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1. Questions

(1) (a) Let g be a 2π periodic function that is Lebesgue square-integrable on
the interval [0, 2π], i.e, g ∈ L2([0, 2π]). Let ĝ(n) denote the Fourier
coefficients of g. State Parseval’s identity for g.

(b) Let f ∈ C2(R) be a 2π periodic function. Recall that f ∈ C2(R)
means that f , f ′, and f ′′ are all continuous functions. Suppose that
f ′ satisfies

1

2π

∫ 2π

0

|f ′(x)|2 dx = 1. (1.1)

Let SNf denote the Nth partial Fourier sum of f . Prove that there
exists a constant C > 0 so that

|SNf(x)− f(x)| ≤ CN− 1
2 .

(2) Let f ∈ L1(Rd). Given E ⊂ Rd measurable, let µ(E) denote the Lebesgue
measure of E. Prove that

µ({x ∈ Rd | |f(x)| > λ}) ≤ 1

λ

∫
Rd

|f(x)| µ(dx) (1.2)

(3) Let f ∈ L1(R). Define

F (x) :=

∫
(−∞,x]

f(y) dy (1.3)

Show that F is uniformly continuous on R.
(4) In this problem we show that good decay of the Fourier coefficients of a 2π

periodic function implies regularity (smoothness). Suppose that f ∈ C0(R)

is 2π-periodic and the Fourier coefficients f̂(n) satisfy∣∣∣f̂(n)
∣∣∣ ≤ |n|− 3

2

for all n 6= 0. Show that there exists a constant C > 0 so that for all x, y,

|f(x)− f(y)| ≤ C |x− y|
1
2

i.e., f ∈ C 1
2 (R).
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2. Answers
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