
HW 2

Due Sept 30

1. Is the exponential map of a Lie group necessarily injective? Is it necessarily a group homomorphism?

2. Show that every element of SO(n) can be conjugated (in SO(n)) into a block diagonal form with
blocks either 2×2 rotation matrices or 1’s. (Hint: Spectral theorem for unitary matrices.) Use that
to show that exp : so(n,R)→ SO(n,R) is surjective.

3. Describe the image of the exponential map in GL(n,R) (the cleanest description is in terms of
eigenvalues). (Hint: Think of the Jordan normal form of a matrix and workout explicit examples
in GL(2,R) (which may or may not be misleading) and GL(3,R).)

4. Let O(m,n) be defined by

O(m,n) :=

{
g ∈ GL(m + n,R) | g

(
Im

−In

)
tg =

(
Im

−In

)}
,

where Im and In denote m×m and n× n identity matrices respectively. Calculate its Lie algebra
o(m,n). What is its dimension?

5. Let h be the three dimensional Lie algebra with basis {x, y, z} that satisfy [x, y] = z and [x, z] =
[y, z] = 0. Show that

exp(x) exp(y) = exp(z) exp(y) exp(x).

(Do NOT use the Baker-Campbell-Hausdorff formula. Hint: First show that if [x, y] = 0 then
exp(x + y) = exp(x) exp(y). To do this you can start with showing that if [x, y] = 0 then
exp(X) exp(Y ) = exp(Y ) exp(X).) This Lie algebra is called the Heisenberg algebra. The Heisenberg
group, on the other hand is

H =


1 a b

0 1 c
0 0 1

 ∣∣∣∣∣∣ a, b, c ∈ R

 .

Show that h is the Lie algebra of H (more precisely, the Lie algebra of H can be identified with h),
and that exp : h→ H is a diffeomorphism.

6. Show that a continuous group homomorphism f : R→ Rn is necessarily real analytic.
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