
HW 3

Due Oct 10

For what follows Symn stands for n’th symmetric power of the the standard representation of sl(2,C).

1. Prove that the number of irreducible factors in a representation of sl(2,C) is the sum of the multi-
plicities of the eigenvalues 0 and 1 of H.

2. Prove that Sym3 Sym2 ' Sym2 Sym3 ' Sym6⊕Sym2.

3. Prove, in general, that Symn Symm ' Symm Symn for any m,n ≥ 0. (This is called Hermite
reciprocity.)

4. Show that Symn Sym2 =
⊕bn

2
c

i=0 Sym2n−4i.

5. Let π : sl(2,R) → End(V ) be a complex representation of sl(2,R) on a C-vector space V . Define
the bilinear form BV : sl2 × sl2 → C by BV (X1, X2) = tr(π(X1)π(X2)). Show that if π is a faithful
representation (i.e. it is one to one) then BV is non-zero.

6. Recall that the adjoint representation ad : g→ End(g) is given by

ad(X)(Y ) = [X,Y ].

For g = sl(2,C) show that the two bilinear forms B1(X,Y ) = tr(ad(X)ad(Y )) and B2(X,Y ) =
tr(XY ) are proportional (these are called the “Killing form” and the “trace form” respectively),
and find the constant of proportionality. (Bonus: Can you do the same for sl(n,C)?)

7. Let G be a connected Lie group and ϕ : G→ H be a homomorphism with a discrete kernel. Show
that the kernel lies in the center of the group. (Hint: Consider the action of G on ker(ϕ) by
conjugation. Well, first show that it indeed acts on ker(ϕ) by conjugation.)

8. Show that π1(G) is abelian for a connected Lie group G. (Hint: Use the previous exercise. Also,
this may require some knowledge of algebraic topology...)

9. Show that the universal cover S̃L2(R) of SL2(R) does not have any finite dimensional faithful
representation. This, in particular, constitutes an example of a Lie group that is not a matrix group
(it is not an algebraic group either...).

10. Give an example of a homomorphism φ : g → h, of Lie algebras g and h of Lie groups G and H
respectively, that is not the differential of a corresponding Lie group homomorphism.
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