Unit 5. Integration techniques

5A. Inverse trigonometric functions; Hyperbolic functions

5 =3

c¢) tanf = 5 implies sinf = 5/1/26, cos® = 1/1/26, cot = 1/5, csc = /26/5,
sec = /26 (from triangle)

5A-1 a)tan~'V/3 = g b) sin_l(\/g T

d) sin™! cos(%) = sinfl(ﬁ) T

5) =3 e) tan™* tan(g) = g
2 _ _ _
f) tan~! tan(%) =tan"! tan(%) =" g) lim tan™ 'z = TW

2
d
5A-2 a) / L taun_lac‘2 —tan~'2-
1 $2+1 1

4
2b 2b 2
dx d(by) / dy 1 1 ™
b Y puta=tby)= [ = _(tanlt2- T
)/b 2% + b2 /b by o7 Pute=by) = | poatgy = pltan 1)
) /1 da =sinla| =2 -5 =
VI 1Ty T

1 1 1
5A-3 a)yzx—_H,sol—y2=4x/(x+1)2, and _ )
T

1—y2_ NG . Hence

dy_ 2
dr — (z+1)2
i sin~ly = 7dy/dx
dx 1—y2
B 2 (z+1)
(x4 12 2yz
L
@+ 1)vz

b) sech?z = 1/ cosh® z = 4/(e* 4 e~%)?
cy=z+vVz2+1,dy/de=1+z/vVz?+ 1.

iln _dy/dr  1+zx/Ve241 1
dr Y y r+vVr2+1 Va2 +1

d) cosy = = (—siny)(dy/dz) =1

dy -1 -1

dr  siny  /1_— 22

e) Chain rule:

1 1 1
%sinfl(x/a) e — ——— —_—
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f) Chain rule:

1 —a —a
— qin— 1 - . =
7p Sin” (a/@) T—(a)? 2 o
g)y=x/V1—2a2 dy/de = (1 —2?)"32, 14+ y>=1/(1 — 22). Thus

itanfl _dy/dx 1
dz Vo1 N

=(1-2*)21-2%) =

Ly

Why is this the same as the derivative of sin™
h) y=+1—z,dy/de = —1/2\/1 -2, 1 —y* = 2. Thus,
dy/drx -1
VI-y?  2y/z(l-2)

5A-4 a)y’ =sinhz. A tangent line through the origin has the equation y = maz. If it meets
the graph at = a, then ma = cosh(a) and m = sinh(a). Therefore, asinh(a) = cosh(a) .

b) Take the difference:

.1
— sin =
dx y

F(a) = asinh(a) — cosh(a)
Newton’s method for finding F'(a) = 0, is the iteration
ani1 = an — F(ay)/F'(an) = an — tanh(a,) + 1/ay,
With a; =1, as = 1.2384, a3 = 1.2009, a4 = 1.19968. A serviceable approximation is
a~1.2

(The slope is m = sinh(a) = 1.5.) The functions F and y are even. By symmetry, there is
another solution —a with slope — sinha.

5A-5 a)
T _ e
y = sinhz 5
xr —x
ylzcosh:rze te }
2
y" =sinhx / 4
y’ is never zero, so no critical points. Inflection point x = 0; slope ) _
of y is 1 there. y is an odd function, like e*/2 for z >> 0. y=sinhx y = sinh’x

b)y= sinh™!'2# <= z = sinhy. Domain is the whole z-axis.

¢) Differentiate « = sinhy implicitly with respect to z:

d
1 =coshy- d—y
x

% 1 1
de coshy | /sinh? y+1
dsinh ™! z _ 1

dx 2 4+1
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dz dz
/\/a:2+a2:/a\/a:2+a2/a2
d(z/a)
V(z/a)2+1

= sinh™*(z/a) + ¢

1 T
5A-6 a) —/ sinfdf = 2/x
T™Jo
b)y=vV1-122 = ¢y =-2/V1-122 = 1+ (y)?> =1/(1 — 2?). Thus
ds = w(z)dx = dx//1 — 22

Therefore the average is

NG =

The numerator is / dx = 2. To see that these integrals are the same as the ones in part
-1

(a), take = cos @ (as in polar coordinates). Then dx = — sin #df and the limits of integral
are from 6 = 7 to § = 0. Reversing the limits changes the minus back to plus:

1 ™
dz
— = dd=mn
/—1 V1—a? 0
(The substitution = = sint works similarly, but the limits of integration are —7/2 and 7/2.)

¢) (x = sint, dx = costdt)

/mdx—g/

—m/2

/2 q 52
:/ + cos tdt
0 2

w/2 w/2
cos? tdt = / cos? tdt
0

=7/4

5B. Integration by direct substitution

Do these by guessing and correcting the factor out front. The substitution used implicitly
is given alongside the answer.

1
5B-1 /{E\/:E2 —1dz = g(xz - 1)% +c (u=2? -1, du = 2xdx)
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1
5B-2 /eswdx = gegm + ¢ (u = 8z, du = 8dx)

Inad 1
5B-3 / ni * zi(lnx)Q—l—c(u:lnx, du = dx/x)

5B-4 / cos xdx In(2 + 3sinx)

2+ 3sinx 3

3

+ ¢ (u=sinz, du = coszdx)

5B-5 /sin2 T cos xdr = su;x

_cosT
5B-6 /sin?xda: = y +c¢ (u =Tz, du = Tdz)
6xdx
5B-7 —— =6vVa2+4+4c (u=2%+4, du = 2zdx
e ( )

5B-8 Use u = cos(4x), du = —4sin(4x)dx,

/tan4xdw _ / sin(4z)dx _ / —du
cos(4x) 4u
_ Inu In(cos4x)

!

5B-9 /em(l + ) Vi3dy =

N W

(1+e")?3 +¢(u=1+e" du=e"dz)

1
5B-10 /sec 9xdxr = g In(sec(9z) + tan(9z)) + ¢ (u = 9z, du = 9dx)

tan 9x

5B-11 /sec2 9xdr = + ¢ (u =9z, du = 9dzx)

2
e—.’L‘

5B-12 /a:e_mde = — 5 +c (u=2? du=2zdzx)

5B-13 u = 23, du = 32%dx implies

/ x2dx / du tan"lw
= = + C
T+ ) 30+ 3
tan—!(23)

==

/3 sin /3 )
5B-14 / sin® z cos xdx = / uddu (u = sinz, du = cos xdx)
0 s

in 0

\/5/2 \/5/2

:/ uddu = ut /4
0

0

| 3/2 Ine
5B-15 / (nz)""de = / uw?du (u = Inx, du = dz/z)
1 1

x nl

= +c¢ (u=2+3sinz, du = 3 cosxzdx)
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Yo 52|02

= [ y/"dy = (2/5)y ‘ =
0 0o 5

1 -1 tan— 11

t d

5B-16 / wn _rar / udu (u=tan~tz, du = dz /(1 + 2?)
—1 1+ {EQ tan—1! (—1)

w/4 2
:/ uduy = v
—m/4 2

(tanz is odd and hence tan™! z is also odd, so the integral had better be 0)

/4
=0
—7/4

5C. Trigonometric integrals

1—cos?2 sin 2
5C-1/sin2xdx:/¥dx=§—bm4x+c

5C-2 /sing(x/2)dx = /(1 — cos®(z/2)) sin(z/2)dx = /—2(1 —u?)du
(put u = cos(x/2), du = (—1/2) sin(z/2)dx)

23 2 2)°
:—2u+%+c=—2cos(x/2)+%+c
1 —cos2 1—2cos2 52 2
5C-3 /sin4xdx:/(ﬂ)2dx:/ cos2x +cos® 2z |
2 4
cos?(2x) 1+ cosdx x  sindx
Y = | 2R Y
/ T / I T

Adding together all terms:

3 1 1
/sin4 xdx = g — —sin(2z) + — sin(4z) + ¢

4 32
3 ;2 1—u? :
5C-4 cos”(3z)dr = [ (1 — sin”(3x))cos(3z)dx = 3 du (v = sin(3z), du =
3 cos(3z)dx)
u o ud sin(3z)  sin(3z)®
T3 9ttt T3 g T

5C-5 /singa:cos2 xdx = /(1 — cos? x) cos? xsinzdr = /—(1 — u?)uldy (u = cosz,
du = — sin zdx)

U,3 ’U,5 COS .133 COS 1‘5

R

+c

5C-6 /sec4 xdx = /(1 + tan® z) sec? xdx = /(1 +u?)du (u = tanz, du = sec? zdx)

3

u 3
:u—l—?—l—c:tanx—i—

tan® x

+c

8 T8 128

.9 - .
5O /sin2(4x) cos?(4z)dx = / sin jxdw _ / (1 —coslbx)der 1 sinl6x
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A slower way is to use

sin? (4z) cos® (4z) = <1 - C;’S(Sx)> <1 + C;’S(Sx))

multiply out and use a similar trick to handle cos?(8z).

5C-8
2
/tanQ(aa:) cos(ax)dx = / de
cos(ax)
1— 2
_ / cos®(ax) A
cos(ax)
= /(sec(ax) — cos(azx))dz
1 1.
= — In(sec(ax) + tan(ax)) — —sin(azx) + ¢
a a
5C-9
1— 2
/sin3 rsec? xdr = / y sin xdx
cos?x
1— 2
= /— 2u du (u = cosx, du = — sin zdx)
u
=u+a+c:cosx+seca:+c
5C-10

/(tanx + cot z)?dx = /tan2 x + 2+ cot® zdx = /sec2 x + csc? xdx

=tanx —cotz +c
5C-11 /sinxcos(2x)dm
= /sinx(? cos?x — 1)dx = /(1 —2u?)du (u = cosz, du — sin zdx)

2 3 2 3
:u—gu —l—c:cosx—gcos x+c

2 3

™ T -9
5C-12 / sin x cos(2z)dx = cosx — gcosT x| =
0

=3 (See 27.)

0

5C-13 ds = /1 + (y')2dx = V1 + cot? xdx = csc xdx.
/2

=In(1+V2)

/4

/2
arclength = / cscxdr = — In(cscx + cot )
/4

w/a T/a
5C-14 / 7 sin®(az)de = 7r/ (1/2)(1 — cos(2ax))dx = 7% /2a
0 0
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5D. Integration by inverse substitution

5D-1 Put z = asinf, doz = acos 0db:

dx 1 2040 — 1t p _ x
7@2—332)3/2_@ sec -2 an +C—7a2m+c
5D-2 Put z = asinf, dz = acos 0db:

/ﬂ =a® [ sin®0do = a® /(1 — cos” 0) sin 6do
N R

= a®(—cosf + (1/3) cos® 0) + ¢
PV E @3k

5D-3 By direct substitution (u = 4 + z?),

/ﬁf; = (1/2)In(4 + 22) + ¢

Put x = 2tan6, dz = 2sec? 4d#,
dx 1

/% = (1/2)In(4 + 2?) + (1/2) tan~ ! (z/2) + ¢

In all,

5D-4 Put 2 = asinhy, dz = acoshydy. Since 1 + sinh?y = cosh®y,
2

/\/mdx =a? /cosh2 ydy = % /(cosh(?y) —1)dy
= (a®/4) sinh(2y) — a®y/2 + ¢ = (a®/2) sinhy coshy — a®y/2 + ¢
= x\/m/Q —a%sinh™*(z/a) + ¢
5D-5 Put x = asinf, dx = acos6do:
/w = /cot2 0do
= /(cs<320 —1)df = —In(csc + cot ) — 0+ ¢

= —In(a/z + Va2 — 22/z) —sin"*(z/a) + ¢
5D-6 Put x = asinhy, dr = a cosh ydy.

/w2 Va2 + z2dr = o* /sinh2 y cosh? ydy

= (a*/2) /sinh2(2y)dy = a4/4/(cosh(4y) — 1)dy

= (a*/16) sinh(4y) — a’y/4 + ¢

= (a*/8) sinh(2y) cosh(2y) — a’y/4 + ¢

= (a*/4) sinh y cosh y(cosh? y + sinh® y) — a*y/4 + ¢

= (1/4)z/a® + 22(22° + a2) — (a*/4) sinh~(z/a) + ¢
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5D-7 Put x = asecl, dr = asecftan0do:

/ Va? —aldr / tan? 6d0
2 o secf

2
z/WZ/(secﬁ—cosﬁ)dﬁ

= In(sec + tanf) — sinf + ¢

=In(z/a+ Va?—a?/a) — Va2 —a?/x +c

=In(z+ V22 —a?) — Va2 —a?/z+c¢1 (c1=c—1Ina)

5D-8 Short way: u = 22 — 9, du = 2xdz,
/a:\/ 22 — 9dz = (1/3)(2® — 9)>/2 4+ ¢ direct substitution

Long way (method of this section): Put 2 = 3sect, dx = 3secd tan 6d6.

/x\/ 22 — 9dx = 27/sec2 6 tan? 6do
=27 / tan? fd(tan 0) = 9tan® 0 + ¢

= (1/3)(2® = 9% + ¢

(tanf = vz2 — 9/3). The trig substitution method does not lead to a dead end, but it’s
not always fastest.

5D-9 ¢ =1/x,ds=+/1+1/2%dx, so

b
arclength :/ V14 1/22dz
1
Put x = tan#, dx = sec? 0d#,

)
/ﬂz/ﬂseczgdg
T tan
:/secH(l—i—tam2 H)dﬁ
tané

:/(cs09+sec9tan9)d9

= —In(csc O + cot 0) + sech + ¢

=—In(vVa2+1/z+1/z)+ Va2 +1+c¢

=—In(va?+1+1)+nz+vVaz2+1+c

arclength = —In(v/b2 + 14+ 1) +Inb+ Vb2 + 1 +In(V2+1) — V2
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Completing the square

dz dz 9
5D-10 /(x2—|—4a:—|—13)3/2 :/((x+2)2+32)3/2 (z +2=3tan, dr = 3sec” 0d0)

(x +2)

1 1
:—/cosﬁdﬁz—sinﬁ—l—c:——Fc
9 9 9va? + 4z + 13

5D-11
/x\/ —8+ 6z — 22dx = /x\/l —(x—3)%dz (z—3=sinf, dx = cosfdbf)
= /(sin9+3) cos? 0do

= (—1/3)cos® 0 + (3/2) /(cos 20 +1)do
=—(1/3
=—(1/3
= —(1/3)(—=8 + 6z — 22)3/2

+ (3/2)(x — 3)V/ =8+ 62 — 22 + (3/2)sin H(z — 3) + ¢

cos® 0 + (3/4)sin 260 + (3/2)0 + ¢
cos® 0 + (3/2)sinf cosf + (3/2)0 + ¢

)
)
)
)
5D-12

/\/—8+6x—x2dx:/\/1—(x—3)2dx (x —3=sin6, dx = cosbdf)

= /C082 0do

1

= 5/(c0529—|— 1)df
1 . 0

= Zsm29—|—§—|—c

1 0
= §sin9c059—|— 3 +c

_ (x—B)\/—;B—i—Gx—x? n sin_l(zx—S) ‘e

Put x — 1 =sin#, dox = cos0d6.

5D-13/\/%:/\/1_C§:;7_1)2.

:/d9:9+c=sin_1(x—1)+c

Put z + 2 = 3tan6, dz = 3sec? 4.

/ xdx / xdz

5D-14 = .

Va?+4r+13 Vi(x+2)2 432
= /(3tan9 —2)secfdf = 3sec — 21n(secd + tanf) + ¢

=va?+4r+13-2In(vVa2+4x+13/3+ (+2)/3) + ¢
=vVa2+4r+13-2In(vVa?+4z+134+ (z+2))+c1 (c1 =c—1n3)
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VAx? v (2r —1)2 442
5D15/ 422 — 4x + 17dx / T + 42dx

22 —1 20 -1
(put 2z — 1 = 4tan 6, dr = 2sec? 0df as in Problem 9)

= 2/ secd sec? 0d0
tan @

2
:2/sec9(1+tan g)dﬁ
tan 6

= 2/(csc9 + secd tan 6)df

= —21In(cscd + cot 0) + 2sech + ¢

= —2In(\422 — 4z +17/(2x — 1) + 4/(2x — 1)) + /422 — 4z + 17/2 + ¢
= —2In(V422 — 4z + 17+ 4) + 2In(2z — 1) + V422 — 4z + 17/2 + ¢

5E. Integration by partial fractions

1 15 —1)5
(x—-2)(z+3) x-2 x+3

(cover up)
/ (x_;)l% = (1/5)In(z —2) — (1/5) In(z +3) +¢

x _2/5 3/5
(x—-2)(z+3) x-2 x+3

5E-2 (cover up)

xdx
/m = (2/5)In(z — 2) + (3/5)In(z +3) + ¢
r _ Lo 12 =3/5

5E-3 =
(x—=2)(z+2)(z+3) x2—2 z+2 z+3

(cover up)

/ (3,2+‘)ZZ,+3) = (1/10) In(z — 2) + (1/2) In(z + 2) — (3/5) In(z + 3)

322 + 4z — 11 2 —2 3
5E-4 dx = -
(x2—1)(x—2)x x—1+x+1+x—2 (cover-up)

2d —2d d
/ i T 8dz =2In(z—1) —2In(z+1)+3In(z —2) +¢

x—1+x+1+x—2
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3r+2 2 B 1

5E-5 — == : to get B, put say z = 1:
z(x + 1)2 x+x+1+(x+1)2 (coverup); to get B, put say =

Z:2+§+i = B=-2
/%dmzﬂnx—ﬂn(x—i—l)—%ﬂ—l—c
SE-6 (x2j2i5+2):i§1§+xi2
By cover-up, C' = —1. To get B and A,
r=0= 2 =0 1= B=0
r=1—= %—1—%—% = A=1

2r —9 1
/mdxziln(“2+9)_ln(“2)+c

5E-7 Instead of thinking of (4) as arising from (1) by multiplication by « — 1, think of it
as arising from

r—T7=A(x+2)+B(x—1)

by division by x + 2; since this new equation is valid for all z, the line (4) will be valid for
x # —2, in particular it will be valid for x =1 .

5E-8 Long division:

x? 1
a)x2 1:1+x2 1
3
b)x2 1:x+x2 1
z? 1/9
= 1
©) 37 T BT 3
z+2 1 7/3
d>3x—1_§+3x—1
{ES

. Bsa® + Byx? + Bz + By
o ——— = Ay + Asa® + Ay’ + Az + A
@422z — 27 4T + A3x” + A2x” + A1 + Ap + @+ 22 —2)

5E-9 a) Cover-up gives

e)

1 1 _ 2 12
2—1 (z—1)(z+1) x-1 z+1
From 8a,
22 /2 —1/2
2 —1 +x—1+x+1 a

/% =+ (1/2)In(z —1) = (1/2) In(z + 1) + ¢
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b) Cover-up gives

r x o 1/2 1/2
22—1 (z-D+1) z-1 z+1
From 8b,
23 12 1/2
= d
x? -1 x+x—1 z+1
x3dx 9
o ik /24 (1/2)In(z — 1)+ (1/2)In(z + 1) + ¢
¢) From 8c,
2
/3;_ —dw = a?/6 -+ /9 + (1/27) In(3z — 1) + ¢
d) From 8d,

/;:fﬂxzxﬁ+4ﬁmm@x—u

e) Cover-up says that the proper rational function will be written as
ay as b1 ba

r—2 o2 a2 wr2p

where the coefficients as and bs can be evaluted from the B’s using cover-up and the coef-
ficients a1 and b; can then be evaluated using x = 0 and x = 1, say. Therefore, the integral
has the form

Ayx® 5+ Azxt /4 + Aga® /34 A2 /2 4+ Az + ¢

a9 b2
b1l 2) —
x_2+1n(x+ ) T+ 2

+a1ln(z —2) —

5E-10 a) By cover-up,
1 1 -1 12 1/2

-z az—1)(z+1) x z—1 x+1

dz 1 1
/x3—x :—lnx—|—§1n(a:—1)+§ln(x+1)+c

1 -3 4
b) By cover-up, @ _(Z;Ex )_ 3 — + ——3 Therefore,

/((x;l)dx =-=3ln(z—2)+4In(z-3)+¢

x—2)(z—3)
(22 +2+1) —Tr+1
=1 . B -
) Z 8 T2y Y coverup,

Tetl_ T+l 18 518
2 +8r a(r+8) =w r+8
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(22 +2+1)
/ “rar — ot (/8 —(57/8)In(z +8) +c
d) Seeing double? It must be late.
e) 1 = 1 — é + E ¢
B B 2 41

v +22 22(x+1) =z

Use the cover-up method to get B =1 and C' = 1. For A,

1 1

dx 1 1 1 1
/a:3+a:2:/(_E—FF—FJJ‘—H)&T:_lnx‘Hn(fU"'l)—E—i—c

241 241 A B C

b x3+2x2+x:x(x+1)2 :;+x+1+(x+1)2

By cover-up, A =1 and C' = —2. For B,

In all,

2 B 2
T :>4 +2 4:> 0 and

2?41 1 2 2
T gr= (- —2)dr =1 _c
/x3+2x2—|—x v /(w (x+1)2) v na:—|—x+1—|—c

g) Multiply out denominator: (x+1)?(z—1) = 2+ 22 —x—1. Divide into numerator:

3 14 —z?+x+1
B2z —-1 42—z -—1

Write the proper rational function as

224+ +1 A n B L C
(z+1)2%x—-1) z+1 (z+1)2 z-1
By cover-up, B =1/2 and C' =1/4. For A,
1 1 )
x—O:>—1—A+§—Z =>A——Z and

/ mdm -/ (1 it <x1+/21>2 " ;141) o

=z—(5/4)In(z+1) — 2wt +(1/4) In(x — 1) +¢

(22 + 1)dz _/ 1+ 22 B /(2y—1)dy B
h)/a:2+2a:+2_ (1 x2+2x+2)dx—x 11 (put y=a+1)

=z—In(y?+1)+tan" 'y 4 ¢
=z —In(z?+22+2)+tan Yz +1)+¢
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5E-11 Separate:
dy

y(1-y)

Expand using partial fractions and integrate

- [

=dz

Hence,
ny—ln(y—1)=z+c
Exponentiate:
e (A=¢€°)
y—1
_Ae”
Y= Aer 1

(If you integrated 1/(1 — y) to get —In(1 — y) then you arrive at

Ae®

y:Aem—Fl

This is the same family of answers with A and —A traded.)
5E-12 a) 1+ 22 = 1+ tan?(0/2) = sec?(6/2). Therefore,

2
and  sin(0/2) =1 - —— — 2

cos?(0/2) = 1 !

+ 2 1422  1+22
Next,
1 22 1—2?
2 ;2 _ —
cosf = cos=(0/2) —sin*(0/2) = el e R e and
0 = 2sin(8/2) cos(6/2) = 2 —— [ = %2
sin @ = 2sin cos AT pre L e Rl e
Finally,
2d
@z = (1/2)se(0/2)a0 = (12)(1+ )0 = db = T
b)

/’T o _/m”/2 2dz/(1 + 22)
o L+sin® S0 14+2z/(1+22)

_/°° 2dz _/°° 2dz
S 221422 )y (241)2

—_9 |*®
142

=2

0
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i de tanm/2 9dz/(1+ 22) [ 2014 2%)dz
/0 (1 + sin )2 /tanO (14+2z/(1+22)2 /0 (14 2)*

/°° 2(1+ (y —1)*)dy

" (put y =z +1)
1

(2% — 4y + 4)dy R _ _
/ ( " ) =/ (2y~2 — 4y ™% + 4y )dy
1 1

= -2y '+ 22— (4/3)y | =4/3

T 2z 2z * 4zdz
( d) /0 sm@dﬁ—/o —1—1—22—1—1—22_/0 7(1_'_22)2

1422

0

5E-13 a) z = tan(f/2) =— 1 +cosf = 2/(1+ 2%) and 0 < # < 7/2 corresponds to

0<z<1.
A /”/2 do B /1 2dz/(1 + 22)
S0 2(T4cos0)2  Jy 8/(1+22)2

- [apmas i = a2l =1

b) The curve r = 1/(1 + cosf) is a parabola:

2

r+rcosf=1 = r+or=1= r*=(1-2) = 3*’=1-22

This is the region under y = +/1 — 2z in the first quadrant:

1/2 1
‘ 1/3

A= V1= 2xde = —(1/3)(1 — 2x)3/? 0/2 =

0

5F. Integration by parts. Reduction formulas

a+1 a+1 at+l  q
5F-1 a)/x“lnxdaﬁ:/lnxd(x )=Inz- v _/x - —dx
a+1 a+1 a+1l =z
2 lng x® 2% Ing e
_ _ — _ -1
a+1 /a—|—1 v a+1 (a+1)2—|—c(a7$ )

b) /a:fllna:darz (Inz)?/2+c¢ (u=1Inz, du = dz/x)

5F-2 a)/xemdx:/a:d(e‘”)zx-e‘”—/emdxzx-em—em—kc

b) /xQemdx = /xQd(em) =22 e" — /em - 2xdx



S. SOLUTIONS TO 18.01 EXERCISES

=x2-e“—2/xemdm=x2-ew—2x-em—|—2em+c

c) /x%‘”dw = /a:gd(e‘”) =% e — /em - 3a2dx

za:?’-ew—SIxQemdm:x?’-ew—3x2-ew+6x-ew—66x+c

d) /x"e“mdaz = /x"d(%) = % -x” —/% -z tdx

ax
e n -
=— " — — [ 2" te"dx
a a

5F-3
.1 .1 .1 .1 4dx
sin” (dz)dr = x -sin” " (4z) — [ xd(sin” " (4z)) =z -sin” " (42) — | 2+ ——m—
V1 — (4x)2
=z -sin”!(4z) + / du (put u =1 — 162°, du = —32zdx)
B Syu PTUT T
1

=z -sin”!(4z) + Z\/ﬂ—k ¢

1
=z -sin~ ' (4x) + 1 1—-1622+c¢

/e‘” cos xdr = /emd(sin x) =e"sinx — /em sin zdx

=e"siny — /emd(— cosx)

5F-4

=e%sinz + e® cosx — /em cos zdx
Add / e” cos xdx to both sides to get

2/630 coszdr = e®sinz + e” cosz + ¢
Divide by 2 and replace the arbitrary constant ¢ by ¢/2:
/e‘” coszdr = (e sinz + e® cosz)/2 + ¢
5F-5
/cos(ln z)dx =z - cos(lnz) — /xd(cos(ln x))
=z -cos(lnz) + /sin(ln x)dx
=z -cos(lnz) + z - sin(ln z) /xd (sin(lnx))

=z -cos(lnz) + z - sin(ln z) /cos Inx)d



5. INTEGRATION TECHNIQUES

Add /cos(ln x)dx to both sides to get

2/cos(ln x)dx = xcos(Inzx) + zsin(lnz) + ¢
Divide by 2 and replace the arbitrary constant ¢ by ¢/2:
/cos(ln x)dx = (zcos(lnzx) + zsin(lnx))/2 + ¢
5F-6 Putt=e¢" = dt =e"dx and z = Int. Therefore

/x”ewdx = /(lnt)"dt

Integrate by parts:
/(1nt)"dt =t -(Int)" — /td(ln )" =t(lnt)" — n/(lnt)”*ldt

because d(Int)" = n(Int)* 1t~ 1dt.



