
HW 6

Due Nov 18

All representations, unless otherwise explicitly stated, are over C.

1. Show that if π is an irreducible representation of a compact lie group G then π∨ is also irreducible.
Give an example of a G and π such that π ' π∨, and another for which π � π∨. Is this true for
general groups?

2. Show that the only finite dimensional unitary representation of SL(n,R) is trivial. (Hint: You can
use the fact that the Lie algebra sln is simple.)

3. Let G be a group acting on a finite dimensional vector space V0 over R. In this case we will call
the representation V := V0 ⊗R C, real (i.e. We will call a representation V of G over C real, if it is
obtained by complexifying a representation over R.).

(a) Let us talk a bit about characters and finite groups. For a finite group G, the character table of
G is the table with first row consisting of the conjugacy classes, the first column consisting of the
characters of irreducible representations, and each entry is the value χ(γ) for the corresponding
character χ and conjugacy class γ.

i. If two finite groups have the same character table does it imply that they are isomorphic?

ii. Show that the entries of the character table are algebraic numbers (they actually belong
to a cyclotomic extension of Q).

iii. Let Gal be the Galois group of the (Galois closure of the) field obtained by adjoining all
the entries of the character table acts on the table by shuffling the entries. Show that Gal
acts on the character table by permuting rows and columns. (Bonus) Show, furthermore,
that the cycle type of the action over the rows is the same as the one over columns.

(b) Now back to general compact groups. It is clear that if π is a real representation then its
character χπ is real valued. Is the converse true? i.e. If the character (of a representation on a
finite dimensional C-vector space) is real valued does it necessarily imply that the representation
is real? Hint: Think of finite groups.

(c) Show that an irreducible representation (π, V ) is real if and only if there exists a non-degenerate,
symmetric, bilinear, G-invariant form on V .

(d) Let G be a compact group and (π, V ), (σ,W ) be two irreducible representations of G. Show that
the space of G-invariant bilinear forms B : V ×W → C is at most one dimensional. Moreover,
show that it is one dimensional if and only if π ' σ∨. Show also that in the case π ' π∨

and B(·, ·) is a G-invariant invariant bilinear form, ∃επ ∈ {±1} such that B(v, w) = επB(w, v).
(This επ is called the Frobenius-Schur indicator of π.)

4. Let π ' π∨ be an irreducible representation of a compact group G, and let επ be as above. Show

1



that

επ =

∫
G
χπ(g2)dg,

where dg is the Haar measure normalized so that
∫
G dg = 1. (Hint: First show that χπ(g2) =

χSym2(π)(g)− χ∧2π(g), where Sym2 is the symmetric square and ∧2 is the exterior square of π.)

5. Let G be a compact group. Show that g, h ∈ G are conjugate if and only if χπ(g) = χπ(h) for
every irreducible representation π of G. Deduce that every character is real valued if and only if g
is conjugate to g−1 for every g ∈ G.

6. Let G be a compact Lie group. Show that the right regular action ρ : G → L2(G) given by
(ρ(g)f)(h) = f(hg) decomposes as ρ = ⊕∞i=0 dim(πi)πi, where {πi} is the complete set of inequivalent
irreducible representations of G.

7. Give an example of a compact operator with no non-zero eigenvalue.
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