
Problem 1 Show that if π is an irreducible representation of a compact lie group G then π∨ is
also irreducible. Give an example of a G and π such that π ∼= π∨, and another for which π � π∨.
Is this true for general groups?

Since G is a compact Lie group, we can apply Schur orthogonality to see that
∫
G
|χπ∨(g)|2 dg =∫

G
|χπ(g)|2 dg =

∫
G
|χπ(g)|2 dg = 1, so π∨ is irreducible. For any G, the trivial representation π

satisfies π ' π∨. For G the cyclic group of order 3 generated by g, the representation π : gi 7→ ζi3
is not isomorphic to π∨ : gi 7→ ζ−i3 .

This is true for finite dimensional irreducible representations. This follows as if W ⊆ V a proper,
non-zero G-invariant representation for a group G, then W⊥ = {φ ∈ V ∗|φ(W ) = 0} is a proper,
non-zero G-invariant subspace and applying this to V ∗ as V ∗∗ ∼= V we get V is irreducible if and
only if V ∗ is irreducible.

This is false for general representations and general groups. Take G = S∞ to be the symmetric
group on countably infinitely many letters, and let G act on a vector space V over C with basis
e1, e2, · · · by sending σ : ei 7→ eσ(i). Let W be the sub-representation given by the kernel of the map
V → C sending

∑
λiei 7→

∑
λi. Then W is irreducible because given any λ1e1 + · · · + λnen ∈ V

where λn 6= 0, and we see that λ−1n [(n n+ 1)− 1] ∈ C[G] sends this to en+1− en, and elements like
this span W . Then W ∗ will be functions on W , which is uncountable. Let e∗i be the dual of ei, so
the subspace of those functions spanned by the e∗i has countable dimension and is a subrepresenta-
tion.

Problem 2 Show that the only finite dimensional unitary representation of SL(n,R) trivial. (Hint:
You can use the fact that the Lie algebra sln is simple.)

Let π : SL(n,R) → U(m) be a finite dimensional unitary representation. As SL(n,R) is con-
nected, it follows that π is determined uniquely from dπ : sl(n,R) → u(m). Taking the inclusions
sl(2)→ sl(n) and u(m)→ gl(V ) where V is an m-dimensional complex vector space, find a highest
weight vector v ∈ V on which h ∈ sl(2) acts by hv = λv, where λ is a nonnegative integer. Since
h acts as a skew-Hermitian matrix, its eigenvalues are purely imaginary so that forces λ = 0. So h
acts as 0 on all of V , hence the kernel is always nontrivial. The kernel is then a nonzero ideal of
sl(n), so by simplicity it is all of sl(n). As π is determined by dπ, we conclude that π is trivial.

Problem 3 Let G be a group acting on a finite dimensional vector space V0 over R. In this
case we will call the representation V := V0 ⊗R C, real (i.e. We will call a representation V of G
over C real, if it is obtained by complexifying a representation over R.).

(a) Let us talk a bit about characters and finite groups. For a finite group G, the character table of
G is the table with first row consisting of the conjugacy classes, the first column consisting of the
characters of irreducible representations, and each entry is the value χ(γ) for the corresponding
character χ and conjugacy class γ.

i. If two finite groups have the same character table does it imply that they are isomorphic?

ii. Show that the entries of the character table are algebraic numbers (they actually belong to
a cyclotomic extension of Q).

iii. Let Gal be the Galois group of the (Galois closure of the) field obtained by adjoining all the
entries of the character table acts on the table by shuffling the entries. Show that Gal acts
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on the character table by permuting rows and columns. (Bonus) Show, furthermore, that
the cycle type of the action over the rows is the same as the one over columns.

(b) Now back to general compact groups. It is clear that if π is a real representation then its
character χπ is real valued. Is the converse true? i.e. If the character (of a representation on a
finite dimensional C-vector space) is real valued does it necessarily imply that the representation
is real? Hint: Think of finite groups.

(c) Show that an irreducible representation (π, V ) is real if and only if there exists a non-degenerate,
symmetric, bilinear, G-invariant form on V .

(d) Let G be a compact group and (π, V ), (σ,W ) be two irreducible representations of G. Show that
the space of G-invariant bilinear forms B : V ×W → C is at most one dimensional. Moreover,
show that it is one dimensional if and only if π ∼= σ∨. Show also that in the case π ∼= π∨

and B(, ) is a G-invariant invariant bilinear form, ∃επ ∈ {±1} such that B(v, w) = επB(w, v).
(This επ is called the Frobenius-Schur indicator of π.)

(a) i. Since G is finite, we know that every function is a matrix coefficient as its left G-translates
span a finite dimensional space. Since matrix coefficients that happen to be class functions
are linear combinations of characters, we see that characters span the whole space of class
functions, so the number of characters (and hence the number of irreducible representations)
is the number of conjugacy classes.

Computation reveals that the quaternion group Q8 and the dihedral group D8 both have
five conjugacy classes. Their character tables will be the same, but they are not isomorphic.
Present D8 as 〈r, s|r4 = s2 = (rs)2 = 1〉 and Q8 as 〈i, j|i4 = j4 = 1, ij = j3i〉. They both
have four one dimensional representations, where their generators r, s or i, j get sent to
±1. By orthogonality relations this determines the last representation completely. There
is a bijection between them that preserves conjugacy classes, namely {1} ⇐⇒ {1},
{r2} ⇐⇒ {−1}, {r±1} ⇐⇒ {±i}, {s, r2s} ⇐⇒ {±j}, {r±1s} ⇐⇒ {±ij}, so the sizes
of their conjugacy classes are 1, 1, 2, 2, 2. Their character tables will then be

D8 1 r2 r±1 s, r2s r±1s
Q8 1 −1 ±i ±j ±k
C++ 1 1 1 1 1
C+− 1 1 1 −1 −1
C−+ 1 1 −1 1 −1
C−− 1 1 −1 −1 1
C2 2 −2 0 0 0

ii. Any matrix in the representation must act as a |G|-th root of the identity, hence its eigen-
values are |G|-th roots of unity since the characteristic polynomial has the same roots as
the minimal polynomial, which divides T |G| − 1. So the trace lies in Q(ζ|G|).

iii. First we show that every representation is defined over Q̄. To see this the same proof as
over any algebraically closed field shows that there are the number of conjugacy classes of
irreducible representations defined over Q̄ and thus all the irreducible representations of C
are defined over Q̄.

Let σ be in the absolute Galois group of Q. For any irreducible representation π : G →
GL(V ), then we can apply σ to all the entries of the matrices of π(G) to get a new irreducible
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representation whose character is σ(χπ) (since the diagonal entries get acted on by σ). So σ
acts on the set of irreducible representations by permuting them, as σ−1 undoes the action
of σ; hence it permutes the rows of the character table.

To see there is a permutation of the columns as well that gives σ, suppose σ takes a primitive
|G|th-root of unity ζ to its k-th power. Expressing each element of the character table as
an integer linear combination of powers of ζ, note that χ(gk) = σ(χ(g)). So if Cg is the
conjugacy class for g, then σ takes the column for Cg to that of Cgk , which gets sent to
that of Cgk2 , and so on. Hence this is a permutation of the columns.

Consider the character table as a square matrix M (which is invertible, as it is unitary). Let
C be the permutation matrix by which σ acts on the columns, and similarly define R for the
rows. That is, σ(M) = MC = RM . Then M−1RM = C, so R and C are conjugate to each
other. It suffices to show that R and C have the same cycle lengths. Their characteristic
polynomials are the same as they are conjugate, so it suffices to show that the characteristic
polynomial contains the information of the cycle types. By changing basis, we can assume
that the permutation matrix is block-diagonal and the blocks correspond to cycles (cycle
decomposition of a permutation). Then the characteristic polynomial of an n-cycle is easily
seen to be Tn − 1 (if the matrix is written in basis ei, then

∑
ζinei are an eigenbasis by

Vandermonde), so if a permutation has md d-cycles, then the r-th cyclotomic polynomial
shows up

∑
r|dmd times (in the characteristic polynomial). Unique factorization allows us

to recover these
∑
r|dmd, and Mobius inversion then allows us to recover the md.

(b) It is false, and we have the two dimensional Q8 example whose character is real valued from
above. This representation can be realized as follows: imagine Q as a multiplicative subgroup
of H, and allow Q to act on H via the inverse on the right; that is, for g ∈ G and α ∈ H,
we have g · α = αg−1. Embedding C into H by sending

√
−1 to i, we see this action is also

C-linear if we put the C-linear action on the left; that is, for z ∈ C and g ∈ Q we have
g · (zα) = zαg−1 = z(αg−1) = z(g · α). Hence we get a homomorphism Q → AutC(H). Let
the character of this representation be χ. A C-basis for H will be {1, j}. Then 1 acts as the
identity, so χ(1) = 2. Note −1 acts as negative of the identity, so χ(−1) = −2. We have that:
i acts by 1 7→ −i and j 7→ ji−1 = ij, so χ(i) = −i + i = 0, j acts by 1 7→ −j, j 7→ 1, so
χ(j) = 0 + 0 = 0, k = ij acts by 1 7→ (ij)−1 = −ij, j 7→ j(ij)−1 = −i, so χ(k) = 0 + 0 = 0.

This can’t be defined over the reals as R[G] acts exactly via multiplication by H and so this
is irreducible as a real representation. But if it was defined over the reals, then there would
be a real vector space V such that H ∼= V ⊗C and so as a real representation we would have
H ∼= V ⊕ V contradicting it being irreducible over R.

(c) First, a general claim. Suppose V is any complex representation of a compact group G. Then
V ⊗R C ' V ⊕ V ∗ by considering characters: if we put g in Jordan normal form with basis ej
for V and consider the basis {ej} ⊗ {1, i} for V ⊗R C, we get two copies of each real part on
the diagonal.

Therefore when V is irreducible, EndR[G](V ) ' HomC[G](V ⊗R C, V ) is either 2-dimensional
or 4-dimensional; the former happens when V 6' V ∗, and the latter happens otherwise.

Now to the problem. We claim that V ' V0 ⊗R C for some irreducible real representation V0
if and only if EndR[G](V ) ' Mat2(R). If V ' V0 ⊗R C, then as a R[G]-module we see that
V ' V0 ⊕ V0 which implies the following as R[G]-modules: EndR[G](V ) ' Mat2(EndR[G](V0)).
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Since EndR[G](V ) is either two or four dimensional, we see that it must indeed be 4-dimensional
and that EndR[G](V0) ' R (using knowledge of division algebras), so EndR[G](V ) ' Mat2(R).
For the converse, we use semisimplicity to see that EndR[G](V ) ' Mat2(R) implies there exists
some irreducible R[G]-module V0 with V ' V0⊕V0 (with EndR[G](V0) ' R). Extending scalars
to C, we see that V ⊕V ∗ ' V ⊗RC ' (V0⊗RC)⊕ (V0⊗RC), so that V ' (V0⊗RC) (' V ∗).
Suppose first that V ' V0 ⊗R C. Then taking any nondegenerate symmetric bilinear form on
V0, averaging it so that it is G-invariant (and it is still nondegenerate), and then by extending
scalars to C, we can produce an invariant nondegenerate symmetric bilinear form on V .

Now suppose we have a nondegenerate symmetric bilinear form B : V ⊗ V → C. Let 〈 , 〉
be an invariant nondegenerate Hermitian form on V , and define the map j : V → V by
〈v, jw〉 = B(v, w). Then j is complex antilinear, so j2 ∈ EndC[G](V ) implies j2 is multiplication
by a complex scalar λ. Then

〈v, j2w〉 = B(v, jw) = B(jw, v) = 〈jw, jv〉 = 〈jv, jw〉,

so 〈v, j2w〉 = 〈jv, jw〉 and similarly 〈jv, jw〉 = 〈j2v, w〉 implies 〈j2v, w〉 = 〈v, j2w〉. So λ = λ
and that means λ is real. For any v we know that 〈jv, jv〉, 〈v, v〉 are positive reals, so λ〈v, v〉 =
〈j2v, v〉 = 〈jv, jv〉 = 〈jv, jv〉 implies λ is a positive real. By scaling j, we can now assume that
j2 = 1. So we have found j ∈ EndR[G](V ) which is not ±1 (as it is complex antilinear), but
whose square is 1. This eliminates the possibility that EndR[G](V ) is a division algebra, and
since it is either 2 or 4 dimensional we conclude that EndR[G](V ) ' Mat2(R).

(d) The space of G-invariant bilinear forms V ×W → C is HomG(V ⊗W,C) = HomG(V,W ∗) is at
most one dimensional by Schur’s lemma, and is one dimensional exactly when π ' σ∨. In the
case π ' π∨ there is a G-invariant bilinear form B ∈ HomG(V ⊗ V,C). By one-dimensionality,
B(v, w) and B(w, v) are nonzero scalar multiples of each other, and B(v, w) = επB(w, v) =
ε2πB(v, w) implies επ ∈ {±1}.

Problem 4 Let π ∼= π∨ be an irreducible representation of a compact group G, and let επ be as
above. Show that

επ =

∫
G

χπ(g2)dg,

where dg is the Haar measure normalized so that
∫
G
dg = 1. (Hint: First show that χπ(g2) =

χSym2(π)(g)− χ∧2π(g), where Sym2 is the symmetric square and ∧2 is the exterior square of π.)

Let λ1, · · · , λm be the eigenvalues of g, with multiplicity. Then those of g2 will be λ21, · · · , λ2m,
those of g on Sym2(π) will be λiλj for i ≤ j, and those of g on ∧2π will be λiλj for i < j. As
λ21 + · · ·+ λ2m =

∑
i≤j λiλj −

∑
i<j λiλj , we conclude that χπ(g2) = χSym2 π(g)− χ∧2π(g).

So using Schur orthogonality, we conclude that
∫
G
χπ(g2) dg = dimC(Sym2(π))G−dimC(∧2(π))G.

Identify (Sym2(π))G and (∧2(π))G within (π⊗ π)G = HomG(V ⊗ V,C) as the space of G-invariant
bilinear symmetric and alternating forms, respectively. The assumption π ' π∨ implies (π⊗π)G is
one dimensional, so this number is either 1 or −1. If it is 1, then that means there is a G-invariant
bilinear symmetric form, so επ = 1. Otherwise, there is a G-invariant bilinear alternating form, so
επ = 1. In either case we have επ =

∫
G
χπ(g2) dg.

Problem 5 Let G be a compact group. Show that g, h ∈ Gare conjugate if and only if χπ(g) = χπ(h)
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for every irreducible representation π of G. Deduce that every character is real valued if and only if
g is conjugate to g−1 for every g ∈ G.

Clearly if g, h are conjugate then all characters agree on them, as characters are class functions.
Now suppose g, h are not conjugate to each other. Then the conjugacy class Ch = {xhx−1 : x ∈

G} is a closed subset of G (by compactness), so there is a neighborhood Ug of g which avoids Ch.
Set U = ∪g′∈CgUg′ , f1 : G → R≥0 be a smooth bump function supported in U with value 1 in a
neighborhood of Cg (this is compact), and define f(y) =

∫
G
f1(xyx−1) dx. So f is a smooth class

function with value 1 at g and value 0 at h.
Write f as an infinite linear combination of matrix coefficients converging in the sup-norm; we

can do this as matrix coefficients will be dense in C(G). This expansion is unique since the matrix
coefficients form an orthonormal basis for L2(G). LetMπ be the space of matrix coefficients for π,
and write f =

∑
fπ where fπ ∈ Mπ. Since the conjugation action takes each Mπ to itself, we see

that each fπ is a class function. So the fπ are matrix coefficients that happen to be class functions,
hence they are linear combinations of characters, and must then agree on g and h. But f does not,
and this is a contradiction.

The character is real valued iff χπ and χπ∨ agree, iff for all g we have χπ(g) = χπ∨(g) = χπ(g−1).
So the character is real valued iff g, g−1 are conjugate to each other for all g ∈ G.

Problem 6 Let G be a compact Lie group. Show that the right regular action ρ : G → L2(G)
given by (ρ(g)f)(h) = f(hg) decomposes as ρ =

⊕∞
i=0 dim(πi)πi, where {πi} is the complete set of

inequivalent irreducible representations of G.

Since G is compact we know from Peter-Weyl that L2(G) decomposes as ⊕Mπ where Mπ is
defined in the previous problem. When g acts on this, it acts on each Mπ separately, as if f is
a matrix coefficient then so is ρ(g)f . Suppose π : G → GL(V ) and pick a basis e1, · · · , en of V .
Then a basis for Mπ would be given by fij(h) = 〈π(h)ei, ej〉, and (ρ(g)fij)(h) = 〈π(h)π(g)ei, ej〉,
so we see that for a fixed j, the action ρ(g) on f1j , f2j , · · · , fnj is precisely the action of π. So Mπ

decomposes as nπ = dim(π)π. Substituting this into L2(G) = ⊕πMπ, we are done.

Problem 7 Give an example of a compact operator with no non-zero eigenvalue.

Any nilpotent operator over a finite dimensional vector space works, as any operator over a finite
dimensional vector space is automatically compact, and nilpotency ensures that the only eigenvalues
are zero.

Here is an integral operator T over L2(S1): considerK(x, y) = e2πiy, and T : f 7→
∫
S1 K(·, y)f(y) dy.

Then T is compact as ‖K‖ ≤ 1. If f is a nonzero eigenvector with nonzero eigenvalue λ, we see that
f = λ−1Tf implies f is constant (as Tf is), so if f(x) = C then Tf = C

∫
S1 K(·y) dy = C · 0 = 0

implies f = λ−1Tf = λ−1 · 0 = 0, which is a contradiction.
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