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1 Introduction

Our aim:

Understand mysterious correpondence among

isolated singularities
root systems, Weyl groups, Lie algebras
polyhedral groups, Fuchsian groups
finite dimensional algebras

and etc.

by Homological Mirror Symmetry.



(3)

This is necessary to study certain global structure

of the base space of the universal unfolding.

It is /WY for an ADE singularity.

h: Cartan subalgebra, VYW: Weyl group

7 2 different constructions of Frobenius structures
(K. Saito’s flat structures), deformation theory
and Weyl group invariant theory.

Problem: the former is only defined as a germ.



2 Categories of singularities

feS :=klxy,...,x,]:
weighted homogeneous isolated singularity

(deg(xi) =: 1i € Z>o, deg(f) =: h € Zxo).

0 0
dimy k[wl,...,wn]/((‘)?f,.. /
1

°
ox,,

) < oo.



— k1 k
For f =) ag,, . k,x; ...-2)",

define an abelian group L¢ by
L := @7 7% ® 7.f /1,
where I is the subgroup generated by
n
f— Z k;z;, for ay,,. K, #O0.
i=1
There exists a degree map

deg : Ly — Z, x;v— 7.



Ry := S/(f) is Ly-graded.
grLf-Rf: category of f.g. L-graded R¢-modules
proij-Rf C grLf-Rf: subcat. of proj. modules

Consider the triangulated category
L :
D! (Ry) := D"(gr™-Ry) / K"(proj™s-Ry).

k(1) := (Rs/m)() € DS (Ry), T€ Ly.



It is too difficult to study Dgg(Rf) itself.
— Replace it by the equivalent category

(and by a “natural” one)



Definition 2

M € grLf-Rf is a Cohen-Macauley module if

Exty (Ry/m, M) =0, i< dimRy.

R¢ is Ls-graded Gorenstein:

n
Kg, ~ R;(—&), &:=) &—f,

=1

where (f) is the grading shift by I € L.



Lemma 3| (Auslander)

A category of Cohen-Macauley R-modules

CMLf(Rf) C grLf-Rf is a Frobenius category.

A Frobenius category is an exact category with
enough injectives and projectives and its class of

injectives coincides with that of projectives.
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Definition 4 (stable category of CM*/(R}))
Define a category CM'™/(R;) as follows:
Ob(CM"#(Ry)) = Ob(CM'7(R;))0
CM"(Ry)(M, N) := Hom_z, , (M, N)/P(M,N)
(g € P(M,N) iff there exist a projective object

P and homomorphisms g’ : M — P and g” :

P — N such that g = g” o g’'])



Proposition 5

(Happel)

CM"/(Ry) is a triangulated category.

Proposition 6

CM"/(Ry) is finite

> dim; CMY"(Ry,, )(E,T'F) < oo,

and Krull-Schmidt, i.e., any object is

a finite direct sum of indecomposable objects.
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Proposition 7| (Auslander-Reiten)

There exists the Serre functor S on CM™(Ry).

S is given by
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For M € CM"*/(R;),

3 Ls-graded free resolution of M in grlr-S
O—>F1£>F0—>M—>O.

3fy : Fy — F; (homotopy) such that

fifo=f-idg, Jofi = f-idp.
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Definition 8 (Eisenbud)

F = (F() <L70> Fl)

fi

is called a L s-graded matrix factorization of f.

o="", @*=f.1a

Jo O



_ (zero objects)

0 01
Q:( f)a Q( )7 szf
10 fo

Example 11
(0 0 o fl\
0O 0 —
Q = T

go—Jfi 0 O
Kfo gpg 0 0)

(15)
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There exist f; € m, 2 = 1,...,n such that

f=xifi+x2fo+ -+ znfn.

This decomposition defines matrix factorizations

which will be isomorphic to k(1) in Dgg(Rf).
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Lemma 13

The category MFgf (f) of graded matrix factor-
izations of f is a Frobenius category.

Therefore, its stable category
Ly Ly
HMFg' (f) := MF¢'(f)

is triangulated.



Lemma 14

(18)

(HMF? (f) is fractional CY)

On HMFgf(f), T2 = (f). In particular, HMFgf(f)

is fractional CY of dimension (n — 2) — 2

€f
h_f’

where €7 := deg(€r) and hy := deg(f).
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F = (FO % Fl) — Coker(f;) € CM™ (Ry).

Proposition 16

(Buchweitz, Orlov)

There exists a triangulated equivalence

L L
HMF /' (f) ~ CM"(Ry) ~ Dg!(Ry).
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Lemma 17| (Category Generating Lemma)
full sub tri.

Suppose 7' := (E4,...,E,) C HMFgf(f)

generated by an exceptional collection (E,..., E,)

satisfies the following:
1. 7" is closed under the shift (1) for all I € Ly,
2.3E € T’ isomorphic to k(0) in D;g(Rf).

Then T’ ~ HMFJ (£).

(c.f. Kajiura-Saito-T, arXiv:0708.0210)
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Proof of the Lemma:

Claim 18| (7"’ is right admissible)

For any X € HMFgf (f) there is an exact triangle
N—-X-—->M-—TN

where N € 7’ and Hom (NN, M) = 0.



Claim 19| (The right orthogonal is zero)

HMF (£)(E), T°M) = 0 for YI'€ L;,%i € Z
— Extin(Rf/m, M) =0 for i #d

(M € CM"/(R;) is a Gorenstein module)
< M € CM¥"#(Ry) is free.
<= M ~ 0 in CMY(Ry;).

Therefore, 7' ~ HMFgf(f)
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Consider the quotient stack
X1, = [Spec(Ry)\{0} /Spec(k - Ly)].
Then,
D’coh(Xy,) ~ D"(gr"/-Ry)/D"(tor"’-Ry).

We have an Lg-graded generalization of Orlov’s

semi-orthogonal decomposition.



Proposition 20

1.If e; > 0,
DPcoh(Xy,) =~ <D§g (Ry), A0), ..., Ales — 1)> ,
where A(i) := < (z)>deg(l) _

2.1f e; = 0, D’coh(X1,) ~ Dg’(Ry).

3.If €5 < 0,

Dyl (Ry) ~ <Dbcoh(XLf), K0, ..., K(—e;s + 1)> ,

where IC(2) := <k(l_3>
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3 Homological Mirror Symmetry

tf: transposition of f
Fermat type
‘fi=f=a"+x?+ .-+ 4 P

Chain

f=a' + zxy? 4+ -+ - + @y aPr

tf i= xPVxy + 2Dz + - + 22y, + P,
Loop

f =" + 125" + -+ - + Tpa2l"

tf i= 2Py + 2h?xs + - + 22y, + xPra;.

Conjecture 21| (c.f. T: arXiv:0711.3907)

D'Fuk™ ('f) ~ D’(mod-CA/I) ~ HMF (f),

for some quiver A.
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4 Covering (n =1)

Theorem 22| For f =tf = g!*1

there exist triangulated equivalences
D'Fuk™ () " =" D’(mod-CA ) ~ HMFX (#),

where A 4, is the Dynkin quiver of type Aj.
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5 Curve singularities (n = 2)

Consider polynomials of the following types:
Type I: f =a? +y? (*f = f)
Type II: f = P + xzy? (*f = 27 + zyP)

Type III: f = ya? + xy? (*f = f)

Theorem 23

For any f of type I, 11 and 111,

7 a quiver A and relations I such that

HMF . (f) ~ D’(mod-CA/I)
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6 Sketch of Proof

1. Find enough ‘“good” matrix factorizations.

2. Show that these matrix factorizations

form a strongly exceptional collection.

3. Use the “category generating lemma” to prove

the above strongly exceptional collection is full.
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Type 1
.f(wv y) = xP + y*

Quiver with relations for (p,q) = (6,7):

Order of vertices: lexicographical order
Dotted edges: commutative relations
( 0 0 yd—b :L'p_a\

0 0 —x¢ b
Qup 1=




Type 11

f(z,y) = o + zy*

Quiver with relations for (p,q) = (6,7):

Order of vertices: lexicographical order

Dotted edges: commutative or zero relations

Qap :=

[ o

0

0

0

yq
— X

0

—b wp—a\

a iB’yb

0

° )




Type 111

(31)

f(x,y) := yx? 4+ zy

Quiver with relations for (p,q) = (5,6):

Order of vertices: lexicographical order

Dotted edges: commutative or zero relations

Qaup :=

K

0

\yw"’ y1

0

0

ry® —xP—

—b

yq—b wp—a\
—yx?® oy’
0 0
0

* )



Corollary 24

(ADE singularity)

f ‘f Type
wl—l—l _|_ y2 CBH_l _|_ y2 Al
yz' "t +y* 2 +zy?| Dy

zt+y* | z'+y’ | E

yr® +y* | 2*+xy® | E;
z®+y® | x®+y® | Es.
D*Fuk—(*f )

(32)

“ DY(mod-CA) ~ HMFY (),

where A is the Dynkin quiver of corresp. type.
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There is an easy way to describe D Fuk™(tf).

Proposition 25| (Seidel)

7 a distinguished basis of vanishing cycles L4, . .., L,
and a choice of gradings on £; such that Fuk— (L£;, L)
is at most one dimensional complex concentrated

on degree 0.

Hence, D’Fuk—(‘f) ~ D®(mod-CA’/I).

(Proof: Use A’Campo’s “devide”.)
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A recipe to get A’ and I:

1.

2.

Consider a real Morsification g of f.

Put a vertex e to ODP.

. Put a vertex with a sign @ (6) into each com-

pact connected component of R*\g~1(0) if g is

positive (negative) on the component.

.Draw 1 arrow @ — e (e — ©) if e is on the

boundary of the component for G ().

. Draw 1 dotted line & - - - & if there are 2 paths

from @ to ©. (= a commutative relation.)



Corollary 26| (c.f. Auroux-Katzarkov-Orlov)

For any f of type I, the HMS conjecture holds.

There are many f of Type II and Type 111

for which we can check the HMS conjecture,
however, we have not yet suceeded to prove it in
general.

(Problem: find “good” real morsifications.)
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However, we have

Corollary 27

For any f of type II,

the HMS conjecture holds at “homology level”:

L
H, (X4, Z) ~ Ko(HMF ' (f)) and S;; = xi;

where

Si;j: Seifert matrix of a distinguished basis

of vanishing cycles in the Milnor fiber X

(“an upper half” of the intersection matrix)

xij: = (x(Ei, E;))i; for a full s.e.c. (E1,...,E,)
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7 Surface singularities (n = 3)

de
Theorem 28| (DE singularity (L ~ Z,€er > 0))
f 'f Type
yr™ + xzy® + 2% ya™ + zy® + 2%| Doy (Mm > 2)

ymm _I_ y2 _I_ mzz

zx™ + xy? + 22

D31 (m > 2)

zx? +yd 4+ 22 | 2?4y + x2? Eg
yw3 _I_ y3 _I_ 22 $3 _|_ wy3 _I_ 22 E7
s +yd+ 22 | x4 yd+ 22 Ex.
R ST]
D Fuk— (¢ f) Db(mod-(CA) HMFZ%(f),

where A is the Dynkin quiver of corresp. type.

[KST]: H. Kajiura, K. Saito and T.

math.AG/0511155.
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Consider polynomials of the following types:

Type I: f — wpl _I_ yp2 _I_ zp?)
b3

Type II: f = xP1 4 yP2 4 yzP2
Type III: f = Pt + yBHlzy L yzet!
P2 P3

Type IV: f = P! + xyPrr + yzP2

Type V: f = zz* + zy' + yz™

Theorem 29

For any f of type I, 11, III, IV and V,

: . L
3 a full exceptional collection in HMF ¢ (f).
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Show the following and use semi-orthogonal de-

composition of HMFgf (f)-

Proposition 30

X ;. is isomorphic to P!

a1,02,037

f

an orbifold P! with 3-isotropic points

of order o, as, ax3:

Type Ay = (o, oz, a3)
I (P1, P2, P3)
11 (P1, 225 (P2 — 1)p1)
111 (P1, P192, P1G3)
IV (pl, — 1)p1, Zi’ g—‘;’ +1)
Y (lm—m—|—1,lk—k—|—1,km—m—|—1).
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If Ly ~ Z, Ay is called the Dolgachev number.

1 1 1
— + + >1< € >0<% f: ADE sing.
03] (8.5) a3

1 1 1
+ + — =14 € =0 <« f: Elliptic sing.
aq 8 %)) Q3
1 1

1
+ ‘|‘—<1¢>€f<0.
a1 8 %)) Q3

REEEERSS] 1f -+ -+ > 1,

~ [P'/ Gy ap0s), Where

Gal,az,ag =< 91,92, 393 | 9?1 — gzaz = g?g >

binary polyhedral group.
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Sketch of the proof (of Proposition):
Set Ry, := k[X1, X», X3] /(XM + X$2 + X3$%) and
La,:= @?:1Z)2i/(aifi — aj)zj; 1<:1<3< 3) .
Note that

coh(IP)(lxl,a%ag) o~ grLAf-RAf/torLAf-RAf.
We can show that 7 a natural embedding
Rf%RAf, Lf;)LAf,

which induces an equivalence

grl’f-R;/tor"/-R; ~ grLAf-RAf/torLAf-RAf.



Proposition 34

(Geigle—Lenzing)

Dbcoh(IP’él,az,ag) has a full exceptional collection.

Proposition 35

(Geigle—Lenzing)

1,01, 1
fFi+l4lsa,
Dbcoh (P! ) ~ DP’(mod-A), where A is the

x1,(2,03

extended Dynkin quiver of corresponding type.
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Theorem 36

Let f be an Arnold’s 14 exceptional singularity
(Lf ~ Z, €r — —1). Then,
HMF%(f) ~ Db(mod-(C&Af/I), where (&Af,I) is

Diagram for Ay = (3,3,4).

I: two relations along the double dotted line.

H. Kajiura, K. Saito and T. arXiv:0708.0210



Arnold’s 14 exceptional singularities

f A; HMS
' +y3+ 22 (2,3,7) OK
x® + zy® + 22 | (2,3,8) OK
z’y + y> + 2% | (2,4,5) OK
z* + vy’ +x2? | (2,3,9) OK
zxt +y* + 2% |(3,3,4) | (Ko, x +*x) =~ (Hy, —1I)
yr* + zy® + 22 | (2,4,6) OK
x® + y’z + 2% |(2,5,5) OK
zx® + xy® + 22 | (3,3,5) | (Ko, x + ¥x) ~ (Hz, —1)
iy + y° + x2z? | (2,4,7) OK
iy + y?z + 2% | (3,4,4) (Ko, x + ¥x) ~ (Hz, —1)
z* + zy? + 2?2 | (2,5,6) OK
zx® +y® + x2? | (3,3,6) (Ko, x + ¥x) ~ (Hz, —1)
3y + y?z + 2%z | (3,4,5) | (Ko, X + 'x) ~ (Hy, —1I)

334 _I_ yzz _I_ yzz

(4,4,4)

(Ko, x +*x) ~ (Ha, —1I)



8 HMS for Cusp Singularities

If HMF ./ (#) ~ D*Fuk~(*f) holds,
then there should exist a category F and a semi-

orthogonal decompotion in Fukaya side:
1.If e > O,
F ~ (D°Fuk—(*f), A(0),..., A(e; — 1)).
2.1f e, = 0, F >~ D°Fuk—(*f).
3.If ey < 0,
D°Fuk—(*f) ~ (F,K(0),...,K(—€s +1)).

Is F the derived Fukaya category of a singularity?



(46)

f € Type I-V (surface sing.)

Conjecture 37| (c.f., T: arXiv:0711.3907)

Dbcoh(XLf) ~ Dbcoh(IP’él,az,ag) ~ D °Fuk™ (To,.a0.05)s
where Ty, a0.05 = 1+ + 52 + x3° + T12223.

((a1, g, 3) in Fuk. is Gablielov number)

HMS description of Arnold’s strange duality.

(Dolgachev # of f =Gabrielov # of *f)
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IREMATK38] If as = 1, then the conj. is true.

(Auroux-Katzarkov-Orlov, Seidel)

IREMATE39] - an isom. of lattices

(Ko(DPcoh(X1,)), X + 'x) = (Ha(Tp, 2), ) -
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Theorem 40| (Conj. is true if ag = 2)

D°coh (P}, . ,) =~ D’Fuk™ (Ta,,a,.2)-

,042,2
In particular, if ail + aiz + % > 1 (f:ADE sing.),
then we can choose a v.c. £ € D°Fuk™ (T, a,.2)

such that
L
(HMF! (f), 0(0)) ~Dcoh(P}, ., ,)
szElk_) (Tal,ag,Z)

~ (D°Fuk—(f), L) .

Extended Dynkin = Dynkin 4+ 1 vertex
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Quivers with relations for all -+ a% -+ % > 1:
(e = L: vertex to remove)
0! + 22 + 22 + z1x013 (r:even (Dy)):

— a0 2 1_2_.2
(=g == +=’Bz—zf’31wz)

D0 D 00D

/N




xs + a3 + a:§ + ;013 (E’6):

(:>g—:131—|—:132—1:13 3)

O
® &b [
LT

4 3 2 :
x] + xy, + 3 — T1x273 (E7):

(= g = =} + x} — jzixd)

5 3 2 :
x, + x, + T3 — T1x273 (Es):

(= g =z} + o5 — Jaix))
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° ° . 1 ]_ ]. °
Quivers with relations for o -+ - + 5 < 1:

(number of vertices = a; + as + a3 — 1)

1! + x3 + x5 + zixoxs (0 > 6):

T
\\QB ° &b [

O—e—6O
1! + x5 4+ 2 4+ T1Taxs (0, 2 > 4):
(= g = =" + z3° — jziad)

D- D
i N i
]
o) o)

® S, ® ® P °
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Can also prove for (aq, as, a3) = (3,3, 3).

Sorry, no picture

(3-dimensional version of A’Campo’s method)

General case, we are now checking details.

(idea: reduction to (3,3, 3) case)

End.

Thank you very much.



