ON KHOVANOV-SEIDEL QUIVER ALGEBRAS AND
BORDERED FLOER HOMOLOGY
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ABSTRACT. We discuss a relationship between Khovanov- and Heegaard Floer-
type homology theories for braids. Explicitly, we define a filtration on the bor-
dered Heegaard-Floer homology bimodule associated to the double-branched
cover of a braid and show that its associated graded bimodule is equivalent to
a similar bimodule defined by Khovanov and Seidel.

1. INTRODUCTION

The low-dimensional topology community has been energized in recent years
by the introduction of a wealth of so-called homology-type invariants. These in-
variants are defined by associating to a topological object (for example, a link or
a 3-manifold) an abstract chain complex whose quasi-isomorphism class—hence,
homology—is an invariant of the object.

One obtains such invariants from two apparently unrelated points of view:

(1) algebraically, via the higher representation theory of quantum groups, and
(2) geometrically/analytically, via symplectic geometry and gauge theory.

Although the invariants themselves share a number of formal properties, finding
explicit connections between the two viewpoints has proven challenging.

A striking success in this direction is a result of Ozsvath and Szabé relating the
Z /27 versions of Khovanov homology and Heegaard Floer homology:

Theorem 1.1. [41] Let L C S be a link and L C S® denote its mirror. There
exists a spectral sequence whose E? term is Kh(L), the reduced Khovanov homology

of the mirror of L, and whose E> term is ﬁ(E(L)), the Heegaard-Floer homology
of the double-branched cover of L.

This result has generated applications in a number of directions (see, e.g., [42],
[52], [8]). It also served as inspiration for Kronheimer and Mrowka’s construction of
an analogous spectral sequence from Khovanov homology to a version of instanton
knot homology, yielding a proof that Khovanov homology detects the unknot [28].

The aim of the present paper is to move toward a more “atomic” understanding
of the Ozsvéath-Szabé spectral sequence and its sutured generalizations ([43, [13]
12, [14]). In particular, viewing a link in S% as the closure of a braid, we can ask
whether there are appropriate Khovanov-type (algebraic) and Heegaard-Floer-type
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(geometric/analytic) invariants associated to braids such that the Ozsvéth-Szabé
spectral sequence emerges as an algebraic consequence of a relationship between
these invariants.

Such a description would not only be of theoretical interest. Ozsvath-Szabd’s
original description of the above spectral sequence involves holomorphic polygon
counts in Heegaard multi-diagrams. Since these counts are tricky to carry out
in practice, finding ways to perform them combinatorially should prove valuable,
especially in light of subsequent work of Baldwin [7] (see also L. Roberts [44])
proving that the terms of the Ozsvath-Szabd spectral sequence are themselves link
invariants.

We should at this point remark that recent work of Lipshitz-Ozsvath-Thurston,
in [34] and its sequel, does precisely this. In addition, Szabé [51] has constructed
a combinatorial filtration on the Khovanov cube of resolutions associated to a link
diagram that he conjectures yields the original Ozsvath-Szabé spectral sequence.

In the present paper, we address a slightly different question from a substantially
different direction. First, we focus not on the original Ozsvath-Szab6 spectral
sequence but rather on (a direct summand of) one of its sutured generalizations
[43, [12]. Second, we take as our starting point a paper of Khovanov-Seidel [23],
which explores a concrete instance of Kontsevich’s homological mirror symmetry
conjecture [26]. The constructions found there, when combined with work of the
first author [4], lead naturally to a new view on the filtered complexes appearing
in [43, 12).

Explicitly, given a braid ¢ C D? x I, we consider the closure of the braid, not in
the three-ball but in the solid torus (viewed as a product sutured annulus, A x I).
Associated to the resulting annular link are Khovanov-type and Heegaard-Floer-
type invariants connected by a sutured spectral sequence [2] 43| 2] that splits along
an extra grading measuring “wrapping” around the S* factorH In [5], building on
work in [32], we obtain a similar spectral sequence in the “next-to-top” graded piece
as the Hochschild homology of a filtered A., bimodule associated to the original
braid, o.

The purpose of the present paper is to give an explicit combinatorial construction
of this filtered A, bimodule. Informally, the resulting spectral sequence interpo-
lates between the “open” Khovanov- and Heegaard-Floer-type invariants of a braid
o C D?x I just as the sutured spectral sequence interpolates between the analogous
“closed” invariants of its closure, 6 C A x I.

More precisely:

(1) On the algebraic side, we show how to use ideas of Khovanov-Seidel in [23] to
construct an A, bimodule, MX" via Yoneda imbedding of a distinguished
collection of objects in the derived category of a quiver algebra.

(2) On the geometric/analytic side, we use the bordered Floer homology pack-
age of Lipshitz-Ozsvath-Thurston in [31] B2] to construct an A, bimodule,
MHE the 1-strand CFDA bimodule associated to the mapping class &
obtained as the double-branched cover of o C D? x I.

Letting 1 denote the identity braid of the same index as o, we prove:

IThis extra grading has a natural interpretation on the Khovanov side in terms of Ug(sl2)
weight space decompositions and on the Heegaard-Floer side in terms of relative Spin® structures.
See [I5] for more details.
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Theorem There exists a filtration on MEE whose associated graded bimodule
is quasi-isomorphic, as an ungraded Ao, bimodule over {gr(MﬁIF) = M{fh}, to
MKh

o

In particular, for each braid there exists a spectral sequence connecting the
Khovanov-Seidel (algebraic) bimodule to the Lipshitz-Ozsvath-Thurston (geomet-
ric/analytic) one. Moreover, these “open” spectral sequences can be defined without
reference to holomorphic curves. In fact, our construction is based on a remark-
ably simple toy model (Lemma [5.3): a filtered complex interpolating between the
cohomology of S* and the cohomology of S° (both over Z/2Z) coming from a Z /27—
equivariant cochain complex for S'. This toy model was, in turn, inspired by work
of Seidel and Smith [49].

We pause here to emphasize some key points. First, the algebraic objects appear-
ing in [23] do themselves admit a geometric interpretation in terms of the Fukaya
category of a certain Lefschetz fibration (cf. Section [3.5). Those readers familiar
with [47] may therefore prefer to perform the Section [3| calculations geometrically.
We have opted instead to work entirely in the algebraic setting, using symplectic
geometry only as motivation. Although this has surely increased the paper’s length,
we hope it has simultaneously increased its accessibility to non-geometers.

This accessibility is essential, as the algebraic version of the Khovanov-Seidel
construction has a beautiful representation-theoretic interpretation. Explicitly, the
Khovanov-Seidel algebra is a special case (for k = 1) of a family of algebras A®"=k,
introduced by Chen-Khovanov [I1] and independently by Stroppel [50], giving rise
to a categorification of the U, (sl2) Reshetikhin-Turaev invariant for tangles. These
algebras can also be identified with endomorphism algebras of projective generators
of certain blocks Oy, ,—j, of category O. We conjecture that Theorem admits a
generalization which, for every n-strand braid o, provides a relationship between
the k-strand part of the Lipshitz-Ozsvath-Thurston bimodule associated to ¢ and
a Khovanov-type bimodule defined over the Ext-algebra of the direct sum of all
standard A¥"~*_modules.

We end by remarking that the construction of our filtration required a choice of
a common “basis” of generators for the relevant Fukaya categories. One natural
choice is made in [23] (corresponding in the geometric setting to Lagrangians where
all but one is compact and in the algebraic setting to Luzstig’s canonical basis for a
tensor product representation), while another equally natural choice is made in [3T],
as reinterpreted in [4] (corresponding to non-compact Lagrangians and the standard
basis for a tensor product representation). We work with the latter, noncompact
basis because both (k = 1) algebras in the noncompact case are formal (see Lemma
and [4, Prop. 3.6]) while the bordered Floer algebra corresponding to the
compact basis is not [47, Chp. 20], [30].

The paper is organized as follows:

In Section [2] we establish notation and collect a number of useful definitions and
elementary algebraic results.

In Section [3] we describe the topological input needed for the algebraic con-
structions in the remainder of the paper. After reviewing the key points in [23], we
proceed to the construction and description of

e an algebra, BX" associated to a marked disk D,, equipped with a specific
basis of curves and
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e a module, ME"  associated to each braid o, decomposed as a product of
elementary Artin generators.

We conclude the section with a brief discussion of the Fukaya-theoretic interpreta-
tion of BX" and MKh.

In Section 4] we turn to the construction and description of the analogous bor-
dered Floer algebra B#F and bimodules M ¥ using the same topological input.

In Section [5| we describe a natural filtration on B#¥ whose associated graded
algebra is isomorphic to BEX". Our construction is based on a simple “toy model”
(Lemma .

In Section@ we describe a filtration on MZF whose associated graded homology
bimodule is quasi-isomorphic to MX", We proceed by choosing a decomposition

_ T +
0 =0}, " Ok,

of o as a product of elementary Artin generators, explicitly constructing a filtration

on Mff for each elementary generator, then realizing MZ¥ as the (filtered) A,
k

tensor product of the elementary bimodules /\/lff e ,Mff .

kq kn
In Section [7] we describe an example highlighting the nontriviality of the filtra-
tion on MIE.
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Ozsvath, Catharina Stroppel, and Dylan Thurston for a great number of interesting
conversations, and to the MSRI semester-long program on Homology Theories of
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thank Joshua Sussan for bringing to our attention that some of the algebraic results
of Section 3 (in particular, Lemma were independently obtained by Angela
Klamt and Catharina Stroppel in [24] and [25]. Many thanks are also due to
the excellent referee and editor, whose insightful suggestions greatly improved the
manuscript. Finally, we are indebted to John Baldwin, who helped us find the
example described in Section

2. ALGEBRAIC PRELIMINARIES

In this section, we establish some basic facts about filtered A., algebras and
modules. We assume throughout that we are working over the field F = Z/2Z. In
addition, many of the spaces we discuss will be graded either by Z, in which case we
say it is graded, or by Z?2, in which case we say it is bigraded. The (co)homological
grading always appears first.

Notation 2.1. If V is a bigraded vector space, i.e.
V=D Vs
ijez
and k1, ko € Z, then V[k1|{k2} will denote the vector space whose first (homologi-

cal) grading has been shifted down by k; and whose second (internal) grading has
been shifted up by ke[| Explicitly,

(V1] {k2})(i,j) = Viithy,j—ks)-

2The difference in shift conventions for homological versus internal gradings is unfortunate,
but standard in the literature. In particular, they coincide with those in [23]. The reader should
be warned, however, that [31I] uses a different convention, since their differential maps decrease
rather than increase homological grading.
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We omit the standard definitions of A, algebras, modules, morphisms and ho-
motopies, instead referring to Keller’s expository papers: [19],[20]. Other excellent
references are Seidel’s book: [47] (though the reader should be warned that Seidel’s
ordering conventions (cf. Eqn 1.1) for A, morphisms differ from ours), the thesis
of Lefevre-Kasegawa [29], and Chapter 2 of [31]. All A, modules we consider will
be over homologically unital algebras (c-unital, in the terminology of [47]), and
morphisms between homologically unital algebras must be homologically unital.

Remark 2.2. The algebraically defined modules we study here are, in fact, strictly
unital (cf. Remark , but the geometrically defined ones need not be.

Let n € Z and ny,no € ZZ% We shall use the notation m,, to refer to the nth

structure map
my, : A®" — A2 — ),
of an Ay, algebra A and the notation m,,|1|n,) to refer to the (n1[1|ny) structure
map
M(ny|1jng) : AZ™ @ M @ B®" — M[2 — (nq + 1+ ng)]

of a bimodule M admitting a left (resp., right) A action by the A, algebra A
(resp., B).

If A is ungraded but otherwise satisfies all of the conditions of an A, algebra,
we call A an ungraded Ao algebra.

A graded (resp., ungraded) A, algebra satisfying m, = 0 for all n > 2 is
a differential graded algebra (dga) (vesp., a differential algebra) with differential
0 := my and multiplication ms. The terminology is completely analogous for
graded and ungraded A, and differential modules.

If M and N are A, bimodules, we will refer to the map

Fnaling) : A®™M @ M@ B®™ — N[1 — (ng + 1+ ny)]

associated to an A, morphism f as the “(ni|ling) term of f.” In addition, we
will use the terminology “(n1|llng) Ao relation” to refer to the A, relation corre-
sponding to ny left inputs and ny right inputs. For example, the (1|1|0) Ay relation
for an Ao, morphism f: M — N is given by:

fano) (mi@1+1@moj1j0)) + fonj0)mijo) = mjij0) (L fiojijoy) +m o110y f1]1)0)-

If fni|1jn,) = O for all ny,ne > 0, then we say that f = foi0) : A — Bis a
strict morphism of Ao, modules. In particular, a strict morphism f : A — B of
differential (graded) algebras is a chain map intertwining the multiplication, mso.

An A, morphism f is said to be a quasi-isomorphism if f; induces an isomor-
phism on homology.

Homological perturbation theory allows one to transfer Ao, structures along
certain morphisms. Although the situation of particular interest to us is the transfer
of an Ao structure along a chain homotopy equivalence p : A — H,(A) as in
[18, 39, 27], such a transfer can be performed in much greater generality. See [38]
(and the related discussion in [47, Sec. (1i)]). A nice account is also given in [9]
Thm. 2.1]. The tree formulas for this transferred structure are summarized in the
following proposition:

Proposition 2.3. Let
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be a contraction of a chain complex, A, onto its homology, H.(A). In other words,
p and v are chain maps and h is a chain homotopy satisfying:

(1) tp = Id+ Oh + ho, p = Id.

Suppose A is further endowed with a (not necessarily unital) Ao structure ex-
tending the differential structure, i.e., multiplication maps

ma A®" — A2 —n]

with mi* = 0 and satisfying the Ao relations.
Then H,(A) admits a (not necessarily unital) Ao, algebra structure such that
(1) my = 0 and my is induced from m3',
(2) there are Aw quasi-isomorphisms p' : A — H.(A) and / : H.(A) — A,
and an Ao, homotopy h' : A — A extending p, ¢, h.
The nth A multiplication

Mo+ (Ho(A)*" — H,(A)[2 = n]

is given by
My, = E ml
T

where the sum ranges over all planar rooted trees T with n leaves and mY is defined
by applying the T —shaped diagram with

(1) leaves labeled with ¢,

(2) interior edges labeled with h,

(3) wertices labeled with the multiplication maps m; in the algebra A, and

(4) root labeled with p

to an element of (H.(A))®".

See Figure [I] for an enumeration of all such rooted trees T specifying the multi-
plication m,, when n = 4. The resulting “transferred” Ao, structure on H,(A) is
unique (independent of the choice of p, ¢, h) up to non-unique A, isomorphism.

Remark 2.4. If M is an A module, then the induced A, structure on H,(M)
is constructed exactly as described in Proposition [2.3] where the leaves and root of
each tree have been labeled with H, (M) rather than H,(A), where appropriate.

Remark 2.5. The condition tp = Id 4+ dh + h9 in the statement of Proposition [2.3
is all that is needed to transfer the Ao, structure from A to H,(A), while the extra
condition pt = Id ensures that the two structures are quasi-isomorphic. Moreover,
although Proposition as stated is a result about non-unital Ay, algebras (and
non-unital modules over them), in the cases of interest in the present work (specifi-
cally, Lemmas and , Proposition yields quasi-isomorphisms of strictly
unital algebras (resp., modules).

Note also that if H.(A) is finite-dimensional, the condition pt = Id is a conse-
quence of the condition tp = Id + dh + hd, hence may be omitted.

Definition 2.6. An A, structure on H,(A) constructed as in Proposition is
called a minimal model of A. An A, algebra is said to be formal if a minimal
model can be chosen so that m,, = 0 for all n > 2.
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FIGURE 1. The full collection of rooted trees with 4 inputs speci-
fying the multiplication my4 described by Proposition [2.3]

Henceforth, whenever we refer to the minimal model, H,(A), for A an Ay
algebra, we shall always assume it has been endowed with the structure provided
by Proposition [2.9] for suitable maps ¢, p, h.

Definition 2.7. Let A be a homologically unital A,,—algebra. The derived category
Do (A) is the category with objects homologically unital A,,—modules (left, right,
or bi—, depending on the context) and morphisms A, —homotopy classes of A.,—
morphisms.

Remark 2.8. Since every A, quasi-isomorphism has an inverse up to homotopy
(see [I0, Lemma 10.12.2.2]), passing to the derived category has the effect of making
Ao quasi-isomorphisms invertible.

Definition 2.9. A (graded or ungraded) filtered A~ algebra A is a (graded or
ungraded) A, algebra equipped with a sequence of subsets, for i € Z:

0C..CFHFCFa1C...CA
that are compatible with the A, structure in the following sense:
M (Fiy @ ... @ Fi,) © Firtotin-

If m, = 0 for all n > 2, A is a (graded or ungraded) filtered differential alge-
bra. (Graded or ungraded) filtered Ay, modules and filtered differential modules are
defined analogously.

Note that the compatibility of the filtration with the multiplicative structure
ensures that if A is a filtered A algebra, the associated graded algebra @, F; /F;—1
is a well-defined (graded or ungraded) A, algebra, and if M is a filtered A, module
over a filtered A, algebra A, then the associated graded module @, F;/F;_1 is a
well-defined A, module over the associated graded algebra of A.

Definition 2.10. A filtered A, algebra A (resp., module M) is said to be bounded
if there exist n < N € Z such that 0 = F,, and A = Fy(A) (resp., M = Fy(M)).

Notation 2.11. If M is a filtered A, module and k € Z, M{k} will denote the
filtered A, module whose filtration has been shifted by k. Explicitly,

Fn (M{k}) := Frp (M)
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A filtration on an A, algebra (resp., module) induces a spectral sequence in
the standard way, and if the filtered complex is bounded this spectral sequence
converges in a finite number of steps. Furthermore, each page of the correspond-
ing spectral sequence has the structure of an A, algebra (resp., module), by
Proposition [2.3] We will call the homology of the associated graded complex,
D;cz Fi/ Fi-1, the associated graded homology algebra (resp., the associated graded
homology module) and the homology of the total complex (i.e., the E° page of this
spectral sequence) the total homology algebra (resp., the total homology module).

If M is a filtered left A, A-module, and N is a filtered right A., B-bimodule,
then M ® N inherits a filtration (and, hence, the structure of a filtered A, A-B
bimodule in the sense of Definition via: a®b € Frpn M@ N) if a € Fpp, (M)
and b € F,, (N).

Similarly, the A, tensor product of filtered A,, bimodules naturally inherits the
structure of a filtered A., bimodule:

Lemma 2.12. Let M, N be two filtered Ao, bimodules over a filtered Ao, algebra
A. Then the Ay tensor product, with underlying vector space:

M&N = PMe A®" @ N
n=0
inherits the structure of a filtered Ao, bimodule as follows:
Fi(M&N) := P 4 FiM) @ F; (A)® ... Fj, (A) @ Fp(N)
n=0 |itj1+...+jnthk=C
Proof. Since M, N are filtered A, bimodules, the multiplications
mM(o|1]4) :M®A1®...®Ai — M
me|o) : An7i+1 R...A, N — N
miIA£®...®Ag+i,1 — A
contributing to the differential on the complex all respect the filtration in the sense

of Definition [2.9] The same is true for the higher multiplications on the complex,
for the same reason. (]

Definition 2.13. An A, morphism f : M — N between two filtered A, modules
is said to be filtered if
f(n1\1|n2) (-7:21 ®...® ‘Finl+n2+1) - fi1+m+in1+n2+1'

Definition 2.14. Let A be a filtered A, algebra, and f: M — N a filtered A
morphism between filtered A-modules M and N. Let m%lll‘nz) (resp., mé\vlnll\nz))
denote the A, multiplication maps for M (resp., for N).

Then the mapping cone of f, denoted MC(f), is the filtered A, A—module with
underlying F—vector space M[1] & (N), A, multiplication maps:

M
m 0
— (n1]1n2)
Miny 11ns) = .
(rmtinz) ( Fmlting) M 1na) )

and filtration given by:
Fu(MC(f)) :={(a,b) e MC(f) |a € F,(M) and b € F,,(N)}.

The following lemma will be useful in the proof of Theorem [6.1
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Lemma 2.15. Let M®N be the filtered Ao, bimodule (over the filtered algebra A)
obtained as the As tensor product of the two filtered Ao bimodules M and N as
in Lemma . Let gr(—) denote the associated graded A, module of —.

Then gr(M)é)gr(A)gr(N) = gr(M®AN) as Ay bimodules over gr(A).

Proof. The well-defined chain map

gr(M)®gr(a)gr(N) 2 > or(M&AN)

sending
Fi F; F; Fi
) ®[a1] ®...® [a,] ® € M 2 (A)®...0 =" (A)® N
Pemle  ohlokl ¢ F-MeZi(A)e. .o (A)e Z "N
- gl‘(M)®gr(A)gr(N)-
to
Fr ~
[r®a®...0a @y € (M®aN)
Fra
(where in the above I := i+ j; ...+ j, + k), is an isomorphism of chain complexes.
O

2.1. Formality of dg algebras and modules. The following technical lemmas
provide sufficient (but not necessary) conditions for formality of an A, module.

Lemma 2.16. Let A be a differential (graded) algebra (resp., let M be a differ-
ential (graded) module over A), and let v, p, h be maps satisfying the conditions in
Proposition 2.3 If, in addition,

(1) h? =ht=0, and

(2) mP(t®1)(A®2) C L(A) (resp., m%lulnz)(L(@L)(A@nl @M@ A®"2) C (M)

whenever ny + 14 ng = 2),
then A is formal (resp., M is formal).
Furthermore, ¢ : A — H,(A) (resp., ¢ : M — H,(M)) is a strict Ax quasi-

isomorphism.

Proof. In the interest of brevity, we give the argument for the case of A a differ-
ential (graded) algebra, leaving the completely analogous proof in the case of M a
differential (graded) module to the reader.

Each tree T' contributing to the definition of

e (H.(A)®" — H.(A)

for n > 2 yields the 0 map, since each such tree T" involves a product of terms in
A, at least one of which is either:

e of the form hom4 o (1 ®¢) (if T is trivalent) or

e of the form m2 (1 ® ... ® 1), for n > 2 (if T'is not trivalent).

n
In both cases, such a term is 0 in A by assumption, hence the corresponding map
is 0, implying formality of A.
To see that ¢ : A — H,(A) is a strict quasi-isomorphism, we refer to [9 Thm.
2.1], which tells us that ¢,, can be defined recursively as

Ly = Z hm (1, ® ... @ 1;,).

114...+i-=n
r>1
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Assumptions (1) and (2), combined with the assumption that m: = 0 for r > 2,

now allow us to conclude inductively that ¢, = 0 for n > 2, as desired.
O

Lemma 2.17. Let M be a differential (graded) module over an algebra A, and let
v Hi(M) =M, py:M—-HM), hy:M-M

satisfy the conditions in Proposition[2.3. Suppose in addition that

(1) h?w = th]\/[ = 0, and
(2) Im(har) and Im(mé\(/)jmo)) are both submodules of M over A (i.e., left or/and
right multiplication by an element of A preserves Im(hyr) and [m(m%mo)))-
Then M is formal, and the projection map pp : M — H,(M) is a strict quasi-
isomorphism.

Proof. We give the proof in the case that M is a differential (graded) bimodule
over A. If Assumption (2) holds only under left (resp., right) multiplication, then
pu will be a strict quasi-isomorphism of left (resp., right) A—modules.

Since A is an algebra, m?} = 0 unless n = 2, and A is trivially A, isomorphic to
its homology. Choosing t4 : H.(A) — A and pa : A — H,(A) to be the identity
morphism, and h4 : A — A to be the zero morphism, we now claim that any tree
T contributing to the definition of

M (ny|1|ng) A®™m ® (H*(M)) X A®n2 _, H*(M)

is zero if n1 + ng + 1 > 2. This follows because:

e If T is trivalent then it corresponds to a summand of the form pys o hps(m),
since Im(hyy) is an A-bimodule. Such a term is zero by Assumption (1).

e If T is not trivalent then it involves a product with at least one term of the
form:

méw (L®...®1) (resp., mA(L®...®1))

nf|1lng)
for n{ + nh+1 > 2 (resp., n > 2), which is zero since M is a dg module
(resp., since A is an algebra).
To see that pys is a strict quasi-isomorphism, we again appeal to [0, Thm. 2.1],
which gives recursive definitions for (p M)(nllllnz) in terms of p, m, and an auxiliary

morphism h[*11"2] " defined recursively in terms of p, ¢, h.
Assumptions (1) and (2) allow us to conclude:

(Pr) o) = Popjo) © Moy © (1 ® h)
= 0
and
(pri) oy = Poonjo) © meopny © (h® 1)
= 0.

Combined with the fact that m2 = 0 for all n # 2 and m%ﬂllnz) = 0 for all
n1+14n2 > 2, (Pa1) (n1]1]ns) 18 then identically 0 by induction for all (ng +1+mn3) >

2, as desired.
O
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3. KHOVANOV-SEIDEL HOM ALGEBRAS AND BIMODULES

In this section, we construct dg bimodules following Khovanov-Seidel in [23].
We begin by describing the topological data needed for the construction of both
the Khovanov-Seidel bimodules and their bordered Floer analogues (described in
Section .

We emphasize that although we have chosen to describe the Khovanov-Seidel
objects from a purely algebraic viewpoint, they also admit a beautiful Fukaya-
theoretic description (cf. Section [3.5). Readers familiar with [23, Sec. 6] and [47|
Chp. 20] will likely benefit from keeping this geometric picture in mind.

3.1. Topological data: Basis of curves. Let D,, denote the unit disk in the
complex plane, equipped with a set,

2 +1)

A:=4q-1
{ * m+ 2

EDmCCj:O,...,m},

of m + 1 points equally distributed along the intersection of the real axis with D,,.
. . . 2(j+1)

Label by j the point at position —1 + 727“

By a curve in D,, we shall always mean the image of a smooth imbedding

v :[0,1] — D,, which is transverse to D,, and satisfies v~ *(0D,,, UA) = {0, 1}.

Definition 3.1. A 9—admissible curve in D,, is a curve in D,,, for which y(0) = —1
and (1) € A.

A O-admissible curve is a particular type of admissible curve in the sense of [23]
Sec. 3b]. Two d—admissible curves ¢; and ¢y are said to be isotopic if there is a
homotopy between ¢; and c¢o through d—admissible curves.

Notation 3.2. Associated to any curve, ¢ C D,,, is a canonical section of the
interior of ¢ to the real projectivization of the tangent bundle of D,, \ A. By
choosing a lift of this section to a particular Z2? cover as described in [23, Sec. 3d],
one assigns a bigrading to ¢. We shall denote by ¢ the data of a curve ¢ C D,,
equipped with such a choice of bigrading.

Definition 3.3. [23| Sec. 3a] Two curves cg,c; C D, are said to have minimal
geometric intersection if they satisfy the following conditions:

e o and c; intersect transversely,

e coNecy NOD,, =0, and

o If z_ # z, are two points in ¢y N ¢; not both in A, ag C ¢g and oy C
are two arcs with endpoints z_, z; such that ag Ny = {2z, 24}, and K
is the connected component of D,, — (¢o U ¢1) bounded by ap U a1, then
if K is topologically an open disk, it must contain at least one point of
A. Informally, we say there are no “trivial bigons” among the connected
components of D,, — (co U c1).

Definition 3.4. [23] Sec. 3¢| Let dy, . . ., d,, C D, be the curves pictured in Figure
A O-admissible curve in D,, is said to be in normal form if it has minimal
geometric intersection with d; for each 5 =0,...,m.

Definition 3.5. A basis of 0—admissible curves in D,, is a set, B = {co,...,Cm},
of 0—admissible curves satisfying the conditions:
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o

d() dl d?

R

0
.

~_
FIGURE 2. The curves dj, for j = 0, ..., m, are the intersections of
the lines Re(z) = (—1 - s +2(ni%ﬂ with the unit disk in C. By

convention, the distinguished point, labeled by a *, at —1 € 0D,,,
is the left endpoint for all 0—admissible curves in D,,.

o If v; : [0,1] — D,, is the imbedding whose image is ¢;, then v(1) =j € A
(the right endpoint of ¢; is j), and
o ¢;Nc; ={—1}if i # j (distinct curves ¢; and ¢; intersect only at their left

endpoints).
If we, furthermore, specify a lift of each curve, ¢; € B, to a bigraded curve, ¢;,
we say that we have a basis, B = {¢y,...,Cm}, of 0—admissible bigraded curves in
D,,.

Unless otherwise specified, from this point forward whenever we write that Bis
a basis, we shall always mean that B is a basis of 0—admissible bigraded curves in
normal form in D,,. Two bases B = {¢cp,...¢n} and B’ = {¢,...,¢,,} are said
to be equivalent if there exists an isotopy ¢; — ¢ for each ¢ = 0,...,m through
O—-admissible bigraded curves in normal form.

As in [23], we let G = Diff(D,,, 0D,,; A) denote the group of diffeomorphisms
f of D,, satistying flop,, = Id and f(A) = A and note that there is a canonical
identification of mo(G) with By,+1, the Artin braid group on m+1 generators. Under
this correspondence, (isotopy classes of) d—admissible curves are sent to (isotopy

classes of) 0-admissible curves. Moreover, an (equivalence class of) basis B is sent

to an (equivalence class of) basis o(B), after suitably reordering the curves in o(B).

3.2. The ring A,, and a braid group action on D%(4,,). In [23], Khovanov-
Seidel associate to a braid, ¢ € Bj,11, a bimodule over a quiver algebra, A,,
(defined below). In this subsection, we explain how their construction yields a
family of algebras and bimodules, one for each choice of basis. Our end goal is the
construction of a particular algebra, BX", and a bimodule, MX" over BX"_ from
the data of a particular such basis, @

We begin by reviewing the original construction of Khovanov-Seidel in [23]. Let
I',, be the oriented graph (quiver) whose vertices are labeled 0, ..., m and whose
edges are shown in Figure[3] Recall that, given any oriented graph I, one defines its
path ring as the vector space over F freely generated by the set of all finite-length
paths in I', where multiplication is given by concatenation, and the product of two
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0O 1 2

Ficure 3.
0 i-1 i m 0 i-1 /i m
K /
of o
1 1

+

FIGURE 4. The elementary Artin generators, o;
non-composable paths is set to 0. The ring A,, is then defined as a quotient of the
path ring of I';,, by the collection of relations

(i—1fili+1)=0, (i+1Jili—1)=0, (ili+1]i)=(ili—1Ji), (0[1]0)=0

for each 0 < i < m. In the above, following [23], we have labeled each path
in '), by the complete ordered tuple of vertices it traverses. So, for instance,
(i — 1]i]i + 1) denotes the path that starts at vertex ¢ — 1, moves right to i, then
right again to 2 + 1. The path ring of I',, is further endowed with a grading by
setting deg(i) = deg(é|i+1) = 0 and deg(i|i—1) = 1 for all i. This grading descends
to the quotient, A,,, since the relations defining A,,, are homogeneous with respect
to the gradingﬂ

Note that the collection {(i)| € 0,...,m} of constant paths are mutually or-
thogonal idempotents, and Y. (i) is the identity in A,,. There are corresponding
decompositions of A,, as a direct sum of projective left modules A,, = @, A (i)
(resp., projective right-modules A,, = @ ,(i)Am). As in [23], we denote A,, (i)
(vesp., (i)A.,) by P; (resp., ;P). Note that P; (resp., ;P) is the set of all paths
ending at ¢ (resp., beginning at 7).

To streamline notation, we henceforth assume that we have fixed m > 0 € Z,
and let A denote the algebra A,,.

Khovanov-Seidel go on to associate to each braid o € B,, 1 an element of D*(A),
the bounded derived category of A-bimodules, by associating to each elementary
Artin braid generator aiil (pictured in Figure 4)) a dg bimodule M_=+ and to each

=... Uiki, decomposed as a product of elementary braid words, the

braid, ¢ := 0y,
dg bimodule

M, :Mgilj: ®A~-~®AMg_i-
e

They then verify that any two decompositions of o as a product of elementary Artin
braid generators give rise to quasi-isomorphic complexes, and hence M, gives rise
to a well-defined element in D’(A).

3This internal grading corresponds to the second of the two gradings discussed in Notation
Note that this grading is not the grading by path length which appears in [11 [50] and corresponds
to the j (quantum) grading of [21I]. See Remark
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qo

FIGURE 5. The basis @ = {qo,...,qm}

3.3. The dg algebra B and the algebra BX". Now, suppose we are given the
data of a d—admissible bigraded curve in normal form. Khovanov-Seidel show, in
[23, Sec. 4], how to use this data to construct a bounded complex of bigraded
projective left modules over the algebra A. Furthermore, a basis, g, of such curves
yields a dga via Yoneda imbedding (cf. [20, Sec. 2.6]). Recall:

Definition 3.6. Let (C1,01), (C2,02) be two bounded dg left modules over an al-
gebra A. Then the Hom complex of the pair (C1,Cs), denoted Homa (Cy,C2), is the
bounded complex whose generators are left module morphisms, F' : C; — Cs, and
whose differential, D, is given by

Construction 3.7. Let B = {Co,...,¢n} be a basis, and let L(c;) be the bounded

complex of projective A-modules associated to ¢;, for each j =0,...,m. Then the
direct sum,
m
P Homa(L(@), L(&))),
i,j=0

is a dga, with multiplication given by composition of A-bimodule morphisms. We
will refer to @Z,szo Hom 4 (L(¢;), L(¢;)) as the Hom algebra associated to B.

We focus in the present paper on the Hom algebra associated to the basis 0=
é%], ..+, qm} given by (a particular lift of) the collection of curves pictured in Figure

Applying the construction of [23, Sec. 4a], we associate to g; the dg bimodule:

-(0]1) (12)  -(-1l5)
Q=0 Py Py ¥ 0,

where the differential map “ -(¢ —1]7)” denotes “right multiplication by the element

(i—1Ji).” By fixing a lift of the tangent vector to the curve gg at a point near 0 € A

and declaring this lift to correspond to bigrading (0,0), we obtain a “canonical”

bigrading on @); satisfying the property that the bigrading of the idempotent (i) €

P; is (4,0).

we expect that results similar to those described in Theorems and hold for other
choices of basis, but we do not address that here.
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Notation 3.8. We shall denote by B the Hom algebra associated to Q:

@ Homy (Q4, Q5)

i,j=0
and by BX" its homology, H,(B), considered as an A, algebra via the construction
in Proposition |2.3

We will eventually be interested in Do, (B%")~in particular, a braid group action
on this category—so we now devote some time to describing the structure of B and
BEh,

Notation 3.9. Let Rz be a bounded complex of elementary projective left A—
modules (e.g., one obtained from an admissible curve in normal form in D, as
explained in [23, Sec. 4]):

Rz =0— P {so} —...— Py{sn} — 0.

Suppose further that P; {so} is in (co)homological grading 0. Then we will use
the notation 7R to denote the following bounded complex of elementary projective
right A—modules:

7R =0+« ;,P{—50}[0] «— ... — ;x P{—sn}[—N] < 0,

where, if a map P;; — P;,,, in Rz is given by right multiplication by a path v € A4,

then the corresponding map ;, P < ;,,, P in 7R is given by left multiplication by ~.
Lemma 3.10. Let Rz,S7 be bounded complezes of elementary projective left A-
modules as above. Then Homy(Rz,S7) 2 7R®4 S7.

Proof. Each element ¢ € Hom4(Rz,S7) can be decomposed as a sum of left A—
module maps ¢p ¢ : P, {sx} — Pj,{s¢}, each of which is uniquely determined by
the image, ¢y ¢(ix), of the idempotent, (ix). We therefore obtain an isomorphism

HOmA(RI,Sj) — 7R ® Sj

of F—vector spaces identifying ¢ with the element, >, , ((ix) ® d,e(ix))-

To see that the Hom complex differential D(¢) := ¢dz +d ¢ on the left matches
the tensor product differential on the right, we simply note that if ¢ = > Iy O €
Homa(Rz,Sy7), then for each pair, (k,£), ¢y ¢dz is obtained by pre- (i.e., left-)
(resp., dg¢r.e is obtained by post- (i.e., right-)) multiplying ¢r ¢ by a path
(resp., y¢). This is precisely the induced differential on the tensor product complex
TR®AS7.

|

Lemma 3.11. Let Rz, S 7 be two bigraded bounded complexes of projective modules
obtained from admissible bigraded curves in normal form as explained in [23] Sec.
4]. Then the differential on Homa(Rz,S7) has degree (1,0).

Proof. By definition, the differential on each of Rz, S7 has degree (1,0), implying
that the differential on 7R and, hence, the differential on

Hom 4 (Rz, Sj) =7R®4 S7,
has degree (1,0) as well. O

The following lemma was also obtained independently by Klamt and Stroppel.
Compare [24, Thms. 5.7, 7.3] and [25, Thms. 5.3, 6.7].
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Lemma 3.12. The dg algebra B := @Z}ZO Hom 4 (Q;, Q;) is formal. Furthermore,
the algebra
BX" .= H,(B)
has the following explicit description:
BX" = B B, with
i,j=0
0 ifi<j,
Z-Bth = Spang(;1;) ifi=4j, and

Spa’nl}_<i]]'ja ZXJ> Zfl > j7
where the bigradings on generators are given by:
gr(;1;) = (0,0) foralli>j,
gr(ix;) = (=1,1) foralli>j.

and the multiplication is given by:

ma(;1; ® ;1) iy
ma(il; ® jX) = Xk
ma(iX; ® jLg) = Xy
mo(iX; @ jxk) = 0

(As usual, my : iBJKh ® BEM — ;BEM is identically 0 when j # k.)

Proof. We know from [23, Prop. 4.9] that as an F—vector space, Z—Bth is free of
rank 0 when ¢ < 7, 1 when i = j, and 2 when ¢ > j.

Indeed, one sees by direct calculation that when ¢ < j the chain complex splits as
the direct sum of two acyclic subcomplexes. When ¢ = j, the chain complex splits
in a similar fashion, but the first of the two complexes has homology generated by
(0) + ...+ (j) and the second is acyclic. When i > j, the chain complex again
splits, but now both subcomplexes have non-trivial homology, the first generated
by (0) + ...+ (j), and the second generated by (1]0) + ...+ (j + 1[5).

Denote the first (resp., second) subcomplex by Cq (resp., by Cx).

Proposition now guarantees that BX" := H, (B) admits an A., structure
quasi-isomorphic to B, which we may describe explicitly once we have maps p :
B — Z—Bth, L Z-Bth — ;Bj, h : ;B; — ;B; satisfying the assumptions of
Proposition We describe these maps in the case ¢ > j, leaving the completely
analogous cases ¢ < j to the reader.

The inclusion map ¢ is the F-linear extension of:

o 1(;1;):=(0)+ ...+ (4),
o 1(ix;) == (1|0) 4+ ...+ (j + 1[j).

With respect to the bases:
{O+... &) [0<k<jiu{(k—1]k) | 0<k <j}
for Cq, and:
{(Ho)+ ...+ (k+1k) [0 <k < jPU{(k[k—1|k) [0 < k < j}
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for Cx, the projection map p is the F—linear extension of:
A ifo=(0)+...+ (),
p(¢) :==4¢ ix; if¢=(10)+...+ (j+1]j), and
0 otherwise.

The homotopy map h is the F-linear extension of:

h(¢) := { (mjlg)_l (¢) if ¢ € Im(mP)

0 otherwise,

where in the above, (mjfg)_1 (¢) is defined to be the (unique) basis element ¢’
satisfying 9(¢') = ¢.

One can now either see directly that B is formal by applying Lemma [2.16] or
simply note that the sum of the two gradings associated to each element in BX"
is 0. As each structure map m,, : (BKh)®n — BE" is degree (2 — n) on this sum,
nontrivial multiplications are only possible when n = 2.

Verification that the bigradings and multiplication are as stated is a straightfor-
ward calculation. O

Remark 3.13. The algebra BX" is isomorphic to the algebra of lower triangular
(m+1) x (m~+1) matrices over F[x]/(x?) with only 0’s and 1’s on the main diagonal:

do 0 0
d :
BKh o~ (bl.ao 1 di € {0, 1} C Mm+1(|}_[x]/(x2))
¢m,0 e ¢m’m71 dm

We define an algebra isomorphism by sending the generator ;1; € Z-BJK R (resp.,
iXj € BJKh) to the (m + 1) x (m + 1) matrix whose only nonzero matrix entry is a
1 (resp., an x), located in row number ¢ and column number j (where we assume
that rows and columns are numbered from 0 to m).

We close our discussion of B with a technical lemma that will prove useful
in our construction of the braid group action on D (BK h) (in particular, in the

proof of Proposition [3.18)).

Lemma 3.14. Let . : BX» — B, p: B — BX" and h : B — B be the F-
linear transformations defined in the proof of Lemma[3.14 The Ao morphism of
BE" modules, 1g : BK" — B, given by

v ifni=ny=0, and
(LB)(nlll\M) 1 0 otherwise.

18 a quasi-isomorphism. Furthermore, there exists an A quasi-isomorphism of
BE" _modules, pg : B — BX", whose first few terms are given by:

( ) L P zfn1 =Ny = O,
PB)(mf1ln2) "=\ 0 ifny =1 and ny = 0, and

(pB)(Oll\l) : B® BEM — BN s the bilinear map satisfying
(pB)(o|1\1) (a®b):=

o 1 ifa=(|l+1)€,;B; withi<j, k<{<i, and b= ;1; € ;BE" with
j>k,i>k,
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o ix; ifa=(|l+1)€ ;B withi<j, k+1<{<i, and b= jx; € ;BE"
with j >k, i >k, and

o ixi ifa=((0—1[0) € ;Bj withi < j, k+1<{<i, andb= ;1 € ;B"
with 7 >k, 1 > k.

e 0 for all other basis elements a € B, b € BX" in the proof of Lemma

212

Proof. Let m(p,|1n,) denote the structure maps for B and m{fff‘l'm) denote those

(induced by Proposition [2.3)) for BX” both considered as BX"—bimodules.
Recall that the “Transfer Theorem” [0 Thm. 2.1] tells us how to extend ¢, p to
Ao quasi-isomorphisms. Explicitly, one defines

(tB)opjo) =t (PB) o) =P

and constructs higher terms of ¢5, pp satisfying the A, relations for morphisms.
Since ¢, p induce isomorphisms on homology, t5 and pg will then yield A,, quasi-
isomorphisms B « BX",

We begin by calculating the higher terms of ¢p. But here our work is already
done, since ¢, p, and h satisfy the assumptions of Lemmam hence (LB)(H1 ns) = 0
for all (ny + 1+ n2) > 1, as desired.

We now move to the calculation of the higher terms of pp.

Computation of (pB)(1|1\0) :

Here we note that ph = 0, and Im(h) and Im(m?) are both left BX" submodules,
so an application of Lemma implies that p : B — BX" is a left module map
(and, hence, we can extend p to a left A, morphism with no higher left A, terms).
In particular, (pB)(1|1\0) := 0, as desired.

Computation of (pB)(Oll\l)"

Unfortunately, Im(h) and Im(m?¥) are not right BEK" submodules, so we will
have to work harder here. The Transfer Theorem ([9, Thm. 2.1]), combined with
remarks in the proof of Lemma tells us that

(pB)(o|1\1) =Ppomo|i) © (h ® 1)~

We now claim that if ;a; € ;B; and ;by € jBE", then (pB) (011 (ia; ® jbr) =0
unless the triple 4, j, k satisfies the property that ¢ < j, 7 > k, and ¢ > k. We can
see this by a case-by-case analysis (see the table below, which describes (pB)(oml)
in the various cases). For example, if j < k (first column of table) then ;b = 0,
and if i < k (first entry in second column), then pgj1j0y := 0. In both cases, we then
have (pg)g)1)1) (ia; ® jbr) = 0. On the other hand, when i > j > kori=j =k
(the remaining entries in the table except the top two in the third column), we
notice that

moj1n) (Im(h) ® jbx) € Im(h).
Since ph = 0, we have (pB)(OMH) = 0 in these cases as well.

We are therefore left to compute (pB)(Oll\l) when ¢ < 5,7 > k, and @ > k (the
starred entries of the table). There are three subcases.
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(pB) o) ia; ® b)) | <k |j=k|j>k
1<y 0 0 *
= 0 0 -
> 0 0 0

Case 1: 1 <j,j>k,and it =k

Here, we notice that for basis elements ;a;, ;bi, we have (pB)(Oll\l) (;a; ® jby) #0
iff iaj; = (Z|Z + 1) and jbk = ;1.

In this case,

(PB)oj1n) (a5 @ 50) = p[(0) + ...+ (i)]

Case 2: 1 <j,j>k,and ¢ >k
Again, we notice that for basis elements ;a;, ;b, we have (pB)(0|1\1) (1a;®;bg) # 0
iff either
o ja; = ({|¢+1) for k < ¢ <iand jby = j1, in which case
(PB) o)1) (105 @ jbr) = p[(0) + ... + (k)] = ;L.
o ja; =(|¢+1)for k+1<¢<iand jby = jXi, in which case
(pB) 011y (iaj ® jb) :==p[(1]0) + ... + (k + 1|k)] = ixp.
o ja; =+ 1|40+ 1) for k < /¢ <iand jby = ;1j, in which case
(PB) 011y (iaj ® jbi) == p[(1]0) + ... + (k + 1|k)] = ixx.

Case 3: i=j5>k

An analysis similar to the previous cases allows us to conclude that p|1|1)(ia; ®
;bi) = 0 on basis elements ;a;, jby except when ;a; = ((|¢ — 1]¢) for k+1 < ¢ <3
and ;jb, = ;1. In these cases, we have:

Peoin liaj ® jbr] = X

Armed with the above calculations, we define p(o1)1) : i B; ®jB,€(h — ; By, in the
case i < j,7 > k,i > k to be the unique bilinear map assigning the values above
to the basis elements described and 0 to all other basis elements. The desired
conclusion follows.

O

3.4. A braid group action on D, (B%"). Khovanov-Seidel’s braid group action
on D(A), the derived category of dg modules over the dg algebra A, induces a braid
group action on Do, (BX"), via the following:

Proposition 3.15. There is an equivalence of triangulated categories
D(A) — D(B) — D, (BX™).

Proof. Borrowing notation from [32], Sec. 2.4.1], let Do 00(—) denote the category
whose objects are strictly unital Ao, modules over “—” and whose morphisms are
A, homotopy classes of A, morphisms. Since BX" is a strictly unital minimal
As algebra, 29, Cor. 3.3.1.3] and [29, Prop. 3.3.1.8] imply the equivalence of
Deoo,oo(BEM) and Do (BE"), and the argument given in [32, Proposition 2.4.1]
implies the equivalence of D(B) (there denoted Dp q;(B)) and Do o0 (B).
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Moreover, Do oo(B) and Deg oo (BE") are equivalent triangulated categories,
since [32, Prop. 2.4.10] tells us that an A quasi-isomorphism ¢: B — BX&h
(whose existence is guaranteed by Lemma induces two mutually quasi-inverse
functors Inducty: Deo(B) — Doo(BE") and Resty: Doo(BER)) — DOO(B)H

To see that D(A) < D(B), we will show that the functors F : D(A) — D(B)
and G : D(B) — D(A) given by

F(M) = Q"®aM =Homa(Q, M)

G(N) == Q®N
where Q := @.", Q; and Q* := Homa(Q, A) = P~ :Q are well-defined mutually
inverse equivalences of triangulated categories.

Since each ;QQ C Q* is a complex of projective right modules over A, the functor
Q* ®4 — is exact, so F is clearly well-defined. To prove that G is also well-defined,
we will show that the right dg B-module Hom4(P;, Q) C @ = Homu(A,Q) =
D" ,Homyu(P;,Q) is homotopy equivalent to a semi-free dg B-module, and so
tensoring with this dg B-module is exact.

Let MC(;1;,—1) denote the mapping cone of the chain map ;1,_1: @Q; — Q;—1
defined by ;1,1 := (0) + ...+ (i — 1) € Homa(Q;,Q;—1). There is an A-linear
chain map ¢: P, — MC(;1;-1) given by the inclusion of P; into @;, and an A-linear
chain map p: MC(;1,_1) — P; given by

) if p € P, C Q;, and
p((b) = —(;5(2 — 1|’L) if qb eP_1C Qi_1, and
0 otherwise.

We leave it to the reader to verify that
pe=1d and tp =1d 4+ Oh + hO,

where 0 is the differential in MC(;1,-1) and h: MC(;1;—1) — MC(;1;—1) is the
A-linear map h := ;_11;: Q;—1 — @Q; defined by ;_11; := (0) +...+ (1 — 1) €
Homa (Qi—1,Qs)-

Thus P; is homotopy equivalent to the mapping cone of the chain map ;1;_1: Q; —
Qi—1, and consequently, Hom 4 (P;, Q) is homotopy equivalent to the mapping cone
of the induced chain map ;_1f;: ;_1B — ;B, where ;B := Homx(Q;, Q) = (;1;)B.
Since MC'(;—1f;) is semi-free (because ;—1B and ;B are semi-free), the functor
(Homu (P, Q) ®p —) =2 (MC(;—1f;) ®p —) is exact, as desired.

It remains to show that the functors F and G are inverses of each other. Clearly,
the composition F oG is isomorphic to the identity functor of D(B) because Q* ® 4
@ = Homu(Q,Q) = B by Lemma To show that the composition G o F is
isomorphic to the identity functor of D(A), we will show that the map

V:QepQt — A
defined by (¢ ® f) := f(q) € A for f € Q* and ¢ € @ is an isomorphism of dg
bimodules. We first note that the differential in Q ®p Q* is trivial because the
differential in @ (resp., @*) is given by right (resp., left) multiplication with the
element

((0[1) + ...+ (i — 1]i)) € D Homa(Qs, Qs) C B;

1 i=1

b:=

m
1=

5Note that although [32] Prop. 2.4.10] is formulated for categories of Ao right modules, similar
statements also hold for categories of A left modules and Ao bimodules; see [32] for details.
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and so the differential in Q @ p Q* is equal to bR Id+Id® b = 2(b®Id) = 0. Since
the differential in A is trivial as well, it thus suffices to show that ¢ is a homotopy
equivalence.

However, we have already seen that ) is homotopy equivalent to a sum of
complexes of the form ;B — ;1B where ;B = Homy4(Q;,Q), and an analo-
gous argument shows that Q* is homotopy equivalent to a sum of complexes
of the form B;_; — B; where B; := Homx(Q,®;), and B is homotopy equiv-
alent to a sum of complexes of the form ;B;_1 — (;—1Bj—1 & ;Bj) — i—1B;
where ;B; := Homa(Q;,Q;). Moreover, one can check that under these vari-
ous homotopy equivalences, the map 1 corresponds to the canonical map from
(iB — i—lB) Xp (Bj—l — BJ) to iBj—l — (i—lBj—l D iBj) — i—lBj; and now the
fact that ¥ is a homotopy equivalence follows from the identities

iB®p Bj = (i1i)B @p B(;1;) = (1)) B(;1;) = iB;.
O

To understand the braid group action on D, (BX"), recall (see [23, Sec. 2d])
that Khovanov-Seidel associate

e to the elementary Artin generator O']j the dg A—bimodule

M= 0—> Py @ P = A —>0
where [, is the A—bimodule map specified by 0x((k) ® (k)) = (k), and
e to the elementary Artin generator o, the dg A-bimodule
M, = 0—=A—"> P, @ P{-1} —0,
where
(1) = (k—1k)@(klk—1)+ (k+1]|k)@(klk+1)+ (k)@ (k|k—1|k)+ (k|k—1|k) @ (k).

m

Here, “1”7 denotes the identity element 1 =" (4).

We can therefore understand the induced braid group action on Do, (B%X") by un-
derstanding the images of Maf under the derived equivalence Dy, (A) — Doo(B) —

Do (BEM).
Accordingly, we denote by MU?‘ (resp., MU;) the mapping cone

0 —— Homyu (@ZO Qi,Pk) ® Hom »4 (P]“@;.n:o Q]) L) B——0(

0 —> B— Homyu (B, Qi, Pr) ® Homy (Pk, D, Qj) {-1} —=0),

considered as a BX"-BK" dg bimodule.
After an application of Lemma [3.10}

Hom 4 (6% Qi,&) ®@Hom 4 Pk,GBOQj = (G%iQ) ®4PL® ,P®a (G% Qj) )
1= J= 1= 1=

the induced maps Bk, ~r can be described as Bk =1d® O ®1d and 7, = Id®~v; ®1d.
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To further streamline notation, we set

Py, := Homy (@ Qz‘,Pk>

=0

and

kﬁ = HOHIA Pk,@@j
7=0

We will also find it convenient to replace the mapping cones Mv + with simpler,
k:
quasi-isomorphic, mapping cones. We do this by replacing each bimodule B and

P, ® P by its homology and the maps ﬂk, vk by the induced maps on homology
We already understand the structure of BX" = H,(B) (Lemma . The

homology of B, (resp., kf’) is described by:

Lemma 3.16. P, (resp wP) is formal as a left (resp., right) BE" module.

Furthermore, P = H, (Pk) and ,PK" .= H, (kP> have the following ex-
plicit descriptions.
PEM = Spang (u*, v*), w PE" = Spang (u, v)

where the bigradings of u*,v*,u,v are given by:

gr(u®) = (0,1),  gr(v") =(1,0),  gr(u) =(0,0),  gr(v)=(-1,1),
and left multiplication by a generator § € BX" on PkKh s gien by:

x irp V' oaf0 =1l
f-u = { IB Zﬁze;w];j: 0-v:=q u" if 0=pxp-1,
’ 0 otherwise.

and right multiplication by a generator @ € BEK" on , PX" is given by:

u ’Lf9 =1k . .
wb={ v o=  v.o={4 YV 0=kl
. 0 otherwise.
0 otherwise.

Proof. By Lemma Homy (Q;, Pr) is given by the complex ;Q ®4 P, and
Hom(Pg, Q;) by 1P ®4 Q;, where

(0]1)- (112)- (i-1[7)-

iQ = oP 1P P

This implies that IBk, P are given by:

~ = (0]1)- a2)- (-1

By = P obs 1 Py i P
1=0

~ ik -(0]1) (12)  (i-1])

WPo= P P kP1 kP

We see from above that ;Q ® 4 Py is:

e 0 wheni < k—1,
e rank one, generated by (k—1|k) € x_1 Py, with 0 differential, when ¢ = k—1,
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e a direct sum of Span{(k|k — 1|k)) C Pk and the acyclic subcomplex
(k= 1|k) « (k) C{k—1Pr < xPr}
when ¢ = k, and
e a direct sum of the two acyclic subcomplexes
(k — 1|k) — (k) C {kflpk — kPk} and (klk — l‘k) — (k + 1|/€) C {kPk — k+1Pk}
when 7 > k.
To show formality of 15;@, we use Lemma to show that all induced multipli-
cations
Rn—1
M(n-1)10) * (B*") ® Hy(Homa(Qi, Pr)) — H.(Homu(Qj, Px))

vanish for n > 2.
When ¢ < k — 1, Hom(Q;, Px) has trivial differential, so the maps ¢;, p;, h; are
clear. In the case i > k, we define:

v+ He(Homa(Qi, Pr)) — Homa(Qs, Pr),
p; : Homa(Qi, Py) — H. (Homa(Q;, Py)),and
h; : Homa(Q;, Pr) — Homa(Q;, Pr)[—1]
as follows.
Let 6 denote any generator of Hom 4 (Q;, Px), let u* denote the lone generator of
H,.(Hom(Qk, Pr)), and let 9 denote the differential on the complex Hom 4 (Q;, Py).

Note that H,(Homa(Q;, Py)) = 0 for ¢ > k. Then we define ¢;, p;, h; to be the F—
linear extensions of:

we(u*) = (klk—1]k)
tisg = 0
o fut ifi=Fkand 0= (klk— 1[k)
pil0) = { 0  otherwise

" 10 Q

o~10) if 0 € Im(9),

hi(6) := { 0 otherwise.
In the above, d1(f) is defined to be the (unique) basis element ' satisfying

a0") = 0.

It is now straightforward to verify that
(1) pih; =0 for all ¢, and
(2) Im(h;) and Im(9) are left BX"-submodules.
Therefore ]Sk is formal by Lemma m
To see that kﬁ is also formal, we perform a very similar computation, observing
that P satisfies the assumptions of Lemma as a right BX"-module, hence is
formal.
Now, we simply note that H, (]Sk) is rank 2, generated by
o ut = pk(k}“f — 1|k) € P, C Homy (Qk,Pk) and
o V¥ = pk_l(k — 1|]€) € x—1Px C Homy4 (Qk—hpk),

as is H,(,P), generated by

o u:=pi(k) € P C Homy (P, Qr) and
o vi=pi-1(klk = 1) € pPiy C Homy (Pr, Qkn).
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Recalling (see the proof of Lemma [3.12)) that the generators ;1; (for ¢ > j) and
ix; (for i > j) of BE" are represented by (0) + ...+ (j) and (1]0) + ...+ (j + 1]4),
we see that the multiplication is also as claimed. ([l

We now have the proposed model
BK’L
MC P]CKh(g)kPKhL)BKh
for M%/ and the model
Ik
,7]5}1,
MC | pKh —— PEM @  PER{—1}

for Mf;h, where 85" and yXh are the A morphisms on homology induced by Bk
and ?k'
To understand the induced maps on homology, we must explicitly understand
the quasi-isomorphisms B < BX" and ]Sk ® kﬁ > PkKh ® R PEh,
Explicitly, if tp ® tp : PkKh ® pPEh ng ® kIS and pg : B — BE" are A
quasi-isomorphisms, then the induced A, morphism on homology is given by:
ﬁ,fh =pg oBk o(tp®ip): PkKh ® PE" — BKh,

Furthermore, (cf. [47, Cor. 3.16]), the mapping cones satisfy:

Kh__ O" ° ’
<O PkKh®kPKh By "=pBoBro(tp@.p) BKh 0> _

<0Hﬁk®kﬁ‘$BH0>
as elements of Do, (B%").
Similarly, if 15 : BK" — B and pp : P, ® 1P — PkKh ® pPE" are Ao quasi-

isomorphisms, then:

’th:(PP@)P;:)OEkOLB

(0—>Bkh PkKh@kPKh{—l}—w) =

(OHBﬂﬁkmﬁ{—nHo)
as elements of Dy, (BX").
Proposition 3.17. The image of M%— € Do (A) under the derived equivalence
Do (A) = Doo (BEM) is MC (vE™), where
AKh . pEh _, pKh g pKhe 13
is the F—linear BX"-bimodule map (i.e., strict Ao, morphism) determined by

v*®v wheni=k—1,
i — uw®u wheni==k, and
0 otherwise.
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. Kh ._ Kh
Accordingly, we define MU;Z =MC (fyk )

Proof. We must compute the terms of the induced A, morphism vX" := (pp @
p'p) o B o tp, as described above.

We begin by noting that the (n1|1|nz) map of the A, morphism %", i.e., the
map

() gy (B9 © B @ (BEN) ™ . (B% &, PR (1)

is degree (—(ny + n2),0) with respect to the bigrading. This follows from the A
relations for morphisms, combined with Lemma [3.11

An examination of the bigradings of elements of BX" and Pk h @ , PK" then
immediately implies that (’yﬁh)(mll\nz) = 0 unless ny = ny =0, so 'y,fh is a strict
Ao isomorphism, as desired. A quick way to see this is to notice that the sum of
the two gradings associated to each element in BX” and (PkKh ® kPKh) {-1}is 0,
and (V) (n,|1jny) 15 degree —(ny + nz) on this sum.

It is now easy to verify that

(’Y}fh) = ('Ylfh)(omo) = (pp ®p§3)(0‘1‘0) Yk © (LB)(0\1|0)

is as described. In particular, 'y,g‘f h'is determined by its behavior on the (m + 1)
idempotents ;1; € BX" since it is a BX"-bimodule map.
For example:
V?h (k—ljlk—l) = (pP)(omo) © g © (LB)(O\1|0) (k—llk—l)
= (PP)opjo) @ Ve [(0) + .. + (k= 1)]
(PP)(0j1j0) [(F — 1]k) @ (k|k — 1)]

= v'@v

We leave the remaining similarly straightforward computations to the reader. [

Proposition 3.18. The image of M_+ € D (A) under the derived equivalence
k
Doo(A) = Do (BKh) 18 MC( fh), where the terms of the A, morphism BE"
are given as follows.
Kh . (pKh\®M1 Kh Kh Kh\®m2 Kh
(B )(n1|1\n2)'(B ) e (Pt epP ) @ (BRY) — B
is 1dentically zero unless n1 +ng = 1.
When ny = 1,ns = 0:

Kh . pKh Kh Kh Kh
(B )(1|1\0)'B ® (P " @ P*") — B
is the trilinear map satisfying:

[(1r ® (u* @u)] — ixx (i>k+1)
(BEn) . [(1p_1 ® (V¥ @u)] — 1y (i > k)
k (1]110) - [ixk_l (24 (V* (24 11)] — XL (’L > k+ ].)
[(lp—1 @ (V¥ @ V)] — iXp—1 (i > k)

and ( ’g(h)(llllfl) (b®6) = 0 for all other basis elementsb € BX" 6 € (PK" @, PKM).

When ny =0,ny = 1:

(Kh

£ oppy ¢ (PE" @k PE") @ BEY — B
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is the trilinear map satisfying:

(BEM) ) view @l e eal;  (G<k-1)
k (0]1]1) [(V* ® Ll) X ka] = k—1Xj (j < k— 2)

(V¥®V)®p1lj] = poix; (J<k—2)

and ( é{h)(oml) (0@b) = 0 for all other basis elementsb € BX" 6 € (PK" @, PER).
Accordingly, we define MKl .= MC( ,g(h)
Tk

Proof. As in the proof of Proposition the (n1|1|n2) map of the Ao, morphism
Kh is degree (—(n1 + n2),0) with respect to the bigrading.

In this case, however, we see that the sum of the two gradings for each element
in PE" @ 4, PE" is 1, while the sum of the two gradings associated to each element
in BX" is 0. Since (ﬁ,ﬁ(h)( is degree —(nj; + m2) on this sum, we conclude
that ( ,fh)(mmm) = 0 unless —(ny +ng) = —1, as claimed.

Kh

To calculate ( A

ni|llnz)

)(mll\nz) in the relevant cases (n; = 1,n2 = 0) and (n; =
0,n9 = 1), we recall that 3" : " @ , PX" — BX" is given by the composition

Pit @ PR 2 B g b T g
: Kh .
Calculat:on of (,Bk )(1“‘0).
Since [y, is, by definition, a strict A,, morphism, we see that
(ﬁ/fh)(lmo) = P(fo) © Pk © (L(0\1|0) ® L'(ou|0)) + Pojajo) © Bk © (L(1\1l0) ® Ll(Oll\O)) :

Furthermore, we showed during the proof of Lemma that p(ij1)0) := 0, so
the first term above also vanishes, leaving:

Kh ,_ Pl
(Br )(1|1\o) = P(ofjo) © Bk © (L(IHIO) ® ’/Eomo)) :

Another application of the Transfer Theorem [9, Thm. 2.1] tells us that on basis
elements b € BX" and 6 € PE"| we have

(k+1lk) € Homa(Q;, P;) when b= ;1), 0 =u*, and i > k + 1,
(k) € Homa(Q;, Pr) when b = ;1;, 6 =v*, and i > k,
(k+1lk) € Homa(Q;, P,) when b= ;xy, 0 =v*, and i > k+ 1, and
0 otherwise.

Loy [b @ 0] =

Composing the above with p(gij0) © Bk yields the desired result. We perform
this computation in one case, leaving the small number of remaining (similarly
straightforward) computations to the reader. Assume i > k + 1. Then:

( 5h)<1u|o> (1p @ (u"®u)) == popjo) © Bk © |tapjo) Lk @ u) ®L/(0|1|0)(u)}

D(o|1jo) © Bk [(k +1]k) ® (k)]
= popjol(k+1[k)]
= Xk
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Calculation of (ﬂ,ﬁ( h) Similarly, we have:

o’

(BE™) o1y = Prolpy © By, 0 (L(omm ® L’<ou|o>) + P(ojijo) © Br © (b(oulm ® L'(ouu)) ;
and an application of Lemma m (see the proof of Lemma [3.16)) implies that
L’(Olm) := 0, leaving;:
Kh — 3
(516 )(0|1\1) = DP(oj1)1) © Bk © (L(OHIO) ® L/(o|1\0)) .

Referring to Lemma [3.14] we again perform a sample computation, leaving the
remaining computations to the reader. Assume j < k — 1. Then:

(BE™) oy (V@ @) @ k1) = peojy) © (ﬁk[( —1jk) © (k)] kﬂg)
Py [(k — 1[k) @ 1]
= k-1l

O

Now, if we have a general braid group element o € B,, 1 that decomposes as

o= akil e akin, [23] associates to o € By, +1 the dg bimodule:

M, ::Ma;f ®A-~-®AMU§
1 n

over the algebra A (or, rather, its equivalence class in Db(A)).
Considered as an element of D, (A), we can alternatively describe M, in terms
of an A, tensor product, by the following.

Definition 3.19. [22] Defn. 1] Given rings A, B, an A-B bimodule M is called
sweet if it is finitely-generated and projective as a left A module and as a right B
module.

Remark 3.20. The tensor product N®a M of an A’-A bimodule N with an A-B
bimodule is a sweet A’-B bimodule.

Since each M & is a bounded complex of sweet bimodules over A whose higher

multiplications are all trivial, the ordinary tensor product above agrees with the
A tensor product in Do (A). In other words,

MU = Mgki éA"'éAMaki .
“1 °n

Since A, tensor products are sent to A, tensor products under the derived equiv-
alence Do (A) < Dyo(B) «» Doo(B%"), we see that the element of Do, (B%")

associated to a general braid ¢ = o,f e a,f € B,,+1 is given by:

MKh M i ®BKh . ®Bl<h MK
Remark 3.21. The BX" modules described here (and, more generally, any A
module over the Hom algebra of a basis of curves) are equipped with three gradings:
(1) a (co)homological grading,
(2) an internal grading counting steps to the left in the path algebra, A,,, which
corresponds to the power of ¢t under the identification of the Khovanov-

Seidel construction with a categorification of the Burau representation (see
[23] Sec. 2¢]),
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(3) a grading by path length in the path algebra, A,,, which corresponds
to Khovanov’s j (quantum) grading if one identifies the Khovanov-Seidel
quiver algebra A,, with the algebra A1 appearing in [T}, [50].

The first two of these gradings constitute the bigrading described in [23] Sec.
3d] and discussed throughout this section.

For the benefit of those readers interested in the trigradings of generators of
B&h PkKh, and , P%", we record them here:

gr(;1;) = (0,0,0) for ;1; € ;B; for all 4,5 € {0,...,m},

gr(;x;) = (—1,1,1) for ;x; € ;B; for all i > j € {0,...,m},

gr(v*) = (1,0,1) and gr(u*) = (0,1,2) for v*,u* € PE" for all k €
{1,...,m}, and

e gr(v) = (-=1,1,1) and gr(u) = (0,0,0) for v,u € ,PK" for all k €
{1,...,m}.

3.5. BK" and Fukaya categories. For completeness, and to motivate the con-
structions in the next section, we briefly outline a geometric interpretation of the
algebra BX" and the bimodules Mfﬁ, in terms of the Fukaya category of a suitable

Lefschetz fibration [45] [47] [48]. (Sir;ce the construction in [47] does not work over
Z/27, the setup of [48] is the most appropriate one here.)

Namely, denote by p a polynomial of degree m 4+ 1 whose roots are exactly the
points of A, and consider the complex surface S = {(z,y,2) € C3|2% + ¢? =
p(z)}. The projection to the z coordinate defines a Lefschetz fibration 7g : S —
C, whose generic fiber is an affine conic, and whose m + 1 vanishing cycles are
all isotopic to each other. The basis of arcs @ = {qo,...,qm} of Figure [5| then
determines a collection of Lefschetz thimbles Q. .., Q% (i.e., Lagrangian disks in
S whose boundaries are the vanishing cycles in the fiber 7g'(—1)). These form an
exceptional collection which generates the (directed) Fukaya category F(wg) of the
Lefschetz fibration 7g [47, [48].

Perturbing the symplectic structure slightly, we can ensure that the vanishing
cycles (which are Hamiltonian isotopic loops in 75" (—1) ~ C*) are mutually trans-
verse and intersect in a suitable manner (i.e., they pairwise intersect in exactly two
points, and the intersection points are arranged in a configuration which forces the
vanishing of higher products on Floer complexes within the ordered collection).

The Floer complexes which determine morphisms from Qf to Qf in the di-
rected Fukaya category then have rank 2 whenever ¢ > j, while by definition these
morphism spaces have rank 1 for i = j and 0 for ¢ < j [45]. (Note: our ordering con-
vention for bases of arcs is the opposite of Seidel’s.) Moreover, an easy calculation
in Floer homology then shows that

BY := @ Homp(r,)(QF, Q)

4,7=0

is isomorphic to BE" (viewing both as A..-algebras, in which m,, happens to vanish
for n # 2). The categories of modules over F(7g) and BX" are therefore equivalent.

In fact, the BX"-module PkK h has a geometric counterpart via this equivalence,
namely a Lagrangian sphere P,f in S which projects under g to a line segment
connecting two consecutive points of A. Indeed, P,f intersects Qf_l and Qf in one
point each, and is disjoint from the other Qf ; it is then not hard to check that



QUIVER ALGEBRAS AND BORDERED FLOER HOMOLOGY 29

@, Homg(r)(Q7, PY) ~ PE" as an A-module over BS ~ BX")  See Chapter
20 of [47] for more about the symplectic geometry of S.

Elements of the braid group B,,,+1 acting on (D,,, A) lift to symplectic automor-
phisms of S preserving the fiber ﬂgl(*l); specifically, the Artin generator oy, lifts
to the Dehn twist about the Lagrangian sphere P;. Denoting again by o the sym-
plectic automorphism of S which corresponds to a braid ¢ € B,,+1, we associate
to it the A..-bimodule

ME = @ Hom}"(ws)(Q;g7g(Q]S))
i,j=0
over BS ~ BX" 1t then follows from Seidel’s long exact sequence for Dehn twists
[46] that the bimodules M®. and MXE associated to Artin generators (or their
Tk Tk

inverses) are quasi-isomorphic.

4. BORDERED FLOER ALGEBRAS AND BIMODULES

We now consider the analogues in bordered Floer homology of the Khovanov-
Seidel bimodules described in Section [3] We follow Lipshitz-Ozsvath-Thurston in
[B1, B2], B3] and Zarev in [53], using a symplectic reinterpretation of their work due
to the first author [4].

4.1. The bordered Floer algebra. Denote by X the double cover of D,,, branched
at the m + 1 points of A (with covering map 7y : ¥ — D,,). We make ¥ a
parametrized surface by equipping it with two marked points z4 on its boundary
(the two preimages by 7wy of a point in 9D,,) and the collection of arcs Qy =
{QE’ o 5Q§}7 where QE = ng(Qk)-

In the language introduced by Lipshitz, Ozsvath and Thurston [31], the parametrized
surface (X, z4, Ox) is described combinatorially by a (twice) pointed matched circle
(or pair of circles when m is odd), Zg. This consists of a pair of oriented intervals
(the two components of 93 \ {z+}), each carrying m + 1 distinguished points (the
end points of disjoint pushoffs of the QE), labeled successively in decreasing order
m,...,1,0 along each interval (according to the manner in which the end points of
the 1-handles Q7 match up).

Recall that the 1-moving strands algebra A (Zg, 1)E| which we also denote by
BHF for consistency with the preceding sections, can be described as:

A(ng 1) = @ iB]HFv
i,j=0
where
0 if i < j,
BT = Spang {1 ifi=3j, %,

ipj oy ifi>j
and the multiplication m4'* : ; BI'F @ ; B{'" — i B{!" is defined by
o miF(i1; ®a) =miF(a® ;1;) = a for all a € ;BIF, and
o miF (ip; ® jpr) = ipr and mE ¥ (;0; ® jor) = io), but
m§ (ip; @ jox) = m§ " (i0; ® jpr) = 0.

6Here we use the notation convention from [53], which differs by a shift from the one in [31].
See the note in [53} Sec. 2.2].
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As usual, the multiplication map m4'* : ;B @ BffF — ;B{'"" is zero unless
j = k. We also set m ¥ =0 for n # 2.

Remark 4.1. Let Fp ® Fo denote the F-algebra generated by two orthogonal
idempotents p and o, and let 1 := p + ¢ be its identity element. As we did in the
previous section for BX" (Remark [3.13)), we can interpret BHF a5 the algebra of
all lower triangular (m + 1) x (m + 1) matrices over Fp @ Fo which have only 0’s
and 1’s on the main diagonal:

do 0 o 0
HF ~ $10 di : .
B7 =~ - d; €{0,1} » C M1 (Fp @ Fo)
D 0
¢m,0 .. ¢m,m—1 dm

We identify the generator ;p; € ;BI'F (resp., jo; € ;BfF') with the (m + 1) x
(m + 1) matrix whose only nonzero matrix entry is a p (resp., a o), located in row
number i and column number j; and we identify the generator ;1; € ; BZ with the
(m+1) x (m+ 1) matrix whose only nonzero entry is a 1, located on the diagonal
in row number 4. (Here we assume that rows and columns are numbered from 0 to
m).

The 1-moving strands algebra has a more geometric interpretation in terms of
the arcs Q,...,Q% on the surface 3. Namely, these arcs (or small isotopic de-
formations of them) are objects of (and in fact generate) the “partially wrapped”
Fukaya category of 3 relatively to the two marked points zy (see [3| 4]). In this
category, the morphism spaces hom(Q7F, Q]E) are the Floer complexes generated by
intersections between suitably perturbed copies of the arcs (namely, using the flow
of a suitable Hamiltonian to ensure transversality and push the end points so that
they lie in a specific position along the components of 9% \ {z1}). In our case,
{24} is a fiber of the covering map s, which is in fact a Lefschetz fibration. The
partially wrapped Fukaya category is then equivalent to F(7ys), Seidel’s Fukaya
category of the Lefschetz fibration ms (see the Remark in section 4 of [3]), and
the Q¥ are nothing but the Lefschetz thimbles associated to the basis of arcs Q of
Figure [

Note that the technical setup in [4] is somewhat different from those in [45] and
[48], even though the resulting categories are equivalent and, in the case at hand, all
calculations for the thimbles Q¥ give exactly the same answer on the nose. We use
the notation F(ny) for familiarity; however the comparison with bordered Floer
homology is simpler in the setup of [4], see Remark below.

The Floer complexes which determine morphisms from QZE to Q]E have rank 2
whenever ¢ > j, while these morphism spaces have rank 1 for i = j and 0 for
i < j. In the setting of [4], this is because the image of Q¥ under the appropriate
Hamiltonian [4, §4.2] intersects QJZ transversely in 0, 1 or 2 points depending on
cases; while in the directed Fukaya category of [45], this is because the vanishing
cycles consist of the same two points in the case ¢ > j, and by definition in the
other cases. (As before, our ordering convention for bases of arcs is the opposite of
Seidel’s.) An easy calculation in Floer homology then shows that

BZ = @ Homf(ﬂ'z;)(QzZvQ]Z)

,j=0
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FIGURE 6. A Heegaard diagram for the identity mapping class on

Y (the left and right hand side pictures are glued according to the

numbers). Note that the o and [ arcs are perturbed copies of the
b

arcs Q.

is isomorphic to BHF' | viewing both as A, -algebras in which m,, happens to van-
ish for n # 2 (cf. [3, @]). The categories of modules over F(my) (in any of its
incarnations) and B are therefore equivalent.

4.2. Bordered Floer bimodules. Elements of the braid group B,,+1 acting on
(D, A) lift to elements of the mapping class group of the double cover ¥; specifi-
cally, the Artin generator oy, lifts to the Dehn twist about the simple closed curve
PF =y Y(pr), where py, is the line segment in D,, joining the two points labeled
k — 1 and k (see Figure . We denote by & the mapping class group element
which lifts a braid o € B,,,+1. With this understood, there are two natural ways of
associating an A..-bimodule over BH¥' to a braid o.

On one hand, Lipshitz, Ozsvath and Thurston [32] associate to the element & of
the mapping class group a bimodule C’ﬁA(&) over the strands algebra, defined in
terms of a suitable Heegaard diagram for the “mapping cylinder” of &, i.e. the 3-
manifold ¥ x [0, 1] equipped with parametrizations of the two boundary components
which differ by the action of & (see [31, 32] for details). We denote by M the
1-moving strand part of C’/FBA(@; this is an As-bimodule over B#F (in fact a
“type DA” bimodule, which has nicer algebraic properties).

On the other hand, 6 acts on the Fukaya category of 7y, and the A,-functor
induced by & naturally yields a bimodule over F(7s), hence over B*. More con-
cretely, following [3] (see also [33]) we set

ME = @ Homz(ry) (QF,5(QF))

i,j=0
which is naturally an A..-bimodule over B> ~ BHF,

Lemma 4.2. The Ay -bimodules MZ and MEY are quasi-isomorphic.

Proof. It is known [32] that the bordered bimodule ﬁA(id) is quasi-isomorphic
to the strands algebra viewed as a bimodule over itself; therefore M ~ BHE ~
B ~ M2 (as bimodules). We now give a more geometric interpretation, still in
the case o = id.

Following the terminology in [33], denote by AZ the bordered Heegaard diagram
depicted in Figure |§|, in which the a-arcs and the B-arcs are obtained from QE by
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pushing the end points along the boundary of ¥, in such a manner that the end
points of the a-arcs all lie before those of the (-arcs along the oriented intervals
0% \ {z+}. Then the 1-moving strand part of the A,.-bimodule @(AZ) is
quasi-isomorphic to MIF ~ BHF. in fact, CFAA(AZ) ~ CFDA(id) ~ A(Zg)
[4, 53] 33]. Thus it is enough to show that the 1-moving strand part of m(AZ)
is quasi-isomorphic to M3 = B*.

To understand this, recall that morphisms in F(7y) are computed by perturbing
the arcs to the same positions used in the Heegaard diagram AZ. Hence, the
generators of Hom( Z-E,Q]Z) are precisely the intersection points between (; and
o, i.e. the generators of the 1-moving strand type AA bimodule. Moreover, the
structure maps mg|1j¢) count:

e in the case of the type AA bordered Floer bimodule @(AZ ), holomor-
phic strips in ¥ connecting two generators of the Heegaard-Floer complex,
and with & (resp. ¢) additional strip-like ends corresponding to chords be-
tween (3 (resp. «) arcs;

e in the case of M: (bimodule over the Fukaya category), rigid holomorphic
polygons bounded by k + 1 successively perturbed copies of the -arcs and
£+ 1 successively perturbed copies of the a-arcs (in the setting of [4]; with
other definitions of F(my) the interpretation is slightly different).

However, there is a natural correspondence between these two types of objects; see
Proposition 6.5 of [4] and its proof for details.

In the case of an arbitrary braid o, denote by 6(AZ) the bordered Heegaard
diagram obtained from AZ by having & act on the a-arcs (leaving the (-arcs un-
changed). From the perspective of Heegaard-Floer theory, the bordered 3-manifold
represented by 6(AZ) differs from that corresponding to AZ by a reparametrization
of its a-boundary via the action of &, or equivalently, by attaching the mapping
cylinder of 6. Thus

CFAA(6(AZ)) ~ CFAA(AZ)® CFDA(6) ~ CFDA(6).

Hence MHF is quasi-isomorphic to the 1-moving strands part of Cm(&(AZ)).
On the other hand, by the same argument as above this latter bimodule is quasi-
isomorphic to MZ = D, , Homg () (QF,6(QF)). O

Remark 4.3. The comparison between the higher structure maps of the bimodules
defined from F(7y) and from bordered Floer homology is easiest in the setup of [4],
where a specific Hamiltonian flow is used to perturb the Lagrangians and ensure
transversality, and the structure maps count honest holomorphic curves bounded
by successively perturbed copies of the Lagrangians (see Lemma 4.7 of [4]: the
definition of the partially wrapped category is much more cumbersome, but in the
case at hand it simplifies vastly).

The reader who wishes to reproduce this argument using Seidel’s definition of
F(ms) instead is referred to [48], where the directed Fukaya category is recast in
terms of the symplectic geometry of the thimbles and solutions to Floer’s equation
with Hamiltonian perturbations. The relevant Hamiltonians behave essentially in
the same manner as that of [4], and the main remaining difference is that one counts
solutions to a perturbed holomorphic curve equation with boundary on the original
Lagrangians, rather than (cascades of) honest holomorphic curves with boundary
on perturbed copies of the Lagrangians. The two counts can be compared by a
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fairly standard argument, or alternatively the proof of [4 Proposition 6.5] can be
adapted to that setting.

If a braid o can be expressed in terms of the Artin generators as o = 0’2:1 e 02: ,
n

then its lift can be written as 6 = &kil . &Ii’ and the pairing theorem for CFDA
bimodules [31] [32] implies that
MHF N./\/l i ®BHF.. ®BHFM i .
Tky

Then,
Thus it is enough to understand the bimodules MH P ./\/lZ associated to the

Artin generators and their inverses. We do this workmg in the category F(7y).
Recall that morphism spaces in that category are defined by Lagrangian Floer
theory after a suitable perturbation (so the end points of arcs lie in the correct
order along the boundary of X); in particular they are generated by intersection
points.

Focusing first on ./\/lfkf , and recalling that &;" is the positive Dehn twist about

PZ, Seidel’s exact triangle for Lagrangian Floer homology [46] tells us that, for
each i,7 € {0,...,m}, Hom ( 2 &;(QJZ)) is quasi-isomorphic to the complex

0*>Hom( %PE) ® Hom (P,?Q?) ﬂHom( ZE,Q]E) — >0,

where 37F is the Floer product map (cf. [46]) induced by counting holomorphic tri-
angles in ¥ whose sides lie on (suitable perturbations of) QF, PZ, ]Z, appearing in
counterclockwise order around the boundary. Moreover, these quasi-isomorphisms
are compatible with Floer products, in the sense that in D, (B*") the bimodule
./\/lH I is equivalent to the complex of bimodules obtained by taking the direct sum

of the above complexes over all 1, j.
In analogy to the previous section, we introduce the A,.-modules

P = (PHomp(r,)(QF, PY)  and PP .= @ Homz(ry,)(PY, Q;),
=0 7=0
which allows us to write

HF
MIF Lo P @ PP P prr g ]

Like the linear term described above, the higher terms

(B¢ nlmnz) :
P Hom(@: .QI, ) ®- @ Hom(Q},Q}) ® Hom(Q. PY)®

tny—1
)
]n2 @ Hom 7'71,1 jn2)

ingsdng

10;5-+-50mq

72 @ Hom(PF, Q%) ® -+ ® Hom(QF, Q7

of the A -bimodule homomorphism BZ% count rigid holomorphic polygons in ¥
. . . . . . E E .
whose sides lie on (suitable perturbations of) Qinl e Q’Lo’ P, jo, cee Q]n2
that order.
Similarly, Mf,F is equivalent in D, (BH B ) to the direct sum of the complexes
k

0 *>Hom( ZZ,QJZ) iiHom (QZZ,PE) ® Hom (P,?,QJE) —0,
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BB 6 o) (63 & &

FIGURE 7. The top row above shows curves px, gx—1, and gi, in the
disk D,,, while the bottom row shows their lifts to Lagrangians in
the double branched cover ¥ (the figures on the left and right are
identified according to the numbers). The shaded triangle gives
rise to a non-trivial multiplication map m 1oy : Hom(Q3, Q7 |)®
Hom(Q},, PP) — Hom(@QF, PY).

where v//F" is induced by counting holomorphic triangles in ¥ whose sides lie on
(suitable perturbations of) sz, 2 ]Z, appearing in counterclockwise order around
the boundary. Thus, in Do, (BH¥) we have

HF
Tk

MIF Lo — prr s piiF g pIF g}
k

where the higher terms of the A,.-bimodule homomorphism 71 again count rigid
holomorphic polygons in X.

We remark that, in our very simple setting, these counts are equivalent (by the
Riemann mapping theorem) to counts of topological immersed triangles in ¥ with
the stated boundary conditions, and satisfying a local convexity condition at their
corners.

4.3. Explicit calculations. We now make the above story more explicit, by deter-
mining the left (resp., right) As-modules PZE (resp., , PHY) and the maps g
and ’y,f F_ Since sz intersects 62571 and Q% transversely once each and is disjoint
from all the other QJZ, the vector spaces underlying these modules have rank 2.
The multiplication maps

®n ®n
M(n|1]0) (BHF) ®P]§{F — P]fF and moo|i|n) kPHF®(BHF) — kPHF

are given by counting holomorphic (n + 2)-gons in ¥ as in Figure []] Again letting
the two generators of P (resp., of ; PHI") be denoted by u*,v* (resp., by u, v)
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EOk—1

F1cURE 8. The holomorphic triangles giving rise to the nontrivial
multiplication maps m(1)1]0) :
Hom(Q3, Q% ;) ® Hom(QF_,, PF) — Hom(Q3}, PF). The other
nontrivial multiplication maps can be seen in a similar manner.

and letting 6 represent an element of BH Y it is easily verified (see Figure [8)) that
the m(yj1j0) (resp., m(oj1j1)) multiplication is given by:

*

v oif 0 =i,

* u* iff= kj]-lm * % . o
0-u” = { 0 otherwise. fovi=y w o= EPk=1 O kTk—1>
0 otherwise.

(resp., given by:

u iff= k]]-ka

_ . o _ v if = k—lﬂ-k—h
u-f=4q v ifo= kPk—1 OF kTk—1, V0= { 0 otherwise.
0 otherwise.

The multiplications my1j0) and mg1j1) are associative. Moreover, the higher
multiplications are all identically zero. One way to see the vanishing of m, 10
is to observe that, for any sequence i,, > .-+ > i3 > iy (n > 2), and perturb-
ing Qizo, ceey Qi so that their end points are in counterclockwise order along the
boundary of ¥ (but preserving minimal intersection otherwise), there are no convex
(n+2)-gons with edges lying successively on len ey Qizo, PZ (and similarly for the
vanishing of mg|1|n))-

A more conceptual explanation is that it is possible to find a trivialization of the
tangent bundle of ¥ and graded lifts [47] of the Lagrangians P, Q7 ,...,Q%, and
hence a Z-grading by Maslov index on B¥F and the modules PkH FowPHF  with
the following properties:

e all the generators of B have degree 0;
e the generators u*, v* of P have the same degree.
e the generators u, v of , PP have the same degree.

Not all degrees can be taken to be zero: in fact degu+degu* = degv+degv* = 1.
Since the maps my|1)0) and m 1) are compatible with the grading and have
degree 1 — n, this forces their vanishing unless n = 1.

We now turn to the A,, morphisms B,f F and 7,51 ¥ The calculations are simpli-
fied by constraints arising from the Maslov Z-grading.

First, we observe that ﬂ,fp is a degree-preserving A.,-homomorphism of bi-
modules. Namely, since (65}7)(””1‘%) corresponds to a Floer product of order
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FIGURE 9. The above diagram verifies both that the linear part
of

BHEE : Hom (QF, PF) ® Hom (P, Q%) — Hom (Q7, Q%)
is zero, and that the map

’y,fIF : Hom (Q%, QE) — Hom (Q%, PE) ® Hom (sz, Q%)
sends 1y € Hom (Q%, Q%) to u* ® u € Hom (QE, sz) ®
Hom (PE, Q%)
By definition, these maps count holomorphic triangles with bound-
ary on PP and on two perturbed copies of QF, denoted by
(QE)1 and (Qf)2 in the picture; in counterclockwise order, the
successive edges must lie on (Q%)l,PE, (QE)2 for ¥, and on
Pz, (QE)17 (QE)2 for v/, Hence, the shaded topological triangle
does not contribute to ﬂf F_Dbecause its boundary has the incorrect
orientation, hence it does not admit a holomorphic representative.
However, it does contribute to the map v//'. Computations for
the pairs (¢,7) = (k,k — 1), (k — 1,k — 1) are similarly straightfor-
ward.

(n1 + n2 +2) in F(rms), it has degree —(ny + n2). However, PHF @ , PHF is con-
centrated in degree 1, while all the generators of B”F have degree 0. Therefore,
the only non-trivial terms in ﬁ,fl F are those of degree —1, namely (ﬁ,f F )(1|1]0) and
(BFE) 0j11)- In particular the linear term Sf7F : Hom (QF, P*) ®Hom (P, QJE) —
Hom ( 2 QJZ) vanishes identically.

Similarly, 7% which is an A -refinement of the pair of pants coproduct in
Floer homology, has degree dimg(X) = 1 with respect to the Maslov Z-grading.
Hence, the map (’y,f[F)(mmnz) has degree 1 — (n; + n2) and, for degree reasons, it
must vanish identically unless 11 + no = 0. Thus, the only nontrivial term of 7};{ E
is the linear one.

The calculations are further simplified by recalling that

) Hom( ?,sz) = Hom (PE,QZE) = 0 whenever i # k, k — 1 and
) Hom( ?,Q]Z) = 0 whenever ¢ < j.

Lemma 4.4. ’y,fF : BHF P,f{F ® Lk PAF is the bimodule map determined by

v*®v wheni=k—1,
i — uw®u wheni==k, and
0 otherwise
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and by associativity with respect to the multiplication. Moreover, the higher order
maps (’y,fIF)(mHmQ) vanish identically for (n1,n2) # (0,0).

Proof. The map 7 : Hom( ZE,QJZ) — Hom( iE,PkZ) ® Hom (P,CZ,QJZ) is 0
unless (4,7) = (k,k),(k— 1,k —1), or (k,k — 1), since in all other cases either the
domain or the target is zero. The nontrivial cases are then determined by counting
immersed triangles in 3; the case (4, 5) = (k, k) is shown in Figure@ By inspection,
we see that v/ is given by:

e When (i,j) = (k,k) or (k — 1,k — 1), v sends the unique generator of
Ho;n ( 2 Q]Z) to the unique generator of Hom ( B sz) ® Hom (Pk,z, Q]Z),
an

e When (i,5) = (k,k—1), 71 sends both p_1 and yop_1 € Hom( 2 sz)
to the unique generator of Hom ( 2 PE) ® Hom (sz, QJE)

The vanishing of the higher maps follows from the degree argument explained above.
O

The story for B is slightly more complicated, because the maps
(ﬂl?F)(l\HO) : Hom( 27 zz(:)) ® HOHl( 7,07Pk: ) ® Hom(Pk 7QZ) - HOH’l( zlaQE)
and

(ﬁk )(0\1|1 Hom( §7P]€E)®HOH1(PE, )®H0m( o> i)—>Hom( i,Q?L

which count holomorphic 4-gons in X, depend on the choice of Hamiltonian pertur-
bations used to resolve triple intersections at the branch points of my. (Of course,
the behavior of Lagrangian Floer homology under Hamiltonian isotopies guarantees
that the maps obtained from different choices are homotopic.) To fix a convention,
we perturb P away from the branch points of s in such a way that its intersec-
tions with QE and QEA occur on the sheet of the double cover that contains the
generators ;p;. With this understood, we have:

Lemma 4.5. The only nontrivial terms of ﬁHF are:

(ipr, w* @u) — pp  (i>k+1)
(kOk—1, V- @u) — gl
(ﬁI?F)(l\HO) : (ipr—1, Vi ®@U) — pp (i>k+1)
(iok_1, v @u) +— 0% (i>k+1)
(ipk—1, V* V) +— pp_1 (i>k)
(0" ®@u, kpj)) =k (J<k-1)
(V' ou, kog—1) — k—1lk_1
and (B ) o 14 (V@ u, kp;) = k1P (j<k-2)
(v'®u, ko;) = k105 (G<k-2)
V'@V, k1pi) = ke1py (G<k—2)

Proof. By definition, (3} ) (1)1j0) counts rigid holomorphic 4-gons in ¥ whose suc-
cessive edges, in counterclockwise order, lie on suitably perturbed copies of the
following Lagrangians: QF; either Q7 (for u*) or QY _, (for v*); P¥; and either
Q7 (for u) or Q¥ ; (for v). The count depends on the perturbations, so we have
to be more specific.
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F1GURE 10. The above diagram verifies that

B nj0) (o, 0* @ 1) = ipr and  (BIF) 1)110) (iok, v* @ 1) = 0
for ¢ > k. By definition,

ﬂfﬂmo) : Hom(QF,Q7) ® Hom(QF, PF) ® Hom(PE,QY) —
Hom(Q7, Q)

counts rigid holomorphic 4-gons with successive edges, in counter-
clockwise order, on perturbed copies of QF, Q7 (denoted (Q%),),

PZ, and Q} again (denoted (QE)Q) The only contribution comes
from the shaded region.

FIGURE 11. The above diagram verifies that
BEE) 110y (kpr—1, v @) =0 and  (BFF) (1)110) (kOk—1, V* @ 1) = 1z

Since we are working in the Fukaya category F(ry), the various arcs must be
perturbed by Hamiltonian isotopies which ensure that their end points are suitably
ordered along 0Y; these perturbations are responsible for the intersection points
corresponding to the generators ;p and ;0 (resp. ;pk—1, i0k—1), which we take to
lie close to the boundary of . By contrast, the intersection points corresponding
to the generators u*,u and ;1 normally all lie at the k-th branch point of 7y,
and perturbations are needed to avoid triple intersections. As mentioned above, we
achieve this by choosing a Hamiltonian which pushes sz slightly towards the “p”
side of the surface. Likewise for v*,v and ,_115_1.

With this understood, the calculation simply becomes a matter of drawing the
relevant diagrams and looking for immersed four-gons with locally convex corners.
The first two cases are shown on Figures [10] and the others are similar. [
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As a consistency check, it is not hard to verify that the map SZ% is indeed an
Aso-homomorphism, namely for all a1,as € BEF and m € P,fIF ® PHF we have
the identities

ﬁfﬁmo)(al@am) + 555\1|0)(a17a2m) + alﬁfauo)(a%m) =0,
ﬁfjam)(m,al@) + ﬁ/?ﬁ)\m)(mah@) + ﬁ/?fo\m)(myal)@ =0,

ar B (o 1y (ms a2) + B4 (o111 (@rm, az) + B {11110 (a1, m)az + B 11)0) (a1, maz) = 0.

5. A SPECTRAL SEQUENCE FROM THE KHOVANOV-SEIDEL TO THE BORDERED
FLOER ALGEBRA

In Sections [3| and 4| we showed how to use the data of a basis, é, to construct

e a graded algebra, BX" using a construction of Khovanov-Seidel in [23] and

e a (graded) algebra BHF using ideas of Lipshitz-Ozsvath-Thurston in [31]
as generalized by Zarev in [53] and reinterpreted by the first author in [4].

In this section, we establish the existence of a spectral sequence connecting BX"
and BPF . Explicitly, we prove:

Theorem 5.1. Let

BEM .— [, é Hom 4 (Qi, Q)

4,7=0

be the homology of the Hom algebra associated to the basis Q and let BHF =
A(Zg,1) be the 1-moving strands algebra associated to the arc diagram, Zg. There
exists a filtration on BT whose associated graded algebra is isomorphic, as an
ungraded algebra, to BX". Accordingly, one obtains a spectral sequence whose E*
page is isomorphic to BE" and whose E> page is isomorphic to BHF .

Remark 5.2. The observant reader will at this point notice that the spectral
sequence described in the statement of Theorem must be somewhat unusual,
since BYF is not a dg algebra but an algebra; hence, the induced differential on the
associated graded page is necessarily trivial and the associated spectral sequence
on F—vector spaces collapses immediately. This should perhaps not be surprising,
as we have dim (iBJKh) = dim (iBjHF) for each i,j € {0,...,m}. On the other
hand, BX" and B”¥ are not isomorphic as algebras. The filtration serves only to
alter the multiplicative structure on the underlying algebra and not to change the
dimensions of the underlying F—vector spaces.

We pave the way for a proof of Theorem by focusing first on a “toy model”
given by the following two lemmas. Though not logically necessary for the proof of
Theorem we include them in order to motivate the definition of the filtration
yielding the spectral sequence from BX" and BT

Lemma 5.3. There exists a filtered differential algebra, C, whose associated graded
homology algebra is isomorphic to H*(S') and whose total homology algebra is
isomorphic to H*(SY). Furthermore, the associated graded complex and the total
complex of C are formal As algebras.
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5

FIGURE 12. A Z/2Z-equivariant chain complex for S*.

Proof. We construct C using a Z/2Z-equivariant cochain complex for H*(S).
Specifically, identify S' with the unit circle in C and give it the structure of a
simplicial complex by placing two O-simplices labeled a and b at —1 and 1, re-
spectively, and two 1-simplices labeled A and B along the arcs {€|6 € [r,0]} and
{ei9|9 € [—m, 0]}, respectively, as in Figure Let a* (resp. b*, A*, B*) represent
the Z/2Z cochain that assigns 1 to a (resp., b, A, B) and 0 to all other simplices
in the basis.

The filtered differential algebra, C, is generated by a*, b*, A*, and B* with
multiplication given by the cup product on cochains (cf. [16]):

U \ a* b* A* B*

a* |a* 0 A* B*
(2) b*| 0 b* 0 0
A1 0 A* 0 0

B0 B* 0 0
There are two commuting differentials, 6 and J;, on C, giving C the structure of
a differential algebra:

e § is the standard coboundary map on the simplicial cochain complex (hence
satisfies the Leibniz rule with respect to the cup product multiplication),
and

e 0. =1 + 7, where 7 is the involution on the cochain complex induced by
complex conjugation on C. One easily checks that 0, satisfies the Leibniz
rule with respect to the cup product multiplication.

We have the following two-step filtration F_; C Fy C Fi:
0 Cker(d,) CC

on (C,d+ 0;). This gives C the structure of a filtered algebra, since F; - F; C Fi;
for all 4, j ﬂ Furthermore, the associated graded complex is (C,d), with homology
H*(S') and the homology of the total complex (C,§ + ;) is the cohomology of the
fixed point set of 7, i.e., H*(S°).

We now use Proposition to compute the A, structure on the associated
graded complex of C, defining maps ¢ : H*(S') — (C,6), p: (C,0) — H*(S') and
h:(C,0) — (C,¢) satisfying the conditions in Equation

"The only non-trivial check that must be performed is that Fo - Fo C Fop, but this follows from
the fact that 9, satisfies the Leibniz rule.
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Let 1 denote the generator of H(S!) and x denote the generator of H'(S!).
Then we define
: a* +b*
u(x) = A%,

~

—~~
-

s
I

pa’) = 1

=
>
=
I
=
w
=
[

and
h(B*) = b*
h(a*) = h(b*) =h(A*) = 0

An application of Lemma then implies that the associated graded algebra
is formal.

We proceed similarly for (C,6+9;). Let p, o denote the two generators of H*(S°)
corresponding to the two connected components of S°. We define:

p) = a"+ A"

(o) = b+ A",

p(a”) p

p(b*) = o,

p(A")=p(B*) = 0

and

h(B*) = A*
h(a*) = h(b*) = h(A*) = 0,

Once again, an application of Lemma [2.16] implies that the total algebra of C is
formal. [

As noted in the proof of Lemma we have simple descriptions of H*(S') and
H*(S%) as F-algebras:
H*(S") = F[x]/x?
and
H*(S%) := Spang(p, o),

with multiplication given by

ma(p®p) = p
ma(c®o) = o
ma(p®@c)=me(c®p) = 0.

Furthermore, the filtration on the filtered differential algebra C defined in the
proof of Lemma induces a filtration on H*(S°). Accordingly, we have:
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Lemma 5.4. Consider the following filtration, F_1 C Fo C F1, on H*(SY):
0 C Spang(p + o) C H*(S?).

With respect to this filtration, H*(S°) is a well-defined filtered (differential) algebra
with associated graded algebra isomorphic to H*(S*).

Proof. The claim follows immediately from the observation that the A., quasi-
isomorphism ¢ : H*(S%) — C guaranteed by Lemma is filtered, hence induces
a filtered A, quasi-isomorphism.

However, we find it instructive to give a more direct proof.

First, H*(SY) is easily seen to be a well-defined filtered (A, ) algebra (Definition
with respect to the above choice of filtration. The only non-trivial check that
must be performed is that my((p+0)®(p+0)) C Fo, which follows since 1 := p+o is
the identity element of H*(S°). Recalling that the multiplication on the associated
graded is given by

mo : Fr/Fr—l & -Fs/ﬁe—l - -7:7"—&-3/-7:7"4—3—1’

we see immediately that 1 is also the multiplicative identity in gr(H*(S?)), since it
lies in filtration level 0.
The underlying F-vector space of the associated graded algebra gr(H*(S°)) can
be described by:
Spang(1) if n =0,
Fn/Fn-1:=1 Spanp(p) ifn=1,
0 otherwise.

Furthermore,
ma(p@p)=p=0¢€ F/F.

Hence, gr(H*(S?)) is isomorphic to H*(S), by identifying 1, p € gr(H*(S°)) with
1,x € H*(SY). O

We now proceed to the proof of Theorem

Proof of Theorem[5.1 Recalling (see Remark 4.1) that BH¥F is isomorphic to the
algebra of lower triangular (m + 1) x (m + 1) matrices over H*(S°) with only 0’s
and 1’s on the diagonal, we define the desired filtration, F_; C Fy C Fi, on BHF
as follows:

0C{Me B |¢;; €{0,1}Vi>j} C B

We now claim that the associated graded algebra, gr (B¥), is isomorphic to
BX" To see this, note that

{M e BT | ¢; ; € {0,1} Vi > j} when n = 0,
Fu)Fa-1:=14 {Me B |¢;; €{0,p} Vi>j, anddp =0V k} whenn =1, and
0 otherwise.

In particular, gr(BH") is isomorphic to the algebra of (m + 1) x (m + 1) lower
triangular matrices over gr(H*(S%)) with only 0’s and 1’s on the diagonal, where
the filtration on H*(SY) is the one described in Lemma Hence, Lemma
tells us that gr(BHf) is isomorphic to BX" as an F-algebra, as desired. (I
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6. A SPECTRAL SEQUENCE FROM THE KHOVANOV-SEIDEL TO THE BORDERED
FLOER BIMODULES

In analogy to Theorem we prove the following theorem relating the Hom
modules described in Section [ to the bordered Floer modules described in Section

2]

Recall that Q is the basis (of d-admissible bigraded curves in normal form)
pictured in Figure

Theorem 6.1. Let 0 € B,,11 be a braud, Mffh the bimodule associated to the

pair (Q,0) in Section |3, and MHEF the bordered Floer bimodule associated to the
pair (Q,0) in Section|). There exists a filtration on MHF whose associated graded
bimodule is isomorphic (as an ungraded A, bimodule over BX") to ME". Accord-
ingly, one obtains a spectral sequence whose E' page is isomorphic to ME" and
whose E* page is isomorphic to MHT

Note that Theorem is Theorem in the special case 0 = Id. The proof
of Theorem proceeds in two steps. We begin by giving an explicit construc-
tion of the filtration in the special case where o is one of the elementary Artin
braid generators, {aki|k; =1,...,m} (Proposition . Then in the general case,
o= akil ~--0,:€tn, we explain how to construct a filtration and appropriate spectral
sequence on the Ao, module formed as the A, tensor product

M :t ®BHF ...®BHFMff
kn

Proposition 6.2. Let ak € Bit1 be an elementary Artin braid generator, MKh
the bimodule associated to the pair (ka) in Sectwn and MHF the bordered—

Floer bimodule associated to the pair (Q, af) in Section|4| There emsts a filtration
on Mff whose associated graded bimodule is isomorphic (as an ungraded Ao
k

bimodule over BX") to Mff Accordingly, one obtains a spectral sequence whose
k

E' page is isomorphic to Mfih and whose E*° page is isomorphic to Mff
k k

Proof of Proposition[6.4 Guided by the models ./\/lKh and MHF constructed in
Sections [3] and [ we turn now to constructing ﬁltratlons on the ﬁltcrcd bimodules
MHL (over the filtered algebra B#") with the desired properties.

Jk

We begin by defining, for each k € {0,...,m}, filtrations on PH¥ and , PHT.
Since:

(1) we have already defined (Theorem a filtration on BH I

(2) the tensor product of two filtered A,, modules inherits the structure of a
filtered A, module,

(3) the mapping cone of two filtered Ao modules inherits the structure of a
filtered A,, module, and

(4) we have

MGE = MC (B!« (BT @ xP"T) — BTT)
and

MHF MC (v . BHF — (PHT @ PHT){-1}),
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this will induce a filtration on each ML as desired.
k

Recalling that PH := Spang(u*,v*) (resp., y PH := Spang(u,v)), we define
the filtration, 7_1 C Fy C Fq, on P,fIF to be 0 C Span(v*) C PkHF (resp., on
kP to be 0 C Span(u) C , PHF).

Verification that B/F" and ¥ are filtered Ao morphisms with respect to this
choice of filtration is a straightforward check of a small number of cases, and is left
to the reader.

We now must show that the associated graded (homology) of Mff is isomorphic

k
to Mff as a (gr(B#F) = BX")—bimodule.

Sincl:a we have already shown (in the proof of Theorem that the multiplication
on gr(BHF) matches the multiplication on BX" all that remains to show is:

(1) the multiplication of gr(B#*) on gr (PF* ® , P*¥) matches the multipli-
cation of BE" on PEh @, PER and

(2) the maps induced by ¥ and B on gr(BH¥) and gr (P'F @, PHTF)
match the maps v/ and gEh.

Seeing that the multiplication of gr(BH) on gr (Pk,HF ® kPHF) matches the
multiplication of BX" on PkKh ® 1 PE" is a simple check of a small number of
cases, bearing in mind that under the isomorphism gr(B#¥") « BX" we have the
identification ;p; < ;x;.

The map induced by va on gr(BfF) is quickly seen to match the map 'y,ﬁ(h,
since 'y,f F is a filtered morphism with no higher terms, and the descriptions of 'y,f h
(Proposition and v (Lemma are identical.

Verifying that the map induced by ﬂ,fF on gr (P,fIF ® kPHF) matches the map

,f " is a bit more involved but, again, requires only a handful of checks. We perform
a couple here, leaving the rest to the reader.
Lemma [£5] tells us that when i > k + 1:
( I?F)(nuo) [ipk ® (0" @u)] == ;px.
But viewed as elements of the associated graded, we have ;pr € F; /fO(BH F ) and
u*®ue F/Fo (PkHF ® kPHF), and thus the induced associated graded map is:

( I?F)(1\1|0) lipr ® (W* @ )] := ipr = 0 € Fo/F1(B"F).

Under the identification (ipk € gr (BHF)) — (ixk S BKh)7 this agrees with Propo-
sition which says:

( lfh)(1|1\0) [ixe @ (u* ®@u)] == 0.
Lemma [£.5] also tells us that when j < k — 1:

( ’?F)(o\lu) (V' ®u)@r(p+0)] :=r1(p+0);.

Since (V* @ u),x(p+ 0);, and _1(p + o), are all in Fy/F_1, the induced map on
the associated graded is still:

(BT oy [V @ W) @ k(p + 0);] = k-1(p + 0);.

Under the identification (;1; := ;(p + 0); € gr(BF)) « ;1; € BK", this agrees
with Proposition [3.18 which says:

(BE™) opppy [V @ 0) @ k1] 1= oo 1.
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d

Proof of Theorem[6.1. Now that we have a filtration on the A, bimodule Mff

k

yielding a spectral sequence from M to ML for each elementary Artin genera-
k k

tor, a,f, we would like to construct a filtered A, bimodule M ¥ and corresponding
spectral sequence ME" — MHF for every o € B4 1.
We begin with a decomposition o = akil e a,fn and define
MOI_.IF = MHEQBBHF - QBBHFMHiF,
akl o.k‘n
which has the structure of a filtered A, bimodule, by Lemma

We then check that the associated graded complex of MH¥ is equivalent to
MEMin Do, (BEM), ie.:

gr (MZF) ~ MEP

- (MfféBHF - Bpur Mff) M B B M
k1 kn k1 kn
in Do (BED).
Lemma [2.15] tells us that

ar (Mﬁ%F@BHF @BHF M%F) ~ gr <M£‘%F> @gr(BHF) ‘e égr(BHF) ar (M%F>
1 n 1 n

as bimodules over gr(BHf"). Therefore, they are equivalent in Do, (BK'LL)7 since
gr(BHF) is isomorphic to BX" (Theorem [5.1)). Furthermore, we also know (Propo-
sition } that gr (Mff) ~ Mfih in Do, (BX"), so we have

gr (/\/lfF) = gr (Mff@BHF ... ®pur /\/lff)
k1 kn

Kh o Kh Kh
~ Maf ®pkh ...QpKh Mo'ff =M ",
1 ‘n

as desired. O

7. AN EXAMPLE

We have now constructed, for every braid o, a filtration on the Floer bimodule
MHF wwhose associated graded bimodule is quasi-isomorphic to the Khovanov-
Seidel bimodule MX" Tt is natural to wonder about the A, operations induced
by Proposition [2.3| on the pages of the corresponding spectral sequence.

As a first point, we note that [23, Prop. 4.9] (see also [35, Lem. 4.1]) implies
that the ranks of H,(MX") and H,(MZF) always agree. On the other hand, the
effect of the filtration on the higher A., operations is in general nontrivial. For
example, the my products in BX" (Remark [3.13) and B (Remark differ.

A more interesting manifestation of the non-triviality of the operations induced
by the filtration can be found by examining H H, (MH¥), the Hochschild homology
of MEF . As in the proofs of Lemma and Theorem we have an induced
filtration on HH,(MZHF)  and the associated graded homology can be identified
with HH,(ME").
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Moreover, it is proved in [32, Thm. 14] that HH,(MZXF) is isomorphic to the
next-to-top Alexander grading of

Fﬁ((E(&), Kp) when the braid index of o is even, and
HFK(X(6),Kp)®V when the braid index of ¢ is odd

where:
o HFK (2(5), Kp) denotes the “hat” version of the knot Floer homology of
the preimage, K B, of the braid axis, Kp, in the double-branched cover of
S3 over @, the closure of o, and
o V="F(,0®F1,-1) is a “standard” 2-dimensional vector space (the sub-
scripts on the generators indicate their (Alexander, Maslov) bigrading).

Remark 7.1. Note that the extra factor of V arises in the odd braid index case
because BT is a strands algebra associate to a twice—pointed matched circle. The
pairing theorem then implies that the Hochschild homology of MX¥ coincides with
the sutured Floer homology of the double-branched cover of A x I branched over
the odd-index braid. As spelled out in [I7, Ex. 2.4], a sutured Heegaard diagram
for a knot complement with 4 (rather than 2) meridional sutures corresponds to
a 4—pointed Heegaard diagram for the knot. The extra pair of basepoints has the
effect of tensoring the knot Floer complex with V as in [37, Thm. 1.1].

In [B], we prove an analogous result on the Khovanov-Seidel side: namely that
the Oth Hochschild homology of MX" is isomorphic to the next-to-top filtration
grading of the so-called sutured annular Khovanov homology, SKh(c C A x I), of
the closure of ¢ in the solid torus complement of Kpg, considered as a product
sutured manifold A x I. This invariant of the isotopy class of ¢ C (A x I) was first
defined in [2] and studied extensively in [43] (where it is denoted H (7)) and in [12]
(where it is denoted Kh*(c)). By the filtration grading, we mean the k—grading of
[43] and [12]. The following facts are well-known to the experts (see e.g. [43, Thm.
8.1], [I5, Sec. 4], [[2 Thm. 3.1]).

Proposition 7.2. Let ¢ C (A x I) be the annular closure of the n—strand braid o.
Letting SKh(c; k) denote the sutured annular Khovanov homology of & in filtration
grading k, we have:

(1) SKh(o;k) =0 unless k € {-n,—(n—2),...,n—2,n},

(2) SKh(o;n)=F.

(3) SKh(o;k) = SKh(o;—k) for allk € Z,

(4) There is a spectral sequence whose E' page is SKh(G) and whose E> page

is Kh(o), the ordinary Z/2Z Khovanov homology of &.

Proof. Statements (1) and (2) are immediate consequences of the correspondence
between generators of the chain complex underlying SKh(o) and enhanced Kauff-
man states (see, e.g., [I5, Sec. 4.2]).

To understand (3), we once again use the identification between enhanced Kauff-
man states and generators of CKh(a), the chain complex underlying SKh(7). One
then constructs inverse chain maps

CKh(z; k) <« CKh(o; —k)
by reversing the orientations of those circular components of the enhanced Kauff-

man state representing nontrivial elements of H;(A).
Statement (4) is [43, Lem. 1]. O
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Consider now the 3-braid o = (0102)° whose closure is the positive (3,5) torus
knot T3 5. The double-branched cover, ¥(7), is the Heegaard Floer L-space integer
homology sphere (2, 3,5), and the preimage of the braid axis IN(B C X(2,3,5) is
a genus one fibered knot whose corresponding open book has positive monodromy,
hence is compatible with a Stein fillable contact structure [36]. It follows that its
Heegaard-Floer contact invariant [40] is nonzero, so [6, Prop. 3.1] implies that

W(E(ZS,E)),KB) has rank one in the next-to-top Alexander grading, hence
(recalling also [40, Thm. 1.1]) HH,(MZF) has rank 2.

On the other hand, Proposition|7.2|(4), tells us that rk(SKh(7)) is bounded below
by rk(Kh(a)), and [I] tells us that the rank of the Z/2Z Khovanov homology is 14.
The main result of [5] combined with Proposition [7.2| now implies:

rk(HH (MEM)) > tk(HHy(ME™))
= 1k(SKh(c;1))
_ %(rk(SKh(&))—?)
> 5 OK(KNE) - 2)
— 6,

so the A structures on ME" and MEF must differ.
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