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CHAPITRE |

Intro duction

1. Intro duction

Une approche de la topologie symplectiquequi s'est r§viie extrémemen fruc-
tueuseau | desann@esa pour point de d§part 'obsenation suivante : toute vari§t§
symplectique(X;! ) peut etre munie d'une structure presque-omplexecompatible
avec la structure symplectique, c'est-grdire un endomorphismel du br § tangert
TX, vBriant J2=j 1, et tel quela forme bilin§aireg(x;y) = ! (x; Jy) d§ nit une
m@trique riemanniennesur X (voir par exemple[McS1],p. 116).

L'®tude desvarigtls symplectiquesse préseite alors commeune ggrralisation
naturelle de la g§onfitrie kAhl§rienne: en e®etla vari§t§ X estkahl§riennedpslors
gue la structure presque-complexel est int§gmble c'est-ardire permet de d§ nir
localemen descoordonrescomplexessur X . Les vari§t§skahl§riennesfournissert
un grand nombre d'exemplesde vari§t§ssymplectiques puisqu'ellesenglolent ertre
autres toutes les vari§t®s algBbriques projectives complexes.Toutefois, de nhom-
breusesvari§t®s symplectiquesn'admettant pas de structure kahl§rienne ont §t@
construites, notammert par Thurston [Th] et plus récemmen par Gompf [GO].

La donned'une structure presque-complexed sur X conduit naturellemert g
®tudier les sous-ari§tfsde X dont I'espacetangert esten tout point J-invariant,
c'est-@rdire un sous-espaceomplexedel'espacetangert g X . Pour un choix g&rrique
dela structure presque-complexeompatibleavec! , detellessous-ari§tsn'existert
gu'endimensioncomplexel : cesort lesc@lgbrescourbespseudo-holomorphentro-
duites par Gromov [Grol] et dont la th§oriea conru de constarts d§weloppemeris
(voir par exemple[McS2]).

Un autre exemplefrappant de I'analogie ertre vari§tssymplectiquescompactes
et vari§t§s kAhl§riennescompactesest donn§ par les invariants de Seiberg-Witten
(voir par exemple[Mor]), dont l'interpr@tation en termes de courbes pseudo-holo-
morphesr§cemmen obtenue par Taubes ([T1], [T2] et suivants) pour les vari§t@s
symplectiquespr@serte dessimilarit§sremarquablesaveclinterpr§tation entermes
de courbescomplexesdonnepar Witten [W] pour les vari§t§skahi§riennes.

N&#anmoinscertainesconstructionsde gionfitrie alggbriguecomplexesenblaient
jusqu'p récemmen ne paspouvoir etre transpogfesdansun cortexte symplectique:
ainsi, le lieu d'annulation d'une sectionholomorpheg&rriqued'un br § trgsample
sur une vari§t® projective complexed$ nit une sous-ari§t® complexe,tandis quela
construction analoguene fonctionne pas en ggontfitrie presquecomplexe.

L'id §eintroduite par Donaldson[D1] consistep autoriser de petites variations de
la structure presque-complexeainsi, une structure presque-complexd compatible
avec! @tant x$e,il s'agit de construire non pas dessous-ari§ts J-holomorphes
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4 I. INTR ODUCTION

(qui n'existent en g§rral pas au-deku de la dimension 1), mais plutdt des sous-
vari§ts approximativement J-holomorphes De telles sous-ari§tfs sort obtenues
comme lieux d'annulation de sectionsappraoximativemen holomorphesde br §s
convenablemen choisis: I'obsenation fondamernale de Donaldsonestque,de méme
gu'un br & holomorphe suxsammert positif sur une vari§t® projective admet un
grand nombre de sectionsholomorphes,un br & en droites suxsammert positif sur
une vari§t® symplectigue compacteadmet de nombreusessectionsapproximativ e-
mert holomorphes.Toutefois, cortrairement au casprojectif o un argumert facile
de transversalit® permet d'obtenir imm&diatemen deshypersurfacescomplexesun
raisonnemeh assezlong est n§cessairgour prouver I'existenced'une sectiondont
lesproprig§tisdetransversalit p la sectionnulle garartissert quele lieu d'annulation
est une sous-ari§t§ lisseet appraximativemen J-holomorphe.

Il estaishdev@ri er qu'une sous-ari§t® appraximativemen J-holomorpheW %
X est sympletique, c'est-grdire que la restriction de! munit W d'une structure
symplectique. En outre, il existe une structure presque-complexel® compatible
avec !, proche de J (mais d§pendart de W), telle que W soit une sous-ari§t§
J%holomorphe de X. Un int§ét majeur du r§sultat de Donaldson est donc de
fournir le premier procg§d§ g8riral de construction d'hypersurfacessymplectiques
(codimensionr@elle2) dansune varit® symplectiguecompactearbitraire [D1].

Dans[Al] (voir aussix2 et chapitre 1), cer@sultat a §t§ §tenduau casde br §s
de rang sup@rieur : la construction de sections appraximativemen holomorphes
vBri ant des propri§t#s corvenablesde transversalit§ permet alors d'obtenir des
sous-arigtls symplectiques (approximativemert J-holomorphes)de codimension
guelconquedont on d§termine mieux le type topologiqueque par simple it §ration
du r@sultat de [D1]. Il a de plus §t§ ®tabli que, en d&pit de la grande °exibilit § de
la construction de Donaldson,les sous-ari$t§sque I'on est susceptibled'obtenir g
partir de sectionsapproximativemert holomorphesd'un br § sutsammert positif
donn® sort uniques p isotopie symplectique prgs [Al] (cf. x2 et chapitre II) ; en
outre, cer@sultat restevrai mémesi I'on fait varier la structure presque-complexe.
Cela signi e que les sous-ari§t#s symplectiquesconstruites p partir de br §s suf-
“sammert positifs peuvert etre utilis§espour d§ nir desinvariants symplectiques
de la vari§t® considirfe: ainsi desinvariants topologiquesd$ nis pour desvari§ts
de petite dimension(par exempleceux de Seiberg-Witten en dimension4) peuvent
etre utilis§spour caractriser desvari§t®s symplectiquesde dimensionsupgrieure.

D'autres r@sultats classiquesde ggonfitrie projective complexe peuvert &tre
transpogisp la gonfitrie symplectiquede fagon similaire. Ainsi, Donaldsona §t le
premier g montrer que deux sectionsapproximativemert holomorphescorvenable-
mert choisiesd'un br & en droites suxrsammert positif d§terminert une structure
de pinceau de Lefschetzsympletique sur une vari§t®$ symplectique compacte[D2].
Une telle structure est I'analogue symplectiquede la notion classiquede pinceau
de Lefsthetz alg@brique : la vari§t® considir§e est remplie par une famille d’'hyper-
surfacessymplectiquesindex@espar CP!, s'intersectart le long d'une sous-ari§t§
symplectiquelisse de codimension (r§elle) 4 (les \p oints base"), toutes les hyper-
surfacesdu pinceau$tant lissesexcep® un nombre ni d'entre ellesdont lespoints
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singulierssort isolset relativemert simples(despoints doublesp croisemem nor-
mal dans le casde la dimension4); aprgs §clatemen le long des points base,on
obtient une “bration de Lefschetzsymplectique au-dessusde CP!. Outre [D2], on
pourra se r@frer au x6.2 du chapitre 111 op est esquis§e une preuve du r§sultat
utilisant lesargumerns de [A1] et [A2], ainsi qu'au texte de Sikorav [Si]; en n, une
Btude pous$e des pinceaux de Lefsdetz symplectiquesen dimension4 se trouve
dans[BK].

Dansle mémeesprit, il a §t§ §tabli dans[A2] (voir aussix3 et chapitre 111) que
toute vari§t$ symplectique compacte X de dimension4 peut €tre vue comme un
revetemert rami_ § (singulier) de CP? : le revetemert estd§termin§ par trois sections
appraoximativemen holomorphessoigneusemenchoisiesd'un br & en droites trps
positif sur X . De plus, le choix d'un br § endroites sursammert positif d§termine
canoniquemenh une classed'isotopie de revetemerns rami s(singuliers)X | CP?,
indgpendammen de la structure presque-complexeompatible considire [A2]. I
senble probablequede nombreux autresr@sultatsclassiquesie ggonfitrie projective
admettert de la mémefaoon desanaloguessymplectiques.

Le restede ce chapitre a pour but de donnerun apereu desprincipaux rgsultats
obtenusau coursde la r@alisationde cetravail, et delesillustrer par diversexemples.
Les®nondgsd®crits ci-dessousort formul§sde facon plus préciseet dgmortr §sdans
les chapitres |l et 11 ([AL1] et [A2]). On pourra §galemen se r&frer p [D1] pour
I'argumernt original de Donaldson,ainsi qu'g [Si] pour une synthpsedesr@§sultatsde
[D1], [A1] et [D2].

2. Sous-vari §t®s symplectiques : §nonc®s et exemples

Soit (X;!) une vari§t® symplectiguecompactede dimension2n. On fera dans
tout ce qui suit I'nypothgseque la classede cohomologiezi%[! ] 2 H?(X;R) est
entipre. Cette condition d'int§gralit§ n'est pas une restriction trgs forte, car dans
tous les casil existe desformes symplectiques! © arbitrairement prochesde ! et
qui, aprgs multiplication par un facteur ertier, v@ri ent la condition requise.Une
structure presque-complexd compatible avec! et la m#trique riemanniennecor-
respondarte g sort §galemeh x §es.

Soit L le br & en droites complexessur X dont la classede Chern estc,(L) =
%4[! ], muni d'une mtrique hermitienne et d'une connexionhermitienner - dont
la 2-formede courbure est§galep j i! (I'existenced'une telle connexionest facile
g ®tablir : la courbure d'une connexionhermitienne quelconquer sur L di®gre de
i i! parune2-formeexactequi peut semettre sousla formei daaveca?2 - }(X;R);
on peut alors choisirr - = r + i a). L'obsenation fondamenale est que, pour des
valeurssuzsammert grandesdu paramgtre ertier k, le br § endroites L admetde
nombreusessectionsapproximativemert holomorphes,qui d§terminert un plonge-
ment appraximativemert holomorphede X dansun espaceprojectif : il s'agit d'un
analoguesymplectiquede la construction classiquede Kodaira (voir par exemple
[GH], x1.4). L'intuition dicte alorsqu'un hyperplan corvenablemen choisi doit, par
intersectionavec X, d&§terminer une sous-ari§t§ symplectiqueapproximativemen
J-holomorphede X . La formulation rigoureusede cette construction (voir [D1])
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n®cessitd'in troduction desnotions d"holomorphieasymptotiqueet de transversalif
uniforme g 0 d'une famille de sections.

Soier (Ex)xa o des br §svectorielscomplexessur X , tous munis d'une métrique
hermitienne et d'une connexionhermitienne. La structure presque-complexd sur
X et la connexionsur E¢ d§terminert desop@rateurs @et @sur Ex.

Les br®sEy quel'on utilisera dansla suite sort d§ nis p partir des br §sen
droites L* : par exemple,on s'int®ressergparticuligremen au casde E, = E - LK,
op E estun “br § vectoriel hermitien "x  muni d'une connexionhermitienner E.
Les structures et connexionshermitiennes dont on munit E, naturellemen sort
alorsinduites par cellesde E et L. En particulier, la connexionhermitienne induite
parr - surL¥ a pour courburej ik! ; il s'ensuitquelesvariations dessectionsdes
“br 8sEy quel'on considireratendert naturellemen g seproduire p des@dellesde
l'ordre de ki 12 (p causede l'identit § liant leurs d§rivEessecondes la courbure).
Il est donc utile de remplacerla m$trique g sur X par la m@trique renormalife
o« = k:g: le diamptre de X estalors multipli § par k=2, et lesd@rivesd'ordre p des
sectionssort divis§espar kP=.

Remar que : cortrairement g la corvertion adopt§eici ainsi qu'au chapitre 111
et dansl'ensenble de la litt §rature, dansle chapitre 11 ci-dessoug[A1l]) la m§trique
Ok n'est pasutilis®e, et toutes les estim@essort donnespour la métrique g, ce qui
introduit desfacteursk!=? suppmertaires danslesd§ nitions. Par ailleurs on peut
indi®@remmen travailler avec desestim@esde type C" ([D1], [A1]) ou C! ([A2)).

D&finition 1. Dessections (Sk)ka o de br @svectoriels complexesE sur X sont
dites asymptotiquemen holomorphessi, pour tout p 2 N, les d§riveescovariantes
r Pse et les quantitis k'=2r P@; sont uniform@ment born§es (pour la mtrique gy)
par desconstantesind§pendantesde k, c'est-g-dire si

8p2 N; jsijP;gk = O(l) etj@kjcp;gk = O(kl 1=2):

D&finition 2. Dessections (Sk)ka o de Ex sur X sontdites uniform§mert trans-
versesqn 0 s'il existeune constante” > 0 telle que,pour tout k et entout point x 2 X
tel quejsk(x)j < 7, la d@rivBe covariante r s, (x) : TyX ! (Ek)x estsurjective et
\plus grandeque” " (c'est-p-dire admetun inverse g droite de norme inf§rieure p

i),

On v@ri e aifmern que,sidessections(sk)ka o de Ex sort simultan§men asymp-
totiguement holomorpheset uniform@mert transversesg 0, alors pour k suxzsam-
ment grand le lieu d'annulation Wy = sli(l(O) est une sous-ari§t$ symplectique
lissede X . Lessous-ari§t#sW, sort de plus asymptotiguemen J-holomorphes.en
ce sensqu'en tout point de Wy le sous-espacd (TWy) est p distance O(ki 2) de
TW. Lesr@sultatsprincipaux du chapitre |1 peuvert alorsétre formul€sde la fason
suivante :

Th 8or pme 1 ([A1]). Soit E un br @ vectoriel complexequelonquesur X : pour
k suxsamment grand, les br§sE - Lk admettentdessections asymptotiquement
holomorpheset uniform®&menttransversesa 0, dont les lieux d'annulation sont des
sous-varfiths sympletiqueslissesde X .
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Ce thomme (chapitre 11, Corollaire 1) $tend le r@sultat principal obtenu par
Donaldsondans[D1], qui correspnd au casou E estle br & endroites trivial. Le
r@sultat d'unicit § suivant (chapitre 11, Corollaire 2) est §galemen §tabli :

Th 8or gme 2 (JA1]). Les sous-varfitis sympletiques que I'on peut construire
p partir de sections asymptotiquementholomorpheset uniform@§menttransverses
0 deE - Lk sont, pour toute valeur suxsamment grande de k, uniquesg isotopie
sympletique prgs.

En outre, ce r@sultat d'unicit§ demeurevrai si I'on considgre des sous-ari§t#s
obtenuespour di®grertes structures presque-complexesompatiblesavec! . Pour k
sutsammern grand, le type topologiquedessous-ari§t§ssymplectiquesconstruites
estdonc un invariant symplectiquede (X;!).

Exemple. Dansle tore T# = R*=Z* muni de la forme symplectique standard
I = 49(dx* ~ dx? + dx3~ dx*), di®Brertes topologiessort ervisageablepour des
sous-aritfs symplectiquesreprsemant la classed’homologieduale de %4[! ] pour
la dualit® de Poinca. La con guration la plus simple, qui correspnd g ce que
I'on obtient naturellement pour k sutsammert grand p partir de sectionsasymp-
totiguemert holomorpheset uniform@&mert transversesp 0 de L*, est une surface
de Riemann connexede genre4k? + 1 : une telle sous-ari§t§ peut par exemple
@tre obtenue par d@singularisation(p I'aide de sommesconnexes)e la sous-ari§t§
singuligre (Fx £ T?) [ (T2£ Fy) ou Fx ¥2 T2 estun ensenble ni constitu§ de 2k
points de T2.

Toutefois, d'autres types de sous-ari§tls symplectiquespermettent de r§aliser
la meémeclassed’homologie: par exempledessurfacesconstitu§esde deux compo-
sartes disjointes chacunede genre2k?+ 1. Il estais§ de vgri er sansmémeinvoquer
le Thomme?2 quedetellessous-ari§tsne peuvert etre obtenuespar lesm$thodes
d®critesici (Proposition 2 du chapitre I1). La construction de cessous-ari§t§snon
connexessefonde sur I'existenced'une d§composition 2%/4! = »+ 3 o les 2-formes
» et 3 sort tellesque! * »> 0,! "3 > 0et»” 3 = 0: lesclassesd’homologie
dualesde [k»] et [k3] peuvert alors@tre reprsen®espar descourbessymplectiques
disjointes, chaque composarte §tant de genre2k? + 1 et obterue commeci-dessus
par d§singularisationde familles de 2-toresplats de T*.

Cet exempleillustre la non-trivialit § du Th§omme 2 : cortrairement g ce qui
se passeen ggontitrie complexeop toutes les hypersurfacegrojectiveslissesd'une
classed’homologie donne sort di®@omorphes,dans le cas symplectique di®grerts
typestopologiquespeuvent coexisterdansune mémeclassed’homologie.Le r§sultat
d'unicit § dcrit ici ainsi que plusieurs autres propri§t®s d&crites dans [D1] et [Al]
indiquent que, par de nombreux aspects, les sous-ari§tfsapproximativemert holo-
morphes@tudiesici senblent avoir un comportemert topologique plus proche de
la g&ontitrie projective complexeque de la ggonfitrie symplectiqueusuelle.

La d&termination du typetopologiquedessous-ari§t§sconstruitesesten giriral
dixcile, m&émesi desinvariants §@menaires tels que lesnombresde Betti peuvert
etre calculsexplicitemert (Proposition 2 et x5.2 du chapitre 11). En g8nféral, cette
dgtermination complate n'est possibleque dansquelquescastels que ceuxdessous-
vari§t®s de dimension 2 (ce sort dessurfacesde Riemann connexesdont le genre
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secalcule aisgmernt), ou parfois lorsquela vari§t® X est une vari§t§ alg§brique ou
encoreun produit de vari§t#ssymplectiques.

Exemple. On considare le casop X® = M* £ §2 est le produit cart§siende
vari§tBssymplectiques(M ;! ) de dimension4 et (§;! 5) de dimension2 v@ri ant
toutes deuxla condition d'int§gralit§ requise.Par le Th§ompmel, on peut construire
pour k suxsammernt grand descourbessymplectiques8y ¥2 M de classefondamen-
tale ZL%[! v ] (le genrede cescourbesconnexessecalculﬁpar la formule d'adjonction),
ainsi que desparties nies Fy constituesde f = % ¢ ! s points de 8.

La vari§t® X @®tant munie de la structure symplectique produit ! = ¥4! y +
Y5! ¢, on peut alors §tablir (p I'aide du Th§omme 2 du chapitre I1) queles br §s
Lk sur X admettert dessectionsasymptotiquemern holomorpheset uniform@§men
transversesa 0 dont leslieux d'annulation Wy sort arbitrairement prochesdessous-
varig§t®ssingulipresVx = (8«£ 8) [ (M £ Fy). Latopologienaturelle dessous-ari§tés
symplectiquesde X de classefondamenale dualede 211/4[! ] d&critespar le Th§omme
1 correspnd donc g une d§singularisation (au voisinagede 8 £ Fi) de la sous-
vari§t® V. On peut montrer que la construction qui permet d'obtenir Wy g partir
de 8¢ £ § et de M £ F¢ estune opfration de sommeconnexesymple&tique avec
Biclatementsle long de 8¢ £ F¢ : si on note My la vari§t§ obtenue g partir de M
par §iclatemen de points de § jusqu'a rendretrivial le br § normal de §, la sous-
vari§t® W, s'obtient enrecollart g 8¢ £ 8 un exemplairede la vari§t§ ®§clathe M
le long de chacunedesfy composaries de 8¢ £ Fy. On ser&frerap [Go] pour une
description plus pr&cisedu procd§ de sommeconnexesymplectique.

La construction de sous-ari§tfs symplectiquesde dimension 4 (canoniquesg
isotopie prgsd'aprgsle Th§omme?2) est particulipremen int§ressate, car lesnom-
breux invariants de dimension4 d§ nis pour cessous-ari§tfs fournissern autant
d'invariants symplectiquesde la vari§t§ ambiante. Dans le cas des invariants de
Seiberg-Witten, cette approche est toutefois d§cewante, car lesinvariants dessous-
vari§t§sconstruitespour k grand senblent cortenir trgspeud'information : dansle
casdesvari§t®sprojectives,les sous-ari§tsobtenuessort dessurfacesalgibriques
de type g8riral, dont les invariants de Seiberg-Witten sort peu int§ressats [FM]
(ils ne d&crivert quela classede Chernc,(TX) et la prsenced'§ventuelles sphares
exceptionnelles) et dansle casd@crit ci-dessugdu produit X 6= M“4£ §2, le calcul
partiel pl'aide de formulespour lessommesconnexedellesquecellede [MST] n'est
pas plus fructueux. Toutefois, il est probable que desinvariants plus ns tels que
ceux qui dgcrivent la topologie des structures de pinceaux de Lefsthetz symplec-
tiques en dimension4 ([D2], voir aussi[Si] et [BK]), appliqu§saux sous-ari§tsde
dimension4 donnespar le Th§ommel, permettent d'obtenir desinformations plus
précisessur la topologiede la vari§t§ ambiante.

3. Revetements rami ®s de CP?

Les th@ommesd'existencede sectionsasymptotiquemen holomorpheset uni-
form&men transversesp O d§crits ci-dessusconstituert §galemen un premier pas
versl'obtention de structures plus &labor§es: ainsi, il estpossiblepour k suxsam-
mert grand de construire une section approximativemert holomorphede C? - Lk
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(c'est-g-dire un couple de sectionsde LX) dont les propri§t§s de transversalit
ertrainent I'existence d'une structure de pinceau de Lefschetzsympletique sur
X ([D2], voir §galemenh le x6.2 du chapitre I11). Dans cette partie nous nous
int®resseronglus particuligremern g la construction de trois sectionsapproxima-
tivemert holomorphesde L¥ (c'est-g-dire une sectionde C3- LX) lorsque X est
de dimension4, ce qui permet d'aboutir au r@§sultat que toute vari§t§ symplectique
compactede dimension4 est un revetemen rami § (singulier) de CP? [A2]. Les
#nond@set d§ nitions ci-dessoussort formul®splus précigmen et dgmortr§sdans
le chapitre 111.

Il existeun lien naturel ertre sectionsde C3- L* et applications p valeursdans
CP? : la donned'une sections = (So;S1;S,) de C3- L¥ qui ne s'anrule passur X
permet de d§ nir une application f (x) = [so(X) : s1(X) : s2(x)] (en coordonnesho-
moggnes)de X dansCP?. Lorsquek estassezyrand, il estpossiblede construire des
sectionsapproximativemert holomorphesde C2- Lk qui ne s'annulent paset dont
les propri§ts de grricit® et de compatibilit avec la structure presque-complexe
suzsert g assurerqgue l'application projective correspndarte est un revetement
rami § singulier approximativemert holomorphe (la formulation pr&cisedes pro-
pri§tBsrequisesBtant relativemen compliquée, on se r&freraaux D§ nitions 5, 6
et 7 du chapitre I11).

Letermederevetemer rami € fait r§frenceau fait quel'on autorisedesfeuillets
du revetemen g serejoindre le long d'une sous-ari§t® R appelfelieu de rami -
cation : I'exemple le plus simple est I'application (x;y) 7! (x?;y) de C? dans C?,
dont le lieu derami cation estC£ 0. En outre, le revetemen dcrit ici estsingulier
de par la pr&sencede points isolfsou le lieu de rami cation R deviert \v ertical”,
c'est-@rdire que la restriction def p R cessed'etre une immersionet I'image f (R)
préseme alors un cusp: un exempletype est l'application (x;y) 7! (x3i xy;y)
de C? dans C? au voisinagede l'origine. Une description plus pr§cisede la notion
de revetemen rami & singulier est donne au x1 du chapitre IIl. En outre, dans
le cas que I'on considare ici I'application de revetemen est approximativemen
holomorphe, ce qui implique en particulier que le lieu de rami cation R est une
sous-ari§t® symplectique approximativemert holomorphede X et que sonimage
par f estune sous-ari§t symplectiquesinguligre de CP?.

Le r@sultat principal de[A2] peut seformuler de la fagon suivante (cf. Th§ommes
1 et 4 du chapitre I11) :

Th 8or gme 3. Pour tout k suxsammentgrand, il estpossiblede construire des
sections de C3 - LX qui donnentp X une structure de revetementrami & singu-
lier approximativement holomorpheau-dessusde CP2. En outre, pour chaqueva-
leur suxsamment grande de k la topologie d'un tel revtementest canoniquement
dtermine p isotopie prgs.

De mémequelesstructures de pinceauxde Lefsdetz symplectiquesdesvari$§t@s
symplectiquesde dimension4 permettert, par I'§tude de la monodromie de la -
bration de Lefstetz correspndarte au-dessusde CP!, de d& nir des invariants
symplectiquestrgs ns ([D2], [BK]), il estpossibled'exploiter le Th§omme 3 pour
construire de nouveauxinvariants symplectiques.
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La topologie d'un revetemert rami § f : X | CP? est en grande partie
d&terminBepar celledel'image du lieu derami cation D = f (R) ¥ CP2. Dansnotre
cas,D estune courbe symplectiquesinguligre dans CP?, dont lesseulessingularit§s
sort ggrriquemen descuspset des points doubles(a priori, il n'‘est pas certain
gue I'on puisseexclureles points doublesg auto-intersection n§gative commec'est
le casen gBonftrie projective). L'§tude desinvariants qui caractrisent la topologie
d'une telle sous-ari§t® de CP? estactuellemet I'objet d'un travail en collaboration
avecL. Katzarkov, en faisart appel p destechniquesintroduites et d§velopfesen
g®onfitrie complexepar Moishezondanslesann§es30 ([Moil], [Moi2], ...) et qui per-
mettent de seramenerp |'§tude d'une factorisation dansun groupe de tresses.Les
perspectives o®ertespar de tels invariants pour la r§solution de divers problgmes
ouverts importants en topologie symplectique de la dimension 4 senblent d'ores
et d§ja prometteuses,méme si un travail important reste p fournir avant que la
topologie desrevetemerns rami ®ssinguliersde CP? soit ertipremen comprise.



CHAPITRE 11

Asymptotically  Holomorphic Families of Symplectic
Submanifolds

(paru dans Geom. Funct. Anal. 7 (1997), 971{995)

Abstra ct. Weconstruct awide range of symplectic submanifolds
in a compact symplectic manifold as zero sets of asymptotically
holomorphic sectionsof vector bundles obtained by tensoring an
arbitrary vector bundle by large powersof the complexline bundle
whose rst Chern classis the symplectic form (assuming a suit-
able integrality condition). We also shaw that, asymptotically, all
sequencef submanifolds constructed from a given vector bun-
dle are isotopic. Furthermore, we prove a result analogousto the
Lefsthetz hyperplane theorem for the constructed submanifolds.

1. Intro duction

In a recert paper [D1], Donaldson has exhibited an elemenary construction
of symplectic submanifolds of codimension 2 in a compact symplectic manifold,
wherethe submanifoldsare seenaszerosetsof asymptotically holomorphicsections
of well-chosenline bundles. In this paper, we extend this construction to higher
rank bundlesaswell asto one-parameterfamilies, and obtain asa consequencan
important isotopy result.

In all the following, (X;!) will be a compact symplectic manifold of dimension
2n, sud that the cohomologyclasszi%[! ] is integral. A compatible almost-complex
structure J and the correspnding riemannian metric g are xed. Let L be the
complexline bundle on X whose rst Chernclassis ¢;(L) = 2—11/4[! ]. Fix a Hermitian
structure onL, andlet r - be a Hermitian connectionon L whosecurvature 2-form
isequalto j i! (it is clearthat such a connectionalways exists).

We will considerfamilies of sectionsof bundlesof the form E - L on X, de ned
for all large values of an integer parameter k, where E is any Hermitian vector
bundle over X . The connectionr ‘ inducesa connectionof curvature j ik! on LK,
and togetherwith any given Hermitian connectionr & on E this yields a Hermitian
connectionon E - Lk for any k. We are interested in sectionswhich satisfy the
following two properties::

Definition 1. A sequene of sections s, of E - LK (for large k) is said to
be asymptotially holomorphic with resgct to the given connections and almost-
complexstructure if the following boundshold :

s = O(1);  jr sij= O(KY¥?);  j@j = O(L);
jrr o s¢j = O(k); ir @ = O(k™):

11
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Since X is compact, up to a changeby a constart factor in the estimates,the
notion of asymptotic holomorphicity doesnot actually depend on the chosenHer-
mitian structuresand on the chosenconnectionr . On the cortrary, the connection
r b is essetially determinedby the symplecticform ! , and the positivity property
of its curvature is the fundamertal ingrediert that makesthe construction possible.

Definition 2. A section s of a vector bunde E - LX is said to be " -transverse
to 0 if wheneverjs(x)j < ~, the covariant derivative r s(x) : T,X ! (E - LK)y
is surjective and admits a right inverse whosenorm is smaler than " i :ki %2 A
family of sections is transverseo O if there existsan ™ > 0 suchthat * -transversality
to 0 holdsfor all large valuesof k.

In the caseof line bundles,” -transversality to 0 simply meansthat the covariant
derivative of the sectionis larger than ~ k2 whereer the sectionis smaller than
. Also note that transversality to O is an open property : if sis~ -transverseto O,
then any section3sud that jsj 3 < 2 andjr sj r % < k*?22 is automatically
(" i ?)-transverseto 0. The following holds clearly, independerily of the choice of
the connectionson the vector bundles:

Pr oposition 1. Let s, be sections of the vector bundesE - L* which are si-
multaneously asymptotially holomorphic and transverseto 0. Then for all large
enoughk, the zeo setsWy of sy are emhedded sympletic submanifoldsin X . Fur-
thermore, the submanifoldsWy are asymptoti@ally J-holomorphic,i.e. J(TWy) is
within O(ki ¥¥2) of TW.

The result obtained by Donaldson[D1] can be expressedas follows :

Theorem 1. For all large k there exist sections of the line bundes L¥ which
are transverseto 0 and asymptotially holomorphic(with respect to connections with
curvature j ik! on L¥).

Our main result is the following (the extensionto almost-complexstructures
that depend on the parametert was suggestedy the referee):

Theorem 2. Let E be a complexvector bunde of rank r over X, and let a
parameter space T be either fOg or [0; 1]. Let (J¢)i21 be a family of almost-omplex
structureson X compatible with ! . Fix a constant2 > 0, and let (Suk )izt k e
a sequene of families of asymptotially J.-holomorphic sections of E - L* de ned
for all largek, suchthat the sections s and their derivativesdepend continuously
on t.

Then there exist constantsK* , K and” > 0 (dependingonly on 2, the geometry
of X and the bounds on the derivatives of si«), and a sequen@ (Y4 )io7x k Of
families of asymptotially J;-holomorphicsections of E - L* dened for all k |, K,
suchthat

(a) the sections ¥ and their derivativesdepend continuously on t,

(b) forall t 2 T, % i Sk < 2andjr ¥ i r Suj < k22,

(c) for all t 2 T, %y is ~-transverseto O.

Note that, sincewe allow the almost-complexstructure on X to depend on t,
great caremust be taken asto the choiceof the metric on X usedfor the estimates
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on derivatives. The most reasonablechoice,and the one which will be madein the
proof, is to always usethe samemetric, independerily of t (so, there is no relation
betweeng, ! and J;). Howewer, it is clear from the statemen of the theoremthat,
sincethe spacesX and T are compact, any changein the choice of metric can be
absorbed by simply changingthe constarts K and ", and sothe result holdsin all
generality.

Theorem 2 has many consequences Among them, we mertion the following
extensionof Donaldson'sresult to higher rank bundles:

Cor ollar y 1. For any complexvector bunde E over X and for all largek,
there exist asymptotially holomorphicsections of E - L* which are transverseto 0,
and thus whosezeio setsare emledded sympletic submanifoldsin X . Furthermore
given a segquene of asymptotially holomorphic sections of E - L* and a constant
2 > 0, we can require that the transversesections lie within 2 in C° sense(and k722
in C! sense)of the given sections.

Therefore,homologyclasseghat onecanrealizeby this construction include all
classesvhosePoincar® dual is of the form (2%/4[! D+ cl:(%A[! Drit+ i+ ¢, with

large integer.

An important result that one can obtain on the sequencesf submanifoldscon-
structed using Corollary 1 is the following isotopy result derived from the casewhere
T = [0;1] in Theorem 2 and which had beenconjecturedby Donaldsonin the case
of line bundles:

Cor ollar y 2. Let E be any complexvector bunde over X, andlet sox and sy«
be two sequen@sof sections of E- L. Assumethat thesesections are asymptotially
holomorphic with resgct to almost-@mplexstructures Jo and J; respectively, and
that they are 2-transverseto 0. Then for all largek the zeo setsof s and s, are
isotopic through asymptotially holomorphic sympletic submanifolds. Moreover,
this isotopy can be realized through sympletomorphismsof X .

This result follows from Theorem2 by de ning sectionss;, and almost-complex
structures J; that interpolate between(sy; Jo) and (Si.x; J1) in the following way :
fort 2 [0;1], let sex = (1 3t)sox and Jy = Jo ; for t 2 [£;3], let sy = 0 and
take J; to be a path of compatible almost-complexstructures from J, to J; (this
is possiblesincethe spaceof compatible almost-complexstructures is connected);
andfort 2 [%; 1], let st = (Bt§ 2)six and J; = J;. One canthen apply Theorem
2 and obtain for all large k and for all t 2 [0; 1] sections¥% that di®erfrom s
by at most 2=2 and are “ -transverseto 0 for some”. Sincetransversality to O is
an open property, the submanifoldscut out by %« and %4 are clearly isotopic to
those cut out by sgx and s;x. Moreover, the family %y givesan isotopy between
the zerosetsof %,y and %.. Sothe constructed submanifoldsare isotopic. The
proof that this isotopy can be realizedthrough symplectomorphismsof X will be
givenin Section4.



14 Il. AH. FAMILIES OF SYMPLECTIC SUBMANIF OLDS

As a rst stepin the characterization of the topology of the constructed sub-
manifolds, we also prove the following statemert, extending the result obtained by
Donaldsonin the caseof the line bundlesLX :

Pr oposition 2. Let E be a vector bunde of rank r over X, and let Wy be a
sejuene of sympletic submanifoldsof X constructed as the zeo setsof asymptot-
ically holomorphicsections s, of E - L* which are transverseto 0, for all largek.
Then whenk is suciently large,theinclusioni : W, ! X inducesan isomorphism
on homotopygroups¥ for p< nj r, and a surjection on %, . The sameproperty
also holdsfor homolay groups.

Section2 cortains the statemert and proof of the local result on which the whole
constructionrelies. Section3 dealswith the proof of a semi-globalstatemert, using
a globalization procesgo obtain resultson large subsetsof X from the local picture.
The proofs of Theorem 2 and Corollary 2 are then completedin Section4. Sec-
tion 5 contains miscellaneousesults on the topology and geometryof the obtained
submanifolds,including Proposition 2.

Acknowledgmen ts. The author wishesto thank ProfessorMikhael Gromov
(IH&S) for valuable suggestionsand guidancethroughout the elaboration of this
paper, and ProfessorJean-Pierre Bourguignon (ficole Polytechnique) for his sup-
port.

2. The local result

The proof of Theorem2 relieson a local transversality result for approximativ ely
holomorphic functions, which we state and prove immediately.

Pr oposition 3. There exists an integer p degending only on the dimension
n, with the following property : let + be a constant with 0 < + < 3, and let %=
+log(+ 1) P. Let (f);o7 be a family of complex-valud functions over the ball B*
of radius % in C", depending continuously on the parametert 2 T and satisfying
for all t the following boundsoverB* :

it 1 i@ % jir @) - %
Then there existsa family of complexnumbers w; 2 C, degending continuously

ont, suchthatforallt2 T, jw;j - + andf;j w; hasa rst derivative larger than
Y.at any point of the interior ball B of radius 1 wheee its norm is smaller than %

Proposition 3 extendsa similar result provedin detail in [D1], which correspnds
to the casewhereT = f0g. The proof of Proposition 3 is basedon the sameideas
as Donaldson'sproof, which is in turn basedon considerationsfrom real algebraic
geometryfollowing the method of Yomdin [Y][Gro2], with the only di®erencehat
we must get everything to depend cortinuously on t. Note that this statemen is
false for more general parameter spacesT than f0g and [0; 1], since for example
when T is the unit discin C and f(z) = t, onelooks for a cortinuousmapt 7! w;
of the discto itself without a xed point, in cortradiction with Brouwer's theorem.

The ideais to deal with polynomial functions g; appraximating f, for which
a generalresult on the complexity of real semi-algebraicsets gives constrains on
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the near-critical levels. This part of the proof is similar to that givenin [D1], so
we skip the details. To obtain polynomial functions, we approximate f; rst by a
cortinuous family of holomorphic functions f7 di®eringfrom f; by at mosta xed
multiple of %in C! sense,using that @ is small. The polynomials g are then
obtained by truncating the Taylor seriesexpansionof f; to a given degree.It can
be shown that by this method one can obtain polynomial functions g, of degreed
lessthan a constan times log(34 1), sud that g di®ersfrom f, by at most c:3%in
C! sensewherec is a xed constart (see[D1]). This appraximation processdoes
not hold on the whole ball wheref; is de ned, which is why we neededf; to be
de ned on B* to get a result over the slightly smallerball B (seeLemmas27 and
28 of [D1)).

For a given complex-alued function h over B, call Y, the set of all points
in B where the derivative of h has norm lessthan 2, and call Z,. the 2-tubular
neighborhood of h(Y}2). What wewishto constructis a path w; avoiding by at least
Ysall near-critical levelsof f, i.e. consistingof valuesthat lie outside of Z;,.5,. Since
0 is within c:%of f, it is clearthat Z;, 4, is contained in Z; = Zg,(c+1)% However
a generalresult on the complexity of real semi-algebraicsetsyields constrairts on
the set Y. (c+1)% The precisestatemert which one appliesto the real polynomial
jdgj? is the following (Proposition 25 of [D1]) :

Lemma 1. Let F : R™ ! R be a polynomial function of degree d, and let
S() Y2 R™ be the subsetS() = fx 2 R™ :jxj - L,F(x) - 1+ pg. Then for
arbitrarily smal pu > 0 there exist xed constants C and © depending only on the
dimensionm suchthat S(0) may be decomposel into piecesS(0) = S;[ S, ¢¢d Sa,
whee A - Cd’, in sucha way that any pair of points in the samepiece S, can be
joined by a path in S(J) of lengthlessthan Cd’.

So, as descriked in [D1], given any xed t, the set Yg,.(+1)% Of near-critical
points of the polynomial function g; of degreed can be subdivided into at most
P (d) subsetswhereP isa xed polynomial, in suc a way that two points lying in
the samesubsetcan be joined by a path of length at most P (d) inside Yg,.o(c+1) % It
follows that the imageby g of Y .(c+1) % is cortained in the union of P (d) discsof
radius at most 2(c+ 1)¥P (d), sothat the setZ, of valueswhich we wish to avoid
is cortained in the union Z;" of P (d) discsof radius ¥Q(d), whereQ = 3(c+ 1)P is
a xed polynomial and d = O(log % 1).

If one assumest to be larger than ¥Q(d)P (d)!??, it follows immediately from
this constraint on Z; that Z; cannot 1l the disc D of all complexnumbersof norm
at most + : this immediately provesthe caseT = f0g. Howewer, whenT = [0; 1],
we also needw; to depend continuously on t. For this purpose,we show that if £
is largeenough,D j Z;", whendecompmsedinto connectedcomponerts, splits into
seeral small componerts and only one large componert.

Indeed, given a componert C of D | Z;, the simplestsituation is that it does
not meetthe boundary of D. Then its boundary is a curve consistingof piecesof the
boundariesof the balls making up Z,", soits length is at most 2vP (d)Q(d)%¥; and
it followsthat C hasdiameterlessthan ¥P (d)Q(d)% Consideringtwo componerts
C, and C, which meetthe boundary of D at points z; and z,, we can consideran
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arc ° joining the boundary of D to itself that separatesC, from C, and s cortained
in the boundary of Z;. Assumingthat % is larger than e.g. 10(P (d)Q(d)%; since
the length of ° is at most 2%/P (d)Q(d)%¥; it must stay closeto either z; or z, in order
to separatethem : ° must remain within a distance of at most 10P (d)Q(d)%afrom
oneof them. It followsthat there existsi 2 f 1;2g sud that C; is cortained in the
ball of radius 10P (d)Q(d)%certered at z;. Soall componerts of D | Z; except
at most one are cortained in balls of radius R(d)%; for some xed polynomial R.
Furthermore, the number of componerts of D | Z," is boundedby a value directly
related to the number of balls making up Z,", sothat, increasingR if necessarythe
number of componerts of D j Z; is alsoboundedby R(d).

Assumingthat *is much larger than R(d)3%2%; the area¥#? of D is much larger
than ¥R(d)33%, sothat the small componerts of D | Z; cannot T it, and there
must be a single large componert. Getting badk to D j Z;, which was the setin
which we had to choosew, it cortains D j Z," and di®ersfrom it by at most Q(d)%;
sothat, letting U(t) be the componert of D j Z; containing the large componert
of Dj Z/, it is the only large componert of D | Z;. The componert U(t) is
characterizedby the property that it is the only componert of diameter more than
2R(d)%in D Z.

Sothe existenceof a singlelarge componert U(t) in D j Z; is proved upon the
assumptionthat = is large enough,namely larger than %©(d) where© is a given
“xed polynomial that canbe expressedn terms of P, Q and R (so © dependsonly
on the dimensionn). Sinced is bounded by a constart times log%i 1, it is not
hard to seethat there exists an integer p sud that, for all 0 < £< % the relation
Y= xlog(+ )i P impliesthat +> 32©(d). This is the value of p which we choosein
the statemen of the proposition, thus ensuringthat the above statemerts always
hold.

Since ftg£ Z, is a closedsubsetof T £ D, the open set U(t) dependssemi-
cortinuouslyont : let Ui (t; 2) be the setof all points of U(t) at distancemorethan
2 from Z, [ @. We claim that, given any t and any small 2 > 0, for all ¢, close
enoughto t, U(¢) cortains U (t; 2). To seethis, we rst shaw for all ¢ closeto t,
Ui(t;2)\ Z, = ;. Assumingthat this is not the case,one can get a sequenceof
points of Z, for ¢, ! t that belongto Ui (t;2). From this sequencene can extract
a corvergert subsequencewhoselimit gelongsto Ui (t; 2) and thus lies outside of
Z;, in cortradiction with the fact that  ftg£ Z; is closed.SoU' (t;2) 2D j Z,
for all ¢ closeenoughto t. Making 2 smaller if necessaryone may assumethat
Ui (t; 2) is connected,so that for ¢ closeto t, Ui (t;2) is necessarilycortained in
the large componert of ® i Z,, namely U(¢).

It followsthat U = ftg£ U(t) is an open connectedsubsetof T £ D, and is
thus path-connected.Sowe getapath s 7! (t(s); w(s)) joining (0; w(0)) to (1;w(1))
inside U, for any given w(0) and w(1) in U(0) and U(1). We then only have to
make surethat s 7! t(s) is strictly increasingin order to de ne wy = w(s).

Getting the t componert to increasestrictly is in fact quite easy Indeed, we
‘rst getit to be weakly increasing,by consideringvaluess; < s, of the parameter
sudh that t(s;) = t(sy) = t and simply replacingthe portion of the path betweens;
and s; by a path joining w(s;) to w(s;) in the connectedsetU(t). Then, we slightly
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shift the path, using the fact that U is open, to get the t componert to increase
slightly over the parts whereit was constart. Thus we cande ne wys = w(s) and
end the proof of Proposition 3.

3. The globalization pro cess

3.1. Statement of the result. We will now prove a semi-globalresult using
Proposition 3. The globalization processwe describe hereis basedon that usedby
Donaldsonin [D1], but a signi cantly higher amourt of work is required because
we have to deal with bundles of rank larger than one. The important fact we use
is that transversality to O is, as expected, a local and open property.

Theorem 3. Let U be any open subsetof X, and let E be a complex vector
bunde of rankr , 0 overU. Let (Ji);o7 be a family of almost-omplexstructures
on X compatible with ! . Fix a constant2 > 0. Let W, be a family of sympletic
submanifoldsin U, obtaineal as the zeio setsof asymptotially J;-holomorphic sec-
tions wy, of the vector bundesE - L* which are " -transverseto 0 over U for some
" > 0 and depend continuouslyont 2 T (if therankis r = 0, then we simply de ne
Wik = U). Finally, let (%) be a family of asymptotially J;-holomorphic sections
of L¥ which depend continuously on t. De ne U to be the setof all points of U at
distanee more than 4k’ 1= from the boundary of U.

Then for some=~> 0 and for all largek, there exist asymptotially J;-holomor-
phic sections 3%, of L¥ over U, degending continuously on t, and suchthat

(@) for all t 2 T, % is equalto % near the boundary of U,

(b) %« i Yexi < 2andjr % i r ¥ < k¥22 for all t,

(c) the sections (Wi + %y) of (E © C) - L* are ~transverseto 0 over U; for
all t.

Basically, this result statesthat the construction of Theorem 2 can be carried
out, in the line bundle case,in suth a way that the resulting sectionsare transverse
to a given family of symplectic submanifolds.

As remarked in the introduction, the choiceof the metric in the statemen of the
theoremis not obvious. We chooseto usealways the samemetric g on X, rather
than trying to work directly with the metrics g inducedby ! and J;.

3.2. Local coordinates and sections. The proof of Theorem 3 is basedon
the existenceof highly localized asymptotically holomorphic sectionsof L* near
ewery point x 2 X. First, we notice that near any point x 2 X, we can de ne
local complexDarboux coordinates (z;), that is to say a symplectomorphismfrom
a neighborhood of x in (X;!) to a neighborhood of 0 in C" with the standard
symplectic form. Furthermore it is well-known that, by composingthe coordinate
map with a (R-linear) symplectic transformation of C", one can ensurethat its
di®erenial at x inducesa complexlinear map from (T, X; J;) to C" with its standard
complexstructure.

Since the almost-complexstructure J; is not integrable, the coordinate map
cannot be made pseudo-holomorphion a whole neighborhood of x. Howewer, since
the manifold X and the parameter spaceT are compact, the Nijenhuis tensor,
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which is the obstruction to the integrability of the complex structure J; on X,
is bounded by a xed constart, and so are its derivatives. It follows that for a
suitable choiceof the Darboux coordinates, the coordinate map canbe madenearly
pseudo-holomorphicaround X, in the sensethat the antiholomorphic part of its
di®erenial vanishesat x and grows no faster than a constart times the distance
to x. Furthermore, it is easyto ched that the coordinate map can be chosento
depend continuously on the parametert. So,we have the following lemma:

Lemma 2. Near any point x 2 X, there existfor all t 2 T complexDarboux co-
ordinatesdependingcontinuouslyon t, suchthat the inverseA; : (C";0)! (X:x) of
the coordinate mapis nearly pseudo-holomorphiavith respct to the almost-omplex
structure J; on X and the canonical complexstructure on C". Namely, the map
A;, which trivial ly satis'es jr Aj = O(1) and jr  A;j = O(1) on a ball of xed
radius around 0, fails to be pseudo-holomorphidy an amount that vanishesat 0
and thus grows no faster than the distance to the origin, i.e. j@\:(2)] = O(jzj), and
jr @j=0().

Fix a certain value of the parametert 2 T, and considerthe Hermitian con-
nectionswith curvature j ik! that we have put on L¥ in the introduction. Near
any point x 2 X, using the local complex Darboux coordinates (z;) we have just
constructed, a suitable choice of a local trivialization of L¥ leadsto the following

connectionl-form:
xn

Ak: ; (Zjd?j i Zdej)
j=1
(it canbereadily chekedthat dAy = j ik!).

On the standard C" with connection Ay, the function s(z) = exp( kjzj?=4)
satis es the equation @ks = 0 and the bound jr 5, sj = O(k**?). Multiplying this
sectionby a cut-o® function at distance ki 3 from the origin whosederivative is
small enough,we get a sections with small compactsupport. Sincethe coordinate
map near x has small antiholomorphic part where s is large, the local sections
s+ Al ! of Lk de'ned near x by pullback of s through the coordinate map can be
easily chedked to be asymptotically holomorphic with respect to J; and Ax. Thus,
for all large k and for any point x 2 X, extendings+Aj ! by 0 away from x, we
obtain asymptotically holomorphic sectionss;., of L.

SinceT is compact, the metrics g inducedon X by ! and J; di®erfrom the
chosenreferencemetric g by a boundedfactor. Therefore,it is clear from the way
we constructedthe sectionssk x that the following statemen holds:

Lemma 3. There exist constants, > 0 and ¢ > 0 suchthat, given any x 2
X, for all t 2 T and large k, there exist sections Sgi.x Of L* over X with the
following properties : the sections six.x are asymptotially J;-holomorphic; they
depend continuously on t ; the bound jSikxj , Cs holds over the ball of radius
10ki %2 around x ; and nally, jswkxj - exp(i .k disty(X;:)?) everywhee on X .

3.3. General setup and strategy of proof. In a rst step,wewishto obtain
sections¥, of Lk over U satisfying all the requiremerts of Theorem 3, exceptthat
we replace(c) by the wealer condition that the restriction of % to W« must be
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A-transverseto 0 over Wi \ U} for some”™ > 0, whereU; is the set of all points
of U at distancemore than 2ki =3 from the boundary of U. It will be shown later
that the transversality to O of the restriction to Wy \ U, of 34, together with the
boundson the secondderivatives,implies the transversality to O of (W.x + %k ) over
Ue .

To start with, we noticethat there existsa constart ¢ > 0sud that Wy is trivial
at small scale,namely in the ball of radius 10cki 2 around any point. Indeed, if
r = O we just take c = 1, and otherwisewe usethe fact that w; is ~ -transverseto
0, which implies that at any x 2 Wy, jr wek(X)j >~ k¥™2. Sincejir  wikj < Cok
for someconstart C,, de ning c= ﬁ) Ci ', the derivativer w, variesby a factor
of at most % in the ball B of radius 10cki **2 around x. It followsthat B \ W
is di®eomorphicto a ball.

In all the following, we work with a given xed value of k, while keepingin mind
that all constarts appearingin the estimateshave to be independen of k.

For xed k, we considera nite setof points x; of U} %2 U sud that the balls of
radius cki 72 certered around x; cover U}, . A suitable choice of the points ensures
that their number is O(k"). For xed D > 0, this set can be subdivided into N
subsetsS; sud that the distancebetweentwo points in the samesubsetis at least
D ki ¥*2. Furthermore, N = O(D?") can be chosenindependen of k. The precise
value of D (and consequetty of N) will be determinedlater in the proof.

The ideais to start with the sections¥y of L¥ and proceedin steps. Let N;
be the union of all balls of radius cki ¥*? around the points of S; for all i < j.
During the j-th step, we start from asymptotically J;-holomorphic sections ¥
which satisfy conditions (a) and (b), and sudh that the restriction of %y to Wi
is “j-transverseto 0 over Wy, \ N;, for someconstart “; independert of k. For the
“rst step, this requiremen is void, but we choose” ( = % in order to obtain a total
perturbation smallerthan 2 at the end of the process.We wish to construct % +1
from %, by subtracting small multiples cx.x Stk x Of the sectionss;, . for x 2 §;,
in sud a way that the restrictions of the resulting sectionsare " ,; -transverseto
0, for somesmall “ .1, over the intersection of Wy, with all balls of radius cki 12
around points in §;. Furthermore, if the coe+cients of the linear conbination are
chosenmuch smaller than “;, transversality to O still holds over Wy, \ N;. Also,
sincethe coexcients c.xx are bounded, the resulting sections,which are sums of
asymptotically holomorphic sections,remain asymptotically holomorphic. So we
needto nd, for all x 2 Sj, small coexcients Cix.x Sothat ¥y, i Cukx Stkx hasthe
desiredproperties near x.

3.4. Obtaining transv ersality near a point of S;. In what follows, x is a
givenpoint in S;, and By is the ball of radius cki 2 aroundx. Let - bethe closure
of the open subsetof T cortaining all t sud that B4 \ W« is not empty (when
r = 0,onegets- = T). When - is empty, it is sutcient to de ne c.x = O for all
t. Otherwise,- = fOg whenT = f0g, and whenT = [0; 1] clearly - is a union of
disjoint closedintervals. In any case,we choosea componert | of -, i.e. either a
closedinterval or a point.
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We canthen de ne for all t 2 | a point x, belongingto B, \ W;y, in sud a way
that x; dependscortinuouslyont, sinceW;, dependscortinuously ont and always
intersectsBy in a nice way (whenr = 0 one can simply choosex; = x). Let By
be the ball in Wy, of radius 3cki ¥*2 (for the metric induced by g) certered at x;.
Becauseof the boundson the secondderivativesof w;., , we know that B, cortains
Bx\ Wy forallt 2 1. Wenow want to de ne a nearly holomorphicdi®eomorphism
from a neighborhood of 0in C"i " to B.

Let B be the ball of radius 4cki 2 around 0in C" ', and let Bi be the smaller
ball of radius 3cki 2 around 0. We claim the following :

Lemma 4. For all t 2 |, there existdi®@morphismsp from B to a neightwrhood
of X; in Wy, dending continuously on t, suchthat (x(0) = x; and x(Bi) % B\,
and satisfying the following estimatesover B :
i@= 0K ) jr wi=0@); jr @i=0@); jr =0k
Pr oof. Recallthat, by Lemma 2, there exist local complex Darboux coordi-
nateson X near x depending cortinuously on t with the property that the inverse

map A; : (C";0) ! (X:;Xx) satis es the following bounds at all points at distance
O(ki ¥%2) from x :

j@j=0K ), jr Aj=0@); jr @\j=0(); jr Aj=O():
Let T; be the kernel of the complex linear map @vix (X¢) in Ty, X : it is within
O(ki ¥%2) of the tangert spaceto Wy, at x;, but T; is presened by J;. Composing
A; with a translation and a rotation in C", one gets maps A; satisfying the same
requiremers as A, but with A(0) = x; and sud that the di®eretial of A; at 0
mapsthe spanofthe nj r rst coordinatesto T;.

Furthermore, X and T are compact,sothe metrics g; inducedby ! and J, di®er
from the referencemetric g by at mosta xed constart. It follows that, composing
A with a xed dilation of C" if necessaryone may alsorequire that the image by
A, of the ball of radius 3cki 12 around O cortains the ball of radius 4cki *2 around
x for the referencemetric g. The only price to pay is that A; is no longer a local
symplectomorphism; all other properties still hold.

Since by de nition of ¢ the submanifolds W, are trivial over the considered
balls, it follows from the implicit function theoremthat W, can be parametrized
around x, in the chosencoordinates as the set of points of the form A (z; ¢:(z)) for
z2 C"i" where¢ : CNit I C' satises¢(0) = 0andr &(0) = O(ki ¥2). The
derivativesof ¢; can be easily computed, sinceit is characterizedby the equation

We (B (Z; &(2))) = 0

Notice that it follows from the transversality to 0 of wy that jr wy, +dA(v))j is
larger than a constart times k'¥jvj for all v 2 0£ C'. Combining this estimate
with the boundson the derivativesof wyx given by asymptotic holomorphicity and
the e%bove bounds on those of A;, one gets the following estimatesfor ¢; over the
ball B :

j@j= 0Ok ¥2); jr aj=0@Q); jr @j=0O@Q); jr &j= Ok*?):
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It is then clearthat W (z) = A(z; &(2)) satis esall the required properties. o

Now that a local iderti cation betweenW,, and C"i " is available, we de ne
the restricted sections$ux.x(z) = Stkx(Kk(2)) and %% (z) = %% (k(z)). Since
Stkx and %, are both asymptotically holomorphic, the estimateson p; imply
that 8. and %, as sectionsof the pull-back of L¥ over the ball B, are also
asymptotically holomorphic. Furthermore, they clearly depend continuously on
t 2 1, and &« remainslarger than a xed constart ¢; > 0 over B. We canthen
de ne the complex-alued functions f i x = %k =Stk:x over B, which are clearly
asymptotically holomorphictoo.

After dilation of B by a factor of 3ck™2, all hypothesesof Proposition 3 are
satis ed with * as small as desired, provided that k is large enough. Indeed, the
asymptotic holomorphicity of fx.« implies that, for large k, the antiholomorphic
part of the function over the dilated ball is smaller than %= #log+ )i P. So
the local result implies that there exist complexnumbers c..x of norm lessthan +
and depending cortinuouslyont 2 |, sud that the functions fix.x i Cik:x are %
transverseto O over the ball Bi of radius 3cki 22 around 0in C" . We now notice
that the sections@uk.x = %k i Cukx Stkix, Which clearly depend cortinuously on
t and are asymptotically holomorphic, are ¥#4-transverseto 0 over Bi , for some¥?
di®eringfrom ¥by at most a constart factor. Indeed,

r gt;k;x =T (Qt;k;x(ft;k;x i Ct;k;x)) = Qt;k;xr ft;k;x i (ft;k;x i Ct;k;x)r Qt;k;x:
Wherewer ¢.x.x 1S very small, sois fek.x i Ckx, and r fix is thus large. Since
8tk .x remainslarger than somecs > 0 and r $.x.x is boundedby a constart times
k=2, it follows that r @« is large wherewer @« is very small. Putting the right
constarts in the right places,one easily chedks that @ .« is ¥-transverseto 0 with
¥#34 boundedby a xed constart.

We now notice that the restrictions to Wy of the sectionSgx.x = Yk i
Cek x Stk x Of LX over U, which clearly are asymptotically J;-holomorphicand depend
cortinuously and t, are also ¥#%transverseto 0 over B, for some¥2°di®ering from
39 by at most a constart factor. Indeed, B, is cortained in the set of all points of
the form w(z) for z2 Bi , and

gt:k;x(ut(z)) = 2yf‘;k;j (Z) i Cik:x St;k;x(z) = gt;k;x(z);
so whereer g« is smaller than 32, the derivative of ¢ is larger than ¥£2k'=2,
and sincer | is boundedby a xed constan, r gy« iS largetoo.

Next we extendthe de nition of c.x« to all t 2 T, in the caseof T = [0; 1], since
we have de ned it only over the componerts of -. Howewer, whent 62, W, does
not meetthe ball By, sothat there is no transversality requiremen. Thus the only
constraints are that c.x.x must depend cortinuously on t and remain smaller than
+ for all t. Theseconditions are easyto satisfy, sowe have proved the following :

Lemma 5. For all largek there exist complexnumlers c.x.x smaler than + and
degendingcontinuouslyont 2 T suchthat the restriction to Wi of % i Cuk:x Stk
is 34%ransverseto 0 over Wy, \ By. Furthermore, for someconstant p° degending
only on the dimension, #%is at least +(log+ 1)i P°.
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3.5. Constructing  %yj+1 from %;. Wecannow de ne the sections¥j +1

of L¥ over U by X

3/{’f,k;j +1 = 3yfl;k;j i Ctk :x Stk x -
X2S;

Clearly the sections¥%yj+1 are asymptotically holomorphic and depend cortinu-
ouslyont 2 T. Furthermore, any two points in S; are distant of at least D ki 1
with D > 0, sothe total sizeof the perturbation is boundedby a xed multiple of +.
So, choosing+ smallerthan " over a constart factor (recall that “; is the transver-
sality estimate of the previous step of the iterative process),we can ensurethat
Vi i Yacgi < L andjr Y i r Y < +k'2. Asadirect consequencehe
restriction to Wy of %y j+1 IS %-transverseto 0 whereer the éestr'§tion of %y Is
“j-transverseto 0, including over Wy \ Nj (recallthat N; = 55 Bx).

Letting "1 = 3322 it is known that for all x 2 S the restriction to Wy of
Yexji Cokox Stkx 1S2 j+1-transverseto 0 over B,\ Wi . So,in orderto provethat the
restriction to Wy Of ¥y j+1 iS”j+1 -transverseto 0 over Wi\ Nj.q, it is sucient to
che that givenx 2 S, over By, the sum of the perturbations correspnding to all
points y 2 §; distinct from x is smallerthan “;.,, and the sum of their derivatives
is smallerthan “j.; k*2. In other words, sincese\eral cortributions were added at
the sametime (one at eat point of §;), we have to make sure that they cannot
interfere.

This is wherethe parameterD (minimum distance betweentwo points in S;)
is important : indeed,over By, by Lemma 3, ead of the cortributions of the other
points in S; is at most of the order of texp(j ,D 2), and the sum of theseterms is
O("; exp(i ,D ?)). Similarly, the derivative of that sumis O("j exp(j ,D ?) k**). So
the requiremert that the sum of the cortributions of all points of S; distinct from
x be smallerthan “j,; correspndsto an inequality of the form Koexp(j ,D ?) <
“j+1=j, WhereKy isa xed constart dependingonly on the geometryof X . Recall-
ing that "1, is no smallerthan " log("| 1i P for some xed integerP, the required
inequality is

exp(,D ?) > Kolog("j })":
This inequality, which dcesnot degend on k, must be satis ed by every *;, for eat
of the N stepsof the process.

To ched that the condition on D can be enforcedat all steps,we must recall
that the number of stepsin the processis N = O(D?"), and study the sequence
(";) givenby a xed "¢ > 0 and the inductive de nition descrited above. It can
be shavn (seeLemma 24 of [D1]) that the sequencg”;) satis esfor all j a bound
of the type log(" | 1y = O(j log(j)). It followsthat log(" i,*)? = O(D?"™ log(D?")P),
which is clearly subexponertial : a choice of suzciently large D thus ensuresthat
the requiredinequality holds at all steps. Sothe inductive processdescribted above
is valid, and leadsto sections¥yx = %.«.n Which areasymptotically J;-holomorphic,
depend cortinuously on t, and whoserestrictions to Wy, are "-transverseto O over
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Ui for ™= "\. Furthermore, % is equalto ¥, nearthe boundary of U because
we only addeda linear combination of sectionss;y.x for x 2 U} , and sy .x vanishes
by construction outsige of the ball of radius k! 123 around x. Moreover, %y di®ers
from % by at most ; “;, which is lessthan 2o = 2. Soto completethe proof of
Theorem 3 we only have to show that the transversality result on % ;w,, implies
the transversality to O of (wex + %) over U, .

3.6. Transversality to 0 over Ug. At apoint x 2 Wi \ U} wherej¥yj <
7, we know that r wyy is surjective and vanishesin all directions tangertial to
Wk, while r 3%, has a tangertial componert larger than “k*2. It follows that
r (Wex + %) is surjective. We now construct a right inverseR : (Ex© C) - LX !
TxX whosenorm is O(ki +2).

Consideringa unit length elemert u of L, there exists a vector 0 2 T, W,y of
norm at most ("k'2)i 1 such that r %, (0) = u. Clearly r wy(0) = O because
0 2 TyWik, sowe de ne R(u) = 0. Now consideran orthonormal frame (v;)
in Ey - L)'j. It follows from the ~-transversality to O of wy, that r ywy has a
right inverseof norm smallerthan (" k*2)i 1, sowe obtain vectors¥; in T,X sud
that r wy (%) = v and j%j < (" k¥2)i 1. There exist coetcients ,; sud that
r % (%) = ,iu, with j,;j < Ck¥?j&j < C"il, for someconstart C sud that
jir %«j < Ck¥2 everywhere. Sowe de ne R(v;) = % i ,i0, which completesthe
determination of R.

The norm of R is, by construction, smallerthan K :ki ¥*? for someK depending
only on the constarts above (C, = and 7). We thus know that r (Wyx + %«)
has a right inversesmaller than K ki 12 at any point of Wy, \ U} wherej%yj <
7. Furthermore we know, from the de nition of asymptotic holomorphicity, that
jir (W + % )j < K% for someconstart K°,

Considera point x of U wherejw.xj and j3%]j are both smallerthan some®
which is simultaneously smallerthan 5, 5= and . From the " -transversality to
0 of wi, we know that r wyy Is surjective at x and hasa right inversesmallerthan
(" k¥2)i 1. Sincethe connectionr is unitary, applying the right inverseto wy, itself,
we can follow the downward gradiert °ow of jwyj, and we are certain to read a
point y of Wy at a distanced from the starting point x no largerthan ®(" k**2)i 1,
which is simultaneously smaller than -t ki ¥ and % ki =2, Furthermore if k is
large enough,d < 2ki 3 sothat y 2 U} .

Sincejr %xj < C:k'? everywhere,j%x (y)j i j%«x(X)j < Ck¥2d < 3, sothat
j%« (y)j < ™, and the previousresultsapply at y. Also, sincethe secondderivatives
are boundedby K %k everywhere,r ,(Wex + %) di®ersfrom r (W + %) by at
most K % d, which is smallerthan 5 k'*?, sothat it is still surjective and admits a
right inverseof norm O(ki ¥*2). From this we infer immediately that (wyx + %) is
transverseto 0 over all of U, , and the proof of Theorem 3 is complete.

4. The main result

4.1. Proof of Theorem 2. Theorem 2 follows from Theorem 3 by a sim-
ple induction argumen. Indeed,to obtain asymptotically holomorphic sectionsof
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E - Lk which are transverseto 0 over X for any vector bundle E, we start from
the fact that E is locally trivial, sothat there existsa nite covering of X by N
opensubsetsy; sud that E is atrivial bundle on a small neighborhood of ead U; .
We start initially from the sectionss;x.o = s of E - L¥, and proceediterativ ely,
assumingat the beginning of the j -th step that we have constructed, for all large
k, asymptotically holomorphic sectionss;yj of E - L* which are” -transverseto 0
on U; for some”; > 0 and di®erfrom s by at mostj2=N.

Over a small neighborhood of U;, we trivialize E ' C" and decompsethe sec-
tions s into their r componerts for this trivialization. Recall that, in order to
de ne the connectionson E - L* for which asymptotic holomorphicity and transver-
sality to 0 are expected,we have useda Hermitian connectionr E on E. BecauseX
is compactthe connection1-form of r E in the chosentrivializations can be safely
assumedto be boundedby a xed constan. It follows that, up to a changein the
constarts, asymptotic holomorphicity and transversality to O over U; with respect
to the connectionson E - Lk inducedby r E andr \ are equivalert to asymptotic
holomorphicity and transversality to O with respect to the connectionsinduced by
r b and the trivial connectionon E in the chosentrivialization. Sowe actually do
not have to worry about r E.

Now, let ® be a constart smaller than both 2=rN and “;=2r. First, using
Theorem 3, we perturb the rst componert of sy« over a neighborhood of U; by
at most ® to make it transverseto O over a slightly smaller neighborhood. Next,
using again Theorem3, we perturb the secondcomponert by at most ® sothat the
sum of the two rst componerts is transverseto 0, and so on, perturbing the i-th
componert by at most ® to make the sum of the i ‘rst componerts transverseto
0. The result of this processis a family of asymptotically J;-holomorphic sections
Stk;j+1 Of E - L% which are transverseto O over U;. Furthermore, sincethe total
perturbation is smaller than r® - “;=2, transversality to O still holds over U; for
i <], sothat the hypothesesof the next step are satis ed. The construction thus
leadsto sections%x = Stk.n Which are transverseto O over all of X . Sinceat eah
of the N stepsthe total perturbation is lessthan 2=N, the sections%y di®erfrom
stk by lessthan 2, and Theorem 2 is proved.

4.2. Symplectic isotopies. We now give the remaining part of the proof of
Corollary 2, namely the following statemert :

Pr oposition 4. Let (W;)i2[0;17 be a family of sympletic submanifoldsin X.
Then there exist sympletomorphisms©; : X | X depending continuously on t,
suchthat ©, = Id and ©,(Wp) = W,.

The following strategy of proof, basedon Moser's ideas, was suggestedto me
by M. Gromov. The readerunfamiliar with thesetechniquesmay use[McS1] (pp.
91-101)asa reference.

It followsimmediately from Moser'sstability theoremthat there existsa cortinu-
ousfamily of symplectomorphismsA; : (Wp;! iwo) ! (Wq; jw, ). Sincethe symplec-
tic normal bundlesto W; are all isomorphic, Weinstein's symplectic neighborhood
theoremallows oneto extendthesemapsto symplectomorphismsA; : Us ! U; sud
that A(Wo) = W;, whereU;, is a small tubular neighborhood of W; for all t.
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Let % be any family of di®@morphismsof X extending A,. Let !, = %!
and - = j d=dt. We want to nd vector elds » on X sud that the 1-forms
® = 1,! satisfy d® = - and suc that » is tangert to Wy at any point of Wj.
If this is possible,then de ne di®eomorphismg ; asthe °ow of the vector elds »,
and notice that

d H g I

GO =27 SR LR =2 - +dRl) =0
Sothe di®eomorphismg4+2 ; are actually symplectomorphismsof X . Furthermore
a . presenesW, by construction, so%+2 ; mapsW, to W;, thus giving the desired
result.

Sowe are left with the problem of nding », or equivalertly ®, sud that d& =
- ¢ and »;w, is tangert to Wy. Note that, since’;z extendsthe symplectomorphisms
A, onehas!; = ! and-; = 0 over Uy. It follows that the condition on Mjw, IS
equivalert to the requiremert that at any point x 2 Wy, the ! -symplecticorthogonal
N, Wy to T,W, liesin the kernel of the 1-form ®,.

Sincethe closed2-forms! ; are all cohomologouspnehas|- ;] = 0in H?(X;R),
sothere exist 1-forms ; on X sud that d ; = - ;. Remarkthat, although-;=0
over Uy, one cannot ensurethat jy, = 0 unlessthe class[- ] alsovanishesin the
relative cohomologygroup H?(X; Up; R). Sowe needto work a little moreto nd
the proper 1-forms®,.

Over Up onehasd ™y = - = 0, so  de nesa classin H(Upy; R). By further
restriction, the forms , are also closed1-formson W,. Let ¥sbe a projection
map Uy ! W, sudh that at any point x 2 W, the tangert spaceto % (x) is the
symplectic normal spaceN,W,, and let °; = Y2(" 4w,). First we notice that, by
construction, the 1-form °; is closedover Uy, and at any point x 2 W, the space
NxWy liesin the kernel of °;. Furthermore the composition of ¥2 and the restric-
tion map inducesthe identity map over H(Up; R), so[°t] = [ 4u,] in H(Uo; R).

Thereforethere exist functions f over Uy such that °; =  + d; at any point of U,.
Let g be any smaoth functions over X extendingf,, andlet ® = + dg. The
1-forms@® satisfy d® = d { = - {, and since®;y, = °; the spaceN,W, alsoliesin

the kernel of ® at any x 2 Wy. SoProposition 4 is proved.

5. Prop erties of the constructed submanifolds

5.1. Pro of of Prop osition 2. This proof is basedon that of a similar result
obtained by Donaldson[D1] for the submanifoldsobtained from Theorem1 (r = 1).
The result comesfrom a Morse theory argumen, as descrited in [D1]. Indeed,
considerthe real valued function f = logjsj? over X | W (whereW = si 1(0)). We
only have to show that, if k is large enough,all its critical points are of index at
leastnj r + 1. For this purpose,let x be a critical point of f , and let us compute
the derivative @@ at x.

First we notice that x is alsoa critical point of jsj?, sothat s itself is not in the
imageof r vs. Recallingthat s is " -transverseto O for some” > 0, it follows that
Ir xS is not surjective and thusjs(x)j, .
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Recallingthat the scalarproduct is linear in the rst variable and antilinear in
the secondvariable, we compute the derivative

L1 . .
@ogjsj® = jS7(h@;5| + s, @i);

which equalszeroat x. A Tst consequencés that, at X, jh@;sij = jh@;sij < Cjsj,
whereC is a constart bounding (@) independertly of k.

A secondderivation, omitting the quartities that vanishat a critical point, yields
that, at x,

&Elogjsi? = js%(r@@;si | h@, @ + he: Bi + s @di):

Recallthat @+ @is equalto the part of type (1,1) of the curvature of the bundle
E - LK. Thisis equalto j ik! - Id + R, whereR is the part of type (1,1) of the
curvature of E, sothat at x,

@gdlogjsj® = i ik! + jS%(hR:s;si i hae;si + hs; @i i @@ + he; Bi):

To go further, we have to restrict our choice of vectorsto a subspaceof the
tangert spaceT,X at x. Call £ the spaceof all vectorsv in T,X sud that @(v)
belongsto the complexline generatedby s in (E - L¥),. The subspacef of T,X
is clearly stable by the almost-complexstructure, and its complexdimensionis at
leastnj r + 1. For any vectorv 2 £, jh@(v);sij = j@(v)jjsj is smaller than
jvj jh@;sij < Cjvjjsj where C is the sameconstart as above, sothat @ is O(1)
over £.

Since@ = O(1) and @ = O(k¥2) becauseof asymptotic holomorphicity, it
is now known that the restriction to £ of @8logjsj? is equalto j ik ! + O(k2).
It follows that, for all large k, given any unit length vector u 2 £, the quartity
i 2i @ (u;Ju), which equalsH; (u) + H (Ju) whereH; is the Hessianof f at X, is
negative. If the index of the critical point at x werelessthan nj r + 1, there would
exist a subspaceP %2 T, X of real dimensionat leastn + r over which H¢ is non-
negative, and the subspaceP \ JP of real dimensionat least 2r would necessarily
intersectnon-trivially £ whosereal dimensionis at least2n 2r + 2, cortradicting
the previousremark. The index of the critical point x of f isthusat leastnj r+ 1.

A standard Morse theory argumert then implies that the inclusion W ! X
induces an isomorphismon all homotopy (and homology) groups up to %, r; 1
(resp. Hp, r; 1), and a surjection on %,  (resp. Hy, (), which completesthe proof
of Proposition 2.

5.2. Homology and Chern numbers of the submanifolds. Proposition 2
allowsoneto computethe middle-dimensionalBetti number by, ; = dimHp;  (Wk; R)
of the constructed submanifolds. Indeed the tangert bundle TWy and the normal
bundle N Wy (isomorphic to the restriction to Wy of E - LX) are both symplectic
vector bundles over Wy. So it is well-known (seee.g. [McS1], p. 67) that they
admit underlying structures of complexvector bundles, uniquely determinedup to
homotopy (in our casethere exist J-stable subspacesn TX very closeto TWy
and N W,, so after a small deformation one can think of thesecomplex structures
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as induced by J). Furthermore onehas TW, © NW, ' TXj,. It follows that,
calling i the inclusion map Wi ! X, the Chern classesf the bundle TWy can be
computedfrom the relation

i°c(TX) = i°¢(E - L¥):o(TWy):
Sincec,,; ((TWy):[Wy] is equalto the Euler-Poincar§ characteristic of Wy, and since
the spacesH;(Wx; R) have the samedimensionas H;(X;R) fori < nj r, the

dimensionof Hy,; [ (Wy; R) follows immediately.
For further computations, we needan estimate on this dimension:

Pr oposition 5. For any sequene of sympletic submanifoldsWy %2 X of real
codimension 2r obtainel as the zeo setsof asymptoti@lly holomorphic sections of
E - L* which are transverseto 0, the Chern classesof W, are given by

G (TWi) = (i 1)'i”:‘ 1¢(k-")I + Ok );

whee I denotesthe classof 211/| in the cohomolay of W.

This can be proved by induction on I, starting from co(TW) = 1, sincethe
above equality implies that

X 1
a(TWW) = i°%a(TX) i i (E - L¥):q(TWi):
j=0
It canbe chedkedthat i°c; | (E - L) = (kV‘)IIJ + O(kIl iy, sothat the re&ult
follows from a conbinatorial calculation shcwlng that 0(. 1y, | " I”" !

equalto O.

Since[W] is Poincarﬁdtllal ir¢X to ¢ (E- LX), Proposition 5yieldsthat A(W,) =
Coi r (TWI): W] = (G )M T ”' o (kMM (kMTX ]+ O(KkM ): Finally, Proposition
2 implies that A(W,) = (j 1)nI rd|m HnI r(Wi;R) + O(1), sothat

dimHp; (W R) = n 1¢(21/4[' D" k" + O(k" 1):

5.3. Geometry of the submanifolds. Aside from the above topologicalin-
formation on the submanifolds, one can also try to characterizethe geometry of
W inside X . We prove the following result, expressingthe fact that the middle-
dimensionalhomologyof Wy hasmany generatorsthat are very \lo calized" around
any given point of X :

Pr oposition 6. There existsa constant C > 0 degendingonly on the geometry
of the manifold X with the following property : let B be any ball of small enough
radius 2> 0 in X. For any sequene of sympletic submanifoldsW, %2 X of real
codimension 2r obtained as the zei setsof asymptotially holomorphic sections of
E- LX whicharetransverseo 0, let N, (B) be the numker of independentgeneators
of Hn; r (Wk; R) which can be realized by cyclesthat are entirely included in W\ B.
Then, if k is large enough,one has

Nk(B) > C%8" dimH,, ; (W;R):
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As a consequenceye can state that whenk becomedarge the submanifoldsWy
tend to \' Tl out" all of X, sincethey must intersect non-trivially with any given
ball.

The proof of Proposition 6 relieson the study of what happenswhenwe perform
a symplecticblow-up on the manifold X insidethe ball B. Recallthat the blown-up
manifold X is endaved with a symplecticform +~ which is equalto ! outsideof B,
and can be descriked inside B using the following model on C" around O : de ne
onC" £ (C"j f0Og) the 2-form

A= i@@(_ +p;)(log k ¢k? + p2)¢;

where p; is the projection map to C", is a cut-o® function around the blow-up
point, and p, is the projection on the factor C" j f0g. The 2-form A projects to
C"£ CP"i ! and after restriction to the graph of the blown-up manifold (i.e. the set
of all (x;y) sud that x belongsto the complexline in C" de ned by y) oneobtains
a closed2-form whoserestriction to the exceptionaldivisor is positive. Calling pthe
2-form on X supported in B de ned by this procedure,it can be chedked that, if
2 > Ois small enoughand %zis the projection map X' ! X, the 2-form ~ = Y21 + 2
is symplecticon X.

If we call e 2 H?(X;Z) the Poinca® dual of the exceptional divisor, since
its normal bundle is the inverse of the standard bundle over CP" !, we have
(i & l:e]X]= 1, sothat €:[X]= (j 1)" 1. Furthermore, the cohomologyclass
of - is givenby [~ = 5 ¥8[' i 2e. Now we considerthe sectionssy of E - L*
over X which de'ne W, and assuming?i ! to be an integer we write k = K + K
with 0- K< 2i1and2K 2 N. Notice that ~ = ¥§! outside B and that we can
safely choosea metric on X with the sameproperty. Consideringthat the line
bundle CK on X whose st Chern classis 5—1/4[%] is isomorphicto YLK over X'j B,
the sections¥s's, of ¥4(E - LK) = Y&(E - LX) - VALK obtained by pull-back of
sk satisfy all desiredconditions outside B, namely asymptotic holomorphicity and
transversality to O. If we multiply ¥Z'sy by a cut-o®function equalto 1 over X' B
and vanishing over the support of g, we now obtain asymptotically holomorphic
sectionsof ¥4(E - LK) - CX over X which are transverseto 0 over X j B. So,
if K is large enough,we can usethe construction descrited in Theorems2 and 3
to perturb thesesectionsover B only to make them transverseto O over all of X.
Sincethere are only nitely many valuesof K, the boundson K requiredfor ead K
translate asa singlebound on k. Consideringthe zerosetsof the resulting sections,
we thus obtain symplectic submanifolds W, % X to which we can again apply
Propositions 2 and 5. The interesting remark is that, usingthe above estimate for
dimH,, (W; R), since(2i1/4[.k])n = (2—11/4[! D™i 2" (symplectic blow-ups decreasehe
symplectic volume), we get for all large k

dim iy « (Wii; R) = dim o, (Wi R) i 2701 Ek + O(K™ %)

This meansthat we have decreasedhe dimensionof H,,; ; (Wx; R) by changingthe
picture only inside the ball B. To cortinue we needan estimate on the dependence
of 2 on the radius %20f the ball. The main constrairt on 2 is that 2y should be
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much smaller than ¥Z! sothat the perturbation doesnot a®ectthe positivity of
Y81 . The norm of p is directly related to that of the secondderivative @@ of the
cut-o®function . Sincethe only constrairt on s that it should be 0 outside B
and 1 near the blow-up point, an appropriate choiceof  leadsto a bound of the
typej@"j = O(%?). It follows that 2 can be chosenequal at leastto a constart
times ¥2. Sowe obtain that, for a suitable value of C and for all large enoughk,

dimH,, (W R) < (1 2C¥")dimH,, ;(W;R):

Proposition 6 now follows immediately from the following generallemmaby decom-
posingWy into (Wi B)[ (Wk\ B) and perturbing slightly %if necessarysothat
the boundary of B is transverseto W :

Lemma 6. Let W be a 2d-dimensionalcompact manifold which decomposesinto
two piecesW = A[ B gluad alongtheir commonboundary S, whichis a smath codi-
mension1 submanifoldin W. Assumethat there existsa manifold W whichis iden-
tical to W outsideof B, and suchthat dmH4(W;R) - dimHy(W;R) i N. Then
there existsan %--dimensionalsubspce in Hq4(W; R) consisting of classeswhich can
e representel by cyclescontained in B.

To prove this lemma, let H = Hy4(W; R) and considerits subspace$ consisting
of all classeswhich can be represeted by a cycle cortained in A and G consisting
of all classesrepresetable in B. We have to shaw that dmG , %. Let G® be
the subspaceof H orthogonalto G with respect to the intersection pairing, namely
the set of classeswhich intersect trivially with all classesin G. We claim that
G’ LF + G.

Indeed, let ® be a cycle realizing a classin G”. Subdividing ® alongits inter-
section with the common boundary S of A and B, we have ® = ®; + ®, where
®, and ®, are chains respectively in A and B, sudh that @, = i @, = isa
(dj 1)-cyclecortained in S. Howewer intersectstrivially with any d-cyclein S
since® intersectstrivially with all cyclesthat have a represemative in B. Sothe
homology classrepreseted by — in Hy, 1(S;R) is trivial, and we have = @ for
somed-chain ° in S. Writing ®= (® j °)+ (® + °) and shifting slightly the two
copiesof ° on either sideof S, we getthat [®] 2 F + G.

It followsthat, if Fg isasupplemetary of F\ Gin F, dimFg+dim G = dim(F +
G) is larger than dimG? , dimH j dimG, sothat dmG , %(dim Hi dimFg).
Thusit only remainsto show that dimFg - dimH4(W; R) to completethe proof of
the lemma. To do this, we remark that the morphismh : H3(W;R) ! Hy4(W;B;R)
in the relative homologysequencaes injective on Fg, sinceits kernelis preciselyG.
Howewer, if we de ne F and G inside H4(W ; R) similarly to F and G, the subspace
Fg similarly injectsinto Hq(W; B'; R). Furthermore, the imagesof the two injections
are both equal to the image of the morphism H4(A;R) ! Hgy(A; S;R) under the
identi cation Hyq(W;B;R) "' Hy(A; S;R) " Hy4(W;B;R), sothat dimHy(W;R) ,
dimFg; = dim Fg and the proof is complete.
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6. Conclusion

This paper hasextendedthe eld of applicability of the construction outlined by
Donaldson[D1] to more generalvector bundles. It is in fact probable that similar
methods canbe usedin other situations involving sequencesf vector bundleswhose
curvatures becomevery positive.

The statemert that, in spite of the high °exibilit y of the construction, the sub-
manifolds obtained as zero sets of asymptotically holomorphic sectionsof E - LX
which are transverseto O are all isotopic for a given large enoughk, has impor-
tant consequencesindeed, as suggestedoy Donaldson,it may allow the de nition
of relatively easily computable invariants of higher-dimensionalsymplectic mani-
folds from the topology of their submanifolds,for examplefrom the Seiberg-Witten
invariants of 4-dimensionalsubmanifolds[T1][W]. Furthermore, it facilitates the
characterization of the topology of the constructed submanifoldsin many cases,
thus leading the way to many examplesof symplectic manifolds, some of them
possibly new.



CHAPITRE 111

Symplectic 4-manifolds as branc hed coverings of CP?

Abstra ct. Weshaw that every compactsymplectic 4-manifold X
can be topologically realized as a covering of CP? branched along
a smooth symplectic curve in X which projects as an immersed
curve with cuspsin CP2. Furthermore, the covering map can be
chosento be approximately pseudo-holomorphicwith respect to
any given almost-complex structure on X .

1. Intro duction

It hasrecerly beenshovn by Donaldson[D2] that the existenceof approxi-
mately holomorphic sectionsof very positive line bundlesover compact symplectic
manifolds allows the construction not only of symplectic submanifolds([D1], see
also[Al],[Pa]) but alsoof symplectic Lefsthetz pencil structures. The aim of this
paper is to shov how similar techniquescan be applied in the caseof 4-manifolds
to obtain mapsto CP?, thus proving that every compact symplectic 4-manifold is
topologically a (singular) branched covering of CP?.

Let (X;!) be a compactsymplectic 4-manifold such that the cohomologyclass
2i%[! ] 2 H2(X;R) is integral. This integrality condition does not restrict the dif-
feomorphismtype of X in any way, since starting from an arbitrary symplectic
structure one can always perturb it sothat 2—1%[! ] becomesational, and then mul-
tiply ! by a constart factor to obtain integrality. A compatible almost-complex
structure J on X and the correspnding Riemannianmetric g are also xed.

Let L be the complexline bundle on X whose rst Chern classis c;(L) =
so[! 1. Fix a Hermitian structure on L, and let r - be a Hermitian connectionon L
whosecurvature 2-form is equalto j i! (it is clearthat sud a connectionalways
exists). The key obsenation is that, for large valuesof an integer parameterk, the
line bundles Lk admit many appraximately holomorphic sections,thus making it
possibleto obtain sectionswhich have nice transversality properties.

For example,one suc sectioncan be usedto de ne an approximately holomor-
phic symplectic submanifoldin X [D1]. Similarly, constructing two sectionssat-
isfying certain transversality requiremerts yields a Lefsdetz pencil structure [D2].
In our case,the aim is to construct, for large enoughk, three sectionss?, si and
s2 of L* satisfying certain transversality properties, in such a way that the three
sectionsdo not vanish simultaneously and that the map from X to CP? de ned by
X 7! [sP(x) : si(x) : si(x)] is a branched covering.

Let us now descrilte more precisely the notion of appraximately holomorphic
singular branched covering. Fix a constart 2 > 0, and let U be a neighborhood of a
point x in an almost-complex4-manifold. We say that a local complex coordinate

31
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map A: U ! C?2 is 2-approximately holomorphicif, at every point, jAJ | Joj - 2,
whereJo is the canonicalcomplexstructure on pz. Another equivalert way to state
the sameproperty is the bound j@\(u)j - 2jr A(u)j for every tangert vector u.

Definiton 1. A mapf : X ! CP? is locally 2-holomorphically modelled at
x onamapg: C?! C?if there exist neighlmrhoods U of x in X and V of f (x)
in CP?, and 2-approximately holomorphic C* coordinate mapsA : U | C? and
A:V ! C?suchthatf = Ail+g+A overU.

Definiton 2. A mapf : X | CP? is an 2-holomorphic singular covering
branchal along a submanifoldR %2 X if its di®eential is surjective everywhee
exept at the points of R, where rank(d ) = 2, andif at any point x 2 X it is locally
2-holomorphially madelled on one of the three following maps:

() local di®@morphism: (z1;2,) 7! (z1;22) ;

(i) branchel covering: (z1;2) 7! (z2;2,) ;

(iii) cuspcovering: (z1;22) 7' (22§ z12;20).

In particular it is clear that the cusp model occursonly in a neighborhood of
a nite setof points C% R, and that the branched covering model occursonly in
a neighborhood of R (away from C), while f is a local di®eomorphismeverywhere
outside of a neighborhood of R. Moreover, the set of branch points R and its
projection f (R) can be described asfollows in the local models: for the branched
covering model, R = f(z;;2;); zz = Og and f (R) = f(x;y); x = Og ; for the cusp
covering model, R = f(z1;25); 322 z, = Ogandf (R) = f(x;y); 272 4y = 0g.

It followsthat, if 2 < 1, R is a smath 2-dimensionalsubmanifoldin X, approx-
imately J-holomorphic, and therefore sympletic, and that f (R) is an immersel
sympletic curve in CP? exapt for a nite numker of cusps

We now state our main result :

Theorem 1. For any? > 0 there existsan 2-holomorphicsingular coveringmap
f:X! CP%.

The techniquesinvolved in the proof of this result are similar to those intro-
duced by Donaldsonin [D1] : the rst ingrediert is a local transversality result
stating roughly that, given appraximately holomorphic sectionsof certain bundles,
it is possibleto ensurethat they satisfy certain transversality estimatesover a small
ball in X by adding to them small and localized perturbations. The other ingre-
diert is a globalization principle, which, if the small perturbations providing local
transversality are suxciently well localized, ensuresthat a transversality estimate
can be obtained over all of X by conbining the local perturbations.

We now de ne more preciselythe notions of appraximately holomorphicsections
and of transversality with estimates. We will be consideringsequencesf sectionsof
complexvector bundlesEy over X, for all large valuesof the integer k, whereead
of the bundlesEy carriesnaturally a Hermitian metric and a Hermitian connection.
Theseconnectionstogetherwith the almostcomplexstructure J on X yield @and &
operatorson Ey. Moreover, we chooseto rescalethe metric on X, and usegx = k:g:
for example,the diameter of X is multiplied by k'*?, and all derivatives of order
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p are divided by kP?. The reasonfor this rescalingis that the vector bundles E
we will considerare derived from LK, on which the natural Hermitian connection
inducedby r - hascurvature j ik! .

Definition 3. Let (sk)ka o be a segquene of sections of complexvector bundes
Ex over X. The sections s are said to be asymptotically holomorphic if there
exist constants (Cp)p2n such that, for all k and at every point of X, jsij - Co,
jr Psj - Cpandjr Pl - Coki 2 for all p, 1, whee the norms of the
derivativesare evaluatel with resgct to the metrics g« = kg.

Definition 4. Let s¢ be a section of a complexvector bunde Ey, andlet” > 0
be a constant. The section s, is said to be “ -transverseto 0 if, at any point x 2 X
wheee jsk(X)] < “, the covariant derivativer s(x) : TyX ! (Ek)x is surjective and
hasa right inverse of norm lessthan " i * w.r.t. the metric g.

We will often say that a sequencgsy)xa o Of sectionsof Ey is transverseto 0
(without precisingthe constart) if there existsa constart ©~ > 0 independen of k
suc that “ -transversality to 0 holds for all large k.

In this de nition of transversality, two casesare of speci ¢ interest. First, when
Ex is a line bundle, and if one assumeghe sectionsto be asymptotically holomor-
phic, transversality to 0 can be equivalertly expressedy the property

8x 2 X; jsk(x)j < ") Jr sk(X)ig > "

Next, when Eyx hasrank greater than 2 (or more generally than the complex di-
mensionof X), the property actually meansthat jsy(x)j, ~ forall x 2 X.

An important point to keepin mind is that transversality to 0 is an open prop-
erty : if s is “-transverseto O, then any section % sud that js| ¥c: < 2 is
(" i ?-transverseto O.

The interest of sudh a notion of transversality with estimatesis made clear by
the following obsenation :

Lemma 1. Let °x be asymptoti@lly holomorphic sections of vector bundes E g
over X, and assumethat the sections ° are transverseto 0. Then, for largeenough
k, the zem setof ° is a smath sympletic submanifoldin X .

This lemma follows from the obsenation that, where ° vanishes,j@kj =
O(ki ¥2) by the asymptotic holomorphicity property while @, is bounded from
below by the transversality property, thus ensuringthat for large enoughk the zero
setis smooth and symplectic,and even asymptotically J-holomorphic. We can now
write our secondresult, which is a one-parameterversionof Theorem1 :

Theorem 2. Let (Ji)2[0,1) be a family of almost-omplexstructureson X com-
patible with ! . Fix a constant2 > 0, and let (Sik )t2[0.11kA 0 be asymptotially J;-
holomorphic sections of C3 - Lk, suchthat the sections s;x and their derivatives
depend continuously on t.

Then, for all largeenoughvaluesof k, there existasymptotially J;-holomorphic
sections ¥y of C3- LX, nowhee vanishing, degending continuously on t, and such
that, for all t 2 [0;1], j%x i Stkjcsg - 2 andthemapX ! CP? de ned by % is
an approximately holomorphic singular covering with resggct to J;.



34 I1l. SYMPLECTIC 4-MANIF OLDS AS BRANCHED COVERINGS OF CP?

Note that, although we allow the almost-complexstructure on X to dependon
t, we always usethe samemetric g« = kg independerly of t. Therefore,there is
no special relation betweeng, and J;. Howeer, sincethe parameterspace[0; 1] is
compact, we know that the metric de ned by ! and J; di®ersfrom g by at most
a constart factor, and therefore up to a changein the constarts this has no real
in°uence on the transversality and holomorphicity properties.

We now descrilbe more preciselythe propertiesof the appraximately holomorphic
singular coveringsconstructedin Theorems1 and 2, in order to state a uniqueness
result for sud coverings.

Definition 5. Let sx be nowhek vanishingasymptotially holomorphicsections
of C3- LK. Dene the correspnding projective mapsf, = Ps, from X to CP? by
fr(x) = [S2(x) : st(x) : s2(x)]. De ne the (2; 0)-Jacobian Jad(f) = det(@y), which
is a section of the line bunde a2°T°X - ffa29TCP? = Ky - L. Finally, de'ne
R(sk) to be the set of points of X where Jadfy) vanishes,i.e. where @y is not
surjective.

Givenaconstant® > 0, wesaythat sy satis esthe transversalityproperty P3(°)
if jsqj, ° andj@yjy, ., ° ateverypoint of X, and if Jaq(fy) is °-transverseto O.

If s¢ satis esP3(°) for some® > 0 and if k is large enough,then it follows from
Lemma 1 that R(sk) is a smaooth symplectic submanifoldin X . By analogy with
the expectedproperties of the setof branch points, it is thereforenatural to require
such a property for the sectionswhich de ne our covering maps.

Furthermore, recall that one expectsthe projection to CP? of the set of branch
points to be an immersedcurve exceptat only nitely many non-degenerateusps.
Forget temporarily the antiholomorphic derivative @y, and consideronly the holo-
morphic part. Then the cuspscorrespnd to the points of R(sx) wherethe kernel of
@ and the tangent spaceto R(sk) coincide(in other words, the points wherethe
tangert spaceto R(sx) becomes ertical"). SinceR(sy) is the set of points where
Jac(fx) = 0, the cusp points are thosewherethe quartity @y * @ac(fy) vanishes.

Note that, along R(sx), @« hascomplexrank 1 and sois actually a nowhere
vanishing (1; 0)-form with valuesin the rank 1 subbundlelm @y % fSTCP?% In a
neighborhood of R(sy), this is no longertrue, but onecan project @y onto arank 1
subbundlein flfTCPZ, thus obtaining a nonvanishing (1; 0)-form ¥4@y) with values
in a line bundle. Cusp points are then characterizedin R(sx) by the vanishing of
Y{@y) N @ac(fx), which is a sectionof a line bundle. Therefore, it is natural to
require that the restriction to R(sk) of this last quartity be transverseto 0, since
it implies that the cusp points are isolated and in somesensenon-degenerate.

It is worth noting that, up to a change of constarts in the estimates, this
transversality property is actually independen of the choice of the subbundle of
f 2T CP? on which oneprojects @y, aslong as¥{@) remainsboundedfrom belaw.

For corvenience,we introducethe following notations :

Definition 6. Let s, be asymptoti@lly holomorphic sections of C2 - L* and
fx = Psc. Assumethat sy satis es P3(°) for some® > 0. Consider the rank
one subbunde (Im @x)jres,) Of fETCP? over R(s¢), and de ne L(sy) to be its
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extensionover a neightorhood of R(s) as a subbunde of f T CP?, constructed by
radial parallel transprt alongdirections normal to R(si). Finally, de ne, over the
sameneighlmrhood of R(sk), T (sk) = YA@«) ™ @ac(f«), whee Ya: f|fTCP2 I L(sk)
is the orthogonal projection.

We say that asymptotially holomorphicsections s, of C3- Lk are °-genericif
they satisfy P3(°) and if the restriction to R(si) of T (sk) is °-transverseto O over
R(sk). We then de ne the set of cusp points C(sk) as the set of points of R(sk)
whee T (sx) = 0.

In a holomorphicsetting, sud a genericity property would be suzcient to ensure
that the map f = Psy is a singular branched covering. Howewer, in our case,extra
dixculties arise becausewe only have approximately holomorphic sections. This
meansthat at a point of R(sk), although @y hasrank 1, we have no cortrol over
the rank of @, and the local picture may be very di®eren from what one expects.
Therefore,we needto cortrol the antiholomorphic part of the derivative along the
set of branch points by adding the following requiremert :

Definition 7. Let s¢ be °-generic asymptotially J-holomorphic sections of
C3- LK. We saythat s, is @tame if there exist constants (Cp)p2n and ¢ > 0,
depending only on the geometry of X and the bounds on sy and its derivatives,
and an ! -commatible almost complexstructure Jy, suchthat the following properties
hold :

(1) 8p2 N, jr P(Jki J)ig - Cpk! 72

(2) the alImost-omplex structure J is integrable over the set of points whose
g-distance to G, (s) is lessthan c (the subscriptindicatesthat one uses@, rather
than @ to de ne C(sy)) ;

(3) the map f¢ = Psy is Jk-holomorphicat every point of X whoseg,-distance
to Gy, (sk) is lessthanc;

(4) at every point of Rj. (sk), the antiholomorphic derivative @k(Psk) vanishes
over the kernel of @ (Psx).

Note that since Ji is within O(k' ¥*?) of J, the notions of asymptotic J-holo-
morphicity and asymptotic Jx-holomorphicity actually coincide,becausehe @and
@operators di®er only by O(ki 22). Furthermore, if k is large enough, then °-
genericity for J implies ° %genericity for J; aswell for some° °slightly smallerthan
° ; and, becauseof the transversality properties, the setsR . (sx) and C;, (sx) lie
within O(ki ¥72) of Ry (s¢) and G (sk).

In the caseof families of sectionsdepending cortinuously on a parametert 2
[0; 1], it is natural to alsorequire that the almost complex structures Jix closeto
J; for every t depend cortinuously on t. We claim the following :

Theorem 3. Let s, be asymptotially J-holomorphicsections of C2- LK. As-
sume that the sections s, are °-generic and @tame. Then, for all large enough
valuesof k, the mapsfy = Psx are 2c-holomorphicsingular branchel coverings, for
someconstants2, = O(ki ¥72).
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Therefore, in order to prove Theorems1 and 2 it is suxcient to construct °-
genericand @tame sections(resp. one-parameterfamilies of sections)of C3 - LX.
Even better, we have the following uniquenessresult for these particular singular
branched coverings:

Theorem 4. Let sy, and sy be sections of C3- LK, asymptotially holomorphic
with respect to ! -compatible almost-@mplexstructures Jo and J; respectively. As-
sumethat sox and s, are °-genericand @tame. Then there exist almost-omplex
structures (Ji)i2[0;1 interpolating between Jo and J;, and a constant© > 0, with
the following property : for all large enoughk, there exist sections (Sek )t2(0:13:xA o Of
C3- LX interpolating between sy, and sy, degending continuously on t, which are,
for all t 2 [0; 1], asymptotially J;-holomorphic,” -generic and @tame with respect
to J;.

In particular, for large k the two approximately holomorphic singular branchel
coverings Pspx and Ps; are isotopic among approximately holomorphic singular
branchel coverings.

Therefore,there existsfor all large k a canonicalisotopy classof singular bran-
ched coverings X | CP?, which could potertially be usedto de ne symplectic
invariants of X .

The remainder of this article is organizedas follows : Section 2 descrikesthe
procesf perturbing asymptotically holomorphicsectionsof bundlesof rank greater
than 2 to make surethat they remain away from zero. Section3 dealswith further
perturbation in order to obtain °-genericily. Section4 describesa way of achieving
@tameness,and therefore completesthe proofs of Theorems1, 2 and 4. Finally,
Theorem3is provedin Section5, and Section6 dealswith variousrelated remarks.

Acknowledgmen ts. The author wishesto thank Misha Gromov for valuable
suggestionsand commerts, and Christophe Margerin for helpful discussions.

2. Nowhere vanishing sections

2.1. Non-v anishing of si. Our strategy to prove Theorem1 is to start with
given asymptotically holomorphic sectionssy (for examples, = 0) and perturb
them in order to obtain the required properties; the proof of Theorem2 then relies
on the sameargumerts, with the addedditcult y that all statemerts must apply to
1-parameterfamilies of sections.

The rst stepis to ensurethat the three componerts s?, st and s2 do not vanish
simultaneously and more preciselythat, for someconstart © > 0 independen of k,
the sectionssy are” -transverseto 0, i.e. jsij, ~ over all of X. Therefore,the rst
ingrediert in the proof of Theorems1 and 2 is the following result :

Pr oposition 1. Let (sy)ka o be asymptoti@lly holomorphicsections of C3- Lk,
and x aconstant2 > 0. Then there existsa constant” > 0 suchthat, for all large
enoughvaluesof k, there exist asymptoti@lly holomorphic sections % of C3- Lk
suchthat j% i Skjcsq - 2 andthat j%j , ~ at everypoint of X. Moreover, the
samestatementholdsfor families of sections indexel by a parametert 2 [0; 1].
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Proposition 1 is a direct consequencef the main theorem in [Al], where it
is proved that, given any complex vector bundle E, asymptotically holomorphic
sectionsof E - LX (or 1-parameterfamilies of sud sections)can be madetransverse
to 0 by small perturbations : Proposition 1 follows simply by consideringthe case
whereE is the trivial bundle of rank 3. Howewer, for the sake of completenessand
in order to introduce tools which will alsobe usedin later parts of the proof, we
give herea shorter argumert dealingwith the speci ¢ caseat hand.

There are three ingredierts in the proof of Proposition 1. The rst oneis the
existenceof many localizedasymptotically holomorphic sectionsof the line bundle
Lk for suxciently largek.

Definition 8. A section s of a vector bunde Ey has Gaussiandecgy in C'
norm away from a point x 2 X if there exists a polynomial P and a constant
, > Osuchthat for all y 2 X, js(Y)], jt s(Y)ig., ---, I "s(¥)jg are all boundel by
P(d(x;y)) exp(i , d(x;y)?), whee d(:;:) is the distance induced by g.

The decay properties of a family of sections are said to be uniform if there exist
P and, suchthat the aloveboundshold for all sections of the family, independently
of k and of the point x at which decay occurs for a given section.

Lemma 2 ([D1],[Al]). Given any point x 2 X, for all large enoughk, there
exist asymptotially holomorphicsections srke;; of L¥ over X satisfying the following
bounds: js{f;;j . GCs at everypoint of the ball of gc-radius 1 centered at x, for some
universal constantcs > 0 ; and the sections sj&f haveuniform Gaussiandecay away
from x in C3 norm.

Moreover, given a one-parameter family of ! -compatible almost-@mplexstruc-
tures(Ji)i20:1), there existone-@rameterfamilies of sections s{fkf;x which are asymp-
totically Ji-holomorphic for all t, depend continuously on t and satisfy the same
bounds.

The rst part of this statemert is Proposition 11 of [D1], while the extension
to one-parameterfamilies is carried out in Lemma 3 of [Al]. Note that here we
require decay with respect to the C3 norm instead of C°, but the bounds on all
derivatives follow immediately from the construction of these sections: indeed,
they are modelled on f (z) = exp(jj zj>=4) in a local appraximately holomorphic
Darboux coordinate chart for k! gt x and in a suitable local trivialization of LK
where the connection1-formis ; (zd% i %dz). Therefore, it is sucient to
notice that the model function has Gaussiandeca and that all derivativesof the
coordinate map are uniformly boundedbecauseof the compactnessf X .

More precisely the result of existenceof local appraximately holomorphic Dar-
boux coordinate charts neededfor Lemma2 (and throughout the proofsof the main
theoremsaswell) is the following (seealso[D1]) :

Lemma 3. Near any point x 2 X, for any integer k, there exist local complex
Darboux coordinates (z}; z2) : (X;x) ! (C?0) for the sympletic structure k! (i.e.
suchthat the pullback of the standaid sympletic structure of C? is k! ) suchthat,
denotingby A, : (C%0)! (X;x) the inverse of the coordinate map, the following
bounds hold uniformly in x and k : jzi(y)j + jzZ(y)j = O(distg, (x;y)) on a ball of
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“xed radiusaroundx ; jr "Ayjg, = O(1) for all r | 1 on a ball of xed radius around
0 ; and, with respct to the almost-@mplex structure J on X and the canonical
complexstructure Jo on C?, j@\(2)j, = O(ki ¥%jzj) and jr '@\j,, = O(ki 1?) for
all r | 1on a hall of xed radius around 0.

Moreover, givena continuous 1-parameterfamily of ! -compatible almost-omplex
structures (Jt)i2[0:1) @nd a continuous family of points (X)2.1, onecan nd for all
t coordinate mapsnear x; satisfyingthe sameestimatesand degending continuously
ont.

Pr oof. By Darboux's theorem, there existsa local symplectomorphismA from
aneighborhood of 0 in C? with its standard symplectic structure to a neighborhood
ofxin (X;!). It iswell-known that the spaceof symplecticR-linear endomorphisms
of C? which intertwine the complex structures Jo and A°J(x) is non-empty (and
actually isomorphicto U(2)). So, choosingsud a linear map 2 and de'ning A =
A+23, onegetsa local symplectomorphismsud that @\(0) = 0. Moreover, because
of the compactnessof X, it is possibleto carry out the construction in sud a
way that, with respect to the metric g, all derivatives of A are bounded over a
neighborhood of x by uniform constarts which do not dependon x. Therefore,overa
neighborhood of x onecanassumethat jr (Al Hjg = O(1), aswell asjr rAjg = 0(1)
and jr "@j, = O(1) 8r , 1.

Dene Ay (z) = A(ki ¥2z), and switch to the metric gy : then @ (0) = 0, and
at ewery point near x, jr (Al Yj, = jr (AiY)jy = O(1). Moreover, jr "Ayjg =
O(k@i N=2) = O(1) and jr "@\j, = O(ki '2) = O(ki *2) for all r , 1. Finally,
sincejr @\j, = O(ki 2) and @ (0) = 0 we have j@\(2)j; = O(ki %zj), so
that all expected estimateshold. Becauseof the compactnessf X, the estimates
are uniform in x, and becausethe mapsA, for di®eren valuesof k di®eronly by a
rescaling,the estimatesare also uniform in k.

k~

In the caseof a one-parameterfamily of almost-complexstructures, there is
only onething to ched in order to carry out the sameconstruction for every value
of t 2 [0; 1] while ensuringcortinuity in t : given a one-parameterfamily of local
Darboux maps A near x; (the existenceof sud maps depending cortinuously on
t is trivial), one must ched the existenceof a cortinuous one-parameterfamily of
R-linear symplectic endomorphisms? ; of C? intertwining the complex structures
Jo and A’J,(x;) on C?. To prove this, remark that for every t the set of these
endomorphismsof C? can be identied with the group U(2). Therefore, what we
are looking for is a cortinuous section (2 {)2[0:17 Of a principal U(2)-bundle over
[0; 1]. Since]0; 1] is cortractible, this bundle is necessarilytrivial and therefore has
a cortinuoussection. This provesthe existenceof the required maps? {, soonecan
dene A, = A 2, and set A (2) = Ai(ki ¥2z) as above. The expected bounds
follow naturally ; the estimatesare uniform in t becauseof the compactnessof
[O; 1]. a

The secondtool we needfor Proposition 1 is the following local transversality
result, which involvesideassimilar to thosein [D1] and in x2 of [Al] but appliesto
mapsfrom C" to C™ with m > n rather than m = 1:
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Pr oposition 2. Let f be a function de'ned over the ball B* of radius 13 in

C" with valuesin C™, with m > n. Let £+ be a constant with 0 < + < % and let
~ = xlog(+ )i P whee p is a suitable xed integer degendingonly on the dimension

n. Assumethat f satis es the following boundsoverB* :
iti- L @i i @i
Then, there existsw 2 C™, with jwj - % suchthat jf ;| wj, ~ overthe interior
kall B of radius 1.
Moreover, if one considers a one-mrameter family of functions (f):2j0.1) sat-

isfying the samebounds, then one can nd for all t elementsw; 2 C™ demending
continuously on t suchthat jw;j - *andjfyj wj, ~ overB.

This statemert is provedin Section2.3. The last, and most crucial, ingrediert of
the proof of Proposition 1 is a globalization principle due to Donaldson[D1] which
we state herein a generalform.

Definition 9. A family of properties P (3; X)x2x > o Of sections of bundes over
X is local and C"-open if, givena section s satisfying P (3; x), any section ¥ such
that j%4x) i s(X)j, jr #Ax) i r s(X)j, ..., jr "¥4x) i r "s(x)j are smaler than ~
satis esP(2j C’;x), whee C is a constant (independentof x and 2).

For example,the property js(x)j , 2 islocal and C%-open; 2-transversality to 0
of s at x is local and C-open.

Pr oposition 3 ([D1]). Let P(3; X)x2x 2> o0 be alocal and C"-open family of prop-
erties of sections of vector bundes E, over X . Assumethat there exist constantsc,
c® and p suchthat, givenany x 2 X, any smal enough+> 0, and asymptotially
holomorphic sections si of Ey, there exist, for all large enoughk, asymptotially
holomorphic sections ¢x.x of Ex with the following properties : (a) jékxjcrg < %
(b) the sections 14 haveuniform Gaussiandecay away from x in C"-norm, and
(c) the sections s, + ¢ Satisfy the property P(";y) for all y 2 By, (X; ), with
~ = log( )i P,

Then, givenany ®> 0 and asymptotially holomorphicsections s of Ei, there
exist, for all large enoughk, asymptotially holomorphic sections % of Ex such
that js i %Jcrg, < ® and the sections % satisfy P (%, x) 8x 2 X for some2 > 0
independentof k.

Moreover the sameresult holdsfor one-mrameter families of sections, provided
the existene of sections ¢.x.x Satisfying properties (a), (b), (c) and depending con-
tinuously on t 2 [0; 1].

This result is a general formulation of the argumert cortained in Section 3
of [D1] (seealso [Al], x3.3 and 3.5). For the sake of completenessjet us recall

just a brief outline of the construction. To acieve property P over all of X, the
idea is to proceediteratively : in stepj, one starts from sectionss(k” satisfying

P(4;x) for all x in a certain (possibly empty) subset U,E” % X, and perturbs

them by lessthan %q (where C is the sameconstart asin De nition 9) to get

sectionssy " satisfying P (%.1;x) over certain balls of g-radius ¢, with ., =
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cX35) log((35)' 1) P. Becausethe property P is open,s! ™ alsosatis esP (4.1 ;)

over Ulf”, thereforeallowing oneto obtain P everywhereafter a certain number N
of steps.

The catch is that, sincethe value of 4 decreasesfter ead step and we want
P (3, x) with 2 independert of k, the number of stepsneedsto be bounded inde-
penderily of k. Howewer, the sizeof X for the metric gy increasesask increases,
and the number of balls of radius c neededto cover X thereforealsoincreases.The
key obsenation due to Donaldson[D1] is that, becauseof the Gaussiandecy of
the perturbations, if onechoosesa sutciently large constart D, onecanin a single
step carry out perturbations certered at as many points as one wants, provided
that any two of thesepoints are distant of at leastD with respectto g : the idea
is that ead of the perturbations becomessuzciently small in the vicinity of the
other perturbations in orderto have noin°uenceon property P there (up to a slight
decreaseof 4., ). Thereforethe construction is possiblewith a boundednumber of
stepsN and yields property P (3; x) for all x 2 X and for all large enoughk, with
2 = #\ independert of k.

We now showv how to derive Proposition 1 from Lemma 2 and Propositions 2
and 3, following the ideascortained in [D1]. Proposition 1 follows directly from
Proposition 3 by consideringthe property P de ned asfollows: say that a sectionsy
of C3- LK satis'esP (2 x) if jsc(X)j , 2. This property is local and openin C°%-sense,
and thereforealsoin C3-sense.Soit is suxcient to ched that the assumptionsof
Proposition 3 hold for P.

Let x 2 X,0< %< % and considerasymptotically holomorphic sectionssy of
C3- L (or 1-parameterfamilies of sectionss;y). Recallthat Lemma 2 provides
asymptotically holomorphic sectionssrk‘?f( of L which have Gaussiandeca away
from x and remain larger than a constart cs over By, (x; 1). Therefore, dividing sy
by srk‘ffx yields asymptotically holomorphic functions ux on By, (x; 1) with valuesin
C3. Next, one usesa local approximately holomorphic coordinate chart as given
by Lemma 3 to obtain, after composing with a "xed dilation of C? if necessary
functions v, de ned on the ball B* % C2?, with valuesin C3, and satisfying the
estimatesjvij = O(L), j@j = O(ki ) and jr @nj = O(ki ¥2).

Let Co be a constart bounding jsi&jca.q, , and let ® = & log((£)T 1) P. Then,
provided that k is large enough, Proposition 2 yields constarts w, 2 C3, with
JWgj - Cio sud that jvi | wij, ® over the unit ball in C2. Equivalertly, one has
juci wij , ®over By (X;c) for someconstart c. Multiplying by srk";ﬁ( again, one
getsthat jsy i W srk‘*;;j . G®over By (x; ).

The assumptionsof Proposition 3 are therefore satis ed if one chooses” = ¢c,®
(larger than c%log(+ )i P for a suitable constart c® > 0) and ¢x = | Wk s{f;;.
Moreover, the sameargumert appliesto one-parameterfamilies of sectionss;.x (one
similarly constructs perturbations ¢qx.x = | Wik s{?kf;x). So Proposition 3 applies,
which endsthe proof of Proposition 1.

2.2. Non-v anishing of @x. We have constructedasymptotically holomorphic
sectionssy = (s?;st; s2) of C2- LX for all large enoughk which remain away from
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zero. Therefore, the mapsfy = Ps, from X to CP? are well de'ned, and they
are asymptotically holomorphic, becausethe lower bound on jsij implies that the
derivativesof f, are O(1) and that @ and its derivativesare O(ki 2) (taking the
metric g, on X and the standard metric on CP?). Our next step is to ensure,by
further perturbation of the sectionssy, that @y vanishesnowhere and remainsfar
from zero:

Pr oposition 4. Let £ and ° be two constants suchthat 0 < + < %, and let
(sk)ka o be asymptotially holomorphic sestions of C3 - LK suchthat jsj , ° at
every point of X and for all k. Then there existsa constant” > 0 suchthat, for
all large enoughvaluesof k, there exist asymptotially holomorphic sections ¥ of
C3- LX suchthat j¥% i Skjcsg + * and that the mapsfy, = P% satisfy the bound
j@«jg. ., ~ at everypoint of X. Moreover, the samestatementholds for families
of sections indexal by a parametert 2 [0; 1].

Proposition 4 is proved in the samemanneras Proposition 1 and usesthe same
three ingredierts, namely Lemma 2 and Propositions 2 and 3. Proposition 4 follows
directly from Proposition 3 by consideringthe following property : say that a section
s of C3- LX of norm everywherelarger than 5 satis esP(";x) if themapf = Ps
satis esj@ (X)jg, , ~. This property is local and openin C*-senseand therefore
alsoin C3-sensebecausethe lower bound on jsj makesf depend nicely on s (by
the way, note that the bound jsj , 5 is always satjs_ed in our setting sinceone
considersonly sectionsdi®eringfrom sy by lessthan ;). Sooneonly needsto chek
that the assumptionsof Proposition 3 hold for this property P.

Therefore,let x 2 X, 0 < £< %, and consider nonvanishing asymptotically
holomorphicsectionss, of C3- Lk and the correspnding mapsf, = Ps,. Without
loss of generality, composing with a rotation in C3 (constart over X), one can
assumethat sy(x) is directed along the rst componert in C3, i.e. that si(x) =
s2(x) = 0 and thereforejs2(x)j , 5 Becauseone has a uniform bound on jr syj,
there existsa constart r > 0 (independen of k) sud that jsj , § over By, (X;r).
Therefore, over this ball one cande ne a map to C? by

3 ,
— (Rl 2 _ o sy) se(y)

he(y) = (RO IEDD) = 5 s

It is quite easyto seethat, at any point y 2 By (x;r), the ratio betweenj@i(y)j

and j@(y)j is boundedby a uniform constart. Therefore,what oneactually needs

to prove is that, for large enoughk, a perturbation of s, with Gaussiandeca/ and

smallerthan + can make j@j larger than = = c%(log+ )i P over a ball By, (X; ©),

for someconstarts ¢, c® and p.

Recall that Lemma 2 provides asymptotically holomorphic sectionssrke;L of L
which have Gaussiandecg away from x and remain larger than a constart cs over
By (X; 1). Moreover, considera local appraximately holomorphic coordinate chart
(as given by Lemma 3) on a neighborhood of x, and call z} and z2 the two complex
coordinate functions. De ne the two 1-forms

L asE ) 7S
kT @y and Tz O




42 I1l. SYMPLECTIC 4-MANIF OLDS AS BRANCHED COVERINGS OF CP?

and notice that at x they are both of norm larger than a xed constart (which can
be expressedas a function of ¢ and the uniform C° bound on s,), and mutually
orthogonal. Moreover? {, 1 2 and their derivativesare uniformly boundedbecauseof
the boundson si&f, on s° and on the coordinate map ; theseboundsareindependert
of k. Finally, 1{ and® 2 are asymptotically holomorphic becauseall the ingredierts
in their de_nition are asymptotically holomorphicand jsfj is boundedfrom below.

If followsthat, for someconstart r% onecanexpress@y onthe ball By, (x;r9 as
(@; @) = (Uit t+ui? 2 ugt L+ uZ? 2), thusde ning a function ug on By, (X; 19
with valuesin C4 The propertlesof1 ) describedaboveimply that the ratio between
j@j andjugj is boundedbetweentwo constarts which do not dependon k (because
of the boundson '} and 2, and of their orthogonality at x), and that the map uy
is asymptotically holomorphic (becauseof the asymptotic holomorphicity of * |).

Next, one usesthe local appraximately holomorphic coordinate chart to obtain
from uy, after composing with a “xed dilation of C? if necessary functions v
de ned onthe ball B* ¥ C?, with valuesin C*, and satisfying the estimatesjvyj =
0(1), j@.j = O(ki ¥¥2) and jr @j = O(ki 2). Let C, be a constart larger than
iZSixicag and let ® = z2-:log((z5-)' 1)' P. Then, by Proposition 2, for all large
enoughk there exist constarts w, = (Wil wiZ w2t w2?) 2 C4, with jwyj -
sud that jvi i wij , ® overthe unit ball in C2.

Equivalertly onehasjuyx i Wk, ®over By (x;c) for someconstart c. Multi-
plyrng by * onethereforegetsthat over By, (x; ©),

=
4Co?

3 3

ref ref ref 2aref
— @ h . Wllzksk;x . W stkx @ h Wzlzksk;x . szzksk;x ®
— | | — 0 | s o~
k k S(k) k Sk k SE k SE C

whereC is a xed constart determinedby the boundson® |. In other terms, letting

(68 el ) = (011 (W2 + WEZDSEL 1 (W2 + WPZ)SI):

and de ning hy similarly to hy starting with s, + ¢« instead of sy, the above
formula can be rewritten asj@yj ., =. Therefore,onehasmanagedto make j@yj
larger tth = 2 over ng (x; ) by addlng to sx the perturbation ¢.x. Moreover,
Jéxx] - le'ij jzksrkef(j +, and the sectionsz}siei have uniform Gaussiandecay
away from Xx.

As remarked above, setting fx = P(sx + ¢éx), the bound j@j , ~ implies
that j@y] is larger than some” °di®eringfrom ~ by at most a constan factor. The
assumptionsof Proposition 3 arethereforesatis ed, sinceonehas” °, c%log(+ )i P
for a suitable constart c®> 0. Moreover, the whole argumert also appliesto one-
parameter families of sectionss.x as well (considering one-parameterfamilies of
coordinate charts, referencesectionss(.,, and constarts w). So Proposition 3
applies. This endsthe proof of Proposition 4.

2.3. Pro of of Prop osition 2. The proof of Proposition 2 goesalongthe same
lines as that of the local transversality result introducedin [D1] and extendedto
one-parameterfamilies in [Al] (see Proposition 6 belon). To start with, notice
that it is suxcient to prove the result in the casewherem = n + 1. Indeed, given
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amapf = (f1;::;;f™) : B* I C™ with m > n + 1 satisfying the hypotheses
of Proposition 2, onecandene f%= (f%:::;f"1) : B* I C"!, and notice
that f © also satis es the required bounds. Therefore if it is possibleto nd w°=

(wh; oo whtt) 2 C™1 oof norm at most + sud that jf°%; w9 . ~ over the unit

ball B then settingw = (w';:::;w"*1;0;:::;0) 2 C™ onegetsjwj = jwj - *and
ifiowj, jf% wq, ~ atall pornts of B, ‘which is the desiredresult. The same
argumert appliesto one-parameterfamilies (f ;):20.1)-

Sowe are now reducedto the casem = n + 1. Let us start with the caseof a
singlemapf , beforemoving on to the caseof one-parameterfamilies. The rst step
in the proof is to replacef by a complexpolynomial g appraximating f . For this,
oneapproximates ead of the n+ 1 componerts f ' by a polynomial ¢', in sud a way
that g di®ersfrom f by at mosta xed multiple of © over the unit ball B and that
the degreed of g is lessthan a constart timeslog(” i 1). The processis the sameas
the onedescrited in [D1] for asymptotically holomorphicmapsto C, sowe skip the
details. To obtain polynomial functions, one rst constructs holomorphicfunctions
f* di®eringfrom f ' by at mosta xed multiple of *, usingthe given boundson &°.
The polynomialsg' are then obtained by truncating the Taylor seriesexpansionof
f* to agivendegree.It canbe showvn that by this method onecanobtain polynomial
functions g of degreelessthan a constart times log(” ' ) and di®eringfrom ¥ by
at most a constart times = (seeLemmas27 and 28 of [D1]). The appraximation
processdoesnot hold on the whole ball wheref is de ned ; this is why one needs
f to bede ned on B* to get a result over the slightly smallerball B.

Therefore, we now have a polynomial map g of degreed = O(log(" i 1)) sud
that jf | gj - ¢  for someconstart c. In particular, if one nds w 2 C"* with
jwj - £sudthat jgi wj, (c+1) overthe ball B, thenit followsimmediately that
if i wj, ~ ewerywhere,which is the desiredresult. The key obsenation for nding
sud aw is that the imageg(B) ¥ C"*! is cortained in an algebraichypersurfaceH
in C"*! of degreeat mostD = (n+ 1)d". Indeed,if sud werenot the case,then for
every nonzeropolynomial P of degreeat mostD in n+ 1 variables,P(gt;:::;g""?)
would be a non idertically zero polynomial function of degreeat most dD in n
variables;; srncethe spaceof polynomials of degreeat most D in n + 1 variables
is of dimension ' °* "+ whrle tI&e spaceof polynomials of degreeat most dD in n

n+1

variablesis of dimension an+” the injectivity of thle map(.é:> 7I P(gé """ gt
from the rst spaceto the secondwould imply that °*"*! 'aD+n™ However

n+1 n
sinceD = g:n + 1)d" onehas
iD+n+1 n (VRS S
Joi. _ (n+Ld+ (n+1) D+n D+1 1 .
53¢ 1 ¢dD+n¢¢¢dD+1’ d+1)¢ g > 1,

n

which givesa cortradiction. Sog(B) Y2 H for a certain hypersurfaceH % C"*! of
degreeat mostD = (n+ 1)d". Thereforethe following classicalresult of algebraic
geometry (seee.g. [Gri], pp. 11{15) can be usedto provide cortrol on the size of
H inside any ball in C"*? :

Lemma 4. LetH % C"*! be a complexalgebaic hypersurface of degree D. Then,
givenanyr > 0 and any x 2 C"*1 | the 2n-dimensionalvolumeof H \ B(x;r) is at



44 I1l. SYMPLECTIC 4-MANIF OLDS AS BRANCHED COVERINGS OF CP?

most DV, r?", whee V, is the volume of the unit ball of dimension2n. Moreover,
if x 2 H, thenonealsohasvoly,(H\ B(x;r)), Vor?.

In particular, we areinterestedin the intersectionof H with the ball B of radius
+ certered at the origin. Lemma 4 implies that the volume of this intersectionis
boundedby (n + 1)V, d"'+*". Cover B by a nite number of balls B(x;;"), in suc
a way that no point is cortained in morethan a xed constart number (depending
only on n) of the balls B(x;;2"). Then, for every i suc that B(x;;")\ H is non-
empty, B(x;;2") cortains a ball of radius* certered at a point of H, soby Lemma
4 the volume of B(x;;2° )\ H is at least V" ?". Summing the volumes of these
intersectionsand comparing with the total volume of H \ B, one gets that the
number of balls B (x;; ") which meetH is boundedby N = Cd"#"" 12" whereC
is a constart depending only on n. Therefore,H \ B is cortained in the union of
N balls of radius .

Sinceour goalisto nd w 2 B at distancemore than (c+ 1) of g(B) %2 H,
the set Z of valueswhich we want to avoid is cortained in a setZ* which is the
union of N = Cd"+"" i 2" palls of radius (c+ 2)". The volume of Z* is bounded
by C%"+"" 2 for someconstart C°depending only on n. Therefore, there exists a
constart C%sud that, if one assumest to be larger than C°4"=2", the volume of
B is strictly larger than that of Z*, and soB | Z* is not empty. Calling w any
elemen of B | Z*, onehasjwj - + andjgj wj, (c+ 1) at ewery point of B,
and thereforejf i wj, ~ at every point of B, which is the desiredresult.

Sinced is boundedby a constart times log(" ' 1), it is not hard to seethat there
existsan integer p such that, for all 0< +< 1, the relation * = *log(+ *)i P implies
that +> CO%4"2" . This is the value of p which we choosein the statemert of the
proposition, thus ensuringthat B Z* is not empty and thereforethat there exists
w with jwj - xsud that jf | wj, ~ at every point of B.

We now considerthe caseof a one-parameterfamily of functions (f):20.1. The
‘rst part of the above argumert alsoappliesto this case,sothere exist polynomial
mapsg, of degreed = O(log(" ' 1)), dependingcortinuouslyont, sudi that jf;j gj -
¢’ for someconstart ¢ and for all t. In particular, if one nds w; 2 C"*! with
jwgj - +anddependingcontinuouslyont sud that jg.i w;j, (c+ 1) overthe ball
B, then it follows immediately that jf,j w;j, ~ everywhere,which is the desired
result.

As before,g;(B) is cortained in a hypersurfaceof degreeat most (n + 1)d" in
C"*1, and the sameargumert as above implies that the set Z, of valueswhich we
want to avoid for w; (i.e. all the points of B at distance lessthan (c+ 1) from
a(B)) is cortained in asetZ,” which isthe unionof N = Cd"+"" i 2" palls of radius
(c+ 2)" . Therestof the proofis now a higher-dimensionaknalogueof the argumert
usedin [A1] : the crucial point is to show that, if + is large enough, B Z! splits
into seeral small connectedcomponerts and only onelargecomponert, becausdhe
boundary Y; = @, is much smallerthan a (2n + 1)-ball of radius + and therefore
cannot split B into componerts of comparablesizes.
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Each componert of B j Z;' is delimited by a subsetof the sphere@ and by a
union of componerts of Y;. Each componert Yy; of Y; is a real hypersurfacein B
(with cornersat the points wherethe boundariesof the variousballsof Z; intersect)
whoseboundary is cortained in @, and therefore splits B into two componerts
CPand C® Soead componert of B | Z; is an intersection of componerts CP or
C®wherei rangesover a certain subsetof the set of componerts of Y;. Let us now
state the following isoperimetric inequality :

Lemma 5. Let Y be a connected (singular) submanifoldof real codimension 1
in the unit kall of dimension 2n + 2, with (possiblyempty) boundary contained in
the boundary of the ball. Let A be the (2n + 1)-dimensional area of Y. Then the
volumeV of the smallest of the two componentsdelimited by Y in the ball satis es
the boundV - K AGM2=2n+1) "\where K is a xed constant degending only on the
dimension.

Pr oof. The stereographicprojection maps the unit ball quasi-isometrically
onto a half-sphere. Therefore, up to a changein the constart, it is sutcient to
prove the result on the half-sphere. By doubling Y alongits intersectionwith the
boundary of the half-sphere,which doublesboth the volume delimited by Y and
its area, onereducesto the caseof a closedconnected(singular) real hypersurface
in the sphereS?"*2 (if Y doesnot meetthe boundary, then it is not necessaryto
considerthe double). Next, onenoticesthat the singular hypersurfaceswve consider
can be smoothed in sudh a way that the areaof Y and the volume it delimits are
changed by lessthan any xed constart ; therefore, Lemma 5 follows from the
classicalsphericalisoperimetric inequality (seee.g. [Sd]). a

It follows that, letting A; be the (2n + 1)-dimensionalareaof Y;;, the smallest
of the two componerts delimited by Y, €.g.C% hasvolymeV; - K A®"2=Cn1).
Therefore, thg, volume of the set ~; CCis beyindedby K | A" 7™ which is
lessthan K (* ; A))@"*2 =@ Howewer, A is the total areaof the boundary
Y; of Z;", soit is lessthan the total areaof the boundariesof the balls composing
Z;, which is at most a xed constart times Cd"#"" i 2"((c+ 2) )?"*!, i.e. at most
a xed constart times d"#"" . Therefore,one has

[ 3 .7
vol( Cf)- K%d' e gpne2
|
for someconstart K °dependingonly onn. Soth%re existsa constart K ®depending
only_on n sud that, if +> K", then vol(—;C9 - ivol(B), and therefore
vol( ,CY, Evol(B).

Sinced is boundedby a constart timeslog(” i 1), it is not hard to seethat there
existsan integerp sud that, forall 0 < =< % the relation = = *log(+ )i P implies
that + > K% . This is the value of p which we chooseinghe staterert of the
proposition, thus ensuringthat the above volumeboundson ~, C’and ; C®hold.

Now, recall that every componert of B j Z; is an intersectionof setsC°and C
for certain valuesof i. Therefore,every componert of B Z/ eitheris cortained in
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S T S _
. CPor cortains ; C* Howewer, because ; C®is much smallerthan the ball B,

onecannothave B j Z; ¥ . CP Therefore, there existsa componert in Bi z;

cortaining ;, C? Sinceits volume is at least %Vol(é\), this large componert is

necessarilyunique.

Let U(t) be the connectedcomponert of B | Z, which cortains the large compo-
nert of B Z! : it is the only large componert of Bi Z.. Wenow follow the same
argumert asin [Al]. Sincegt(g) dependscortinuously on t, so doesits (c+ 1) -
neighborhood Z;, and the set ,ftg£ Z, is thereforea closedsubsetof [0; 1] £ B.

Let Ui (t; 2) be the set of all points of U(t) at distancemore than 2 from Z,[ @8.
Then, givenany t and any small 2 > 0O, for all ¢ closeto t, U(¢) contains Ui (t; 2).
To seethis, we rst notice that, for all ¢ closeto t, Ui (t;2)\ Z, = ;. Indeed,
if sudh were not the case,one could take a sequenceof points of Z, \ Ui (t; 2) for

¢! t, and extract a corvergent subsequencevhoselimit belengsto U’ (t;?) and
thereforelies outside of Z,, in cortradiction with the fact that  ftg£ Z, is closed.

SoUi (t;2) % B | Z, for all ¢ closeenoughto t. Making 2 smaller if necessary
one may assumethat Ui (t;2) is connected,sothat for all ¢ closeto t, Ui (t;2) is
necessarilycortained inSIhe large componert of B Z,, namely U(¢).

It followsthat U = ftg£ U(t) is an open connectedsubsetof [0; 1]£ B, and
is therefore path-connected. Sowe get a path s 7! (t(s); w(s)) joining (0; w(0)) to
(1;w(1)) inside U, for any given w(0) and w(1) in U(0) and U(1). We then only
have to make surethat s 7! t(s) is strictly increasingin orderto de ne wy) = w(s).

Getting the t componert to increasestrictly is not hard. Indeed, one rst gets
it to be weakly increasing,by consideringvaluess; < s, of the parametersud that
t(s1) = t(sp) = t and replacingthe portion of the path betweens; and s, by a path
joining w(s;) to w(s;) in the connectedset U(t). Then, we slightly shift the path,
using the fact that U is open, to get the t componert to increaseslightly over the
parts whereit was constart. Thus we cande ne wy) = w(s) and end the proof of
Proposition 2.

3. Transversality of deriv ativ es

3.1. Transversality to 0 of Jaq(f). At this point in the proofs of Theorems
1 and 2, we have constructed for all large k asymptotically holomorphic sections
s of C3- Lk (or families of sections), bounded away from 0, and suc that the
holomorphic derivative of the map fx = Psy is bounded away from 0. The next
property we wish to ensureby perturbing the sectionssy is the transversality to 0
of the (2; 0)-JacobianJad(f ) = det(@y). The main result of this sectionis :

Pr oposition 5. Let = and ° be two constants suchthat 0 < * < %, and let
(sk)ka o be asymptotially holomorphic sections of C3 - L* suchthat jsij , ° and
j@Psy)jq ., ° at everypoint of X. Then there existsa constant” > 0 suchthat,
for all large enoughvaluesof k, there exist asymptotially holomorphic sections ¥
of C3- LX suchthat j% i Skjceg, - *andJac(P%) is ~-transverseto 0. Moreover,
the samestatementholdsfor families of sections indexal by a parametert 2 [0; 1].
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The proof of Proposition 5 usesoncemore the sametechniquesand globaliza-
tion argumert as Propositions 1 and 4. The local transversality result one usesin
conjunction with Proposition 3 is now the following statemert for complexvalued
functions :

Pr oposition 6 ([D1],[Al]). Let f be a function de ned over the kall B* of
radius 13 in C" with valuesin C. Let + be a constant suchthat 0< +< 1, and let
T = +Iog(+I 1)i P whee p is a suitable xed integer degending only on the dimension
n. Assumethat f satis es the following boundsoverB* :

ifi- L j@i- s i@
Then there existsw 2 C, with jwj - % suchthat f | wis ~-transverseto O over
the interior kall B of radius 1, i.e. f | w hasderivative larger than ~ at any point
of B whee jf | wj<’

Moreover, the samestatementremainstrue for a one-parameter family of func-
tions (f)i2[0;1) Satisfyingthe samebounds,i.e. for all t onecan nd elementsw; 2 C
depending continuouslyon t suchthat jw,j - £andf;j w; is ~-transverseto O over
B.

The rst part of this statemert is exactly Theorem 20 of [D1], and the version
for one-parameterfamilies is Proposition 3 of [A1].

Proposition 5 is proved by applying Proposmon 3 to the following property : say
that a sections of C3- Lk everywherelargerthan andsudi that j@sj , 5 ewery-
wheresatis esP (" ; x) if JagPs) is” -transverseto Oat X, I.e. eltherJJac(Ps)(x)j ,
or jr JaqPs)(x)j > ~. This property is local and Cz-open, and therefore also C3-
open, becausethe lower bound on s makesJadqPs) depend nicely on s. Note that,
since one considersonly sectionsdi®ering from s, by lessthan +in C3 norm, de-
creasing+ if necessaryone can safely assumethat the two hypothesessj, - and
j@Ps)j , 5 aresatis ed everywhereby all the sectionsappearingin the construc-
tion of %. So oneonly needsto ched that the assumptionsof Proposition 3 hold
for the property P de ned above.

Therefore,let x 2 X, 0 < < :—1, and consider asymptotically holomorphic
sectionssk of C3- L* andthe correspnding mapsf, = Psy, sud that jsj . > and
j@yj , » ewerywhere. The setupis similar to that of Section2.2. Without Iossof
generallty composingwith a rotation in C3 (constart over X ), onecanassumethat
sk(x) is directed along the “rst componert in C3, i.e. that si(x) = s2(x) = 0 and
thereforejs?(x)j , 5 Becauseof the uniform bound on jr sij, there existsr > 0
(independert of k) sud that jsdj , 5, jstj < 5 andjsZj < 5 over the ball Bg, (x; ).

Therefore, over this ball one can de ne the map

’ _ S&(Y). sz ()
Note that f is the composition of hy with the map : (z1;2z2) 7! [1: z; : z,] from
C? to CP?, which is a quasi-isometryover the unit ball in C2. Therefore,at any point
y 2 By, (X; 1), the bound j@«(y)j , 5 implies that j@(y)j , °°for someconstart
°0> 0. Moreover, the (2;0)-JacobiansJac(f ) = det(@) and Jac(hy) = det(@y)
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arerelated to ead other : Jac(f)(y) = A(y) Jac(hc)(y), whereA(y) is the Jacobian
of Tat he(y). In particular, jAj is bounded betweentwo universal constarts over
Bg (X;1), and r Ais alsobounded.

Sincer Jadhy) = Al r Jadf,) i A 2Jadf)r A it follows from the boundson
Athat, if Jaq(f}) fails to be ®transverseto 0 at y for some®, i.e. if jJad(f ()(y)j < ®
and jr Jac(f)(y)j - ®, then jJaghy)(y)j < C® and jr Jac(hy)(y)j - C® for some
constart C independert of k and ®. This meansthat, if Jadhy) is C®transverse
to 0 at y, then Jac(f) is ®transverseto O at y. Therefore, what one actually
needsto prove is that, for large enoughk, a perturbation of sy with Gaussian
deca and smallerthan + allows oneto obtain the " -transversality to O of Jad(h)
over a ball By, (x; ¢), with ~ = c%(log+ *)i P, for someconstarts c, c’and p ; the
¢ -transversality to 0 of Jac(fx) then follows by the above remark.

Sincej@(x)j , °% onecanassumeafter composingwith arotation in C? (con-
stant over X) acting on the two componerts (si;s2) or equivalertly on (hi;h?),
that j@?2(x)j , 70 As in Section 2.2, considerthe asymptotically holomorphic
sectionssie, of L* with Gaussiandeca away from x given by Lemma 2, and the
complexcoordinate functions z} and z2 of a local approximately holomorphic Dar-
boux coordinate chart on a neighborhood of x. Recallthat the two asymptotically
holomorphic 1-forms

3 _iaref 3 _oaref
Z. S, ZLS,:
11 = @ k <k;x and 12 = k ~k;x
k S(k) k S(k)

are, at x, both of norm larger than a xed constart and mutually orthogonal, and
that 1}, 22 and their derivativesare uniformly boundedindependerly of k.

Because! }(x) and 1 2(x) de ne an orthogonal frame in a9T2X, there exist
complex numbers a, and b, sud that @2(x) = ali(x) + bl2(x). Let |y =
(h<z|} i bkzlf)srk“;L. The properties of , .« of importance to us are the following :
the sections, x are asymptotically holomorphic becausethe coordinates z, are
asymptotically holomorphic; they are uniformly boundedin C3 norm by a constart
Co, becauseof the boundson si¢f, on the coordinate chart and on @Z(x) ; they
have uniform Gaussiandeca away from X ; and, letting

3 ,

Evx= @ bskdx A @'2;
k
one has j£ i (x)j = jhtE(x) i &E(X) * (al(x) + bAE(x)j , °%for some
constart °%> 0, becauseof the lower boundson jt } (x)j and j@?2(x)j.

Becausea £ is uniformly boundedand j£ .. (x)j , °% there existsa constart
r® > 0 independert of k such that j£xj remains larger than 700 over the ball
By (X;19. Dene on By (x;r9 the function uy = EL;iJac(hk) with valuesin C :
becausef ., is bounded from above and belonv and has bounded derivative, the
transversality to O of ui is equivalert to that of Jadhy). Moreover, for any wy 2 C,
adding wy, ¢x to st is equivalert to adding wyf ¢ to Jac(hy) = @~ @2, i.e.
adding wy to ux. Therefore,to prove Proposition 5 we only needto nd wy 2 C
with jwyj - Cio suc that the functions ux j wg are transverseto 0.
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Using the local approximately holomorphic coordinate chart, one can obtain
from uy, after composingwith a xed dilation of C? if necessaryfunctions vy de ned
on the ball B* % C?, with valuesin C, and satisfying the estimatesjv,j = O(1),
j@ = O(ki ) and jr @j = O(ki **?). One can then apply Proposition 6,
provided that k is large enough,to obtain constarts wy 2 C, with jwj - C—io suth

that vki wy is ®transverseto 0 over the unit ball in C?, where®= £ log((&)" *)' P
Therefore,u, j wy is %-transverseto 0 over By, (x; ¢) for someconstarts ¢ and co
Multiplying by £.x, one nally getsthat, over By (X; ), Jac(hy) i WkEkx IS -

transverseto 0, where” = C%for someconstart C%

In other terms, let (¢2,; ¢y ¢2x) = (0§ Wi, kx; 0), and de ne fy similarly to hy
starting with sy + ¢« insteadof sy : then the above discussionshows that Jadhy)
is " -transverseto O over By, (X; C). Moreover, jéxxjcs = JWkjj, kxjcs - % and the
sections¢.x have uniform Gaussiandecgy away from x. As remarked above, the
" -transversality to 0 of Jaq(hy) implies that Jac(P(sx + ¢éx)) is ~transverseto
0 for some” ° di®ering from ~ by at most a constart factor. The assumptionsof

Proposition 3 are thereforesatis ed, since” ©, c%log(+ 1)i P for a suitable constart
> 0.

Moreover, the whole argumert alsoappliesto one-parameterfamilies of sections
Stk aswell. The only nortrivial point to ched, in order to apply the above con-
struction for eath t 2 [0;1] in sudh a way that ewerything depends cortinuously
on t, is the existenceof a cortinuous family of rotations of C? acting on (h{; h?)
allowing oneto assumethat j@ltz;k (x)j > ;for all t. For this, obsenethat, for every
t, sud rotations in SU(2) are in one-to-onecorrespndencewith pairs (®,) 2 C?2
such that j@j?+ |7 j? = 1and @@}, (x) + ~ @3 (X)j > 70 The set  of sud pairs
(®,7) is non-emply becausg@x (x)j, °°; let us now prove that it is connected.

First, notice that j . is invariant under the diagonal St action on C2. Therefore,
it is su+cient to prove that the setof (®: ) 2 CP* sudc that

_ 0@ () + ~ @3 (2 (°9?
€2+ 2 A

is connected. For this, considera critical point of A over CP*. Composingwith a
rotation in CP!, onemay assumethat this critical point is (1 : 0). Then it follows
from the property @@A(l : )i =0 = Othat @Itl;k (x) and @ltz;k (X) must necessarilybe
orthogonal to ead other. Therefore,one has
_ i@ 0012+ [T H @3 ()i

1+ 77 ’

A®:7):

AlL:T)

and it follows that either A is constart over CP* (if j@d, (x)j = j@3 (x)j), or
the critical point is nondegenerateof index 0O (if j@ntl;k x)j < j@@k (x)j), or it is
nondegenerateof index 2 (if j@¢, (x)j > j@2, (x)j). As a consequencesinceA has
no critical point of index 1, all nonempty setsof the form f (®: ) 2 CP:; A® ") >
constartg are connected.
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Lifting bad from CP? to the unit spherein C?, it follows that j ; is connected.
Therefore, for eat t the open set j ; ¥2 SU(2) of admissiblerotations of C? is con-
nected. Sinceh dependscortinuously on t, the setsj . alsodepend cagtinuously
ont (with respectto nearly every conceiwable topology), and therefore ftg£
is connected. The samegrgumert asin the end of x2.3then implies the existenceof
acortinuoussectionof  ftg£ i over [0; 1], i.e. the existenceof a cortinuousone-

. . . . . 00
parameter family of rotations of C? which allows oneto ensurethat j@? (X)j >
for all t. Therefore,the argumen described in this sectionalso appliesto the case
of one-parameterfamilies, and the assumptionsof Proposition 3 are satis ed by the
property P ewen in the caseof one-parameterfamilies of sections. Proposition 5
follows immediately.

3.2. Nondegeneracy of cusps. At this point in the proof, we have obtained
sectionssatisfying the transversality property P3(°). The only missingproperty in
orderto obtain “ -genericity for some” > 0is the transversality to 0 of the restriction
of T (sx) to R(sx). The main result of this sectionis thereforethe following :

Pr oposition 7. Let £ and ° be two constantssuchthat 0 < + < %, and let
(sk)ka o be asymptotially holomorphicsections of C3- Lk satisfying Ps(°) for all k.
Then there existsa constant” > 0 suchthat, for all large enoughvaluesof k, there
exist asymptotially holomorphicsections % of C*- L* suchthat j% i Skjceg, - *
and that the restrictions to R(3) of the sections T (34) are ~ -transverseto 0 over
R(%). Moreover, the same statement holds for families of sections indexal by a
parametert 2 [0;1].

Note that, decreasingt if necessaryn the statemert of Proposition 7, it is safe
to assumethat all sectionslying within + of s, in C3 norm, and in particular the
sections¥%, satisfy P3(3).

There are seweral ways of obtaining transversality to O of certain sectionsre-
stricted to asymptotically holomorphic symplectic submanifolds: for example,one
sudh technique is described in the main argumert of [A1]. Howewer in our case,
the perturbations we will add to sy in order to get the transversality to 0 of T (sk)
have the sidee®ectof moving the submanifoldsR(si) alongwhich the transversality
conditions have to hold, which makesthings slightly more complicated. Therefore,
we chooseto usethe equivalencebetweentwo di®eren transversality properties :

Lemma 6. Let % and 3 be asymptotially holomorphicsections of vector bun-
dles Ex and EQ respctively over X . Assumethat 34 is °-transverseto 0 over X
for some° > 0, and let §9 be its (smooth) ze set. Fix a constantr > 0 and a
point x 2 X. Then:

(1) There existsa constantc > 0, degendingonly onr, ° and the boundson the
sections, suchthat, if the restriction of % to 80\ By (X;r) is " -transverseto O for
some” < °, then % © ¥ is ¢’ -transverseto 0 at x as a section of E, © E?.

(2) If 3% © 3§ is " -transverseto 0 at x and x belongsto §2, then the restriction
of % to §0 is " -transverseto O at x.

Pr oof. We start with (1), whoseproof follows the ideas of x3.6 of [Al] with
improved estimates. Let C; be a constart bounding jr %] ewverywhere, and let
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C, be a constart bounding jir  %j and jir  3§j everywhere. Fix two constarns
0< c< < %, sud that the following inequalitieshold : ¢ < r, c < %°Ci*,
< (2+ °11Cy)i L, and (2C,°1 1 + 1)c < & Clearly, theseconstarts depend only
onr, °, C; and C..

Assumethat j%(x)j and j%Q(x)j are both smaller than ¢”. Becauseof the °-
transversality to 0 of ¥ and becausg¥(x)j < ¢’ < °, the covariant derivative of
¥ is surjective at x, and admits a right inverse(EQ)x ! TyX of norm lessthan
°i1 Sincethe connectionis unitary, applying this right inverseto 3% itself one
can follow the downward gradiert °ow of j3§j, and sinceone remainsin the region
where j%j < ° this gradiert °ow corvergesto a point y where 3 vanishes,at a
distanced from the starting point x no largerthan °i 1c”. In particular, d< c<r,
soy 2 Bg (x;r)\ 89, and the restriction of % to §} is “-transverseto O at y.

Sincec < 1°C{ !, the norm of %(y) di®ersfrom that of %(x) by at most
Cid < 5, and soj%(y)j < “. Sincey 2 By (x;r)\ &R, we therefore know that
r 34 is surjective at y and vanishesin all directions tangertial to 8§, while r %
restricted to T,87 is surjective and larger than ~. It follows that r (% © 3%§) is
surjective at y. Let ¥z (Ey)y ! T,8P and3: (EQ), ! T,X bethe right inversesof
r y%jso andr y¥8 given by the transversality properties of Y4js0 and ¥. We now
construct a right inverse%: (Ex©EQ), ! T,X ofr (% ©3%) with boundednorm.

Consideringany elemen u 2 (Ey)y, the vector 0 = %u) 2 T,82 has norm at
most " i Yjuj and satis'esr %(0) = u. Clearly r 3(0) = 0 becaused is tangert to
§9, sowede ne%u) = 0. Now consideran elemen v of (E?),, andlet ¢ = 4v) : we
havejoj - °iljvjandr 3Q(¥) = v. Let W = Yr %(¥)) : thenr %(W) = r %(¥) and
r (W) = 0, while jWj - "1 1Cyj0j - "1 1°1 1Cyjvj. Thereforer (3%4©%R)(¢i W) = v,
and we de ne %§v) = ¢ W.

Thereforer (% © %§) admits at y a right inverse®2of norm boundedby " i +
cilyrileilc, . (2+°i1C)) i1< ()it Finally, notethat r (3 © %) di®ers
fromr (% © %) by at most2C,d < 2C,°i '¢” < (% ©)". Therefore,r (% ©%§)
is alsosurjective, and is largerthan (¢” )i ((c°j ¢)”) = ¢”. In other terms, we have
shown that % © % is ¢’ -transverseto 0 at x, which is what we sough to prove.

The proof of (2) is much easier: we know that x 2 §p, i.e. 3(x) = 0, and
let us assumethat j%(x)j < ~. Then j%4(x) © 3(xX)j = j%(X)j < “, and the " -
transversality to 0 of % © 3 at x implies that r (% © 3§) hasa right inverse®2
of norm lessthan "1 1. Chooseany u 2 (Ex)x, and let %4u) = %u © 0). One has
r 3%(*4u)) = 0, therefore 4u) liesin T,82, and r %(*4u)) = u by construction.
So (r %)jr.s0 is surjective and admits %2as a right inverse. Moreover, j"4u)j =
j%u©0)j - "1 tjuj, sothe norm of %is lessthan "1 1, which shaws that %so is
" -transverseto O at Xx. o

It follows from assertion(2) of Lemma 6 that, in order to obtain the transver-
sality to 0 of T (%4)jres), it is suxcient to make T (%) © Jac(P%) transverseto O
over a neighborhood of R(3%4). Therefore, we can use oncemore the globalization
principle of Proposition 3 to prove Proposition 7. Indeed, considera sections of
C3 - LX satisfying P3(°§), a point x 2 X and a constart ©~ > 0, and sa that s
satis es the property P(";x) if either x is at distance more than = of R(s), or x
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lies closeto R(s) and T (s) © Jac(Ps) is ~ -transverseto 0 at x (i.e. one of the two
quartities j(T (s) © Jac(Ps))(x)j and jr (T (s)©Jac(Ps))(x)j is largerthan "). Since
Jac(Ps) © T (s) is, under the assumptionPg(%), a smooth function of s and its rst

two derivatives, and since R(s) dependsnicely on s, it is easyto shawv that the
property P is local and C3-open. Soone only needsto ched that P satis es the
assumptionsof Proposition 3. Our next remark is :

Lemma 7. There exists a constant rd > 0 (independent of k) with the fol-
lowing property : chasex 2 X and r®< rJ, and let s, be asymptotially holo-
morphic sestions of C3 - L* satisfying P3(°§). Assumethat By, (x;r9 intersects
R(sk). Then there existsan approximately holomorphic map pi.x from the disc D*

of radius % in C to R(sx) suchthat : (i) the image by . of the unit disc D

contains By, (;rY\ R(sk) ; (i) jr Hexjctg = O) and j@kxjcig = Ok ¥2) ;
(iii) wex(D™) is contained in a kall of radius O(r% centered at x.

Moreover the same statement holds for one-parameter families of sections :
given seetions (St )i2[0:17 depending continuously on t, satisfying P3(°§) and such
that Bg, (x; r9 intersects R(six) for all t, there exist approximately J;-holomorphic
maps kk.x depending continuously on t and with the sameproperties as alove.

Pr oof. Wework directly with the caseof one-parameterfamilies (the result for
isolated sectionsfollows trivially) and let j.x = JadPsx). First note that R(Sqx)
is the zerosetof j ., which is %-transverseto 0 and has unifgrmly boundedsecond
derivative. So, given any point y 2 R(sk), Jr juk(Y)] > 3, and therefore there
existsc > 0, dependingonly on ° and the boundonrr j, sud that r j.« varies
by a factor of at most % in the ball of radius c certered at y. It follows that
By (Y;©) \ R(sw) is di®eomorphicto a ball (in other words, R(si) is \trivial at
small scale").

Assume rst that 3r°< c. For all t, choosea point y;, (not necessarilydepending
cortinuouslyont) in By, (X; 19\ R(stk) 6 ;. The intersectionBg, (Yex; 3r9\ R(Stk)
is di®eomorphicto a ball and thereforeconnected,and cortains B g, (x; r% \sR(stk)
which is nonempty and depends cortinuously on t. Therefore, the set ftg£
Bg (Vi 39\ R(s) is connected,which implies the existenceof points Xy« 2
Bg (Ve 39\ R(sek) ¥2Bg, (X; 4r9\ R(stx) which depend cortinuously on t.

Consider local approximately Ji-holomorphic coordinate charts over a neigh-
borhood of Xk, depending cortinuously on t, as given by Lemma 3, and call
A 1 (C%0) ! (X;Xe) the inverseof the coordinate map. Becauseof asymp-
totic holomorphicity, the tangert spaceto R(six) at Xk lieswithin O(ki 12) of the
complex subspaceTy,, R(sik) = Ker @k (Xix) of Ty, X. Composing A with a
rotation in C2?, one can get mapsASk satisfying the sameboundsas A, and sud
that the di®erenial of A%, at 0 mapsC £ f0g to Ty, R(Sw).

The estimatesof Lemma 3 imply that there exists a constart | = O(r9 sud
that A) (Bc2(0;,)) % Bg (x;r9. Dene Ay(z) = A% (,z) : if r%is suxciently
small, this map is well-de ned over the ball B¢2(0; 2). Over B¢2(0; 2) the estimates
of Lemma3imply that j@xjc1,q = O(k ' ) andjr Ayjcig = O(, ). Moreover,
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because, = O(r9 the imageby A, of B¢:(0;2) is cortained in a ball of radius
O(r9 around x.

Assuming r° to be suzxciently small, one can also require that the image of
B2(0; 2) by A, hasdiameterlessthan c. The submanifoldsR(s) arethen trivial
over the consideredballs, so it follows from the implicit function theorem that
R(sw)\ Ax(D* £ D*) can be parametrizedin the chosencoordinates as the set
of points of the form Ay (z; ¢k (2)) for z 2 D*, where gy : D* | D* satis'es
ax(0) = 0andr ¢« (0) = O(ki ¥2).

The derivativesof ¢.x can be easily computed, sincethey are characterizedby
the equation j . (A (Z; ¢k (2))) = 0. Notice that, if r®is small enough,it follows
from the transversality to 0 of j that jr ju = dAy (V)] is larger than a constart
times , jvj forall v 2 fOgE C andat any point of D* £ D*. Combining this estimate
with the boundson the derivativesof j .« given by asymptotic holomorphicity and
the above bounds on the derivatives of A, one gets that jr ¢xjc: = O(1) and
j@ikjcr = O(ki 2) over D*,

Onethende nespk (z) = Au (z; éxx (2)) over D*, which satis esall the required
properties : the image . (D*) is cortained in R(syx) and in a ball of radius O(r9
certered at x ; W (D) cortains the intersection of R(syk) with Ay (D £ D*) %
A{;’k (Bc2(0;, ) % Bg (x; 19 ; and the required boundson derivativesfollow directly

from those on derivativesof ¢« and A. Therefore,Lemma7 is proved under the
assumptionthat r°is small enough. We setr? in the statemert of the lemma to
be the bound on r°® which ensuresthat all the assumptionswe have madeon r°are
satis ed. a

We now prove that the assumptionsof Proposition 3 hold for property P in the
caseof singlesectionssy (the caseof one-parameterfamiliesis discussedater). Let
x2 X,0< +< Z and considerasymptotically holomorphic sectionss, of C3- LK
satisfying P3(5) and the correspnding mapsfy = Psc. We have to shaw that, for
large enoughk, a perturbation of s, with Gaussiandecgy and smallerthan +in C3
norm can make property P hold over a ball certered at x. Becauseof assertion(1)
of Lemma6, it is actually su+cient to shav that there exist constarts ¢, c®and p
independent of k and * such that, if x lies within distancec of R(sy), then s can
be perturbed to make the restriction of T (s¢) to R(sk) ~-transverseto 0 over the
intersection of R(s¢) with a ball By (x; ¢), where” = c%(log+ )i P. Suc a result
is then suxcient to imply the transversality to O of T (sx) © Jad(fk) over the ball
Bg (X; £), with a transversality constart decreasedy a boundedfactor.

As in previous sections,composing with a rotation in C3 (constart over X),
one can assumethat s, (x) is directed along the rst componert in C3, i.e. that
st(x) = s2(x) = 0 and thereforejs(x)j , 5. Becauseof the uniform bound on
jr s«j, there existsr > 0 (independert of k) suc that jsj , 5 jstj < 5 and
jszj < 5 over the ball By, (x; r). Therefore,over this ball one cande ne the map

*sky) . S2(y)
sAy) " sp(y)

h(y) = (hi(y); hg(y)) =
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The map f is the composition of hy with the map 1: (z1;22) 7! [1: z; : z]
from C2 to CP?, which is a quasi-isometryover the unit ball in C2. Therefore, at
any point y 2 By, (x; r), the bound j@(y)j , E implies that j@(y)j , °°for some
constart °°> 0. Moreover, onehasJadf) = AJadhy), whereA(y) is the Jacobian
of Tat hk(y). In particular, Jac(hy) vanishesat exactly the samepoints of Bg, (x; 1)
as Jac(fx). SincejA is bounded betweentvyo universal constarts over By, (X; r)
and r A is boundedtoo, it follows from the 5-transversality to 0 of Jaq(f) that,
decreasing’ °if necessaryJac(h) is ° “transverseto 0 over By, (X; r).

Sincej@y(x)j , °° after composing with a rotation in C? (constart over X)
acting on the two componerts (si;s2) one can assumethat j@32(x)j , 70 Since
rr hy is uniformly bounded, decreasingr if necessaryone can ensurethat j@?2j
remainslarger than ; at every point of By, (X; r).

Let us now show that, over Ry(sy) = By (X; 1)\ R(sk), the transversality to O
of T (s) follows from that of T (s,) = @2 A @adh).

It follows from the identity Jadfy) = AJdadhy) and the vanishing of Jad(hy)
over Ry (s¢) that @ac(f«) = A@ac(hy) over Ry (sc). Moreover the two (1; 0)-forms
@y and @\, have complex rank one at any point of R,(s) and are related by
@ = d @), sothey have the samekernel (in somesensethey are \colinear").
Becausej@?2j is bounded from below over By, (x; ), the ratio betweenj@,j and
j@?%j is bounded. Becausehe line bundle L (sx) on which oneprojects @y coincides
with Im @y over R(sx), we have [YA@)] = j@x] over R(sx). Since{is a quasi-
isometry over the unit ball, it follows that the ratio betweenj{@y)j and j@?2j
is bounded from above and belowv over IQX(sk). Moreover, the two 1-forms¥{@y)
and @2 have samekernel, so one can write {@,) = A @32 over R,(sy), with A
boundedfrom above and belowv. Becauseof the uniform boundson derivativesof s,
and thereforef, and hy, it is easyto ched that the derivativesof A are bounded.

SoT(s«) = AAT(s¢) over Ry(sk). Therefore, assumethat T (sy)ir(s,) is -
transverseto O at a given point y 2 R4(s¢), and let C > 1 be a constart such
that 2 < jAAj < C and jr (AR)j < C over Ry(sk). If jT(s)(Y)i < e, then
j‘f‘\(sk)(y)j < 2(:_2 <’ ,and thereforej@‘f‘\ (s))(y)j > ~, soat y onehasj@T (sk))j ,
JAR@T (sk)j i T (s)@AR)j > L i 5:5C = = > 5. In other terms, the
restriction to R(sk) of T (sk) is 5zz-transverseto 0 at .

Therefore,we only needto show that there existsa constart ¢ > 0 sud that, if
By (X;0)\ R(sk) 6 ;, then by perturbing sy it is possibleto ensurethat f(sk)jR(sk)
is transverseto 0 over By, (X; ¢) \ R(sk).

By Lemma 7, given any suzxciently small constart ¢ > 0 and assumingthat
By (X;€) \ R(sk) & ;, there exists an approximately holomorphic map L from
D* to R(sk) sud that (D) cortains By (x;¢) \ R(sk) and satisfying bounds
ir Wctg = O(1) and j@xjc1q = O(ki 12). We call €= O(c) the sizeof the ball
sud that u(D™) %2 By, (X; &), and assumethat c is small enoughto have &< r.

From now on, we assumethat By, (X;c)\ R(sk) 6 ;.
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Let sref be the asymptotically holomorphlc sectionsof L* with Gaussiandecy
away from x given by Lemma 2, and let z} and z? be the complex coordinate
functions of a local approximately holomorphic Darboux coordinate chart on a
neighborhood of x. There exist two complexnumbers a and b suc that @3Z(x) =
a@i(x) + b@Z(x). Composingthe coordinate chart (z}; zZ) with the rotation

M 1
1 b ia
jgz+jrpj a b’
we can actually write @2(x) = @k(x) with j, j boynded from below indepen-
dertly of k and x. We now de ne Qkx = O (z¢)?s;el ;0 and study the behavior of
T (s« + WQyx) for smallw 2 C.

First we look at how adding wQy.x t0 s a®ectsthe submanifold R(sk) : for
small enoughw, R(sx + WQxx) is a small deformation of R(sx) and can therefore
be seenas a section of TX|r(s,). Becausethe derivative of Jag(hi) is uniformly
bounded and By, (x; ) \ R(sk) is not empty, if ¢ is small enoughthen jJadhy)j
remains lessthan °° over B, (x; &). Recall that Jac(hy) is °“transverseto O over
By (X; 1) : therefore,at every point y 2 Bg. (X; &), r Jad(hy) admits a right inverse
Yo o 20TPX 1 Ty X of norm lessthan . Adding wQy. to s increaseslac(hy) by
w¢e ., where
(Z )Zsref

0 s

Therefore, R(sx + WQy) is obtained by shifting R(sx) by an amourt equal to
i AWE ) + O(WE j2). It followsthat the value of T (s, + wQy4) at a point of

R(sk + wQx:x) di®ersfrom the value of T (s¢) at the correspnding point of R(sy)
by an amount

Eix(W) = W@Z" @ wx i 1 (T(s0) AWE (x) + O(W):

Our aim is thereforeto shaw that, if ¢ is small enough,for a suitable value of w the
quartity T (s¢) + £ «.x(w) is transverseto 0 over R(sk) \ By, (X; ©).

¢ k;x

Notice that the quartities T (s) and Jac(hy) are asymptotically holomorphic,
sothat r (T'(s)) and Yzare approximately complexlinear. Therefore,

r (T (s0)) Ywe kx) = Wr (T (s0)) ¢ ex) + Okl 172):
It follows that £ (W) = WE L, + O(W?) + O(ki ¥2), where

= @lﬁ N@yx i r (f(sk)):l/é(]: kix):

We start by computlng the value of £kX at x, using the fact that @2(x) =
@?(x) while z}(x) = 0 and therefore ¢ ., (x) = 0. Becauseof the identity ¢ ., =

Srf

22&@ @2 + O(jzlj?), an easycalculation yields that

ref

@ x = 2 kOX(@ @?2) @; + O(jzy)
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and therefore

2 St (X) i
se(x)

The important point is that there exists a constart ° %> 0 independen of k and x
such that jEQ. (x)j, °%

Sincethe derivativesof £ (., areuniformly bounded,j£ {..j remainslargerthan 700
at every point of By, (x; &) if cis smallenough. It followsthat, over R(sk)\ Bg, (X; ©),
the transversality to 0 of T (s) + £ .x(w) is equivalert to that of the function
(T (si) + £ x(W))=E£ E;X. The value of c we nally chooseto usein Lemma 7 for
the construction of | is one small enoughto ensurethat all the above statemerts

hold (but still independen of k, x and £). Now de ne, over the discD* %2 C, the
function

¢
£0.(X)=i2 @) " @(x)

T (s)((2))
£2. (h(2))

with valuesin C. Becausef ., is boundedfrom below over By, (x; €) and becauseof
the boundson the derivativesof | given by Lemma?7, the functionsv, : D* ! C
satisfy the hypothesesof Proposition 6 for all large enoughk. Therefore,if Cq is a
constart larger than jQyxjcs.g , andif k is large enough,there existswy 2 C, with
JWiJ - Cio sud that v + wy is ®-transverseto 0 over the unit discD in C, where
®= & log((&) ' ".

Multiplying again by EE;X and recalling that |, mapsdi®eomorphicallyD to a
subsetof R(sx) cortaining R(sx) \ Byg, (X; c), we get that the restriction to R(sy)
of T (sk) + WE &, is @transverseto 0 over R(sk) \ By, (X; ©) for some®® di®ering
from ® by at most a constart factor. Recallthat £ (W) = W £, + O(jwij?) +
O(ki ¥¥2), and note that jw,j? is at most of the order of 2, while @ is of the order of
+log(+ )i P: so,if +is smallenough,onecanassumehat jw,j? is much smallerthan
@ If k is large enough ki 12 is alsomuch smallerthan @, sothat T (si) + £ i.x (W)
di®ersfrom T (sy) + WkE(k);X by lessthan ®7° , and is therefore ®7°-transverseto 0 over
R(sk)\ By, (X;0).

Next, recall that R(sx + wxQ.x) is obtained by shifting R(sx) by an amourt
i AW E )+ O(jWi € j?) = O(jwij) (becausge y..j is uniformly bounded,or more
generally becausethe perturbation of s, is O(jwyj) in C3 norm). So, if + is small
enough,one can safely assumethat the distance by which one shifts the points of
R(sk) is lessthan 3. Therefore,given any point in R(sx + WxQuix) \ Bg, (X; 35), the
correspnding point in R(sk) belongsto By, (X; ©).

We have seenabove that the value of T (sk+ Wi Qx:x) at apoint of R(syk + Wk Qx:x)
di®ersfrom the value of T (sy) at the correspnding point of R(sx) by £ «x (W) ;
therefore it follows from the transversality properties of T (s() + £ x (W) that
the restriction to R(sx + WxQy) of T (s + WiQix) is ®2transverseto O over
R(sk + WkQkx) \ Bg (x; £) for some®?> 0 di®ering from @° by at most a con-
stant factor.

Vk(2) =
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By the remarks above, this transversality property implies transversality to O
of the restriction of T (sx + Wk Qx:x) over R(sx + WxQu:x) \ By (X; £) ; therefore, by
Lemmas, T (sk + Wk Qi;x) © Jac(P(sk + WkQkx)) is ~ -transverseto 0 over By, (X; 7),
with a transversality constant = di®eringfrom @by at most a constart factor. So,
if +is small enoughand k large enough,in the casewhereBg, (x; c)\ R(s) 6 ;, we
have constructedwy sud that s, + W Q. Satis esthe required property P(";y) at
every point y 2 Bg, (x; ). By construction, jwiQkxjcsg - * the asymptotically
holomorphicsectionsQy.x have uniform Gaussiandecg away from x, and” is larger
than c%log(+ )i P for someconstart ¢®> 0, soall required properties hold in this
case.

Moreover, in the casewhere By, (X; ¢) doesnot intersect R(si), the section sy
already satis es the property P(%c;y) at ewery point y of By (x; ) and no per-
turbation is necessary Therefore,the property P under considerationsatis esthe
hypothesesof Proposition 3 whether By, (X; ) intersectsR(s,) or not. This ends
the proof of Proposition 7 for isolated sectionssy.

In the caseof one-parameterfamilies of sections,the argumert still works sim-
ilarly : we are now given sectionss;x depending cortinuously on a parameter
t 2 [0;1], and try to perform the same construction as above for ead value of
t, in such a way that everything dependscortinuouslyont. As previously we have
to showv that one can perturb sx in orderto ensurethat, for all t sudh that x lies
in a neighborhood of R(sik), T (Stk)jr(sw ) IS transverseto 0 over the intersection
of R(stx) with a ball certered at x.

As before, a cortinuous family of rotations of C* can be usedto ensurethat
st (x) and s, (x) vanish for all t, allowing oneto dene hy for all t. Moreover
the argumert at the end of Section 3.1 provesthe existenceof a cortinuous one-
parameterfamily of rotations of C? acting on the two componerts (St sﬁk) allowing

one to assumethat j@]tz;k )j , 70 for all t. Therefore, asin the caseof isolated
sections,the problem is reducedto that of perturbing six whenx liesin a neigh-
borhood of R(si.x) in order to obtain the transversality to O of f(st;k)jR(stzk) over
the intersectionof R(sx) with a ball certered at x.

Becausd_.emma7 and Proposition 6 alsoapply in the caseof 1-parameterfami-
lies of sections,the argumert usedabove to obtain the expectedtransversality result
for isolated sectionsalso works here for all t sudh that x liesin the neighborhood
of R(stk). Howewer, the ball By, (x; €) intersectsR(st) only for certain values of
t 2 [0; 1], which makesit necessaryto work more carefully.

De ne - ¢ ¥2[0; 1] asthe setof all t for which B, (x; )\ R(s«x) 6 ;. Forall large
enoughk andforallt 2 - ,, Lemma7 allows oneto de ne mapsix : D™ ! R(Stx)
depending continuously ont and with the samepropertiesasin the caseof isolated
sections.Using local coordinateszt‘;k depending cortinuously on t given by Lemma
3 and sectionss{?kf;x givenby Lemma 2, the quartities Qik:x, € tkx, £ tk:x (W), £8k "
and vy, can be de ned for all t 2 - ¢ by the sameformulae as above and depend
cortinuouslyon t.

Proposition 6 then gives, for all large k and for all t 2 - y, complex numbers
Wik Of norm at most Cio and depending cortinuously on t, sud that the functions
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Vix + Wi aretransverseto 0 over D. As in the caseof isolated sections,this implies
that sy + Wik Queix Satis esthe required transversality property over Bg, (X; 7).

Our problem is to de ne asymptotically holomorphic sections¢;.x of C*- Lk
for all valuesof t 2 [0;1], of C3-norm lessthan * and with Gaussiandeca away
from x, in such a way that the sectionss;x + ¢.x.x dependcortinuouslyont 2 [0; 1]
and satisfy the property P over By, (x; 7) for all t. For this, let — : R, ! [0;1] be
a cortinuous cut-o® function equalto 1 over [0; %] and to 0 over [c;+ 1 ). Dene,
forall t 2 -y, i ¢
ét;k;x = diStgk (X; R(St;k)) Wt;k Qt;k;x;
and ¢x.x = Ofor all t 62- . It is clearthat, for all t 2 [0; 1], the sections ¢k x
are asymptotically holomorphic, have Gaussiandeca away from x, depend con-
tinuously on t and are smaller than + in C3 norm. Moreover, for all t sud that
distg, (X; R(Stx)) %C, onehas ¢ik:x = Wik Qukx, SOthe sectionssk + ¢uk.x Satisfy
property P over By, (x; 7) for all sud valuesof t.

For the remaining valuesof t, namelythosesud that x is at distancemorethan
% from R(Stx ), the argumert is the following : sincethe perturbation ¢« .« is smaller
than =, every point of R(Stk + ¢tk x) lieswithin distanceO(#) of R(si.x). Therefore,
decreasinghe maximum allowable value of + in Proposition 3 if necessaryonecan
safelyassumethat this distanceis lessthan ;. It follows that x is at distancemore
than § of R(sik + ékx), and so that the property P(%;y) holds at every point
Yy 2 Bg (X; ).

Therefore, for all large enoughk and for all t 2 [0; 1], the perturbed sections
Stk * ék x Satisfy property P overthe ball By, (x; 7). It followsthat the assumptions
of Proposition 3 also hold for P in the caseof one-parameterfamilies, and so
Proposition 7 is proved.

4. Dealing with the antiholomorphic part

4.1. Holomorphicit y in the neighborho od of cusp points. At this point
in the proof, we have constructed asymptotically holomorphic sectionsof C3 - Lk
satisfying all the required transversality properties. We now needto show that, by
further perturbation, one can obtain @tameness.We Tst handle the caseof cusp
points :

Pr oposition 8. Let (Sk)ka o e °-generic asymptotially J-holomorphic sec-
tions of C3- LX. Then there existconstants(C,),2n andc > 0 suchthat, for all large
k, there exist ! -compatible almost-omplexstructures Jy on X and asymptotially
J-holomorphic sections % of C3- L* with the following properties : at any point
whoseg-distanee to Cj, (%) is lessthan c, the almost-@mplexstructure Jy is inte-
grableand the map P% is Jk-holomorphic; andfor all p2 N, jJi Jjcrg, - Cpki 72
and j% i Siceg - Cpk 12

Furthermore, the resultalso appliesto 1-parameterfamilies of °-genericasymp-
totically Ji-holomorphic sections (S )i2[0:11kA o - for all largek there exist almost-
complex structures Jix and asymptotially Ji-holomorphic sections %, depending
continuously on t and suchthat the alove properties hold for all valuesof t. More-
over, if sox and s, already satisfy the required properties, and if one assumeghat,
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for some? > 0, J; and s« are respctively equalto Jo and so« for all t 2 [0;2] and
to J; and sy for all t 2 [1 2; 1], thenit is possibleto ensue that ¥%.x = Sox and
Yax = Sik.

The proof of this result relieson the following analysislemma, which statesthat
any approximately holomorphic complex-walued function de ned over the ball B*
of radius % in C? can be approximated over the interior ball B of unit radius by a
holomorphic function :

Lemma 8. There existan operator P : C! (B*;C) ! C! (B;C) and constants
(Kp)p2n suchthat, givenany function f 2 C* (B*;C), the function f~= P(f) is
holomorphicover the unit ball B and satis esjf i fjces) - Kpj@jcp(5+) for every
p2 N.

Pr oof. (seealso[D1]). This is a standard fact which can be proved e.g. using
the HArmander theory of weighted L? spaces.Using a suitable weighted L? norm
on B* which comparesuniformly with the standard norm on the interior ball B°
of radius 1 + %) B %2 B%% B*), oneobtains a bounded solution to the Caudy-
Riemann equation : for any @closed(0;1)-form %20n B* there exists a function
T(% such that @ (¥} = %and jT(#Ajiz@o - Cj%w 2+ for someconstart C.

Take %= @ andlet h = T(%} : since@ = %= @, the function "= f | his
holomorphic (in other words,wesetP = Idj T@. Moreover the L2 norm of h and
the CP norm of @ = @ over B®are boundedby multiples of j@ jce(s-) ; therefore,
by standard elliptic theory, the sameis true for the CP norm of h over the interior
ball B, which givesthe desiredresult. o

We rst prove Proposition 8 in the caseof isolated sectionssy, wherethe argu-
men is fairly easy Becauses, is °-generic,the set of points of R(sx) whereT (sk)
vanishes,i.e. G(si), is nite. Moreover rT (Sy)ir(s,) IS larger than ° at all cusp
points and rT  (sk) is uniformly bounded, so there exists a constart r > 0 sud
that the g¢-distancebetweenany two points of G (sk) is larger than 4r.

Let x be a point of G;(sx), and considera local appraximately J-holomorphic
Darbouxmap A : (C%0)! (X;x) asgivenby Lemma3. Becauseof the boundson
@, the | -compatible almost-complexstructure J? on the ball By, (x; 2r) de ned
by pulling badk the standard complex structure of C? satis es bounds of the type
jI0i Jiceg = O(ki 72) over By (x; 2r) for all p2 N.

Recall that the set of ! -skew-symmetric endomorphismsof square 1 of the
tangert bundle TX (i.e. ! -compatible almost-complexstructures) is a subbundle
of End(TX) whose b ersare cortractible. Therefore,there exists a one-parameter
family (J¢).2[0.17 Of ! -compatiblealmost-complexstructuresover B, (x; 2r) depend-
ing smoothly on ¢, and suc that J2 = J and J} = J2. Also, let ¢ : Bg (X; 2r) !
[0; 1] be a smaoth cut-o® function with boundedderivativessud that ¢x = 1 over
Bg (X; ) and ¢ = O outside of Bg, (x; 3r).

Then, de ne Jx to bethe almost-complexstructure which equalsJ outside of the
2r-neighborhood of G; (sx), and which at any point y of a ball By, (x; 2r) certered
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at x 2 G (s,) coincideswith 3> : it is quite easyto ched that Ji is integrable
over the r-neighborhood of G (s¢) whereit coincideswith J?2, and satis es bounds
of the type jJk i Jjcrg, = O(ki %) 8p2 N.

Let us now return to a neighborhood of x 2 G;(sx), wherewe needto perturb
sk to make the correspnding projective map locally Jx-holomorphic. First notice
that, by composingwith a rotation of C® (constart over X ), onecan safelyassume
that st(x) = s2(x) = 0. Therefore,js2(x)j , °, and decreasingr if necessaryone
can assumethat js?j remains larger than E at every point of By, (x;r). The Ji-
holomorphicity of Ps, over a neighborhood of x is then equivalert to that of the
map hy with valuesin C? de ned by

“sky) )

he(y) = (hi(y); hi(y)) = SO(y)’ so(y)

Becauseof the propertiesof the map A, givenby Lemma3, there exist constarts
. > 0andr®> 0, independen of k, sud that A, (Bcz(0; %,)) is cortained in
By (X; r) while A (B2(0; % )) cortains By, (x; r%. We now de ne the two complex-
valuedfunctionsf }(z) = hi(Ac(,z)) andf 2(z) = h2(Ac(,z)) overthe ball B* % C?2.
By de nition of J, the map A, intertwinesthe almost-complexstructure Ji over
By (X; 1) and the standard complex structure of C?, so our goal is to make the
functions f ;! and f 2 holomorphicin the usual senseover a ball in C2.

This is wherewe useLemma8. Remark that, becauseof the estimateson @Ak
given by Lemma 3 and those on @h, coming from asymptotic holomorphicity, we
have j@|jcee+) = O(ki 1) for every p 2 N andi 2 f1;2g. Therefore,by Lemma8
there exist two holomorphicfunctions i and fZ, de ned over the unit ball B % C?,
sud that jf} i fijceey = O(ki ¥*2) for every p2 N andi 2 f1; 2g.

Let ~ :[0;1]! [O;1] be a smooth cut-o® function sud that ~— = 1 over [0; 3]
and~ = Oover[3;1],anddene, for all z2 B andi 2 f1;2g, f(2) = ~(jzj)fi(z) +
(Li ~(jzj))f\(2). By construction, the functions f'?( are holomorphic over the ball
of radius 3 and di®erfrom f} by O(k! ).

Going badck through the coordinate map, let ﬁik be the functions on the neigh-
borhood U, = A (B2(0;, )) of x which satisfy Al (A.(,z)) = f}(z) for everyz 2 B.
Dene & = 0, 8! = fils? and &2 = f2s? over U,, and let % be the global section
of C®- LX which 8x 2 G(sx) equals$, over Uy, and which coincideswith s, away
from G (sk).

Because"?'( = f| nearthe boundary of B, & coincideswith s, nearthe boundary
of Uy, and % is thereforea smaoth sectionof C3- LK. For every p2 N, it follows
from the bound jf] fiicee) = O(Kki ¥2) that j% i Skice:g = O(K' ). Moreover,
the functionsf’l are holomorphicover B¢2(0; 3) wherethey coincidewith 3, sothe
functions fi, are Ji-holomorphic over Ay(Bc2(0;1,)) % B (x;19, and it follows
that P% is Jx-holomorphic over B, (X; r9.

Therefore, the almost-complexstructures Ji and the sections¥ satisfy all the
requiredproperties, exceptthat the integrability of Jx and the holomorphicity of P¥%
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are proved to hold on the r%neighborhood of G; (s¢) rather than on a neighborhood
of G (%)

Howewer, the CP boundsjJii Jij = O(ki ¥2) andj%i s«j = O(ki ¥*2) imply that
jJdacy, (P¥%) i Jac;(Psy)j = O(k' %) and jT; (%) i Ti(s«)j = O(k! *?). Therefore
it follows from the transversality properties of sy that the points of C; (%) lie
within gc-distance O(ki *72) of G(sy). In particular, if k is large enough, the %)
neighborhood of C;, (%) is cortained in the r“neighborhood of G (si), which ends
the proof of Proposition 8 in the caseof isolated sections.

In the caseof one-parameterfamilies of sections,the argumert is similar. One
‘rst noticesthat, becauseof °-genericily, there existsr > 0 suc that, for every
t 2 [0; 1], the set Gy, (stk) consistsof nitely many points, any two of which are mu-
tually distant of at least4r. Therefore,the points of G;, (Stk) depend cortinuously
on t, and their number remainsconstart.

Considera cortinuousfamily (X;)t2[0;1] Of points of G, (stk) : Lemma3 provides
appraximately J-holomorphic Darboux maps A depending cortinuously on t on
a neighborhood of x;. By pulling badk the standard complex structure of C?, one
obtains integrable almost-complexstructures Jt?k over By, (Xt; 2r), depending con-
tinuously on t and di®eringfrom J; by O(ki **2). As previously, becausethe set of
I -compatible almost-complexstructures is cortractible, one can de ne a cortinu-
ous family of almost-complexstructures Jix on X by gluing together J; with the
almost-complexstructures J§ de ned over By, (x;; 2r), using a cut-o® function at
distancer from G, (stk). By construction, the almost-complexstructures Jix are
integrable over the r-neighborhood of G, (St ), and jJix i Jijceyg, = O(ki 72) for
allp2 N.

Next, we perturb sy near x; 2 G, (stk) in order to make the correspnding
projective map locally Jix-holomorphic. As before, composing with a rotation of
C3 (constart over X and dependingcortinuouslyont) and decreasing if necessary
we can assumethat sf, (x;) = sf (x;) = 0 and thereforethat js) j remainslarger

than 5 over By (Xi;r). The Jix-holomorphicity of Psy over By (X¢;r) is then
equivalert to that of the map hy, with valuesin C? de ned as above.

As previously, there exist constarts , and r°sud that Ay (Bc2(0; % )) is con-
tained in Bg, (X¢;r) and A (Be2(0; 1)) %% By (Xt;19 ; onceagain, our goal is to
make the functionsf/, : B* | C denedby f, (z) = hi, (A.(,z)) holomorphic
in the usual sense. ' '

Becauseof the estimateson @, A and @, hex, we have j@yjcra-) = O(Ki 12)
8p 2 N, soLemma8 providesholomorphicfunctionsf}, overB which di®erfrom f |,
by O(ki ¥*?). By the samecut-o® procedureas above, we can thus de ne functions
f¥. which are holomorphic over B¢ (0; ) and coincidewith |, nearthe boundary
of B. Going bad through the coordinate maps, we de ne as'previously functions
ﬁ{;k and sections$,, over the neighborhood Uy, = A (B2(0;,)) of X;. Sinces
coincideswith s, nearthe boundary of U;,, we can obtain smooth sections¥ of
C3- Lk by gluing sy togetherwith the various sectionss,, de ned nearthe points
of G, (Stx)-
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As previously the maps P¥%, are Jix-holomorphic over the r%neighborhood of
G, (Stx) and satisfy j%x i Stkjcrg = O(ki ¥72) ; thereforethe desiredresult follows
from the obsenation that, for large enoughk, Cr. (Yak) lies within distance%’ of

CJt (S’(k)

We now considerthe special casewhere sy already satis es the required con-
ditions, i.e. there exists an almost-complexstructure Joi within O(ki ¥2) of Jo,
integrable near Cs , (Sox), and sudh that Pspy is jo;k-holomorphic near Gy, (Sox)-
Although this is actually not necessaryor the result to hold, we alsoassumeasin
the statemert of Proposition 8, that s.x = Sox andJ; = Jo for everyt - 2, for some
2> 0. Wewant to prove that onecantake %y = Sox in the above construction.

We rst shaw that one can assumethat Jo coincideswith J‘o;k over a small
neighborhood of Gy (sox). For this, remark that Gy (sox) lies within O(ki ¥%2) of
G, (Sox), Sothere existsa constart +sud that, for largeenoughk, jo;k isintegrable
and Psy is jo;k-holomorphic over the +neighborhood of G, (So«)-

Fix points (Xt)t2[0;17 iN G, (Stk), and consider,for all t | 2, the appraximately
Ji-holomorphic Darboux coordinates (z{, ; z%) on a neigtborhood of x; and the
inversemap A givenby Lemma3 and which are usedto de ne the almost-complex
structureth‘?k and Jix nearx;. Wewant to shav that onecanextendthe family At;k
to all t 2 [0; 1] in such a way that the map Aq is Jo.-holomorphic. The hypothesis
that J; and s;x arethe samefor all t 2 [0; 2] makesthings easierto handle because
J. = Jg and x. = Xo-

Sincejo;k is integrable over By, (Xo;+) and ! -compatible, there exist local com-
plex Darboux coordinates Z, = (Z};Z2) at xo which are jo;k-holomorphic. It
follows from the approximate Jo-holomorphicity of the coordinatesz. = (zzl;k ; zzz;k)
and from the bound jJg j S}o;kj = O(ki ¥*?) that, composing with a linear endo-
morphism of C? if necessaryone can assumethat the di®eretials at x, of the two
coordinate maps,namelyr 4,z andr ,Zy, lie within O(ki *=2) of eat other. For
all t 2 [0;2], zex = 1z + (1§ 1)Zk de neslocal coordinates on a neighborhood
of Xo ; howewer, for t 2 (0;2) this map fails to be symplectic by an amourt which
is O(ki 72). Sowe apply Moser'sargumert to z. in order to get local Darboux
coordinates z.x over a neighborhood of xo which interpolate betweenZy and z:
and which di®erfrom z by O(ki ¥72). It is easyto ched that, if k is large enough,
then the coordinates z., are well-de ned over the ball B, (Xt; 2r). Since@ozk and
@ozz;k are O(ki ¥*?), and becausez,, di®ersfrom z. by O(ki ¥*?), the coordinates
de ned by z« are approximately Jo-holomorphic (in the senseof Lemma 3) for all
t 2 [0;2].

De ning Ay asthe inverseof the map z. for every t 2 [0;2], it follows im-
mediately that the maps A, which depend cortinuously on t, are approximately
Ji-holomorphic over a neighborhood of 0 for every t 2 [0;1], and that Ag, is fro;k-
holomorphic.

We canthen de ne J{) aspreviouslyon By, (X¢; 2r), and noticethat JJ, coincides

with J‘o;k. Therefore, the correspnding almost-complexstructures Jix over X, in
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addition to all the properties described previously, also satisfy the equality Jox =
Jox over the r-neighborhood of G, (Sox).

It follows that, constructing the sections%yx from s.x as previously we have
Yax = Sok. Indeed,sincePsy is already Jo.k-holomorphic over the r-neighborhood
of G, (Sox), wegetthat, in the above construction, h,, and hg, are Jo,-holomorphic,
and sofg;k and fg;k are holomorphic. Therefore, by de nition of the operator P of
Lemmas, we have f{, = f}, and fE, = f&,, which clearly implies that ¥ = Sox.

The sameargumen appliesneart = 1 to show that, if sy« already satis esthe
expected properties and if J; and s, are the samefor all t 2 [1 2 1], then one
cantake ¥.« = s;x. This endsthe proof of Proposition 8.

4.2. Holomorphicit y at generic branch points. Our last step in order
to obtain @tame sectionsis to ensure,by further perturbation, the vanishing of
@k(Psk) over the kernel of @, (Ps«) at every branch point.

Pr oposition 9. Let (sk)ka o ke °-generic asymptotially J-holomorphic sec-
tions of C3- LK. Assumethat there exist ! -compatible almost-@mplexstructures
Jk suchthat jJx i Jjcrg = O(ki ¥¥?) for all p 2 N and such that, for some
constant c > 0, fx = Psy is Jx-holomorphic over the c-neightorhood of ka(sk).
Then, for all largek, there exist sections % suchthat the following properties hold :
%i Skiceig = O(ki %) for all p 2 N ; % coincideswith s, overthe £-neightwrhood
of G, (%) = G (s«) ; and, at every point of Ry, (%), @k(P%) vanishesover the
kernel of @, (P%).

Moreover, the sameresultholdsfor one-@arameter families of asymptotially J;-
holomorphicseetions (Stx )i20:15:kA o Satisfying the alove properties. Furthermore, if
Sok and sy already satisfy the properties required of ¥« and %, then one can
take ¥« = Sox and ¥k = Syk.

The role of the almost-complexstructure J in the statemen of this result may
seemambiguous,asthe sectionssy are alsoasymptotically holomorphicand generic
with respect to the almost-complexstructures Jx. The point is that, by requiring
that all the almost-complexstructures Ji lie within O(ki ) of a "xed almost-
complexstructure, one ensureshe existenceof uniform boundson the geometry of
Jx independertly of k.

We now prove Proposition 9 in the caseof isolated sections.In all the following,
we use the almost complex structure Ji implicitly. Considera point x 2 R(s)
at distance more than %c from C(sy), and let K4 be the one-dimensionalcomplex
subspaceKer @(x) of TyX. Becausex 62C(sy), we have T,X = T,R(sk) © K.
Therefore,there existsa unique 1-form p 2 TX - Ty, (x)CP? sudh that the restric-
tion of W to TyR(sk) is zeroand the restriction of | to K is equalto @k(x)ij.

Becausethe restriction of T (sk) to R(sk) is transverseto 0 and becausex is at
distance more than %c from C(sk), the quanity jT (s¢)(x)j is boundedfrom below
by a uniform constart, and therefore the angle between T,R(sx) and Ky is also
bounded from below. So there exists a constart C independert of k and x suc
that jlj - Cki 2. Moreover, because@; vanishesover the c-neighborhood of
C(sk), the 1-form py vanishesat all points x closeto C(si) ; thereforewe can extend
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uinto a sectionof T*X - f 2T CP? over R(si) which vanishesover the c-neigtborhood
of C(s«), and which satis es bounds of the type jujcrq, = O(ki ¥*2) for all p 2 N.

Next, usethe exponertial map of the metric g to identify atubular neighborhood
of R(sx) with a neighborhood of the zero sectionin the normal bundle N R(sk).
Given +> 0 suxciently small, we de ne a sectionA of f 7T CP? over the +-tubular
neighborhood of R(sk) by the following idertity : given any point x 2 R(sx) and
any vector » 2 NyR(sk) of norm lessthan #,

Alexp, (») = ~ (i) k();

wherethe b ersof f S'TCP? at x and at exp, (») areimplicitly identi ed usingradial

parallel transport, and  : [0;4 ! [0; 1] is a smooth cut-o®function equalto 1 over
[0; 4] and O over [%J_r; +]. SinceA vanishesnear the boundary of the chosentubular

neighborhood, we can extendit into a smaoth sectionover all of X which vanishes
at distancemore than + from R(sy).

Decreasing+ if necessarywe can assumethat + < 2 . it then follows from
the vanishing of p over the c-neighborhood of C(si) that A vanishesover the 3-
neighborhood of C(s¢). Moreover, becausejpjceq, = O(ki *2) for all p 2 N and
becausehe cut-o®function ~ is smaoth, A alsosatis esboundsjAjceq, = O(ki 12)
forall p2 N.

Fix apoint x 2 R(sy) : Aisidertically zeroover R(sy) by construction, sor A(x)
vanishesover T,R(sk) ; and, because ~ 1 nearthe origin and by de nition of the
exponertial map, r A(x)jNXR(Sk) = kjnyR(s)- SinceTyR(sk) and NyR(sk) generate
T, X, we concludethat r A(x) = 1. In particular, restricting to K,, we get that
r Ak, = Wk, = @k(x)jKX. Equivalertly, since K, is a complex subspaceof
TxX, we have @\(X)ij = @k(x)ij and @\(X)ij = 0= @«(X)jk,-

Recall that, for all x 2 X, the tangert spaceto CP? at f,(x) = Ps.(x) canoni-
cally identi es with the spaceof complexlinear mapsfrom Cs,(x) to (Cs(x))? Y2
C3- LX. This allows usto de ne %(x) = sk(X) i AX):Sc(X).

It follows from the propertiesof A descrited above that % coincideswith s, over
the $-neigtborhood of C(sy) andthat j¥% Skjce,g = O(k' ) forall p 2 N. Because
of the transversality properties of si, we get that the points of C(3%) lie within
distance O(ki ¥*2) of C(s), and thereforeif k is large enoughthat C(3%) = C(s).

Let fx = P%, and considera point x 2 R(sy) : sinceA(x) = 0 and therefore
fr(x) = fi(x), it iseasyto chedk that r fi(x) = r f(x)j r A(x)in TSX - Tfk(x)CPz.
Therefore, setting K, = Ker @ (x) asabove, we getthat @x(x) = @«(X) i @\(x)
and @x(x) = @«(X)i @\(x) both vanish over K,. A Tst consequenceés that
@k(x) also hasrank one,i.e. x 2 R(%) : therefore R(sx) %2 R(%). Howewer,
because¥ di®ersfrom s, by O(ki ¥2), it follows from the transversality properties
of s¢ that, for large enoughk, R(34) is cortained in a small neighborhood of R(sk),
and soR (%) = R(sk).

Moreover, recall that at every point x of R(3%) = R(sx) one has @T((x)ij =
@x(X)jk, = 0. Therefore @ (x) vanishesover the kernel of @y (x), and so the
sections¥ satisfy all the required properties.
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To handle the caseof one-parameterfamilies, remark that the above construc-
tion consistsof explicit formulae, soit is easyto ched that p, A and ¥% depend
cortinuously on sy and Jx. Therefore,starting from one-parameterfamilies s, and
Jik, the above construction yields for all t 2 [0; 1] sections¥%y which satisfy the
required properties and depend cortinuously on t.

Moreover, if o alreadysatis esthe required propertles i.e. @ «(X)jk, vanishes
at any point x 2 R(Sgx), then the above de nitions give u” 0, and thereforeA” 0
and ¥. = Sox ; Similarly for t = 1, which endsthe proof of Proposition 9.

4.3. Proof of the main theorems. Assumingthat Theorem 3 holds, The-
orems1 and 2 follow directly from the results we have proved so far : combining
Propositions 1, 4, 5 and 7, onegets, for all large k, asymptotically holomorphicsec-
tions of C3- LX which are °-genericfor someconstart ° > 0 ; Propositions 8 and
9 imply that thesesectionscan be made @tame by perturbing them by O(k' 172)
(which presenesthe genericity propertiesif k is large enough); and Theorem3im-
plies that the correspnding projective maps are then approximately holomorphic
singular branched coverings.

Let usnow prove Theorem4. We are giventwo sequencesyx and s, of sections
of C3- L¥ which are asymptotically holomorphic, ° -genericand @tame with respect
to almost-complexstructures Jo, and J;, and want to show the existenceof a one-
parameter family of almost-complexstructures J, interpolating between J, and
J; and of genericand @tame asymptotically J;-holomorphic sectionsinterpolating
betweensy and s; .

Onestarts by de ning sectionss.x and compatible almost-complexstructures J;
interpolating between(sox; Jo) and (Sy; J1) in the following way : for t 2 [0; 2], let
Stk = Sox andJy = Jo; fort 2 [2; 3], let s = (3j 7t)sox andJ; = Jo; fort 2 [2; 9],
let stk = O and take J; to be a path of ! -compatible almost-complexstructures
from Jo to J; (recall that the spaceof compatible almost-complexstructures is
connected); for t 2 [4;2], let syx = (7t 4)sy and J; = J; ; and for t 2 [3;1],
let six = Sk and J; = J;. Clearly, J; and s;x depend cortinuously on t, and the
sectionssx are asymptotically J;-holomorphicfor all t 2 [0; 1].

Since° -genericity is a local and C3-open property, there exists® > 0 sud that
any sectiondi®eringfrom sox by lessthan ® in C3 norm is —-generlc and similarly
for s;.x. Applying Propositions 1, 4, 5 and 7, we get for all large k asymptotically
Ji-holomorphic sections %, which are " -genericfor some” > 0, and sud that
%k i Stkicsg < ®forall t 2 [0;1].

We now set sl = sox fort 2 [0;3] ; 8% = (2§ Tt)sox + (7t 1)%s, for
t2[2;2] ;s = %y fort 2 [2;3]; sY, = (7t. B)suk + (6§ Tt)¥s, fort2 [7,7 ;
and sgk = s34 for t 2 [8;1]. By construction, the sectlonsst'k are asymptotically
Ji-holomorphic for all t 2 [0;1] and depend cortinuously on t. Moreover, they
are %-genericfor t 2 [0; %] becauses?;k then lies within ® in C3 norm of so, and
similarly for t 2 [2;1] becausesﬁk then lies within ® in C* norm of s;. They are



66 I1l. SYMPLECTIC 4-MANIF OLDS AS BRANCHED COVERINGS OF CP?

also” -genericfor t 2 [%; %] becausesgk is then equalto %y . Thereforethe sections
sy are” ®genericfor all t 2 [0; 1], where” °= min("; 5).

Next, we apply Proposition 8 to the sectionss, : sinces), = Sgx ands), = sy
are already @tame, and sincethe families sgx and J; are constart over [0; 1] and
8, 1], onecanrequireof the sectionss’) givenby Proposition 8that s§% = s3, = Sox
and s} = s, = si«. Finally, we apply Proposition 9 to the sectionssyy to
obtain sections%;’l? which simultaneouslyhave genericity and @tamenessproperties.
Sinces3% and s} are already @tame, one can require that %% = s3% = sex and
Y% = s¥% = suk. The sections¥g¢ interpolating betweenso and sy therefore
satisfy all the required properties, which endsthe proof of Theorem4.

5. Generic tame maps and branc hed coverings

5.1. Structure near cusp points. In orderto prove Theorem 3, we needto
ched that, given any genericand @tame asymptotically holomorphic sectionssy
of C3- LK, the correspnding mapsf, = Ps, : X | CP? are, at any point of X,
locally appraximately holomorphically modelled on one of the three model maps of
De nition 2. We start with the caseof the neighborhood of a cusp point.

Let Xxo 2 X be a cusp point of fy, i.e. an elemen of Cj.k(sk), where Jy is the
almost-complexstructure involved in the de nition of @tameness. By de nition,
Ji di®ersfrom J by O(ki ¥*2) and is integrable over a neighborhood of x,, and f
is Jx-holomorphic over a neighborhood of xo. Therefore, choose Jx-holomorphic
local complex coordinates on X near xo, and local complex coordinates on CP?
nearfy(Xo) : the map h correspnding to fy in thesecoordinate charts is, locally,
holomorphic Becausethe coordinate map on X is within O(ki ¥*?) of being J-
holomorphic, we can restrict oursehesto the study of the holomorphic map h =
(hy; hy) de"ned over a neighborhood of 0 in C? with valuesin C?, which satis es
transversality propertiesfollowing from the genericity of s,. Our aim will beto show
that, composingh with holomorphic local di®eomorphismsf the sourcespaceC?
or of the target spaceC?, we can get h to be of the form (z1;2,) 7! (z} i z122;2,)
over a neighborhood of 0.

First, becausg@j]j is boundedfrom belox and x; is a cusppoint, the derivative
@ (0) doesnot vanish and hasrank one. Therefore,composingwith a rotation of
the target spaceC? if necessarywe can assumethat its imageis directed along the
secondcoordinate, i.e. Im (@(0)) = fOg£ C.

Calling Z; and Z, the two coordinates on the target spaceC?, it follows im-
mediately that the function z, = h"Z, over the sourcespacehas a non-vanishing
di®erertial at 0, and can therefore be consideredas a local coordinate function on
the sourcespace. Choosez; to be any linear function whosedi®erertial at the
origin is linearly independert with dz(0), sothat (z;;z,) de ne holomorphiclocal
coordinates on a neighborhood of 0 in C?. In thesecoordinates, h is of the form
(z1;22) 7' (h1(z1;22); 22) where hy is a holomorphic function sud that h,;(0) = 0
and @.(0) = 0.
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Next, notice that, becauseJac(fy) vanishestransversely at x,, the quartity
Jac(h) = det(@) = @= @1 vanishestransverselyat the origin, i.e.

@hl(O) @hl 2 &0

Moreover, an argumernt simllar to that of Sectlon3.2 showsthat locally, becauseve
have arrangedfor j@,j to be boundedfrom below, the ratio betweenthe quartities
T(s) and T = @, ” @ac(h) is boundedfrom above and below. In particular, the
fact that xo 2 G; (sk) implies that the restriction of T to the set of branch points
vanishestransverselyat the origin.

In our case,T = dz” @@‘1) i (@h,=@?)dz " dz,. Therefore,the vanishing
of T(0) implies that @h,= @1 (O) = 0. It followsthat @h;=@; @ (0) must be non-
zero; rescalingthe coordinate z; by a constant factor if necessarythis derivative
can be assumedto be equalto j 1. Therefore,the map h can be written as

h(zi;22) = (i 2122+ .25+ O(jzj%); 22)
= (j z1zo+ 25+ @2+ "2z + ° 7175 + 223 + O(jzjY); 22)

where, , ®, , ° and + are complexcoezcients.

We now considerthe following coordinate changes: on the target spaceC?,
dene A(Z1;Z,) = (Z1i ,Z3%i #Z3;Z,), and on the source space C?, de ne
Az1;2) = (z1 + T2+ zlzz,zz) Clearly, these two maps are local di®eomor-
phisms near the origin. Therefore, one can replaceh by A +h = A, which has the
e®ectof killing most terms of the above expansion: this allows us to considerthat
h is of the form

h(z1;22) = (i 2222 + ®Z3 + O(jzj*); zo):

Next, recall that the setof branch points is, in our local setting, the setof points
whereJac(h) = @1=@; = | z» + 3®z? + O(jzj®) vanishes. Therefore, the tangert
direction to the set of branch points at the origin is the z; axis, and the transverse
vanishingof T at the origin implies that 27 (0) 6 0. Using the above formula for
T, we concludethat @h,=@3 6 0, i.e. ®6 0.

Rescalingthe two coordinates z; and Z, by a constant factor, we can assume
that ®is equalto 1. Therefore,we have usedall the transversality properties of h
to show that, on a neighborhood of Xy, it is of the form

h(z1;22) = (j 2222 + 22 + O(jzj*); 2o):

The uniform boundsand transversality estimateson s, canbe usedto shaw that all
the rescalingsand transformations we have usedare \nice", i.e. they have bounded
derivativesand their inverseshave boundedderivatives.

Our next task is to shav that further coordinate changescan kill the higher
order terms still presen in the expressiorof h. For this, we rst prove the following
lemma:

Lemma 9. Let D be the space of holomorphiclocal di®@morphismsof C? near
the origin, and let H be the space of holomorphic mapsfrom a neightorhood of 0
in C2 to a neighlorhood of 0 in C2. Let hg 2 H bethe map (x;y) 7! (x3| xy;y).
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Then the di®ekential at the point (Id;Id) of themapF : D£ D! H de ned by
F(©;% =2 +hyx© is surjective.

Proof. Let A= (A;A) and A = (A;; A,) be two tangert vectorsto D at Id
(i.e. holomorphic functions over a neighborhood of 0 in C? with valuesin C?). The
di®erettial of F at (Id;Id) is given by

h [
(Id + tA) £ho = (Id + tA)(X;y)
0

— d
DF a0y (AJA)(X YY) = dt
3

= AT xyiy) + (3% MAGY) i XA y); AP i xy;y) + A(xy)
Proving the surjectivity of DF at (Id;Id) is equivalert to cheding that, given any
tangert vector (31;2,) 2 Ty, H (i.e. a holomorphic function over a neighborhood of

0 in C? with valuesin C?), there exist A and A such that DF q.q) (A;A)(X;y) =
(21(x;¥);22(x; ). Projecting this equality on the secondfactor, one gets

Po(x® i xy;y) + A(xy) = 25(%; Y);
which impliesthat Ax(x;y) = 2,(x;y)i Ax(x%i xy;y). ReplacingA; by its expression
in the rst componert, and setting 2(x;y) = 21(X;y) + X 25(X; y), the equationwhich
we needto solve nally rewrites as
AT xysy) + x A0 i xyiy) + (3% 0 YA Y) = 2(x;y);
wherethe parameter2 can be any holomorphicfunction, and A, A, and A arethe
unknown quartities.

Solvingthis equationis a priori dixcult, soin orderto getan ideaofthe general
solution it is bestto rst work in the ring of formal power seriesin the two variables
x andy. Sincethe equationis linear, it is suzcient to nd a solution when?2 is a
monomial of the form 2(x;y) = xPy% with (p;qg) 2 N2.

First note that, for 2(x;y) = y4 (i.e. whenp = 0), a trivial solution is given
by Ai(x3i xy;y) = y9, A, = 0and A, = 0. Next, remark that, if there exists a
solution for a given2(x; y), then there alsoexistsa solution for x 2(x; y) : indeed,if
AL(3i xy;y)+x Aa(x3i xy; )+ (3x%i y) Au(xiy) = 2(x;y), then setting Ay = 1y A,
R = Ay and A (x;y) = xAy(x;y) + 3A(x3 | xy;y) onegets

R(x®i xy;y) + x B0 i xy;y) + (3% i y) Au(xiy) = X2(x;y):

Therefore,by induction on p, the equationhasa solution for all monomialsxPy9,
and by linearity there exists a formal solution for all power series?(x;y). A short
calculation givesthe following explicit solution of the equation for 2(x;y) = xPy9 :
if p= 2Kk is even,

d 1
Al(x3 i Xy’y) = 3i kyk+q, AZ = O, A]_(X, y) = 3i (j+1) yj+qX2ki 2j 2] ;
j=0
andif p= 2k + 1is odd,
i1
Ai=0 AT xyy) = 3Ky A(gy)= 30D yiraitia;
j=0
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In particular, A; and A, actually only depend on the secondvariable y.

The above formulae make it possibleto compute a general solution for any
holomorphic?, given by the following expressionswhere®, and°, areby de nition
the two squareroots of %y (exd1anging° + and®, clearly doesnot a®ectthe result) :

¢
A3 xy;y) = ,( )+ 2(%0y) b
Ay (x® ._Xy,y)= 2( )i 2y
A(x;y) = 5 Z(X;yi: i(++’y)i Z(X;yi: 2( )

Note that these functions are actually smaoth, although they depend on °g
which are not smaooth functions of y, becausethe odd powers of °s canceleath
other in the expressions.Similarly, one easily cheks that, wheny! Oorx! °g,
the vanishing of a term in the formula for A; always makesup for the singularity
of the denominator, so that A, is actually well-de ned everywhere. Another way
to seethesesmoothnessproperties is to obsene that, becausetheseformulae are
simply a rewriting of the formal solution computed previously for power series,the
functions they de ne admit power seriesexpansionsat the origin. Lemma 9 is
therefore proved. a

Lemma 9 implies the desiredresult. Indeed, endov the spaceof holomorphic
mapsfrom a neighborhood D of 0in C? to C? with a structure of Hilb ert spacegiven
by a suitable Sokolev norm, e.g.the L2 norm which is strongerthan the C* norm :
then, sincethe di®erenial at (Id;Id) of F is a surjective cortinuouslinear map, the
submersiontheorem for Hilbert spacesimplies the existenceof a constart ® > 0
with the property that, given any holomorphic function 2 suc that j2j_zp) < ®,
there exist holomorphic local di®eomorphismsd and 2 of C2 near 0, L3-closeto
the identity, sudh that 2 +hg£© = hg + 2,

Recall that we are trying to remove the higher order terms from h(z;;z,) =
(Z3 i 21z + Wz1; 22); 22), Where W(zy;22) = O(jzj*). There is no reasonfor the L3
norm of p to be smaller than ® over the xed domain D. Howewer the required
bound can be achieved by rescalingall the coordinates: let , be a small positive
constart, and considerthe di®eomorphism® : (z1;2;) 7! (,z 1;, ?z2) of the source
spaceand @ : (Z1;Zy) 7! (,13Z4;,12%2Z,) of the target space. Then we have
8 +hp+© = hp,and?® +h=*0 (z1;2) = (237 z12, + [ (z1;22); 22) where
M (z1522) = , 1 °W(,21;, %2).

Let R be a constart sudh that D % B(0;R), and let £ > 0 be a constan
sud that ¥(1+ R?+ R*+ R%+ R®vol(D) < ®. It follows from the bound
ir ‘T (z1;22)j -, jr “W(,z1;, %2)j that, if | is small enough,the fourth derivative
of T remainssmallerthan + over D. Sincefl andits rst three derivativesvanish
at the origin, by integrating the bound jr *Ij < + one gets that iTiLzoy < ®
Therefore,if , is small enoughthere exist local di®eomorphisms© and # sud that
&+hpx© = a +h+© overthe domainD. Equivalertly, setting? = a i t+& +a
and© = © +©+©I 1 , we have? +hyg+© = h over a small nelgrborhood of 0 |n
C2, which is what we wanted to prove.
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Moreover, becauseof the uniform transversality estimatesand bounds on the
derivatives of sy, the derivatives of h are uniformly bounded. Therefore one can
choosethe constart , to be independen of k and of the given point xo 2 C;. (s) :
it follows that the neighborhood of xo over which the map f hasbeenshown to be
O(ki ¥¥)-approximately holomorphically modelledon the map hy canbe assumedo
cortain aball of xed radius (dependingon the boundsand transversality estimates,
but independen of xy and k).

5.2. Structure near generic branch points. We now considera branch
point Xo 2 R;. (S«), which we assumeto be at distancemore than a xed constart
+ from the set of cusp points C;, (sx). We want to show that, over a neighborhood
of Xg, fx = Psk is appraximately holomorphically modelled on the map (z;;z,) 7!
(2} 22).

From now on, we implicitly usethe almost-complexstructure Jyx and write R
for the intersection of Ry, (sx) with the ball By, (xo; 3). First note that, sinceR
remains at distance more than 5 from the cusp points, the tangert spaceto R
remains everywhereaway from the kernel of @. Therefore, the restriction of fy
to R is a local di®eomorphismover a neighborhood of xq, and so f(R) is locally
a smooth approximately holomorphic submanifold in CP?. It follows that there
exist appraximately holomorphic coordinates(Z1;Z,) on a neighborhood of f(Xo)
in CP? sudh that f(R) is locally de ned by the equationZ, = 0.

De ne the appraximately holomorphic function z, = f /Z, over a neighborhood
of Xp, and notice that its di®eretial dz, = dZ, + d doesnot vanish, becauseby
construction Z, is a coordinate on f ((R). Therefore,z, canbe consideredasa local
complex coordinate function on a neighborhood of xq. In particular, the level sets
of z, are smaoth and intersectR transverselyat a single point.

Take z; to be an appraximately holomorphic function on a neighborhood of Xxq
which vanishesat xo and whosedi®erettial at Xq is linearly independert with that
of z, (e.g. take the two di®eretials to be mutually orthogonal), so that (z;;z,)
de ne appraximately holomorphic coordinateson a neighborhood of xo. From now
on we usethe local coordinates (z;;z,) on X and (Z1;Z,) on CP?,

Becausedz,rr remains away from 0, R has locally an equation of the form
z, = %z,) for someapproximately holomorphic function %2 (satisfying 40) = 0
sincexy 2 R). Therefore, shifting the coordinateson X in order to replacez; by
z1i “Az,), onecanassumethat z; = O is a local equationof R. In the chosenlocal
coordinates,f is thereforemodelled on an approximately holomorphicmap h from
a neighborhood of 0 in C? with valuesin C?, of the form (z;2,) 7! (hi(z1;22); 22),
with the following properties.

First, becauseR = fz; = Ogismappedto f((R) = fZ; = 0g, wehaveh,(0; z,) =
O for all z,. Next, recall that the di®erenial of f, hasreal rank 2 at any point of
R (because@y hascomplexrank 1 and @k vanishesover the kernelof @), soits
imageis exactly the tangert spaceto f¢(R). It followsthat r h; = 0 at every point
(0, Zz) 2 R.

Finally, becausethe chosen coordinates are approximately holomorphic the
quartity Jag(fy) is within O(ki ¥2) of det(@) = (@.=@.) @1 " @,. Therefore,
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the transversality to 0 of Jad(f) implies that (@h;=@?; @h,;=@;@>) hasa norm
which remainslargerthan a "xed constart alongR. However @h,;=@, @, vanishes
at any point of R because@,=@; (0;z,) = 0 for all z,. Therefore the quartity
@h,;=@? remainsboundedaway from 0 on R.

The above propertiesimply that h can be written as

i _ ¢
h(z1;20) = ®2)Z2 +  (z)z121 + ° ()22 + 2(21,22): 22 ;

where ® is appraximately holomorphic and bounded away from 0, while  and
° are O(ki ¥¥?) (becauseof asymptotic holomorphicity), and 2(z;;z,) = O(jzij3)
is appraximately holomorphic. Moreover, composing with the coordinate change
(Z1;2Z,) 7' (®(Z,)1 1Z4;Z5) (which is appraximately holomorphic and hasbounded
derivativesbecause® is boundedaway from 0), onereducesto the casewhere® is
idertically equalto 1.

We now want to reducefurther the problem by removing the  and ° terms
in the above expression: for this, we rst remark that, given any small enough
complex numbers  and °, there exists a complex number ,, of norm lessthan
j j+j°j and dependingsmaothly on  and °, sud that

_ . ol o HEE AN
. = ,+2(1+J,J)-

Indeed, if j j+ j°] < % the right hand side of this equation is a cortracting map
of the unit disc to itself, so the existenceof a solution , in the unit disc follows
immediately from the xed point theorem. Furthermore, using the boundj,j < 1
in the right hand side,onegetsthat j, j < j j+j°j. Finally, the smooth dependence
of , upon and° follows from the implicit function theorem.
Assumingagainthat j7j + j°j < 3 and de'ning , asabove, let

ll 120 d B oi 2
= > an =
i j,j4 1i j,j4

The complexnumbersA and B are alsosmooth functionsof  and °, andit is clear
that jJAj 1j= O(j j+j°j) andjBj= O( j+]j°j). Moreover, oneeasilycheks that,
in the ring of polynomialsin z and %,
ol
2 1\2 _ 2 .t 032 _ 52, — 0 32.
A(z+ ,2)°+B(2+ z)"=z°+ 21+Lj222+ ¥ =z°+ zE+ °%°
Therefore,if oneassumek to belargeenough,recallingthat the quartities (z,)
and ° (z») which appearin the above expressiorof h are boundedby O(ki **2), there
exist , (z2), A(z,) and B(z,), depending smoothly on z,, sud that jA(z,) i 1j =
O(k! ¥2), jB(z2)j = O(k *?), ], (z2)j = O(k' *?) and

AZ)(z+ , (22)21)*+ B(z) (21 + , (22)21)° = 22+ (22)za21 + °(22) 2L

So, let hy be the map (z1;z,) 7! (z?;z,), and let © and 2 be the two approxi-
mately holomorphiclocal di®eomorphism®f C? de ned by ©(z;;25) = (z1+ , (22)%1;
2,) and 3( Z1;Z,) = (A(Z2)Z1 + B(Z2)21;Z,) : then

h(zy;2)) = 2 +thg£©(z1;2) + (3(21;22); 0):
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It follows immediately that 2 i1 +h +®© 1(z;;2,) = (22 + O(jz1j%); z,). Therefore,
this new coordinate changeallows us to consideronly the casewhere h is of the
form (z1;25) 7! (22 + X214, 25); 25), Where(zy; ;) = O(jz4j°).

BecauseX(z;;2,) = O(jz1j%), the bound j¥z;;2,)j < 3jzj? holds over a neigh-
borhood of the origin whosesize can be bounded from belon independerily of k
and X by using the uniform estimateson all derivatives. Over this neighborhood,
de ne s
Nzi,z) =z 1+ Z(Z;;ZZ)

1

for zlpe_o, wherethe squareroot is determinedwithout ambiguity by the condition
that 1= 1. Setting A(0;z,) = 0, it follows from the bound jA(z1;2) i zij =
O(jz1j?) that the function A is C*. In generalA is not C?, because* may cortain
terms involving #2z; or 3.

BecauseA(z1;z,) = 7 + O(jz1j?), the map £ : (z1:22) 7' (A(z1;22);2,) is a
C? local di®eomorphismof C? over a neighborhood of the origin. As previously,
the uniform boundson all derivativesimply that the sizeof this neighborhood can
be boundedfrom belown independerily of k and x,. Moreover, it follows from the
asymptotic holomorphicity of sy that % has antiholomorphic derivatives bounded
by O(ki ¥2), and soj@j = O(ki 2). Therefore£ is O(ki *=2)-approximately holo-
morphic, and we have

ho £ £( z1;2) = h(z1; 22);
which nally givesthe desiredresult.

5.3. Proof of Theorem 3. Theorem 3 follows readily from the above argu-
ments : indeed,consider® -genericand @tame asymptotically holomorphicsections
s, of C3- LK, and let Jx be the almost-complexstructuresinvolvedin the de nition
of @tameness.We needto shaw that, at any point x 2 X , the mapsf, = Psy are
appraximately holomorphically modelled on one of the three maps of De nition 2.

First considerthe casewherex lies closeto a point y 2 C;, (sc). The argumen
of Section5.1 implies the existenceof a constart £> 0 independert of k andy sud
that, overthe ball By, (y; 2+), the mapf  is Jx-holomorphically modelledon the cusp
covering map (zi;22) 7! (23§ z1zp;22). If x lies within distance+ of y, B, (y; 2t)
is a neighborhood of x ; thereforethe expectedresult follows at every point within
distance = of C;. (s,) from the obsenation that, becausgJi i Jj = O(ki '), the
relevant coordinate chart on X is O(k ¥*?)-approximately J-holomorphic.

Next, considerthe casewherex lies closeto a point y of Ry, (s«) which is itself
at distance more than + from C;, (s¢). The argumen of Section 5.2 then implies
the existenceof a constart +°> 0 independer of k and y sud that, over the ball
Bg (v; 249, the map fy is, in O(ki ¥?)-approximately holomorphic C* coordinate
charts, locally modelledon the branchedcoveringmap (z1; z,) 7! (z%;z,). Therefore,
if one assumeghe distancebetweenx and y to be lessthan +° the given ball is a
neighborhood of x, and the expectedresult follows.

Sowe areleft only with the casewherex is at distancemorethan +°from R 7. (SK)-

Assumingk to be large enough,it then follows from the bound jJi | Jj = O(ki ¥?)
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that x is at distance more than %_ from R;(sk). Therefore, the °-transversality
to 0 of Jac(f) implies that jJad(f «)(x)j is larger than ® = min(3 14%-<) (otherwise,
the downward gradiert °ow of jJad(f )] would reach a point of RJ (sk) at distance
Iessthan +0 from x).

Recalllng that j@kj = O(k' ¥¥?), onegetsthat f, is a O(ki ¥™?)-approximately
holomorphic local di®eomorphismover a neighborhood of x. Therefore, choose
holomorphic complex coordinates on CP? near f ((x) and pull them bad by f, to
obtain O(k' ¥*?)-approximately holomorphiclocal coordinates over a neighborhood
of X : in thesecoordinates, the map f becomeshe idertity map, which endsthe

proof of Theorem 3.

6. Further remarks

6.1. Branc hed coverings of CP?. A natural questionto ask about the re-
sults obtained in this paper is whether the property of being a (singular) branched
covering of CP?, i.e. the existenceof a map to CP? which is locally modelled at
ewvery point on oneof the three mapsof De nition 2, strongly restricts the topology
of a generalcompact 4-manifold. Sincethe notion of approximately holomorphic
coordinate chart on X no longer hasa meaningin this case,we relax De nition 2
by only requiring the existenceof a local identi cation of the covering map with
one of the model mapsin a smooth local coordinate chart on X. Howewver we keep
requiring that the correspnding local coordinate chart on CP? be appraximately
holomorphic,sothat the branch locusin CP? remainsan immersedsymplecticcurve
with cusps. Call such a map a topological singular branchel covering of CP?. Then
the following holds:

Pr oposition 10. Let X be a compact 4-manifold and consider a topological
singular coveringf : X | CP? branchal along a submanifoldR ¥ X . Then X
carries a sympletic structure arbitrarily closeto f °! 5, whee ! is the standad
sympletic structure of CP?,

Pr oof. The closed2-formf°!l 3 on X de nesa symplecticstructure on X j R
which degeneratesalong R. Therefore, one needsto perturb it by adding a small
multiple of a closed2-form with support in a neighborhood of R in order to make
it nondegenerate.This perturbation can be constructedas follows.

Call C the setof cusppoints, i.e. the points of R wherethe tangert spaceto R
liesin the kernelof the di®eretial of f , or equivalertly the points aroundwhich f is
modelledon the map (z1;22) 7! (z}i z12»; ;). Considera point x 2 C, and work in
local coordinates suc that f identi es with the model map. In thesecoordinates,
alocal equationof R is z, = 3z2, and the kernel K of the di®eretial of f coincides
at every point of R with the subspaceC £ f 0g of the tangert space; this complex
identi cation determinesa natural orientation of K. Fix aconstart ¥4 > 0 sud that
Bc(0;2%4)£ Bc(0; 2%) is cortained in the local coordinate patch, and choosecut-o®
functionsA; and A, over C in such away that A equalsl over B¢(0; %) andvanishes
outside of B¢(0; 2%4), and that A, equals1 over B¢(0; 12) and vanishesoutside of
B¢(0; 2%%). Then, let A, bethe 2-form which equalsd(A;(z1) Ax(z2) X1 dy:) over the
local coordinate patch, wherex; andy; are the real and imaginary parts of z;, and
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which vanishesover the remainderof X : the 2-form A, coincideswith dx;  dy,
over a neighborhood of x. More importantly, it follows from the choiceof the cut-o®
functions that the restriction of A, to K = C £ f0g is non-negati\e at every point
of R, and positive non-degenerateat every point of R which lies suzciently close
to x.

Similarly, considera point x 2 R away from C and local coordinatessud that f
identi'es with the model map (z;;z;) 7! (z%;z2). In thesecoordinates, R identi es
with fOg £ C, and the kernel K of the di®erenial of f coincidesat ewery point
of R with the subspaceC £ fOg of the tangert space. Fix a constart %34 > 0
sudth that B¢(0;2%4) £ Bc(0; 2%4) is cortained in the local coordinate patch, and
choosea cut-o®function A over C which equals1 over B¢(0;%) and 0 outside of
Bc(0; 2%4). Then, let A, be the 2-form which equalsd(A(z,) A(z,) x1 dyi) over the
local coordinate patch, wherex; andy; arethe real and imaginary parts of z;, and
which vanishesover the remainder of X : as previously, the restriction of A, to
K = C£ f0g is non-negatiwe at ewvery point of R, and positive non-degenerateat
ewvery point of R which lies suzciently closeto x.

Choosea nite collection of points x; of R (including all the cusppoints) in suc
a way that the neighborhoods of x; over which the 2-forms A, restrict positively
to K cover all of R, and de'ne ® asthe sum of all the 2-formsA,,. Then it follows
from the above de nitions that the 2-form ® is exact, and that at any point of R
its restriction to the kernel of the di®erenial of f is positive and non-degenerate.
Therefore,the 4-form f °!  » ® is a positive volume form at ewery point of R.

Now chooseany metric on a neighborhood of R, and let dz be the distance
function to R. It follows from the compactnessof X and R and from the general
properties of the map f that, using the orientation induced by f and the chosen
metric to implicitly identify 4-formswith functions, there exist positive constarts
K, C, C%and M sud that the following bounds hold over a neighborhood of R :
fooMf%y, Kdg, f1g”2®, Cj CUg, andj®” ® - M. Therefore,for all
2 > 0 onegetsover a neighborhood of R the bound

(fo o+ 2@ N (fP1o+2®), (22Ci M)+ (K i 2CYdx:

If 2 is chosensuzciently small, the coexcients 2C j 2°2M andK | 22 C°%are both
positive, which implies that the closed2-form f °! 3 + 2® is everywherenondegen-
erate, and therefore symplectic. o

Another interesting point is the compatibility of our approximately holomorphic
singular branched coveringswith respect to the symplectic structures! on X and
l o in CP? (as opposedto the compatibility with the almost-complexstructures,
which hasbeena major preoccupation throughout the previoussections).

It is easyto ched that givena coveringmapf : X | CP? de ned by a section
of C3- L, the number of preimagesof a genericpoint is equalto k(! Z[X]),
while the homology classof the preimageof a genericline CP* ¥ CP? is Poincar§
dual to 5k[! . If we normalize the standard symplectic structure ! ¢ on CP? in
such a way that the symplectic areaof a line CP* % CP? is equalto 2% it follows
that the cohomologyclassof f °! ¢ is [f ! o] = K[! ].
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As we have said above, the pull-back f °I § of the standard symplectic form of
CP? by the covering map degeneratesalong the set of branch points, sothere is no
chanceof (X;f "l §) being symplectic and symplectomorphicto (X;k! ). Howewer,
one can prove the following result which is nearly as good :

Pr oposition 11 The 2-formsk = tf “1 o+ (1 t)k! on X are sympletic for
all t 2 [0;1). Moreover, for t 2 [0; 1) the manifolds (X ; &) are all sympletomorphic
to (X;k!).

This meansthat f °! o is, in somesense,a degeneratelimit of the symplectic
structure de ned by k! : thereforethe covering map f behaves quite reasonably
with respect to the symplectic structures.

Pr oof. The 2-forms ~ are all closedand lie in the samecohomologyclass.
We have to shaw that they are non-degeneratefor t < 1. For this, let x be any
point of X and let v be a nonzerotangert vector at x. It is suxcient to prove that
there exists a vector w 2 T, X sud that ! (v;w) > Oandf " o(v;w) , 0: then
~(v;w) > Ofor all t < 1, which implies the non-degeneracyf *.

Recall that, by de nition, there exist local approximately holomorphic coordi-
nate mapsA over a neighborhood of x and A over a neighborhood of f (x) sud that
locally f = Ai ' +g+A whereg is a holomorphic map from a subsetof C? to C2.
De ne w = A, 1JoA.v, whereJy is the standard complexstructure on C? : then we
have w = (A°Jo)v and, becausey is holomorphic, f ow = (A%Jo)f V.

Becausethe coordinate mapsare O(ki ¥*2)-approximately holomorphic, we have
jwi Jvj - Cki?jyj and jfow i Jofavj - Cki ¥2jf.vj, where C is a constart
and J, is the standard complex structure on CP? It follows that ! (v;w) ,
jvji2i Cki ¥?jvj2> 0,andthat ! o(fav;fow) , jfavj?i Cki ¥2jf,vj2 | 0. Therefore,
~(v;w) > Oforallt 2 [0;1) ; sincethe existenceof sud aw holdsfor every nonzero
vector v, this provesthat the closed2-formsk; are non-degenerateand therefore
symplectic.

Moreover, these symplectic forms all lie in the cohomologyclass|k! ], so it
follows from Moser'sstability theoremthat the symplectic structures de ned on X
by k for t 2 [0;1) are all symplectomorphic. o

6.2. Symplectic Lefschetz pencils. The techniquesusedin this paper can
also be applied to the construction of sectionsof C?- Lk (i.e. pairs of sectionsof
LK) satisfying appropriate transversality properties : this is the existenceresult for
Lefsdetz pencil structures (and uniquenessup to isotopy for a given value of k)
obtained by Donaldson[D2].

For the sake of completenesswe give herean overview of a proof of Donaldson's
theorem using the techniques descrilked in the above sections. Let (X;!) be a
compactsymplecticmanifold (of arbitrary dimension2n) sud that 2i%[! ] isintegral,
and asbeforeconsidera compatible almost-complexstructure J, the correspnding
metric g, and the line bundle L whose rst Chern classis 2—{/4[! ], endoved with a
Hermitian connectionof curvature j i! . The required properties of the sectionswe
wish to construct are determined by the following statemert :
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Pr oposition 12 Let si = (s;st) be asymptoti@lly holomorphic sections of
C?- LX over X for all largek, which we assumeto be ~ -transverseto 0 for some
©> 0. LetFy = s{(l(O) (it is a real codimension 4 sympletic submanifoldof X)),
and de ne the mapf, = Ps, = (s : sf) from X | F, to CP'. Assumefurthermore
that @ is ~ -transverseto 0, and that @k vanishesat every point whee @y = O.
Then, for all largek, the section s and the map f, de ne a structure of sympletic
Lefschetzpencil on X.

Indeed, F¢ corresppndsto the set of basepoints of the pencil, while the hyper-
surfaces(8 k.u)2cpt forming the pencilarede nedto be 8y, = f,j *(u)[ Fy, i.e. 8.y
is the set of all points where (s?; st) belongsto the complexline in C? determined
by u. The transversality to O of sy givesthe expectedpencil structure nearthe base
points, and the asymptotic holomorphicity implies that, near any point of X j Fg
where @y is not too small, the hypersurfacess ., are smooth and symplectic (and
even appraximately J-holomorphic).

Moreover, the transversality to 0 of @y implies that @, becomessmall only
in the neighborhood of nitely many points whereit vanishes,and that at these
points the holomorphic Hessian@ is large enoughand nondegenerate.Because
@ alsovanishesat thesepoints, an argumernt similar to that of x5.2 shows that,
nearits critical points, fx behaveslike a complex Morse function, i.g. it is locally
approximately holomorphically modelled on the map (z3;:::;2,) 7!~ z? from C"
to C. The approximate holomorphicity of f and its structure at the critical points
can be easily shovn to imply that the hypersurfaces8y., are all symplectic, and
that only nitely many of them have isolated singular points, which correspnd to
the critical points of f and whosestructure is therefore completely determined.

Therefore, the construction of a Lefsdetz pencil structure on X can be car-
ried out in three steps. The rst step is to obtain for all large k sectionssy of
C?- Lk which are asymptotically holomorphic and transverseto 0 : for example,
the existenceof sut sectionsfollowsimmediately from the main result of [Al]. Asa
consequencehe required propertiesare satis ed on a neighborhood of Fy = s, *(0).

The secondstepis to perturb sy, away from Fy, in orderto obtain the transver-
sality to 0 of @. For this purpose, one usesan argumert similar to that of
x2.2, but where Proposition 2 hasto be replacedby a similar result for approx-
imately holomorphic functions de ned over a ball of C" with valuesin C" which
has beenannouncedby Donaldson(see[D2]). Over a neighborhood of any given
point x 2 X j Fi, composing with a rotation of C? in order to ensurethe non-
vanishing of s{ over a ball certered at x and de ning hy = (sP)' 'st, one remarks
that the transversality to 0 of @ is locally equivalert to that of @y. Choosing
local appraximately holomorphic coordinatesz, it is possibleto write @y asa lin-
ear conbination L, ujl} of the 1-forms?| = @z} :(sp)' *si&). The existenceof
wi 2 C" of norm lessthan a given + ensuringthe transversality to O of u, j wyg over
a neighborhood of x is then given by thg suitable local transversality result, and it
follows easilythat the section(s);sti Wz si) satis esthe required transver-
sality property over a ball around x. The global result over the complemen in X
of a small neighborhood of Fy then follows by applying Proposition 3.
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An alternate strategy allows oneto proceedwithout proving the local transver-
sality result for functions with valuesin C", if one assumess? and s} to be linear
combinations of sectionswith uniform Gaussiandecyg (this is not too restrictive
sincethe iterativ e processdescribted in [Al] usespreciselythe sectionss{ff“X asbuild-
ing blocks). In that case,it is possibleto locally trivialize the cotangern bundle
T°X, and thereforework componert by componern to getthe desiredtransversality
result ; in a manner similar to the argumen of [Al], oneusesLemma 6 to reduce
the problem to the transversality of sectionsof line bundles over submanifolds of
X, and Proposition 6 aslocal transversality result. The assumptionon sy is used
to prove the existenceof asymptotically holomorphic sectionswhich approximate
sk very well over a neighborhood of a given point x 2 X and have Gaussiandecgy
away from x : this makesit possibleto nd perturbations with Gaussiandecy
which at the sametime behave nicely with respect to the trivialization of T"X.
This way of obtaining the transversality to 0 of @ is very technical, sowe don't
descrile the details.

The last stepin the proof of Donaldson'stheoremis to ensurethat @k vanishes
at the points where @ vanishesby perturbing s, by O(ki **2) over a neighborhood
of thesepoints. The argumert is a much simplerversionof x4.2: on a neighborhood
of a point x where @, vanishesonede nesa sectionA of f °TCP* by A(exp, (»)) =
“(j) @k(x)(»), where ™ is a cut-o® function, and one usesA as a perturbation of
sk in order to cancelthe antiholomorphic derivative at x.

6.3. Symplectic ampleness. We have seenthat similar techniquesapply in
various situations involving very positive bundlesover a compact symplectic man-
ifold, sud as constructing symplectic submanifolds([D1],[Al]), Lefsdetz pencils
[D2], or covering mapsto CP?. In all thesecasesthe result is the exact approxi-
mately holomorphic analogueof a classicalresult of complex projective geometry
Therefore, it is natural to wonderif there existsa symplecticanalogueof the notion
of ampleness for example,the line bundle L endoved with a connection of cur-
vature j i ! , whenraisedto a suxciently large power, admits many approximately
holomorphic sections,and so it turns out that someof these sectionsbehave like
genericsectionsof a very ample bundle over a complex projective manifold.

Let (X;!) be a compact 2n-dimensional symplectic manifold endoved with a
compatible almost-complexstructure, and x anintegerr : it seemdikely that any
suzciently positive line bundle over X admits r + 1 appraximately holomorphic
sectionswhosebehavior is similar to that of genericsectionsof a very ample line
bundle over a complex projective manifold of dimensionn. For example,the zero
set of a suitable section is a smaooth appraximately holomorphic submanifold of
X ; two well-chosensectionsde ne a Lefsdetz pencil ; for r = n, one expects
that n + 1 well-chosensectionsdetermine an approximately holomorphic singular
covering X ! CP" (this is what we just proved for n = 2) ; for r = 2n, it should
be possibleto construct an appraximately holomorphicimmersionX ! CP?", and
for r > 2n a projective embedding. Moreover, in all known cases,the spaceof
\good" sectionsis connectedwhen the line bundle is su+ciently positive, so that
the structures thus de ned are in somesensecanonicalup to isotopy.
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Howewer, the constructionstend to becomemore and more technical when one
getsto the more sophisticated cases,and the dewelopmen of a generaltheory of
symplectic amplenessseemsto be a necessarystep before the relations between
the appraximately holomorphic geometryof compactsymplectic manifolds and the
ordinary complex projective geometry can be fully understood.
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