SOLUTIONS TO 18.01 EXERCISES

Unit 1. Differentiation
1A. Graphing

1A-1,2 a)y=(z—1)2 -2
b)y=3(x2+2z)+2=3(z+1)2 -1

.2\ J 14 2 | |

1a 1b 2a 2b

(—x)3 =3z —a% -3z .
1A- —z) = = - ; . .
3 a) f(—x) 1= (<o) T f(x), so it is odd
b) (sin(—x))? = (sinx)?, so it is even.
c) odd , S0 it is odd
even

d) (1 —2)* # £(1 + z)*: neither.
e) Jo((—x)?) = Jo(2?), so it is even.

1A-4 a) p(z) = pe(x) + po(x), where p.(x) is the sum of the even powers and p,(x) is the
sum of the odd powers

b 1) = D) )= I
Pl L)+ 1)

is even and G(z) = AClinries)

¢) Use part b:

1 n 1 2a 2a
= = even
x+a —-z4+a (x+a)(—z+a) a®—22 v

1 1 —2z —2z
— = = odd
xr+a —-z4+a (x4a)(—z+a) a®—22

1 a x

r4+a a2-—2%2 a2— 22
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S. 18.01 SOLUTIONS TO EXERCISES

—1 3 1
1A-5 a)y = 23; T3 Crossmultiply and solve for x, getting x = ly—+ , so the inverse
3z+1

function is .
1-2z

b)y=22+2rx=(x+1)%2-1
(Restrict domain to x < —1, so when it’s flipped about the diagonal y = x, you’ll still
get the graph of a function.) Solving for x, we get © = /y + 1 — 1, so the inverse function
sy=+vr+1-—-1.

9(x)

/\

5b

- \\
AN

1A-6 a) A=+V1+3=2 tanc = =Z. Sosinz + V3cosz =2sin(z + %) .
b) V2sin(z — %)

1A-7 a) 3sin(2x —7) = 3sin2(z — g), amplitude 3, period m, phase angle 7/2.

—4 cos(z + ) = 4sinz amplitude 4, period 27, phase angle 0.

N ANA ANAWA
VARV VIRVs

3
7b
1A-8
f(z) odd = f(0) = —f(0) = f(0) = 0.
So f(c) = f(2¢) = --- =0, also (by periodicity, where ¢ is the period).
1A-9

2
7 NS/ 3N1 L1 s/ 5 ‘ ‘ | | |
I
9ab period =4 9c -6

¢) The graph is made up of segments joining (0, —6) to (4,3) to (8, —6). It repeats in
a zigzag with period 8. * This can be derived using:
z/2—1=—-1 = xz=0and g(0) =3
2/2—1=1 = z=4and g(4) =3f(1) -3 =
2/2—1=3 = x=8and g(8) =3



1. DIFFERENTIATION
1B. Velocity and rates of change
1B-1 a) h = height of tube = 400 — 16¢2.

h(2)—h 400 — 16 - 22) — 4
average speed 2) 5 ©) = (400 62 ) 00 = —32ft/sec

(The minus sign means the test tube is going down. You can also do this whole problem
using the function s(t) = 16¢2, representing the distance down measured from the top. Then
all the speeds are positive instead of negative.)

b) Solve h(t) = 0 (or s(t) = 400) to find landing time ¢ = 5. Hence the average speed

for the last two seconds is

h(5) — h(3)  0— (400 — 16 - 3?)
2 N 2

= —128ft/sec

h(t) — h(5) 400 —16t2—0  16(5—¢)(5+1)
t—5 t—5 B t—5
= —16(5+1t) — —160ft/sec ast — 5

1B-2 A tennis ball bounces so that its initial speed straight upwards is b feet per second.
Its height s in feet at time ¢ seconds is

s = bt — 16t*
a)
s(t+h)—s(t)  bt+h)—16(t+ h)? — (bt — 16t2)
h N h
bt +bh — 16¢* — 32th — 16h* — bt + 16t
N h

_ bh — 32th — 16h>
- h
=b—32t—16h —b—32t as h — 0

Therefore, v = b — 32t.

b) The ball reaches its maximum height exactly when the ball has finished going up.
This is time at which v(t) = 0, namely, ¢t = b/32. v
b

¢) The maximum height is s(b/32) = b?/64. s

d) The graph of v is a straight line with slope
—32. The graph of s is a parabola with maximum b/32

at place where v = 0 at ¢t = b/32 and landing time t ‘ b/i32  b/16
att=2>b /16, graph of velocity graph of position

t



S. 18.01 SOLUTIONS TO EXERCISES

e) If the initial velocity on the first bounce was b; = b, and the velocity of the second
bounce is by, then b3/64 = (1/2)b3/64. Therefore, by = by /+/2. The second bounce is at
b1/16 + by /16. (continued — )

f) If the ball continues to bounce then the landing times form a geometric series

b1/16 + ba/16 + b3 /16 + - -- = b/16 + b/16V2 + b/16(V/2)? + - - -
= (b/16)(1 + (1/v2) + (1/V2)* +---)
b/16

1= (1/V2)

Put another way, the ball stops bouncing after 1/(1 — (1/v/2)) ~ 3.4 times the length of
time the first bounce.

1C. Slope and derivative.

1C-1 a)
w(r+h)?—mr?  w(r? 4+ 2rh4+h?) —ar?  w(2rh + h?)
h N h N h
=7(2r+h)
—2mr ash —0
b)
(4m/3)(r + h)3 — (47 /3)r3  (47/3)(r® + 3r?h 4 3rh? + h®) — (47 /3)r
h B h

~ (47/3)(3r%h + 3rh® + h?)
B h

= (47/3)(3r* + 3rh + h?)

—d4mr? ash — 0

1C-2 f(xx) : Z:(a) = (z — Z)ﬁ(z) —0 =g(z) — g(a) as z — a.

1C-3 a)

Vx+1—@@+hﬂ4q

1 1 1
h 2(x+h)+1_2x+1} (2(x +h) +1)(2z + 1)

= >

—2h
{(2@ +h)+1)(2z+ 1)}
)
@z +h) + D)2z +1)
-2
T 2zt 12

ash — 0



1. DIFFERENTIATION

b)
2+ h)>+5(x+h)+4— (22> +5x+4)  2z> +4xh + 2h* + 5z + 5h — 22 — bz
h B h
4 2h?
_ 4zh+ 207 + 5k hh RIS

—4x+5ash—0

[(x% +1) — ((x+h)2+1)}

1
nl@+h?2+l 22+1] h| (@+h)2+1)(@2+1)

1
h
1 _x2+1—x2—2xh—h2—1}
hl ((z+h)2+1)(22+1)
170 —2zh — h?
h _((a:+h)2+1)(x2+1)]
_ —2x—h
S ((x+h)24+1)(22+1)

—2x
ECE

ash — 0

d) Common denominator:

171 1] _1[Va-vVa+th
x+h x x + hy/x
dr M

Now simplify the numerator by multiplying numerator and denominator by +/z + vz + h,
and using (a — b)(a + b) = a? — b2 :

WO ua N Y Y S N

1
h [ Va+ hvz(Vz + vV + h) h [Va+ h/z(VT + vz + h)
1 —h
T h L/x+h\/5(\/§+\/x+h)]
-1
B [\/x-l—h\/f(\/f-i— \/:t-kh)}
— 1 = —1x73/2 as h — 0
TN

e) For part (a), —2/(2z +1)? < 0, so there are no points where the slope is 1 or 0. For
slope —1,

—2/2cx41)P2=-1 = (22+1)?=2 = 20+1=4V2 — z=-1/2+2/2

For part (b), the slope is 0 at z = —5/4, 1 at x = —1 and —1 at = —3/2.

1C-4 Using Problem 3,
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a) f'(1)=-2/9and f(1)=1/3,s0y=—(2/9)(z —1)+1/3=(—2z+5)/9
b) f(a) = 2a® + 5a + 4 and f’(a) = 4a + 5, so

y = (4a +5)(x — a) + 2a® + 5a + 4 = (da + 5)x — 2a* + 4
c) f(0)=1and f'(0)=0,s0y=0(x—0)+1,0ory =1.
4) f(a) = 1/v/@ and f'(a) = —(1/2)a="2, s0

y=—(1/2)a**(x —a) +1/Va=—a"3?x+ (3/2)a/?

1C-5 Method 1. y/(z) = 2(x — 1), so the tangent line through (a,1+ (a — 1)?) is
y=2(a—1)(z—a)+ 1+ (a—1)>

In order to see if the origin is on this line, plug in = 0 and y = 0, to get the following
equation for a.

0=2(a—1)(—a)+1+(a—1)2=-2a*+2a+1+a*>—-2a+1=—a*+2
Therefore a = ++/2 and the two tangent lines through the origin are
y=2(v2—1Dz and y = —2(vV2+ 1)z

(Because these are lines throught the origin, the constant terms must cancel: this is a good
check of your algebral)

Method 2. Seek tangent lines of the form y = mx. Suppose that y = max meets
y =14 (x—12 at z = a, then ma = 1+ (a — 1)2. In addition we want the slope
y'(a) = 2(a — 1) to be equal to m, so m = 2(a — 1). Substituting for m we find
2(a—1)a=1+ (a—1)?

This is the same equation as in method 1: a®> —2 =0, so a = +v/2 and m = 2(£v2 — 1),
and the two tangent lines through the origin are as above,

y=2(vV2—1z and y = —2(v/2+ 1)z

1C-6

a SV

\ /N QYLC SIEU

\ (even) (odd) ‘ period = 6

5a 5b 5c 5d 5e




1. DIFFERENTIATION

1D. Limits and continuity

1D-1 Calculate the following limits if they exist. If they do not exist, then indicate whether
they are +00, —oo or undefined.

a) —4
b) 8/3
c¢) undefined (both +o0o are possible)
d) Note that 2 — x is negative when x > 2, so the limit is —oo
e) Note that 2 — x is positive when z < 2, so the limit is +00 (can also be written co)
42 4 00
) e 2 T i@ 1
422 Ay — d2? —dx(x —2) 8

)

=00 as r — O

= = 8 S
z—2 z—2 v—2 1-(2/z) - ®TT™

242 3 14 (2 3/x? 1
P23 1+Q@) @A) 1

322 —2x +4 33— (2/x)+4/x?) 3
T —2 T —2 1 1

g)

i)

1 = = — S 2

D i~ Goo@ey st 17T
1D-2 a) lim =0 b) lim ! =00 lim ! = —00

z—0+ N etz —1 gl —1

c) liml(x —1)"* = 0o (left and right hand limits are same)

d) lir% |sinz| = 0 (left and right hand limits are same)

e) limmzl limm:—l

z—0+ X x—0— X

1D-3 a) = 2 removable x = —2 infinite b) = 0, 4w, £27, ... infinite

¢) z = 0 removable d) = 0 removable e) z = 0 jump f) = 0 removable
1D-4

(0..5)

U (-1,2)
2
4a

 a

1D-5 a) for continuity, want ax + b =1 when z = 1. Ans.: all a,b such that a +b =1

2
b) & ZdS;) =2x =2 when z =1. We have also

make f’(x) continuous, we want a = 2.

d(ax + b)

= a. Therefore, to

Combining this with the condition a 4+ b=1 from part (a), we get finally b = —1, a = 2.
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1D-6 a) f(0) =02 +4-0+ 1= 1. Match the function values:
flom) = lirr%) ar+b=0>, sob=1 by continuity.

Next match the slopes:
(o) = lim 2 + 4 = 4

and f/(07) = a. Therefore, a = 4, since f/(0) exists.

b)
f(1)=1>+4-1+1=6 and f(l_)zlimlaa:—i—b:a—i—b

Therefore continuity implies a + b = 6. The slope from the right is
fat)y = liml2x+4=6
Therefore, this must equal the slope from the left, which is a. Thus, a = 6 and b = 0.

1D-7
f(l)=cl?*+4-1+1=c+5 and f(l_)zlinllax+b:a+b

Therefore, by continuity, ¢ +5 = a + b. Next, match the slopes from left and right:
fat)y= lim 2cz + 4 = 2¢ + 4 and fa-)= lim a = a

Therefore,
a=2c+4 and b= —c+ 1.
1D-8

a)
f(0) =sin(2-0) =0 and f(07) = lim az +b=1b

Therefore, continuity implies b = 0. The slope from each side is

f/(07) = lim 2cos(2z) =2 and f'(07) = lima =a

z—0 x—0

Therefore, we need a # 2 in order that f not be differentiable.

b)
f(0) =cos(2-0) =1 and f(01) ziiir%)aa:—i—b: b

Therefore, continuity implies b = 1. The slope from each side is
') = lim —2 sin(2z) =0 and f/(07) = lima =a
Therefore, we need a # 0 in order that f not be differentiable.

1D-9 There cannot be any such values because every differentiable function is continuous.



1. DIFFERENTIATION
1E: Differentiation formulas: polynomials, products, quotients

1E-1 Find the derivative of the following polynomials
a) 102° + 15z* + 622
b)

c)1/2

d) By the product rule: (3z%+1)(2%+22)+ (2% +2)(52* + 2z) = 827 + 625 + 5t + 322,
Alternatively, multiply out the polynomial first to get 22425 +2° 423 and then differentiate.

0 (e? + 1~ 8.4 is a constant and the derivative of a constant is zero.)

1E-2 Find the antiderivative of the following polynomials
a) ax?/2 + bx + ¢, where a and b are the given constants and c is a third constant.
b) z7/7+ (5/6)z% + 2% + ¢

c¢) The only way to get at this is to multiply it out: 2%+ 223 4+ 1. Now you can take
the antiderivative of each separate term to get

7 2t

7+ +x+c

Warning: The answer is not (1/3)(z3 + 1)3. (The derivative does not match if you apply
the chain rule, the rule to be treated below in E4.)

1E-3 ¢ =3224+22-1=0 = (3z—1)(x+1) =0. Hence z = 1/3 or z = —1 and the
points are (1/3,49/27) and (—1, 3)

1E-4 a) f(0) =4, and f(07) = hH%) 525 4 3x* 4 72? 4 8z + 4 = 4. Therefore the function

is continuous for all values of the parameters.
fl(oh) = lim 20z +b=b and f'(07) = lim 2524 4+ 122 + 142 +8 =8

Therefore, b = 8 and a can have any value.

b) f(1)=a+b+4and f(17) =5+3+7+8+4=27. So by continuity,

a+b=23
(1) = lim 20z + b = 2a + b; fat) = lim 250 + 122° + 142 4 8 = 59.
Therefore, differentiability implies
2a+b=1>59

Subtracting the first equation, a = 59 — 23 = 36 and hence b = —13.

1 1 —2ax — 2 —x2 —4x—1
5 b) 2 2 c) 2 12
(1+x) (z2+1) (z 1)

d) 32% — 1/2?

1E-5 a)
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1F. Chain rule, implicit differentiation
1F-1 a) Let u = (22 + 2)

d du d
Euz = ﬁ%lﬂ = (22)(2u) = 4z(2? +2) = 42° + 8z
Alternatively,

d d
%(gﬂ +2)? = %(x4—|—4x2—|—4) =42% + 8z

b) Let u = (2% + 2); then %umo = Z—z%umo = (22)(100u*%) = (200x)(x? + 2)%.

1F-2 Product rule and chain rule:
1027 (22 + 1) + 2'°[10(2% 4 1)° (22)] = 10(32% 4+ 1)2° (2® + 1)°
1F-3 y=2'" — y" =2 = ny" 'y’ = 1. Therefore,

/ 1 1 1-n 1 13

= = — = —a:‘7l
Y ny"—1 n? n

1F-4 (1/3)27%/3 + (1/3)y~?/3y’ = 0 implies

Y = —x72/3y2/3

Put u =1 — 2!/3. Then y = u?, and the chain rule implies

dy _ o odu oo a3y —2/3\ _ _.—2/3¢1 _ .1/3\2
dx_gudx_g(l x2)(—=(1/3)x™*°) = —x (I—x7)

The chain rule answer is the same as the one using implicit differentiation because
y = (1 o x1/3)3 — y2/3 _ (1 o x1/3)2

1F-5 Implicit differentiation gives cosx + 3y’ cosy = 0. Horizontal slope means 3’ = 0,
so that cosx = 0. These are the points © = 7/2 + kr for every integer k. Recall that
sin(m/2 + kr) = (=1)%, ie., 1if k is even and —1 if k is odd. Thus at = 7/2 + kT,
+1 4+ siny = 1/2, or siny = F1 + 1/2. But siny = 3/2 has no solution, so the only
solutions are when k is even and in that case siny = —1 4 1/2, so that y = —7/6 + 2n7 or
y = 7m/6 + 2nm. In all there are two grids of points at the vertices of squares of side 2,
namely the points

(7/2+ 2km, —mw/6 4 2nm) and (/24 2k, 7w/6 + 2nm); k, n any integers.

1F-6 Following the hint, let z = —z. If f is even, then f(z) = f(z) Differentiating and
using the chain rule:

f(x) = f(2)(dz/dx) = — f'(z) Dbecause dz/dx = —1

But this means that f’ is odd. Similarly, if g is odd, then g(z = —g(z). Differentiating and
using the chain rule:

g (z) = —¢'(2)(dz/dz) = ¢'(z) because dz/dwx = —1



1. DIFFERENTIATION

dD 1 T—a
1F-7 a) — = =((z — a)? 4+ 4?)"2(2(z — 0)) = ———r—x
e G R T
dm -1 —2v mou
b) —— — (1 — 2 e2)3/2 . — 0
) dv 02 (1=v/e) 2 (1 —02/c2)3/2
ar 3 2\—5/2 _ —3mgr
¢) oo =mg-(=5)1+77) -27«_W
Q) aQ _ . —6bt n a _a(1—5bt?)
dt— (14+bt2)2 7 (1+bt2)3 (14 bt2)4
1 1 -t —r
1F- = = 2 = — 2 / 2 / = — =
8 a)V 377rh=>0 377( rr’h+1r°) =r 5k = oh
pye-t P
b) PVE=nRT — PV 4P eV =0— P = ——— =~

¢) ¢ = a® + b? — 2abcosf implies

—2b+2cosf-a acosf —b

= 2aa’ + 2b — 2(cos 6(a’ I = =
0 o’ +2b (cosf(a’b+a)) = a 2a — 2cosf - b a—bcosl

1G. Higher derivatives

—10 -10

i Yarap YO

1G-1 a) 6—2%2 b)

1G-2 If ¢y = 0, then 3" = g, a constant. Hence ¢y’ = cox + c1, where c; is some other
constant. Next, y = cox?/2 + c12 + co, where ¢y is yet another constant. Thus, y must be
a quadratic polynomial, and any quadratic polynomial will have the property that its third
derivative is identically zero.

1G-3

Thus,

S = b_z y—;y’ _ b_z y+x(b2/52)($/y)
a Y a Yy

The pattern is
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1G-5 a)y' =dvv+w = ¢y’ =u"v+2uv +uw"

b) Formulas above do coincide with Leibniz’s formula for n = 1 and n = 2. To calculate
yP*9 where y = 2P(1 + )9, use u = 2P and v = (1 + 2)?. The only term in the Leibniz

n
formula that is not 0 is i u® (@ since in all other terms either one factor or the other

is 0. If u = 2P, u = pl, so

Yo — <”>p1q! — ?_ _plg! = !
p

1H. Exponentials and Logarithms: Algebra

1H-1 a) To see when y = yp/2, we must solve the equation y—20 = yoe *, or % = ekt
. . In2
Take In of both sides: —In2 = —kt, from which ¢t = 7

ot . —In2 iy Kty kA —In2 1

b) y1 = yoe®** by assumption, A = Yyoe =yoe"t-e" =y e =g

1H-2 pH = —log,y[H*]; by assumption, [H )4y = 5[H T]orig. Take —logy, of both sides
(note that log2 =~ .3):

- log [H+]dil - 1Og 2— 1Og [H+]om'g - pHdz'l - pHom'g + logg-
1H-3 a) In(y + 1) + In(y — 1) = 2z + Inz; exponentiating both sides and solving for y:
(y+1)-(y—1)=e*® .2 = y?>—1=2e*® = y=+ze2* + 1, since y > 0.
1
b) log(y+1)—log(y—1) = —z?; exponentiating, y—+1 =10"*". Solve for y; to simplify
y—

A+l 107 41
A-1 107" -1
¢) 2lny — In(y + 1) = z; exponentiating both sides and solving for y:

the algebra, let A = 10~ Crossmultiplying, y+1 =Ay— A = y=

2 T\ [e2T 4 Aot
I _e = yP—efy —et =0 = y:w,sincey—1>0.
y+1 2
1 C 1
1H4 —2—¢ = lna=clnb = a=enb =t —pe. Similarly, 8% =4
Inb logb
u? +1
1H-5 a) Put uw = ¢® (multiply top and bottom by e* first): T =Y this gives
w2 —
1 1 1 1
UJQZK = ¢%*; taking In: 2x:1n(y+ ), == —ln(&)
y—1 y—1 2 y—1

1
b) e®+e~% = y; putting u = e® gives u+— = y ; solving for u gives u?—yu+1=0
U

+y?2—4 +y?—4
so that uz%:ex; taking In: x:ln(%)

1H-6 A =loge -In10 =1In(10"°8¢) =1In(e) = 1; similarly, log, a -log, b =1

= b°.
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1H-7 a) If I; is the intensity of the jet and I5 is the intensity of the conversation, then

L/1
I/1

b&dh/b%=b&o< )=h%mﬂﬁﬂﬂ—k%mﬂﬁﬂﬂ=l3—6=7

Therefore, I /Iy = 107.
b) I = C/r? and I = I; when r = 50 implies
I =C/50> = C =1,50° = I =1,50%/r"
This shows that when r = 100, we have I = I;502/100% = I /4 . It follows that
101og,(I/Io) = 101og,q (11 /410) = 101log,o (1 /Io) — 10log; 4 ~ 130 — 6.0 ~ 124

The sound at 100 meters is 124 decibels.

The sound at 1 km has 1/100 the intensity of the sound at 100 meters, because 100m/1km =
1/10.
10log(1/100) = 10(—2) = —20

so the decibel level is 124 — 20 = 104.

11. Exponentials and Logarithms: Calculus
1I-1 a) (z+1)e® b) 4ze®*®  ¢) (—23?)67302 d)lnz  e)2/x f)2(nz)/z g) dze®”
h) (%) = (eml’”)/ = (zlnz)e™® = (Inz + 1)e*™% = (1 + Inz)z®
i) (e —e™®)/2 j)(e*+e®)/2 k) —1/z 1) —1/z(Inz)®> m) —2e%/(1+e")?

11-2 L\ii

1I-3 a) Asn — o0, h=1/n— 0. eren
1, In(1+4+h) In(l+h)—In(1) d B
nln(l—kg)— h = h h?o%ln(l—ka:) =1

=0
Therefore,

1
lim nln(14+ =) =1
n

n—oo

b) Take the logarithm of both sides. We need to show

1
lim In(14+ —=)" =lne=1
n

n—oo

But 1 1
In(l1+ =)"=nln(1+ —
n(l+=)" = nln(l+ )

so the limit is the same as the one in part (a).
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3n ny 3
1 1 3
14— = 1+ — — e~ as n — 09,
n n

b) Put m = n/2. Then

2 5n 1 10m 1 m~ 10
(142 =) (2 e
n m m

¢) Put m = 2n. Then
1 5n 1 5m/2 1\™ 5/2
(22 ()
n m m

1J. Trigonometric functions

1I-4 a)

1J-1 a) 10z cos(52?) b) 6sin(3x) cos(3z) c¢) —2sin(2z)/ cos(2x) = —2tan(2x)

d) —2sinz/(2cosx) = — tanz. (Why did the factor 2 disappear? Because In(2cosx) =
In2 + In(cos ), and the derivative of the constant In 2 is zero.)

e)

reosy — S f) —(1+9¢)sin(x+y) g) —sin(zx+y) h)2sinzcos zesin’ e

72
2 ain )/ ; 2
z“sinx 2¢sinx + x“cosx 2
i) ( 5 ) = 5 + = — 4 cot z. Alternatively,
r?sinx r?sinx x
In(z?sinz) = In(2?) + In(sinz) = 2Inz + Insinz
. . . 2 cosx 2
Differentiating gives -+ — = —+4cotx
r sinx =z

j) 2€2®sin(10x) + 10e®® cos(10x) k) 6tan(3z) sec?(3z) = 6sinz/ cos®
1) —z(1 — 2?)~Y2sec(v1 — 22) tan(v/1 — 22)
m) Using the chain rule repeatedly and the trigonometric double angle formulas,
(cos?z —sin?z)’ = —2coszsinz — 2sinx cos & = —4 cos z sin x;
(2cos® ) = —4 cos x sin x;
(cos(2z)) = —2sin(2x) = —2(2sinz cos x).
The three functions have the same derivative, so they differ by constants. And indeed,

cos(2x) = cos? x — sin® x = 2cos’ x — 1, (using sin?z = 1 — cos® z).

5(sec(5z) tan(5z)) tan(5x) + 5(sec(5z) (sec?(5x)) = 5sec(5x)(sec? (5x) + tan?(5z))

Other forms: 5sec(5z)(2sec?(5z) — 1); 10sec3(5z) — 5sec(5x)



1. DIFFERENTIATION

0) 0 because sec?(3z) — tan?(3z) = 1, a constant — or carry it out for practice.

p) Successive use of the chain rule:

1
(sin (Va2 + 1)) = cos (Va2 1) - 5 (2 + 1)1/ 2

:+_HCOS( 22 +1)
x

q) Chain rule several times in succession:

2 / . —X
cos® V1 —a2) =2cosv/1—22-(—siny1 —22) ——
( ) ( ) =
T
= ——sin(2v1 — 2?)
V1—22

r) Chain rule again:

T T x r+1—x
tan?(——) ) = 2tan(——) - sec? :
<an (x—|—1)> (7)) e

— ) sec?(—7)

= 5 tan(

T
(x+1) x+1

1J-2 Because cos(7/2) = 0,

cosx . cosx — cos(m/2) | ] :
1L = ————— = 57— COST|z= = — SIn _ I
a:~>7r/2£t—71’/2 x—7/2 {E—’]'('/2 dr r=m/2 SINT|g=r/2

1J-3 a) (sin(kz))’ = kcos(kx). Hence
(sin(kz))” = (kcos(kx)) = —k*sin(kz).

Similarly, differentiating cosine twice switches from sine and then back to cosine with only
one sign change, so
(cos(kz)” = —k? cos(kx)

Therefore,
sin(kz)” 4 k%sin(kz) = 0 and cos(kx)” + k* cos(kz) = 0

Since we are assuming k > 0, k = v/a.

b) This follows from the linearity of the operation of differentiation. With &2 = a,

(c1sin(kz) 4 co cos(kx))” + k?(cy sin(kx) + ¢o cos(kx))
= ¢ (sin(kx))"” 4 co(cos(kx))” + k?cy sin(kx) + k2cy cos(kx)
= ¢1[(sin(kx))” + k?sin(kx)] + ca[(cos(kx))” + k? cos(kx)]
=c1-0+c-0=0



S. 18.01 SOLUTIONS TO EXERCISES
¢) Since ¢ is a constant, d(kz + ¢)/dx =k, and (sin(kz + ¢) = k cos(kz + ¢),
(sin(kz + ¢)" = (kcos(kx + ¢)) = —k*sin(kz + ¢)

Therefore, if a = k2,
(sin(kz + ¢)" + asin(kz + ¢) =0

d) The sum formula for the sine function says
sin(kx 4+ ¢) = sin(kx) cos(¢) + cos(kz) sin(¢)

In other words
sin(kx 4+ ¢) = ¢y sin(kx) + co cos(kx)

with ¢; = cos(¢) and ¢y = sin(¢).
1J-4 a) The Pythagorean theorem implies that
2 =sin?0 + (1 —cosf)? =sin?0 + 1 — 2cosf + cos? § = 2 — 2 cos

Thus,

c=V2—2cosf =2 1_75080 = 25in(6/2)

b) Each angle is § = 27/n, so the perimeter of the n-gon is
nsin(27/n)
As n — oo, h = 27 /n tends to 0, so

sinh —sin0

d
3 — 277% SIN & |p—0 = 27 COS X| g = 270

2
nsin(27/n) = % sinh = 2w



