
18.315 Problem Set 3 (due Tuesday, December 7, 2010)

1. The coinvariant algebra is Cn := C[x1, . . . , xn]/In, where In =
〈e1, . . . , en〉 is the ideal generated by the elementary symmetric poly-
nomials ei = ei(x1, . . . , xn), i = 1, . . . , n. Show that Cn is an n!-
dimensional vector space with a linear basis given by the cosets of the
monomials xa11 · · ·x

an−1

n−1 with ai ≤ n− i for all i.

2. Find the number of permutations w ∈ Sn such that any two reduced
decompositions for w can be related to each other by a sequence of 2-
moves.

3. Let w be any permutation in Sn and w0 be the longest permutation
in Sn. Show that Sw(x1, . . . , xn) ≡ Sw0 ww0(−xn, . . . ,−x1) modulo the
ideal In from problem 1.

4. Let hi(x) := 1+xui, i = 1, . . . , n−1, where the ui are the generators
of the nilHecke algebra and x commutes with all ui’s. The hi(x) satisfy
the Yang-Baxter relations. Let

φn(x, y) :=
n−1∏
i=1

i∏
j=n−i

hi+j−1(xi − yj).

Use the Yang-Baxter relations to show that φn(x, y) = φn(0, y)·φn(x, 0).

5. (A) In class we constructed the insertion procedure for RC-graphs.
Show that it is well-defined and invertible. Deduce Monk’s rule.

(B) Show that, in case of RC-graphs for Grassmannian permutations,
this procedure is equivalent to the RSK insertion for SSYTs.

6. Let us say that a permutation w ∈ Sn is strictly dominant if its
code code(w) = (c1, c2, . . . , cn) is a strict partition, that is c1 > c2 >
· · · > ck = · · · = cn = 0.

(A) Show that the following conditions are equivalent:
(1) w is strictly dominant.
(2) ww0 is strictly dominant.
(3) w is of the form w1 > w2 > · · · > wk < wk+1 < · · · < wn.
(4) w is both 132-avoiding and 231-avoiding.

(B) Find the number of strictly dominant permutations in Sn.

7. The Schubert-Kostka matrix is the n! × n! matrix K = (Kw,a)
defined by Sw(x) =

∑
aKw,a x

a, for w ∈ Sn. In other words, Kw,a
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counts the number of RC-graphs for w of x-weight equal to xa. Let
K−1 = (K−1

a,w) be the inverse matrix, that is
∑

aKu,aK
−1
a,w = δu,w and∑

wK
−1
a,wKw,b = δa,b.

(A) Let w be a strictly dominant permutation in Sn with code (c1 >
c2 > · · · > ck = · · · = 0). Assume that a = (a1, . . . , ak, 0, . . . , 0). Prove
that

K−1
a,w =

{
(−1)`(σ) if (a1, . . . , ak) = (cσ1 , . . . , cσk) for some σ ∈ Sk,

0 otherwise.

(B) Now assume that w is any 312-avoiding permutation. Prove that
in this case K−1

a,w also equals 0, 1, or −1. Find the exact value of K−1
a,w

in this case.

(C) Is it always true that K−1
a,w ∈ {1,−1, 0}?


