
Problem 1 Prove that the number of irreducible factors in a representation
of sl(2,C) is the sum of the multiplicities of the eigenvalues 0 and 1 of H.

Reduce to the irreducible case by noting that eigenspaces respect the irreducible
decomposition. If V is an irreducible n-dimensional representation, take the ba-
sis of V where H acts diagonally with diagonal entries n, n− 2, . . . , −n. If n is
even, 0 appears once and 1 does not; for the odd case, it is switched. So the sum
of the multiplicities of the eigenvalues 0 and 1 of H is always 1 for irreducible V .

Problem 2 Prove that Sym3Sym2 ∼= Sym2Sym3 ∼= Sym6 ⊕ Sym2.

Follows from the next two problems.

Problem 3 Prove, in general, that SymnSymm ∼= SymmSymn for any m,n ≥
0. (This is called Hermite reciprocity.)

If V is any finite dimensional representation of sl(2,C) then its isomorphism
class can be detected by the multiplicities of its eigenvalues for H: if Vi =
Symi and V = ⊕diVi, then the multiplicity of an eigenvalue n ∈ Z will be∑

i≡n mod 2,i≥|n| di. So we can read off the values d0 + d2 + · · · , d2 + d4 + · · ·
and d1 + d3 + · · · , d3 + d5 + · · · , so taking consecutive differences will give us
each di.

Consider Symm Symn V first. If we pick a basis {x, y} of V , then vn = xn,
vn−2 = xn−1y, . . . , v−n = yn form an eigenbasis for Symn V where the eigen-
value of vk is k. Now an eigenbasis for Symm Symn V will be the monomials
in the vk of degree m, and the eigenvalue of van

n · · · v
a−n

−n will be nan + (n −
2)an−1 + · · · + (−n)a0 (by the Leibniz product rule). So the multiplicity of
an eigenvalue k will be exactly the number of nonnegative tuples of integers
(an, · · · , a0) with sum m satisfying nan + (n − 2)an−1 + · · · + (−n)a0 = k.
Adding n(an + · · · + a0) = nm to both sides and then dividing by 2, we see
that the relevant equations are nan + (n− 1)an−2 + · · ·+ 0a−n = (mn+ k)/2,
an + · · ·+ a0 = m. In particular k must have the same parity as mn. If we as-
sociate to (an, · · · , a0) the partition with ai parts of size i, then this is precisely
counting the number of partitions of size (nm+k)/2 whose maximum part is at
most n and whose length at most m. In order to compare this to Symn Symm V ,
we have to check this equals the number of partitions of size (mn+ k)/2 whose
maximum part is at most m and whose length at most n. However there is a bi-
jection between these two sets of partitions; simply take the conjugate partition.

Problem 4 Show that SymnSym2 =
⊕bn2 c

i=0 Sym
2n−4i

From our work in the previous part, we know that the multiplicity of the eigen-
value k will be the number of partitions of size (2n + k)/2 = n + k/2 whose
maximum part is at most n and whose length is at most 2. In particular k has to
be even, and we are counting the number of pairs (a, b) with n ≥ a ≥ b ≥ 0 such
that a+ b = n+ k/2. Then for each a there is a unique such b, so the pairs will
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be (a, b) ∈ {(n, k/2), (n−1, 1 +k/2), · · · , (n−bn/2−k/4c, bn/2−k/4c+k/2)}.
So we see that n/2 − k/4 has to be nonnegative and even (so k ≤ 2n), and in
this case the multiplicity of k is 1 + bn/2− k/4c. This equals dk + dk+2 + · · · .
Hence the dj for odd j are all zero, and they are also all zero for j > 2n.
Then for even j ≤ 2n, we see that dj = (1 + bn/2 − j/4c) − (1 + bn/2 −
(j + 2)/4c) = bn/2 − j/4c − bn/2 − (j + 2)/4c. This expression is 1 for
j = 2n, 2n − 4, 2n − 8, · · · and 0 for j = 2n − 2, 2n − 6, · · · . Therefore we

get that Symn Sym2 = Sym2n⊕Sym2n−4⊕ · · · = ⊕bn/2ci=0 Sym2n−4i.

Problem 5 Let π : sl(2,R) → End(V ) be a complex representation of sl(2,R)
on a C-vector space V . Define the bilinear form BV : sl2×sl2C by BV (X1, X2) =
tr(π(X1)π(X2)). Show that if π is a faithful representation (i.e. it is one to
one) then BV is non-zero.

Write V as the direct sum of irreducible representations. Then the trace can
be computed in blocks independently and summed, so we reduce to the compu-
tation for BV when V is irreducible (and checking that no sum of a subset of
these can ever be 0). Then for general faithful V , it must contain at least one
nontrivial representation in its direct sum, so BV will be non-zero in that case
as well.

Now let V be the unique n+ 1 dimensional representation for n ≥ 1. Then
H acts diagonally with eigenvalues n, n − 2, · · · ,−n, so BV,V is the trace of a
diagonal matrix with eigenvalues n2, (n−2)2, · · · , n2, so this is positive if n ≥ 1.

Problem 6 Recall that the adjoint representation ad : gEnd(g) is given by

ad(X)(Y ) = [X,Y ]

. For g = sl(2,C) show that the two bilinear forms B1(X,Y ) = tr(ad(X)ad(Y ))
and B2(X,Y ) = tr(XY ) are proportional (these are called the Killing form and
the trace form respectively), and find the constant of proportionality. (Bonus:
Can you do the same for sl(n,C)?)

The forms are bilinear by properties of trace (linearity and similarity invari-
ance), and they are G-invariant under the adjoint representation (clearly B2

still is, and for B1, note that if Zi were a basis for g, then a computation
shows ad(Ad(g)X) ad(Ad(g)Y ) in the basis Ad(g)Zi has the same matrix as
ad(X) ad(Y ) on Zi). ThereforeB1 andB2 produceG-module maps g→ g∗. Any
G-invariant subspace of g would automatically be an ideal because for any X in a
G-invariant subspace, Y ∈ g, and parameter t, we have t−1(Ad(exp(tY ))X−X)
in the subspace. Vector spaces are closed, so we also have the limit, which hap-
pens to be [Y,X]. Now we appeal to the fact that g is simple (see addendum)
to conclude it is irreducible. So by Schur’s lemma, there can be at most one
such map up to a scalar multiple, so it suffices to determine the constant of
proportionality.

Let eij be the matrix an entry of “1” in the (i, j)-th entry and 0 everywhere
else. then a basis for sl(n,C) will be eij for i 6= j and eii−ei+1,i+1 for 1 ≤ i < n.
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Set X = e12, Y = e21. Then clearly ad(X) ad(Y ) is zero on basis elements
of the form eii − ei+1,i+1 for i > 2 and for eij if i, j > 2. For the other
cases, computation shows that ad(X) ad(Y ) sends e11 − e22 7→ 2(e11 − e22),
e22−e33 7→ −(e11−e22), e12 7→ 2e12, e21 7→ 0, and for k > 2 we have e1k 7→ e1k,
e2k 7→ 0, ek1 7→ 0, ek2 7→ ek2. Summing the trace contribution we get 2
from e11 − e22, 2 from e12, and 1 for each e1k and ek2, so that is a total of
2 + 2 + 2 · (n− 2) = 2n. So B1(e12, e21) = 2n and B2(e12, e21) = tr(e11) = 1, so
the constant of proportionality is 2n/1 = 2n.

Addendum: here is a proof why g is simple. Suppose we have a nonzero
ideal containing a nonzero matrix M . Pick a basis so that this is in Jordan
form, and arrange the Jordan blocks so that the first block is either at least
2 × 2 in size, or the first block is 1 × 1 but the second block has a different
eigenvalue (the only case when this is impossible is when all blocks have size 1
and same eigenvalue, but in that case M is zero as its trace is 0). In the first
case, [e21,M ] = e22 − e11, so we reduce to the second case. In the second case,
[e21,M ] = (m11−m22)e21, so in any case we can assume the ideal contains e21.
Then for s 6= 1 it similarly contains [es2, e21] = es1. Therefore it also contains
[e1s, es1] = e11 − ess. By taking differences of these, it also contains ess − ett
and hence also [est, ess − ett] = −2est. So now we’ve found a basis in the ideal,
so it is all of g.

Problem 7 Let G be a connected Lie group and φ : G → H be a homomor-
phism with a discrete kernel. Show that the kernel lies in the center of the group.
(Hint: Consider the action of G on ker(φ) by conjugation. Well, first show that
it indeed acts on ker(φ) by conjugation.)

G acts on kerϕ by conjugation because if ϕ(g′) = eH , then ϕ(gg′g−1) =
ϕ(g)ϕ(g′)ϕ(g)−1 = ϕ(g)eHϕ(g−1) = eH . Let g′ be an arbitrary element of
the kernel. So then G→ kerϕ taking g to gg′g−1 is a continuous map. As G is
connected, the image is connected. However the image is discrete and contains
g′, so that must be the full image. Hence for any g ∈ G we see that gg′g−1 = g′,
so g′ is in the center of G.

Problem 8 Show that π1(G) is abelian for a connected Lie group G. (Hint:
Use the previous exercise. Also, this may require some knowledge of algebraic
topology...)

The covering map G̃ → G from the universal cover G̃ (which is also a Lie
group, from lecture) to G is a homomorphism (from the way the group struc-

ture on G̃ is defined) with discrete kernel (as it is a covering map). The kernel
is precisely π1(G), and its group structure is precisely the same as the subgroup

structure induced from G̃. Hence by the previous problem, π1(G) lies in the
center of G, so in particular, is abelian.

Addendum: here is a proof why the subgroup structure of the kernel is loop
composition. The group structure of G̃ is chosen such that the multiplication
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map G × G → G gets lifted to a map G̃ × G̃ → G̃ such that (e, e) still goes
to e. The multiplication here takes two paths γ1, γ2 and sends them to the
product path t 7→ γ1(t)γ2(t). We need to check this is homotopic to the con-
catenation of these paths. Consider the map [0, 1] × [0, 1] → G taking (s, t) to
γ1((1 − s)t + smin{2t, 1})γ2((1 − s)t + smax{2t − 1, 0}). When s = 0 this is
precisely the product path, and when s = 1 this is the concatenation path. So
the group structure is exactly concatentation.

Problem 9 Show that the universal cover ŜL(R)2 of SL2(R) does not have
any finite dimensional faithful representation. This, in particular, constitutes
an example of a Lie group that is not a matrix group (it is not an algebraic
group either...).

Upon complexification, assume for contradiction that S̃L2(R) has a faithful
finite dimensional complex representation. To see SL2(R) is not simply con-
nected, we will show that it deformation retracts to a circle through the Gram-
Schmidt process. Start off with any matrix

M =

(
a b
c d

)
and let u = [log(c2 + d2)]/2, which has to be real since c, d cannot both be zero.
The first deformation retract will do the following: while t ranges from 0 to 1,
consider the matrix

Mt =

(
aeut beut

ce−ut de−ut

)
Then M0 = M and M1 has the bottom row orthogonal, so now we’ve retracted
to the subspace where c2 + d2 = 1. Assume M satisfies this now, and then
the next deformation retract will do the following: while s ranges from 0 to 1,
consider the matrix

Ms =

(
a− (ac+ bd)cs b− (ac+ bd)ds

c d

)
When s = 1 we have the (1, 1) entry being a − (ac + bd)c = a(1 − c2) − bdc =
ad2 − bdc = (ad − bc)d = d, and the (1, 2) entry is similarly −c, so under the
composition of these deformation retractions, M has been sent to the following(

d −c
c d

)
,

which is in SO2(R) as c2 + d2 = 1. Now SO2(R) is just a circle, so its π1 is Z.
Therefore the same applies for SL2(R).

By results from class, any representation of S̃L2(R) will be induced from a
corresponding representation of sl2(R). We know all of these since we know
the irreducible ones, and the irreducible ones actually come from some rep-
resentation of SL2(R); this can be verified explicitly. For instance, the (n +
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1)-dimensional irreducible representation with basis the n-th degree monomi-
als in x, y has the matrix M (from earlier) acting on xiyj by sending it to
(ax + by)i(cx + dy)j . Therefore by uniqueness, we see that any representation

of S̃L2(R) automatically factors through SL2(R), so the kernel always has to
contain the nontrivial π1(SL2(R)).

Problem 10 Give an example of a homomorphism φ : G → h, of Lie alge-
bras g and h of Lie groups G and H respectively, that is not the differential of a
corresponding Lie group homomorphism.

The covering map R to S1 induces an isomorphism of Lie algebras whose in-
verse is not induced by a corresponding Lie algebra homomorphism. If this were
possible, there would need to be a Lie group homomorphism ϕ : S1 → R whose
derivative at the identity is at least nonzero. Any continuous group homomor-
phism is already doomed to be identically zero, because if we identify S1 with
R/Z, then any rational number must go to zero since any rational is torsion,
and R has no nontrivial torsion. The rationals are dense, so by continuity the
map has to be identically zero.
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