
18.100A Fall 2017 Problem Set 12 (not graded or handed in)

Directions: This covers the last three classes of the semester – Fri., Mon., Wed.. The final
exam will include some of this material, but it will have enough choice so you won’t have to
do any problems like these, though for a top grade you should show some knowledge of it.

Solutions will be e-mailed later. For some of the more difficult problems or ones not
having worked examples in the book or theorem proofs illustrating how to do them, simple
hints or more extensive directions are given, which you should follow.

Reading: Fri. Appendix F (only in the 8th printing) T(opological)-compactness:
Definition, use in proofs, equivalence with S(equential)-compactness in R,R2, (and R

n).

Class Friday covered the definition of t-compact sets, some examples, a sketch of the
book’s proof of the Heine-Borel Theorem in R

2, and a typical t-compactness proof, that of
the Boundedness Theorem: A continuous function on R

2 is bounded on every t-compact
set S ⊂ R

2.

The aim for part of Monday will be to complete these implications for sets S in R
2:

S is s-compact ⇔ S is closed and bounded ⇔ S is t-compact.

In Chapter 25, the first ⇔ was proved; in class Monday the second ⇔ will be proved in the
direction =⇒; the direction ⇐= is Problem 3 below.

1. Prove Heine-Borel for R: The interval [ a, b] is t-compact (cf. the proof for R2.)

2. Prove: an f(x) continuous on a t-compact set S in R is uniformly continuous on S.
Make a direct proof, modeled after the proof in App. F of the boundedness theorem for

a continuous f(x) on a t-compact set S in R
2.

After using the t-compactness to get a suitable finite open covering, of S, you are faced
with the following problem.

Given a finite collection of open intervals Ui = (ai, bi), i = 1, . . . , n, how small must δǫ
be to guarantee that if x′ǫ Ui, x

′′ǫ Uj , and |x′ − x′′| < δǫ, then x′ and x′′ are in the same
interval of a certain larger finite collection of open intervals. determined by the Ui.

The following explains this. There are three possibiities for each distinct pair Ui, Uj :
a) Ui and Uj overlap, so Ui ∩ Uj is an open interval pf positive length;
b) Ui and Uj are separated by a single point cij : add to the collection Ui, i = 1, . . . , n

a suitable new open interval Uij centered at cij ;
c) Ui and Uj are separated by a closed interval Cij of positive length.

Then prove f(x) is uniformly continuous on S by using the above three cases to find, for
any given ǫ, a corresponding single δǫ which will satisfy all three cases

3. Prove the the direction ⇐= referred to above in two theorems for R2:

a) Prove that S is t-compact =⇒ S is bounded.
This is easy, just like the correponding proof when S is assumed s-compact.

b) Prove that S is t-compact =⇒ S is closed.
This is a bit harder. Use contraposition: S is not closed ⇒ S is not t-compact.

Using def’n c) of cluster point (25.1), there is a sequence xn in S converging to a point
a not in S.

Show Sk = {xk,xk+1, . . . ,a} are closed sets and use their complements inR
2 to construct

an infinite covering of S by open sets which contradicts the t-compactness of S.



Reading Mon. 27.3-.5 Improper integrals
∫
∞

0
f(x, t) dt containing a parameter x: general

theorems about integrating and differentiating with respect to x under the integral sign
∫
∞

0
.

The Laplace transform.

The proofs of the integration and differentition theorems are like the proofs given in
chapter 26 for finite integrals; so the emphasis will be mainly on the uniform convergence
hypotheses needed, and testing whether the given integral satisfies them.

On Monday another explanation of where the Laplace Transform comes from will be
given, and on Mon and Wed. some of its properties discussed, including how the general
theorems above look when applied to the Laplace Transform and perhaps Euler’s Gamma
function also.

4. Work 27.4/2, taking k = 3. Check in order the hypotheses of Theorem 27.4B:
a) for f(x, t) and fx(x, t) on the relevant intervals for x and t;
b) for pointwise convergence of the integral;
c) for uniform convergence of the differentiated integral. What is the final conclusion,

and what would go wrong if k = 2?

5. Work 27.4/3

6. Work 27.5/2

7. The key property of the Laplace transform is the differentiation formula below. It is
used to solve linear ODE’s with constant coefficients by transforming them into algebraic
equations.

a) If f(t) and its derivatives are continuous and the integrals exist on the x-interval I
and t-interval [0,∞), then

L(f(t)) = F (x) ⇒ L(f ′(t)) = xF (x)− f(0);

L(f ′′(t) = x2F (x)− x f(0)− f ′(0).

Prove the first formula; then the second by applying the first to f ′(t).
(You can treat ∞ like a real number in evaluating a simple expression like e−x; something

like xne−x would require a citation.)


