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1. Intr oduction

The phenomenonof Mirror Symmetry, in its \classical" version, was rst obsened for Calabi-Yau manifolds,
and mathematicians wereintroducedto it through a seriesof remarkable papers[20, 13, 38, 40, 15, 30, ...]. Some
very strong conjectures have beenmade about its topological interpretation { e.g.the Strominger-Yau-Zaslov
conjecture. In a di®erert direction, the framework of mirror symmetry was extended by Batyrev, Givental,
Hori, Vafa, etc. to the caseof Fano manifolds.

In this paper, we approad mirror symmetry for Fano manifolds from the point of view suggestedby the
work of Kontsevich and his remarkable Homological Mirror Symmetry (HMS) conjecture [27]. We extend the
previous investigations in the following two directions:

2 Building on recert works by Seidel[34], Hori and Vafa [23] (seealso an earlier paper by Witten [41]),
we prove HMS for some Fano manifolds, namely weighted projective lines and planes, and Hirzebruch
surfaces. This extends, at a greater level of generality, a result of Seidel[35] concerningthe caseof the
usual CP?.

2 \We obtain the rst explicit description of the extension of HMS to noncommutativ e deformations of
Fano algebraic varieties.

In the long run, the goalis to explorein greaterdepth the fascinating ties brought forth by HMS betweencom-
plex algebraic geometry and symplectic geometry, hoping that the currently more developed algebro-geometric
methods will open a ne opportunity for obtaining new interesting results in symplectic geometry We rst
describe the results of this paper in somemore detail.

Most of the classical works on string theory deal with the caseof N = 2 superconformal sigma models
with a Calabi-Yau target space. In this situation the corresponding "eld theory has two topologically twisted
versions,the A- and B-models, with D-branes of types A and B respectively. Mirror symmetry interchanges
thesetwo classesof D-branes. In mathematical terms, the category of B-branes on a Calabi-Yau manifold X is
the derived category of coheren sheaveson X, DP(coh(X)). The so-called(derived) Fukaya category DF (Y)
has been proposedas a candidate for the category of A-branes on a Calabi-Yau manifold Y; in short this is a
category whoseobjects are Lagrangian submanifolds equipped with °at vector bundles. The HMS Conjecture
claims that if two Calabi Yau manifolds X and Y are mirrors to ead other then D P(coh(X)) is equivalernt to
DF(Y).

Physicists also consider more generalN = 2 supersymmetric "eld theories and the corresponding D-branes;
among these, two families of theories are of particular interest to us: on one hand, sigma models with a Fano
variety as target space,and on the other hand, N = 2 Landau-Ginzburg models. Mirror symmetry puts the
former in corresppndencewith a certain subclassof the latter. In particular, B-braneson a Fano variety are
described by the derived category of coherert sheaves, and under mirror symmetry they correspond to the A-
branesof a mirror Landau-Ginzburg model. These A-branes are described by a suitable analogueof the Fukaya
category, namely the derived category of Lagrangian vanishing cycles.

In order to demonstrate this feature of mirror symmetry, we use a procedure introduced by Batyrev [8],
Givental [18], Hori and Vafa[23], which we will call the toric mirr or ansatz Starting from a completeintersection
Y in atoric variety, this procedureyields a description of an atne subsetof its mirror Landau-Ginzburg model
(to obtain afull description of the mirror it is usually necessaryto considera partial (b erwise)compacti cation)
{ an open symplectic manifold (X ;! ) and a symplectic bration W : X | C (seee.qg.[24]).

Following ideas of Kontsevich [28] and Hori-lgbal-V afa [22], Seidelrigorously de ned (in the caseof non-
degeneratecritical points) a derived category of Lagrangian vanishing cyclesD (Lag,.(W)) [34], whoseobjects
represent A-branesonW : X ! C.
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In the caseof Fano manifolds the statemert of the HMS conjecture is the following:

Conjecture 1.1. The category of A-branes D (Lag..(W)) is equivalent to the derived category of coherent
sheaves(B-branes)on Y.

We will prove this conjecture for various examples.

There is also a parallel statemert of HMS relating the derived category of B-braneson W : X ! C, whose
de nition was suggestedby Kontsevich and carried out algebraically in [33], and the derived Fukaya category of
Y. Sincevery little is known about these Fukaya categories,we will not discussthe details of this statemert in
the presen paper. Our hope in this direction is that algebro-geometricmethods will allow usto look at Fukaya
categoriesfrom a di®erert perspective.

The casewe will be mainly concernedwith in this paper is that of the weighted projective plane CP?(a; b;c)
(where a; b;c are three mutually prime positive integers). Its mirror is the axne hypersurfaceX = fx2yPz® =
1g ¥ (C®)3, equipped with an exact symplectic form ! and the superpotential W = x+ y+ z. Our main theorem
is:

Theorem 1.2. HMS holds for CP?(a;b;c) and its nonc ommutative deformations.

Namely, we show that the derived category of coherert sheares (B-branes) on the weighted projective plane
CP?(a; b;c) is equivalert to the derived category of vanishing cycles (A-branes) on the a+ne hypersurfaceX 2
(C”)3. Moreover, we also show that this mirror correspondencebetweenderived categoriescan be extended to
toric noncommutativ e deformations of CP?(a; b;c) where B-branesare concerned,and their mirror courterparts,
non-exact deformations of the symplectic structure of X where A-branes are concerned.

Obserne that weighted projective planes are rigid in terms of commutativ e deformations, but have a one-
dimesional moduli space of toric noncomnutativ e deformations (CP? also has some other noncomnutativ e
deformations, seex6.2). We expect a similar phenomenonto hold in many caseswhere the toric mirror ansatz
applies. An interesting question will be to extend this correspondenceto the caseof generalnoncomnutativ e
toric vareties.

We will also consider someother examplesbesidesweighted projective planes,in order to demonstrate the
ubiquity of HMS:

2 asa warm-up example, we give a proof of HMS for weighted projective lines (a result also announced
by D. van Straten in [39]).

2 we alsodiscussHMS for Hirzebruch surfacesF,. For n | 3, the canonicalclassis no longer negative (Fp,
is not Fano), and HMS doesnot hold directly, becausesomemodi cations of the toric mirror ansatzare
needed,as already noticed in [22]. The direct application of the ansatz producesa Landau-Ginzburg
model whose derived category of vanishing cyclesis identical to that on the mirror of the weighted
projective plane CP?(1;1;n). In order to make the HMS conjecture work we needto restrict ourselhes
to an open subsetin the target spaceX of this Landau-Ginzburg model.

2 we will alsooutline an idea of the proof of HMS (missing only someFloer-theoretic argumerts about
certain moduli spacesof pseudo-holomorphicdiscs) for some higher-dimensional Fano manifolds, e.g.
CP.

A word of warning is in order here. We do not describe completely and do not make use of the full potential
of the toric mirror ansatzin this paper. Indeed we do not compactify and desingularizethe open manifold X .
Compacti cation and desingularization procedureswill be addressedin full detail in future papers [5] dealing
with the casesof more generalFano manifolds and manifolds of generaltype, wheretheseextra stepsare needed
in order to exhibit the whole category of D-branes of the Landau-Ginzburg model. In this paper we work with
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speci ¢ examplesfor which compacti cation and desingularization are not needed(conjecturally this is the case
for all toric varieties). However there are two principles which are readily apparert from thesespeci ¢ examples:

2 noncomnutativ e deformations of Fano manifolds are related to variations of the cohomology class of
the symplectic form on the mirror Landau-Ginzburg models;

2 ewvenin the toric case,a b erwise compacti cation of the Landau-Ginzburg model is required in order
to obtain generalnoncommutativ e deformations. The noncompact casethen arisesasa limit wherethe
symplectic form on the compacti ed b er acquirespolesalong the compacti cation divisor.

Moreover there are two features of HMS for toric varieties, which becomeapparen in this paper and which
we would like to emphasize:

2 it is important to think of singular toric varieties as smooth quotient stadks. As a consequencef the
work of Cox [14] this characterization is possiblein many cases;

2 assuggestedby our speci ¢ examples,we would like to conjecture that the derived category of coherert
sheaves over a smooth toric quotient stack is always generated by an exceptional collection of line
bundles.

The paper is organizedasfollows. In Chapter 2 we give a detailed description of derived categoriesof coherer
sheaves over weighted projective spacesand some of their noncomnutativ e deformations. After recalling the
de nition of the weighted projective spaceP(a) asa quotient stack, we describe the category of coherent sheares
over P(a) and its noncomnutativ e deformations Py (@), and describe explicitly generating exceptional collections
for DP(coh(P,(a))) (Theorem 2.12 and Corollary 2.27). This is a novel result, and we believe that it suggests
a procedurethat appliesto many other examplesof honcomrrutativ e toric varieties. We also discussderived
categoriesof coherent sheavesover Hirzebruch surfaces.

In Chapter 3 we introduce the category of Lagrangian vanishing cycles assaiated to a Lefschetz “bration,
and outline the main stepsinvolved in its determination; to illustrate the de nitions, we treat the caseof the
mirror of a weighted projective line. After this warm-up, in Chapter 4 we turn to our main examples,namely
the Landau-Ginzburg models mirror to weighted projective planesand their non-exact symplectic deformations.
More precisely we start by studying the vanishing cyclesand their intersection properties, which allows us to
determine all the morphismsin Lag,. (Lemma 4.3). Next we study moduli spacesof pseudo-holomorphicdiscs
in the b er in order to determine Floer products (Lemmas 4.4{4.5); this gives formulas for compositions of
morphisms and higher products in Lagy. (the latter turn out to be identically zero). Finally, after a discussion
of Maslov index and grading, we establish an explicit correspondencebetweendeformation parameterson both
sides (noncommutativ e deformation of the weighted projective plane, and complexi ed KAhler class on the
mirror) and complete the proof of Theorem 1.2.

Chapter 5 dealswith the caseof mirrors to Hirzebruch surfaces,shaving how their categoriesof Lagrangian
vanishing cyclesrelate to those of mirrors to weighted projective planes CP?(n; 1;1). In particular we prove
HMS for F, whenn 2 f0;1;2g, and showv how for n , 3 a certain degeneratelimit of the Landau-Ginzburg
model singlesout a full subcategory of Lag,. whosederived category is equivalent to that of coherent sheaves
on the Hirzebruch surface.

Finally, in Chapter 6 we make various obsenations and concluding remarks, related to the following directions
for future researt:

2 HMS for Del Pezzo surfaces, and for higher-dimensional weighted projective spaces(cf. x6.1 for a

discussionof the caseof CP?);
2 HMS for general(non toric) noncommnutativ e deformations (cf. x6.2 for a discussionof the caseof CP?);
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2 the \other side" of HMS { relating derived Fukaya categoriesto derived categoriesof B-branes on the
mirror Landau-Ginzburg model.
Another topic that will be investigated in a forthcoming paper [6] is HMS for products: our considerations
for Fo = CP! £ CP! suggesta certain product formula on both sidesof HMS { if we consider two manifolds
Y1, Y2 with mirror Landau-Ginzburg models (X 1; W;) and (X2; W), then the mirror of Y; £ Y, is simply
(X1 £ X2; W71 + W,), and we have the following generalconjecture:

Conjecture 1.3. D(Lagyc(W1+ W,)) is equivalent to the product D (Lagyc(W1) - Lagyc(W2)).

More precisely the vanishing cyclesof W; + W, are in one-to-one corresppndencewith pairs of vanishing
cyclesof W1 and W,, and it can be cheded (cf. x6.3) that

HOMLag, . (w,+w,) ((A1;A2); (B1;B2)) ' HOMLag, (w,) (A1 B1) - HOMLag, (w,) (A2; B2):

The conjecture assertsthat Floer products behave in the expected manner with respect to theseisomorphisms.

Ac knowledgemen ts: We are thankful to P. Seidelfor many helpful discussionsand explanations concerning
categoriesof Lagrangian vanishing cycles,and to A. Kapustin for explaining somefeatures of HMS for Hirze-
bruch surfacesand pointing out somereferences. We have also bene tted from discussionswith A. Bondal,
F. Bogomolov, S. Donaldson, M. Douglas, V. Golyshev, M. Gromov, K. Hori, M. Kontsevich, Yu. Manin, T.
Pantev, Y. Soibelman, C. Vafa, E. Witten.

Finally, we are grateful to IPAM (especially to M. Greenand H.D. Cao) for the wonderful working conditions
during the IPAM program \Symplectic Geometry and Physics", where a big part of this work was done.

DA was partially supported by NSF grant DMS-0244844.LK was partially supported by NSF grant DMS-
9878353and NSA grant H98230-04-1-0038.D0O was partially supported by the Russian Foundation for Basic
Researt (grant No. 02-01-00468),Russian Presidertial grant for young sciertists No. MD-2731.2004.1,CRDF
Award No. RM1-2405-M0O-02,and the Russian ScienceSupport Foundation.

2. Weighted projective spaces

2.1. Weighted pro jectiv e spaces as stacks. We start by reviewing de nitions from the theory of weighted
projective spaces.

of the algebraic group G, = k® on the atne spaceA"*! givenin someazne coordinates Xo;:::;X, by the
formula

(2.1) (Xo;::55%n) = (, 2Xg;1:15, 2 Xp):

B

piecesx; 6 0 areisomorphicto A" Z, : For example,the variety P (1;1;n) is the projective coneover a twisted
rational curve of degreen in P":

There is also another way to de ne the quotient of the action above: in the category of stads. The quotient

stack
o]

£ +
(A" n0) G,
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will be denoted by P(a) and will also be called the weighted projective space. The stack P(a) is smooth, and
from many points of view it is a more natural object than P(a):

We now review the notion of stack asneededto understand our main example { weighted projective spaces.
A detailed treatment of algebraic stadks can be found in [29] and [17].

There are two ways of thinking about an algebraic stack:

a) asa category X ; with additional properties;
b) from anatlas R 1 U; with R and U schemes,R determining an equivalencerelation on U:

From the categorical point of view a stackis a category X "b eredin groupoidsp: X ! Sch over the category
S of k-schemes,satisfying two descem (sheafy) properties in §tale topology. An algelyaic stack hasto satisfy
someadditional represertabilit y conditions. For the precisede nition see[29, 17]. )

Any scheme X 2 Sch de nes a category Sch=X: its objects are pairs (S;A) with fS "X g amap in Sd;
and a morphism from (S; A) to (T;A) is a morphismf : T! S sud that Af = A: The category Sth=X comes
with a natural functor to Scth. Thus, any schemeis an algebraic stack.

Another example,the mostimportant onefor us, comesfrom an action of an algebraicgroup G on a schemeX :
The quotient stack[X =G] is de ned to bethe category whoseobjects are those G-torsors (principal homogeneous
right G-schemes)G! S which arelocally trivial in the §tale topology, together with a G-equivariant map from
Gto X:

In order to work with coherent sheaveson a stad it is corveniert to usean atlas for the stack. We describe
very brie°y groupoid presenations (or atlases)of algebraicstacks. A pair of schemesR and U with morphisms
s;t; e;m; i; satisfying certain group-like properties, is called a groupoid in Sch or an algebraic groupoid. For any
scheme S the morphismss;t : R! U (\source" and \target") determine two maps from the set Hom(S; R) to
the set Hom(S; U): A quick way to state all relations betweens;t; e;m;i is to say that the induced morphisms
make the \ob jects" Hom(S; U) and \morphisms" Hom(S; R) into a category in which all arrows are invertible.
We will denote an algebraic groupoid by R  U; omitting the notations for e;m; and i:

Any scheme X determinesa groupoid X f X; whosemorphisms are identity maps. The main example for
us is the transformation groupoid assaiated to an algebraic group action X £ G! X, which provides an atlas
for the quotient stack [X=G]: The transfamation groupoid X £ G § X is de ned by

s(G9) = X t(xig) = xeg; m((x;9);(x ¢g;h)) = (x;goh); e(x) = (xiec); i(xg) = (x0gig ")
If R{ U isan atlas for a stack X; giving a coherernt sheafon X is equivalert to giving a coheren sheafF on
U; together with an isomorphisms®F I t°F on R satisfying a cocycle condition on R; £ sR: In particular, for a
quotient stadk [X =G] the category of coherent shearesis equivalernt to the category of GU—equivariant sheaveson

X dueto e®ective descen for strictly °at morphisms of algebraic stacks (see,e.qg.,[29], Thm. 13.5.5). Applying
this fact to weighted projective spaces,we obtain that

(2.2) coh(P(@)) 2 cohZ™ (A"*1 n0);

where cohg m (A"*1 n0) is the category of G,-equivariant cohereri sheaveson (A"*! n0) with respect to the
action given by rule (2.1).
L _
2.2. Coherent sheaves on weighted pro jectiv e spaces. Let A = A; be a nitely generated graded
i,0
algebra. Denote by mod(A) the category of nitely generatedright A-modules and by gr(A) the category of
“nitely generatedgraded right A-modules in which morphisms are the homomorphismsof degreezero. Both
are abelian categories.
Denote by tors(A) the full subcategory of gr(A) which consistsof those graded A-modules which have nite
dimension over k.
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De nition 2.1. De ne the category qgr(A) to be the quotient category gr(A)=tors(A): The objects of qgr(A)
are the objects of the category gr(A) (we denote by f1 the object in ggr(A) which correspndsto a module M).
The morphismsin qgr(A) are de ned to be

Homggr (M1 ;1) = lim Homg, (M % N);
M O
where M ° runs over all submalulesof M suchthat M=M % is "nite dimensional over k:

The category ggr(A) is an abelian category and there is a shift functor on it: for a given graded module

M = M; the shifted module M (p) is de ned by M (p); = Mp.; and the induced shift functor on the quotient
i,0
category qgr(A) sendsf1 to 1 (p) = M (p):

Similarly, we can consider the category Gr(A) of all graded right A-modules. It contains the subcategory
Tors(A) of torsion modules. Recall that a module M is calledtorsion if for any element x 2 M onehasxA =0
for somes; whereA s = A;: Wedenoteby QGr(A) the quotient category Gr(A)=Tors(A): It is clearthat the

i, s

intersection of the categoriesqgr(A) and Tors(A) in the category QGr(A) coincideswith tors(A): In particular,
the category QGr(A) contains qgr(A) as a full subcategory Sometimesit is cornveniert to work with QGr(A)
instead of qgr(A): L

In the casewhen the algebra A = A; is a commutativ e graded algebra generated over k by its “rst

i,0

componert (which is assumedto be nite dimensional) J.-P. Serre [37] proved that the category of coherert
sheavrescoh(X) on the projective variety X = Pro j A is equivalert to the category qgr(A). Sud an equivalence
also holds for the category of quasicohereh sheareson X and the category QGr(A) = Gr(A)=Tors(A):

This theorem can be extendedto general nitely generatedcommutativ e algebrasif we work at the level of
quotient staliks.

LetS= Sp be a commutativ e gradedk-algebrawhich is connected,i.e. Sp = k: The grading on S induces

p=0
an action of the group G, on the atne schemeSpecS: Let 0 be the closedpoint of SpecS that corresponds

to the ideal S, = S 1 % S: This point is invariant under the action.
o]

£ +
De nition 2.2. Denote by Proj S the quotient stack (SpecSn0) G, :
There is a natural map ProjS! Proj S; which is an isomorphism when the algebra S is generatedby its
“rst componert S;:

Prop osition 2.3. Let S= © S; be a gradad "nitely geneated algeba. Then the category of (quasi)coherent
i,0
sheaveson the quotient stack Proj (S) is equivalent to the quotient category qgr(S) (resp. QGr(S)).

Proof. Let O be the closedpoint on the atne scheme Spec S which correspondsto the maximal ideal S, 2 S:
Denote by U the scheme(Spec Sn0): We know that the category of (quasi)coherert sheaveson the stadk Proj S
is equivalert to the category of G, -equivariant (quasi)coherern sheareson U: The category of (quasi)coheren

sheaveson U is equivalert to the quotient of the category of (quasi)coheren sheareson SpecS by the sub-
category of (quasi)coheren sheareswith support on 0: This is also true for the categoriesof G, -equivariant
sheaves. But the category of (quasi)coheren G, -equivariant sheaszeson SpecsS is just the categorygr(S) (resp.
Gr(S)) of graded modules over S; and the subcategory of (quasi)coherent sheaveswith support on 0 coincides
with the subcategory tors(S) (resp. Tors(S)). Thus, we obtain that coh(Proj S) is equivalent to the quotient
category qgr(S) = gr(S)=tors(S) (and Qcoh(Proj S) is equivalert to QGr(S) = Gr(S)=Tors(S)). o

Corollary 2.4. The category of (quasi)coherent sheaveson the weightal projective space P(a) is eguivalent to
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We conclude this section by giving the de nition of noncomnutativ e weighted projective spacesand the
categoriesof coherert sheaveson them. Considera matrix pu= (i ) of dimension(n+ 1) £ (n+ 1) with entries
Wi 2 k® for all i; j: The set of all such matrices will be denoted by M(n + 1;k"): Consider the graded algebra
Su = Su(ao;:::;an) generatedby elemens x;;i = 0;:::;n of degreea; and with relations

for all i and j: This algebrais a noncomnutativ e deformation of the algebra S(ag;:::;an): It can be easily
chedked that the algebra S, dependsonly on the matrix p2"; with entries

(2.3) "= Wt forall 0 ijo-on:

Thus, if (192" = " for two matrices |0 and ; then Sy 2 S

As before, denote by qgr(S,) the quotient category gr(Sy)=tors(S,); where gr(S,) is the category of nitely
generatedgraded right S;-modules and tors(A) is the full subcategory of gr(S,) consisting of graded modules
of nite dimension over k.

Corollary 2.4 suggeststhat the category qgr(S,) can be consideredas the category of coherert sheaveson a
noncomirutativ e weighted projective space. We will denote this spaceby P,(a) and will write coh(P,) instead
qgr(Sy): Similarly, the category of quasi-coheren sheaves Qcoh(P,) is de ned as the quotient QGr(S,) =
Gr(Sy)=Tors(S,):

2.3. Cohomological prop erties of coherent sheaves on Py(a). In this section we discussproperties of
categoriesof coherent sheases on the noncomnutativ e weighted projective spacesPy(a): Note that the usual
commutativ e weighted projective spaceis a particular caseof the nhoncomrrutativ e one, when 1 is the matrix
with all entries equalto 1.

“nite right (and left) global dimension, which is equal to (n + 1) (see[31], p. 273). Recall that the global
dimension of a ring A is the minimal number d (if it exists) suc that for any two modulesM and N we have
Extd™ (M;N) = O

The notion of a regular algebrawasintroducedin [1]. As we will seebelow, regular algebrashave many good
properties. More details can be found in [3].

De nition 2.5. A graded algebm A is called regular of dimension d if it satis es the following conditions:
(1) A hasglolal dimension d;

(2) A has polynomial growth, i.e. dimA, - cp* for somec;+2 R;
(3) A is Gorenstein, meaning that Ext}y (k;A) = 0if i 6 d; and Ext% (k;A) = k(1)
for somel: The number | is called the Gorenstein parameter.

Here Exta standsfor the Ext functor in the category of right modules mod(A):

Gorenstein parameter | of this algeba is equal to the sum  &;:
i=0

Proof. Property (1) holds, as for all Ore extensionsof commutativ e polynomial algebras. Property (2) holds
becauseour algebrashave the same growth as ordinary polynomial algebras. Property (3) follows from the



MIRR OR SYMMETR Y FOR WEIGHTED PROJECTIVE PLANES 9

following Koszul resolution of the right module ks,

X0 M w1
(2.4) Ol Su(i a)! Su(i a;)! oce
i=0 ig<ii<in;1 j=0
M M
¢ee! Su(i &, i a,)! Su(i @) ! Sp! ks, ! 0O
ip<i 1 i=0
P
and the fact that the transposedcomplexis a resolution of the left module s, k; shifted to the degreel = a;:
The explicit formula for the di®ererials in the complex (2.4) will be given later (see(2.8)). o

Denote by O(i) the object ﬂsp(i) in the category coh(P,) = qgr(S,): Considerthe sequenceO (i)gioz: It can
be chedked that the following properties hold true:

G0 k) ! F:
1=
(b) For every epimorphism F | G the induced map Hom(O(j n);F) ! Hom(O(j n);G) is surjective for
nA o
A sequencewhich satis es such conditions will be called ample It is proved in [3] that the sequenceO (i)g
is ample in qgr(A) for any gradedright noetherian k-algebra A if it satis es the extra condition:

(Ay): dimg Exti(k;M) < 1

for any "nitely generatedgraded A-module M :

This condition can be veri ed for all noetherian regular algebras(see[3], Theorem 8.1). In particular, the
sequenceO (i)gi»z in the category coh(P,) is ample.

For any sheafF 2 qgr(A) we can de ne a graded module j( F) by the rule:

i(F):= i©0Hom(O(i i);F)

It is proved in [3] that for any noetherian algebra A that satis es the condition (A;) the correspondencej is
a functor from qgr(A) to gr(A) and the composition of j with the natural projection %: gr(A) j! qgr(A) is
isomorphic to the identit y functor (see[3], x 3,4).

We formulate next a result about the cohomologyof sheareson noncommnutativ e weighted projective spaces.
This result is proved in [3] (Theorem 8.1) for a generalregular algebra and parallels the commutativ e case.

Py = Pu(a): Then
1) The cohomolaical dimension of the category coh(Py(a)) is equal to n; i.e. for any two coherent sheaves
F;G2 coh(P,) the space Ext'(F; G) vanishesif i > n:
2) There are isomorphisms 8
2 (Swk forp=0k, O
(2.5) HP(P,;O(K) = _ (S0, forp=n; k- jl

3

-0 otherwise
This proposition and the amplenessof the sequencegO (i)g imply the following corollary.

Corollary 2.8. For any sheaf F 2 coh(P,) and for all su+ciently largei A 0we haver(Pp;F(i)) = 0 for
all k> 0:
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Proof. The group Hk(Pu; F (i) coincideswith Ext“(O(j i);F): Let k be the maximal integer (it exists because

the global dimensionis Tite) such that for someF there existsarbitrarily largei such that Ext(O(j i);F) 6 O

Assumethat k | 1: Choose an epimorphism &) O(i kj) ! F: Let F1 denote its kernel. Then for i >
i=1

maxf k; g we have Ext” °(O(j i);é1 O(i kj)) = 0; henceExt*(O(j i);F) 6 0 implies Ext*** (O(j i);F1) 6 0:
J:
This contradicts the assumption of the maximality of k: o

One of the useful properties of commutativ e smooth projective varieties is the existenceof the dualizing sheaf.
Recall that a sheaf! x is called dualizing if for any F 2 coh(X) there are natural isomorphismsof k-vector
spaces

HI(XGF) 2 Ext" (Fitx)
where o denotesthe k{dual space. The Serre duality theorem assertsthe existenceof a dualizing sheaf for
smooth projective varieties. In this casethe dualizing sheafis a line bundle and coincideswith the sheaf of
di®erertial forms - § of top degree.

Sincethe de nition of ! x is givenin abstract categorical terms, it can be extendedto the noncomnutativ e
caseas well. More precisely we will say that qgr(A) satis es classical Serre duality if there is an object
I 2 qgr(A) together with natural isomorphisms

Ext'(O;j )2 Ext™ '(j ;1)
Olyr noncomrrutativ e varieties P, (a) satisfy classicalSerreduality, with dualizing shearesbeing O(j 1); where
I = & is the Gorenstein parameter for Sy(ap;:::;an): This follows from the paper [42], where the existence
of a dualizing sheafin qgr(A) has been proved for a class of algebraswhich includes all noetherian regular
algebras. In addition, the authors of [42] shawed that the dualizing sheafcoincideswith &(j 1); wherel is the
Gorenstein parameter for A:
There is a reformulation of Serreduality in terms of bounded derived categories[11]. A Serre functor in the

boundedderived category D b(coh(Pp)) is by de nition an exact autoequivalenceS of D b(coh(P“)) such that for
any objects X;Y 2 Db(coh(P“)) there is a bifunctorial isomorphism

Hom(X;Y) i1 Hom(Y;SX)":
Serreduality can be reinterpreted asthe existenceof a Serrefunctor in the bounded derived category.

2.4. Exceptional collection on Py(a). For many reasonsit is more natural to work not with the abelian
category of coheren shearesbut with its bounded derived category Db(coh(Pu)): The purposeof this section
is to describe the bounded derived category of coherent sheases on the noncomrrutativ e weighted projective
spacesin the terms of exceptional collections.

First, we brie°y recall the de nition of the bounded derived category for an abelian category A: We start
with the category CP(A) of bounded di®erertial complexes

M =©i! coeit MPd MPL ST MP2 1 geeil 0 MP2A; p2Z; d?= 0

A morphism of complexesf : M* j! N° is called null-homotopic if fP = dyhP + hP*1dy for all p2 Z and
somefamily of morphismshP : MP j1 NPi 1: Now the homotopy category H®(A) is de ned as a category with
the sameobjects as C°(A); whereasmorphismsin HP(A) are equivalenceclasses of morphisms of complexes
modulo null-homotopic morphisms. A morphism of complexess : N ! M~ is called a quasi-isomorphismif
the induced morphisms HPs : HP(N") ! HP(M") are isomorphismsfor all p 2 Z: Denote by § the classof
all quasi-isomorphisms.The bounded derived category D ®(A) is now de ned asthe localizationof HP(A) with
respect to the class§ of all quasi-isomorphisms.This meansthat the derived category has the sameobjects as
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the homotopy category HP(A); and that morphismsin the derived category are given by left fractions si ! +f
with s2 §:

Remark 2.9. For any full sulzategory E %2 A one can construct the homotopy category H°(E) and a functor
HB(E) I DP(A): In some cases, for examplewhen A is the atelian category of modules over an algeba A
of "nite glokal dimension and E is the sulzategory of projective modules, this functor H®(E) | DP(A) is an
equivalene of triangulated categories.

Second,we recall the notion of an exceptional collection.

De nition 2.10. An object E of a k-linear triangulated category D is said to be exceptionaif Hom(E;E[k]) = O
for all k 6 0; and Hom(E;E) = k:

An ordered set of exaeptional objects %= (Eo;:::Ey) is called an exceptionalcollectionif Hom(E;; Ei[k]) = O
for j > i and all k: The exeptional collection % is called strong if it satis es the additional condition
Hom(E;; Ei[k]) = O for all i;j and for k 6 O:

case

Consider the bounded derived category of coherert sheares D P(coh(P,,)): We prove that this category has
an exceptional collection which is strong and full. In this casewe will say that the noncommutativ e weighted
projective spaceP, possessea full strong exceptional collection.

Theorem 2.12. For any noncommutative weiglgtej projective space Py(a) and for any k 2 Z the ordered
set k) = (O(k);:::;0(k+1j 1)); wher | = & is the Gorenstein parameter of S,; forms a full strong
exeptional collection in the category D b(coh(Pp)):

Proof. It follows directly from Proposition 2.7 that the collection ¥{k) is exceptional and strong. To prove that
the collection is full let us considerthe triangulated subcategory D %2 D b(coh(Pp)) generatedby the collection
¥(k): The exact sequencg2.4) inducesthe exact sequence

X M ® 1
(2.6) 0! Of;j q) ! O(j a,)! ¢

i=0 fo<ii<i nj1 j=0

M M
¢0¢! O(i ai, | a,)'! oG a)! O! O

io<i 1 i=0
Shifting it by k + | one obtains that the object O(k + 1) alsobelongsto D and repeating this procedurededuce
that O(i) for all i belongsto D: Assumethat D doesnot coincidewith D P(coh(P,)) and take an object U which
doesnot belongto D: It is proved in [10] (Theorem 3.2) that the subcategory D is admissible i.e. the natural
embedding functor D |} Db(coh(Pu)) has right and left adjoint functors. Denote by j the right adjoint and
completethe canonicalmapjU j! U to a distinguished triangle

juil Uil Ci! jUIL

It follows from adjointnessthat for any object V 2 D the spaceHom(V; C) vanishes. The object C is a bounded
complex of coherert sheares. Denote by HK(C) the leftmost nontrivial cohomology of the complex C: The
amplenessof the sequencefO (i)gi»z guaranteesthat for suxciently large i the spaceHom(O(j i);H¥(C)) is
nontrivial. This implies that Hom(O(j i)[i k]; C) is nontrivial, which contradicts to the fact that the object
O(j DIi k] belongsto D: o
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The strong exceptional collection on the ordinary projective spaceP" was constructed by Beilinson in [9].
This question for the weighted projective spaceswas consideredin [7].

De nition  2.13. The algeba of the strong except|onalcollect|on(Eo; ::1;En) is the algeba of endomorphisms
of the object © Ei: Denote by T, the shef © O(i) and by B, the algebr of the collection (O;:::;O0(lj 1)) on

the nonoommutatlve weightel projective smoe Py; i.e. By = End(T,):

The algebra B, is a nite dimensional algebra over k: Denote by mod{ B, the category of nitely generated
right modules over B,: For any coherent sheafF 2 coh(P,) the spaceHom(T,;F) has a structure of right
By- module Denote by P; the modules Hom(T,; O(i)) fori = 0;:::;(li 1): All theseare projective B ,-modules

and B, = © Pi: The algebraB,, has| primitiv e idempotents e;i = 0;:::;1j lsuc that 15, = €+ ¢¢¢+ g
andeg = 0 if i 6 j: The right projective modules P; coincide with eBp The morphisms betweenthem can
be easily described since

Hom(P;; Pj) = Hom(eiB,; g B,) = g Bue = Hom(O(i); O(j)) = (Su)j i:

Moreover, the algebra B, has nite global dimension. This follows from the fact that any right (and left)
module M hasa nite projective resolution consisting of the projective modules P;: Indeed the map
M L
Hom(Pi;M)- P j! M
i=0
is surjective and there are no non-trivial homomorphismsfrom P, ; to the kernel of this map. Iterating this
procedurewe get a nite resolution of M:
Sometimesit is usefulto represen the algebraB, asa category B , which has| objects, say vo;:::;v; 1; and
morphisms de ned by
Hom(vi;vj) = Hom(O(i); O(j)) = (Spj; i
with the natural composition law. Thus B, = Hom(vi;vj):
The algebraB, is a basisalgebra. This meagslt’Jhatht;e quotient of B, by the radical rad(B,)) is isomorphic to
the direct sum of | copiesof the "eld k: The category mod{B,, has| irreducible modules which will be denoted

Qi;i=0;:::;1i 1,and © Qi = By=rad(B,): The modules Q; are chosensothat Hom(P;;Q;) 2 &; k:

Our next topic is the notion of mutation in an exceptional collection. Let %= (Eo;:::;En) be an exceptional
collection in a triangulated category D: Consider a pair (E;; Ej+1 ) and the canonical maps

Hom (Ei;Eix1)- Eii! Eiu and E;j! Hom (Ei;Ei+1)"- Ejs;
where by de nition

M
Hom (Ei;Ei+1) - Ei = Hom*(Ei; Eis1) - Eilj KI;
k2Zz
2 . Moo
Hom (Ei;Ei+1)" - Ej+1 = Hom' *(Ei;Ej+1) - Eisa[i K]
k2z
(recall that the tensor product of a vector spaceV with an object X may be consideredas the direct sum of
dim V copiesof the object X).
We de ne objects LE ;,; and RE; asthe objects obtained from the distinguished triangles

LE+1 ! Homz(Ei;EHl)' Eii! Eiu;
Eii! Hom (Ei;Ei+1)"- Ei+1 i! RE;:
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The object LE j+; (resp. RE;) is called by left (right) mutation of E;+; (resp. E;j) in the collection % It can be
cheded that the objects LE j+; and RE; are exceptional and, moreover, the two collections

are exceptional as well. These collections are called left and right mutations of the collection %sin the pair
(Ei;Ej+1): Consider R; and L; as operations on the set of all exceptional collectionsin the category D. It is
easyto seethat they are mutually inverse,i.e. RiL; = 1: Moreover, L; (resp. R;) satisfy the Artin braid group
relations:
LiLi+a Li = Lisa LiLisa; RiRi+1 Ri = Ri+1 RiRj+1

(see[10, 19)).

Denote by L(WE; with k - i the result of multiple left mutations of the object E; in the collection %
Analogously for right mutations.

De niton  2.14. The exeeptional collection (L(ME,;L("i VE,, 1;:::Ep) is called the left dual collection for

D®(mod B,); consisting of the projective B,-modules P;: It can be shown (e.g. [10], Lemma 5.6) that the
irr educible modulesQ;;0 - i < | can be expressé as

Qi 2 LOP[i]:

2.5. A description of the deriv ed categories of coherent sheaves on Py(a). The natural isomorphisms
Hom(P;; P;) 2 Hom(O(i); O(j)); which are direct consequencesf the construction of the algebraB ; allow usto
construct a functor F : HP(P) i ! Db(coh(Pu)); whereP is the full subcategory of the category of right modules

to O(i) and any bounded complex of projective modulesto the corresponding complexof O(i);i = 0;:::;1j 1:
It follows from Remark 2.9 that the functor F inducesa functor

F :D®mod{B,) i! DP(coh(P,)):

Theorem 2.16. The functor F : Db(mod{B“) il Db(coh(Pp)) is an equivalene of the derived categories.

that the functor F is fully faithful. We know that for any O- i;j - |j 1 and any k there are isomorphisms

Hom(Pi; Pi[K]) i1 Hom(F Pi; FP;[k]) = Hom(O(i); O(j )IK]):

lemma.

Lemma 2.17. Let A be abelian category and D be a triangulated category. Let F : DP(A) j! D be an exact
functor and let fE;gi», be a set of objects of D°(A) which geneates D?(A) (i.e. the minimal full triangulated
sulrategory of DP(A) containing all E; coincides with D°(A)). Assumethat the maps

Hom(E;; Ej[K]) i! Hom(FE;;FE;[K])

are isomorphismsfor all i;j 2 | and any k 2 Z: Then the functor F is fully faithful.
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Proof. This lemma is known and results from d@vissage(e.g. [21],10.10, [25]4.2). We “rst consider the full
subcategory C2 DP(A) which consistsof all objects X sud that the maps
Hom(X;E;i[K]) iT Hom(F X;FE;[K])

are isomorphismsfor all i 2 1 and all k 2 Z: The category Cis a triangulated subcategory, becauseit is closed
with respect to the translation functor and, for any distinguished triangle

Xilb Yil! zZi! X[1]

if X and Y belongto C, then Z belongstoo. The last statemert is a consequencef the v e lemma, i.e., since
the morphismsf 1;f,;f4;fs in the diagram

Hom(\gll];Ei) iiii! Hom(X,)ll];Ei) Piii! Hom()Z;Ei) iiii!
? ? ?
fay fay yfs
Hom(FY[1FE;) iiii! Hom(FX[1FE;) iiii! Hom(FZ;FE;) ijii'
Piiii! Hom(7Y;Ea) il Homq;Ei)
? ?
yf4 ny
iiii! Hom(FY;FE;) ijiii! Hom(FX;FE;)

are isomorphisms, the morphism f 3 is an isomorphism too. The subcategory C cortains the objects E; and,
hence, coincideswith D®(A): Now considerthe full subcategory B ¥ DP(A) consisting of all objects X sudh
that the map

Hom(Y; X [k]) i1 Hom(FY;F X [k])
is an isomorphism for every object Y 2 DP(A) and all k 2 Z: By the sameargumert as above the subcategory
B is triangulated and cortains all E;: Therefore, it coincideswith DP(A): This provesthe lemmaand completes
the proof of the Theorem. o

There is also a right adjoint to F; namely a functor G : Db(coh(Pu)) i! DP(modj B,): To construct it we
have to considerthe functor
Hom(T,;i ) : Qcoh(Py) i ! Modij By
where Mod | B, is the category of all right modules over B,: Since Qcoh(P,) has enough injectives and has
“nite global dimensionthere is a right derived functor

R Hom(T,;i ) : D®(Qcoh(Py)) i! DP(Modi By):

Db(coh(Pu)) is equivalert to the full subcategoryD‘goh(Qcoh(Pu)) of Db(Qcoh(Pu)) whoseobjects are complexes
with cohomologiesin coh(P,): Moreover, the functor R Hom(T; ) sendsan object of D2 (Qcoh(P,)) to an
object of the subcategory D2 ,(Mod B,); which is also equivalert to DP(mod B): This givesus a functor

G = RHom(Ty;i ) :DP(coh(Py)) i! DP(modi By):

The functor G is right adjoint to F; and it is an equivalenceof categoriesas well.

In the end of this paragraph we describe an equivalencerelation p» p°on the spaceof all matrices p with
ki 2 k® for all i;j under which the noncomnutativ e weighted projective spacesP, and Py have equivalert
abelian categoriesof coherent sheaves. It was mertioned above that the graded algebrasS, depend only on
the matrix p2" de ned by the rule (2.3). Howewer, it can also happen that two di®erernt algebrasS, and Syo
produce isomorphic algebrasB, and B :
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w22 M(n + 1;k®) are related by the formula
@2.7) W o= W om:
Then the algebes B0 and B, are isomorphic.

Proof. Considerthe category B 0 and its autoequivalence¢, which acts by identit y on the objects and acts on
the spacesHom(v;;v;) as the multiplication by (m;){i : There is a natural basis of the spacesHom(v;;V;)
which is induced by the monomial basis x;, ¢¢¢x;,; 0 - ig - ¢¢¢- iy - n of Sy: The transformation of this
basis under the equivalence¢, givesus a new basisin which the category B 0 coincideswith the category B
equipped with its natural basis coming from the monomial basis of Sy: The equivalenceof the categoriesB o
and B, implies an isomorphism of the algebrasB 0 and B;: a

If now the algebrasB 0 and B, are isomorphic, then the composition of the functors
D P(coh(Pyo)) ¥ DP(mod ; B) 2 D°mod; B,) i DPcoh(P,))

is an equivalenceof derived categories. This equivalenceevidertly takesa sheafO(i); 0- i - |j 1 on Py to
the sheafO(i) on P,: Using the resolution (2.6) it can be easily cheded that this functor takesO(i) to O(i) for
all i 2 Z: Now, it follows from the amplenesscondition on fO (i)g and Corollary 2.8 that the functor sendsthe
subcategory coh(Pye) to coh(P,) and inducesan equivalencecoh(Py0) 2 coh(P,): We just proved:

Corollary 2.19. If the matrices pu° and p are connected by the relation (2.7) then the noncommutative weightesd
projective spaces Pyo(a@) and P,(a) have equivalent akelian categories of coherent sheavescoh(P,e) and coh(P,):

In the casen = 1; it follows immediately that for any p;1°2 M (2;k") the categoriescoh(P,(ao;a1)) and
coh(Po(ap; a1)) are equivalert.
Next considerthe casen = 2: For any matrix p2 M (3; k") denote the expression

(o1 )% (K52)® (H50)™ = (Ho1)™ (H12)® (He0)™* (Ma0)' 2 (He1)' * (Ho2)" ™

by q(l): Now, the result of Proposition 2.18 can be written in the following form.

Corollary 2.20. Letn = 2 and let p° and p be two matrices from M(3;k®): If q() = q(4) then the akelian
categories coh(Pyo(ag; a;; a2)) and coh(Py(ag; ap; a2)) are equivalent.

2.6. DG algebras and Koszul dualit y. The aim of this sectionis to give another description of the derived
category D ®(coh(P,,)): It wasshown above that this categoryis equivalent to the derived category D ®(mod j B ):
We introduce a nite dimensional di®erertial Z-graded algebra (DG algebra) C; and prove that the category
Db(coh(Pu)) is equivalert to the derived category of C;:

This new description of the derived category in terms of the DG-algebra C; naturally yields an exceptional
collection (Corollary 2.27), which is essetially the (left) dual of the collection described in Theorem 2.12, cf.
the discussionat the end of x2.4.

We recall herethat a DG algebraover k is a graded assaiative k{algebra

M
R = RP
p2Z

with a di®ererial d of degree+1 suc that
d(rs) = (dr)s+ (j 1)°r(ds)

for all r 2 RP;s2 R: We will supposethat R is noetherian as a graded algebra.
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A right DG module over a DG algebrais a graded right R{module M = L p2z M P with a di®erertial r of

degreel suc that
r (mr)=(r mr+ (j 1)’mdr
foralm2 MPandr 2 R:

A morphism of DG R-modulesf : M j! N is called null-homotopic if f = dyh+ hdy ; whereh: M j! N
is a morphism of the underlying graded R-moduleswhich is homogeneousf degreej 1: The homotopy category
HP(R) is de ned asa category which hasall nitely generatedDG R-modules as objects, and whosemorphisms
are the equivalenceclasses of morphisms of DG R-modules modulo null-homotopic morphisms. A morphism
of DG R-moduless: M ! N is called a quasi-isomorphismif the induced morphism H"s: H*(M) ! H?(N)
is an isomorphism of graded vector spaces.Now, by de nition, the derived category D P(R) is the localization

£ @
DP(R) := HYR) §' ! ;
where § is the classof all quasi-isomorphisms.It can be cheded that there are canonical isomorphisms
Hompo(ry(R;M) i1 Homysr)(R;M) iT HM

for eath DG R-module M :

Any ordinary k-algebraA can be consideredasthe DG algebraA” with A° = A and AP = Ofor all p& 0O: In
this casethe derived category of the DG algebraDP(A") identi es with the boundedderived category of nitely
generatedright A-modules, i.e. DP(A") 2 DP(modj A): For a detailed exposition of the facts about derived
categoriesof DG algebras,see[25, 26).

Now denote by B the algebra B =rad(B,) and considerit as a right B,-module, isomorphic to the sum

li 1 — . . .
.'@()) Q; of all irreducibles. Introducethe nite dimensional DG algebra
1=
EXt;B“(Bus; Bus) = © EXtEH(Bus; Bus)
p22

with the natural composition law and trivial di®ererial. In what follows we give a precise description of this
DG algebraand prove the existenceof an equivalence
DP(coh(P,)) 2 D(Extg, (Bys;Bys));

which givesthe promised description of the category D b(coh(Pp)):

Let usintroducea gradedDG algebran’ = o’ (ag;:::;a,): As a DG algebrait is the skew-symmetric algebra
with trivial di®ererial which is generatedby skew-comnutative elemens y;; i = 0; :::; 1| 1 of degreel,; i.e.
Mt
o = aP:
p=0
wherey; 2 ol with the relations yiy; = i yjyi forall 0- i;j - n:

M
o’ (ag;::1;an) = af
pi2z
with generatorsy; 2 o |1 a, - FOrany (n+ 1)£ (n+ 1)-matrix pwealsocande ne agradedDG algebraa :1(30; siiian)
asthe DG algebrawith trivial di®ererial and generatedby elemernsy; 2 (= IJ)il a1 = 0200 nwith the relations

K Yivi + Kiyjyi =0

forall O i;j - n:
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Consider the following complex Com’ of right S,-modules

. X M % 1
(2.8) Com :=0! Sy(j a) ! Su(i a;)! ¢ce
i=0 fo<ii<inji1 j=0
M M
¢cee! Sui @i, i a,)! Su(ia)! Syt O
io<i 1 i=0
in which the di®ereriials are de ned componertwise asfollows: for any setl = fig;:::ixg the di®ererial sends
the generator of S(j a;) to the sum of the elemerts
i21 ~
A !

Y
(1> Wi X
_ 5 ¢ 21
of Suli a ;for 0- s- k: With this we seethat the complex Com' is a free resolution of the right
i2(Inis)
Sy-module ks,

Now we de ne a structure of left DG_module over the DG algebracfu on the complex Com’, such that the

elemert y; takesthe generator of Sy(j a;) to the generator of Sy(j a;) with coezxcient
i21 i2(Inig)
Y
(i 1)° M
i21
if j =is2 1 = fig;:::;ikg; and takesit to zeroif j 62 : It can be chedked that this action is well de ned and

makesthe complex Com a DG o ,-S,-bimodule.

Remark 2.21. It is not dixcult to see that the complex Com as a graded u;—sp-bimodule (i.e. without
di®erential) is isomorphic to (= ,)° . Sy whee (o))" is Homy (= k):

De nition 2.22. De ne a DG category C, (actually gradel category, becauseall di®erentials are trivial) as a

Hom' (wj;w;) 2 (a)i;
with the natural composition law induced by that of the DG algeba n;:

It follows from the de nition of the DG algebra=, that
Hom (wj;w;) =0  when j<i
De nition  2.23. De ne the DG algeba C; as thl\ﬁ DG algeba of the DG category C,; i.e.
C, = Hom' (wj;w;):
0- i - 11
The quotient of this DG algebraby its radical is isomorphicto k®': In particular the DG algebraCL; similarly

to the algebraB; has| irreducible DG modulesin degree0. Moreover, as a right DG C;-module the algebra

C, is adirect sum
M1 M .
= Hi; where H; = Hom (w; ;w;);
i=0 0 j-1i1
and H; are homotopically projective right DG C;—modules.
Let us construct a DG C,,-B-bimodule X *; obtained from the DG &/ -S,-bimodule Com’ by the formula

2

Cy

X' = X*(i;));  with X(i;j) 2 Com, |
0-ij-1i1
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where Com}i . is the degree(j j i) componert of the graded complex Com' : In particular, X (i;j) = 0 when
i > j and X'(i;i) 2 k for all i The structure of DG C,-By-bimodule on X" comesfrom the structure of
DG D;-Su-bimodule on Com : The bimodule X* is quasi-isomorphicto k®'; and it is quasi-isomorphic to
By=rad(B,) asaright B,-module and to C,=rad(C,) asaleft DG C,-module. This fact allows us to sa that
the DG algebraCfJ is the Koszuldualto the algebraB:

Remark 2.24. It follows from Remark 2.21 that X* as a graded C;—Bp—bimodule (i.e. without di®erential) is
isomorphic to

M 1

Hiu - Py
i=0

where H;? are the left DG C;-modules Homy (H;; k): In other words, as a graded C;—B“—bimodule X* is isomor-

phic to C,° - yer By:
For any right DG C;—module N, the tensor product N - | X is naturally a complex of right B-modules, in
which the module structure is given by the action of B, on X, and the grading and di®erertial are given by

L
(N - X )k= NP- X9, d(n- x) = (dn)- x+ (j 1)Pn- dx
p+g=k

for all n 2 NP;x 2 X": The k-submadule generatedby all di®erencesnc- x j m - cx is closedunder the
di®erertial and under multiplication by any elemert of B,;: Sothe quotient by this submodule, which we denote
by N - c X"; is a well-de'ned complex of right B,-modules.

For any complex M of right B,-modules we de ne a right DG C;—module

Homg, (X" ;M )k = © Homg , (X 9; M P); (d)(x) = d(f (x)) i (i )" (dx):
pi 9=k

In this way we get a pair of adjoint functors (j ) - c: X" and HomBu(Xz ;i ) between homotopy categories,
which induce a pair of adjoint functors on the level of derived categoriesas well:

L . . . .

R :DP(C,) i! DP(mod-B); R Homg (X ";i):D°(mod-By) i! DP"(C,):

Moreover, since X * is a projective “nitely generatedright B,,-module and a °at left C;-module, both functors
Gi)- c X" and HomB“(Xz;i ) betweenhomotopy categoriespresene acyclicity. Hence,the derived functors
in this caseare de ned by the sameformulas. For more information about derived functors seee.g. [25].

L
Theorem 2.25. The functors - c: X" andR HomBu(Xz ;i ) are equivalenes of triangulated categories.

Proof. It is evidert that the rst functor —LC; X' takesC, asa right DG C,-module to X" as a right By-
module which is isomorphicto B¢ = :1931 Qj in the derived categoryDb(mod-Bu): On the other hand, it follows
from Remark 2.24 and the equalities Homg , (Pi; Q;) = f k that the latter functor, R HomBu(Xz ;i ); takesthe
module B s = :i(_QOl Qi to the free DG module C; = . !Lol H; and takesQ; to H; forany 0- i - | 1: Thus, the

L
composition functor R HomBu(XZ;i ) - ¢ X' sendsBs to itself and it also sendsall direct summandsQ; to
H
Qj: The adjunction maps

2 L 2
R Homg, (X Qi) - c: X i! Qi
cannot be trivial, hencethey are isomorphismsfor all i: Therefore, we obtain isomorphisms
Homg, (Qi; Qj[k]) i1 Homc: (R Homg, (X";Qi); R Homg, (X "; Q;)[K]) 2 Hom(H;; H; [k])

foranyO- i;j - |j Landall k2 Z:
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Consider the triangulated subcategory D of Db(C;) generatedby Hi; i = 0;:::;1j 1. By Remark 2.24
X' as a graded C,-B-bimodule is isomorphic to lLIH7 - P;; and hence, the dual to X over k gives a
resolution of C;:rad(C;) in terms of H;: Therefore, the subcategory D contains all irreducible DG modules
and coincideswith the whole Db(C;): Thus,H;;i= 0;:::;1 1generatethe categoryDb(C;); and the functor
R HomBu(Xz ;i ) is an equivalenceof the derived categories. o

Corollary 2.26. There is an isomorphism of DG algebas
M
C.2 Ext (Qi; Qj):
O-ijj - Iji 1

L 2
The assertion of the Corollary is clear now, becausethe functor - ; which is an equivalence, sendsC, to
li 1
By = ©Q::

Corollary 2.27. The derived category of coherent sheavesD P(coh(P,)) on the noncommutative weightel space
Py is equivalent to the derived category Db(C;):

2.7. Hirzebruc h surfaces F,. The surfacesF, are minimal rational surfacesde ned asthe projectivizations
Pro j (O © O(j n)) of the vector bundles O © O(; n) over P!: The surfaceF, hasa (j n)-section that will be
denotedby s: There is a simple connectionbetweenF,, and the weighted projective plane P (1; 1; n); namely the
latter can be obtained from F, by contracting the (j n)sections: In this way F, is a resolution of the singularity
of P(1; 1; n): Thus, we have two di®erent resolutions of the singularity of P(1;1; n):

For this reasonthe derived categoriesof coherent sheareson F, and on P(1;1;n) are closely related to eat
other. We will show that for n, 2 thereis a fully faithful functor

MK, : DP(coh(F,)) i! DP(coh(P(1;1;n)))

and will give its description.
Denote by f the classof the b er of F, in the Picard group. SinceF, is a P*-bundle over P! the derived
category of coherent sheaseson F,, has an exceptional collection of length 4 (see[32]). More precisely we have

Prop osition 2.28. The collection %= (O;O(f ); O(s+ nf ); O(s+ (n+ 1)f)) is a full strong exeptional col-
lection on F,: The derived category D P(coh(F,)) is equivalent to the derived category D °(mod-F (n)); where
F (n) is the algebra of the exceptional collection %

Denote by U the two dimensional vector spaceH °(F,; O(f )): From the exact sequence
0j! Oj! O(s+nf)j! Ogj! O

we nd that HO(F,;O(s+ nf)) is the direct sum of the spaceS"U and a one-dimensionalspace. Analogously,
we can ched that HO(F,;O(s+ (n+ 1)f)) is isomorphicto S"U © U:
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On the other hand, we know that the weighted projective plane P(1; 1;n) has an exceptional collection

Denote the algebra of this exceptional collection by B (1;1;n): It follows from Proposition 2.7 that the space
HO(P(1;1;n);0(1)) is isomorphic to U; H°(P(1;1;n); O(n)) is isomorphic to the direct sum of S"U and a
one-dimensionalspace,and H°(P(1;1;n); O(n + 1)) is isomorphic to S"U © U: This implies that the algebra
of the exceptional collection (O; O(f ); O(s+ nf ); O(s+ (n + 1)f)) on F, is isomorphic to the algebra of the
exceptional collection (O; O(1); O(n); O(n + 1)) on P(1;1;n):

Thus, the algebra of endomorphismsof the projective B (1; 1; n)-module

M =Py©P;©P,©Pn4
coincideswith F(n); which makesM a F (n)-B(1; 1; n)-bimodule. The natural functor
(i)~ rm M :Dmod-F(n))i! DPmod-B(l;1;n))
takesthe free module F (n) to M ; and there are isomorphisms
Home (o) (F (n); F(N)[KD) i1 Homg (1;1:0) (M ; M [K]):

Sincethe direct summandsof F (n) generatethe derived category D °(mod -F (n)); Lemma 2.17 guararteesthat

L
the functor (j ) - g(n) M is fully faithful. Using the descriptions of the derived categoriesof coheren sheaes
on F, and P(1; 1;n) in terms of the exceptional collections, we obtain the following theorem.

Theorem 2.29. The functor
MK, : DP(coh(F,)) i! DP®(coh(P(1;1;n)))
induced by (j ) t Fn) M is fully faithful.

3. Categories of Lagrangian vanishing cycles

3.1. The category of vanishing cycles of an atne Lefschetz "bration. We beginthis sectionby brie®y
reviewing Seidel's construction of a Fukaya-type A, -category assa@iated to a symplectic Lefschetz “bration
[34, 35, 36], following a proposal of Kontsevich [28]. For an accourt of the underlying physics, the reader is
referred to the work of Hori et al [22].

Let (X;!) be an open symplectic manifold, and let f : X | C be a symplectic Lefschetz bration, i.e. a

Fix a regular value , ¢ of f, and consideran arc ° % C joining , o to a critical value ,; = f(p;). Using the
horizontal distribution given by the symplectic orthogonal to the b ers of f, we can transport the vanishing
cycleat p; alongthe arc ° to obtain a LagrangiandiscD- %2 X "b eredabove °, whoseboundary is an embedded
Lagrangian sphereL- in the ber 8§y = fi1(,¢). When the "bersof f are non-compact, parallel transport
along the horizontal distribution is not always well-de ned; we will always assumethat the symplectic form !
satis es the conditions required to make the construction valid. The Lagrangian disc D- is called the Lefschetz
thimble over °, and its boundary L- is the vanishing cycle assaiated to the critical point p; and to the arc °.

intersecting ead other only at , o, and ordered in the clockwise direction around py. Each arc °; givesrise to
a Lefschetz thimble D; Y2 X, whoseboundary is a Lagrangian sphereL; Y2 §,. After a small perturbation we
can always assumethat these spheresintersect ead other transversely inside § .
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De nition 3.1 (Seidel). The directed category of vanishing cycles Lag,(f ;f°ig) is an A; -category (over a

thimbles); the morphisms between the obje:tg are given by
2 CF(Li;Lj;R) = RV LT if i< j
Hom(Li;L;) = _ R ¢id ifi=j
-§0 ifi>j;
and the di®erential m;, composition m, and higher order products my are de ned in terms of Lagrangian Floer
homolayy inside §y. More precisely,

mg : Hom(L;,;L;,) - ¢¢¢- Hom(L;,, ,;Li ) ! Hom(Li,;Li)[2i K]

is trivial whenthe inequality ig < i; < ¢¢¢< iy fails to hold (i.e. it is alwayszem in this case, exept for m,
where composition with an identity morphism is given by the obvious formula). When ig < ¢¢¢< iy, myg is
de ned by xing a generic! -compatible almost-complexstructure on § o and counting pseudo-holomorphicmaps
from a disc with k + 1 cyclically ordered marked points on its boundary to § o, mapping the marked points to the

respectively.

While the generalde nition of Lagrangian Floer homology is a very delicate task [16], we will only consider
caseswhere most of the technical considerationscan be skipped. For example, Seidel considersthe casewhere
the symplectic form ! is exact (! = du for somel-form ) and the L; are exact Lagrangian submanifolds in
8o (i.e. kL, = dg is also exact). Here, we assumeinstead that the restricted symplectic form ! 5 is exact
and that the homotopy groups ¥»(8 ) and ¥ (8 o;L;) are trivial. The “rst condition prevents the bubbling of
pseudo-holomorphicspheres,while the secondone preverts the bubbling of pseudo-holomorphicdiscsin the
de nition of Lagrangian Floer homology. Therefore, the moduli spacesof pseudo-holomorphicmapsinvolved in
the de nition of Lag,.(f;f°ig) have well-de ned fundamertal classes.

Another assumption that we will make concernsthe Maslov class, which we will assumeto vanish over L ;.
In fact, we will restrict oursehesto the casewhere X and § ¢ are atne Calabi-Yau manifolds, and the spheres
L; canbelifted to graded Lagrangian submanifoldsof § 9, e.g.by "xing a holomorphic volume form on § 3 and
choosing a real lift of the phaseexp(iA) = - jL,=vol., @ Lj! S!. This makesit possibleto de ne a Z-grading
(by Maslov index) on the Floer complexesCF °(L;i;L;;R), aswill be discussedater (seealso [34]).

For simplicity, SeidelusesR = Z=2 ascoezcient ring in his de nition; however the moduli spacesconsidered
below are orientable, soit is possibleto assigna sign 8 1 to ead pseudo-holomorphiccurve and hencede ne
Floer homology over Z. We will further extend the coexcient ring to R = C, and court the cortribution of
eah pseado-holomorphicdisc u:(D?@? ! (80, Lj)inthe moduli spacewith a coexcient of the form
§exp(i p.U"!). Weighting by areais irrelevant in the caseof exact Lagrangian vanishing cyclesconsidered
by Seidel, where it doesnot a®ectat all the structure of the category: indeed, the symplectic areascan then
be expressedn terms of the primitiv esg; of uover L, and can be eliminated from the description simply by a
rescaling of the chosenbasesof the Floer complexes(considering the basisfexp(gi(p)i g (p) pP; p2 Li\ Ljg
of CF®(Li;L;)). On the cortrary, in the non-exact caseit is important to incorporate this weighting by area
into the de nition.

Hence, given two intersection points p2 L; \ L; ,5?2 Li \ Lg (i<j<k),we h|ave by de nition

X X z '

my(p;q) = § exp(j u'l) r

P20\ Ly [ul2M (pigir) b2
degr=deg p+deg q
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where M (p;q;r) is the moduli spaceof pseudo-holomorphicmaps u from the unit discto M (equipped with a
generic! -compatible almost-complex structure) suc that u(1) = p, u() = g, u(j?) = r (wherej = exp(zg/“)),
and mapping the portions of unit circle [1;]], [j;j2], [[?; 1] to Li, L; and L respectively. The other products are
de ned similarly.

It is worth mertioning that this de nition of Floer homology over complex numbers is in fact essetially
equivalent to the use of coetcients in a Novikov ring, sincein both casesthe main goal is to keep track of

(relative) homology classes.

Although the category Lag,.(f;f°ig) depends on the chosen ordered collection of arcs f°;g, Seidel has
obtained the following result [34]:

Theorem 3.2 (Seidel). If the ordered collection f°;g is replacd by another one f°%, then the categories
Lagyc(f;f°ig) and Lagyc(f;f° %) di®er by a seguene of mutations.

Hence,the category naturally assaiated to the Lefschetz "bration f is not the nite directed categoryde ned
above, but rather a (bounded) derived category, obtained from Lag,.(f ;f °ig) by consideringtwisted complexes
of formal direct sums of Lagrangian vanishing cycles, and adding idempotent splittings and formal inverses
of quasi-isomorphisms. It is a classicalresult that, if two categoriesdi®er by mutations, then their derived
categoriesare equivalent; hencethe derived category D (Lagyc(f )) only dependson the Lefschetz "bration f
rather than on the choice of an ordered system of arcs [34].

We "nish this overview with a couple of remarks. In \usual" Fukaya categories,objects are pairs consisting
of a compact Lagrangian submanifold and a °at connection on somecomplex vector bundle de ned over it. In
the caseof the category assciated to a Lefschetz bration, the objects are vanishing cycles, or perhaps more
accurately, the Lefsdhetz thimbles bounded by the vanishing cycles. Since the thimbles are cortractible, all
°at vector bundles over them are trivial, which eliminates the needto consider Floer homology with twisted
coezcients. This ceasedo be true in presenceof a non-trivial B-eld, but even then the equivalenceclass of
the connectionis ertirely determined by the thimble. Another related issueis the choice of a spin structure on
the vanishing cyclesin order to "x the orientation on the moduli spaces:in the one-dimensionalcasethat will
be of interest to us, ead vanishing cycle admits two distinct spin structures (H *(S*;Z=2) = Z=2). However we
must always considerthe spin structure which extendsto the thimble, i.e. the non-trivial one.

The reader is referred to Seidel's papers [34, 35] for various examples{ we will focus speci cally on the
Landau-Ginzburg models mirror to weighted projective spacesand Hirzebruch surfaces.

3.2. Structure of the pro of of Theorem 1.2. Derived categoriesof coherent sheaveson the weighted pro-
jective planes P?(a;b;c) and their noncommutativ e deformations Pﬁ(a; b;c) have beendescribed in Chapter 2.
Hence, to prove Theorem 1.2, we needto nd a similar description of the derived categoriesof Lagrangian
vanishing cycleson the mirror Landau-Ginzburg models.

Recall that the mirror to Pﬁ(a;b;c) is (X;W), where X is the atne hypersurfacefx2y?z¢ = 1g % (C°)3,
equipped with an exact (for the commutativ e case) or non-exact (for the noncomrmutativ e case) symplectic
form, and the superpotential W = x + y + z:

By construction, categoriesof Lagrangian vanishing cycles for Lefschetz “brations always admit full ex-
ceptional collections. Indeed, for any choice of arcs f°;g the objects L; of Lag,.(W;f°ig) form a generating
exceptional collection of the derived category Hence,in view of Theorem 2.12 and Corollary 2.27, all we need
to do is exhibit a set of arcs f°;g for which Lagy.(W;f°;g) is equivalert to one of the categoriesB, or C,
introducedin x2 (it turns out that the latter choiceis slightly easierto achieve).

Recall from Corollary 2.27 that Db(coh(Pﬁ(a;b;c))) is equivalent to the derived category of the DG-algebra
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them given by the complexes

Hom' (wj;w;) 2 (m)i;
with the natural composition law induced by that of the deformed exterior algebramzLl on three generators of
degreesj a;j b;i ¢, with relations of the form p; yiy; + Wiy;yi wherep 2 M (3;C") (seex2.6). Moreover, by
Corollary 2.20, this category dependsonly on the quartity

aW = (P()l)c(tllz)a(Hzo)b(lllo)i “(k21)" #(po2)' b:

From a practical viewpoint, the cyclic group Z=(a+ b+ c¢) acts by diagonal multiplication on X, and the
superpotential W = x + y+ z is equivariant with respect to this action. The (a+ b+ c) critical valuesof W form
a single orbit under this action (seex4.2). In order to exploit this symmetry, it is therefore natural to choosethe

consisting of straight line segmets from the origin to the various critical values, ;.
With this understood, Theorem 1.2 follows immediately from Corollary 2.27 and the following statemert:

Theorem 3.3. Lagy.(W;f°ig) is a DG category, and it is equivalent to C, for any p 2 M(3;k") such that
q(p) = exp(i[B + i! 1¢[T]), where [B + i! ] 2 H2(X;C) is the complexi ed KAhler class,and [T] is the geneator
of Hy(X; 2).

The proof of Theorem 3.3 consistsof seweral steps, carried out in the various subsectionsof x4. First, asa
prerequisite to the determination of the vanishing cycles, one needsa corveniert description of the reference
"b er §q. This is done by consideringthe projection to the rst coordinate axis, % : 89! C7, which makes§g
a (b+ c)-fold covering of C® branchedin (a+ b+ c¢) points (Lemma 4.1). With this understood, it becomedairly
easyto identify the vanishing cyclesassaiated to the arcs °j, at leastin the special casewhere the symplectic
form is anti-in variant under complex conjugation (which implies its exactness).Indeed, this assumptionimplies
that the vanishing cyclesL; are Hamiltonian isotopic (and henceequivalert from the point of view of Floer
theory) to the double lifts via ¥ of certain arcs %2 C° (Lemma 4.2) which can be described explicitly (Figure
5).

With an explicit description of the vanishing cyclesat hand, it becomespossibleto understand the Floer
complexesCF®(L;;L;), by studying the intersectionsbetweenL; and L; forall 0- i <j < a+ b+ c. Using
the projection to the rst coordinate, thesecorrespond to certain speci ¢ intersectionsbetweenthe arcs+ and
% in C”; asdictated by the combinatorics of the branched covering ¥4. Sud a description is given by Lemma
4.3, from which it follows readily that CF®(L;;L;)" (nil)ii j foralli;j:

The next step is to study the Floer di®erenials and products in Lag,.(W;f°ig) by courting pseudo-
holomorphic maps from (D?; @?) Sto (80; Lj). This is done by searting for immersed polygonal regions
in 8¢ with boundary contained in L, or equivalently, imagesof such regions under the projection ¥ (see
x4.4). In our case,it turns out that the only possiblecortributions comefrom triangular regionsin §y; hence,
the Floer di®erertial m; and the higher compositions (m)k_ 3 are identically zero (Lemmas 4.3 and 4.4) for
purely topological reasons,while the Floer product m, has a particularly simple structure (Lemma 4.5). In
particular, the A, -category Lag,c(W;f°;g) is actually a DG category with trivial di®ereriial.

The grading in Lag,c(W;f°;g) is determined by the Maslov indices of intersection points. Sincethe Maslov
classvanishes,eat L; canbe lifted to a graded Lagrangian submanifold of § ; by choosinga real lift of its phase
function (seex4.5). The degreeof a given intersection point p 2 L; \ L; is then determined by the di®erence
between the phasesof L; and L; at p: Although the determination of phasesis the most technical part of
the argumernt, it actually preserns little conceptual dizcult y, and after some calculations one readily chedks
that the grading of morphisms in Lag,.(W;f°ig) is the expected one. Namely, the \generating" morphisms
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corresponding to the generatorsof the deformed exterior algebrazfu have degreel, and their pairwise products
have degree2 (cf. Lemma4.7).

The argumert is then completedby determining more preciselythe structure coe+cients for the Floer product
m,, which depend on the symplectic areasof the various pseudo-holomorphicdiscsand on the choice of consis-
tent orientations of the moduli spaces(seex4.6). In the casewhere the symplectic form is anti-in variant under
complex conjugation, the argumert is greatly simplied by symmetry considerations,and the Floer products
obey the anticommutation rules of an (undeformed) exterior algebra(Lemma 4.8) { recall that complex conjuga-
tion anti-in variance implies exactnessof the symplectic form. In the non-exact caseor in presenceof a non-zero
B-"eld, there is no simple method for determining the symplectic areasof the various pseudo-holomorphicdiscs
involved in the de nition of m,. However the deformation of the category Lagy,.(W;f°ig) is governed by a
single parameter (analogousto the quartity g(p) introducedin Corollary 2.20), for which a simple topological
interpretation can be found, involving only the evaluation of [B + i! ] on the generator of H,(X;Z) (Lemmas
4.9 and 4.10).

This provides the desired characterization of the category of Lagrangian vanishing cycles,and Theorem 3.3
becomesan easy corollary of Lemmas 4.3{4.10. The only subtle point is that the objects of the category C,
are numbered \backwards" (becausethe generatorsof n; are assignednegative degrees),so the equivalenceof

3.3. Mirrors  of weighted pro jectiv e lines. As a warm-up example,we prove HMS for the weighted projec-
tive lines CP(a; b); where a; b are mutually prime positive integers (seealso [35] and [39]). The argumert is an
extremely simpli ed version of that outlined in x3.2. Indeed, the mirror Landau-Ginzburg model is the curve
X = fx2yP = 1g ¥ (C*)? equipped with the superpotential W = x + y, whosegeneric b er is just a nite set
of a+ b points; so most of the considerationsthat arisein the caseof weighted projective planesare irrelevant
here (in particular the symplectic structure on X plays no role whatsoever, which is consisteri with the fact
that the category coh(P,(a; b)) doesnot depend on ).
More precisely the b er of W above a point , 2 C is

Wit()=f(x, i x)2(CH% x(, i x)° = 1g;

which consistsof a+ b distinct points, unlessP(x) = x2(, i x)?i 1 hasa doubleroot. Since
s :

a b
PXx)= —j —— (P(X)+ 1)
)= L — PO+
aroot of P is a double root if and only if x = -2, ; hencea double root exists if and only if P(;25,) = 0, i.e.
a+ bh3arb
31 a+b - ( .
(3.1) o= T
Let , o be the positive real root of this equation, and let ,j = , ¢!} where3 = exp(Z4): then the critical
values of W are exactly , o;:::;, a+rb; 1. We choose§o = Wi 1(0) as our reference b er, and consider the
ordered system of arcs °p;:::; °a+p; 1, Where®; % C is a straight line segmen joining the origin to , ;. With

this understood, we have the following result, which implies that HMS holds for CP*(a;b):
Theorem 3.4. Lagv.(W;f°;g) is a DG category, equivalentto C, for any p2 M(2;k"):

In order to prove Theorem 3.4, we study the vanishing cyclesof the superpotential W and their intersection
properties. To start with, obsene that W is equivariant with respect to the diagonal action of the cyclic group
Z=(a+ b): Therefore, the vanishing cyclesL; % &, (which are Lagrangian O-spheres,i.e. pairs of points) form
a single Z=(a+ b)-orbit, and L; = 3iJ ¢Lg:
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Figure 1. The berof W for, 2 R: ((a;b) = (4;3))

In order to determine Lo, we study how the b er Wi 1(,) variesas, increasesalong the positive real axis
(seeFigure 1). For , = 0, the ber §( consistsof a+ b points whose rst coordinates are the roots of the
equation x2*? = (j 1) (theseform a Z=(a+ b)-orbit, hencethe points of § ; can naturally beidenti ed with the
elemerts of Z=(a+ b) up to atranslation). As , increasestowards , o, two complex conjugate points of the b er
converge towards ead other, and becomereal points for , > | 3. By consideringthe situation for , | +1 ,
where the solutions of x2(, j x) = 1 split into two groups, one consisting of a roots near the origin, and the
other consisting of b roots near , , one easily cheds that the vanishing cycle L o consistsof the two points of §¢
with Tst coordinate x = exp(§ %),

Hence, for a suitable identi cation of the b er §¢ with Z=(a+ b), the vanishing cycle assaiated to the arc
°0=1[0;, 0] isLo = f0O;bg. It followsimmediately that L; = 311 ¢Lo = fj j;bj jgforallj = 0;1:::;a+ bj L

Given0 - i< j < a+ b, the vanishing cyclesL; and L; intersectif and only if the subsetsfj i; bj ig and
fi j;bi jgof Z=(a+ b) have non-empty intersection,i.e.if j = i+ aorj = i + b. Therefore, we have:

L
Lemma 3.5. The direct sum ;. CF?(L;i;L;) is a free module of total rank (a+ b) over the coexcient ring,

i<j

geneated by the intersection points
Xi 2 CF(Li;Li+a) (0- i<Db and yi 2 CF(Li;Li+p) (0- i< a):

Because§ is a discrete set, all pseudo-holomorphiccurvesin 8, must be constart maps. However, eadh
point of § o occursexactly onceasan intersection betweentwo vanishing cycles(there are no triple intersections),
which implies that the Floer di®ererials and products are trivial. Therefore, we have:

Lemma 3.6. The di®erentials and products my; k , 1 in the A; -category Lag,.(W;f°;g) are all identically
zero, with the exception of the obviousonesm,(¢id) and my(id; §:

This of coursegreatly simpli es the argumert, eliminating the needfor many of the argumerts required in
the caseof higher-dimensionalweighted projective spaces.At this point, our only remaining task is to determine
the Maslov indices of the various intersection points, by choosinggraded Lagrangian lifts of the vanishing cycles.
A word of warning is in order here: becausewe are actually dealing with graded Lagrangian submanifoldsin a
Calabi-Yau 0-fold, the argumert is very speci ¢ (seex2 of [35] for a discussionof graded Lagrangian submanifolds
of 0-dimensional symplectic manifolds) and doesnot give a good intuition of the higher-dimensionalcase.

Lemma 3.7. There exists a natural choice of gradings for which deg(x;) = dedy;) = 1.

Proof. Equip the curve X = fx2y? = 1g % (C®)? with the complexstructure induced by the standard one. The
holomorphic volume form dlogx * dlogy on (C®)? inducesa (1;0)-form - on X ; characterized by the property
that it is the restriction to X of a 1-form (which we alsocall -) sud that - ~ d(x2y?) = dlogx ~ dlogy, i.e.,
using the fact that x®y° = 1 along X ,

. ¢ N
_/\IEdX+9dy :dX dy
X y Xy
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Outside of the branch points of W, the 1-form - can be expressedas £ dw, for somemeromorphic function £
with simple polesat the branch points. The above equation becomes£( y9 i 2)= ﬁ ie. £ = (bxj ay)i ! =
((a+ b)x j aw)i L. In particular, near§o = Wi 1(0), we have arg£ = | argx.

The complex-valued function £ is (up to scaling by a positive real factor) the natural holomorphic volume
form induced by - on the 0-dimensionalmanifold §9 = Wi 1(0). Let Lo = fp, ;p. g, wherethe x-coordinate of

Ps is Xs = exp(§ ). The phaseof Lo is the function A, :Lo! R=%Z de'ned by

: b
Ao(ps) = arg€(ps) ="

Note that an orientation on Ly determines a lift of ALO to a R=2¥Z-valued function; in order to de ne the
Maslov index, we needto view L, as a graded Lagrangian submanifold, i.e. to choosea real lift A, :Lo! R
of the phasefunction. Although there is a priori a Z2-spaceof suc choices,one hasto restrict oneselfto only
those lifts which are compatible with a graded Lagrangian lift of the Lefsdhetz thimble Dy (which reducesthe
spaceof choicesto Z, as expected since vanishing cyclesare only de ned up to shifts). If we orient Do from
p; towards p., then the phaseof Dg (the function Ay, : Do ! R=2¥YZ de ned by Ay (p) = arg-( v) for any
p2 Dgandv?2 TyDoj fOg compatible with the orientation) hasthe property that

1 1
Moreover, it is easyto ched that Ay, (p) 2 (0;%) for all p2 D (because = %dlogx, and argx is monotonically
increasing along D). Hence, there exists a graded Lagrangian lift of Dy for which the phasefunction takes
valuesin (0;%); which meansthat we can choosea graded lift of L by setting
1 1
Ao )= 0 and AL(p) = o
Arguing similarly for the other vanishing cycles (or using the Z=(a + b)-equivariance), we can choose graded
lifts of Lj = fp;;; ;p:+ 9 (Where argxj.s = aflb(§1/bi 2%4)) by setting

1 I 1 I
'&L; (pi;i ) = % and A—j (pj:+) = %:

Now, the degreeof the morphism x;, correspnding to pj.+ = pPj+a; 2 Lj \ Lj+a, iS given by the di®erenceof
phases:

ADo(pi ) =

b+ 2(+a) a+3 _

1 . L
degxj = oA+ )i Ay () = — 5 1 271
Similarly for y;: 2 +b) . b+ 2
1. ) a+ 23 + + 2]
degy; = /(AL o (Pvee) i Ay (B ) = — a”]) i

o}

Theorem 3.4 now follows immediately from Lemmas 3.5{3.7; as in the caseof weighted projective planes,
the only di®erencebetweenthe DG-categoriesLag,.(W;f°ig) and G, is that the objects of C, are numbered

4. Mirr ors of weighted projective planes

4.1. The mirror Landau-Ginzburg model and its b er 8. The mirror to the weighted projective plane
CP?(a;b;c) is the atne hypersurfaceX = fx2yPz¢ = 1g % (C®)3, equipped with the superpotential W =
X+ y+ z, and a symplectic form ! that we leave unspeci ed for the momert. During most of the argumert, we
will assume! to be anti-in variant under complex conjugation (which implies exactness)and under the diagonal
action of the cyclic group Z=(a+ b+ c¢), but theseassumptionswill be weakenedat the end. Of course,since X
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is non-compact, we also needto choose! in such a way asto ensurethat the Lefsdhetz thimbles and vanishing
cyclesconsideredbelow are well-de ned. It is easyto ched that, among many other possibilities, a symplectic
form sud as
I = * aij % A di

ij =1 % g
(where (&; ) is a positive de nite Hermitian matrix, with real coexcients if we require complex conjugation
anti-in variance) generatesa horizontal distribution for which parallel transport is well-de ned, because,with
respect to the induced KAhler metric, X is complete and the gradient vector of W has norm bounded from
below outside of a compact set.

Topologically, X is just a complex torus (C°)?, at leastif + = gcd(a;b;c) = 1; otherwise X is disconnected,
and ead of its + componerts is a complex torus.

Foreah , 2 C,the ber§ = Wil(,)%X isanatne curve given by the equation x3y°(, i x i y)¢= 1;
this curve is smooth unless, is oneof the a+ b+ c critical valuesof W. We will view 8 asa branched covering
of C”, by projecting to the x axis (this choiceis arbitrary, and we will occasionally usethe symmetry between
the variables x; y;z in the argumert). For a genericvalue of x 2 C®, the polynomial x2y®(, i xi y)¢i 1 of
degreeb+ c in the variable y admits b+ c distinct simple roots; therefore, the projection % : § ! C"isa
(b+ c)-fold covering. The branch points of ¥ are those valuesof x for which there is a double root, i.e. a value
of y such that P(y) = x2y°(, i xi y)¢= 1and PYy) = 0. Since

PAy) _ b c .
PyY) y' L ixiy
the condition PYy) = 0 implies that cy = b(, | xi y), i.e.y = b+—bc . i X). Substituting into the equation of
§ , we obtain the equation
(b+ ¢)b*¢

(4.2) X0 0T S

for the branch points of ¥4. Sincethis is a polynomial equation of degreea+ b+ c, for a genericvalue of , there
area+ b+ cdistinct branch points, all of which are simple (i.e. isolated non-degeneratecritical points of ¥%).

In the remainder of this section, we set , = 0, and describe the curve §, in detail, by computing the
monodromy of the (b+ c)-fold branched covering ¥4 : 8§ ! C® around the origin and around its a+ b+ ¢ branch
points.

Lemma 4.1. The ber of % : 8! C® can ke identi ed with Z=(b+ ¢) in sucha way that the monadromy of
Y around the origin in C” is givenby q7! qj a, and the monadromies around the a+ b+ ¢ branch points are
given by the transpositions (j;j + b), 0- j < a+ b+ c (see Figure 2).

To understand this statemert, Tst obsene that, when x = 2e™* is closeto 0, the b+ c roots of the equation

(4.2) x2yP(i x i y)¢=1
q gl;b+ 1)
1/4(- q 1'[3 o] © go b)
8o (b+rc):1 W grdaiat
- q
e a %h;bu')

Figure 2. The projection ¥ : 85! C" (of degreeb+ ¢, with a+ b+ c branch points)
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x! +1
Figure 3. The roots of x2y®(j x i y)¢= 1for x 2 R+ ((a;b;c) = (1;3;5))

lie closeto those of the equation

(i 1)cyb+c — 2i aei iap:
Hence,we can choosean identi cation of the b er of % above a small real positive value x = 2 (or any other
2 "xed in advance) with the cyclic group Z=(b+ c) in a manner compatible with the cyclic ordering of the
points. Moreover, varying u from 0 to 2% we obtain that the monodromy of ¥ around the origin is given by
the translation q7! qj ain Z=(b+ c) (i.e., the permutation sendingthe root y, of xayP(i xj y)¢= 1to Yqi a)-

Next, considera critical value of Y4, i.e. a root xo of (4.1) for , = 0, and the radial half-line * through X,
i.e. the setof all x 2 C® with argumert equalto po = argxg. Moving x along " starting from a point x, = 2e°
closeto the origin, two of the b+ c roots of (4.2) becomeequalto ead other asx approadcesxg; this determines
the monodromy of ¥ around xo, namely a transposition in the symmetric group Sp. ¢ acting on a b er of %.
We claim that, identifying the b er ¥ *(xs) with Z=(b+ c) asabove, this transposition exchangestwo elemerts
o and gp + b. This can be seenas follows.

Assumefor simplicity that b+ cis even and that X is the positive real root of (4.1) for , = 0; the general
caseis handled similarly, inserting factors €*° where needed.For x | 0, as explained above, the b+ ¢ roots of
(4.2) are closeto those of

ye= ()%
i.e. b+ c ewenly spacedpoints on a circle (Figure 3, left). As x increases,two complex conjugate roots y; ¥
approad the real axis and evertually becomeequalfor x = xo (Figure 3, certer), sothat there are two additional
real roots for x > xg. As x ! +1 , the roots of (4.2) are divided into two groups, b roots closeto the origin,
approximated by those of

yb - (i 1)CXi (a+c);
and c roots closeto j x, corresponding to valuesof z = j x j y closeto the origin and approximated by the
roots of

2°= (j Ox D)
(Figure 3, right). Hence,identifying the "b er of ¥ for x small with Z=(b+ ¢) in a manner compatible with the
cyclic ordering, the two points which mergefor x = Xxq (the vanishing cycle of ¥ at xg) di®er from eadh other
by exactly b (this can also be chedked by numerical experimertation).

The above argumert givesus that the monodromy around one of the branch points x¢ of %, e.g.the branch
point located on the positive real axis or immediately above it, is a transposition (do; g + b); changing the
identi cation betweenthe reference’b er of ¥4 above x. and the cyclic group Z=(b+ c) if necessarywe can
assumethat ¢y = O.

We now nd the monodromy around the other branch points of ¥. For this purpose, obsene that the
group G = Z=(a+ b+ ¢) actson X by (x;y;z) 7! (x2);y31;23]), where3 = exp(;Z4-), and that this action
presenes 8§, mapping the b er of ¥ above x to the b er above x3!. Hence, denoting by y%y°the two
points of the b er above x, = 2e™° which corvergeto ead other as x movesradially outwards to x, (those
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labelled 0 and b), we know that the two points of the b er above x,3! which corvergeto ead other asx moves
radially outwards to xo3 are y® and y°®/. We now transport thesetwo valuesof y from the b er %4 *(xo31)
to % 1(xo) along the arc x(t) = x.€ for t 2 [0; 4]. Approximating the b+ c points of ¥ *(2e*) by
the roots of (j 1)%yP* ¢ = 2i agi i@ the parallel transport along the consideredarc induces a multiplication by

exp(2Yi2; s+45). Observing that
3 exp(i protasry) = OP(ig);

we obtain that the two points of ¥ *(x.) which becomeequal as x is moved st courterclockwise around the
origin and then radially outwards to x3! are those which correspond to the elemeris j and b+ j of Z=(b+ ¢).
Hence,the monodromy of ¥4 around X3/ (joining x. to Xo3! in the prescribed way) is the transposition (j ; b+ ),
which completesthe proof of Lemma 4.1. By the way, remark that the comparison betweenthe valuesj = 0
andj = a+ b+ cis consistert with our determination of the monodromy around x = 0.

4.2. The vanishing cycles. Now that the b er § is well-understood, we compute the vanishing cyclesof the
Lefschetz bration W : X ! C by studying the degenerationof § as, approadesa critical value of W.

The curve § becomessingular when two branch points of the projection ¥ : § ! C° mergewith eah
other, giving rise to a nodal point. This occurswhene\er (4.1) admits a doubleroot. Consideringthe logarithmic
derivative of the left-hand side, we obtain the relation 2 j bl"f( = 0, which leadsto x = 5., for a double

root of (4.1), and substituting we obtain the equation
a+ b+ garbre
4.3 arbre o (@t br O
(4.3) ’ ad bpce
for the a+ b+ c critical valuesof W (this equation can also be obtained directly).
For symmetry and for simplicity, we will choosethe smooth curve 8 = Wi 1(0) as our reference b er of
the Lefschetz bration W : X ! C, and we will choosestraight lines for the arcs °; joining the origin to the

various critical values,; = | 3] I of W (0. j < a+ b+ c), where, g is the real positive root of (4.3) and
3 = exp(aflt/,ic). Hence, in order to construct the category of Lagrangian vanishing cycles of W, we needto

understand how the smooth b er §, above the referencepoint 0 degeneratesto the nodal curve 8§ ; when |
movesradially from Oto | ;.

We rst considerthe motion of the branch points of ¥4 as, increasesalong the positive real axis from 0 to
the critical value, . For ead value of , , the a+ b+ ¢ branch points are given by the roots of (4.1). When, = 0,
they all lie on a circle certered at the origin, asrepreserted in Figure 2. As , ! o, two complex conjugate
branch points corvergeto ead other, sothat for, = | o the equation (4.1) hasa doubleroot x = %.—, o onthe
positive real axis (Figure 4, certer). Finally, for, ! +1 , the roots of (4.1) split into two groups, one of a points
closeto the origin that can be approximated by the roots of x2 = K., | (°*9 (where Ky,. = b Pci ¢(b+ ¢)P*©),
and one of b+ ¢ points closeto , for which » = | j x can be approximated by the roots of » ¢ = Ky, i 2
(Figure 4, right). Hence,it canbe cheded that the two branch points of ¥ : 89! C" which mergefor , ! ¢

are those with argumert argx = § af_’*bfcl/4 and that the projection to C” of the corresponding vanishing cycle

Figure 4. The branch points of ¥ for , 2 R, ((a;b;c) = (4;2;1))
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is an arc ¥ which is symmetric with respect to the real axis, intersectsit only oncein its positive part, and
remains everywhereinside the circle containing the critical valuesof ¥ (Figure 4, left).

More precisely the above discussiongivesus a topological description of the vanishing cycle Ly % 8¢, up to
homotopy. Namely, two of the b+ c lifts to & of the arc 5 %2 C* have common end points (the rami cation
points of ¥4 lying above the end points of 4), and their union forms a closedloop LS in §¢. This loop is a
topological vanishing cycle, i.e. it shrinks to a point in 8 when, ! o, but a priori it is only homotopic to
the symplectic vanishing cycle Lo (obtained by parallel transport using the symplectic connection).

The actual position of the vanishing cycle L inside § ; dependson the choice of the symplectic form ! on X;
for agiven! it can be calculated numerically (and it can be cheded that for \reasonable" choicesof ! , Ly and
LS intersect all other vanishing cyclesin the samemanner). Howewer, this calculation is unnecessaryfor our
purposes. Indeed, if we endov X with a symplectic form that is anti-in variant by complex conjugation, then
the vanishing cycle L is invariant by complex conjugation, i.e. complex conjugation maps L to itself in an
orientation-preserving manner, and the sameis true of L. SincelL, and L are homotopic to eac other in §,
their (oriented) invariance under complex conjugation is suxcient to imply that they are Hamiltonian isotopic,
which meansthat for the purposeof determining categoriesof vanishing cycles,L o and L§ are interchangeable.

If wedeform! to a non-exactform, complexconjugation invarianceis lost. The intersection patterns between
vanishing cyclesremain the samefor small deformations (and can be forced to remain the sameeven for large
deformations by performing suitable Hamiltonian isotopies), but the calculation of the coetcient assignedto
a given pseudo-holomorphiccurve involvesits symplectic area and hencerequires one to work with the actual
vanishing cyclesrather than their topological approximations. Hence,we may obtain non-trivial deformations
of the category of vanishing cycles; however, these deformations only amourt to modi cations of the structure
constarts of the products my, rather than changesin the Floer complexesthemselhesor in the typesof pseudo-
holomorphic curvesthat may arise.

In any case,exceptat the very end of the argumert, we will always be consideringsymplectic forms that are
anti-in variant under complex conjugation, in which casethe approximation of Lo by LJ is legitimate.

We now consider the other vanishing cyclesL; of the Lefschetz bration W. Recall that the group G =
Z=(a+ b+ ¢) actson X, in a manner that presenes8,; moreover, W : X | C is G-equivariant. If we assume
the symplectic form ! to be G-invariant, the symplectic connection and the assaiated parallel transport will

also be G-equivariant. Therefore, sincethe arc °; % C joining the origin to ,; = , ¢3! is the image of °¢ by
the action of 31 | (where 3 = exp(afit/,‘ic)), the sameis true of the corresponding Lefsdhetz thim bles, and hence

of the vanishing cyclesin §,. This givesus a description of L; for all valuesof j. As in the caseof Lo, we will
consider, rather than L; itself, a loop LjO Y § o which is homotopic to L; and can be obtained as a double lift
via ¥4 : 89! C" of an embeddedarc % C". The loop LJ-0 is de'ned to be the image of L§ by the action of
20, which meansthat # is the image of 4, by a rotation of angle j s2&_. If, in addition to its G-invariance,

! is assumedto be anti-in variant under complex conjugation, then LJQ is Hamiltonian isotopic to L, sowe can
work with L{ instead of L.

Hence,to summarizethe above discussion,we have the following lemma:

Lemma 4.2. The vanishing cyclesL; %280 (0 - j < a+ b+ c) are homotopic (and, if ! is invariant under
the action of Z=(a+ b+ c) and anti-invariant under complex conjugation, Hamiltonian isotopic) to closel loops
L-0 % 8 which project by % to arcs 4 % C” asrepresenta in Figure 5 (the end points of & are the branch
points of ¥ for which argx = j 2¥L— § ¥ 0te ),

a+ b+c

In the following sections, we assumethat ! is Z=(a+ b+ c)-invariant and anti-in variant under complex
conjugation, and we implicitly identify L; with LJ-O.
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(aibic) = (4,2,1) (aibic) = (1;1,1)
Figure 5. The vanishing cyclesL; Y28

4.3. The Floer complexes. The objects of the category Lagyc(W;f°; g) are described by Lemma 4.2; we now
determine its morphisms by studying the intersections betweenthe closedloopsL; %2 §4. This simply involves
looking carefully at Figures 2 and 5 in order to determine, among the intersections between+ and %, which
oneslift to intersectionsbetweenl; and L;.

L
Lemma 4.3. The direct sum ; CF®(Li;L;) is a free module of total rank 3(a+ b+ c) over the coexcient
ring, geneated by the following intersection points:

Xi 2 CF%(Li;Li+a) (0- i< b+0), % 2 CF°(Li;Li+p+c) (O- i< a),
yi 2 CF*(Li;Li+p) (0- i< a+0), ¥i 2 CF%(Li;Li+a+c) (0- i<b),
Z; ZCFD(Li;LHC) (0' i<a+ b), % 2CFU(Li;Li+a+b) (O- i < C).

Moreover, the Floer di®erential is trivial, i.e. my = 0.

To determine CF°(L;;L;) for given0 - i < j < a+ b+ c, onemust look for intersection points between
the projected arcs+ and 1. The arcs# and # intersectonly if j j i - b+ corjj i, a in all other cases,
£\ % = ; and henceCF°(L;;L;) = 0. More precisely £ \ # contains onepoint if j j i - b+ ¢, and one point
if j i i, @& if both conditions hold simultaneously, then j: \ %] = 2 (seeLemma 4.2 and Figure 5). Moreover,
if equality holds(j i i = b+ corj j i = a), then the corresponding intersection occursat an end point of ; and
%, i.e. a branch point of ¥%. In this case,the intersection of £ and % always lifts to a transverseintersection
of L; and L;j, at the corresponding critical point of ¥ this accourts for the generatorsx; and %; merntioned in
the statemert of Lemma 4.3.

Whenj i i< b+corjj i> a weneedto considerthe structure of the branched covering ¥ in order to
determine whether intersections between# and % lift to intersectionsbetweenL; and L;. Call p; the branch
point of ¥4 with argumert argx = j 21/4(%1'W i 1/4%, which is an end point of 4, and de ne similarly p;.
Whenj j i < b+ c, considerthe corresponding intersection point g2 £\ %, and usethe arcsjoining p; to gin
# andqto p; in 4 to de neanarc” % C” joining p; to pi, with a rotation angle of 21/% around the origin.
It follows from Lemma4.1 (cf. alsoFigure 2) that, over a neighborhood of “, we can consisterily label the sheets
of the covering ¥ by elemerns of Z=(b+ ¢), in such a way that the monodromies around the branch points p;
and p; are transpositions of the form (ki; k; + b) and (k;; k; + b), with ki j kj = j i i. Hence,near the point g,
the vanishing cycle L; liesin the two sheetsof % labelled ki and ki + b, and similarly for L;; the intersections
of L; with L; above g correspond to the elemerts of fk;; ki + bg\ fk;;kj + bg. SinceO< k; i kj =ji i < b+gc,
this intersection is empty unlessk; = k; + bmodb+ ¢, i.e.j i i = b, which corresppndsto the generatory; of the
Floer complex, or k; = ki + bmodb+ c, i.e.j j i = c, which correspondsto the generatorz;. Whenj j i > a,
one proceedssimilarly, introducing an arc in C* joining p; to p; through the relevant intersection point a®of %
with %, with a rotation angle of 2V Lil_: 1) around the origin. The sheetsof ¥ cortaining L; and L; above

a+bt+c

the intersection point ® are now labelled k; k?+ band k% kP + b, with kP and k? two constarts in Z=(b+ c) such

that k9 kjO =jiij (@a+b+c)=jjii amodb+ c. Therefore, the two caseswhereL; and L; intersect above
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g’ arewheni + j = a+ b, which correspondsto the generator z° of the Floer complex, and wheni + j = a+ c,
which correspondsto yP.

At this point it is worth observingthat, for genericvaluesof (a;b;c), eah Floer complex CF°(L;;L;) has
total rank at most one, sothat the Floer di®ererial is necessarilyzero. However, for speci ¢ valuesof (a; b;c)
we may have numerical coincidencesleading to more than one intersection between two vanishing cycles; the
most striking exampleis that of the usual projective plane, (a;b;c) = (1;1; 1), for which jL;\ Ljj= 38i < j (cf.
Figure 5). Nonethelessevenin thesecasesthe Floer di®erertial vanishes,becausel; and L; always realizethe
minimal geometric intersection number between closedloops in their homotopy classes,as can be cheded by
enumerating the various posible cases.This minimalit y of intersection implies that 8§ cortains no non-constart
immerseddisc with boundary in L; [ L;j, and hencethat the Floer di®ererial vanishes.

Another way to prove the vanishing of the Floer di®erertial is to endov 8§, and C* with almost-complex
structures which make the projection % holomorphic, and to obsene that the projection to C" of a pseudo-
holomorphic discin § ¢ with boundary in L; [ L; is a pseudo-holomorphicdiscin C” with boundary in [ % . If
jf\ %j = 1, the maximum principle implies that the projected pseudo-holomorphicdiscis a constart map, and
hencethat the discin § is contained in a b er of ¥, which implies that it is alsoconstart. If jt\ 4j= 2, one
reachesthe sameconclusionby observing the respective positions of the two intersection points in C* (a non-
constart disc would have to passthrough the origin). As before, one concludesthat the absenceof non-trivial
pseudo-holomorphicdiscsmakesthe Floer di®ererial identically zero, which completesthe proof of Lemma4.3.

4.4. The product structures. The aim of this sectionis to prove the following results concerningthe category
Lagvc(W; f OJ' 9):

Lemma 4.4. The higher products my (k , 3) are all identically zero.

Lemma 4.5. There exist non-zemw constants ®,,; suchthat

M2(Xi;Yi+a) = ®yi &, M2(Xi; Zi+a) = ®ii Vi,
ma(Yi;Zi+b) = ®7; i, Mo (Yi; Xi+n) = ®x;i %,
M2(Zi; Xi+c) = ®oxi Vi M2(Zi;Yi+c) = ®uyii Xi.
All other compositions (except those involving identity morphisms) vanish.

These results follow_from a careful obsenation of the boundary structure of a pseudo-holomorphicdisc in
§o with boundary in  L;. Endow 8, with any almost-complex structure, and let u : D21 §q be a pseudo-
holomorphic map from the discwith k+ 1, 3 marked points on its boundary to § 3, mapping eady segmeim on
the boundary to an arc in one of the Lagrangian submanifoldsL;. Each \corner" of the image of u corresponds
to an intersection point betweentwo of the vanishing cycles,and as sudc it correspondsto a generator of the
Floer complex.

In accordancewith Lemma 4.3, we can classify the generatorsof the Floer complexinto three families, those
of type x (corresponding to generatorsx;;%;), those of type y (generatorsy;; ¥i), and those of type z (generators
Zi;%). Moreover, obsene that the total intersection of ead L; with all other vanishing cycles consists of 6
points, two of ead type: depending on the value of i, L; is either the sourceof the morphism x; or the target
of Xi; b ¢, and it is either the sourceof X; or the target of x;; a; similarly for typesy and z.

The manner in which these points are arranged along the loop L; can be seeneasily by looking at Figure
5 and recalling the discussionin the previous section. Recall that L; passesthrough two branch points of %,
which split it into two halves (lifts of 1 lying in di®eren sheetsof ¥4). One of thesebranch points corresponds
to X; or Xi; p; ¢, While the other correspondsto %; or xj; 5. In betweenthem, we have, on one half of L;, one
intersection of typey (either y; or ¥i; a; ¢) and oneof type z (either % or z;, .); on the other half of L;, we have
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Liic:Li+a+b$ Li+b:|-iiaic
1 A% ¢
Li+a=|-ii bi ¢ _ql_ 1—q‘|—ii a=Li+b+c

& A
Liib:Li+a+c&'ﬂo ALi+c:Liiai b
Figure 6. The intersectionsof L; with the other vanishing cycles

similarly one intersection of typey (either ¥ or yi; n) and one of type z (either z; or %, 4; b). This structure is
summarizedin Figure 6.

An important property is that, for every one of the sixSportions of L; delimited by theseintersection points,
one of the two immediately adjacert componerts of §9j  L; (on either sideof L;) is unbounded (it is denoted
by 0 or 1 on Figure 6 depending on whether its image under ¥4 cortains the origin or the point at in nit y in
C"). Theseunbounded componerts form an alternating pattern around L;, changing side (left or right) every
time one of the intersection points is crossed.

On the other hand, the image of the pseudo-holomorphicmap u may not intersect any of the unbounded
componerts of §g j L;, becauseotherwise the maximum principle would imply that the image of u is
unbounded. This imposesvery strong constraints on the behavior of u along the boundary of the disc. Namely,
consider two consecutive marked points (\corners"), sud that the portion of boundary (\edge") in between
them is mapped to an arc ~ (oriented according to the boundary orientation of the unit disc) cortained in
the vanishing cycle Lj. Then, ~ is exactly one of the six portions of L; delimited by its intersectionswith_the
other vanishing cycles,and its orientation is determined by the requiremert that the componert of 8¢  L;
immediately to the left of °~ be bounded (seeFigure 6). Moreover, the local behavior of u at an end point p
of ” is \convex", i.e. u locally maps into only one of the four regions delimited locally by the two vanishing
cyclesmeeting at p. In other words, the boundary of Im(u) is an oriented piecewisesmooth curve pu% L
which always turns left at every intersection point it encourters. This boundary behavior has seweral important
consequences.

Lemma 4.6. Amongthree conseutive corners of the image of u, there is alwaysexactly one of each type x; y; z.

Proof. Obsene that two consecutive corners of the image of u are necessarilyof di®eren types (becausetwo
adjacert intersections of L; with other vanishing cycles are always of di®erert types). Let p;q;r be three
consecutive corners of the image of u, such that the edgefrom p to q liesin a vanishing cycle L; and the edge
from qto r liesin avanishing cycleL;. The knowledgeof the typesof the points p and g completely determines
them, which in turn determinesthe type of r. For example, if p is of type y and q is of type z, then on the
diagram of Figure 6 the edgejoining them is the lowermost portion of L;; in particular the edgefrom p to

g is adjacert to an unbounded componert of 8, whoseimage under ¥ cortains the origin. Considering the
intersection diagram for L; (similar to Figure 6), the point g can be located by comparisonwith the diagram
for L; (in our example, g is the point to the upper left of the diagram). Moreover, the direction from which p
reachesq can be determined by identifying the unbounded componert to which it is adjacert (in our example,
the component whoseimageunder ¥ contains the origin, so reachesq from the innermost side of the diagram));
since 1 turns left at g, this determinesthe edgefrom g to r and hencethe type of r (in our example,r is the
left-most point on the intersection diagram, and henceof type x). It can be cheded easily that in all six cases,
the type of r is di®erert from those of p and q. o

with i < ip < ¢¢¢< iy (seeDe nition 3.1), and obsene that following p at a corner of u leadsfrom a vanishing
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cycleL; to another vanishing cycle L, with i < j if and only if the intersection point is x;, y; or z;, and i > |
if and only if the intersection point is X;, ¥; or  (seeFigure 6). Therefore, all cornersof u but one correspond
to generatorsof the Floer complexesamongf x;;yi; zg, while the last corner (betweenthe edgeon L;, and the
edgeon L;,) correspond to a generatoramongfX;;i; # g.

With this obsenation, Lemma 4.4 follows immediately from Lemma 4.6. Indeed, assumethat there exists a
pseudo-holomorphicmap u from a disc with k + 1 marked points to §,, with edgeslying in vanishing cycles

the rst three corners of u, one is among the generatorsx;, one is among the y;, and one is among the z;.
Therefore, iz = ig + a+ b+ ¢, which contradicts the inequality i3 < a+ b+ c¢. Hencethe moduli spacesof
pseudo-holomorphiccurvesinvolved in the de nition of my are all empty for k , 3, which implies that my = 0.
Lemma 4.5 alsofollows immediately at this point: in the caseof a pseudo-holomorphicmap u from a disc with
3 marked points, the three cornersp;qg;r are all of di®erert types(by Lemma 4.6), and the rst two cornersp;q
correspond to generatorsamong f X;; yi; zig while the last oner correspondsto a generatoramong f X;; ¥i; 0.
Therefore, p and q completely determine r, and moreover it is easyto chedk from the above discussionand
from Figures 5 and 6 that the image of the pseudo-holomorphicmap u is also uniquely determined by the pair
(p;g). For example, if p is of type x and q is of type y, then necessarilythere existsi < c sud that p = x;,
d = Vi+a, and r = %;; moreover, it is easyto chedk (seeLemma 4.2 and Figure 5) that the moduli space
determining the coexcient of # in my(X;;yi+a) consistsof a single curve, regular, whoseimage Tyy; is the
triangular region of § ¢ delimited by arcsjoining p;q;r in the vanishing cyclesL;, Li+a, Li+a+p. Therefore, we
have my(Xi;Yi+a) = ®y %, where®,y i = 8§ exp(j Area(Tyy;i)). The situation is the samein all other cases.

Remark. The a+ b+ ctriangles Ty (i < ©), Tyzi (i < @), T (i < b) are all related to ead other via
the action of the cyclic group Z=(a+ b+ ¢). Indeed, the diagonal multiplication by a power of 3 = exp(aflgic)
induces a permutation of the vanishing cyclesand of the intersection points, preservingthe cyclic ordering of
the L; and the types of their intersection points, and hence mapping every triangle in §, with boundary in

L; to another sudch triangle. A similar description holds for the triangles Ty, Tzy:i, Txz:i-

4.5. Maslo v index and grading. The aim of this sectionis to de ne a Z-grading on the Floer complexes
CF®(Li;L;), and to compute the degreeof the various generators. Using the trivialit y of the canonical bundles
of 89 and X, it is easyto prove (by consideringthe Lefsdhetz thimbles) that the Maslov classof L; is trivial,
and hencethat it is possibleto lift ead vanishing cycle to a graded Lagrangian submanifold of §, that we
denoteagain by L;. This lets us assaiate a degreeto ead generator of the Floer complex.

Lemma 4.7. There exists a natural choice of gradings, for which deg(x;) = deqglyi) = degz) = 1 and
deg%i) = dedyi) = deg() = 2.

Assumefor simplicity that the symplectic form ! is compatible with the standard complex structure of §
inherited from that of (C*)2, which allows us to de ne explicitly a holomorphic volume form - on §y (i.e., a
non-vanishing holomorphic 1-form). Then, given an oriented Lagrangian submanifold L %2 § ¢, the phaseof L
is the function A_ : L ! R=2%Z whosevalue at every point is the argumert of the (non-zero) complex number
obtained by evaluating - on an oriented volume elemeri in L (in the 1-dimensional case,A_(x) = arg-( v)
for v a tangent vector to L at x de ning the orientation of L). The Maslov classis the 1-cacycle represerting
the obstruction to lift A_ to a real-valued function; if it vanishes,then L can be lifted to a graded Lagrangian
submanifold, i.e. we can choose a real-valued lift of the phase,A_ : L ! R. In the 1-dimensional case,the
relationship between Maslov index and phaseis very simple: given a transverseintersection point p between
two graded LagrangiansL; L°% §, the Maslov index of p 2 CF?(L; L9 is equal to the smallestinteger greater

than £(Ao(p) i AL (p)).
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Figure 7. The deformedcyclesCj ((a;b;c) = (1;1;1))

The holomorphic volume form - on 8¢ can be de ned from the standard holomorphic volume form - ¢ =
dlogx ~ dlogy ” dlogz on (C®)® by taking residuesrst along the hypersurfaceX of equation x2y°z¢ = 1 and
then along the level set W = 0. We can characterize - as follows: - is the restriction to § of a 1-form (that
we denote again by -) sud that - ~ dw” d(x2yPz®) = - o, i.e. (using the fact that x2y°z® = 1 along X)

b dx” dy” dz.

y xyz

(In fact the 1-form - determinedin this way may di®erfrom the \usual" oneby a real positive factor, irrelevant
for our purposes). At this point it is easyto seewhy the Maslov classof L; is trivial: indeed,- » dw extends
to a non-vanishing (2; 0)-form on X, whosephaseover the Lefschetz thimble D; admits a real lift; becauseW
maps D; to an embedded arc, the phaseof - * dw over the boundary of D; and the phaseof - over L; di®er
by a constart term, sothat the latter alsoadmits a real lift.

At every point of 8¢ except for the branch points of ¥, the 1-form - can be expressedas £ dx, for some
meromorphic function £ over 8¢ (with simple polesat the branch points of ¥4). The above equation becomes:
(S 3) = xy% which determines£. At this point, the most direct method of determination of the phases
of the vanishing cyclesL; at their intersection points (and henceof the corresponding Maslov indices) involves
computer calculations; however we will attempt to give a sketch of a geometric argument.

If we restrict ourselesto the domain where x is very small, then we havey ' | z, sothat £ ' m
Therefore,argf£ ' | argx i argy in this region of § 9. Hence,the calculations are simpli ed if we can deform
the vanishing cyclesL; in such a way that the intersection points of a giventype (y or z) occur closeto the origin
in C". Of coursethis processpresenesgradings and Maslov indicesonly if the intersection pattern betweenthe
relevant vanishing cyclesis not a®ectedby the deformation. We considera deformation whereL; is replacedby
aloop C; %2 §, obtained as a double lift of a piecewisesmooth arc £ %2 C" joining two branch points of % (a
deformation of  with "xed end points). The arc ¥ consistsof three line segmetts, two joining the end points
p;p 2 crit (¥ ) to two complex conjugate points q; & very closeto the origin, and such that 0< Req¢ Imq¢ 1.
The other arcs £ are obtained from ¥, by the action of Z=(a+ b+ c) (seeFigure 7).

Assuming that b < a+ c, this deformation can be carried out for intersections of type y without a®ecting
the intersection pattern betweenL; and L+ or L+ a+¢, @and in such a way that the intersection occursin the
certral portion of F (seeFigure 7). The sameis true for intersectionsof type z whenc < a+ b. If we choose
a, b, cthen thesetwo assumptionshold, sowe can usethis method to determine the degreesof y;; z;¥;; % .

We start by considering the portion of Ty lying above the certral segmen in ¥ (joining q to &). Recall
that, for x small, the b+ ¢ sheetsof the covering ¥4 (i.e. the b+ c roots of x2y?(j x j y)° = 1) can be
approximated by the roots of y?* ¢ = (j 1)°xi 2. Hence,the possiblevaluesfor the argumert of y are argy '

a

i o argx+ 1/%3—C mod bﬁl/‘é It follows from Lemma 4.1 that the two sheetsof ¥ cortaining Cy are thosewhere

argy ' i pog argx + =, for 2 = § 1. Hence,we have arg£ ' i'bTb'c—C argx j Y -. We chooseto orient Co
in such a way that its projection goes counterclockwise around the origin in the sheetcorrespondingto 2 = 1,
and clockwise in the sheetcorrespnding to 2 = j 1. With this understood, since the projection of oriented

tangert vector to Cy is positively proportional to 2i, we obtain the following formula for the phaseof the central

- A (dx + dy + dZ) A (;dx+ dy + gdz):
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portion of Cy, modulo 2%
aj bj c argx + 23 Z4i 7 i :
b+ c 2 b+tc
We choosea lift of Cp (and hencealso L via the isotopy betweenthem) as a graded Lagrangian by setting the
(real-valued) phaseof Cy to be given by (4.4), choosing the determination of argx with the smallest absolute
value; chedking that the choicesmade in the two portions of Ty corresponding to 2 = § 1 are consistert with
ead other is a tedious task, best left to a computer program.
The phaseof Cj = 31 I ¢, is easily deducedfrom the above calculations for Cy. Indeed, the above formula
for £ implies that the value of arg£ at the point 311 ¢p di®ersfrom that at the point p by 41/‘%#- On the

other hand, the argumert of the x componert of the tangernt vector to Cj at 31 I ¢p di®ersfrom that of the
tangert vectorto Cy at p by j Zl/ﬁ. Therefore, (4.4) implies that

(4.4) A(Co) '

3 3 ’
. aj bj c 2% Ya Y 2Yj
Ary)r 22— = + 7 42 T +
E)" —pre A9X* Toprc 2' btc  a+b+tc
or equivalently
H H 31 1 ’ 1
(4.5) AC)) aj bj Cargx+2 Ya  YuC 2Yj a

b+ C 21 brc | (@t bt bt 9
This formula can also be obtained directly by observingthat the two sheetsof ¥4 cortaining C; are those where
argy ' i pogargXi 21/4;—0 + 22, for 2= 81, by Lemmas4.1and 4.2. As in the caseof o, we choosea lift
of C; whose(real-valued) phaseis given by (4.5), using the determination of argx closestto j 21/%.

We are now in a position to comparethe phasesof two vanishing cyclesat one of their intersection points.
Consider an intersection point betweenC; and Cj. p, corresponding to the intersectiony; betweenlL; and L+ p.
Comparing the valuesof argy on both vanishing cycles,it is easyto seethat the intersection occursin the2 = 1
part of L; and in the 2 = j 1 part of L. . Therefore, (4.5) yields that, at the intersection point,

‘vo ove 2Viba .. b

20 brc T @rbrod+ro T arbrc
which is between0 and ¥asince we have assumedthat b< a+ c. Therefore, we have degy; = 1. Similarly, the
intersection between C; and L. . corresponding to z; occursin the 2 = j 1 part of Cj and the 2 = 1 part of

Ci+ ¢, sothat (4.5) yields

ACi+n) i AD)' 2

, ) ‘vi v 2Yica 2Yic

ACi+c) i AL) " 2 5 brc T (@t b+ b Q) (it

which is alsobetween0 and ¥ssincec < a+ b. Therefore,degz; = 1. In the caseof ¥;, things are similar, but with
one new subtlety: in accordancewith the above prescriptions, the determinations of argx at the intersection
point to be usedfor C; and Cj, 5+ ¢ di®er by 2% Therefore, from (4.5) we now get (taking 2 = j 1 for C; and
+1 for Cis as+c)

s .
. . aj bj c Yo Y 2Y(a+ c)a 2Y4b
A(L; i AD) " 2Ya—— + 2 = + = Yot ——;
(Civarc) i AL " i 2 2' b+rc  (@arb+ob+o | a+b+c
which is between¥zand 2¥; therefore, degy; = 2. Similarly, for ¥ one nds that
3 ,
. . aj bj c Ya Y 2Y(a+ b)a 2y
A(L; i AD)" j2Y%———— i 2 = + = Yt .
(Civarn) i AG) " i 2= 2 50 5o (@a+ b+ (b+ o  a+b+c

which is also between¥sand 2% sothat deg? = 2.

Finally, the degreesof x; and %; canbe deducedfrom those of the intersectionsof typesy and z by considering
e.g.the triangles T,y ;i , which givesthat degx; + degyi+, = deg#, and hencedegx; = 1, and Ty, which gives
that degy; + degzi., = degk;, and hencedegk; = 2. This completesthe proof of Lemma 4.7.
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4.6. The exterior algebra structure. The aim of this sectionis to determine the coezxcients appearing in
Lemma 4.5, by studying the orientations of the moduli spacesof pseudo-holomorphiccurvesand the symplectic
areasof their images(Txy.i;:::).

Lemma 4.8. If the symplectic form ! is anti-invariant under complex conjugation and invariant under the
action of Z=(a+ b+ c), then there exists a constant ® 2 C® suchthat ®y . = ®;; = ®,y; = ® and ®y; =

®yi = ®;i = i ®for all i. Therefore, ma(Xi;Yi+a) = i Ma(Yi;Xi+b), M2(Yi;Zi+b) = i M2(Z;Yi+c), and
M2(Zi; Xi+c) = i M2(Xi;Zi+a).
The coezxcients ®,y ;::: aredetermined up to sign by the symplectic areasof the triangular regionsTyy i;:::
inside 8¢. To siénplify notations, de ne 8
2 Ty if0- i<c; 2 T if 0- i< b;
Ti:§sz;iic if c- i< b+c andTiO: Tyx;iib if b- i< b+c;
" Tyziibc ifb+c- i<a+b+c; " Tayijbc Ifb+c- i<a+b+c;

sothat T; and TiO are the two triangles having either x; or X;; 1; ¢ asoneof their vertices. We similarly de ne ®
and @ to be the coexcients assaiated to T; and T in the formula giving m,, namely ® = § exp(j Area(T;))
and ® = § exp(j Area(T9)). Then, asobsened at the end of x4.4, the invariance properties of ! imply that the
a+ b+ ctriangles T; form a single orbit under the action of Z=(a+ b+ c), with 31 9¢T; = T, 4, and similarly
for the other triangles T with 31 9¢T%= TS q- Moreover, complex conjugation exchangesthesetwo families of
triangular regions, by mapping T; to Tg’+ ¢ i (seeFigure 5). It follows that all of thesetriangles have the same
symplectic area, and therefore that the various constarts ® and ®P are all equal up to sign.

In order to identify the signs,one needsto orient the relevant moduli spacesof pseudo-holomorphicdiscsin
someconsistert way, which requiresthe choice of a spin structure over eat LagrangianL;. As explainedat the
end of x3.1, we needto endow eadh L; with the spin structure which extendsto the corresponding thimble, i.e.
the non-trivial one.

We now describe a corvenient rule for determining the correct signsin the one-dimensionalcase,dueto Seidel
[36]. We start with the caseof trivial spin structures. Then to ead intersection point p2 L;\ Lj (i <j) one
can assaiate an orientation line O,. This orientation line is canonically trivial when degp is even, whereasin
the odd degreecase,a choice of trivialization of O is equivalert to a choice of orientation of the line T,L;. If
one considersa pseudo-holomorphicmap u : D? ! &4 cortributing to my, whoseimage is a polygonal region

a = Op, - ¢¢¢ O, . Wecande ne a preferredtrivialization of & by choosing, at ead vertex of odd degree,the
orientation of the vanishing cycle which agreeswith the positive orientation on the boundary of the image of u.
The sign factor assaiated to u is then equalto +1 with respect to this trivialization of & (or j 1 with respectto
the other trivialization). In the presenceof non-trivial spin structures, this rule needsto be modi ed asfollows:
"x a marked point on ead L; carrying a non-trivial spin structure (distinct from its intersection points with
the other vanishing cycles); then the sign assaiated to u is a®ectedby a factor of j 1 for ead marked point
that the boundary of u passeshrough [36].

It is worth mentioning that, while it is clear from the above construction that the individual sign factors
fail to be canonical and depend on some choices,the various possibilities yield equivalent categories,sincethe
coezcients of Floer homology and Floer products simply di®er by the conjugation action of some diagonal
matrix with § 1 coexcients.

In our case,we choosetrivializations of the orientation lines asfollows: for every intersectionpoint p 2 L\ L;
of degreel (i.e., one of x;;yi;z), we orient T,L; consisterly with the boundary orientation of the single
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then with this corvertion the sign factor assaiated to ead triangle T; is by de nition equalto +1. In the
caseof T?, at each of the two vertices of degreel the chosentrivialization of T,L; disagreeswith the boundary
orientation of the triangular region, sothat for trivial spin structures we get a sign factor of (j 1)2 = +1 again.
Sincewe needto considernon-trivial spin structures, we must intro ducea marked point on ead L ; for example,
we choosethis marked point in the portion of L; that correspondsto the top-most edgeon Figure 6. With this
choice, the boundary of eah T? passesthrough exactly one marked point (betweenthe vertex of type z and
that of typey), while the boundary of T; doesnot meet any marked point. Therefore, with these corvertions,
the sign factors are +1 for all T; and j 1 for all T® this completesthe proof of Lemma 4.8.

4.7. Non-exact symplectic forms and non-comm utativ e deformations. The purposeof this sectionis to
describe the e®ecton the category of Lagrangian vanishing cyclesof W of relaxing the assumptionsmade above
on the symplectic form, losing in particular its exactness. In order to make the vanishing cycle construction
well-de ned, we will keepassumingthat ! induces a complete K&hler metric on X and that the gradient of
W with respect to this metric is bounded from below outside of a compact set. For example, choosinga 3£ 3
positive de nite Hermitian matrix (&; ), we can endov X with the symplectic form

b= . aj dz di

i =1 % 2

Obsenethat H,(X;Z) "' Z is generatedby the torus T = f(x;y;2z) 2 X; jxj = jyj = jzj = 1g (for simplicity we
assumegcd(a; b;c) = 1). An easycalculation shows that

(4.6) [ 1¢[T]= 4% (a(azs i as) + b(as1i aws) + c(azi az1)):

Many other choicesof symplectic form are equally acceptable,and it is important to mertion that the most
sensiblecourseof action in presenceof a non-explicit symplectic form is to seardt for a topological interpretation
of the category of Lagrangian vanishing cycles, involving only topological quartities sudc as the cohomology
classof !'.

In comparisonto the restrictiv e situation consideredabove, the vanishingcyclesL; remainin the samesmooth
isotopy classes,becauseone can continuously deform from one symplectic structure to the other. Hence,the
vanishing cyclesare smoothly isotopic to the loops LJ-0 % 8¢ introducedin x4.2, but not necessarilyHamiltonian
isotopic to them. Nonetheless,becausethe ends of the non-compact Riemann surface 8 all have in nite
volume, we can easily deform Ljo into loops LJ°°1/2 8, that are Hamiltonian isotopic to the vanishing cycles,
without modifying the pattern of the intersectionsbetweenthem. More precisely recall from x4.2 that eath LJ-0
is the double lift via ¥ : §¢9 ! C" of an arc joining two branch points of ¥. Then, by \pulling" a suitable
portion of one of the two lifts towards an end of 8§, (either towards in nit y or towards zero in the x-axis
projection), we can make LJ-0 sweepthrough an arbitrarily large amourt of symplectic areato obtain the desired
Ljo? without a®ectingthe intersection points with the other vanishing cycles.

Since the vanishing cycles are Hamiltonian isotopic to the loops LJ-OQ we may use Ljooinstead of the actual
vanishing cyclesin order to determine the category D(Lag,.(W)). Hence, the symplectic deformation does
not a®ectin any way the generators of the Floer complexesand the types of pseudo-holomorphic maps to
be considered. The only signi cant change has to do with the coetcients assignedto the various pseudo-
holomorphic discs appearing in the de nition of m,, asthe symplectic areasof the various triangular regions

equalto eat other. Becausethe description of ! and of the vanishing cyclesis not explicit, it is hopeless(and
useless)to calculate the individual coetcients ® and &’. However, we can state the following result:
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Lemma 4.9. Lemmas4.3{4.7 remain valid in the more geneal case of an arbitrary symplectic form inducing
a complete KAhler metric on X for which jr Wj is bounded from below at in"nity. Moreover, the structure
constants for the composition m», are related by the identity

Qa+b+Cj 1 Q . Q . Q .
QH = M = (i P Cexp(i [' 1¢[T]):

! ®|O @/x;i ®zy;i @(z;i

i=0

The assumption of completenessof the induced KAhler metric can be dropped if we have some other way
of ensuring that the vanishing cyclesare well-de ned and that the deformation from Lj0 to LJ-Oocan be carried
out without introducing new intersection points. In fact, the invariance of Floer homology under Hamiltonian
isotopies essetially implies that the introduction of new intersection points in the deformation does not have
any particular impact on the derived category, so the only thing that matters is actually the well-de nedness
of the vanishing cycles.

Although Lemma 4.9 seemsto give only very partial information about the constarts ® and @P, it actually
completely determines the category D(Lag,.(W)). Indeed, simply by rescaling the generators of the Floer
complexeswe can modify the coexcients ® and @ almost at will: for example, replacing x; with | x; hasthe
e®ectof simultaneously multiplying ® and &P by , i 1; similarly, rescalingthe generatory; simultaneously a®ects
®; a (Or ®.pec) and ®P, . Still assuminggcd(a;b;c) =_1, it is not hard to ched that the only quartity left
invariant by all rescalingsof the generatorsis the ratio ~ ® =~ ®@P, which is therefore sutcient to characterize
the derived category. This obsenation that the symplectic deformations of D (Lag,.(W)) are governed by a
single parameter is naturally related to the fact that the secondBetti number of X is equalto 1.

P
Proof of Lemma4.9. The key obsenation to be made here is that the boundary of the 2-chain C = Ti j
T2% 8§ is exactly @ = | L; (for a suitable choice of orientation of the L;). Indeed, looking at Figure 6,
ead of the six portions of L; arisesexactly onceas an edgeof one of the triangular regions,and the boundary

\counterclockwise" orientation in the caseof T :::; T2, . ¢ 1- Recalling that ead vanishing cycle L; bounds
a Lefsthetz thimble D; in X, we can build a 2-cycleC %2 X by capping C with thesea+ b+ ¢ Lagrangian discs.

Next, obsene Egat the sign factors arising from the orientations of the moduli spacesremain the sameas in

x4.6,and that [, ! = 0, sothat
Q Q ... R z
Qﬁ - ( 1)a+ b+c QﬂRﬁ - ( 1)a+ b+CeXp(. | ) - ( 1)a+ b+cexp(. [| ]¢[C])
S exp(i o!) e i '

Hence, the last step in the proof is to show that [C] and [T] are the sameelemers of Hy(X;Z2) ' Z. A
simple way to achieve this is to compute the intersection pairing of C with the relative cycleR = f(x;y;z) 2
X; X;y;z 2 R* g, which intersects T transverselyonceat the point (1;1;1).

To understand how R intersectsC, we comparethe valuesof W over R and over C. By construction, C is the
union of the 2-chain C %2 § ¢, over which W vanishesidertically, and the various Lefschetz thimbles D, which
W mapsto straight line segmeits joining the origin to the critical values, ;. On the other hand, the restriction
to R of W = x + y+ z is a proper function which takesreal positive values. With respect to the standard
complex structure, R is totally real and W is holomorphic, soany critical point of W is alsoa critical point of
W, and in particular the minimum of W over R is a critical value of W. Indeed, a simple computation shavs
that the minimum of W over R is exactly (a+ b+ c)(a®tPct)i 1=(@+b+c) = achieved at the critical point po
of W corresponding to the critical value | o.

It follows that the only point where C and R intersectis py. Moreover, by consideringthe local model near
Po, it is easyto ched that this intersection is transverse,sincethe Hessianof W at p, restricts to the tangent
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spaceT,,Do as a negative de nite real quadratic form, and to Tp,R as a positive de nite real quadratic form.
Therefore the intersection number between C and R is equal to 1 (for a suitable choice of orientation that we
will not discusshere), and it follows that [C] = [T] in H2(X; Z2). o

4.8. B-elds and complexied deformations. So far we have identied a real one-parameter family of
deformations of the category of Lagrangian vanishing cycles of W. To extend this to a complex family of
deformations, we needto introduce a non-trivial B-"eld, i.e. a closed2-form B 2 - ?(X;R). The presenceof a
B- eld a®ectsFukaya categoriesby modifying the nature of the objects to be considered: namely, one should
consider pairs consisting of a Lagrangian submanifold and a vector bundle over it equipped with a projectively
°at (rather than °at) connectionwith curvature equalto j iB - Id (depending on convertions, a factor of 24
is sometimesadded).

In our case,we are considering Lagrangian vanishing cyclesL; ' S! arising as boundaries of the Lefschetz
thimblesD;. SincedimL; = 1, over L; every bundle is trivial and every connectionis °at; moreover, we can
safely restrict ourselvesto the caseof line bundles. Howeer, the presenceof the B-"eld results in a nontrivial
holonommy. By Stokes'theorem, if a U(1)-connectionr j = d+ i®; is the restriction to L; of a U(l)-%)nnection
with curvature i iB over D;, then the holonomy of r ; around L; is given by hol; , (Lj) = exp( L i®) =
exp( D, id®) = exp(j i D, B): Sincethis property characterizesthe connectionr j uniquely up to gauge,we
can drop the line bundle and the connection from the notation when considering the objects (L;;E;;r ;) of
Lagvc(W;f°j 9).

Howewer, we do need to take the holonomy of r ; into accourt when computing the twisted Floer
di®erertial and compositions my, since the weight attributed to a given pseudo-holomorphic disc u
(D%, @2 ! (8o; Iﬁ') is modi ed by a factor corresponding to the holonomy alongits boundary, and becomes
§ hol(u(@?)) exp(i b2 U*(B + il )). More precisely for ead intersection point p2 L; \ L; we needto x an
isomorphism betweenthe b ers (E;);, and (E;);p; then it becomespossibleto de ne the holonomy along the
closedloop u(@?) using the parallel transport induced by r ; from one\corner" of u to the next one, and the
chosenisomorphism at eat corner.

In this context, we now have the following result characterizing D (Lagyc(W)):

Lemma 4.10. Lemmas 4.3{4.7 remain valid for an arbitrary sympletic form inducing a complete KAhler
metric on X for whichjr Wj is bounded from belowat in nity, and an arbitrary B-"eld. Moreover, the structure
constants for the composition m», are related by the identity

Qarbre Q Q Q
A i:ob ! ® — Q ®(y i Q @/z;i Q ®zx;i
Narbrei 1 @IJ @%/x;i ®zy;i ®xz i

i=0

= (i D)* P Cexp(i[B + it ]¢[T]):

P P P
Proof. We again considerthe 2-chain C = Tii Tiol/z 8¢, with boundary @ = j L;, and the 2-cycle
C ¥ X obtained by capping C with the Lagrangian discsD;. We now have:

Q atbtc Q iR [ i e ‘
n®_r(il) b nexp(lpTiB+l!)—ﬁ('12?b exp(i B+il)
c

S @ T hol, (Lj) * expli 0B+ 1) T exp( b, i 1B)

= (i D**™ Cexp([B + it ] ¢[C]):
This completesthe proof since[C] = [T]. a

It is interesting to obsene that this statemert reinterpretes the quantity Q ®=Q @ in purely topological
terms, thus avoiding the pitfall of having to compute the individual coe+cients attached to the various pseudo-
holomorphic discsin § 9. This outcomeis rather unsurprising since,whereasthe individual coetcients ® and &
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are heavily dependert on a number of arbitrary choices,the underlying derived category of Lagrangian vanishing
cyclesis expectedto depend only on the meaningful parameters{ in our case,the cohomologyclass[B + i! ].

We would like to suggestthat this feature re°ects a general principle. Namely, the various structure co-
excients of the Floer di®ererials and products involved in the de nition of the category Lag,.(W) depend
on many choicesand have no precise meaning in general. However, di®erert sets of values of the structure
coexcients may becomeequivalent after a suitable rescaling of the generatorsof the Floer complexesor other
similarly benign operations. Hence,we can reduceto a much smaller set of parameters (certain combinations
of the individual Floer coezcients) that actually govern the structure of the category Then, we expect the
following statemert to hold in much greater generality than the examplesstudied here:

Prop erty 4.11. The structure of the derived category of Lagrangian vanishing cyclesis governal by deformation
parameters which are all of the form exp(i[B + i! ] ¢[C;]) for suitable 2-cyclesC; %2 X.

This is of courseultimately related to the fact that Floer homology and Floer products can be de ned over
Novikov rings, courting pseudo-holomorphicdiscswith coezcients that re°ect relative homology classegather
than actual symplectic areas;the versionwith complex coetcients that we usedhereis then recosered from the
versionwith Novikov ring coexcients by evaluation at the point [B + i! ].

5. Hirzebr uch surf aces

We now considerthe caseof Hirzebruch surfacesF,, for which the mirror Landau-Ginzburg model consists
of X = (C")? equipped with a superpotential of the form

a
W=x+y+ —+
xTy X XMy

for some non-zero constarts a;b. For simplicity we will only consider the caseof an exact symplectic form.
Since di®erert values of the constarts a;b lead to mutually isotopic exact symplectic Lefschetz “brations, the
actual choicesdo not matter (we cane.g.assumea = b= 1 or any other conveniert choice).

5.1. The case of Fy and F;. The Tst two Hirzebruch surfacesFo = CP! £ CP! and F; (i.e., CP? blown up
at one point) needto be consideredseparately

Prop osition 5.1. When n = 0, there exists a systemof arcs f°;g such that Lag,.(W;f°;g) is equivalent to
the full sulzategory of DP(coh(Fg)) whoseobjects are O; O(1;0); O(0; 1); O(1; 1): Therefore, D (Lag,c(W)) '
D °(coh(Fo)).

Proof. The four critical valuesof W = x+ y+ & + 3 are §2a'*? § 2072, Up to an exact deformation
which does not a®ectthe category of Lagrangian vanishing cycles, we can choosea > b > 0, and assume
the symplectic form to be anti-invariant under re°ection about the imaginary axis (x;y) 7! (i ;i ¥). We
choose§, = Wi 1(0) as our referenced er, and join it to the singular b ers by consideringarcs °; that pass
below the real axis in C, sothat the clockwise ordering of the critical valuesagreeswith their natural ordering
i 2al72 20172 < j 2al7? + 272 < 2al7? | 2b'7? < 2al7? + 2b'72. The projection Y to the x variable realizes
8, asa double cover of C* branched at four points, and the vanishing cyclesL; can be represeried as double
lifts of the arcs# % C” shawn in Figure 8.

It follows that Hom(L ;L) = O, while Hom(Lo; L), Hom(L2;L3), Hom(Lo;L>), and Hom(L1;L3) are two-
dimensional; label the corresponding intersection points Lo\ L; = fs;tg, Lo\ Lz = fs%t%, Lo\ L, = fu;vg,
L:\ Lz = fu®v%. Finally, Hom(Lo;L3) hasrank 4. By consideringthe triangular regions delimited by the
vanishing cyclesin 8§, and using the symmetry of the con guration with respectto (x;y) 7! (i %;i ¥), we can
easily shov that my(s;u® = my(s%u), ma(t; U9 = my(t%u), mo(s;v9 = my(s®v), and my(t; v9) = my,(t%v);
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Figure 8. The vanishing cyclesfor Fg

thesefour elemens of Hom(L g; L3) are proportional to the generators. All other products vanish (my = 0 for
k 6 2). Finally, gradings can be chosenso that all morphisms have degreeO (the veri cation is left to the
reader).

Therefore, the category Lag,.(W;f°;g) is indeed equivalert to the full subcategory of D P(coh(Fg)) whose
objectsare O; O(1;0); O(0; 1); O(1; 1); ascanbe seenby thinking of (s;t) and (u; v) ashomogeneousoordinates
on the two factors of Fo = CP! £ CP!. Sincethese four line bundles form a full strong exceptional collection
generating D °(coh(Fy)), the result follows. a

Alternativ ely, Proposition 5.1 can also be obtained as a direct corollary of a general product formula for
categoriesof Lagrangian vanishing cyclesof Lefschetz "brations of the form (X1 £ X,; W1 + W5) ([6], cf. also
x6.3).

Prop osition 5.2. When n = 1, there exists a systemof arcsf °;g suchthat Lag,.(W;f°;g) is equivalentto the
full sutzategory of D (coh(F1)) whoseobijects are O; ¥8(Tp2(j 1)); ¥#(Op2(1)); O (where E is the exeptional
curve and ¥4: F, | CP? is the blow-up map). Therefore, D (Lagyc(W)) ' DP(coh(Fy)).

Proof. We choosea = b= 1, and equip X with a symplectic form that is anti-in variant under complex conju-
gation. Let (, i)o. i- 3 bethe four critical valuesof W = x + y+ L+ % ordered clockwise around the origin so
that Im(,0) > 0,,1 2 R, Im(,2) < 0,and , 32 R, . We choose§o = Wi 1(0) asreferenceb er, and choose
the arcs®; joining Oto ,; to be straight lines. The projection ¥ to the x variable realizes§ ; asa double cover
of C” branched at four points, and the vanishing cyclesL; can be represeried asdouble lifts of the arcs ¥ C®

shown in Figure 9.

Figure 9. The vanishing cyclesfor F;

The corresponding category of vanishing cycles can then be studied explicitly. In fact, much of the work
has already been carried out in x4, sincethe situation for Lo;Lq;L> is rigorously identical (including grading
and orientation issues)to that previously consideredfor the three vanishing cycles of the Lefschetz "bration
mirror to CP?. While the choice of grading usedin x4 yields morphismsin degreesl and 2, a di®erert choice
of gradings (shifting L, by 1 and L, by 2) ensuresthat all morphisms betweenLg;L;L, have degree0. This
readily implies that a category equivalert to the derived category of CP? can be realized inside D (Lagyc(W))
as a full subcategory, with the exceptional collection Lg;L;L, correspnding to the exceptional collection
O; Tp2(j 1);O(1) dual to the standard one. (This claim can of coursealso be veri ed \by hand" following the
sameoutline of argument asin x4).
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From Figure 9 it is clear that Hom(Lo;L3) and Hom(L,;L3) are one-dimensional, (call their generators
po and py), while Hom(L1;L3) hasrank 2 (call its generatorsq and g°. To be consistert with the notation
of x4, call Xo;Yo0;20 (resp. X1;Y1;21; resp. X; ¥; #) the generators of Hom(Lo; L) (resp. Hom(L1;L>); resp.
Hom(Lo;L2)). Then, looking at the various pseudo-holomorphicdiscsin 8¢ (including a constart one at
the triple intersection of Lo;L;L3), we have: mo(Xo; @) = ma(Xo;q® = 0; ma(Yo;q) = ®po; Ma(Yo; %) = O;
mM2(zo;0) = O; Ma(zo;0) = ®po; Ma(X1;p2) = O; Ma(y1;p2) = | ®% ma(z1;p2) = @y ma(X;p2) = po;
ma(¥; p2) = mo(Z;p2) = 0 (for somenon-zeroconstarts ®; ®Y). Moreover, for a suitable choice of grading of L 3
it can be chedked that all morphisms have degree0.

It is then easyto ched that these formulas correspond exactly to the composition formulas in the full
subcategory of DP(coh(F1)) whose objects are the pull-backs O, Y& (Tp(j 1)), ¥5(Op2(1)), and the structure
sheafOg of the exceptional curve (If onefollows the analogy suggestedby the notation betweenthe morphisms
from Lo to L, and the homogeneousoordinates on CP?, then the blow-up point is located at (1 : 0: 0)). The
result follows. a

5.2. Other Hirzebruc h surfaces. For larger valuesof n, the situation becomesdi®eren:

Lemma 5.3. If n, 2, then the Lefschetz brations over (C*)2 dened by W = x+ y+ 2+ L and W =

x"y
X+y+ any are isotopic. Therefore, D (Lagvc(W)) ' D(Lagwc(W)) ' DP(coh(CP?(n; 1;1))).

Proof. Considerthe mapsW, = x+y+ 2 + any for a 2 [0;1]. The key obsenation is that the n + 2 critical

points of W, remain distinct and stay in a compact subsetof (C®)?. Indeed, the critical points of W, are the
solutions of 8

< _
1i &i xay =0
P R
1| Xnyz Oa

y=nx1"(x?; a) ! and x" 2(x?| a)?j n*=0:

It is easyto ched that for jaj - 1 the roots of this equation satisfy 1 - jxj - pnTl. It follows that
ix?i a = njxj 7 is boundedbetweentwo positive constarts, and hencethat y = nx "(x?j a)i 1 = (x?j a)=nx
is alsoboundedbetweentwo positive constarts independertly of a. Hencethe critical points of W, remain inside
a compact subsetof (C®)?. Moreover, the polynomial P (x) = x"i 2(x?; a)?j n? always has:a'rr@oots when
jaj - 1, sincethe roots of Pqx) = x"i 3(x2; a)((n+ 2)x?; (nj 2)a) are 0, § pé, and § 0i-2a, where P
newer vanishes. In fact, even though this is not necessaryfor the argument, the critical valuesof W, alsoremain
distinct throughout the deformation, sinceat a critical point we have W, = %x + “#23 which as a function
of x is injective over fj xj , 1g.

Therefore, W, de nes an exact symplectic Lefschetz bration on (C®)? for all a 2 [0; 1], which allows us to
match the vanishing cyclesof W; = W with those of Wy = W. The resulting categoriesof vanishing cycles
di®er at most by a deformation of the structure coezxcients of the compositions m,, but since the isotopy is
through exact Lagrangian vanishing cycles, we need not worry about those (seealso the argumert for Lemma
4.9).

We can therefore conclude that D (Lagyc(W)) ' D(Lagvc(W)). Since ((C*)%; W) is exactly the mirror to
CP?(n; 1; 1) studied at length in x4, our result for weighted projective planesimplies that this category is also
equivalert to D P(coh(CP?(n; 1;1))). o

Forn = 2, it is well-known that D°(coh(F;)) * DP°(coh(CP?(2; 1; 1)), sowe get the expectedresult. However,
for n , 3this is no longer true. Namely, the fully faithful functor M K constructed in x2.7 allows us to view
the category D °(coh(F,)) asa full subcategory of D P(coh(CP?(n; 1;1))); generatedby the exceptional collection
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Figure 10. The deformation b! Oforn= 3

(0;0(1);0(n); O(n+ 1)). It is therefore a natural questionto ask whether this subcategory can be singled out
on the mirror side, by selecting4 of the n + 2 critical points of W. It turns out that this is indeed the case.
Our rst result in this direction is the following:

b
xny

Lemma 5.4. Forn, 3, inthelimit b! 0, nj 2 of the critic al valuesof the superpotentials Wy = x+y+ %+
goto in nity, while the remaining four critic al points stay in a bounded region.

Proof. The x coordinates of the critical points of Wy, are the solutions of

x" 2(x2; 1)?; n?b= 0
As b! 0, four roots of this equation corvergeto 81, while the remaining n j 2 convergeto 0. Sinceat a
critical point we alsohavey = nbx! "(x2j 1)l ' = 1(xj 1) and Wy = M2x + 2i21 e concludethat four
critical points of W, corvergeto (8 1;0), with the corresponding critical values corverging to § 2, while the
others escage to in nit . o

This suggeststhat the deformation b! 0 singlesout a subcategory of D (Lag,.(Wy)), obtained by restricting
oneselfto the preimage of a disc containing only four critical values of Wy,. We start by describing the case
n=3.

For n = 3, we can study explicitly the deformation processas b changesfrom 1 to a value closeto 0. For
b = 1 the "ve critical valuesof W, form a pentagon roughly certered at the origin (and can for all practical
purposesbe identied with the critical valuesof the superpotential mirror to CP?(3;1;1)). As b decreaseslong
the real axis, two things happen: rst, the two complex conjugate critical points with Re(Wp) > 0 mergeand
turn into two real critical points; then, one of thesetwo real critical points escagsto innity asb! 0. The
processis easierto visualize if one avoids the two valuesof bin the interval (0; 1) for which two critical values
of Wy, coincide, by considering e.g. a deformation from b= 1 to b = 0 where the imaginary part of b is kept
positive. It is then easyto ched that, asb! 0, two critical valuescorvergeto 2 and two others convergeto
i 2, while the "fth one escapsto in nit y in the manner represened on Figure 10.

Therefore, if we considerthe categoryof Lagrangian vanishing cyclesassaiated to the systemofarcsg;:::;%4
represerted on Figure 10, the deformation b! 0 singlesout the full subcategory generatedby the four vanishing
cyclesCy; Cq; C3;C4 (Where L is the vanishing cycle assaiated to %). The collection of arcs f % g looks very
di®erent from the collection f °; g consideredin x4, but they arerelated to ead other by a sequenceof elemenary
sliding transformations performed on consecutiwe arcs (seeFigure 11).

g g9 q—q
oi% §i+1 A_3 = I—°|+1\%Oi
B£ JB
E B

Figure 11. The (left) sliding operation (°;;°i+1) Al (L%i+1:°))
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It follows immediately from De nition 3.1 that every ordered collection of arcs yields a full exceptional
collection generating D (Lagy.(W)); it was shavn by Seidelthat (left or right) sliding operations on collections
of arcs correspond to (left or right) mutations of the corresponding exceptional collections [34]. With this is
mind, and identifying implicitly the critical points of W, with those of the superpotential mirror to CP?(3; 1; 1);

equivalent (up to someshifts) to the exceptional collection ass@iated to the arcs (°»; °3;°4; °0;°1). Moreover,
using Z=5-equivariance for CP?(3;1;1); there exists an auto-equivalence of D (Lagyc(W1)) which maps this

exceptional collection to the one assaiated to the collection of arcs (°o;:::;°4) consideredin x4.
Recall that the two exceptional collections for D ®(coh(CP?(3; 1;1))) preserted in x2 are mutually dual (cf.
Example 2.15), and that Theorem 3.3 identi es the exceptional collection assaiated to the arcs (°g;:::;°4

The full subcategory of D (Lagy.(W1)) singled out by the deformation b! 0 is that generatedby the excep-
tional collection (Co; Cy;C3;C4), which corresponds under the above identi cation to the full subcategory of
DP(coh(CP?(3; 1;1))) generatedby the exceptional collection (O; O(1); O(3); O(4)), which is in turn known to
be equivalent to the derived category of the Hirzebruch surfaceF; (seex2.7).

A similar analysis of the deformation b! 0 can be carried out for all valuesof n; and leadsto the following
result:

Prop osition 5.5. Givenanyn, 3andR A 2, and assumingthat bis suzciently closeto 0, the full sutzategory
of D(Lagyvc(Wp)) arising from restriction to the open domain fj Wy,j < Rg is equivalent to D ®(coh(F,)):

In order to provethis proposition we needa lemmaabout mutations in the standard full exceptional collection

Fi= L@O() fork+ 2- i- n+ 1anda new exceptional collection

Denote by Gy; Gk+1 the left mutations of O(k); O(k + 1) respectively through all F;: We get an exceptional
collection

Denote by D the triangulated subcategory of the category D P(coh(CP?(n; 1;1))) generatedby the collection
(0;0(1); Gk; Gk+1)

Lemma 5.6. The triangulated sultategory D coincides with the sulcategory
hG; O(1); O(n); O(n + 1)i:

Proof. This Lemma is equivalent to the statemert that the subcategory hGy; Gk+1 i coincideswith the subcate-
gory hO(n); O(n+ 1)i: First, let usshow that O(n) and O(n+ 1) belongto hGy; Gk+1 i: SinceHom(O(1); O(s)) = 0
forl = nn+ 1and 0 - s < Kk; we can immediately conclude that O(n) and O(n + 1) belong to

Hom' (F;;O(n)) = 0; Hom' (Fi;O(n+ 1)) = 0

forallk+2- i n+ 1
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By de nition of F; there are distinguished triangles
(5.1) Tii! Vi- Ok+1)i! O();
(5.2) Fii! Wi- Ok)i! T
with Vi = Hom(O(k + 1); O(i)) and W; = Hom(O(k); T;): It is clear that Vi 2 Sii ki 1U;: where U is the two
dimensional vector spaceH °(CP?(n; 1;1); O(1)): Considering the sequenceof Hom's from O(k) to the triangle

(5.1), it is easyto ched that W; 2 S'i ki 2U (we usean isomorphisma?U 2 k).
We have isomorphisms

. iy
Hom(V; - O(k+ 1);0(n+ 1)) = S' kilye. gnikysx= SNi 142 j .
j=0
which implies that
i
Hom(Ti; O(n + 1)) 2 sty
=1
On the other hand, there are isomorphisms
. oo
Hom(W; - O(k);O(n + 1)) = S'i ki 2y®. ghiksy2 sni 2y,

j=1

and, moreover, it canbe chedkedthat the natural morphism Hom(T;; O(n+1)) ! Hom(W;- O(k); O(n+ 1)) isan

isomorphism. Hence,Hom (F;;O(n+ 1)) = Oforall k+ 2 - i - n+ 1: By the samereasonsHom (F;;O(n)) = 0
forallk+ 2- i . n+ 1 Thusthe subcategory hO(n); O(n + 1)i is contained in hGy; Gk+1i:

SinceHom(Gg; Gk+1) 2 U 2 Hom(O(n); O(n + 1)), thesetwo categoriesare both equivalent to the derived

category of represenations of the quiver with two vertices and two arrows 2  2; and, as consequenceit can

be easily shown that they are equivalert. o

Proof of Proposition 5.5. The argumert is similar to the casen = 3: in the initial con guration, for b= 1; the
n + 2 critical values of Wy, approximate a regular polygon, and can essetially be identi ed with the critical
values of the superpotential mirror to CP?(n; 1;1): We label these critical valuesby integersfrom 0 to n + 1;
with 0 corresponding to the positive real critical value, and corntinuing counterclockwise. As the value of b
is decreasedtowards 0, pairs of complex conjugate critical values of Wy, (those labelled k and n + 2 k, for
1- k- %), successiely corvergetowards eac other. For 2 - k < 3, the corresponding vanishing cyclesare
disjoint, and the two complex conjugate critical values essetially exdcange their positions before escapingto
in nit y (with complex argumerts closeto ~ %‘l—; 2%y for b! 0. On the other hand, for k = 1 the two complex
conjugate critical points labelled 1 and n + 1 mergeand turn into two real critical points, one of which escapes
to innit y asb! O; similarly for k = 5 if n is even.

If instead of following the real axis we carry out the deformation b! 0 with Im(b) small positive, then we
can avoid all the valuesof b for which two critical values of Wy, coincide, which allows us to keeptrack of the
manner in which nj 2 of the critical valuesescape to in nit y. This is represerted on Figure 12 (left).

Obsenwe that the vanishing cyclesat the critical points corresponding to labelsin the range1 - k < § are
disjoint from those at the critical points with labelsin the range 5 + 2- k - n. Therefore, for the purposesof
determining the remaining vanishing cyclesasb! 0, the family of Lefschetz brations W), is equivalert to one
where the various critical valuesescape to in nit y in a slightly di®erert manner, with the critical valuescoming
from the Im W < 0 half-plane staying \to the left" (towards the negative real axis) of those coming from the
ImW > 0 half-plane, as pictured on Figure 12 (right).
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Figure 12. The deformation b! 0 (n = 8)

Therefore, if we considerthe category of Lagrangian vanishing cyclesassaiated to a systemof arcscorntaining
the four arcs%y; %1; ° % ° ©represerned on Figure 12right, then the full subcategorysingledout by the deformation
b! O0Oisthat generatedby the four vanishing cyclesCy; C1; L% L ®assaiated to thesearcs. A suitable collection
of arcs can be built by a sequenceof sliding operations, starting from a collection f%; 0- i - n+ 1g where
%o and % are as pictured, and all the % remain outside of the unit disc. Identify implicitly the critical points
of Wy with those of the superpotential mirror to CP?(n; 1;1), and recall that sliding operations correspond

us a new systemof arcs (%o;%1;:::; %% 1;°%°% ka2 ;101 ne1 ), Which determinesa full exceptional collection

By construction, the full subcategory h=o; C1; L% L% of the category D (Lag,c(W1)) is equivalent to the
triangulated subcategory hO; O(1); G ; Gk+1i of DP(coh(CP?(n; 1;1))), which by Lemma 5.6 coincides with
hO; O(1); O(n); O(n + 1)i: As seenin x2.7 this category is equivalent to the derived category of the Hirzebruch
surfaceF,; which completesthe proof. o

It is also possibleto prove Proposition 5.5 by a direct calculation involving the monodromy of Wy; instead
of using Lemma 5.6. Starting from the description of the vanishing cyclesassaiated to the arcs °; in x4, one
can determine rst the vanishing cyclesC; assaiated to % for all i, and then those assaiated to °%and ° % It
is then possibleto ched that, although the vanishing cyclesassaiated to °°and °%do not quite correspond to
C, and Cy.1, after sliding °% and °®around ead other a certain number of times one obtains two vanishing
cyclesthat are Hamiltonian isotopic to C, and Cp4; .
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6. Fur ther remarks

6.1. Higher-dimensional =~ weighted pro jectiv e spaces. Many of the argumerts in x4 extend to higher-
dimensional weighted projective spaces,working by induction on dimensionin a manner similar to the ideas

X = fx§°:::x3 = 1g% (C*)"*!, equipped with the superpotential W = xo + ¢¢¢+ x,, and an exact symplectic
form ! that we can chooseto be invariant under the diagonal action of Z=(ag + ¢¢¢+ a,) and anti-in variant
under complex conjugation for simplicity. It is easyto ched that W hasag + ¢¢¢+ a, critical points over X,
all isolated and non-degeneratethe corresponding critical valuesare the roots | j of

ao+ ccea, _ (80 + CCC+ an)2o* coean

- ade:iadn '
As in the two-dimensionalcasewe use§, = Wi 1(0) as our reference b er, and join it to the singular b ers of
W via straight line segmets °; % C joining the origin to | ;.

In order to understand the vanishing cyclesL; %2 8§, we consider as before the projection to one of the
coordinate axes, for example ¥ : (Xo;:::;Xn) 7! Xo. For genericvaluesof |, the map % : § ! C" de nes
an atne Lefschetz bration on§ = Wi I(,), with ap + ¢¢¢+ a, singular b ers. Thesesingular b ers are the
preimagesof the critical valuesof ¥ over § , which are the roots of
(al + ¢CC+ an)a1+ ¢e€ a,

ajtiap

5

(6.1) XE (. i Xo) oo =

(compare with (4.1)). This equation acquiresa double root wheneser , is one of the | ;; the manner in which
two of the roots approach ead other as one movesfrom , = 0to , = ,; along the arc °; de nes an arc
3 % C", which is a matching path for the Lefschetz bration ¥ : 80! C". Asin the two-dimensionalcase,the
Lagrangian vanishing cycle L; %2 § is isotopic to a sphere LJQ which lies above the arc % ; the generic b er of
1/@J-Ljo : LJo ' 4 % C" is now a Lagrangian (n j 2)-sphereinside the b er of %.

Becauseof the similarity betweenequations(6.1) and (4.1), it is easyto ched that Lemma 4.2 extendsalmost
verbatim to the higher-dimensional case,substituting ao for a and a; + ¢¢¢+ a, for b+ c.

In order to determine the Floer complexesCF “(L;;L;), or equivalertly CF(LY, Ljo), we needto understand,
for each point of £\ %, how L? and LjO intersect each other inside the corresponding b er of ¥%. BecauseL?
and LjO ead arise from matching pairs of vanishing cyclesof the Lefschetz "bration %, this can be done by
studying in more detail the topology of the 'berof ¥ : §¢! C” and the manner in which it degeneratesas
one moves from a generic value of x¢ to one of the critical values. In fact, we can use the sameapproac to
study the vanishing cyclesof % : 89! C® asin the caseof W : X | C, namely project the ber F. = %} 1)
to one of the coordinates, e.g. x;. This givesriseto amap % : F. ! C7, which is again a Lefschetz "bration
(whose b ersare now (nj 3)-dimensional), with a; + ¢¢¢+ a, singular b erscorresponding to valuesof x; that

solve the equation
(az + COC+ a,)32* ¢€an

as?::afr ’

which presens a double root preciselywhen?! is a solution of (6.1)2 (for , = 0). The processcan go on similarly,
consideringsuccessie restrictions to “b ersand coordinate projections until we reac the easily understood case
of O-dimensional b ers; once this processis completed, it becomespossibleto describe explicitty CF (LY, LJ-O)
in terms of the available combinatorial data. The nal result is the following:

apy a1 (. . ax+ Ctéa, —
PEXPG T x)® "=

Prop osition 6.1. For i < j, the vanishing cyclesL? and Lj0 intersect transversely,and
X
JLO\ LYj= #£1 %£0;:::;ng; a=jilig
k21
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Ya(To) = Ya("3)
q

o Ya(T1)

Figure 13. The caseof CP?: imagesby % of the vanishing cycles LJQ % 8¢ of W (left), and
imagesby ¥, of the vanishing cycles ; Y2 F. , of ¥ (right)

Hence the Floer complex CF®(L?; LJ-O) is naturally isomorphic to the degree j i i part of the exterior algeba on

Instead of providing a complete proof, we simply illustrate Proposition 6.1 by consideringthe example of the
projective spaceCP?. In that case,§¢ is an axne K3 surface,and ¥y : §o! C® is a bration by a+ne elliptic
curves,with four singular b ers. The four vanishing cyclesLJo Y2 § project to arcs# % C" asshawn on Figure
13 (left).

Using the projection ¥4 to the secondcoordinate, we can view eat of the bersof ¥y : 8§ | C° asa
double cover of C* branched in 3 points (Figure 13, right). To describe the monodromy of the elliptic “bration
Ys, We choose a reference ber F., = %} 1(1 o) for somely 2 C® closeto 0 on the positive real axis. The
monodromy of ¥ around the origin is the di®eomorphismof F. , obtained by rotating the three branch points
of ¥, counterclockwise by 2%/#3. To describe the four vanishing cyclesof ¥, we join the regular value * ¢ of Y
to ead of the four critical valuesby consideringarcswhich start at ! o, rotate clockwise around the origin from
arg! = 0to arg® = j %‘i i % (0 - j - 3), and then go radially outwards to the corresponding critical values
of ¥%. The vanishing cycles o;:::; 3 obtained in this way are isotopic to the double lifts via ¥ : F. ;! C® of
the arcs shawvn on Figure 13 (right).

Now that the monodromy of ¥ is well-understood, it is not hard to visualize the Lagrangian spheresLjO %8y
lying above the arcs 4, and in particular their intersections. For example, L3\ LY consistsof four points, one
of which is the critical point of ¥ with argxg = %‘ (lying above the common end point of +y and %), while
the three others lie in the "b er above the other point p of 1o\ #; (with argxg = j %‘), and correspond (under
a suitable parallel transport operation) to the three intersectionsbetween™; and  in F.,. Similarly, L3\ L9
consistsof 6 points (three above ead point of +5\ +), and soon.

Finally, we obsene that there cannot be any cortributions to the Floer di®erertial my, for purely topological
reasons.Indeed, if we considerany two intersection points p;q2 L2\ L]-O for somepair (i;j), and any two arcs
° %% LPand °°% LY joining p to g, then ° and °° are never homotopic inside § o, as easily seenby considering
either ¥(°) and ¥s(°9) (if Ya(p) 6 Yo(q)), or Ya(°) and ¥%a(°9) (if Ye(p) = Ye(q)).

The proof of Proposition 6.1 is essetially a careful induction on successie slicesand coordinate projections,
where one managesto understand the structure of the intersectionsbetweenvanishing cyclesby starting with a
1-dimensionalslice of § o and then adding one extra dimension at a time; the main ditcult y residesin setting
up the induction properly and in choosing manageablenotations for the many objects that appearin the proof,
rather than in the actual calculations which are essetially always the same.

The next step towards understanding the category of vanishing cyclesof the Lefschetz bration W : X ! C
would beto study the moduli spacesof pseudo-holomorphicmapsfrom a disc with three or more marked points
to §¢ with boundary on LJ-O, something which falls beyond the scope of this paper. Nonetheless,a careful
obsenation suggeststhat the main features obsened in the two-dimensional case,namely the vanishing of my
for k, 3 and the exterior algebrastructure underlying m,, should extend to the higher-dimensional case.
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For example, in the caseof CP?, we can study m; : Hom(L3;L9) - Hom(L9;L3)! Hom(L3;L9) by looking
carefully at Figure 13. Let ®, (resp. o) be the morphism from L§ to L? (resp. from L? to L9) which corresponds
to their intersection at a critical point of ¥, and let ®;; ®,;®; (resp. 1; 2; 3) be the three other morphisms
between these two vanishing cycles (labelling them in a consistent way with respect to the other coordinate
projections). Equipping 8, with an almost-complex structure for which the projection ¥ is holomorphic,
pseudo-holomorphicdiscsproject to immersedtriangular regionsin C® with boundary on [ + [ *; there are
three sud regions (to the upper-left, to the upper-right, and to the bottom of Figure 13 left). To start with, it
is immediate from an obsenation of Figure 13 that m,(®y; o) = 0. Next, by deforming the arcs+y and +; to
make them lie very closeto ead other near their common end point, we can shrink the upper-left regionto a
very thin triangular sector, in which caseexactly one pseudo-holomorphicmap cortributes to the composition
of ®& with eadt of "1; 2; 3. It is then easyto seethat composition with ®, induces an isomorphism from
span("1; 2; 3) ¥2 Hom(L$;L9) to the subspaceof Hom(LS;L9) spannedby the three intersections for which
argxp = %’ Considering the upper-right triangular region delimited by +5;+;+ on Figure 13 left, we can
conclude that the sameis true for the compositions of ®;;®,;®; with ~, and arguing by symmetry we can
ched that my(®y; ) = 8 my(®; o) for i = 1;2;3 (and, hopefully, a careful study of orientations should allow
oneto concludethat the signsare all negative).

By a similar argumert, we can study m,(®; ;) for 1 - i;j - 3 by shrinking the lower triangular region
of Figure 13 left to a single point, which allows us to localize all the relevant intersection points and pseudo-
holomorphic discsinto a single b er of ¥%. The intersection pattern inside that b er of ¥ is then described by
Figure 13 right, sothat things becomeessetially identical to the discussioncarried out in the previous section
for the Lefschetz bration mirror to CP? (observe the similarity between Figures 13 right and 5 right). Hence,
the sameargumert asin the two-dimensional caseshows in particular that m,(®; ;) = Ofor1- i - 3 and
m(®; )= §ma(@; ) forl- i 6] - 3.

6.2. Non-comm utativ e deformations of CP?. As mertioned in the introduction, in the general caseone
expectsthe mirror to be obtained by partial (‘b erwise)compacti cation of the Landau-Ginzburg model given by
the toric mirror ansatz. While not required in the toric Fano caseconsideredhere, this "b erwisecompacti cation
allows for more freedom of deformation, sinceit enlargesH 2(X ; C); this sometimesmakesit possibleto recover
more general (non-toric) noncommutativ e deformations of the Fano manifold. We now illustrate this by brie°y
discussingthe caseof CP?. We will shaw the following:

Prop osition 6.2. Non-exact symplectic deformations of the berwise compacti ed Landau-Ginzbug model
(X ;W) correspnd to geneal noncommutative deformations of the projective plane.

Moreover, we expect that there is a simple relation betweenthe cohomologyclassof the symplectic form on
X and the noncomnutativ e deformation parametersfor CP?.

Recall that a general noncomrrutativ e projective plane is de'ned by a graded regular algebra which is
preseried by 3 generators of degreeone and 3 quadratic relations. All these noncommnutativ e planes were
describedin the papers[2, 1], and with another point of view in [12]. It wasprovedin [2] that isomorphismclasses
of regular graded algebrasof dimension 3 generatedby 3 elemens of degreel are in bijective correspondence
with isomorphism classesof regular triples T = (E; %L); where one of the following holds:

1) E = P?; %is an automorphism of P?; and L = O(1);
2) E is adivisor of degree3 in P?; L is the restriction of Op2(1); and %is an automorphism of E sud that
(37L)22 L- ¥°L;, %LAL
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The triples (and the algebras)of the st type are related to the ordinary commutativ e P? in the sensethat
the category qgr of such an algebra is equivalert to the category coh(P?); whereasthe triples of the second
type are related to the nontrivial noncommutativ e projective planes. For example, the toric noncomnutativ e
deformations of P?; which were discussedabove, correspond to the triples with E isomorphicto atriangle (union
of three lines).

Consider now the noncomnutativ e projective planes which correspond to triples with E isomorphic to a
smooth elliptic curve. We know that sometimesthe categoriesqgr of two di®erent graded algebrascan be
equivalent. In particular, with this point of view any triple with smooth E is equivalent to a triple with the
sameE and sud that %ais a translation by a point of E (seesect. 8 of [12]). On the other hand, according to
[1](10.14), the equationsde ning a genericregular graded algebra, which correspondsto a triple (E;%;L) with
E a smooth elliptic curve and %a translation, can be put into the form

fi=cx?+ byz+ azy=0

f,= axz+ cy?+ bzx = 0

f3= bxy+ ayx + cz2 = 0:
This meansthat the DG category C for these noncommutativ e projective planes can be described in the
following way. It has three objects, say lo;l1;l2; and for i < j the spacesof morphisms Hom(l;;l;) are 3-

dimensional, with all elemens of degree(j j i). There are basesxy; Yo;zo 2 Hom(lp;11); X1;Vy1;21 2 Hom(ly; 12);
X;¥;2 2 Hom(lp; I2) in which the nontrivial compositions are given by the following formulas:

m2(Xo; Y1) = aZ; m2(Xo; z1) = by; m2(Xo; X1) = cX;
My (Yo;21) = aX; M2 (Yo; X1) = hE; m2(Yo; Y1) = ¢¥;
mMy(20;X1) = ay; M2(2o; Y1) = bX; mM2(2o;21) = C¥:

All other compositions (except those involving identit y morphisms) vanish.

Recall from x4 that the mirror of CP? is an elliptic “bration with three singular b ers. In the atne setting,
the generic bersof W = x+ y+ z on X = fxyz = 1g are tori with three punctures, but it is possible
to compactify X partially into an elliptic bration W : X I C whose b ers are closed curves; unlike what
happensin more complicated (non-toric) examples,this doesnot introduce any extra critical points.

The generic b er of W and the three vanishing cyclesare asrepresened on Figure 14 (compare with Figure
5 right, which represerts the imagesby ¥ of the samevanishing cycles;seealso Figure 2 of [35]); the bold dots
represent the intersections of the “b er with the compacti cation divisor.

While it is easyto seethat my remains trivial for k 6 2, the compacti cation modi es the product m, in
the category Lagyc(W:f°;g) by introducing an innite number of immersed triangular regionswith boundary
inLo[ L1[ Lz. This inducesa deformation of the product structure, and the uncompacti ed caseconsidered
in x4 now arisesas a limiting situation in which the areasof the hexagonalregions cortaining the intersections
with the compacti cation divisor tend to in nit y.

For example, the product m,(xp;y1) remains a multiple of #; but the relevant coetcient is now a sum of
in nitely many cortributions, corresponding to immersed triangles in which the edgejoining xo to y; is an
arbitrary immersedarc betweenthesetwo points inside L 1: The corvergenceof the series ; § exp(j area(T;))
follows directly from the fact that the area grows quadratically with the number of times that the xgy; edge
wraps around L q: Similarly, mx(yo;X1) is a multiple of £ asin the uncompacti ed case,but with a coexcient
now given by the sum of an in nite seriesof cortributions; and similarly for ma(yo; z1) and ma(ys1;z); which
remain multiples of %X; and for mx(zp; X1) and mx(Xg; z1); which are proportional to ¥:
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Figure 14. The vanishing cyclesof the compacti ed mirror of CP?

The important new feature of the compacti ed Landau-Ginzburg model is that my(Xo; X1) is now a multiple
of X (with a coezcient that may be zero or non-zero depending on the choice of the cohomology classof the
symplectic form); sincethere are again in nitely many immersedtriangular regionswith vertices xq;X1; % (the
smallest two of which are embedded and easily visible on Figure 14), the relevant coetcient is the sum of an
in nite series.

Obserne that the two enmbeddedtriangles are to be counted with opposite signs (the di®erencesn orienta-
tions at the two vertices of degreel cancelead other, while the non-trivialit y of the spin structures and the
complemenarity of the sidesresult in a total of three sign changes,seex4.6); hence,in the \symmetric" case
where the six triangular regions delimited by Lo [ L1 [ L, have equal areas, these two contributions cancel
ead other. The sameis true of the other (immersed) triangles with vertices xg; X1; X, which arise in similarly
cancelling pairs. Hence,in the symmetric situation, we end up having m,(xo;X1) = 0 asin x4; howewer in the
generalcasem;(Xo; X1) can still be a non-zeromultiple of X. There are similar statemerts for m,(yp;y1) and
m2(2o; z1), which are multiples of ¥ and # respectively (and also vanish in the symmetric case).

6.3. HMS for products. Let W;:X;! CandW,:X,! C betwo Lefschetz brations, with critical points
respectively pj, 1- i- randg,1- j- s, and assiated critical values, ; = W4(p;) and*; = W»(g ). Then
W = Wi+ W,:X1£ X! Cisalefstetz bration with rs critical points (p;;q ), and assiated critical
valuesW(pi; ) = ,i + *; (wewill assumethat theseare pairwise distinct and nonzero).

Forallt 2 C, the ber M, = Wi (t) %2 X, £ X, can be viewed asthe total spaceof a bration A :M;! C
given by A(p;q) = Wy(p), with ber A *(,) = Wi *(,) £ Wit ,). The r + s critical valuesof A are
Luiin,randty gty sl If t variesalong an arc © joining Oto | + *;, the critical valuetj *; of A
corvergesto the critical value , ; by following the arc ° j *;. Hence,the vanishing cycle L- %2 M, assaiated
to the arc ° is a bered Lagrangian sphere,mapped by Aq to the arc == ° j 1; joining the critical valuesij !
and ,; of Ay.

More precisely the b er of Ay above an interior point of % is symplectomorphicto the product § 1 £ §, of the
smooth b ers of W; and W,, and its intersection with the vanishing cycle L- is a product of two Lagrangian
spheresS; £ Tj 28, £ 85, where S; and T; correspond to vanishing cyclesof W1 and W, asswiated to the
critical values, ; and!; respectively. Above the end points of %, the product S; £ T; collapsesto either fp;g£ T;
(above =(1) = i) or S; £ fgg (above %(0) = | *;). Denoting by n; the complex dimension of X;, a model
for the topology of the restriction of Aq to L- is given by the map A: S"t*n2i 11 [0;1] de ned over the unit



MIRR OR SYMMETR Y FOR WEIGHTED PROJECTIVE PLANES 53

‘"9 9.9 g=4 -0
ilSqLij.Quilssg

3
y 3 3 Ligjo
Lo 8
ity ®
it1d

Figure 15. The vanishing cyclesof W = Wy + W, : X, £ X, ! C

Up to a suitable isotopy we can assumethat the critical values,; all have the sameimaginary part, and
0< Im(,;) ¢ Re(1) ¢ ¢e¢¢ Re( () (sothat line segmets joining the origin to ,; form an ordered
collection that can be usedto de ne Lagyc.(W1)). Similarly, assumethat *; all have the samereal part, and
0< Re(*;) ¢ Im(rs) ¢ ¢¢¢ Im(*q): Then there is a natural way to choosearcs®j;1- i- r;1- j - s;
joining the origin to ,; + *;, with both real and imaginary parts monotonically increasing,in such a way that
the lexicographic ordering of the labelsij coincideswith the clockwise ordering of the arcs®;; around the origin.
The arcs%; to which the vanishing cyclesL 2 M, project under Ay are then as shown in Figure 15.

In this situation, we have the following result, which givessupporting evidencefor Conjecture 1.3:

Prop osition 6.3. The vanishing cyclesL; of W are in one-to-one correspnden@ with pairs of vanishing
cycles(S;; T;) of Wy and W», and

HOMLag, . (wy+w,) (Lij s Ligo) * HOMLag, (wy) (Si5 Sio) - HOMLag, (w,) (Tj; Tjo):

Sketchof proof. For i < i®andj < j© the intersections betweenL; and Ligo localize into a single smooth
b er of Ay, whoseintersection with Lij is S £ T; while the intersection with Ligo is Sjo £ Tjo (up to isotopy
in general, but by suitably modifying the "brations W; and W, to make them trivial over large open subsets
and by choosing the arcs °j; carefully we can make this hold strictly). Therefore, in this caseintersections
points betweenL; and Lo correspond to pairs of intersectionsbetweenS; and Sjo and betweenT; and Tjo, so
Hom(Ljj ;Ligo) ' Hom(S;; Sio) - Hom(T;; T;0): After choosing suitable trivializations of the canonical bundles
(sothat the phaseof L; at an intersection point can easily be comparedwith the sumsof the phasesof S; and
T;), it becomeseasyto ched that this isomorphismis compatible with gradings.

When i = i®andj < jOthe intersections betweenL; and Ljo lie in a singular b er of Ay (of the form
wi Y(,1) £ §5), inside which L and Lj o identify with fpig£ S; and fpig£ Sjo respectively (seeFigure 15);
recalling that Hom(S;; S;) = C by denition, we obtain the desiredformula. Similarly for Lj \ Lig wheni < i°
andj = j% Finally, the casei = i®andj = jCis trivial.

In all other cases,there are no morphisms from Lj to Lioo. Indeed, if either i > iori=i%andj > j°
then (i; j) follows (i%j 9 in the lexicographic ordering, so there are no morphisms from Ljj to Ligo. The only
remaining caseis wheni < i®andj > j% in that casethe trivialit y of Hom(Lj ;Lio0) follows from the fact
Lij \ Ligo=; (becausethe projections %; and %0 are disjoint). o

In order to prove Canjecture 1.3, one needsto achieve a better understanding of pseudo-holomorphicdiscsin
Mg with boundary in ~ Lj . This is most easilydonein the caseof low-dimensional examplessud asthe mirror
to CP' £ CP! (already studied in a di®erert mannerin x5.1), or more generally any situation wherethe b ers
are O-dimensional, becausethe description then becomespurely combinatorial. Another piece of supporting
evidenceis the following
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Lemma 6.4. Wheni < i°< i%andj < j°< j% the composition m, : Hom(Lj ;Liogo0) - Hom(Lojo; Lo o0) !
Hom(Ljj ; Liog ) is expressé (up to homotopy) in terms of compositions in Lagy.(W1) and Lagy.(W2) by the
formula my(s- t;s%- t9 = my(s;s% - my(t; t9.

Sketchof proof. After deformingthe brations W1 and W, andthe arcs®jj ; ®iojo; ®jog 00 (hence\up to homotopy"
in the statemert), we can assumethat all intersections betweenL;; , Ligo and Ljog0 occur in a portion of Mg
where the bration Ay is trivial. Choosean almost-complex structure which is locally a product in A} Ly

UE §, £ 8§, % Mp: Then every pseudo-holomorphicdisc with boundary in L [ Ligo[ Ljogoe cortributing
to m, projects under Ay to the sametriangular region in U (the unique triangular region with boundary in
% [ &o0[ %og 00, which we canassumeto be arbitrarily small), while the projections to the factors §, and §, are
exactly those pseudo-holomorphicdiscswhich contribute to my : Hom(S;; Sjo) - Hom(Sjo; Sj) ! Hom(S;; Sjoo)
and my : Hom(T;; Tjo) - Hom(Tjo; Tjeo) ! Hom(T;j; T o0): o

Other parts of Conjecture 1.3 are also accessibleto similar methods. Howewer, the general situation is
quite subtle, partly becausethe de nition of higher compositions in a product of two A; -categoriesis more
complicated than one might think, but also becauseone hasto deal with more complicated moduli spacesof
pseudo-holomorphicdiscs.
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