
18.100A Fall 2017: Problem Set 1 due Fri. Sept. 15

You can collaborate, but must write up the solutions independently, i.e., in your own
words, thinking them through yourself. To make returning papers easier, list any collabo-

rators in the upper-left corner of the top page; put your name in the upper-right corner.
Consulting internet solutions or problem set solutions from previous semesters or years

is not allowed.

Reading Fri.: Chapter 2.2-.6 Estimations, absolute values, approximations, “for n large”.
Section 3.1 Definition of limit; examples with proof.

Problem 1. (2: .5, 1.5)
Proposition: If the sequences an and bn are bounded above, then anbn is bounded above.

a) Prove this is false by giving a counterexample; show it is a counterexample.
b) Strengthen the hypotheses and prove the amended Proposition.
(Read top p. 405 for “stronger statement”: here the “statements” are the hypotheses on

the two sequences in the Proposition. The answer will be judged partly on how weak the
new hypotheses are – the weaker they are, the stronger the resulting Proposition.)

Problem 2. (2) Let c1, c2, . . . , cN and a be real numbers. Prove the implication:

|
N∑
1

cn sinna| ≥ 1 ⇒ |cn| > 1/2n for some n ≤ N.

(Prove it by contraposition (cf. A.2): not B ⇒ not A, but write the contrapositive
statement avoiding all negative words like “not”,”no” and symbols for them. Note that in
Mathspeak, the phrase ’for some n’ means ’for at least one value of n’.

Problem 3. (2: 1,1) a) Prove {xn} defined by xn+1 =
n2 + 10

(n+ 1)(n+ 3)
xn, x0 > 0 is

monotone for n ≫ 1.
(Two ways to show a positive sequence an is increasing are to show the ratio an+1/an ≥ 1

or show the difference an+1 − an ≥ 0.) Analogously for decreasing: use ≤ 1, ≤ 0.

b) For what n will
3n

n+ 2
≈
ǫ

3, if (i) ǫ = .1 (ii) ǫ = .01 ?

Problem 4. (2)) Work: (a) E3.1/1b (b) E3.1/1c (Exercises, p. 46)
Do them directly from Definition 3.1 of limit; don’t use any limit theorems you know

from calculus (in Chapter 5 here).
You can often make the work easier if you first ’simplify’ the expression you want to show

is < ǫ. Here ’simplify’ means change the expression into a one which is clearly larger, but
but easier to estimate as < ǫ.

Reading: Mon. Chapter 3.2-6 K-ǫ principle, lim = ∞, lim an.
Chapter 4.1-2 Using the error form for limits.

Problem 5. (2 pts: 1, 1))
a) Prove that if {xn} converges, it is bounded for n ≫ 1.
b) Then prove that it is bounded (i.e., for all n)

(For part (a), you’ll need an ǫ; tell who gets to choose it, and the reason for your
answer. Also, the equivalent form of an ≈

ǫ
L suggested by [2.4, (2)] is helpful.)



Problem 6. (2) Work 3.4/3 (at the end of the chapter).
(Follow the hint given; note that the proof of Theorem 3.4 could be simplified slightly by

dropping the 1 in addition to the other terms dropped.)

Problem 7. (2 pts.) Work 3.6/1b: prove lim
n→∞

∫ 3

2

lnn x dx = ∞. (Use the hints there).

Problem 8. (2) Prove the Product Theorem for limits:
an → L, bn → M ⇒ anbn → LM .

This is proved in 5.1. Treat it as a Question: don’t look at the book’s proof, instead
follow the suggestions below.. If you get stuck for more than a few minutes, you can take a
quick look at the book’s proof for a hint.

Write limits in the error form (cf. 4.1), an = L+ en; let e′
n
be the error term for bn.

From these get the error form for anbn; group the terms together to get the error term
e′′
n
for anbn → LM .
Then show e′′

n
→ 0 by using the definition of limit, the Triangle Inequality, and the K− ǫ

principle. Watch out that in the proof you do not use the product theorem to evaluate
lim ene

′

n
– circular reasoning! But you may assume ǫ < 1, since limit demons only give out

small epsilons.

Problem 9. (4 pts.: 1.5, 2.5) Study 4.2 and then Work E4.2/1ab.
This beautiful result was discovered by Leibniz at the age of 17. It led him to devote his

early life to mathematics; he later switched to philosophy. He and Newton independently
invented Calculus, but it is Leibniz’ notation we mostly use today.

The proof is a good illustration of estimating definite integrals (cf. 3.6) rather than trying
to calculate them exactly.

Reading Wed.: Chapter 5.1-.3, 5.5 Limit theorems.
Algebraic theorems (review);
Inequality theorems: Squeeze Theorem, Location Theorems.

Problem 10. (3: 1,1,1)
Work the following Exercises (at the end of Chapter 5) involving the Sequence Location

Theorem, 5.3B.

a) 5.3/1 (various possible versions of Theorem 5.3B, when L = 0).
Try to decide T or F without consulting the Theorem; you can use it later as a partial

check on your answers.

b) 5.3/2 Prove: lim an > M ⇒ an > M for n ≫ 1 (half of the Sequence Location
Theorem).

Try to do this without looking at the proof of the other half given in the book. Use a
direct argument, i.e., not contraposition or indirect proof.

c) 5.3/5 Prove: lim an = L ⇒ lim |an| = |L|.
There a re three cases, according to the sign of L; the proof for L = 0 is different from

the other two.



Problem 11. (2) Work 5.2/4
Make a careful drawing in the xy-plane which interprets the sum in parentheses as the

total area of n rectangles having width 1, lying over [n+1, 2n+1] on the x-axis and having
the numbers in parentheses as their heights.

Estimate this total area by comparing it to the areas under the carefully drawn graphs
of y = 1/x and y = 1/(x− 1). Use calculus to find the areas under the two curves, and then
the Squeeze Theorem to find the limit of the sum as n → ∞.

Problem 12. (2: 1.5, .5) Work 5.3/4i,ii (or a,b in older printings)
After you do part (b), check your work by reading the boxed warning on page 410.

Problem 13. (2) Work 5.3/6 .
Use and cite the applicable theorems in 5.3 and 5.1 .

Problem 14. (1) Work P5-1a (Problem 1a at the end of Chapter 5.)
If you are not using the current printing (the 8th), the third line needs two corrections;

read: “Let
√
an → M” and “an → M2 ”.


