusion W ! X
induces an isomorphism on all homotopy (and homology) groups up to ¼n¡ r ¡ 1

(resp. Hn¡ r ¡ 1), and a surjection on ¼n¡ r (resp. Hn¡ r ), which completesthe proof
of Proposition 2.

5.2. Homology and Chern num bers of the submanifolds. Proposition 2
allowsoneto computethe middle-dimensionalBetti number bn¡ r = dimHn¡ r (Wk ; R)
of the constructedsubmanifolds. Indeed the tangent bundle TWk and the normal
bundle N Wk (isomorphic to the restriction to Wk of E ­ L k) are both symplectic
vector bundles over Wk . So it is well-known (see e.g. [McS1], p. 67) that they
admit underlying structures of complexvector bundles,uniquely determinedup to
homotopy (in our casethere exist J -stable subspacesin TX very close to TWk

and N Wk , so after a small deformation one can think of thesecomplexstructures
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as induced by J ). Furthermore one has TWk © N Wk ' TX jWk . It follows that,
calling i the inclusion map Wk ! X , the Chern classesof the bundle TWk can be
computed from the relation

i ¤c(TX ) = i ¤c(E ­ L k):c(TWk):

Sincecn¡ r (TWk):[Wk ] is equalto the Euler-Poincar¶e characteristic of Wk , and since
the spacesH i (Wk ; R) have the same dimension as H i (X ; R) for i < n ¡ r , the
dimensionof Hn¡ r (Wk ; R) follows immediately.

For further computations, we needan estimate on this dimension:

Pr oposition 5. For any sequence of symplectic submanifoldsWk ½ X of real
codimension 2r obtained as the zero setsof asymptotically holomorphicsections of
E ­ L k which are transverseto 0, the Chern classesof Wk are given by

cl (TWk) = (¡ 1)l
¡ r + l ¡ 1

l

¢
(k!̂ ) l + O(k l ¡ 1);

where !̂ denotesthe classof 1
2¼! in the cohomology of Wk .

This can be proved by induction on l, starting from c0(TWk) = 1, since the
above equality implies that

cl (TWk) = i ¤cl (TX ) ¡
l ¡ 1X

j =0

i ¤cl ¡ j (E ­ L k):cj (TWk):

It can be checked that i ¤cl ¡ j (E ­ L k) =
¡ r

l ¡ j

¢
(k!̂ ) l ¡ j + O(k l ¡ j ¡ 1), so that the result

follows from a combinatorial calculation showing that
P l

j =0 (¡ 1)j
¡ r

l ¡ j

¢¡r + j ¡ 1
j

¢
is

equal to 0.

Since[Wk ] is Poincar¶edual in X to cr (E ­ L k), Proposition 5 yieldsthat Â(Wk) =
cn¡ r (TWk):[Wk ] = (¡ 1)n¡ r

¡ n¡ 1
n¡ r

¢
(k!̂ )n¡ r :(k!̂ )r :[X ] + O(kn¡ 1): Finally, Proposition

2 implies that Â(Wk) = (¡ 1)n¡ r dim Hn¡ r (Wk ; R) + O(1), so that

dim Hn¡ r (Wk ; R) =
¡ n¡ 1

n¡ r

¢
( 1

2¼[! ])n kn + O(kn¡ 1):

5.3. Geometry of the submanifolds. Aside from the above topological in-
formation on the submanifolds,one can also try to characterize the geometry of
Wk inside X . We prove the following result, expressingthe fact that the middle-
dimensionalhomologyof Wk hasmany generatorsthat are very \lo calized" around
any given point of X :

Pr oposition 6. There existsa constant C > 0 dependingonly on the geometry
of the manifold X with the following property : let B be any ball of small enough
radius ½> 0 in X . For any sequence of symplectic submanifoldsWk ½ X of real
codimension 2r obtained as the zero setsof asymptotically holomorphicsections of
E ­ L k whichare transverseto 0, let Nk(B ) be the number of independentgenerators
of Hn¡ r (Wk ; R) which can be realized by cyclesthat are entirely included in Wk \ B .
Then, if k is largeenough,one has

Nk(B ) > C ½2n dim Hn¡ r (Wk ; R):
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As a consequence,we canstate that whenk becomeslargethe submanifoldsWk

tend to \¯ll out" all of X , since they must intersect non-trivially with any given
ball.

The proof of Proposition 6 relieson the study of what happenswhenweperform
a symplecticblow-up on the manifold X insidethe ball B . Recall that the blown-up
manifold ~X is endowed with a symplectic form ~! which is equal to ! outside of B ,
and can be described inside B using the following model on Cn around 0 : de¯ne
on Cn £ (Cn ¡ f 0g) the 2-form

Á = i@¹@
¡
(¯ ±p1)(log k ¢k2 ±p2)

¢
;

where p1 is the projection map to Cn , ¯ is a cut-o® function around the blow-up
point, and p2 is the projection on the factor Cn ¡ f 0g. The 2-form Á projects to
Cn £ CPn¡ 1, and after restriction to the graph of the blown-up manifold (i.e. the set
of all (x; y) such that x belongsto the complexline in Cn de¯ned by y) oneobtains
a closed2-form whoserestriction to the exceptionaldivisor is positive. Calling µ the
2-form on ~X supported in B de¯ned by this procedure,it can be checked that, if
² > 0 is small enoughand ¼is the projection map ~X ! X , the 2-form ~! = ¼¤! + ²µ
is symplectic on ~X .

If we call e 2 H 2( ~X ; Z) the Poincar¶e dual of the exceptional divisor, since
its normal bundle is the inverse of the standard bundle over CPn¡ 1, we have
(¡ e)n¡ 1:e:[X ] = 1, so that en :[X ] = (¡ 1)n¡ 1. Furthermore, the cohomologyclass
of ~! is given by 1

2¼[~! ] = 1
2¼¼¤[! ] ¡ ² e. Now we considerthe sectionssk of E ­ L k

over X which de¯ne Wk , and assuming²¡ 1 to be an integer we write k = K + ~k
with 0 · ~k < ²¡ 1 and ²K 2 N. Notice that ~! = ¼¤! outside B and that we can
safely choosea metric on ~X with the sameproperty. Considering that the line
bundle ~LK on ~X whose¯rst Chern classis K

2¼[~! ] is isomorphicto ¼¤LK over ~X ¡ B ,
the sections¼¤sk of ¼¤(E ­ L k) = ¼¤(E ­ L ~k) ­ ¼¤LK obtained by pull-back of
sk satisfy all desiredconditions outside B, namely asymptotic holomorphicity and
transversality to 0. If we multiply ¼¤sk by a cut-o®function equal to 1 over ~X ¡ B
and vanishing over the support of µ, we now obtain asymptotically holomorphic
sectionsof ¼¤(E ­ L ~k) ­ ~LK over ~X which are transverseto 0 over ~X ¡ B . So,
if K is large enough,we can use the construction described in Theorems2 and 3
to perturb thesesectionsover B only to make them transverseto 0 over all of ~X .
Sincethere are only ¯nitely many valuesof ~k, the boundson K required for each ~k
translate asa singlebound on k. Consideringthe zerosetsof the resulting sections,
we thus obtain symplectic submanifolds ~Wk ½ ~X to which we can again apply
Propositions 2 and 5. The interesting remark is that, using the above estimate for
dim Hn¡ r ( ~Wk ; R), since( 1

2¼[~! ])n = ( 1
2¼[! ])n ¡ ²n (symplectic blow-ups decreasethe

symplectic volume), we get for all large k

dim Hn¡ r ( ~Wk ; R) = dim Hn¡ r (Wk ; R) ¡ ²n
¡ n¡ 1

n¡ r

¢
kn + O(kn¡ 1):

This meansthat we have decreasedthe dimensionof Hn¡ r (Wk ; R) by changing the
picture only inside the ball B . To continue we needan estimateon the dependence
of ² on the radius ½of the ball. The main constraint on ² is that ²µ should be
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much smaller than ¼¤! so that the perturbation does not a®ectthe positivit y of
¼¤! . The norm of µ is directly related to that of the secondderivative @¹@̄ of the
cut-o®function ¯ . Sincethe only constraint on ¯ is that it should be 0 outside B
and 1 near the blow-up point, an appropriate choice of ¯ leadsto a bound of the
type j@¹@̄ j = O(½¡ 2). It follows that ² can be chosenequal at least to a constant
times ½2. Sowe obtain that, for a suitable value of C and for all large enoughk,

dim Hn¡ r ( ~Wk ; R) < (1 ¡ 2C½2n ) dim Hn¡ r (Wk ; R):

Proposition 6 now follows immediately from the following generallemmaby decom-
posingWk into (Wk ¡ B ) [ (Wk \ B ) and perturbing slightly ½if necessaryso that
the boundary of B is transverseto Wk :

Lemma 6. Let W be a 2d-dimensionalcompact manifold which decomposesinto
two piecesW = A[ B glued alongtheir commonboundaryS, whichis a smooth codi-
mension1 submanifoldin W. Assumethat there existsa manifold ~W which is iden-
tical to W outsideof B , and such that dim Hd( ~W; R) · dim Hd(W; R) ¡ N . Then
there existsan N

2 -dimensionalsubspace in Hd(W; R) consistingof classeswhich can
be represented by cyclescontained in B.

To prove this lemma, let H = Hd(W; R) and considerits subspacesF consisting
of all classeswhich can be represented by a cycle contained in A and G consisting
of all classesrepresentable in B . We have to show that dim G ¸ N

2 . Let G? be
the subspaceof H orthogonal to G with respect to the intersectionpairing, namely
the set of classeswhich intersect trivially with all classesin G. We claim that
G? ½ F + G.

Indeed, let ® be a cycle realizing a classin G? . Subdividing ® along its inter-
section with the common boundary S of A and B, we have ® = ®1 + ®2 where
®1 and ®2 are chains respectively in A and B, such that @®1 = ¡ @®2 = ¯ is a
(d ¡ 1)-cycle contained in S. However ¯ intersectstrivially with any d-cycle in S
since® intersectstrivially with all cyclesthat have a representativ e in B . So the
homologyclassrepresented by ¯ in Hd¡ 1(S; R) is trivial, and we have ¯ = @° for
somed-chain ° in S. Writing ® = (®1 ¡ ° ) + (®2 + ° ) and shifting slightly the two
copiesof ° on either sideof S, we get that [®] 2 F + G.

It followsthat, if FG is a supplementary of F \ G in F , dim FG+ dim G = dim(F +
G) is larger than dim G? ¸ dim H ¡ dim G, so that dim G ¸ 1

2(dim H ¡ dim FG).
Thus it only remainsto show that dim FG · dim Hd( ~W; R) to completethe proof of
the lemma. To do this, we remark that the morphismh : Hd(W; R) ! Hd(W; B ; R)
in the relative homologysequenceis injective on FG, sinceits kernel is preciselyG.
However, if we de¯ne ~F and ~G insideHd( ~W; R) similarly to F and G, the subspace
~F ~G similarly injects into Hd( ~W; ~B; R). Furthermore, the imagesof the two injections
are both equal to the image of the morphism Hd(A; R) ! Hd(A; S; R) under the
identi¯cation Hd( ~W; ~B; R) ' Hd(A; S; R) ' Hd(W; B ; R), so that dim Hd( ~W; R) ¸
dim ~F ~G = dim FG and the proof is complete.
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6. Conclusion

This paper hasextendedthe ¯eld of applicability of the construction outlined by
Donaldson[D1] to more generalvector bundles. It is in fact probable that similar
methodscanbeusedin other situations involving sequencesof vector bundleswhose
curvatures becomevery positive.

The statement that, in spite of the high °exibilit y of the construction, the sub-
manifolds obtained as zero setsof asymptotically holomorphic sectionsof E ­ L k

which are transverseto 0 are all isotopic for a given large enoughk, has impor-
tant consequences.Indeed,as suggestedby Donaldson,it may allow the de¯nition
of relatively easily computable invariants of higher-dimensionalsymplectic mani-
folds from the topology of their submanifolds,for examplefrom the Seiberg-Witten
invariants of 4-dimensionalsubmanifolds[T1][W]. Furthermore, it facilitates the
characterization of the topology of the constructed submanifolds in many cases,
thus leading the way to many examplesof symplectic manifolds, some of them
possiblynew.



CHAPITRE II I

Symplectic 4-manifolds as branc hed coverings of CP2

Abstra ct. Weshow that every compactsymplectic 4-manifold X
can be topologically realized as a covering of CP2 branched along
a smooth symplectic curve in X which projects as an immersed
curve with cuspsin CP2. Furthermore, the covering map can be
chosen to be approximately pseudo-holomorphicwith respect to
any given almost-complexstructure on X .

1. In tro duction

It has recently been shown by Donaldson [D2] that the existenceof approxi-
mately holomorphic sectionsof very positive line bundlesover compactsymplectic
manifolds allows the construction not only of symplectic submanifolds([D1], see
also [A1],[Pa]) but also of symplectic Lefschetz pencil structures. The aim of this
paper is to show how similar techniquescan be applied in the caseof 4-manifolds
to obtain maps to CP2, thus proving that every compact symplectic 4-manifold is
topologically a (singular) branched covering of CP2.

Let (X ; ! ) be a compactsymplectic 4-manifold such that the cohomologyclass
1

2¼[! ] 2 H 2(X ; R) is integral. This integrality condition does not restrict the dif-
feomorphismtype of X in any way, since starting from an arbitrary symplectic
structure onecan always perturb it so that 1

2¼[! ] becomesrational, and then mul-
tiply ! by a constant factor to obtain integrality. A compatible almost-complex
structure J on X and the corresponding Riemannianmetric g are also ¯xed.

Let L be the complex line bundle on X whose ¯rst Chern class is c1(L) =
1

2¼[! ]. Fix a Hermitian structure on L, and let r L be a Hermitian connectionon L
whosecurvature 2-form is equal to ¡ i! (it is clear that such a connectionalways
exists). The key observation is that, for large valuesof an integer parameterk, the
line bundles L k admit many approximately holomorphic sections,thus making it
possibleto obtain sectionswhich have nice transversality properties.

For example,onesuch sectioncan be usedto de¯ne an approximately holomor-
phic symplectic submanifold in X [D1]. Similarly, constructing two sectionssat-
isfying certain transversality requirements yields a Lefschetz pencil structure [D2].
In our case,the aim is to construct, for large enoughk, three sectionss0

k , s1
k and

s2
k of L k satisfying certain transversality properties, in such a way that the three

sectionsdo not vanish simultaneouslyand that the map from X to CP2 de¯ned by
x 7! [s0

k(x) : s1
k(x) : s2

k(x)] is a branched covering.

Let us now describe more precisely the notion of approximately holomorphic
singular branched covering. Fix a constant ² > 0, and let U be a neighborhood of a
point x in an almost-complex4-manifold. We say that a local complexcoordinate

31
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map Á : U ! C2 is ²-approximately holomorphic if, at every point, jÁ¤J ¡ J0j · ²,
whereJ0 is the canonicalcomplexstructure on C2. Another equivalent way to state
the sameproperty is the bound j ¹@Á(u)j · ²jr Á(u)j for every tangent vector u.

Definition 1. A map f : X ! CP2 is locally ²-holomorphically modelled at
x on a map g : C2 ! C2 if there exist neighborhoods U of x in X and V of f (x)
in CP2, and ²-approximately holomorphic C1 coordinate maps Á : U ! C2 and
Ã : V ! C2 suchthat f = Ã¡ 1 ±g ±Á over U.

Definition 2. A map f : X ! CP2 is an ²-holomorphic singular covering
branched along a submanifold R ½ X if its di®erential is surjective everywhere
except at the points of R, where rank(df ) = 2, and if at any point x 2 X it is locally
²-holomorphically modelled on one of the three following maps:

(i) local di®eomorphism: (z1; z2) 7! (z1; z2) ;
(ii) branched covering : (z1; z2) 7! (z2

1; z2) ;
(iii) cuspcovering : (z1; z2) 7! (z3

1 ¡ z1z2; z2).

In particular it is clear that the cusp model occurs only in a neighborhood of
a ¯nite set of points C ½ R, and that the branched covering model occurs only in
a neighborhood of R (away from C), while f is a local di®eomorphismeverywhere
outside of a neighborhood of R. Moreover, the set of branch points R and its
projection f (R) can be described as follows in the local models : for the branched
covering model, R = f (z1; z2); z1 = 0g and f (R) = f (x; y); x = 0g ; for the cusp
covering model, R = f (z1; z2); 3z2

1 ¡ z2 = 0g and f (R) = f (x; y); 27x2 ¡ 4y3 = 0g.

It follows that, if ² < 1, R is a smooth 2-dimensionalsubmanifoldin X , approx-
imately J -holomorphic, and therefore symplectic, and that f (R) is an immersed
symplectic curve in CP2 except for a ¯nite number of cusps.

We now state our main result :

Theorem 1. For any ² > 0 there existsan ²-holomorphicsingular coveringmap
f : X ! CP2.

The techniques involved in the proof of this result are similar to those intro-
duced by Donaldson in [D1] : the ¯rst ingredient is a local transversality result
stating roughly that, given approximately holomorphic sectionsof certain bundles,
it is possibleto ensurethat they satisfy certain transversality estimatesover a small
ball in X by adding to them small and localized perturbations. The other ingre-
dient is a globalization principle, which, if the small perturbations providing local
transversality are su±ciently well localized,ensuresthat a transversality estimate
can be obtained over all of X by combining the local perturbations.

Wenow de¯ne morepreciselythe notionsof approximately holomorphicsections
and of transversality with estimates.We will be consideringsequencesof sectionsof
complexvector bundlesEk over X , for all large valuesof the integer k, whereeach
of the bundlesEk carriesnaturally a Hermitian metric and a Hermitian connection.
Theseconnectionstogetherwith the almost complexstructure J on X yield @and ¹@
operatorson Ek . Moreover, wechooseto rescalethe metric on X , and usegk = k:g :
for example, the diameter of X is multiplied by k1=2, and all derivatives of order
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p are divided by kp=2. The reasonfor this rescalingis that the vector bundlesEk

we will considerare derived from L k , on which the natural Hermitian connection
induced by r L hascurvature ¡ ik ! .

Definition 3. Let (sk)kÀ 0 be a sequence of sections of complexvector bundles
Ek over X . The sections sk are said to be asymptotically holomorphic if there
exist constants (Cp)p2 N such that, for all k and at every point of X , jsk j · C0,
jr psk j · Cp and jr p¡ 1 ¹@sk j · Cpk¡ 1=2 for all p ¸ 1, where the norms of the
derivativesare evaluated with respect to the metrics gk = k g.

Definition 4. Let sk be a section of a complexvector bundle Ek , and let ´ > 0
be a constant. The section sk is said to be ´ -transverseto 0 if, at any point x 2 X
where jsk(x)j < ´ , the covariant derivative r sk(x) : TxX ! (Ek)x is surjective and
hasa right inverseof norm lessthan ´ ¡ 1 w.r.t. the metric gk .

We will often say that a sequence(sk)kÀ 0 of sectionsof Ek is transverseto 0
(without precisingthe constant) if there exists a constant ´ > 0 independent of k
such that ´ -transversality to 0 holds for all large k.

In this de¯nition of transversality, two casesare of speci¯c interest. First, when
Ek is a line bundle, and if oneassumesthe sectionsto be asymptotically holomor-
phic, transversality to 0 can be equivalently expressedby the property

8x 2 X ; jsk(x)j < ´ ) jr sk(x)jgk > ´ :

Next, when Ek has rank greater than 2 (or more generally than the complex di-
mensionof X ), the property actually meansthat jsk(x)j ¸ ´ for all x 2 X .

An important point to keepin mind is that transversality to 0 is an open prop-
erty : if s is ´ -transverse to 0, then any section ¾ such that js ¡ ¾jC1 < ² is
(´ ¡ ²)-transverseto 0.

The interest of such a notion of transversality with estimatesis made clear by
the following observation :

Lemma 1. Let ° k be asymptotically holomorphic sections of vector bundles Ek

over X , and assumethat the sections ° k are transverseto 0. Then, for largeenough
k, the zero set of ° k is a smooth symplectic submanifoldin X .

This lemma follows from the observation that, where ° k vanishes, j ¹@° k j =
O(k¡ 1=2) by the asymptotic holomorphicity property while @° k is bounded from
below by the transversality property, thus ensuringthat for largeenoughk the zero
set is smooth and symplectic,and even asymptotically J -holomorphic. We cannow
write our secondresult, which is a one-parameterversionof Theorem1 :

Theorem 2. Let (Jt )t2 [0;1] be a family of almost-complexstructureson X com-
patible with ! . Fix a constant ² > 0, and let (st;k )t2 [0;1];kÀ 0 be asymptotically Jt -
holomorphic sections of C3 ­ L k , such that the sections st;k and their derivatives
depend continuously on t.

Then, for all largeenoughvaluesof k, there exist asymptotically J t -holomorphic
sections ¾t;k of C3 ­ L k , nowhere vanishing,dependingcontinuously on t, and such
that, for all t 2 [0; 1], j¾t;k ¡ st;k jC3 ;gk · ² and the map X ! CP2 de¯ned by ¾t;k is
an approximately holomorphicsingular covering with respect to J t .
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Note that, although we allow the almost-complexstructure on X to depend on
t, we always usethe samemetric gk = k g independently of t. Therefore, there is
no special relation betweengk and Jt . However, sincethe parameterspace[0; 1] is
compact, we know that the metric de¯ned by ! and J t di®ersfrom g by at most
a constant factor, and therefore up to a changein the constants this has no real
in°uence on the transversality and holomorphicity properties.

Wenow describemorepreciselythe propertiesof the approximately holomorphic
singular coveringsconstructedin Theorems1 and 2, in order to state a uniqueness
result for such coverings.

Definition 5. Let sk be nowhere vanishingasymptotically holomorphicsections
of C3 ­ L k . De¯ne the corresponding projective mapsf k = Psk from X to CP2 by
f k(x) = [s0

k(x) : s1
k(x) : s2

k(x)]. De¯ne the (2; 0)-Jacobian Jac(f k) = det(@f k), which
is a section of the line bundle ¤ 2;0T¤X ­ f ¤

k ¤ 2;0TCP2 = K X ­ L3k . Final ly, de¯ne
R(sk) to be the set of points of X where Jac(f k) vanishes,i.e. where @f k is not
surjective.

Given a constant ° > 0, wesaythat sk satis¯es the transversalityproperty P3(° )
if jsk j ¸ ° and j@f k jgk ¸ ° at everypoint of X , and if Jac(f k) is ° -transverseto 0.

If sk satis¯esP3(° ) for some° > 0 and if k is large enough,then it follows from
Lemma 1 that R(sk) is a smooth symplectic submanifold in X . By analogy with
the expectedpropertiesof the set of branch points, it is thereforenatural to require
such a property for the sectionswhich de¯ne our covering maps.

Furthermore, recall that oneexpects the projection to CP2 of the set of branch
points to be an immersedcurve exceptat only ¯nitely many non-degeneratecusps.
Forget temporarily the antiholomorphic derivative ¹@f k , and consideronly the holo-
morphic part. Then the cuspscorrespond to the points of R(sk) wherethe kernelof
@f k and the tangent spaceto R(sk) coincide(in other words, the points wherethe
tangent spaceto R(sk) becomes\v ertical"). SinceR(sk) is the set of points where
Jac(f k) = 0, the cusppoints are thosewherethe quantit y @f k ^ @Jac(f k) vanishes.

Note that, along R(sk), @f k has complex rank 1 and so is actually a nowhere
vanishing (1; 0)-form with valuesin the rank 1 subbundleIm @f k ½ f ¤

k TCP2. In a
neighborhood of R(sk), this is no longertrue, but onecanproject @f k onto a rank 1
subbundlein f ¤

k TCP2, thus obtaining a nonvanishing(1; 0)-form ¼(@f k) with values
in a line bundle. Cusp points are then characterizedin R(sk) by the vanishing of
¼(@f k) ^ @Jac(f k), which is a section of a line bundle. Therefore, it is natural to
require that the restriction to R(sk) of this last quantit y be transverseto 0, since
it implies that the cusppoints are isolated and in somesensenon-degenerate.

It is worth noting that, up to a change of constants in the estimates, this
transversality property is actually independent of the choice of the subbundle of
f ¤

k TCP2 on which oneprojects @f k , aslong as¼(@f k) remainsboundedfrom below.
For convenience,we introducethe following notations :

Definition 6. Let sk be asymptotically holomorphic sections of C3 ­ L k and
f k = Psk . Assume that sk satis¯es P3(° ) for some ° > 0. Consider the rank
one subbundle (Im @f k) jR(sk ) of f ¤

k TCP2 over R(sk), and de¯ne L (sk) to be its
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extensionover a neighborhood of R(sk) as a subbundle of f ¤
k TCP2, constructed by

radial parallel transport along directions normal to R(sk). Final ly, de¯ne, over the
sameneighborhood of R(sk), T (sk) = ¼(@f k)^ @Jac(f k), where ¼: f ¤

k TCP2 ! L (sk)
is the orthogonal projection.

We say that asymptotically holomorphicsections sk of C3 ­ L k are ° -genericif
they satisfy P3(° ) and if the restriction to R(sk) of T (sk) is ° -transverseto 0 over
R(sk). We then de¯ne the set of cusp points C(sk) as the set of points of R(sk)
where T (sk) = 0.

In a holomorphicsetting, such a genericity property would besu±cient to ensure
that the map f k = Psk is a singular branched covering. However, in our case,extra
di±culties arise becausewe only have approximately holomorphic sections. This
meansthat at a point of R(sk), although @f k has rank 1, we have no control over
the rank of ¹@f k , and the local picture may be very di®erent from what oneexpects.
Therefore,we needto control the antiholomorphic part of the derivative along the
set of branch points by adding the following requirement :

Definition 7. Let sk be ° -generic asymptotically J -holomorphic sections of
C3 ­ L k . We say that sk is ¹@-tame if there exist constants (Cp)p2 N and c > 0,
depending only on the geometry of X and the bounds on sk and its derivatives,
and an ! -compatible almostcomplexstructure ~Jk , suchthat the following properties
hold :

(1) 8p 2 N, jr p( ~Jk ¡ J )jgk · Cpk¡ 1=2 ;
(2) the almost-complex structure ~Jk is integrable over the set of points whose

gk-distance to C~Jk
(sk) is lessthan c (the subscriptindicatesthat one uses@~Jk

rather
than @J to de¯ne C(sk)) ;

(3) the map f k = Psk is ~Jk-holomorphic at every point of X whosegk-distance
to C~Jk

(sk) is lessthan c ;
(4) at every point of R ~Jk

(sk), the antiholomorphic derivative ¹@~Jk
(Psk) vanishes

over the kernel of @~Jk
(Psk).

Note that since ~Jk is within O(k¡ 1=2) of J , the notions of asymptotic J -holo-
morphicity and asymptotic ~Jk-holomorphicity actually coincide,becausethe @and
¹@operators di®er only by O(k¡ 1=2). Furthermore, if k is large enough, then ° -
genericity for J implies ° 0-genericity for ~Jk aswell for some° 0 slightly smaller than
° ; and, becauseof the transversality properties, the sets R ~Jk

(sk) and C~Jk
(sk) lie

within O(k¡ 1=2) of RJ (sk) and CJ (sk).
In the caseof families of sectionsdepending continuously on a parameter t 2

[0; 1], it is natural to also require that the almost complex structures ~Jt;k closeto
Jt for every t depend continuously on t. We claim the following :

Theorem 3. Let sk be asymptotically J -holomorphicsections of C3 ­ L k . As-
sume that the sections sk are ° -generic and ¹@-tame. Then, for all large enough
valuesof k, the mapsf k = Psk are ²k-holomorphicsingular branched coverings,for
someconstants²k = O(k¡ 1=2).
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Therefore, in order to prove Theorems1 and 2 it is su±cient to construct ° -
genericand ¹@-tame sections(resp. one-parameterfamilies of sections)of C3 ­ L k .
Even better, we have the following uniquenessresult for theseparticular singular
branched coverings:

Theorem 4. Let s0;k and s1;k be sections of C3­ L k , asymptotically holomorphic
with respect to ! -compatible almost-complexstructures J0 and J1 respectively. As-
sumethat s0;k and s1;k are ° -generic and ¹@-tame. Then there exist almost-complex
structures (Jt )t2 [0;1] interpolating between J0 and J1, and a constant ´ > 0, with
the following property : for all largeenoughk, there exist sections (st;k )t2 [0;1];kÀ 0 of
C3 ­ L k interpolating between s0;k and s1;k , dependingcontinuously on t, which are,
for all t 2 [0; 1], asymptotically J t -holomorphic, ´ -generic and ¹@-tame with respect
to Jt .

In particular, for large k the two approximately holomorphicsingular branched
coverings Ps0;k and Ps1;k are isotopic among approximately holomorphic singular
branched coverings.

Therefore,there exists for all large k a canonicalisotopy classof singular bran-
ched coverings X ! CP2, which could potentially be used to de¯ne symplectic
invariants of X .

The remainder of this article is organizedas follows : Section 2 describes the
processof perturbing asymptotically holomorphicsectionsof bundlesof rank greater
than 2 to make surethat they remain away from zero. Section3 dealswith further
perturbation in order to obtain ° -genericity. Section4 describesa way of achieving
¹@-tameness,and therefore completesthe proofs of Theorems1, 2 and 4. Finally,
Theorem3 is proved in Section5, and Section6 dealswith variousrelated remarks.

Ac knowledgmen ts. The author wishesto thank Misha Gromov for valuable
suggestionsand comments, and Christophe Margerin for helpful discussions.

2. Nowhere vanishing sections

2.1. Non-v anishing of sk . Our strategy to prove Theorem 1 is to start with
given asymptotically holomorphic sectionssk (for example sk = 0) and perturb
them in order to obtain the requiredproperties ; the proof of Theorem2 then relies
on the samearguments, with the addeddi±cult y that all statements must apply to
1-parameterfamilies of sections.

The ¯rst step is to ensurethat the three components s0
k , s1

k and s2
k do not vanish

simultaneously, and more preciselythat, for someconstant ´ > 0 independent of k,
the sectionssk are ´ -transverseto 0, i.e. jsk j ¸ ´ over all of X . Therefore,the ¯rst
ingredient in the proof of Theorems1 and 2 is the following result :

Pr oposition 1. Let (sk)kÀ 0 be asymptotically holomorphicsections of C3 ­ L k ,
and ¯x a constant ² > 0. Then there existsa constant ´ > 0 suchthat, for all large
enoughvaluesof k, there exist asymptotically holomorphic sections ¾k of C3 ­ L k

such that j¾k ¡ sk jC3 ;gk · ² and that j¾k j ¸ ´ at every point of X . Moreover, the
samestatementholdsfor families of sections indexed by a parameter t 2 [0; 1].
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Proposition 1 is a direct consequenceof the main theorem in [A1], where it
is proved that, given any complex vector bundle E, asymptotically holomorphic
sectionsof E ­ L k (or 1-parameterfamiliesof such sections)canbe madetransverse
to 0 by small perturbations : Proposition 1 follows simply by consideringthe case
whereE is the trivial bundle of rank 3. However, for the sake of completenessand
in order to introduce tools which will also be used in later parts of the proof, we
give herea shorter argument dealing with the speci¯c caseat hand.

There are three ingredients in the proof of Proposition 1. The ¯rst one is the
existenceof many localizedasymptotically holomorphic sectionsof the line bundle
L k for su±ciently large k.

Definition 8. A section s of a vector bundle Ek has Gaussiandecay in Cr

norm away from a point x 2 X if there exists a polynomial P and a constant
¸ > 0 such that for all y 2 X , js(y)j, jr s(y)jgk , . . . , jr r s(y)jgk are all bounded by
P(d(x; y)) exp(¡ ¸ d(x; y)2), where d(:; :) is the distance induced by gk .

The decay properties of a family of sections are said to be uniform if there exist
P and ¸ suchthat the aboveboundshold for all sections of the family, independently
of k and of the point x at which decay occurs for a given section.

Lemma 2 ([D1],[A1]). Given any point x 2 X , for all large enoughk, there
exist asymptotically holomorphicsections sref

k;x of L k over X satisfying the following
bounds: jsref

k;x j ¸ cs at every point of the ball of gk-radius 1 centered at x, for some
universal constant cs > 0 ; and the sections sref

k;x haveuniform Gaussiandecay away
from x in C3 norm.

Moreover, given a one-parameter family of ! -compatible almost-complexstruc-
tures(Jt )t2 [0;1], there exist one-parameterfamilies of sections sref

t;k ;x whichare asymp-
totically Jt -holomorphic for all t, depend continuously on t and satisfy the same
bounds.

The ¯rst part of this statement is Proposition 11 of [D1], while the extension
to one-parameterfamilies is carried out in Lemma 3 of [A1]. Note that here we
require decay with respect to the C3 norm instead of C0, but the bounds on all
derivatives follow immediately from the construction of these sections: indeed,
they are modelled on f (z) = exp(¡j zj2=4) in a local approximately holomorphic
Darboux coordinate chart for k! at x and in a suitable local trivialization of L k

where the connection 1-form is 1
4

P
(zj d¹zj ¡ ¹zj dzj ). Therefore, it is su±cient to

notice that the model function has Gaussiandecay and that all derivativesof the
coordinate map are uniformly boundedbecauseof the compactnessof X .

More precisely, the result of existenceof local approximately holomorphic Dar-
boux coordinate charts neededfor Lemma2 (and throughout the proofsof the main
theoremsas well) is the following (seealso [D1]) :

Lemma 3. Near any point x 2 X , for any integer k, there exist local complex
Darboux coordinates (z1

k ; z2
k ) : (X ; x) ! (C2; 0) for the symplectic structure k! (i.e.

such that the pullback of the standard symplectic structure of C2 is k! ) such that,
denoting by Ãk : (C2; 0) ! (X ; x) the inverse of the coordinate map, the following
boundshold uniformly in x and k : jz1

k (y)j + jz2
k (y)j = O(distgk (x; y)) on a ball of
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¯xed radiusaroundx ; jr r Ãk jgk = O(1) for all r ¸ 1 on a ball of ¯xed radiusaround
0 ; and, with respect to the almost-complex structure J on X and the canonical
complexstructure J0 on C2, j ¹@Ãk(z)jgk = O(k¡ 1=2jzj) and jr r ¹@Ãjgk = O(k¡ 1=2) for
all r ¸ 1 on a ball of ¯xed radius around 0.

Moreover, givena continuous1-parameterfamily of ! -compatiblealmost-complex
structures(Jt )t2 [0;1] and a continuous family of points (x t )t2 [0;1], one can ¯nd for all
t coordinate mapsnear x t satisfying the sameestimatesand dependingcontinuously
on t.

Pr oof. By Darboux's theorem,there existsa local symplectomorphismÁ from
a neighborhood of 0 in C2 with its standardsymplecticstructure to a neighborhood
of x in (X ; ! ). It is well-known that the spaceof symplecticR-linear endomorphisms
of C2 which intertwine the complex structures J0 and Á¤J (x) is non-empty (and
actually isomorphic to U(2)). So, choosing such a linear map ª and de¯ning Ã =
Á±ª, onegetsa local symplectomorphismsuch that ¹@Ã(0) = 0. Moreover, because
of the compactnessof X , it is possible to carry out the construction in such a
way that, with respect to the metric g, all derivatives of Ã are bounded over a
neighborhood of x by uniform constants which do not dependon x. Therefore,over a
neighborhood of x onecanassumethat jr (Ã¡ 1)jg = O(1), aswell asjr r Ãjg = O(1)
and jr r ¹@Ãjg = O(1) 8r ¸ 1.

De¯ne Ãk(z) = Ã(k¡ 1=2z), and switch to the metric gk : then ¹@Ãk(0) = 0, and
at every point near x, jr (Ã¡ 1

k )jgk = jr (Ã¡ 1)jg = O(1). Moreover, jr r Ãk jgk =
O(k(1¡ r )=2) = O(1) and jr r ¹@Ãk jgk = O(k¡ r =2) = O(k¡ 1=2) for all r ¸ 1. Finally,
since jr ¹@Ãk jgk = O(k¡ 1=2) and ¹@Ãk(0) = 0 we have j ¹@Ãk(z)jgk = O(k¡ 1=2jzj), so
that all expectedestimateshold. Becauseof the compactnessof X , the estimates
are uniform in x, and becausethe mapsÃk for di®erent valuesof k di®eronly by a
rescaling,the estimatesare alsouniform in k.

In the caseof a one-parameterfamily of almost-complexstructures, there is
only onething to check in order to carry out the sameconstruction for every value
of t 2 [0; 1] while ensuringcontinuity in t : given a one-parameterfamily of local
Darboux maps Át near x t (the existenceof such maps depending continuously on
t is trivial), one must check the existenceof a continuous one-parameterfamily of
R-linear symplectic endomorphismsª t of C2 intertwining the complex structures
J0 and Á¤

t Jt (x t ) on C2. To prove this, remark that for every t the set of these
endomorphismsof C2 can be identi¯ed with the group U(2). Therefore, what we
are looking for is a continuous section (ª t )t2 [0;1] of a principal U(2)-bundle over
[0; 1]. Since[0; 1] is contractible, this bundle is necessarilytrivial and thereforehas
a continuoussection. This provesthe existenceof the requiredmapsª t , soonecan
de¯ne Ãt = Át ± ª t , and set Ãt;k (z) = Ãt (k¡ 1=2z) as above. The expected bounds
follow naturally ; the estimates are uniform in t becauseof the compactnessof
[0; 1]. ¤

The secondtool we needfor Proposition 1 is the following local transversality
result, which involvesideassimilar to thosein [D1] and in x2 of [A1] but appliesto
mapsfrom Cn to Cm with m > n rather than m = 1 :
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Pr oposition 2. Let f be a function de¯ned over the ball B + of radius 11
10 in

Cn with valuesin Cm , with m > n. Let ± be a constant with 0 < ± < 1
2, and let

´ = ±log(±¡ 1)¡ p where p is a suitable¯xed integer dependingonly on the dimension
n. Assumethat f satis¯es the following boundsover B + :

jf j · 1; j ¹@f j · ´ ; jr ¹@f j · ´ :

Then, there exists w 2 Cm , with jwj · ±, such that jf ¡ wj ¸ ´ over the interior
ball B of radius 1.

Moreover, if one considers a one-parameter family of functions (f t )t2 [0;1] sat-
isfying the samebounds, then one can ¯nd for all t elementswt 2 Cm depending
continuously on t suchthat jwt j · ± and jf t ¡ wt j ¸ ´ over B .

This statement is proved in Section2.3. The last, and most crucial, ingredient of
the proof of Proposition 1 is a globalization principle due to Donaldson[D1] which
we state here in a generalform.

Definition 9. A family of properties P(²; x)x2 X ;²> 0 of sections of bundles over
X is local and Cr -open if, given a section s satisfying P(²; x), any section ¾such
that j¾(x) ¡ s(x)j, jr ¾(x) ¡ r s(x)j, . . . , jr r ¾(x) ¡ r r s(x)j are smaller than ´
satis¯es P(² ¡ C´ ; x), where C is a constant (independentof x and ²).

For example,the property js(x)j ¸ ² is local and C0-open ; ²-transversality to 0
of s at x is local and C1-open.

Pr oposition 3 ([D1]). Let P(²; x)x2 X ;²> 0 be a local and Cr -open family of prop-
erties of sections of vector bundlesEk over X . Assumethat there exist constantsc,
c0 and p such that, given any x 2 X , any small enough± > 0, and asymptotically
holomorphic sections sk of Ek , there exist, for all large enoughk, asymptotically
holomorphic sections ¿k;x of Ek with the following properties : (a) j¿k;x jC r ;gk < ±,
(b) the sections 1

±¿k;x haveuniform Gaussiandecay away from x in C r -norm, and
(c) the sections sk + ¿k;x satisfy the property P(´ ; y) for all y 2 Bgk (x; c), with
´ = c0±log(±¡ 1)¡ p.

Then, given any ® > 0 and asymptotically holomorphicsections sk of Ek , there
exist, for all large enoughk, asymptotically holomorphic sections ¾k of Ek such
that jsk ¡ ¾k jC r ;gk < ® and the sections ¾k satisfy P(²; x) 8x 2 X for some² > 0
independentof k.

Moreover the sameresult holdsfor one-parameter families of sections, provided
the existence of sections ¿t;k ;x satisfying properties (a), (b), (c) and depending con-
tinuously on t 2 [0; 1].

This result is a general formulation of the argument contained in Section 3
of [D1] (seealso [A1], x3.3 and 3.5). For the sake of completeness,let us recall
just a brief outline of the construction. To achieve property P over all of X , the
idea is to proceediterativ ely : in step j , one starts from sectionss(j )

k satisfying
P(±j ; x) for all x in a certain (possibly empty) subset U (j )

k ½ X , and perturbs
them by lessthan 1

2C ±j (where C is the sameconstant as in De¯nition 9) to get
sectionss(j +1)

k satisfying P(±j +1 ; x) over certain balls of gk-radius c, with ±j +1 =
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c0( ±j

2C ) log(( ±j

2C )¡ 1)¡ p. Becausethe property P is open, s(j +1)
k alsosatis¯esP(±j +1 ; x)

over U(j )
k , thereforeallowing oneto obtain P everywhereafter a certain number N

of steps.
The catch is that, sincethe value of ±j decreasesafter each step and we want

P(²; x) with ² independent of k, the number of steps needsto be bounded inde-
pendently of k. However, the sizeof X for the metric gk increasesas k increases,
and the number of balls of radius c neededto cover X thereforealsoincreases.The
key observation due to Donaldson[D1] is that, becauseof the Gaussiandecay of
the perturbations, if onechoosesa su±ciently large constant D, onecan in a single
step carry out perturbations centered at as many points as one wants, provided
that any two of thesepoints are distant of at least D with respect to gk : the idea
is that each of the perturbations becomessu±ciently small in the vicinit y of the
other perturbations in order to haveno in°uenceon property P there (up to a slight
decreaseof ±j +1 ). Thereforethe construction is possiblewith a boundednumber of
stepsN and yields property P(²; x) for all x 2 X and for all large enoughk, with
² = ±N independent of k.

We now show how to derive Proposition 1 from Lemma 2 and Propositions 2
and 3, following the ideas contained in [D1]. Proposition 1 follows directly from
Proposition 3 by consideringthe property P de¯ned asfollows: say that a sectionsk

of C3­ L k satis¯esP(²; x) if jsk(x)j ¸ ². This property is local and openin C0-sense,
and thereforealso in C3-sense.So it is su±cient to check that the assumptionsof
Proposition 3 hold for P.

Let x 2 X , 0 < ± < 1
2, and considerasymptotically holomorphic sectionssk of

C3 ­ L k (or 1-parameterfamilies of sectionsst;k ). Recall that Lemma 2 provides
asymptotically holomorphic sectionssref

k;x of L k which have Gaussiandecay away
from x and remain larger than a constant cs over Bgk (x; 1). Therefore,dividing sk

by sref
k;x yields asymptotically holomorphic functions uk on Bgk (x; 1) with valuesin

C3. Next, one usesa local approximately holomorphic coordinate chart as given
by Lemma 3 to obtain, after composing with a ¯xed dilation of C2 if necessary,
functions vk de¯ned on the ball B + ½ C2, with values in C3, and satisfying the
estimatesjvk j = O(1), j ¹@vk j = O(k¡ 1=2) and jr ¹@vk j = O(k¡ 1=2).

Let C0 be a constant bounding jsref
k;x jC3 ;gk , and let ® = ±

C0
log(( ±

C0
)¡ 1)¡ p. Then,

provided that k is large enough, Proposition 2 yields constants wk 2 C3, with
jwk j · ±

C0
, such that jvk ¡ wk j ¸ ® over the unit ball in C2. Equivalently, one has

juk ¡ wk j ¸ ® over Bgk (x; c) for someconstant c. Multiplying by sref
k;x again, one

gets that jsk ¡ wk sref
k;x j ¸ cs® over Bgk (x; c).

The assumptionsof Proposition 3 are thereforesatis¯ed if onechooseś = cs®
(larger than c0±log(±¡ 1)¡ p for a suitable constant c0 > 0) and ¿k;x = ¡ wk sref

k;x .
Moreover, the sameargument appliesto one-parameterfamiliesof sectionsst;k (one
similarly constructs perturbations ¿t;k ;x = ¡ wt;k sref

t;k ;x ). So Proposition 3 applies,
which endsthe proof of Proposition 1.

2.2. Non-v anishing of @f k . Wehaveconstructedasymptotically holomorphic
sectionssk = (s0

k ; s1
k ; s2

k) of C3 ­ L k for all large enoughk which remain away from
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zero. Therefore, the maps f k = Psk from X to CP2 are well de¯ned, and they
are asymptotically holomorphic, becausethe lower bound on jsk j implies that the
derivativesof f k are O(1) and that ¹@f k and its derivativesare O(k¡ 1=2) (taking the
metric gk on X and the standard metric on CP2). Our next step is to ensure,by
further perturbation of the sectionssk , that @f k vanishesnowhereand remainsfar
from zero :

Pr oposition 4. Let ± and ° be two constants such that 0 < ± < °
4 , and let

(sk)kÀ 0 be asymptotically holomorphic sections of C3 ­ L k such that jsk j ¸ ° at
every point of X and for all k. Then there exists a constant ´ > 0 such that, for
all large enoughvaluesof k, there exist asymptotically holomorphic sections ¾k of
C3 ­ L k such that j¾k ¡ sk jC3 ;gk · ± and that the mapsf k = P¾k satisfy the bound
j@f k jgk ¸ ´ at every point of X . Moreover, the samestatementholds for families
of sections indexed by a parameter t 2 [0; 1].

Proposition 4 is proved in the samemannerasProposition 1 and usesthe same
three ingredients, namelyLemma2 and Propositions2 and 3. Proposition 4 follows
directly from Proposition 3 by consideringthe following property : say that a section
s of C3 ­ L k of norm everywherelarger than °

2 satis¯es P(´ ; x) if the map f = Ps
satis¯es j@f (x)jgk ¸ ´ . This property is local and open in C1-sense,and therefore
also in C3-sense,becausethe lower bound on jsj makes f depend nicely on s (by
the way, note that the bound jsj ¸ °

2 is always satis¯ed in our setting since one
considersonly sectionsdi®eringfrom sk by lessthan °

4 ). Sooneonly needsto check
that the assumptionsof Proposition 3 hold for this property P.

Therefore, let x 2 X , 0 < ± < °
4 , and considernonvanishing asymptotically

holomorphicsectionssk of C3 ­ L k and the corresponding mapsf k = Psk . Without
loss of generality, composing with a rotation in C3 (constant over X ), one can
assumethat sk(x) is directed along the ¯rst component in C3, i.e. that s1

k(x) =
s2

k(x) = 0 and therefore js0
k(x)j ¸ °

2 . Becauseone has a uniform bound on jr sk j,
there exists a constant r > 0 (independent of k) such that js0

k j ¸ °
3 over Bgk (x; r ).

Therefore,over this ball onecan de¯ne a map to C2 by

hk(y) = (h1
k(y); h2

k(y)) =
³ s1

k(y)
s0

k(y)
;
s2

k(y)
s0

k(y)

´
:

It is quite easyto seethat, at any point y 2 Bgk (x; r ), the ratio betweenj@hk(y)j
and j@f k(y)j is boundedby a uniform constant. Therefore,what oneactually needs
to prove is that, for large enoughk, a perturbation of sk with Gaussiandecay and
smaller than ± can make j@hk j larger than ´ = c0±(log ±¡ 1)¡ p over a ball Bgk (x; c),
for someconstants c, c0 and p.

Recall that Lemma 2 provides asymptotically holomorphic sectionssref
k;x of L k

which have Gaussiandecay away from x and remain larger than a constant cs over
Bgk (x; 1). Moreover, considera local approximately holomorphic coordinate chart
(as given by Lemma3) on a neighborhood of x, and call z1

k and z2
k the two complex

coordinate functions. De¯ne the two 1-forms

¹ 1
k = @

³ z1
ksref

k;x

s0
k

´
and ¹ 2

k = @
³ z2

ksref
k;x

s0
k

´
;
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and notice that at x they are both of norm larger than a ¯xed constant (which can
be expressedas a function of cs and the uniform C0 bound on sk), and mutually
orthogonal. Moreover ¹ 1

k , ¹ 2
k and their derivativesareuniformly boundedbecauseof

the boundson sref
k;x , on s0

k and on the coordinate map ; theseboundsare independent
of k. Finally, ¹ 1

k and ¹ 2
k are asymptotically holomorphicbecauseall the ingredients

in their de¯nition are asymptotically holomorphic and js0
k j is boundedfrom below.

If follows that, for someconstant r 0, onecanexpress@hk on the ball Bgk (x; r 0) as
(@h1

k ; @h2
k) = (u11

k ¹ 1
k + u12

k ¹ 2
k ; u21

k ¹ 1
k + u22

k ¹ 2
k), thusde¯ning a function uk on Bgk (x; r 0)

with valuesin C4. The propertiesof ¹ i
k describedaboveimply that the ratio between

j@hk j and juk j is boundedbetweentwo constants which do not dependon k (because
of the boundson ¹ 1

k and ¹ 2
k , and of their orthogonality at x), and that the map uk

is asymptotically holomorphic (becauseof the asymptotic holomorphicity of ¹ i
k).

Next, oneusesthe local approximately holomorphic coordinate chart to obtain
from uk , after composing with a ¯xed dilation of C2 if necessary, functions vk

de¯ned on the ball B + ½ C2, with valuesin C4, and satisfying the estimatesjvk j =
O(1), j ¹@vk j = O(k¡ 1=2) and jr ¹@vk j = O(k¡ 1=2). Let C0 be a constant larger than
jzi

ksref
k;x jC3 ;gk , and let ® = ±

4C0
: log(( ±

4C0
)¡ 1)¡ p. Then, by Proposition 2, for all large

enoughk there exist constants wk = (w11
k ; w12

k ; w21
k ; w22

k ) 2 C4, with jwk j · ±
4C0

,
such that jvk ¡ wk j ¸ ® over the unit ball in C2.

Equivalently, one has juk ¡ wk j ¸ ® over Bgk (x; c) for someconstant c. Multi-
plying by ¹ i

k , one thereforegets that, over Bgk (x; c),
¯
¯
¯
¯
¯

Ã

@
³

h1
k ¡ w11

k

z1
ksref

k;x

s0
k

¡ w12
k

z2
ksref

k;x

s0
k

´
; @

³
h2

k ¡ w21
k

z1
ksref

k;x

s0
k

¡ w22
k

z2
ksref

k;x

s0
k

´
! ¯

¯
¯
¯
¯

¸
®
C

whereC is a ¯xed constant determinedby the boundson ¹ i
k . In other terms, letting

(¿0
k;x ; ¿1

k;x ; ¿2
k;x ) = (0; ¡ (w11

k z1
k + w12

k z2
k )sref

k;x ; ¡ (w21
k z1

k + w22
k z2

k )sref
k;x );

and de¯ning ~hk similarly to hk starting with sk + ¿k;x instead of sk , the above
formula can be rewritten as j@~hk j ¸ ®

C . Therefore,onehasmanagedto make j@~hk j
larger than ´ = ®

C over Bgk (x; c) by adding to sk the perturbation ¿k;x . Moreover,
j¿k;x j ·

P
jwij

k j:jzi
ksref

k;x j · ±, and the sectionszi
ksref

k;x have uniform Gaussiandecay
away from x.

As remarked above, setting ~f k = P(sk + ¿k;x ), the bound j@~hk j ¸ ´ implies
that j@~f k j is larger than some´ 0 di®eringfrom ´ by at most a constant factor. The
assumptionsof Proposition 3 arethereforesatis¯ed, sinceonehas´ 0 ¸ c0±log(±¡ 1)¡ p

for a suitable constant c0 > 0. Moreover, the whole argument also applies to one-
parameter families of sectionsst;k as well (considering one-parameterfamilies of
coordinate charts, referencesectionssref

t;k ;x , and constants wt;k ). So Proposition 3
applies. This endsthe proof of Proposition 4.

2.3. Pro of of Prop osition 2. The proof of Proposition 2 goesalongthe same
lines as that of the local transversality result introduced in [D1] and extendedto
one-parameterfamilies in [A1] (see Proposition 6 below). To start with, notice
that it is su±cient to prove the result in the casewherem = n + 1. Indeed,given
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a map f = (f 1; : : : ; f m ) : B + ! Cm with m > n + 1 satisfying the hypotheses
of Proposition 2, one can de¯ne f 0 = (f 1; : : : ; f n+1 ) : B + ! Cn+1 , and notice
that f 0 also satis¯es the required bounds. Therefore, if it is possibleto ¯nd w0 =
(w1; : : : ; wn+1 ) 2 Cn+1 of norm at most ± such that jf 0 ¡ w0j ¸ ´ over the unit
ball B , then setting w = (w1; : : : ; wn+1 ; 0; : : : ; 0) 2 Cm onegets jwj = jw0j · ± and
jf ¡ wj ¸ jf 0 ¡ w0j ¸ ´ at all points of B , which is the desiredresult. The same
argument appliesto one-parameterfamilies (f t )t2 [0;1].

So we are now reducedto the casem = n + 1. Let us start with the caseof a
singlemap f , beforemoving on to the caseof one-parameterfamilies. The ¯rst step
in the proof is to replacef by a complexpolynomial g approximating f . For this,
oneapproximateseach of the n+ 1 components f i by a polynomial gi , in such a way
that g di®ersfrom f by at most a ¯xed multiple of ´ over the unit ball B and that
the degreed of g is lessthan a constant times log(´ ¡ 1). The processis the sameas
the onedescribed in [D1] for asymptotically holomorphicmapsto C, sowe skip the
details. To obtain polynomial functions, one¯rst constructsholomorphic functions
~f i di®eringfrom f i by at most a ¯xed multiple of ´ , using the given boundson ¹@f i .
The polynomials gi are then obtained by truncating the Taylor seriesexpansionof
~f i to a givendegree.It canbeshown that by this method onecanobtain polynomial
functions gi of degreelessthan a constant times log(´ ¡ 1) and di®eringfrom ~f i by
at most a constant times ´ (seeLemmas27 and 28 of [D1]). The approximation
processdoesnot hold on the whole ball where f is de¯ned ; this is why one needs
f to be de¯ned on B + to get a result over the slightly smaller ball B .

Therefore, we now have a polynomial map g of degreed = O(log(´ ¡ 1)) such
that jf ¡ gj · c´ for someconstant c. In particular, if one ¯nds w 2 Cn+1 with
jwj · ± such that jg¡ wj ¸ (c+ 1)´ over the ball B , then it follows immediately that
jf ¡ wj ¸ ´ everywhere,which is the desiredresult. The key observation for ¯nding
such a w is that the imageg(B) ½ Cn+1 is contained in an algebraichypersurfaceH
in Cn+1 of degreeat most D = (n + 1)dn . Indeed,if such werenot the case,then for
every nonzeropolynomial P of degreeat most D in n + 1 variables,P(g1; : : : ; gn+1 )
would be a non identically zero polynomial function of degreeat most dD in n
variables ; since the spaceof polynomials of degreeat most D in n + 1 variables
is of dimension

¡ D + n+1
n+1

¢
while the spaceof polynomials of degreeat most dD in n

variables is of dimension
¡ dD + n

n

¢
, the injectivit y of the map P 7! P(g1; : : : ; gn+1 )

from the ¯rst spaceto the secondwould imply that
¡ D + n+1

n+1

¢
·

¡ dD + n
n

¢
. However

sinceD = (n + 1)dn onehas
¡ D + n+1

n+1

¢

¡ dD + n
n

¢ =
(n + 1)dn + (n + 1)

n + 1
¢

D + n
dD + n

¢¢¢
D + 1
dD + 1

¸ (dn + 1) ¢
µ

1
d

¶ n

> 1;

which givesa contradiction. So g(B) ½ H for a certain hypersurfaceH ½ Cn+1 of
degreeat most D = (n + 1)dn . Thereforethe following classicalresult of algebraic
geometry (seee.g. [Gri], pp. 11{15) can be usedto provide control on the sizeof
H inside any ball in Cn+1 :

Lemma 4. Let H ½ Cn+1 be a complexalgebraic hypersurface of degree D. Then,
given any r > 0 and any x 2 Cn+1 , the 2n-dimensionalvolumeof H \ B(x; r ) is at
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most DV0 r 2n , where V0 is the volumeof the unit ball of dimension 2n. Moreover,
if x 2 H , then one also hasvol2n (H \ B(x; r )) ¸ V0 r 2n .

In particular, we are interestedin the intersectionof H with the ball B̂ of radius
± centered at the origin. Lemma 4 implies that the volume of this intersection is
boundedby (n + 1)V0 dn±2n . Cover B̂ by a ¯nite number of balls B(x i ; ´ ), in such
a way that no point is contained in more than a ¯xed constant number (depending
only on n) of the balls B(x i ; 2´ ). Then, for every i such that B(x i ; ´ ) \ H is non-
empty, B(x i ; 2´ ) contains a ball of radius ´ centered at a point of H , soby Lemma
4 the volume of B(x i ; 2´ ) \ H is at least V0 ´ 2n . Summing the volumesof these
intersectionsand comparing with the total volume of H \ B̂ , one gets that the
number of balls B(x i ; ´ ) which meet H is boundedby N = Cdn±2n ´ ¡ 2n , where C
is a constant depending only on n. Therefore,H \ B̂ is contained in the union of
N balls of radius ´ .

Sinceour goal is to ¯nd w 2 B̂ at distancemore than (c + 1)´ of g(B) ½ H ,
the set Z of valueswhich we want to avoid is contained in a set Z + which is the
union of N = Cdn±2n ´ ¡ 2n balls of radius (c + 2)´ . The volume of Z + is bounded
by C0dn±2n ´ 2 for someconstant C0 depending only on n. Therefore, there exists a
constant C00such that, if one assumes± to be larger than C00dn=2´ , the volume of
B̂ is strictly larger than that of Z + , and so B̂ ¡ Z + is not empty. Calling w any
element of B̂ ¡ Z + , one has jwj · ±, and jg ¡ wj ¸ (c + 1)´ at every point of B ,
and thereforejf ¡ wj ¸ ´ at every point of B , which is the desiredresult.

Sinced is boundedby a constant times log(´ ¡ 1), it is not hard to seethat there
existsan integerp such that, for all 0 < ± < 1

2 , the relation ´ = ±log(±¡ 1)¡ p implies
that ± > C00dn=2´ . This is the value of p which we choosein the statement of the
proposition, thus ensuringthat B̂ ¡ Z + is not empty and thereforethat there exists
w with jwj · ± such that jf ¡ wj ¸ ´ at every point of B .

We now considerthe caseof a one-parameterfamily of functions (f t )t2 [0;1]. The
¯rst part of the above argument alsoappliesto this case,so there exist polynomial
mapsgt of degreed = O(log(´ ¡ 1)), dependingcontinuouslyon t, such that jf t ¡ gt j ·
c´ for someconstant c and for all t. In particular, if one ¯nds wt 2 Cn+1 with
jwt j · ± and dependingcontinuouslyon t such that jgt ¡ wt j ¸ (c+ 1)´ over the ball
B , then it follows immediately that jf t ¡ wt j ¸ ´ everywhere,which is the desired
result.

As before,gt (B ) is contained in a hypersurfaceof degreeat most (n + 1)dn in
Cn+1 , and the sameargument as above implies that the set Z t of valueswhich we
want to avoid for wt (i.e. all the points of B̂ at distance lessthan (c + 1)´ from
gt (B )) is contained in a setZ +

t which is the union of N = Cdn±2n ´ ¡ 2n balls of radius
(c+ 2)´ . The rest of the proof is now a higher-dimensionalanalogueof the argument
usedin [A1] : the crucial point is to show that, if ± is large enough,B̂ ¡ Z +

t splits
into several small connectedcomponents and only onelargecomponent, becausethe
boundary Yt = @Z +

t is much smaller than a (2n + 1)-ball of radius ± and therefore
cannot split B̂ into components of comparablesizes.
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Each component of B̂ ¡ Z +
t is delimited by a subsetof the sphere@̂B and by a

union of components of Yt . Each component Yt;i of Yt is a real hypersurfacein B̂
(with cornersat the points wherethe boundariesof the variousballs of Z +

t intersect)
whoseboundary is contained in @̂B, and therefore splits B̂ into two components
C0

i and C00
i . So each component of B̂ ¡ Z +

t is an intersection of components C0
i or

C00
i wherei rangesover a certain subsetof the set of components of Yt . Let us now

state the following isoperimetric inequality :

Lemma 5. Let Y be a connected (singular) submanifoldof real codimension 1
in the unit ball of dimension 2n + 2, with (possiblyempty) boundary contained in
the boundary of the ball. Let A be the (2n + 1)-dimensional area of Y. Then the
volumeV of the smallest of the two componentsdelimited by Y in the ball satis¯es
the bound V · K A (2n+2) =(2n+1) , where K is a ¯xed constant depending only on the
dimension.

Pr oof. The stereographicprojection maps the unit ball quasi-isometrically
onto a half-sphere. Therefore, up to a change in the constant, it is su±cient to
prove the result on the half-sphere. By doubling Y along its intersection with the
boundary of the half-sphere,which doublesboth the volume delimited by Y and
its area,one reducesto the caseof a closedconnected(singular) real hypersurface
in the sphereS2n+2 (if Y doesnot meet the boundary, then it is not necessaryto
considerthe double). Next, onenoticesthat the singular hypersurfaceswe consider
can be smoothed in such a way that the area of Y and the volume it delimits are
changed by less than any ¯xed constant ; therefore, Lemma 5 follows from the
classicalsphericalisoperimetric inequality (seee.g. [Sch]). ¤

It follows that, letting A i be the (2n + 1)-dimensionalareaof Yt;i , the smallest
of the two components delimited by Yt;i , e.g.C0

i , hasvolume Vi · K A (2n+2) =(2n+1)
i .

Therefore,the volume of the set
S

i C0
i is boundedby K

P
i A (2n+2) =(2n+1)

i , which is
lessthan K (

P
i A i )(2n+2) =(2n+1) . However,

P
i A i is the total areaof the boundary

Yt of Z +
t , so it is lessthan the total areaof the boundariesof the balls composing

Z +
t , which is at most a ¯xed constant times Cdn±2n ´ ¡ 2n ((c+ 2)´ )2n+1 , i.e. at most

a ¯xed constant times dn±2n ´ . Therefore,onehas

vol(
[

i

C0
i ) · K 0

³
dn ´

±

´ 2n +2
2n +1

±2n+2

for someconstant K 0 dependingonly on n. Sothere existsa constant K 00depending
only on n such that, if ± > K 00dn ´ , then vol(

S
i C0

i ) · 1
10vol(B̂ ), and therefore

vol(
T

i C00
i ) ¸ 8

10vol(B̂ ).
Sinced is boundedby a constant times log(´ ¡ 1), it is not hard to seethat there

existsan integerp such that, for all 0 < ± < 1
2 , the relation ´ = ±log(±¡ 1)¡ p implies

that ± > K 00dn ´ . This is the value of p which we choosein the statement of the
proposition, thus ensuringthat the above volumeboundson

S
i C0

i and
T

i C00
i hold.

Now, recall that every component of B̂ ¡ Z +
t is an intersectionof setsC0

i and C00
i

for certain valuesof i . Therefore,every component of B̂ ¡ Z +
t either is contained in
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S
i C0

i or contains
T

i C00
i . However, because

S
i C0

i is much smaller than the ball B̂ ,
onecannot have B̂ ¡ Z +

t ½
S

i C0
i . Therefore,there exists a component in B̂ ¡ Z +

t

containing
S

i C00
i . Since its volume is at least 8

10vol(B̂ ), this large component is
necessarilyunique.

Let U(t) be the connectedcomponent of B̂ ¡ Z t which contains the largecompo-
nent of B̂ ¡ Z +

t : it is the only largecomponent of B̂ ¡ Z t . We now follow the same
argument as in [A1]. Sincegt (B ) dependscontinuously on t, so does its (c + 1)´ -
neighborhood Z t , and the set

S
t f tg £ Z t is thereforea closedsubsetof [0; 1] £ B̂ .

Let U¡ (t; ²) be the set of all points of U(t) at distancemore than ² from Z t [ @̂B .
Then, given any t and any small ² > 0, for all ¿ closeto t, U(¿) contains U ¡ (t; ²).
To seethis, we ¯rst notice that, for all ¿ closeto t, U ¡ (t; ²) \ Z¿ = ; . Indeed,
if such were not the case,one could take a sequenceof points of Z¿ \ U¡ (t; ²) for
¿ ! t, and extract a convergent subsequencewhoselimit belongsto U

¡
(t; ²) and

thereforelies outsideof Z t , in contradiction with the fact that
S

t f tg£ Z t is closed.
So U¡ (t; ²) ½ B̂ ¡ Z¿ for all ¿ closeenoughto t. Making ² smaller if necessary,
one may assumethat U¡ (t; ²) is connected,so that for all ¿ closeto t, U ¡ (t; ²) is
necessarilycontained in the large component of B̂ ¡ Z¿, namely U(¿).

It follows that U =
S

t f tg £ U(t) is an open connectedsubsetof [0; 1]£ B̂ , and
is thereforepath-connected.So we get a path s 7! (t(s); w(s)) joining (0; w(0)) to
(1; w(1)) inside U, for any given w(0) and w(1) in U(0) and U(1). We then only
have to make surethat s 7! t(s) is strictly increasingin order to de¯ne wt (s) = w(s).

Getting the t component to increasestrictly is not hard. Indeed,one ¯rst gets
it to be weakly increasing,by consideringvaluess1 < s2 of the parametersuch that
t(s1) = t(s2) = t and replacingthe portion of the path betweens1 and s2 by a path
joining w(s1) to w(s2) in the connectedset U(t). Then, we slightly shift the path,
using the fact that U is open, to get the t component to increaseslightly over the
parts whereit was constant. Thus we can de¯ne wt (s) = w(s) and end the proof of
Proposition 2.

3. Transv ersalit y of deriv ativ es

3.1. Transv ersalit y to 0 of Jac(f k). At this point in the proofs of Theorems
1 and 2, we have constructed for all large k asymptotically holomorphic sections
sk of C3 ­ L k (or families of sections),bounded away from 0, and such that the
holomorphic derivative of the map f k = Psk is bounded away from 0. The next
property we wish to ensureby perturbing the sectionssk is the transversality to 0
of the (2; 0)-JacobianJac(f k) = det(@f k). The main result of this sectionis :

Pr oposition 5. Let ± and ° be two constants such that 0 < ± < °
4 , and let

(sk)kÀ 0 be asymptotically holomorphic sections of C3 ­ L k such that jsk j ¸ ° and
j@(Psk)jgk ¸ ° at every point of X . Then there exists a constant ´ > 0 such that,
for all large enoughvaluesof k, there exist asymptotically holomorphicsections ¾k

of C3 ­ L k suchthat j¾k ¡ sk jC3 ;gk · ± and Jac(P¾k) is ´ -transverseto 0. Moreover,
the samestatementholdsfor families of sections indexed by a parameter t 2 [0; 1].
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The proof of Proposition 5 usesoncemore the sametechniquesand globaliza-
tion argument as Propositions 1 and 4. The local transversality result one usesin
conjunction with Proposition 3 is now the following statement for complexvalued
functions :

Pr oposition 6 ([D1],[A1]). Let f be a function de¯ned over the ball B + of
radius 11

10 in Cn with valuesin C. Let ± be a constant suchthat 0 < ± < 1
2, and let

´ = ±log(±¡ 1)¡ p where p is a suitable¯xed integer dependingonly on the dimension
n. Assumethat f satis¯es the following boundsover B + :

jf j · 1; j ¹@f j · ´ ; jr ¹@f j · ´ :

Then there exists w 2 C, with jwj · ±, such that f ¡ w is ´ -transverseto 0 over
the interior ball B of radius 1, i.e. f ¡ w hasderivative larger than ´ at any point
of B where jf ¡ wj < ´ .

Moreover, the samestatementremainstrue for a one-parameter family of func-
tions (f t )t2 [0;1] satisfyingthe samebounds,i.e. for all t onecan ¯nd elementswt 2 C
dependingcontinuously on t suchthat jwt j · ± and f t ¡ wt is ´ -transverseto 0 over
B .

The ¯rst part of this statement is exactly Theorem 20 of [D1], and the version
for one-parameterfamilies is Proposition 3 of [A1].

Proposition 5 is provedby applying Proposition 3 to the following property : say
that a sections of C3 ­ L k everywherelarger than °

2 and such that j@Psj ¸ °
2 every-

wheresatis¯esP(´ ; x) if Jac(Ps) is ´ -transverseto 0 at x, i.e. either jJac(Ps)(x)j ¸ ´
or jr Jac(Ps)(x)j > ´ . This property is local and C2-open, and thereforealso C3-
open, becausethe lower bound on s makesJac(Ps) depend nicely on s. Note that,
sinceone considersonly sectionsdi®ering from sk by lessthan ± in C3 norm, de-
creasing± if necessary, onecan safelyassumethat the two hypothesesjsj ¸ °

2 and
j@(Ps)j ¸ °

2 are satis¯ed everywhereby all the sectionsappearing in the construc-
tion of ¾k . So one only needsto check that the assumptionsof Proposition 3 hold
for the property P de¯ned above.

Therefore, let x 2 X , 0 < ± < °
4 , and consider asymptotically holomorphic

sectionssk of C3 ­ L k and the corresponding mapsf k = Psk , such that jsk j ¸ °
2 and

j@f k j ¸ °
2 everywhere. The setup is similar to that of Section2.2. Without lossof

generality, composingwith a rotation in C3 (constant over X ), onecanassumethat
sk(x) is directed along the ¯rst component in C3, i.e. that s1

k(x) = s2
k(x) = 0 and

therefore js0
k(x)j ¸ °

2 . Becauseof the uniform bound on jr sk j, there exists r > 0
(independent of k) such that js0

k j ¸ °
3 , js1

k j < °
3 and js2

k j < °
3 over the ball Bgk (x; r ).

Therefore,over this ball onecan de¯ne the map

hk(y) = (h1
k(y); h2

k(y)) =
³ s1

k(y)
s0

k(y)
;
s2

k(y)
s0

k(y)

´
:

Note that f k is the composition of hk with the map ¶: (z1; z2) 7! [1 : z1 : z2] from
C2 to CP2, which is a quasi-isometryover the unit ball in C2. Therefore,at any point
y 2 Bgk (x; r ), the bound j@f k(y)j ¸ °

2 implies that j@hk(y)j ¸ ° 0 for someconstant
° 0 > 0. Moreover, the (2; 0)-JacobiansJac(f k) = det(@f k) and Jac(hk) = det(@hk)
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are related to each other : Jac(f k)(y) = Á(y) Jac(hk)(y), whereÁ(y) is the Jacobian
of ¶ at hk(y). In particular, jÁj is bounded between two universal constants over
Bgk (x; r ), and r Á is alsobounded.

Sincer Jac(hk) = Á¡ 1r Jac(f k) ¡ Á¡ 2Jac(f k)r Á, it follows from the boundson
Á that, if Jac(f k) fails to be®-transverseto 0 at y for some®, i.e. if jJac(f k)(y)j < ®
and jr Jac(f k)(y)j · ®, then jJac(hk)(y)j < C® and jr Jac(hk)(y)j · C® for some
constant C independent of k and ®. This meansthat, if Jac(hk) is C®-transverse
to 0 at y, then Jac(f k) is ®-transverse to 0 at y. Therefore, what one actually
needsto prove is that, for large enough k, a perturbation of sk with Gaussian
decay and smaller than ± allows one to obtain the ´ -transversality to 0 of Jac(hk)
over a ball Bgk (x; c), with ´ = c0±(log ±¡ 1)¡ p, for someconstants c, c0 and p ; the
´
C -transversality to 0 of Jac(f k) then follows by the above remark.

Sincej@hk(x)j ¸ ° 0, onecanassume,after composingwith a rotation in C2 (con-
stant over X ) acting on the two components (s1

k ; s2
k) or equivalently on (h1

k ; h2
k),

that j@h2
k(x)j ¸ ° 0

2 . As in Section 2.2, consider the asymptotically holomorphic
sectionssref

k;x of L k with Gaussiandecay away from x given by Lemma 2, and the
complexcoordinate functions z1

k and z2
k of a local approximately holomorphic Dar-

boux coordinate chart on a neighborhood of x. Recall that the two asymptotically
holomorphic 1-forms

¹ 1
k = @

³ z1
ksref

k;x

s0
k

´
and ¹ 2

k = @
³ z2

ksref
k;x

s0
k

´

are, at x, both of norm larger than a ¯xed constant and mutually orthogonal, and
that ¹ 1

k , ¹ 2
k and their derivativesare uniformly boundedindependently of k.

Because¹ 1
k(x) and ¹ 2

k(x) de¯ne an orthogonal frame in ¤ 1;0T¤
x X , there exist

complex numbers ak and bk such that @h2
k(x) = ak¹ 1

k(x) + bk¹ 2
k(x). Let ¸ k;x =

(¹bkz1
k ¡ ¹akz2

k )sref
k;x . The properties of ¸ k;x of importance to us are the following :

the sections¸ k;x are asymptotically holomorphic becausethe coordinates zi
k are

asymptotically holomorphic; they areuniformly boundedin C3 norm by a constant
C0, becauseof the bounds on sref

k;x , on the coordinate chart and on @h2
k(x) ; they

have uniform Gaussiandecay away from x ; and, letting

£ k;x = @
³ ¸ k;x

s0
k

´
^ @h2

k ;

one has j£ k;x (x)j = j(¹bk¹ 1
k(x) ¡ ¹ak¹ 2

k(x)) ^ (ak¹ 1
k(x) + bk¹ 2

k(x)) j ¸ ° 00 for some
constant ° 00> 0, becauseof the lower boundson j¹ i

k(x)j and j@h2
k(x)j.

Becauser £ k;x is uniformly boundedand j£ k;x (x)j ¸ ° 00, there existsa constant
r 0 > 0 independent of k such that j£ k;x j remains larger than ° 00

2 over the ball
Bgk (x; r 0). De¯ne on Bgk (x; r 0) the function uk = £ ¡ 1

k;x Jac(hk) with values in C :
because£ k;x is bounded from above and below and has bounded derivative, the
transversality to 0 of uk is equivalent to that of Jac(hk). Moreover, for any wk 2 C,
adding wk¸ k;x to s1

k is equivalent to adding wk£ k;x to Jac(hk) = @h1
k ^ @h2

k , i.e.
adding wk to uk . Therefore, to prove Proposition 5 we only needto ¯nd wk 2 C
with jwk j · ±

C0
such that the functions uk ¡ wk are transverseto 0.
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Using the local approximately holomorphic coordinate chart, one can obtain
from uk , after composingwith a ¯xed dilation of C2 if necessary, functionsvk de¯ned
on the ball B + ½ C2, with values in C, and satisfying the estimatesjvk j = O(1),
j ¹@vk j = O(k¡ 1=2) and jr ¹@vk j = O(k¡ 1=2). One can then apply Proposition 6,
provided that k is large enough,to obtain constants wk 2 C, with jwk j · ±

C0
, such

that vk ¡ wk is ®-transverseto 0 over the unit ball in C2, where® = ±
C0

log(( ±
C0

)¡ 1)¡ p.
Therefore,uk ¡ wk is ®

C0-transverseto 0 over Bgk (x; c) for someconstants c and C0.
Multiplying by £ k;x , one ¯nally gets that, over Bgk (x; c), Jac(hk) ¡ wk£ k;x is ´ -
transverseto 0, where´ = ®

C00 for someconstant C00.
In other terms, let (¿0

k;x ; ¿1
k;x ; ¿2

k;x ) = (0; ¡ wk¸ k;x ; 0), and de¯ne ~hk similarly to hk

starting with sk + ¿k;x insteadof sk : then the above discussionshows that Jac(~hk)
is ´ -transverseto 0 over Bgk (x; c). Moreover, j¿k;x jC3 = jwk j j¸ k;x jC3 · ±, and the
sections¿k;x have uniform Gaussiandecay away from x. As remarked above, the
´ -transversality to 0 of Jac(~hk) implies that Jac(P(sk + ¿k;x )) is ´ 0-transverse to
0 for some´ 0 di®ering from ´ by at most a constant factor. The assumptionsof
Proposition 3 are thereforesatis¯ed, since´ 0 ¸ c0±log(±¡ 1)¡ p for a suitableconstant
c0 > 0.

Moreover, the wholeargument alsoappliesto one-parameterfamiliesof sections
st;k as well. The only nontrivial point to check, in order to apply the above con-
struction for each t 2 [0; 1] in such a way that everything depends continuously
on t, is the existenceof a continuous family of rotations of C2 acting on (h1

k ; h2
k)

allowing oneto assumethat j@h2
t;k (x)j > ° 0

2 for all t. For this, observe that, for every
t, such rotations in SU(2) are in one-to-onecorrespondencewith pairs (®; ¯ ) 2 C2

such that j®j2 + j¯ j2 = 1 and j®@h1
t;k (x) + ¯ @h2

t;k (x)j > ° 0

2 . The set ¡ t of such pairs
(®; ¯ ) is non-empty becausej@ht;k (x)j ¸ ° 0 ; let us now prove that it is connected.

First, notice that ¡ t is invariant under the diagonalS1 action on C2. Therefore,
it is su±cient to prove that the set of (® : ¯ ) 2 CP1 such that

Á(® : ¯ ) :=
j®@h1

t;k (x) + ¯ @h2
t;k (x)j2

j®j2 + j¯ j2
>

(° 0)2

4

is connected. For this, considera critical point of Á over CP1. Composing with a
rotation in CP1, one may assumethat this critical point is (1 : 0). Then it follows
from the property @

@̄ Á(1 : ¯ ) j¯ =0 = 0 that @h1
t;k (x) and @h2

t;k (x) must necessarilybe
orthogonal to each other. Therefore,onehas

Á(1 : ¯ ) =
j@h1

t;k (x)j2 + j¯ j2j@h2
t;k (x)j2

1 + j¯ j2
;

and it follows that either Á is constant over CP1 (if j@h1
t;k (x)j = j@h2

t;k (x)j), or
the critical point is nondegenerateof index 0 (if j@h1

t;k (x)j < j@h2
t;k (x)j), or it is

nondegenerateof index 2 (if j@h1
t;k (x)j > j@h2

t;k (x)j). As a consequence,sinceÁ has
no critical point of index 1, all nonempty setsof the form f (® : ¯ ) 2 CP1; Á(®; ¯ ) >
constantg are connected.
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Lifting back from CP1 to the unit spherein C2, it follows that ¡ t is connected.
Therefore, for each t the open set ¡ t ½ SU(2) of admissiblerotations of C2 is con-
nected. Sinceht;k dependscontinuously on t, the sets¡ t also depend continuously
on t (with respect to nearly every conceivable topology), and therefore

S
t f tg £ ¡ t

is connected.The sameargument asin the endof x2.3 then implies the existenceof
a continuoussectionof

S
t f tg£ ¡ t over [0; 1], i.e. the existenceof a continuousone-

parameter family of rotations of C2 which allows oneto ensurethat j@h2
t;k (x)j > ° 0

2
for all t. Therefore,the argument described in this sectionalsoappliesto the case
of one-parameterfamilies,and the assumptionsof Proposition 3 aresatis¯ed by the
property P even in the caseof one-parameterfamilies of sections. Proposition 5
follows immediately.

3.2. Nondegeneracy of cusps. At this point in the proof, we have obtained
sectionssatisfying the transversality property P3(° ). The only missingproperty in
order to obtain ´ -genericity for somé > 0 is the transversality to 0 of the restriction
of T (sk) to R(sk). The main result of this sectionis thereforethe following :

Pr oposition 7. Let ± and ° be two constants such that 0 < ± < °
4 , and let

(sk)kÀ 0 be asymptotically holomorphicsections of C3 ­ L k satisfyingP3(° ) for all k.
Then there existsa constant ´ > 0 suchthat, for all largeenoughvaluesof k, there
exist asymptotically holomorphicsections ¾k of C3 ­ L k suchthat j¾k ¡ sk jC3 ;gk · ±
and that the restrictions to R(¾k) of the sections T (¾k) are ´ -transverseto 0 over
R(¾k). Moreover, the samestatement holds for families of sections indexed by a
parameter t 2 [0; 1].

Note that, decreasing± if necessaryin the statement of Proposition 7, it is safe
to assumethat all sectionslying within ± of sk in C3 norm, and in particular the
sections¾k , satisfy P3( °

2 ).
There are several ways of obtaining transversality to 0 of certain sectionsre-

stricted to asymptotically holomorphic symplecticsubmanifolds: for example,one
such technique is described in the main argument of [A1]. However in our case,
the perturbations we will add to sk in order to get the transversality to 0 of T (sk)
have the sidee®ectof moving the submanifoldsR(sk) alongwhich the transversality
conditions have to hold, which makesthings slightly more complicated. Therefore,
we chooseto usethe equivalencebetweentwo di®erent transversality properties :

Lemma 6. Let ¾k and ¾0
k be asymptotically holomorphicsections of vector bun-

dles Ek and E 0
k respectively over X . Assumethat ¾0

k is ° -transverseto 0 over X
for some° > 0, and let § 0

k be its (smooth) zero set. Fix a constant r > 0 and a
point x 2 X . Then :

(1) There existsa constant c > 0, dependingonly on r , ° and the boundson the
sections, suchthat, if the restriction of ¾k to § 0

k \ Bgk (x; r ) is ´ -transverseto 0 for
some´ < ° , then ¾k © ¾0

k is c´ -transverseto 0 at x as a section of Ek © E 0
k .

(2) If ¾k © ¾0
k is ´ -transverseto 0 at x and x belongsto § 0

k , then the restriction
of ¾k to § 0

k is ´ -transverseto 0 at x.

Pr oof. We start with (1), whoseproof follows the ideasof x3.6 of [A1] with
improved estimates. Let C1 be a constant bounding jr ¾k j everywhere, and let
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C2 be a constant bounding jrr ¾k j and jrr ¾0
k j everywhere. Fix two constants

0 < c < c0 < 1
2, such that the following inequalities hold : c < r , c < 1

2° C¡ 1
1 ,

c0 < (2 + ° ¡ 1C1)¡ 1, and (2C2° ¡ 1 + 1)c < c0. Clearly, theseconstants depend only
on r , ° , C1 and C2.

Assumethat j¾k(x)j and j¾0
k(x)j are both smaller than c´ . Becauseof the ° -

transversality to 0 of ¾0
k and becausej¾0

k(x)j < c´ < ° , the covariant derivative of
¾0

k is surjective at x, and admits a right inverse(E 0
k)x ! TxX of norm lessthan

° ¡ 1. Since the connection is unitary, applying this right inverseto ¾0
k itself one

can follow the downward gradient °ow of j¾0
k j, and sinceoneremainsin the region

where j¾0
k j < ° this gradient °ow convergesto a point y where ¾0

k vanishes,at a
distanced from the starting point x no larger than ° ¡ 1c´ . In particular, d < c < r ,
so y 2 Bgk (x; r ) \ § 0

k , and the restriction of ¾k to § 0
k is ´ -transverseto 0 at y.

Since c < 1
2° C¡ 1

1 , the norm of ¾k(y) di®ers from that of ¾k(x) by at most
C1d < ´

2 , and so j¾k(y)j < ´ . Since y 2 Bgk (x; r ) \ § 0
k , we therefore know that

r ¾0
k is surjective at y and vanishesin all directions tangential to § 0

k , while r ¾k

restricted to Ty§ 0
k is surjective and larger than ´ . It follows that r (¾k © ¾0

k) is
surjective at y. Let ½: (Ek)y ! Ty§ 0

k and ½0 : (E 0
k)y ! TyX be the right inversesof

r y¾k j§ 0
k

and r y¾0
k given by the transversality properties of ¾k j§ 0

k
and ¾0

k . We now
construct a right inverse½̂: (Ek © E 0

k)y ! TyX of r y(¾k © ¾0
k) with boundednorm.

Consideringany element u 2 (Ek)y, the vector û = ½(u) 2 Ty§ 0
k has norm at

most ´ ¡ 1juj and satis¯es r ¾k(û) = u. Clearly r ¾0
k(û) = 0 becausêu is tangent to

§ 0
k , sowede¯ne ½̂(u) = û. Now consideran element v of (E 0

k)y, and let v̂ = ½0(v) : we
havejv̂j · ° ¡ 1jvj and r ¾0

k(v̂) = v. Let ŵ = ½(r ¾k(v̂)) : then r ¾k(ŵ) = r ¾k(v̂) and
r ¾0

k(ŵ) = 0, while jŵj · ´ ¡ 1C1jv̂j · ´ ¡ 1° ¡ 1C1jvj. Thereforer (¾k ©¾0
k)( v̂¡ ŵ) = v,

and we de¯ne ½̂(v) = v̂ ¡ ŵ.
Thereforer (¾k © ¾0

k) admits at y a right inverse½̂of norm boundedby ´ ¡ 1 +
° ¡ 1 + ´ ¡ 1° ¡ 1C1 · (2 + ° ¡ 1C1)´ ¡ 1 < (c0́ )¡ 1. Finally, note that r x (¾k © ¾0

k) di®ers
from r y(¾k © ¾0

k) by at most 2C2d < 2C2° ¡ 1c´ < (c0¡ c)´ . Therefore,r x (¾k © ¾0
k)

is alsosurjective, and is larger than (c0́ ) ¡ ((c0¡ c)´ ) = c´ . In other terms, we have
shown that ¾k © ¾0

k is c´ -transverseto 0 at x, which is what we sought to prove.

The proof of (2) is much easier: we know that x 2 § 0
k , i.e. ¾0

k(x) = 0, and
let us assumethat j¾k(x)j < ´ . Then j¾k(x) © ¾0

k(x)j = j¾k(x)j < ´ , and the ´ -
transversality to 0 of ¾k © ¾0

k at x implies that r x (¾k © ¾0
k) has a right inverse½̂

of norm lessthan ´ ¡ 1. Chooseany u 2 (Ek)x , and let ½(u) = ½̂(u © 0). One has
r ¾0

k(½(u)) = 0, therefore ½(u) lies in Tx§ 0
k , and r ¾k(½(u)) = u by construction.

So (r ¾k) jTx § 0
k

is surjective and admits ½as a right inverse. Moreover, j½(u)j =
j½̂(u © 0)j · ´ ¡ 1juj, so the norm of ½is lessthan ´ ¡ 1, which shows that ¾k j§ 0

k
is

´ -transverseto 0 at x. ¤

It follows from assertion(2) of Lemma 6 that, in order to obtain the transver-
sality to 0 of T (¾k) jR(¾k ) , it is su±cient to make T (¾k) © Jac(P¾k) transverseto 0
over a neighborhood of R(¾k). Therefore,we can useoncemore the globalization
principle of Proposition 3 to prove Proposition 7. Indeed, considera section s of
C3 ­ L k satisfying P3( °

2 ), a point x 2 X and a constant ´ > 0, and say that s
satis¯es the property P(´ ; x) if either x is at distance more than ´ of R(s), or x
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lies closeto R(s) and T (s) © Jac(Ps) is ´ -transverseto 0 at x (i.e. one of the two
quantities j(T (s) © Jac(Ps))( x)j and jr (T (s) © Jac(Ps))( x)j is larger than ´ ). Since
Jac(Ps) © T (s) is, under the assumptionP3( °

2 ), a smooth function of s and its ¯rst
two derivatives, and since R(s) depends nicely on s, it is easy to show that the
property P is local and C3-open. So one only needsto check that P satis¯es the
assumptionsof Proposition 3. Our next remark is :

Lemma 7. There exists a constant r 0
0 > 0 (independent of k) with the fol-

lowing property : choose x 2 X and r 0 < r 0
0, and let sk be asymptotically holo-

morphic sections of C3 ­ L k satisfying P3( °
2 ). Assume that B gk (x; r 0) intersects

R(sk). Then there existsan approximately holomorphicmap µk;x from the disc D +

of radius 11
10 in C to R(sk) such that : (i) the image by µk;x of the unit disc D

contains Bgk (x; r 0) \ R(sk) ; (ii) jr µk;x jC1 ;gk = O(1) and j ¹@µk;x jC1 ;gk = O(k¡ 1=2) ;
(iii) µk;x (D + ) is contained in a ball of radius O(r 0) centered at x.

Moreover the same statement holds for one-parameter families of sections :
given sections (st;k )t2 [0;1] depending continuously on t, satisfying P3( °

2 ) and such
that Bgk (x; r 0) intersects R(st;k ) for all t, there exist approximately J t -holomorphic
mapsµt;k ;x depending continuously on t and with the sameproperties as above.

Pr oof. Wework directly with the caseof one-parameterfamilies(the result for
isolated sectionsfollows trivially) and let j t;k = Jac(Pst;k ). First note that R(st;k )
is the zeroset of j t;k , which is °

2 -transverseto 0 and hasuniformly boundedsecond
derivative. So, given any point y 2 R(st;k ), jr j t;k (y)j > °

2 , and therefore there
exists c > 0, depending only on ° and the bound on rr j t;k , such that r j t;k varies
by a factor of at most 1

10 in the ball of radius c centered at y. It follows that
B gk (y; c) \ R(st;k ) is di®eomorphicto a ball (in other words, R(st;k ) is \trivial at
small scale").

Assume¯rst that 3r 0 < c. For all t, choosea point yt;k (not necessarilydepending
continuouslyon t) in B gk (x; r 0) \ R(st;k ) 6= ; . The intersectionBgk (yt;k ; 3r 0) \ R(st;k )
is di®eomorphicto a ball and thereforeconnected,and contains B gk (x; r 0) \ R(st;k )
which is nonempty and depends continuously on t. Therefore, the set

S
t f tg £

Bgk (yt;k ; 3r 0) \ R(st;k ) is connected,which implies the existenceof points x t;k 2
Bgk (yt;k ; 3r 0) \ R(st;k ) ½ Bgk (x; 4r 0) \ R(st;k ) which depend continuously on t.

Consider local approximately Jt -holomorphic coordinate charts over a neigh-
borhood of x t;k , depending continuously on t, as given by Lemma 3, and call
Ãt;k : (C2; 0) ! (X ; x t;k ) the inverseof the coordinate map. Becauseof asymp-
totic holomorphicity, the tangent spaceto R(st;k ) at x t;k lies within O(k¡ 1=2) of the
complex subspace~Tx t;k R(st;k ) = Ker @j t;k (x t;k ) of Tx t;k X . Composing Ãt;k with a
rotation in C2, one can get maps Ã0

t;k satisfying the sameboundsas Ãt;k and such
that the di®erential of Ã0

t;k at 0 mapsC £ f 0g to ~Tx t;k R(st;k ).
The estimatesof Lemma 3 imply that there exists a constant ¸ = O(r 0) such

that Ã0
t;k (BC2 (0; ¸ )) ¾ Bgk (x; r 0). De¯ne ~Ãt;k (z) = Ã0

t;k (¸z ) : if r 0 is su±ciently
small, this map is well-de¯ned over the ball BC2 (0; 2). Over BC2 (0; 2) the estimates
of Lemma3 imply that j ¹@~Ãt;k jC1 ;gk = O(¸k ¡ 1=2) and jr ~Ãt;k jC1 ;gk = O(¸ ). Moreover,
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becausȩ = O(r 0) the image by ~Ãt;k of BC2 (0; 2) is contained in a ball of radius
O(r 0) around x.

Assuming r 0 to be su±ciently small, one can also require that the image of
BC2 (0; 2) by ~Ãt;k hasdiameter lessthan c. The submanifoldsR(st;k ) are then trivial
over the consideredballs, so it follows from the implicit function theorem that
R(st;k ) \ ~Ãt;k (D + £ D + ) can be parametrized in the chosencoordinates as the set
of points of the form ~Ãt;k (z; ¿t;k (z)) for z 2 D + , where ¿t;k : D + ! D + satis¯es
¿t;k (0) = 0 and r ¿t;k (0) = O(k¡ 1=2).

The derivativesof ¿t;k can be easily computed, sincethey are characterizedby
the equation j t;k ( ~Ãt;k (z; ¿t;k (z))) = 0. Notice that, if r 0 is small enough,it follows
from the transversality to 0 of j t;k that jr j t;k ± d ~Ãt;k (v)j is larger than a constant
times ¸ jvj for all v 2 f 0g£ C and at any point of D + £ D + . Combining this estimate
with the boundson the derivativesof j t;k given by asymptotic holomorphicity and
the above bounds on the derivatives of ~Ãt;k , one gets that jr ¿t;k jC1 = O(1) and
j ¹@¿t;k jC1 = O(k¡ 1=2) over D + .

Onethen de¯nesµt;k (z) = ~Ãt;k (z; ¿t;k (z)) over D + , which satis¯esall the required
properties : the imageµt;k (D + ) is contained in R(st;k ) and in a ball of radius O(r 0)
centered at x ; µt;k (D) contains the intersection of R(st;k ) with ~Ãt;k (D £ D + ) ¾
Ã0

t;k (BC2 (0; ¸ )) ¾ Bgk (x; r 0) ; and the required boundson derivativesfollow directly
from thoseon derivativesof ¿t;k and ~Ãt;k . Therefore,Lemma 7 is proved under the
assumption that r 0 is small enough. We set r 0

0 in the statement of the lemma to
be the bound on r 0 which ensuresthat all the assumptionswe have madeon r 0 are
satis¯ed. ¤

We now prove that the assumptionsof Proposition 3 hold for property P in the
caseof singlesectionssk (the caseof one-parameterfamilies is discussedlater). Let
x 2 X , 0 < ± < °

4 , and considerasymptotically holomorphic sectionssk of C3 ­ L k

satisfying P3( °
2 ) and the corresponding maps f k = Psk . We have to show that, for

large enoughk, a perturbation of sk with Gaussiandecay and smaller than ± in C3

norm can make property P hold over a ball centered at x. Becauseof assertion(1)
of Lemma 6, it is actually su±cient to show that there exist constants c, c0 and p
independent of k and ± such that, if x lies within distancec of R(sk), then sk can
be perturbed to make the restriction of T (sk) to R(sk) ´ -transverseto 0 over the
intersectionof R(sk) with a ball Bgk (x; c), where´ = c0±(log ±¡ 1)¡ p. Such a result
is then su±cient to imply the transversality to 0 of T (sk) © Jac(f k) over the ball
Bgk (x; c

2), with a transversality constant decreasedby a boundedfactor.
As in previous sections,composing with a rotation in C3 (constant over X ),

one can assumethat sk(x) is directed along the ¯rst component in C3, i.e. that
s1

k(x) = s2
k(x) = 0 and therefore js0

k(x)j ¸ °
2 . Becauseof the uniform bound on

jr sk j, there exists r > 0 (independent of k) such that js0
k j ¸ °

3 , js1
k j < °

3 and
js2

k j < °
3 over the ball Bgk (x; r ). Therefore,over this ball onecan de¯ne the map

hk(y) = (h1
k(y); h2

k(y)) =
³ s1

k(y)
s0

k(y)
;
s2

k(y)
s0

k(y)

´
:
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The map f k is the composition of hk with the map ¶ : (z1; z2) 7! [1 : z1 : z2]
from C2 to CP2, which is a quasi-isometryover the unit ball in C2. Therefore,at
any point y 2 Bgk (x; r ), the bound j@f k(y)j ¸ °

2 implies that j@hk(y)j ¸ ° 0 for some
constant ° 0 > 0. Moreover, onehasJac(f k) = ÁJac(hk), whereÁ(y) is the Jacobian
of ¶at hk(y). In particular, Jac(hk) vanishesat exactly the samepoints of Bgk (x; r )
as Jac(f k). Since jÁj is bounded between two universal constants over Bgk (x; r )
and r Á is bounded too, it follows from the °

2 -transversality to 0 of Jac(f k) that,
decreasing° 0 if necessary, Jac(hk) is ° 0-transverseto 0 over Bgk (x; r ).

Since j@hk(x)j ¸ ° 0, after composing with a rotation in C2 (constant over X )
acting on the two components (s1

k ; s2
k) one can assumethat j@h2

k(x)j ¸ ° 0

2 . Since
rr hk is uniformly bounded, decreasingr if necessaryone can ensurethat j@h2

k j
remainslarger than ° 0

4 at every point of Bgk (x; r ).

Let us now show that, over R̂x (sk) = Bgk (x; r ) \ R(sk), the transversality to 0
of T (sk) follows from that of T̂ (sk) = @h2

k ^ @Jac(hk).
It follows from the identit y Jac(f k) = ÁJac(hk) and the vanishing of Jac(hk)

over R̂x (sk) that @Jac(f k) = Á@Jac(hk) over R̂x (sk). Moreover the two (1; 0)-forms
@f k and @hk have complex rank one at any point of R̂x (sk) and are related by
@f k = d¶(@hk), so they have the samekernel (in somesensethey are \colinear").
Becausej@h2

k j is bounded from below over Bgk (x; r ), the ratio between j@hk j and
j@h2

k j is bounded. Becausethe line bundleL (sk) on which oneprojects@f k coincides
with Im @f k over R(sk), we have j¼(@f k)j = j@f k j over R(sk). Since¶ is a quasi-
isometry over the unit ball, it follows that the ratio between j¼(@f k)j and j@h2

k j
is boundedfrom above and below over R̂x (sk). Moreover, the two 1-forms ¼(@f k)
and @h2

k have samekernel, so one can write ¼(@f k) = Ã @h2
k over R̂x (sk), with Ã

boundedfrom above and below. Becauseof the uniform boundson derivativesof sk

and thereforef k and hk , it is easyto check that the derivativesof Ã are bounded.
So T (sk) = ÁÃT̂ (sk) over R̂x (sk). Therefore, assumethat T̂ (sk) jR(sk ) is ´ -

transverse to 0 at a given point y 2 R̂x (sk), and let C > 1 be a constant such
that 1

C < jÁÃj < C and jr (ÁÃ)j < C over R̂x (sk). If jT (sk)(y)j < ´
2C3 , then

jT̂ (sk)(y)j < ´
2C2 < ´ , and thereforej@(T̂ (sk))( y)j > ´ , soat y onehasj@(T (sk)) j ¸

jÁÃ@(T̂ (sk)) j ¡ jT̂ (sk)@(ÁÃ)j > 1
C ´ ¡ ´

2C2 C = ´
2C > ´

2C3 . In other terms, the
restriction to R(sk) of T (sk) is ´

2C3 -transverseto 0 at y.
Therefore,we only needto show that there existsa constant c > 0 such that, if

Bgk (x; c) \ R(sk) 6= ; , then by perturbing sk it is possibleto ensurethat T̂ (sk) jR(sk )

is transverseto 0 over Bgk (x; c) \ R(sk).

By Lemma 7, given any su±ciently small constant c > 0 and assumingthat
Bgk (x; c) \ R(sk) 6= ; , there exists an approximately holomorphic map µk from
D + to R(sk) such that µk(D) contains Bgk (x; c) \ R(sk) and satisfying bounds
jr µk jC1 ;gk = O(1) and j ¹@µk jC1 ;gk = O(k¡ 1=2). We call ¹c = O(c) the sizeof the ball
such that µk(D + ) ½ Bgk (x; ¹c), and assumethat c is small enoughto have ¹c < r .

From now on, we assumethat Bgk (x; c) \ R(sk) 6= ; .
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Let sref
k;x be the asymptotically holomorphic sectionsof L k with Gaussiandecay

away from x given by Lemma 2, and let z1
k and z2

k be the complex coordinate
functions of a local approximately holomorphic Darboux coordinate chart on a
neighborhood of x. There exist two complexnumbers a and b such that @h2

k(x) =
a@z1

k (x) + b@z2
k (x). Composingthe coordinate chart (z1

k ; z2
k ) with the rotation

1
jaj2 + jb2j

µ ¹b ¡ ¹a
a b

¶
;

we can actually write @h2
k(x) = ¸ @z2

k (x), with j¸ j bounded from below indepen-
dently of k and x. We now de¯ne Qk;x =

¡
0; (z1

k )2sref
k;x ; 0

¢
and study the behavior of

T̂ (sk + wQk;x ) for small w 2 C.

First we look at how adding wQk;x to sk a®ectsthe submanifold R(sk) : for
small enoughw, R(sk + wQk;x ) is a small deformation of R(sk) and can therefore
be seenas a section of TX jR(sk ) . Becausethe derivative of Jac(hk) is uniformly
bounded and Bgk (x; c) \ R(sk) is not empty, if c is small enough then jJac(hk)j
remains lessthan ° 0 over Bgk (x; ¹c). Recall that Jac(hk) is ° 0-transverseto 0 over
Bgk (x; r ) : therefore,at every point y 2 Bgk (x; ¹c), r Jac(hk) admits a right inverse
½: ¤ 2;0T¤

y X ! TyX of norm lessthan 1
° 0. Adding wQk;x to sk increasesJac(hk) by

w¢ k;x , where

¢ k;x = @
³ (z1

k )2sref
k;x

s0
k

´
^ @h2

k :

Therefore, R(sk + wQk;x ) is obtained by shifting R(sk) by an amount equal to
¡ ½(w¢ k;x ) + O(jw¢ k;x j2). It follows that the value of T̂ (sk + wQk;x ) at a point of
R(sk + wQk;x ) di®ersfrom the value of T̂ (sk) at the corresponding point of R(sk)
by an amount

£ k;x (w) = w @h2
k ^ @¢ k;x ¡ r (T̂ (sk)) :½(w¢ k;x ) + O(w2):

Our aim is thereforeto show that, if c is small enough,for a suitable value of w the
quantit y T̂ (sk) + £ k;x (w) is transverseto 0 over R(sk) \ Bgk (x; c).

Notice that the quantities T̂ (sk) and Jac(hk) are asymptotically holomorphic,
so that r (T̂ (sk)) and ½are approximately complex linear. Therefore,

r (T̂ (sk)) :½(w¢ k;x ) = wr (T̂ (sk)) :½(¢ k;x ) + O(k¡ 1=2):

It follows that £ k;x (w) = w£ 0
k;x + O(w2) + O(k¡ 1=2), where

£ 0
k;x = @h2

k ^ @¢ k;x ¡ r (T̂ (sk)) :½(¢ k;x ):

We start by computing the value of £ 0
k;x at x, using the fact that @h2

k(x) =
¸ @z2

k (x) while z1
k (x) = 0 and therefore¢ k;x (x) = 0. Becauseof the identit y ¢ k;x =

sref
k ;x

s0
k

2z1
k@z1

k ^ @h2
k + O(jz1

k j2), an easycalculation yields that

@¢ k;x = 2
sref

k;x

s0
k

(@z1
k ^ @h2

k) @z1
k + O(jz1

k j)
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and therefore

£ 0
k;x (x) = ¡ 2¸ 2 sref

k;x (x)

s0
k(x)

¡
@z1

k (x) ^ @z2
k (x)

¢2
:

The important point is that there exists a constant ° 00> 0 independent of k and x
such that j£ 0

k;x (x)j ¸ ° 00.
Sincethe derivativesof £ 0

k;x areuniformly bounded,j£ 0
k;x j remainslarger than ° 00

2
at every point of Bgk (x; ¹c) if c is small enough. It follows that, over R(sk) \ Bgk (x; c),
the transversality to 0 of T̂ (sk) + £ k;x (w) is equivalent to that of the function
(T̂ (sk) + £ k;x (w))=£ 0

k;x . The value of c we ¯nally chooseto use in Lemma 7 for
the construction of µk is one small enoughto ensurethat all the above statements
hold (but still independent of k, x and ±). Now de¯ne, over the disc D + ½ C, the
function

vk(z) =
T̂ (sk)(µk(z))
£ 0

k;x (µk(z))

with valuesin C. Because£ 0
k;x is boundedfrom below over Bgk (x; ¹c) and becauseof

the boundson the derivativesof µk given by Lemma 7, the functions vk : D + ! C
satisfy the hypothesesof Proposition 6 for all large enoughk. Therefore,if C0 is a
constant larger than jQk;x jC3 ;gk , and if k is large enough,there exists wk 2 C, with
jwk j · ±

C0
, such that vk + wk is ®-transverseto 0 over the unit disc D in C, where

® = ±
C0

log(( ±
C0

)¡ 1)¡ p.
Multiplying again by £ 0

k;x and recalling that µk mapsdi®eomorphicallyD to a
subsetof R(sk) containing R(sk) \ Bgk (x; c), we get that the restriction to R(sk)
of T̂ (sk) + wk£ 0

k;x is ®0-transverseto 0 over R(sk) \ Bgk (x; c) for some®0 di®ering
from ® by at most a constant factor. Recall that £ k;x (wk) = wk£ 0

k;x + O(jwk j2) +
O(k¡ 1=2), and note that jwk j2 is at most of the order of ±2, while ®0 is of the order of
±log(±¡ 1)¡ p : so,if ± is smallenough,onecanassumethat jwk j2 is much smallerthan
®0. If k is largeenough,k¡ 1=2 is alsomuch smallerthan ®0, sothat T̂ (sk) + £ k;x (wk)
di®ersfrom T̂ (sk) + wk£ 0

k;x by lessthan ®0

2 , and is therefore ®0

2 -transverseto 0 over
R(sk) \ Bgk (x; c).

Next, recall that R(sk + wkQk;x ) is obtained by shifting R(sk) by an amount
¡ ½(wk¢ k;x )+ O(jwk¢ k;x j2) = O(jwk j) (becausej¢ k;x j is uniformly bounded,or more
generally becausethe perturbation of sk is O(jwk j) in C3 norm). So, if ± is small
enough,one can safelyassumethat the distanceby which one shifts the points of
R(sk) is lessthan c

2. Therefore,given any point in R(sk + wkQk;x ) \ Bgk (x; c
2), the

corresponding point in R(sk) belongsto Bgk (x; c).
Wehaveseenabove that the valueof T̂ (sk + wkQk;x ) at a point of R(sk + wkQk;x )

di®ersfrom the value of T̂ (sk) at the corresponding point of R(sk) by £ k;x (wk) ;
therefore it follows from the transversality properties of T̂ (sk) + £ k;x (wk) that
the restriction to R(sk + wkQk;x ) of T̂ (sk + wkQk;x ) is ®00-transverse to 0 over
R(sk + wkQk;x ) \ Bgk (x; c

2) for some®00> 0 di®ering from ®0 by at most a con-
stant factor.
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By the remarks above, this transversality property implies transversality to 0
of the restriction of T (sk + wkQk;x ) over R(sk + wkQk;x ) \ Bgk (x; c

2) ; therefore,by
Lemma6, T (sk + wkQk;x ) © Jac(P(sk + wkQk;x )) is ´ -transverseto 0 over Bgk (x; c

4),
with a transversality constant ´ di®eringfrom ®00by at most a constant factor. So,
if ± is small enoughand k largeenough,in the casewhereBgk (x; c) \ R(sk) 6= ; , we
have constructedwk such that sk + wkQk;x satis¯esthe requiredproperty P(´ ; y) at
every point y 2 Bgk (x; c

4). By construction, jwkQk;x jC3 ;gk · ±, the asymptotically
holomorphicsectionsQk;x haveuniform Gaussiandecay away from x, and ´ is larger
than c0±log(±¡ 1)¡ p for someconstant c0 > 0, so all required properties hold in this
case.

Moreover, in the casewhere Bgk (x; c) does not intersect R(sk), the section sk

already satis¯es the property P( 3
4c;y) at every point y of Bgk (x; c

4) and no per-
turbation is necessary. Therefore, the property P under considerationsatis¯es the
hypothesesof Proposition 3 whether Bgk (x; c) intersectsR(sk) or not. This ends
the proof of Proposition 7 for isolated sectionssk .

In the caseof one-parameterfamilies of sections,the argument still works sim-
ilarly : we are now given sections st;k depending continuously on a parameter
t 2 [0; 1], and try to perform the sameconstruction as above for each value of
t, in such a way that everything dependscontinuously on t. As previously, we have
to show that one can perturb st;k in order to ensurethat, for all t such that x lies
in a neighborhood of R(st;k ), T (st;k ) jR(st;k ) is transverseto 0 over the intersection
of R(st;k ) with a ball centered at x.

As before, a continuous family of rotations of C3 can be used to ensurethat
s1

t;k (x) and s2
t;k (x) vanish for all t, allowing one to de¯ne ht;k for all t. Moreover

the argument at the end of Section 3.1 proves the existenceof a continuous one-
parameterfamily of rotations of C2 acting on the two components (s1

t;k ; s2
t;k ) allowing

one to assumethat j@h2
t;k (x)j ¸ ° 0

2 for all t. Therefore, as in the caseof isolated
sections,the problem is reducedto that of perturbing st;k when x lies in a neigh-
borhood of R(st;k ) in order to obtain the transversality to 0 of T̂ (st;k ) jR(st;k ) over
the intersectionof R(st;k ) with a ball centered at x.

BecauseLemma7 and Proposition 6 alsoapply in the caseof 1-parameterfami-
liesof sections,the argument usedaboveto obtain the expectedtransversality result
for isolated sectionsalso works here for all t such that x lies in the neighborhood
of R(st;k ). However, the ball Bgk (x; c) intersectsR(st;k ) only for certain valuesof
t 2 [0; 1], which makesit necessaryto work more carefully.

De¯ne ­ k ½ [0; 1] asthe setof all t for which Bgk (x; c) \ R(st;k ) 6= ; . For all large
enoughk and for all t 2 ­ k , Lemma7 allows oneto de¯ne mapsµt;k : D + ! R(st;k )
dependingcontinuously on t and with the samepropertiesas in the caseof isolated
sections.Using local coordinateszi

t;k dependingcontinuously on t given by Lemma
3 and sectionssref

t;k ;x given by Lemma2, the quantities Qt;k ;x , ¢ t;k ;x , £ t;k ;x (w), £ 0
t;k ;x

and vt;k can be de¯ned for all t 2 ­ k by the sameformulae as above and depend
continuously on t.

Proposition 6 then gives, for all large k and for all t 2 ­ k , complex numbers
wt;k of norm at most ±

C0
and depending continuously on t, such that the functions
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vt;k + wt;k are transverseto 0 over D. As in the caseof isolatedsections,this implies
that st;k + wt;k Qt;k ;x satis¯es the required transversality property over Bgk (x; c

4).
Our problem is to de¯ne asymptotically holomorphic sections¿t;k ;x of C3 ­ L k

for all valuesof t 2 [0; 1], of C3-norm lessthan ± and with Gaussiandecay away
from x, in such a way that the sectionsst;k + ¿t;k ;x depend continuously on t 2 [0; 1]
and satisfy the property P over Bgk (x; c

4) for all t. For this, let ¯ : R+ ! [0; 1] be
a continuous cut-o® function equal to 1 over [0; 3c

4 ] and to 0 over [c;+ 1 ). De¯ne,
for all t 2 ­ k ,

¿t;k ;x = ¯
¡
distgk (x; R(st;k ))

¢
wt;k Qt;k ;x ;

and ¿t;k ;x = 0 for all t 62­ k . It is clear that, for all t 2 [0; 1], the sections¿t;k ;x

are asymptotically holomorphic, have Gaussiandecay away from x, depend con-
tinuously on t and are smaller than ± in C3 norm. Moreover, for all t such that
distgk (x; R(st;k )) · 3c

4 , one has ¿t;k ;x = wt;k Qt;k ;x , so the sectionsst;k + ¿t;k ;x satisfy
property P over Bgk (x; c

4) for all such valuesof t.
For the remainingvaluesof t, namely thosesuch that x is at distancemorethan

3c
4 from R(st;k ), the argument is the following : sincethe perturbation ¿t;k ;x is smaller
than ±, every point of R(st;k + ¿t;k ;x ) lies within distanceO(±) of R(st;k ). Therefore,
decreasingthe maximum allowable value of ± in Proposition 3 if necessary, onecan
safelyassumethat this distanceis lessthan c

4. It follows that x is at distancemore
than c

2 of R(st;k + ¿t;k ;x ), and so that the property P( c
4; y) holds at every point

y 2 Bgk (x; c
4).

Therefore, for all large enoughk and for all t 2 [0; 1], the perturbed sections
st;k + ¿t;k ;x satisfy property P over the ball Bgk (x; c

4). It follows that the assumptions
of Proposition 3 also hold for P in the caseof one-parameterfamilies, and so
Proposition 7 is proved.

4. Dealing with the antiholomorphic part

4.1. Holomorphicit y in the neigh borho od of cusp poin ts. At this point
in the proof, we have constructedasymptotically holomorphic sectionsof C3 ­ L k

satisfying all the required transversality properties. We now needto show that, by
further perturbation, one can obtain ¹@-tameness.We ¯rst handle the caseof cusp
points :

Pr oposition 8. Let (sk)kÀ 0 be ° -generic asymptotically J -holomorphic sec-
tions of C3­ L k . Then there existconstants(Cp)p2 N andc > 0 suchthat, for all large
k, there exist ! -compatible almost-complexstructures ~Jk on X and asymptotically
J -holomorphic sections ¾k of C3 ­ L k with the following properties : at any point
whosegk-distance to C~Jk

(¾k) is lessthan c, the almost-complexstructure ~Jk is inte-
grableand themapP¾k is ~Jk-holomorphic; and for all p 2 N, j ~Jk ¡ J jCp ;gk · Cpk¡ 1=2

and j¾k ¡ sk jCp ;gk · Cpk¡ 1=2.
Furthermore, the result alsoappliesto 1-parameter families of ° -genericasymp-

totically Jt -holomorphic sections (st;k )t2 [0;1];kÀ 0 : for all large k there exist almost-
complex structures ~Jt;k and asymptotically Jt -holomorphic sections ¾t;k depending
continuously on t and suchthat the aboveproperties hold for all valuesof t. More-
over, if s0;k and s1;k already satisfy the required properties, and if one assumesthat,
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for some² > 0, Jt and st;k are respectively equal to J0 and s0;k for all t 2 [0; ²] and
to J1 and s1;k for all t 2 [1 ¡ ²; 1], then it is possibleto ensure that ¾0;k = s0;k and
¾1;k = s1;k .

The proof of this result relieson the following analysislemma,which statesthat
any approximately holomorphic complex-valued function de¯ned over the ball B +

of radius 11
10 in C2 can be approximated over the interior ball B of unit radius by a

holomorphic function :

Lemma 8. There exist an operator P : C1 (B + ; C) ! C1 (B ; C) and constants
(K p)p2 N such that, given any function f 2 C1 (B + ; C), the function ~f = P(f ) is
holomorphicover the unit ball B and satis¯es jf ¡ ~f jCp (B ) · K p j ¹@f jCp (B + ) for every
p 2 N.

Pr oof. (seealso [D1]). This is a standard fact which can be proved e.g. using
the HÄormander theory of weighted L 2 spaces.Using a suitable weighted L 2 norm
on B + which comparesuniformly with the standard norm on the interior ball B 0

of radius 1 + 1
20 (B ½ B 0 ½ B + ), one obtains a boundedsolution to the Cauchy-

Riemann equation : for any ¹@-closed(0; 1)-form ½on B + there exists a function
T(½) such that ¹@T(½) = ½and jT(½)jL 2 (B 0) · Cj½jL 2 (B + ) for someconstant C.

Take ½= ¹@f and let h = T(½) : since ¹@h = ½= ¹@f , the function ~f = f ¡ h is
holomorphic (in other words, we set P = Id ¡ T ¹@). Moreover the L 2 norm of h and
the Cp norm of ¹@h = ¹@f over B 0 are boundedby multiples of j ¹@f jCp (B + ) ; therefore,
by standard elliptic theory, the sameis true for the Cp norm of h over the interior
ball B , which givesthe desiredresult. ¤

We ¯rst prove Proposition 8 in the caseof isolatedsectionssk , wherethe argu-
ment is fairly easy. Becausesk is ° -generic,the set of points of R(sk) whereT (sk)
vanishes,i.e. CJ (sk), is ¯nite. Moreover rT (sk) jR(sk ) is larger than ° at all cusp
points and rrT (sk) is uniformly bounded,so there exists a constant r > 0 such
that the gk-distancebetweenany two points of CJ (sk) is larger than 4r .

Let x be a point of CJ (sk), and considera local approximately J -holomorphic
Darboux map Ãk : (C2; 0) ! (X ; x) asgivenby Lemma3. Becauseof the boundson
¹@Ãk , the ! -compatible almost-complexstructure J 0

k on the ball Bgk (x; 2r ) de¯ned
by pulling back the standard complex structure of C2 satis¯es boundsof the type
jJ 0

k ¡ J jCp ;gk = O(k¡ 1=2) over Bgk (x; 2r ) for all p 2 N.
Recall that the set of ! -skew-symmetric endomorphismsof square¡ 1 of the

tangent bundle TX (i.e. ! -compatible almost-complexstructures) is a subbundle
of End(TX ) whose¯b ersare contractible. Therefore,there exists a one-parameter
family (J ¿

k )¿2 [0;1] of ! -compatiblealmost-complexstructuresover Bgk (x; 2r ) depend-
ing smoothly on ¿ and such that J 0

k = J and J 1
k = J 0

k . Also, let ¿x : Bgk (x; 2r ) !
[0; 1] be a smooth cut-o® function with boundedderivativessuch that ¿x = 1 over
Bgk (x; r ) and ¿x = 0 outside of Bgk (x; 3

2r ).
Then, de¯ne ~Jk to bethe almost-complexstructure which equalsJ outsideof the

2r -neighborhood of CJ (sk), and which at any point y of a ball Bgk (x; 2r ) centered
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at x 2 CJ (sk) coincideswith J ¿x (y)
k : it is quite easyto check that ~Jk is integrable

over the r -neighborhood of CJ (sk) where it coincideswith J 0
k , and satis¯es bounds

of the type j ~Jk ¡ J jCp ;gk = O(k¡ 1=2) 8p 2 N.

Let us now return to a neighborhood of x 2 CJ (sk), wherewe needto perturb
sk to make the corresponding projective map locally ~Jk-holomorphic. First notice
that, by composingwith a rotation of C3 (constant over X ), onecan safelyassume
that s1

k(x) = s2
k(x) = 0. Therefore, js0

k(x)j ¸ ° , and decreasingr if necessaryone
can assumethat js0

k j remains larger than °
2 at every point of Bgk (x; r ). The ~Jk-

holomorphicity of Psk over a neighborhood of x is then equivalent to that of the
map hk with valuesin C2 de¯ned by

hk(y) = (h1
k(y); h2

k(y)) =
³ s1

k(y)
s0

k(y)
;
s2

k(y)
s0

k(y)

´
:

Becauseof the propertiesof the map Ãk givenby Lemma3, there exist constants
¸ > 0 and r 0 > 0, independent of k, such that Ãk(BC2 (0; 11

10¸ )) is contained in
Bgk (x; r ) while Ãk(BC2 (0; 1

2¸ )) contains Bgk (x; r 0). We now de¯ne the two complex-
valuedfunctions f 1

k (z) = h1
k(Ãk(¸z )) and f 2

k (z) = h2
k(Ãk(¸z )) over the ball B + ½ C2.

By de¯nition of ~Jk , the map Ãk intertwines the almost-complexstructure ~Jk over
Bgk (x; r ) and the standard complex structure of C2, so our goal is to make the
functions f 1

k and f 2
k holomorphic in the usual senseover a ball in C2.

This is wherewe useLemma8. Remark that, becauseof the estimateson ¹@J Ãk

given by Lemma 3 and thoseon ¹@J hk coming from asymptotic holomorphicity, we
have j ¹@f i

k jCp (B + ) = O(k¡ 1=2) for every p 2 N and i 2 f 1; 2g. Therefore,by Lemma8
there exist two holomorphicfunctions ~f 1

k and ~f 2
k , de¯ned over the unit ball B ½ C2,

such that jf i
k ¡ ~f i

k jCp (B ) = O(k¡ 1=2) for every p 2 N and i 2 f 1; 2g.
Let ¯ : [0; 1] ! [0; 1] be a smooth cut-o® function such that ¯ = 1 over [0; 1

2 ]
and ¯ = 0 over [3

4 ; 1], and de¯ne, for all z 2 B and i 2 f 1; 2g, f̂ i
k(z) = ¯ (jzj) ~f i

k(z) +
(1 ¡ ¯ (jzj)) f i

k(z). By construction, the functions f̂ i
k are holomorphic over the ball

of radius 1
2 and di®er from f i

k by O(k¡ 1=2).
Going back through the coordinate map, let ĥi

k be the functions on the neigh-
borhood Ux = Ãk(BC2 (0; ¸ )) of x which satisfy ĥi

k(Ãk(¸z )) = f̂ i
k(z) for every z 2 B.

De¯ne ŝ0
k = s0

k , ŝ1
k = ĥ1

ks0
k and ŝ2

k = ĥ2
ks0

k over Ux , and let ¾k be the global section
of C3 ­ L k which 8x 2 CJ (sk) equalsŝk over Ux and which coincideswith sk away
from CJ (sk).

Becausef̂ i
k = f i

k nearthe boundary of B , ŝk coincideswith sk nearthe boundary
of Ux , and ¾k is thereforea smooth sectionof C3 ­ L k . For every p 2 N, it follows
from the bound jf̂ i

k ¡ f i
k jCp (B ) = O(k¡ 1=2) that j¾k ¡ sk jCp ;gk = O(k¡ 1=2). Moreover,

the functions f̂ i
k are holomorphicover BC2 (0; 1

2) wherethey coincidewith ~f i
k , so the

functions ĥi
k are ~Jk-holomorphic over Ãk(BC2 (0; 1

2¸ )) ¾ Bgk (x; r 0), and it follows
that P¾k is ~Jk-holomorphic over Bgk (x; r 0).

Therefore, the almost-complexstructures ~Jk and the sections¾k satisfy all the
requiredproperties,exceptthat the integrability of ~Jk and the holomorphicity of P¾k
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are proved to hold on the r 0-neighborhood of CJ (sk) rather than on a neighborhood
of C~Jk

(¾k).
However, the Cp boundsj ~Jk ¡ Jk j = O(k¡ 1=2) and j¾k ¡ sk j = O(k¡ 1=2) imply that

jJac~Jk
(P¾k) ¡ JacJ (Psk)j = O(k¡ 1=2) and jT ~Jk

(¾k) ¡ TJ (sk)j = O(k¡ 1=2). Therefore
it follows from the transversality properties of sk that the points of C~Jk

(¾k) lie
within gk-distance O(k¡ 1=2) of CJ (sk). In particular, if k is large enough, the r 0

2 -
neighborhood of C~Jk

(¾k) is contained in the r 0-neighborhood of CJ (sk), which ends
the proof of Proposition 8 in the caseof isolated sections.

In the caseof one-parameterfamilies of sections,the argument is similar. One
¯rst notices that, becauseof ° -genericity, there exists r > 0 such that, for every
t 2 [0; 1], the set CJ t (st;k ) consistsof ¯nitely many points, any two of which are mu-
tually distant of at least 4r . Therefore,the points of CJ t (st;k ) depend continuously
on t, and their number remainsconstant.

Considera continuousfamily (x t )t2 [0;1] of points of CJ t (st;k ) : Lemma3 provides
approximately Jt -holomorphic Darboux mapsÃt;k depending continuously on t on
a neighborhood of x t . By pulling back the standard complex structure of C2, one
obtains integrable almost-complexstructures J 0

t;k over Bgk (x t ; 2r ), depending con-
tinuously on t and di®eringfrom Jt by O(k¡ 1=2). As previously, becausethe set of
! -compatible almost-complexstructures is contractible, one can de¯ne a continu-
ous family of almost-complexstructures ~Jt;k on X by gluing together Jt with the
almost-complexstructures J 0

t;k de¯ned over Bgk (x t ; 2r ), using a cut-o® function at
distance r from CJ t (st;k ). By construction, the almost-complexstructures ~Jt;k are
integrable over the r -neighborhood of CJ t (st;k ), and j ~Jt;k ¡ Jt jCp ;gk = O(k¡ 1=2) for
all p 2 N.

Next, we perturb st;k near x t 2 CJ t (st;k ) in order to make the corresponding
projective map locally ~Jt;k -holomorphic. As before, composing with a rotation of
C3 (constant over X and dependingcontinuouslyon t) and decreasingr if necessary,
we can assumethat s1

t;k (x t ) = s2
t;k (x t ) = 0 and therefore that js0

t;k j remains larger
than °

2 over Bgk (x t ; r ). The ~Jt;k -holomorphicity of Pst;k over Bgk (x t ; r ) is then
equivalent to that of the map ht;k with valuesin C2 de¯ned as above.

As previously, there exist constants ¸ and r 0 such that Ãt;k (BC2 (0; 11
10¸ )) is con-

tained in Bgk (x t ; r ) and Ãt;k (BC2 (0; 1
2¸ )) ¾ Bgk (x t ; r 0) ; onceagain, our goal is to

make the functions f i
t;k : B + ! C de¯ned by f i

t;k (z) = hi
t;k (Ãt;k (¸z )) holomorphic

in the usual sense.
Becauseof the estimateson ¹@J t Ãt;k and ¹@J t ht;k , we have j ¹@f i

t;k jCp (B + ) = O(k¡ 1=2)
8p 2 N, soLemma8 providesholomorphicfunctions ~f i

t;k over B which di®erfrom f i
t;k

by O(k¡ 1=2). By the samecut-o®procedureasabove, we can thus de¯ne functions
f̂ i

t;k which are holomorphicover BC2 (0; 1
2) and coincidewith f i

t;k near the boundary
of B . Going back through the coordinate maps, we de¯ne as previously functions
ĥi

t;k and sectionsŝt;k over the neighborhood Ut;x t = Ãt;k (BC2 (0; ¸ )) of x t . Sinceŝt;k

coincideswith st;k near the boundary of Ut;x t , we can obtain smooth sections¾t;k of
C3 ­ L k by gluing st;k together with the varioussectionsŝt;k de¯ned near the points
of CJ t (st;k ).
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As previously, the mapsP¾t;k are ~Jt;k -holomorphic over the r 0-neighborhood of
CJ t (st;k ) and satisfy j¾t;k ¡ st;k jCp ;gk = O(k¡ 1=2) ; thereforethe desiredresult follows
from the observation that, for large enoughk, C~J t;k

(¾t;k ) lies within distance r 0

2 of
CJ t (st;k ).

We now considerthe special casewheres0;k already satis¯es the required con-
ditions, i.e. there exists an almost-complexstructure ¹J0;k within O(k¡ 1=2) of J0,
integrable near C¹J0;k

(s0;k ), and such that Ps0;k is ¹J0;k -holomorphic near C¹J0;k
(s0;k ).

Although this is actually not necessaryfor the result to hold, we alsoassume,as in
the statement of Proposition 8, that st;k = s0;k and Jt = J0 for every t · ², for some
² > 0. We want to prove that onecan take ¾0;k = s0;k in the above construction.

We ¯rst show that one can assumethat ~J0;k coincideswith ¹J0;k over a small
neighborhood of CJ0 (s0;k ). For this, remark that CJ0 (s0;k ) lies within O(k¡ 1=2) of
C¹J0;k

(s0;k ), sothereexistsa constant ±such that, for largeenoughk, ¹J0;k is integrable
and Ps0;k is ¹J0;k -holomorphic over the ±-neighborhood of CJ0 (s0;k ).

Fix points (x t )t2 [0;1] in CJ t (st;k ), and consider,for all t ¸ ², the approximately
Jt -holomorphic Darboux coordinates (z1

t;k ; z2
t;k ) on a neighborhood of x t and the

inversemap Ãt;k givenby Lemma3 and which areusedto de¯ne the almost-complex
structuresJ 0

t;k and ~Jt;k nearx t . Wewant to show that onecanextendthe family Ãt;k

to all t 2 [0; 1] in such a way that the map Ã0;k is ¹J0;k -holomorphic. The hypothesis
that Jt and st;k are the samefor all t 2 [0; ²] makesthings easierto handlebecause
J² = J0 and x² = x0.

Since ¹J0;k is integrableover Bgk (x0; ±) and ! -compatible, there exist local com-
plex Darboux coordinates Zk = (Z 1

k ; Z 2
k ) at x0 which are ¹J0;k -holomorphic. It

follows from the approximate J0-holomorphicity of the coordinatesz²;k = (z1
²;k ; z2

²;k )
and from the bound jJ0 ¡ ¹J0;k j = O(k¡ 1=2) that, composing with a linear endo-
morphism of C2 if necessary, onecan assumethat the di®erentials at x0 of the two
coordinate maps,namely r x0 z²;k and r x0 Zk , lie within O(k¡ 1=2) of each other. For
all t 2 [0; ²], ·zt;k = t

² z²;k + (1 ¡ t
² )Zk de¯nes local coordinates on a neighborhood

of x0 ; however, for t 2 (0; ²) this map fails to be symplectic by an amount which
is O(k¡ 1=2). So we apply Moser's argument to ·zt;k in order to get local Darboux
coordinates zt;k over a neighborhood of x0 which interpolate betweenZk and z²;k

and which di®erfrom ·zt;k by O(k¡ 1=2). It is easyto check that, if k is largeenough,
then the coordinateszt;k are well-de¯ned over the ball Bgk (x t ; 2r ). Since ¹@J0 Zk and
¹@J0 z²;k are O(k¡ 1=2), and becausezt;k di®ersfrom ·zt;k by O(k¡ 1=2), the coordinates
de¯ned by zt;k are approximately J0-holomorphic (in the senseof Lemma 3) for all
t 2 [0; ²].

De¯ning Ãt;k as the inverseof the map zt;k for every t 2 [0; ²], it follows im-
mediately that the maps Ãt;k , which depend continuously on t, are approximately
Jt -holomorphic over a neighborhood of 0 for every t 2 [0; 1], and that Ã0;k is ¹J0;k -
holomorphic.

Wecanthen de¯ne J 0
t;k aspreviouslyonBgk (x t ; 2r ), andnoticethat J 0

0;k coincides
with ¹J0;k . Therefore, the corresponding almost-complexstructures ~Jt;k over X , in
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addition to all the properties described previously, also satisfy the equality ~J0;k =
¹J0;k over the r -neighborhood of CJ0 (s0;k ).

It follows that, constructing the sections¾t;k from st;k as previously, we have
¾0;k = s0;k . Indeed,sincePs0;k is already ~J0;k -holomorphicover the r -neighborhood
of CJ0 (s0;k ), weget that, in the aboveconstruction,h1

0;k andh2
0;k are ~J0;k -holomorphic,

and so f 1
0;k and f 2

0;k are holomorphic. Therefore,by de¯nition of the operator P of
Lemma 8, we have ~f 1

0;k = f 1
0;k and ~f 2

0;k = f 2
0;k , which clearly implies that ¾0;k = s0;k .

The sameargument appliesnear t = 1 to show that, if s1;k already satis¯es the
expected properties and if Jt and st;k are the samefor all t 2 [1 ¡ ²; 1], then one
can take ¾1;k = s1;k . This endsthe proof of Proposition 8.

4.2. Holomorphicit y at generic branc h poin ts. Our last step in order
to obtain ¹@-tame sectionsis to ensure,by further perturbation, the vanishing of
¹@~Jk

(Psk) over the kernel of @~Jk
(Psk) at every branch point.

Pr oposition 9. Let (sk)kÀ 0 be ° -generic asymptotically J -holomorphic sec-
tions of C3 ­ L k . Assumethat there exist ! -compatible almost-complexstructures
~Jk such that j ~Jk ¡ J jCp ;gk = O(k¡ 1=2) for all p 2 N and such that, for some
constant c > 0, f k = Psk is ~Jk-holomorphic over the c-neighborhood of C~Jk

(sk).
Then, for all largek, there exist sections ¾k suchthat the following properties hold :
j¾k ¡ sk jCp ;gk = O(k¡ 1=2) for all p 2 N ; ¾k coincideswith sk over the c

2-neighborhood
of C~Jk

(¾k) = C~Jk
(sk) ; and, at every point of R ~Jk

(¾k), ¹@~Jk
(P¾k) vanishesover the

kernel of @~Jk
(P¾k).

Moreover, the sameresult holdsfor one-parameter families of asymptotically J t -
holomorphicsections (st;k )t2 [0;1];kÀ 0 satisfying the aboveproperties. Furthermore, if
s0;k and s1;k already satisfy the properties required of ¾0;k and ¾1;k , then one can
take ¾0;k = s0;k and ¾1;k = s1;k .

The role of the almost-complexstructure J in the statement of this result may
seemambiguous,asthe sectionssk arealsoasymptotically holomorphicand generic
with respect to the almost-complexstructures ~Jk . The point is that, by requiring
that all the almost-complexstructures ~Jk lie within O(k¡ 1=2) of a ¯xed almost-
complexstructure, oneensuresthe existenceof uniform boundson the geometryof
~Jk independently of k.

We now prove Proposition 9 in the caseof isolatedsections.In all the following,
we use the almost complex structure ~Jk implicitly . Consider a point x 2 R(sk)
at distancemore than 3

4c from C(sk), and let K x be the one-dimensionalcomplex
subspaceKer @f k(x) of TxX . Becausex 62C(sk), we have TxX = TxR(sk) © K x .
Therefore,there existsa unique 1-form µx 2 T¤

x X ­ Tf k (x)CP2 such that the restric-
tion of µx to TxR(sk) is zeroand the restriction of µx to K x is equal to ¹@f k(x) jK x

.
Becausethe restriction of T (sk) to R(sk) is transverseto 0 and becausex is at

distancemore than 3
4c from C(sk), the quantit y jT (sk)(x)j is boundedfrom below

by a uniform constant, and therefore the angle between TxR(sk) and K x is also
bounded from below. So there exists a constant C independent of k and x such
that jµx j · Ck¡ 1=2. Moreover, because¹@f k vanishesover the c-neighborhood of
C(sk), the 1-form µx vanishesat all points x closeto C(sk) ; thereforewe canextend
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µ into a sectionof T¤X ­ f ¤
k TCP2 over R(sk) which vanishesover the c-neighborhood

of C(sk), and which satis¯es boundsof the type jµjCp ;gk = O(k¡ 1=2) for all p 2 N.
Next, usethe exponential mapof the metric g to identify a tubular neighborhood

of R(sk) with a neighborhood of the zero section in the normal bundle N R(sk).
Given ± > 0 su±ciently small, we de¯ne a sectionÂ of f ¤

k TCP2 over the ±-tubular
neighborhood of R(sk) by the following identit y : given any point x 2 R(sk) and
any vector » 2 NxR(sk) of norm lessthan ±,

Â(expx (»)) = ¯ (j»j) µx (»);

wherethe ¯b ersof f ¤
k TCP2 at x and at expx (») are implicitly identi¯ed usingradial

parallel transport, and ¯ : [0; ±] ! [0; 1] is a smooth cut-o®function equal to 1 over
[0; 1

2±] and 0 over [3
4±; ±]. SinceÂ vanishesnear the boundary of the chosentubular

neighborhood, we can extend it into a smooth sectionover all of X which vanishes
at distancemore than ± from R(sk).

Decreasing± if necessary, we can assumethat ± < c
2 : it then follows from

the vanishing of µ over the c-neighborhood of C(sk) that Â vanishesover the c
2-

neighborhood of C(sk). Moreover, becausejµjCp ;gk = O(k¡ 1=2) for all p 2 N and
becausethe cut-o®function ¯ is smooth, Â alsosatis¯esboundsjÂjCp ;gk = O(k¡ 1=2)
for all p 2 N.

Fix a point x 2 R(sk) : Â is identically zeroover R(sk) by construction,sor Â(x)
vanishesover TxR(sk) ; and, becausē ´ 1 near the origin and by de¯nition of the
exponential map, r Â(x) jN x R(sk ) = µx jN x R(sk ) . SinceTxR(sk) and NxR(sk) generate
TxX , we concludethat r Â(x) = µx . In particular, restricting to K x , we get that
r Â(x) jK x = µx jK x = ¹@f k(x) jK x . Equivalently, since K x is a complex subspaceof
TxX , we have ¹@Â(x) jK x = ¹@f k(x) jK x and @Â(x) jK x = 0 = @f k(x) jK x .

Recall that, for all x 2 X , the tangent spaceto CP2 at f k(x) = Psk(x) canoni-
cally identi¯es with the spaceof complex linear mapsfrom Csk(x) to (Csk(x))? ½
C3 ­ L k

x . This allows us to de¯ne ¾k(x) = sk(x) ¡ Â(x):sk(x).
It follows from the propertiesof Â describedabove that ¾k coincideswith sk over

the c
2-neighborhood of C(sk) and that j¾k ¡ sk jCp ;gk = O(k¡ 1=2) for all p 2 N. Because

of the transversality properties of sk , we get that the points of C(¾k) lie within
distanceO(k¡ 1=2) of C(sk), and thereforeif k is large enoughthat C(¾k) = C(sk).

Let ~f k = P¾k , and considera point x 2 R(sk) : sinceÂ(x) = 0 and therefore
~f k(x) = f k(x), it is easyto check that r ~f k(x) = r f k(x)¡ r Â(x) in T¤

x X ­ Tf k (x)CP2.
Therefore,setting K x = Ker @f k(x) asabove, we get that @~f k(x) = @f k(x) ¡ @Â(x)
and ¹@~f k(x) = ¹@f k(x) ¡ ¹@Â(x) both vanish over K x . A ¯rst consequenceis that
@~f k(x) also has rank one, i.e. x 2 R(¾k) : therefore R(sk) ½ R(¾k). However,
because¾k di®ersfrom sk by O(k¡ 1=2), it follows from the transversality properties
of sk that, for largeenoughk, R(¾k) is contained in a small neighborhood of R(sk),
and so R(¾k) = R(sk).

Moreover, recall that at every point x of R(¾k) = R(sk) one has ¹@~f k(x) jK x =
@~f k(x) jK x = 0. Therefore ¹@~f k(x) vanishesover the kernel of @~f k(x), and so the
sections¾k satisfy all the required properties.
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To handle the caseof one-parameterfamilies, remark that the above construc-
tion consistsof explicit formulae, so it is easy to check that µ, Â and ¾k depend
continuously on sk and ~Jk . Therefore,starting from one-parameterfamiliesst;k and
~Jt;k , the above construction yields for all t 2 [0; 1] sections¾t;k which satisfy the
required properties and depend continuously on t.

Moreover, if s0;k alreadysatis¯esthe requiredproperties,i.e. ¹@f 0;k (x) jK x vanishes
at any point x 2 R(s0;k ), then the above de¯nitions give µ ´ 0, and thereforeÂ ´ 0
and ¾0;k = s0;k ; similarly for t = 1, which endsthe proof of Proposition 9.

4.3. Pro of of the main theorems. Assuming that Theorem 3 holds, The-
orems1 and 2 follow directly from the results we have proved so far : combining
Propositions1, 4, 5 and 7, onegets,for all largek, asymptotically holomorphicsec-
tions of C3 ­ L k which are ° -genericfor someconstant ° > 0 ; Propositions 8 and
9 imply that thesesectionscan be made ¹@-tame by perturbing them by O(k¡ 1=2)
(which preservesthe genericity properties if k is largeenough); and Theorem3 im-
plies that the corresponding projective maps are then approximately holomorphic
singular branched coverings.

Let usnow proveTheorem4. Wearegiventwo sequencess0;k and s1;k of sections
of C3­ L k which areasymptotically holomorphic,° -genericand ¹@-tamewith respect
to almost-complexstructures J0 and J1, and want to show the existenceof a one-
parameter family of almost-complex structures J t interpolating between J0 and
J1 and of genericand ¹@-tame asymptotically Jt -holomorphic sectionsinterpolating
betweens0;k and s1;k .

Onestarts by de¯ning sectionsst;k and compatiblealmost-complexstructuresJ t

interpolating between(s0;k ; J0) and (s1;k ; J1) in the following way : for t 2 [0; 2
7 ], let

st;k = s0;k and Jt = J0 ; for t 2 [2
7; 3

7], let st;k = (3¡ 7t)s0;k and Jt = J0 ; for t 2 [3
7 ; 4

7],
let st;k = 0 and take Jt to be a path of ! -compatible almost-complexstructures
from J0 to J1 (recall that the spaceof compatible almost-complexstructures is
connected); for t 2 [4

7; 5
7], let st;k = (7t ¡ 4)s1;k and Jt = J1 ; and for t 2 [5

7; 1],
let st;k = s1;k and Jt = J1. Clearly, Jt and st;k depend continuously on t, and the
sectionsst;k are asymptotically Jt -holomorphic for all t 2 [0; 1].

Since° -genericity is a local and C3-open property, there exists® > 0 such that
any sectiondi®eringfrom s0;k by lessthan ® in C3 norm is °

2 -generic,and similarly
for s1;k . Applying Propositions 1, 4, 5 and 7, we get for all large k asymptotically
Jt -holomorphic sections¾t;k which are ´ -generic for some´ > 0, and such that
j¾t;k ¡ st;k jC3 ;gk < ® for all t 2 [0; 1].

We now set s0
t;k = s0;k for t 2 [0; 1

7] ; s0
t;k = (2 ¡ 7t)s0;k + (7t ¡ 1)¾2

7 ;k for
t 2 [1

7; 2
7] ; s0

t;k = ¾t;k for t 2 [2
7 ; 5

7 ] ; s0
t;k = (7t ¡ 5)s1;k + (6 ¡ 7t)¾5

7 ;k for t 2 [5
7; 6

7] ;
and s0

t;k = s1;k for t 2 [6
7; 1]. By construction, the sectionss0

t;k are asymptotically
Jt -holomorphic for all t 2 [0; 1] and depend continuously on t. Moreover, they
are °

2 -genericfor t 2 [0; 2
7] becauses0

t;k then lies within ® in C3 norm of s0;k , and
similarly for t 2 [5

7 ; 1] becauses0
t;k then lies within ® in C3 norm of s1;k . They are
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also´ -genericfor t 2 [2
7 ; 5

7] becauses0
t;k is then equal to ¾t;k . Thereforethe sections

s0
t;k are ´ 0-genericfor all t 2 [0; 1], where´ 0 = min(´ ; °

2 ).
Next, weapply Proposition 8 to the sectionss0

t;k : sinces0
0;k = s0;k and s0

1;k = s1;k

are already ¹@-tame, and sincethe families s0
t;k and Jt are constant over [0; 1

7] and
[6

7; 1], onecanrequireof the sectionss00
t;k givenby Proposition 8 that s00

0;k = s0
0;k = s0;k

and s00
1;k = s0

1;k = s1;k . Finally, we apply Proposition 9 to the sectionss00
t;k to

obtain sections¾00
t;k which simultaneouslyhavegenericity and ¹@-tamenessproperties.

Sinces00
0;k and s00

1;k are already ¹@-tame, one can require that ¾00
0;k = s00

0;k = s0;k and
¾00

1;k = s00
1;k = s1;k . The sections¾00

t;k interpolating between s0;k and s1;k therefore
satisfy all the required properties, which endsthe proof of Theorem4.

5. Generic tame maps and branc hed coverings

5.1. Structure near cusp poin ts. In order to prove Theorem 3, we needto
check that, given any genericand ¹@-tame asymptotically holomorphic sectionssk

of C3 ­ L k , the corresponding maps f k = Psk : X ! CP2 are, at any point of X ,
locally approximately holomorphically modelledon oneof the three model mapsof
De¯nition 2. We start with the caseof the neighborhood of a cusppoint.

Let x0 2 X be a cusp point of f k , i.e. an element of C~Jk
(sk), where ~Jk is the

almost-complexstructure involved in the de¯nition of ¹@-tameness. By de¯nition,
~Jk di®ersfrom J by O(k¡ 1=2) and is integrable over a neighborhood of x0, and f k

is ~Jk-holomorphic over a neighborhood of x0. Therefore, choose ~Jk-holomorphic
local complex coordinates on X near x0, and local complex coordinates on CP2

near f k(x0) : the map h corresponding to f k in thesecoordinate charts is, locally,
holomorphic. Becausethe coordinate map on X is within O(k¡ 1=2) of being J -
holomorphic, we can restrict ourselves to the study of the holomorphic map h =
(h1; h2) de¯ned over a neighborhood of 0 in C2 with values in C2, which satis¯es
transversality propertiesfollowing from the genericity of sk . Our aim will be to show
that, composing h with holomorphic local di®eomorphismsof the sourcespaceC2

or of the target spaceC2, we can get h to be of the form (z1; z2) 7! (z3
1 ¡ z1z2; z2)

over a neighborhood of 0.

First, becausej@f k j is boundedfrom below and x0 is a cusppoint, the derivative
@h(0) doesnot vanish and has rank one. Therefore,composing with a rotation of
the target spaceC2 if necessary, we can assumethat its imageis directed along the
secondcoordinate, i.e. Im (@h(0)) = f 0g £ C.

Calling Z1 and Z2 the two coordinates on the target spaceC2, it follows im-
mediately that the function z2 = h¤Z2 over the sourcespacehas a non-vanishing
di®erential at 0, and can thereforebe consideredas a local coordinate function on
the sourcespace. Choose z1 to be any linear function whosedi®erential at the
origin is linearly independent with dz2(0), so that (z1; z2) de¯ne holomorphic local
coordinates on a neighborhood of 0 in C2. In thesecoordinates, h is of the form
(z1; z2) 7! (h1(z1; z2); z2) where h1 is a holomorphic function such that h1(0) = 0
and @h1(0) = 0.
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Next, notice that, becauseJac(f k) vanishestransversely at x0, the quantit y
Jac(h) = det(@h) = @h1=@z1 vanishestransverselyat the origin, i.e.

µ
@2h1

@z2
1

(0);
@2h1

@z1@z2
(0)

¶
6= (0; 0):

Moreover, an argument similar to that of Section3.2 shows that locally, becausewe
have arrangedfor j@h2j to be boundedfrom below, the ratio betweenthe quantities
T (sk) and T̂ = @h2 ^ @Jac(h) is boundedfrom above and below. In particular, the
fact that x0 2 C~Jk

(sk) implies that the restriction of T̂ to the set of branch points
vanishestransverselyat the origin.

In our case,T̂ = dz2 ^ @( @h1
@z1

) = ¡ (@2h1=@z2
1) dz1 ^ dz2. Therefore,the vanishing

of T̂ (0) implies that @2h1=@z2
1 (0) = 0. It follows that @2h1=@z1@z2 (0) must be non-

zero ; rescalingthe coordinate z1 by a constant factor if necessary, this derivative
can be assumedto be equal to ¡ 1. Therefore,the map h can be written as

h(z1; z2) = (¡ z1z2 + ¸z 2
2 + O(jzj3); z2)

= (¡ z1z2 + ¸z 2
2 + ®z3

1 + ¯ z2
1z2 + ° z1z2

2 + ±z3
2 + O(jzj4); z2)

where¸ , ®, ¯ , ° and ± are complexcoe±cients.
We now consider the following coordinate changes: on the target spaceC2,

de¯ne Ã(Z1; Z2) = (Z1 ¡ ¸Z 2
2 ¡ ±Z 3

2 ; Z2), and on the source spaceC2, de¯ne
Á(z1; z2) = (z1 + ¯ z2

1 + ° z1z2; z2). Clearly, these two maps are local di®eomor-
phisms near the origin. Therefore, one can replaceh by Ã ± h ± Á, which has the
e®ectof killing most terms of the above expansion: this allows us to considerthat
h is of the form

h(z1; z2) = (¡ z1z2 + ®z3
1 + O(jzj4); z2):

Next, recall that the setof branch points is, in our local setting, the setof points
whereJac(h) = @h1=@z1 = ¡ z2 + 3®z2

1 + O(jzj3) vanishes.Therefore, the tangent
direction to the set of branch points at the origin is the z1 axis, and the transverse
vanishingof T̂ at the origin implies that @

@z1
T̂ (0) 6= 0. Using the above formula for

T̂ , we concludethat @3h1=@z3
1 6= 0, i.e. ® 6= 0.

Rescalingthe two coordinates z1 and Z1 by a constant factor, we can assume
that ® is equal to 1. Therefore,we have usedall the transversality properties of h
to show that, on a neighborhood of x0, it is of the form

h(z1; z2) = (¡ z1z2 + z3
1 + O(jzj4); z2):

The uniform boundsand transversality estimateson sk canbe usedto show that all
the rescalingsand transformationswe have usedare \nice", i.e. they have bounded
derivativesand their inverseshave boundedderivatives.

Our next task is to show that further coordinate changescan kill the higher
order terms still present in the expressionof h. For this, we ¯rst prove the following
lemma :

Lemma 9. Let D be the space of holomorphic local di®eomorphismsof C2 near
the origin, and let H be the space of holomorphic maps from a neighborhood of 0
in C2 to a neighborhood of 0 in C2. Let h0 2 H be the map (x; y) 7! (x3 ¡ xy; y).
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Then the di®erential at the point (Id ; Id) of the map F : D £ D ! H de¯ned by
F (©; ª) = ª ±h0 ±© is surjective.

Pr oof. Let Á = (Á1; Á2) and Ã = (Ã1; Ã2) be two tangent vectors to D at Id
(i.e. holomorphic functions over a neighborhood of 0 in C2 with valuesin C2). The
di®erential of F at (Id ; Id) is given by

DF (Id ;Id) (Á;Ã)(x; y) =
d
dt jt=0

h
(Id + tÃ) ±h0 ± (Id + tÁ)(x; y)

i

=
³

Ã1(x3 ¡ xy; y) + (3x2 ¡ y) Á1(x; y) ¡ x Á2(x; y); Ã2(x3 ¡ xy; y) + Á2(x; y)
´

:

Proving the surjectivity of DF at (Id ; Id) is equivalent to checking that, given any
tangent vector (²1; ²2) 2 Th0 H (i.e. a holomorphic function over a neighborhood of
0 in C2 with values in C2), there exist Á and Ã such that DF (Id ;Id) (Á;Ã)(x; y) =
(²1(x; y); ²2(x; y)). Projecting this equality on the secondfactor, onegets

Ã2(x3 ¡ xy; y) + Á2(x; y) = ²2(x; y);

which implies that Á2(x; y) = ²2(x; y)¡ Ã2(x3¡ xy; y). ReplacingÁ2 by its expression
in the ¯rst component, and setting ²(x; y) = ²1(x; y) + x ²2(x; y), the equationwhich
we needto solve ¯nally rewrites as

Ã1(x3 ¡ xy; y) + x Ã2(x3 ¡ xy; y) + (3x2 ¡ y) Á1(x; y) = ²(x; y);

wherethe parameter² can be any holomorphic function, and Ã1, Ã2 and Á1 are the
unknown quantities.

Solvingthis equationis a priori di±cult, soin order to get an ideaof the general
solution it is best to ¯rst work in the ring of formal power seriesin the two variables
x and y. Sincethe equation is linear, it is su±cient to ¯nd a solution when ² is a
monomial of the form ²(x; y) = xpyq with (p;q) 2 N2.

First note that, for ²(x; y) = yq (i.e. when p = 0), a trivial solution is given
by Ã1(x3 ¡ xy; y) = yq, Ã2 = 0 and Á1 = 0. Next, remark that, if there exists a
solution for a given ²(x; y), then there alsoexistsa solution for x ²(x; y) : indeed,if
Ã1(x3¡ xy; y)+ x Ã2(x3¡ xy; y)+ (3x2¡ y) Á1(x; y) = ²(x; y), then setting ~Ã1 = 1

3y Ã2,
~Ã2 = Ã1 and ~Á1(x; y) = x Á1(x; y) + 1

3Ã2(x3 ¡ xy; y) onegets

~Ã1(x3 ¡ xy; y) + x ~Ã2(x3 ¡ xy; y) + (3x2 ¡ y) ~Á1(x; y) = x ²(x; y):

Therefore,by induction on p, the equationhasa solution for all monomialsxpyq,
and by linearity there exists a formal solution for all power series²(x; y). A short
calculation givesthe following explicit solution of the equation for ²(x; y) = xpyq :
if p = 2k is even,

Ã1(x3 ¡ xy; y) = 3¡ kyk+ q; Ã2 = 0; Á1(x; y) =
k¡ 1X

j =0

3¡ (j +1) yj + qx2k¡ 2¡ 2j ;

and if p = 2k + 1 is odd,

Ã1 = 0; Ã2(x3 ¡ xy; y) = 3¡ kyk+ q; Á1(x; y) =
k¡ 1X

j =0

3¡ (j +1) yj + qx2k¡ 1¡ 2j :
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In particular, Ã1 and Ã2 actually only depend on the secondvariable y.
The above formulae make it possible to compute a general solution for any

holomorphic², givenby the following expressions,where° + and ° ¡ areby de¯nition
the two squareroots of 1

3y (exchanging°+ and ° ¡ clearly doesnot a®ectthe result) :

Ã1(x3 ¡ xy; y) = 1
2

¡
²(°+ ; y) + ²(° ¡ ; y)

¢
;

Ã2(x3 ¡ xy; y) = 1
2° +

¡
²(°+ ; y) ¡ ²(° ¡ ; y)

¢
;

Á1(x; y) = 1
6° +

·
²(x; y) ¡ ²(°+ ; y)

x ¡ °+
¡

²(x; y) ¡ ²(° ¡ ; y)
x ¡ ° ¡

¸
:

Note that these functions are actually smooth, although they depend on ° §

which are not smooth functions of y, becausethe odd powers of ° § cancel each
other in the expressions.Similarly, oneeasily checks that, when y ! 0 or x ! ° § ,
the vanishing of a term in the formula for Á1 always makesup for the singularity
of the denominator, so that Á1 is actually well-de¯ned everywhere. Another way
to seethesesmoothnessproperties is to observe that, becausetheseformulae are
simply a rewriting of the formal solution computedpreviously for power series,the
functions they de¯ne admit power seriesexpansionsat the origin. Lemma 9 is
thereforeproved. ¤

Lemma 9 implies the desiredresult. Indeed, endow the spaceof holomorphic
mapsfrom a neighborhood D of 0 in C2 to C2 with a structure of Hilbert spacegiven
by a suitable Sobolev norm, e.g. the L 2

4 norm which is stronger than the C1 norm :
then, sincethe di®erential at (Id ; Id) of F is a surjective continuouslinear map, the
submersiontheorem for Hilbert spacesimplies the existenceof a constant ® > 0
with the property that, given any holomorphic function ² such that j²jL 2

4 (D ) < ®,
there exist holomorphic local di®eomorphisms© and ª of C2 near 0, L 2

4-closeto
the identit y, such that ª ±h0 ±© = h0 + ².

Recall that we are trying to remove the higher order terms from h(z1; z2) =
(z3

1 ¡ z1z2 + µ(z1; z2); z2), whereµ(z1; z2) = O(jzj4). There is no reasonfor the L 2
4

norm of µ to be smaller than ® over the ¯xed domain D. However the required
bound can be achieved by rescalingall the coordinates : let ¸ be a small positive
constant, and considerthe di®eomorphisms©¸ : (z1; z2) 7! (¸z 1; ¸ 2z2) of the source
spaceand ª ¸ : (Z1; Z2) 7! (¸ ¡ 3Z1; ¸ ¡ 2Z2) of the target space. Then we have
ª ¸ ± h0 ± ©¸ = h0, and ª ¸ ± h ± ©¸ (z1; z2) = (z3

1 ¡ z1z2 + ~µ̧ (z1; z2); z2) where
~µ̧ (z1; z2) = ¸ ¡ 3µ(¸z 1; ¸ 2z2).

Let R be a constant such that D ½ B(0; R), and let ± > 0 be a constant
such that ±2(1 + R2 + R4 + R6 + R8) vol(D) < ®2. It follows from the bound
jr 4~µ̧ (z1; z2)j · ¸ jr 4µ(¸z 1; ¸ 2z2)j that, if ¸ is small enough,the fourth derivative
of ~µ̧ remainssmaller than ± over D. Since ~µ̧ and its ¯rst three derivativesvanish
at the origin, by integrating the bound jr 4~µ̧ j < ± one gets that j ~µ̧ jL 2

4 (D ) < ®.
Therefore,if ¸ is small enoughthere exist local di®eomorphisms~© and ~ª such that
~ª ±h0 ± ~© = ª ¸ ±h ±©¸ over the domain D. Equivalently, setting ª = ª ¡ 1

¸ ± ~ª ±ª ¸

and © = ©¸ ± ~© ± ©¡ 1
¸ , we have ª ± h0 ± © = h over a small neighborhood of 0 in

C2, which is what we wanted to prove.



70 I I I. SYMPLECTIC 4-MANIF OLDS AS BRANCHED COVERINGS OF CP2

Moreover, becauseof the uniform transversality estimatesand bounds on the
derivatives of sk , the derivatives of h are uniformly bounded. Therefore one can
choosethe constant ¸ to be independent of k and of the given point x0 2 C~Jk

(sk) :
it follows that the neighborhood of x0 over which the map f k hasbeenshown to be
O(k¡ 1=2)-approximately holomorphicallymodelledon the maph0 canbeassumedto
contain a ball of ¯xed radius (dependingon the boundsand transversality estimates,
but independent of x0 and k).

5.2. Structure near generic branc h poin ts. We now consider a branch
point x0 2 R ~Jk

(sk), which we assumeto be at distancemore than a ¯xed constant
± from the set of cusppoints C~Jk

(sk). We want to show that, over a neighborhood
of x0, f k = Psk is approximately holomorphically modelled on the map (z1; z2) 7!
(z2

1; z2).
From now on, we implicitly use the almost-complexstructure ~Jk and write R

for the intersection of R ~Jk
(sk) with the ball Bgk (x0; ±

2). First note that, since R
remains at distance more than ±

2 from the cusp points, the tangent spaceto R
remains everywhereaway from the kernel of @f k . Therefore, the restriction of f k

to R is a local di®eomorphismover a neighborhood of x0, and so f k(R) is locally
a smooth approximately holomorphic submanifold in CP2. It follows that there
exist approximately holomorphic coordinates (Z1; Z2) on a neighborhood of f k(x0)
in CP2 such that f k(R) is locally de¯ned by the equation Z1 = 0.

De¯ne the approximately holomorphic function z2 = f ¤
k Z2 over a neighborhood

of x0, and notice that its di®erential dz2 = dZ2 ± df k does not vanish, becauseby
construction Z2 is a coordinate on f k(R). Therefore,z2 canbe consideredasa local
complexcoordinate function on a neighborhood of x0. In particular, the level sets
of z2 are smooth and intersect R transverselyat a singlepoint.

Take z1 to be an approximately holomorphic function on a neighborhood of x0

which vanishesat x0 and whosedi®erential at x0 is linearly independent with that
of z2 (e.g. take the two di®erentials to be mutually orthogonal), so that (z1; z2)
de¯ne approximately holomorphiccoordinateson a neighborhood of x0. From now
on we usethe local coordinates (z1; z2) on X and (Z1; Z2) on CP2.

Becausedz2jT R remains away from 0, R has locally an equation of the form
z1 = ½(z2) for someapproximately holomorphic function ½(satisfying ½(0) = 0
sincex0 2 R). Therefore, shifting the coordinates on X in order to replacez1 by
z1 ¡ ½(z2), onecan assumethat z1 = 0 is a local equation of R. In the chosenlocal
coordinates,f k is thereforemodelledon an approximately holomorphicmap h from
a neighborhood of 0 in C2 with valuesin C2, of the form (z1; z2) 7! (h1(z1; z2); z2),
with the following properties.

First, becauseR = f z1 = 0g is mappedto f k(R) = f Z1 = 0g, wehaveh1(0; z2) =
0 for all z2. Next, recall that the di®erential of f k has real rank 2 at any point of
R (because@f k hascomplexrank 1 and ¹@f k vanishesover the kernel of @f k), so its
imageis exactly the tangent spaceto f k(R). It follows that r h1 = 0 at every point
(0; z2) 2 R.

Finally, becausethe chosen coordinates are approximately holomorphic the
quantit y Jac(f k) is within O(k¡ 1=2) of det(@h) = (@h1=@z1) @z1 ^ @z2. Therefore,
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the transversality to 0 of Jac(f k) implies that (@2h1=@z2
1; @2h1=@z1@z2) has a norm

which remainslarger than a ¯xed constant alongR. However @2h1=@z1@z2 vanishes
at any point of R because@h1=@z1 (0; z2) = 0 for all z2. Therefore the quantit y
@2h1=@z2

1 remainsboundedaway from 0 on R.
The above properties imply that h can be written as

h(z1; z2) =
¡
®(z2)z2

1 + ¯ (z2)z1¹z1 + ° (z2) ¹z2
1 + ²(z1; z2); z2

¢
;

where ® is approximately holomorphic and bounded away from 0, while ¯ and
° are O(k¡ 1=2) (becauseof asymptotic holomorphicity), and ²(z1; z2) = O(jz1j3)
is approximately holomorphic. Moreover, composing with the coordinate change
(Z1; Z2) 7! (®(Z2)¡ 1Z1; Z2) (which is approximately holomorphicand hasbounded
derivativesbecause® is boundedaway from 0), onereducesto the casewhere® is
identically equal to 1.

We now want to reduce further the problem by removing the ¯ and ° terms
in the above expression: for this, we ¯rst remark that, given any small enough
complex numbers ¯ and ° , there exists a complex number ¸ , of norm less than
j¯ j + j° j and depending smoothly on ¯ and ° , such that

¸ = ¡ ° ¹̧ +
¯
2

(1 + j¸ j2):

Indeed, if j¯ j + j° j < 1
2 the right hand side of this equation is a contracting map

of the unit disc to itself, so the existenceof a solution ¸ in the unit disc follows
immediately from the ¯xed point theorem. Furthermore, using the bound j¸ j < 1
in the right hand side,onegetsthat j¸ j < j¯ j + j° j. Finally, the smooth dependence
of ¸ upon ¯ and ° follows from the implicit function theorem.

Assumingagain that j¯ j + j° j < 1
2 and de¯ning ¸ as above, let

A =
1 ¡ ¹̧ 2°
1 ¡ j¸ j4

and B =
° ¡ ¸ 2

1 ¡ j¸ j4
:

The complexnumbersA and B arealsosmooth functions of ¯ and ° , and it is clear
that jA ¡ 1j = O(j¯ j + j° j) and jB j = O(j¯ j + j° j). Moreover, oneeasilychecks that,
in the ring of polynomials in z and ¹z,

A(z + ¸ ¹z)2 + B(¹z + ¹̧z )2 = z2 + 2
¸ + ° ¹̧

1 + j¸ j2
z¹z + ° ¹z2 = z2 + ¯ z¹z + ° ¹z2:

Therefore,if oneassumesk to belargeenough,recallingthat the quantities ¯ (z2)
and ° (z2) which appear in the aboveexpressionof h areboundedby O(k¡ 1=2), there
exist ¸ (z2), A(z2) and B(z2), depending smoothly on z2, such that jA(z2) ¡ 1j =
O(k¡ 1=2), jB (z2)j = O(k¡ 1=2), j¸ (z2)j = O(k¡ 1=2) and

A(z2)(z1 + ¸ (z2) ¹z1)2 + B(z2)(z1 + ¸ (z2) ¹z1)2 = z2
1 + ¯ (z2)z1¹z1 + ° (z2) ¹z2

1:

So, let h0 be the map (z1; z2) 7! (z2
1; z2), and let © and ª be the two approxi-

mately holomorphiclocal di®eomorphismsof C2 de¯ned by ©(z1; z2) = (z1+ ¸ (z2) ¹z1;
z2) and ª( Z1; Z2) = (A(Z2)Z1 + B(Z2) ¹Z1; Z2) : then

h(z1; z2) = ª ±h0 ±©(z1; z2) + (²(z1; z2); 0):
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It follows immediately that ª ¡ 1 ± h ± ©¡ 1(z1; z2) = (z2
1 + O(jz1j3); z2). Therefore,

this new coordinate changeallows us to consideronly the casewhere h is of the
form (z1; z2) 7! (z2

1 + ~²(z1; z2); z2), where~²(z1; z2) = O(jz1j3).

Because~²(z1; z2) = O(jz1j3), the bound j~²(z1; z2)j < 1
2 jz1j2 holds over a neigh-

borhood of the origin whosesize can be bounded from below independently of k
and x0 by using the uniform estimateson all derivatives. Over this neighborhood,
de¯ne

Á(z1; z2) = z1

s

1 +
~²(z1; z2)

z2
1

for z1 6= 0, wherethe squareroot is determinedwithout ambiguity by the condition
that

p
1 = 1. Setting Á(0; z2) = 0, it follows from the bound jÁ(z1; z2) ¡ z1j =

O(jz1j2) that the function Á is C1. In generalÁ is not C2, because~² may contain
terms involving ¹z2

1z1 or ¹z3
1.

BecauseÁ(z1; z2) = z1 + O(jz1j2), the map £ : (z1; z2) 7! (Á(z1; z2); z2) is a
C1 local di®eomorphismof C2 over a neighborhood of the origin. As previously,
the uniform boundson all derivativesimply that the sizeof this neighborhood can
be bounded from below independently of k and x0. Moreover, it follows from the
asymptotic holomorphicity of sk that ~² has antiholomorphic derivatives bounded
by O(k¡ 1=2), and so j ¹@Áj = O(k¡ 1=2). Therefore£ is O(k¡ 1=2)-approximately holo-
morphic, and we have

h0 ±£( z1; z2) = h(z1; z2);
which ¯nally givesthe desiredresult.

5.3. Pro of of Theorem 3. Theorem 3 follows readily from the above argu-
ments : indeed,consider° -genericand ¹@-tame asymptotically holomorphicsections
sk of C3 ­ L k , and let ~Jk be the almost-complexstructures involved in the de¯nition
of ¹@-tameness.We needto show that, at any point x 2 X , the maps f k = Psk are
approximately holomorphically modelled on oneof the three mapsof De¯nition 2.

First considerthe casewherex lies closeto a point y 2 C~Jk
(sk). The argument

of Section5.1 implies the existenceof a constant ± > 0 independent of k and y such
that, over the ball Bgk (y; 2±), the map f k is ~Jk-holomorphicallymodelledon the cusp
covering map (z1; z2) 7! (z3

1 ¡ z1z2; z2). If x lies within distance± of y, Bgk (y; 2±)
is a neighborhood of x ; thereforethe expectedresult follows at every point within
distance± of C~Jk

(sk) from the observation that, becausej ~Jk ¡ J j = O(k¡ 1=2), the
relevant coordinate chart on X is O(k¡ 1=2)-approximately J -holomorphic.

Next, considerthe casewherex lies closeto a point y of R ~Jk
(sk) which is itself

at distance more than ± from C~Jk
(sk). The argument of Section 5.2 then implies

the existenceof a constant ±0 > 0 independent of k and y such that, over the ball
Bgk (y; 2±0), the map f k is, in O(k¡ 1=2)-approximately holomorphic C1 coordinate
charts, locally modelledon the branchedcoveringmap(z1; z2) 7! (z2

1; z2). Therefore,
if one assumesthe distancebetweenx and y to be lessthan ±0, the given ball is a
neighborhood of x, and the expectedresult follows.

Soweareleft only with the casewherex is at distancemorethan ±0 from R ~Jk
(sk).

Assumingk to be largeenough,it then follows from the bound j ~Jk ¡ J j = O(k¡ 1=2)
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that x is at distance more than 1
2±0 from RJ (sk). Therefore, the ° -transversality

to 0 of Jac(f k) implies that jJac(f k)(x)j is larger than ® = min( 1
2±0° ; ° ) (otherwise,

the downward gradient °ow of jJac(f k)j would reach a point of RJ (sk) at distance
lessthan 1

2±0 from x).
Recalling that j ¹@f k j = O(k¡ 1=2), one gets that f k is a O(k¡ 1=2)-approximately

holomorphic local di®eomorphismover a neighborhood of x. Therefore, choose
holomorphic complex coordinates on CP2 near f k(x) and pull them back by f k to
obtain O(k¡ 1=2)-approximately holomorphic local coordinatesover a neighborhood
of x : in thesecoordinates, the map f k becomesthe identit y map, which endsthe
proof of Theorem3.

6. Further remarks

6.1. Branc hed coverings of CP2. A natural question to ask about the re-
sults obtained in this paper is whether the property of being a (singular) branched
covering of CP2, i.e. the existenceof a map to CP2 which is locally modelled at
every point on oneof the three mapsof De¯nition 2, strongly restricts the topology
of a generalcompact 4-manifold. Sincethe notion of approximately holomorphic
coordinate chart on X no longer has a meaningin this case,we relax De¯nition 2
by only requiring the existenceof a local identi¯cation of the covering map with
oneof the model mapsin a smooth local coordinate chart on X . However we keep
requiring that the corresponding local coordinate chart on CP2 be approximately
holomorphic,sothat the branch locusin CP2 remainsan immersedsymplecticcurve
with cusps.Call such a map a topological singular branched covering of CP2. Then
the following holds :

Pr oposition 10. Let X be a compact 4-manifold and consider a topological
singular covering f : X ! CP2 branched along a submanifoldR ½ X . Then X
carries a symplectic structure arbitrarily close to f ¤! 0, where ! 0 is the standard
symplectic structure of CP2.

Pr oof. The closed2-form f ¤! 0 on X de¯nes a symplecticstructure on X ¡ R
which degeneratesalong R. Therefore, one needsto perturb it by adding a small
multiple of a closed2-form with support in a neighborhood of R in order to make
it nondegenerate.This perturbation can be constructedas follows.

Call C the set of cusppoints, i.e. the points of R wherethe tangent spaceto R
lies in the kernelof the di®erential of f , or equivalently the points aroundwhich f is
modelledon the map (z1; z2) 7! (z3

1 ¡ z1z2; z2). Considera point x 2 C, and work in
local coordinates such that f identi¯es with the model map. In thesecoordinates,
a local equationof R is z2 = 3z2

1, and the kernel K of the di®erential of f coincides
at every point of R with the subspaceC £ f 0g of the tangent space; this complex
identi¯cation determinesa natural orientation of K . Fix a constant ½x > 0 such that
BC(0; 2½x )£ BC(0; 2½2

x ) is contained in the local coordinate patch, and choosecut-o®
functionsÂ1 andÂ2 over C in such a way that Â1 equals1 over BC(0; ½x ) andvanishes
outside of BC(0; 2½x ), and that Â2 equals1 over BC(0; ½2

x ) and vanishesoutside of
BC(0; 2½2

x ). Then, let Ãx be the 2-form which equalsd(Â1(z1) Â2(z2) x1 dy1) over the
local coordinate patch, wherex1 and y1 are the real and imaginary parts of z1, and
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which vanishesover the remainder of X : the 2-form Ãx coincideswith dx1 ^ dy1

over a neighborhood of x. More importantly, it follows from the choiceof the cut-o®
functions that the restriction of Ãx to K = C £ f 0g is non-negative at every point
of R, and positive non-degenerateat every point of R which lies su±ciently close
to x.

Similarly, considera point x 2 R away from C and local coordinatessuch that f
identi¯es with the model map (z1; z2) 7! (z2

1; z2). In thesecoordinates,R identi¯es
with f 0g £ C, and the kernel K of the di®erential of f coincidesat every point
of R with the subspaceC £ f 0g of the tangent space. Fix a constant ½x > 0
such that BC(0; 2½x ) £ BC(0; 2½x ) is contained in the local coordinate patch, and
choosea cut-o® function Â over C which equals1 over BC(0; ½x ) and 0 outside of
BC(0; 2½x ). Then, let Ãx be the 2-form which equalsd(Â(z1) Â(z2) x1 dy1) over the
local coordinate patch, wherex1 and y1 are the real and imaginary parts of z1, and
which vanishesover the remainder of X : as previously, the restriction of Ãx to
K = C £ f 0g is non-negative at every point of R, and positive non-degenerateat
every point of R which lies su±ciently closeto x.

Choosea ¯nite collectionof points x i of R (including all the cusppoints) in such
a way that the neighborhoods of x i over which the 2-forms Ãx i restrict positively
to K cover all of R, and de¯ne ® as the sum of all the 2-formsÃx i . Then it follows
from the above de¯nitions that the 2-form ® is exact, and that at any point of R
its restriction to the kernel of the di®erential of f is positive and non-degenerate.
Therefore,the 4-form f ¤! 0 ^ ® is a positive volume form at every point of R.

Now chooseany metric on a neighborhood of R, and let dR be the distance
function to R. It follows from the compactnessof X and R and from the general
properties of the map f that, using the orientation induced by f and the chosen
metric to implicitly identify 4-forms with functions, there exist positive constants
K , C, C0 and M such that the following bounds hold over a neighborhood of R :
f ¤! 0 ^ f ¤! 0 ¸ K dR , f ¤! 0 ^ ® ¸ C ¡ C0dR , and j® ^ ®j · M . Therefore, for all
² > 0 onegetsover a neighborhood of R the bound

(f ¤! 0 + ² ®) ^ (f ¤! 0 + ² ®) ¸ (2² C ¡ ²2M ) + (K ¡ 2² C0)dR :

If ² is chosensu±ciently small, the coe±cients 2² C ¡ ²2M and K ¡ 2² C0 are both
positive, which implies that the closed2-form f ¤! 0 + ² ® is everywherenondegen-
erate, and thereforesymplectic. ¤

Another interestingpoint is the compatibilit y of our approximately holomorphic
singular branched coveringswith respect to the symplectic structures ! on X and
! 0 in CP2 (as opposedto the compatibilit y with the almost-complexstructures,
which hasbeena major preoccupation throughout the previoussections).

It is easyto check that given a covering map f : X ! CP2 de¯ned by a section
of C3 ­ L k , the number of preimagesof a genericpoint is equal to 1

4¼2 k2(! 2:[X ]),
while the homologyclassof the preimageof a genericline CP1 ½ CP2 is Poincar¶e
dual to 1

2¼k[! ]. If we normalize the standard symplectic structure ! 0 on CP2 in
such a way that the symplectic areaof a line CP1 ½ CP2 is equal to 2¼, it follows
that the cohomologyclassof f ¤! 0 is [f ¤! 0] = k[! ].
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As we have said above, the pull-back f ¤! 0 of the standard symplectic form of
CP2 by the covering map degeneratesalong the set of branch points, so there is no
chanceof (X ; f ¤! 0) being symplectic and symplectomorphicto (X ; k! ). However,
onecan prove the following result which is nearly as good :

Pr oposition 11. The 2-forms ~! t = tf ¤! 0 + (1 ¡ t)k! on X are symplectic for
all t 2 [0; 1). Moreover, for t 2 [0; 1) the manifolds(X ; ~! t ) are all symplectomorphic
to (X ; k! ).

This meansthat f ¤! 0 is, in somesense,a degeneratelimit of the symplectic
structure de¯ned by k! : therefore the covering map f behaves quite reasonably
with respect to the symplectic structures.

Pr oof. The 2-forms ~! t are all closedand lie in the samecohomologyclass.
We have to show that they are non-degeneratefor t < 1. For this, let x be any
point of X and let v be a nonzerotangent vector at x. It is su±cient to prove that
there exists a vector w 2 TxX such that ! (v; w) > 0 and f ¤! 0(v; w) ¸ 0 : then
~! t (v; w) > 0 for all t < 1, which implies the non-degeneracyof ~! t .

Recall that, by de¯nition, there exist local approximately holomorphic coordi-
nate mapsÁ over a neighborhood of x and Ã over a neighborhood of f (x) such that
locally f = Ã¡ 1 ± g ± Á where g is a holomorphic map from a subsetof C2 to C2.
De¯ne w = Á¡ 1

¤ J0Á¤v, whereJ0 is the standard complexstructure on C2 : then we
have w = (Á¤J0)v and, becauseg is holomorphic, f ¤w = (Ã¤J0)f ¤v.

Becausethe coordinate mapsare O(k¡ 1=2)-approximately holomorphic,we have
jw ¡ Jvj · Ck¡ 1=2jvj and jf ¤w ¡ J0f ¤vj · Ck¡ 1=2jf ¤vj, where C is a constant
and J0 is the standard complex structure on CP2. It follows that ! (v; w) ¸
jvj2 ¡ Ck¡ 1=2jvj2 > 0, and that ! 0(f ¤v; f ¤w) ¸ jf ¤vj2 ¡ Ck¡ 1=2jf ¤vj2 ¸ 0. Therefore,
~! t (v; w) > 0 for all t 2 [0; 1) ; sincethe existenceof such a w holdsfor every nonzero
vector v, this proves that the closed2-forms ~! t are non-degenerate,and therefore
symplectic.

Moreover, these symplectic forms all lie in the cohomologyclass [k! ], so it
follows from Moser'sstabilit y theoremthat the symplecticstructures de¯ned on X
by ~! t for t 2 [0; 1) are all symplectomorphic. ¤

6.2. Symplectic Lefschetz pencils. The techniquesused in this paper can
also be applied to the construction of sectionsof C2 ­ L k (i.e. pairs of sectionsof
L k) satisfying appropriate transversality properties : this is the existenceresult for
Lefschetz pencil structures (and uniquenessup to isotopy for a given value of k)
obtained by Donaldson[D2].

For the sake of completeness,we give herean overviewof a proof of Donaldson's
theorem using the techniques described in the above sections. Let (X ; ! ) be a
compactsymplecticmanifold (of arbitrary dimension2n) such that 1

2¼[! ] is integral,
and asbeforeconsidera compatiblealmost-complexstructure J , the corresponding
metric g, and the line bundle L whose¯rst Chern classis 1

2¼[! ], endowed with a
Hermitian connectionof curvature ¡ i ! . The requiredpropertiesof the sectionswe
wish to construct are determinedby the following statement :
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Pr oposition 12. Let sk = (s0
k ; s1

k) be asymptotically holomorphic sections of
C2 ­ L k over X for all large k, which we assumeto be ´ -transverseto 0 for some
´ > 0. Let Fk = s¡ 1

k (0) (it is a real codimension 4 symplectic submanifoldof X ),
and de¯ne the map f k = Psk = (s0

k : s1
k) from X ¡ Fk to CP1. Assumefurthermore

that @f k is ´ -transverseto 0, and that ¹@f k vanishesat every point where @f k = 0.
Then, for all largek, the section sk and the map f k de¯ne a structure of symplectic
Lefschetzpencil on X .

Indeed,Fk corresponds to the set of basepoints of the pencil, while the hyper-
surfaces(§ k;u)u2 CP1 forming the pencil arede¯ned to be§ k;u = f ¡ 1

k (u) [ Fk , i.e. § k;u

is the set of all points where(s0
k ; s1

k) belongsto the complex line in C2 determined
by u. The transversality to 0 of sk givesthe expectedpencil structure near the base
points, and the asymptotic holomorphicity implies that, near any point of X ¡ Fk

where@f k is not too small, the hypersurfaces§ k;u are smooth and symplectic (and
even approximately J -holomorphic).

Moreover, the transversality to 0 of @f k implies that @f k becomessmall only
in the neighborhood of ¯nitely many points where it vanishes,and that at these
points the holomorphic Hessian@@f k is large enoughand nondegenerate.Because
¹@f k also vanishesat thesepoints, an argument similar to that of x5.2 shows that,
near its critical points, f k behaves like a complex Morse function, i.e. it is locally
approximately holomorphically modelled on the map (z1; : : : ; zn ) 7!

P
z2

i from Cn

to C. The approximate holomorphicity of f k and its structure at the critical points
can be easily shown to imply that the hypersurfaces§ k;u are all symplectic, and
that only ¯nitely many of them have isolated singular points, which correspond to
the critical points of f k and whosestructure is thereforecompletely determined.

Therefore, the construction of a Lefschetz pencil structure on X can be car-
ried out in three steps. The ¯rst step is to obtain for all large k sectionssk of
C2 ­ L k which are asymptotically holomorphic and transverseto 0 : for example,
the existenceof such sectionsfollows immediately from the main result of [A1]. As a
consequence,the requiredpropertiesaresatis¯ed on a neighborhood of Fk = s¡ 1

k (0).
The secondstep is to perturb sk , away from Fk , in order to obtain the transver-

sality to 0 of @f k . For this purpose, one usesan argument similar to that of
x2.2, but where Proposition 2 has to be replacedby a similar result for approx-
imately holomorphic functions de¯ned over a ball of Cn with values in Cn which
has beenannouncedby Donaldson(see[D2]). Over a neighborhood of any given
point x 2 X ¡ Fk , composing with a rotation of C2 in order to ensurethe non-
vanishing of s0

k over a ball centered at x and de¯ning hk = (s0
k)¡ 1s1

k , one remarks
that the transversality to 0 of @f k is locally equivalent to that of @hk . Choosing
local approximately holomorphiccoordinateszi

k , it is possibleto write @hk asa lin-
ear combination

P n
i=1 ui

k¹ i
k of the 1-forms ¹ i

k = @(zi
k :(s0

k)¡ 1sref
k;x ). The existenceof

wk 2 Cn of norm lessthan a given ± ensuringthe transversality to 0 of uk ¡ wk over
a neighborhood of x is then given by the suitable local transversality result, and it
follows easily that the section(s0

k ; s1
k ¡

P
wi

kzi
ksref

k;x ) satis¯es the required transver-
sality property over a ball around x. The global result over the complement in X
of a small neighborhood of Fk then follows by applying Proposition 3.
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An alternate strategy allows oneto proceedwithout proving the local transver-
sality result for functions with valuesin Cn , if one assumess0

k and s1
k to be linear

combinations of sectionswith uniform Gaussiandecay (this is not too restrictive
sincethe iterativ e processdescribed in [A1] usespreciselythe sectionssref

k;x asbuild-
ing blocks). In that case,it is possibleto locally trivialize the cotangent bundle
T¤X , and thereforework component by component to get the desiredtransversality
result ; in a manner similar to the argument of [A1], one usesLemma 6 to reduce
the problem to the transversality of sectionsof line bundles over submanifoldsof
X , and Proposition 6 as local transversality result. The assumptionon sk is used
to prove the existenceof asymptotically holomorphic sectionswhich approximate
sk very well over a neighborhood of a given point x 2 X and have Gaussiandecay
away from x : this makes it possibleto ¯nd perturbations with Gaussiandecay
which at the sametime behave nicely with respect to the trivialization of T ¤X .
This way of obtaining the transversality to 0 of @f k is very technical, so we don't
describe the details.

The last step in the proof of Donaldson'stheoremis to ensurethat ¹@f k vanishes
at the points where@f k vanishes,by perturbing sk by O(k¡ 1=2) over a neighborhood
of thesepoints. The argument is a much simplerversionof x4.2: on a neighborhood
of a point x where@f k vanishes,onede¯nesa sectionÂ of f ¤

k TCP1 by Â(expx (»)) =
¯ (j»j) ¹@f k (x)(»), where ¯ is a cut-o® function, and one usesÂ as a perturbation of
sk in order to cancelthe antiholomorphic derivative at x.

6.3. Symplectic ampleness. We have seenthat similar techniquesapply in
various situations involving very positive bundlesover a compact symplectic man-
ifold, such as constructing symplectic submanifolds([D1],[A1]), Lefschetz pencils
[D2], or covering maps to CP2. In all thesecases,the result is the exact approxi-
mately holomorphic analogueof a classicalresult of complex projective geometry.
Therefore,it is natural to wonder if there existsa symplecticanalogueof the notion
of ampleness: for example, the line bundle L endowed with a connectionof cur-
vature ¡ i ! , when raisedto a su±ciently large power, admits many approximately
holomorphic sections,and so it turns out that someof thesesectionsbehave like
genericsectionsof a very ample bundle over a complexprojective manifold.

Let (X ; ! ) be a compact 2n-dimensionalsymplectic manifold endowed with a
compatiblealmost-complexstructure, and ¯x an integer r : it seemslikely that any
su±ciently positive line bundle over X admits r + 1 approximately holomorphic
sectionswhosebehavior is similar to that of genericsectionsof a very ample line
bundle over a complex projective manifold of dimensionn. For example,the zero
set of a suitable section is a smooth approximately holomorphic submanifold of
X ; two well-chosensectionsde¯ne a Lefschetz pencil ; for r = n, one expects
that n + 1 well-chosensectionsdetermine an approximately holomorphic singular
covering X ! CPn (this is what we just proved for n = 2) ; for r = 2n, it should
be possibleto construct an approximately holomorphic immersionX ! CP2n , and
for r > 2n a projective embedding. Moreover, in all known cases,the spaceof
\good" sectionsis connectedwhen the line bundle is su±ciently positive, so that
the structures thus de¯ned are in somesensecanonicalup to isotopy.
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However, the constructionstend to becomemore and more technical when one
gets to the more sophisticatedcases,and the development of a general theory of
symplectic amplenessseemsto be a necessarystep before the relations between
the approximately holomorphicgeometryof compactsymplecticmanifoldsand the
ordinary complexprojective geometrycan be fully understood.
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