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Abstract

We study the problem of learning the parameters of a mixture of members of a
given distribution family. To do this, we apply the method of moments, dating to
Pearson in the late 1800’s: we directly solve for the parameters in terms of estimated
sample moments. We prove upper and lower bounds on the number of moments that
uniquely determine mixtures for various distribution families. In particular, we show
that 2k−1 moments are necessary and sufficient to determine a large class of mixtures
of k one-parameter distributions, including Poissons and exponentials, and develop
an efficient algorithm to learn the parameters of these mixtures. Additionally, using
natural exponential families as motivation, we ask which sets of 2k − 1 moments of a
finite distribution uniquely determine its parameters, and show that this question can
be reduced to asking about the zero sets of certain Schur polynomials. We also show
that 4k−2 moments are necessary for determining a mixture of k Gaussians, matching
a known upper bound shown by Moitra and Valiant, and with this we improve the
existing lower bound on the sample complexity of learning such a mixture. We prove
similarly that 4k− 2 moments are necessary and sufficient to learn a mixture of k uni-
form distributions, and conjecture that a similar result holds for general two-parameter
distributions whose moments satisfy certain polynomial dependence conditions on the
parameters. Finally, for a general family of Gaussian-like distributions of the form
p(x)eq(x), we derive a bound on the number of moments necessary to uniquely deter-
mine a mixture that is exponential in k.



1. Introduction

Background. A rich area of modern machine learning is the learning of mixture models,
with applications throughout the scientific disciplines, including biology [1], finance [2], and
physics [3, 4], among many others. The first results in the field came over 100 years ago
in 1894, when biostatistician Karl Pearson studied the measurements of what he assumed
was a single crab species and discovered an as-of-yet unseen distribution. His insight was
that he was in fact observing two species, with each having measurements following the
standard Gaussian distribution. This motivated defining a (two) Gaussian Mixture Model
as a distribution F with density function p1f1+p2f2, where p1+p2 = 1 and f1, f2 are Gaussian
density functions. To determine the parameters of the mixture from samples (and hence the
data for each crab species), Pearson [5] invented the method of moments, in which he took
the first five moments of a large number of samples drawn from this distribution, and solved
by hand the resulting polynomial system for the means, variances, and probabilities. Getting
finitely many solutions, he then chose the one whose sixth moment most closely matched the
sixth sample moment. His results both demonstrated the effectiveness of learning a mixture
from its moments and the utility of learning the parameters in particular, or parameter
learning, rather than a distribution that is simply close in total variation distance, another
rich area of study.

The problem of learning the parameters of a mixture of an arbitrary number of Gaus-
sians has had a long history, where a mixture of k Gaussians is defined as the distribution

with density function
k∑
i=1

pifi, where f1, . . . , fk are the component Gaussian densities and

p1, . . . , pk are mixing weights satisfying
k∑
i=1

pi = 1. Many approaches to the problem since

Pearson have involved clustering, starting with Dasgupta [6] in 1999, who used clustering to
rigorously define a polynomial-time algorithm for separating d-dimensional Gaussians given
a Ω̃(
√
d) separation between their means. The separation bound was gradually shrunk by

later authors, including Arora and Kannan [7], Dasgupta and Schulman [8] and Vempala
and Wang [9].

While these clustering results gave efficient algorithms for separated mixtures of Gaus-
sians, they could not deal with even the simplest mixtures with lack of mean separation
and non-negligible overlap of the components. Pearson’s moment-based approach, however,
proved fruitful for these types of mixtures, and in general for arbitrary Gaussian mixtures.
In 2010, Moitra, Valiant, and Kalai [10] used a robust and rigorous version of Pearson’s
method of moments to give an algorithm that learns mixtures of two Gaussians to within
parameter distance ε in time polynomial in ε, and in 2015 Hardt and Price [11] found an
optimal algorithm for the two Gaussian mixture problem with respect to sample complexity,
using an approach directly based on Pearson’s polynomial. Moitra and Valiant [12], later in
2010, extended their result to mixtures of k Gaussians.

Simultaneously, Belkin and Sinha [13] generalized the moment method to any mixture of
polynomial families, or families of distributions with moments polynomial in the parameters.
Their proof was non-constructive, using the Hilbert basis theorem to show that finitely
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many moments determine such mixtures, demonstrating that the method of moments is
indeed a general, powerful strategy for learning mixtures of any polynomial family. However,
the bound on a sufficient number of moments was simply shown to exist, and no effective
bound was presented; the focus of this paper is on this question. Our goal is to establish
effective bounds on the number of sufficient moments for particular families of distributions,
independent of the parameters of the distribution.

Our results. Our work on moment-matching begins with the simplest case of one-parameter
families, which are polynomial families determined by only a single parameter. The simplest
one parameter distributions are the point masses, for which the corresponding mixtures are
finite distributions; in Section 2, we review the classical theory of Gaussian quadrature, which
shows that exactly 2k−1 moments are required to uniquely determine such a finite distribu-
tion. Then, in Section 3, we study one-parameter distributions where the jth moment is a
degree j polynomial in the parameter, and show that the problem of learning the parameters
of a mixture of these distributions can be reduced to determining the finite distribution on
the same parameters, for which we know 2k − 1 moments are sufficient. From these results,
in Section 4 we develop an efficient, robust algorithm for learning mixtures of one-parameter
subexponential distributions with this polynomial dependence on the moment, our first main
result, Algorithm 4.1.

In Section 5, we review the theory of exponential families and natural exponential families,
which have a particularly simple form for their density functions and comprise a large class
of one-parameter families. By taking the mean as the parameter, these are automatically
polynomial families, and the condition on the degree of the moments roughly corresponds
to having the variance as a function of the mean V (µ) be quadratic, which gives the natural
exponential families with quadratic variance functions (NEF-QVF’s), studied in [14] and
which include many common distribution families. Using the method detailed in Algorithm
4.1, we therefore can efficiently find the parameters of almost any NEF-QVF mixture.

This discussion motivates us to look at NEF’s with higher-degree polynomial variance
functions, which reduces to the problem of determining finite distributions by certain lin-
ear combinations of their moments. In Section 6, we consider the simplified problem of
determining for which {a1, . . . a2k−1} the moments {Ma1 , . . .Ma2k−1

} determine a finite dis-
tribution on k points. The main result of this section is that the moments of two distinct
finite distributions differ whenever a certain Schur polynomial in the 2k points is nonzero,
which implies the following result.

Theorem 6.6, Restated. Let S = {0, a1, a2, . . . , a2k−1} where 0 < a1 < a2 < · · · < a2k−1 ∈
Z, and let λ = (a2k−1−(2k−1), a2k−2−(2k−2), . . . , a1−1, 0). If sλ(z1, . . . , z2k) is nonzero for
all real z1, . . . , z2k, then the moments Ma1 , . . .Ma2k−1

uniquely determine a finite distribution
on k points.

Thus, we can reduce one direction of this question to finding which Schur polynomials
have only trivial zeros, and present some known partial results to that end, as well as the
broader conjecture that this occurs whenever all parts in the partition are even.

2



In Section 7, we then return to the original problem of Gaussians, and place it in context of
two-parameter distribution families in general. We show that 4k−2 moments are sometimes
necessary to determine a mixture of k Gaussians, matching the result in [10] that it is always
sufficient.

Proposition 7.1. There exist two mixtures of k Gaussians, F, F ′, such that F 6= F ′ and
Mj(F ) = Mj(F

′) for 1 ≤ j ≤ 4k − 3.

The example for necessity, however, is a special case where all means are equal, so we
conjecture that in the case of distinct means, only 3k moments are necessary. Along the lines
of the sufficiency proof in [12], we also show that 4k−2 moments are necessary and sufficient
to uniquely determine a mixture of k uniform distributions, and conjecture that indeed 4k−2
moments are sufficient to determine any mixture of a two-parameter family with moments
that are degree at most k in each of the parameters. This conjecture is supported by some
numerical evidence in the case of Gamma and Laplace distributions.

Finally, in Section 8, we consider the problem of learning a mixture of general families of
distributions with an arbitrary number of parameters, in the hope of getting some concrete
upper bound on the number of moments required to determine these mixtures, as opposed to
the ineffective bound in [13]. We arrive at a result for a specific class of distribution families
D of the form p(x)eq(x), when p(x) and q(x) are polynomials with degree independent of the
parameters.

Proposition 8.2. Consider some F ∈ D with deg(p) = d1 − 1, deg(q) = d2 > 0. Then
O(d1d

2k
2 ) moments suffice to uniquely determine a mixture of k F -distributions.

This leads us to our last conjecture, which would make explicit the ideas presented by
Belkin and Sinha in [13] and give some general bound on the number of moments needed
to match any mixture of members of a (not necessarily natural) exponential family, a class
which includes nearly all named distribution families.

Conjecture 8.3. Let F be an exponential family. Then there exists a function f(k) inde-
pendent of the parameters such that at most f(k) moments suffice to uniquely determine a
mixture of k F -distributions.

2. Finite Distributions

In this section, we summarize the classical theory of moment matching for finite (i.e. finitely
supported) distributions. In particular, we recall in Proposition 2.1 and 2.3 that 2k − 1
moments are both sufficient and necessary to uniquely determine a finite distribution on k
distinct points, and outline an algorithm, whose main idea is given by Claim 2.2, that can
exactly derive these points and weights given the first 2k − 1 moments. All of these results
are well-known, although the construction in Proposition 2.3 is our own, but are stated for
completeness.

Proposition 2.1. If F and F ′ are finite distributions on k distinct points, and Mj(F ) =
Mj(F

′) for 1 ≤ j ≤ 2k − 1, then F = F ′.

3



Proof. Let F have points x1, x2, . . . , xk with weights p1, p2, . . . , pk, and F ′ have points y1, y2, . . . , yk
with weights q1, q2, . . . , qk. Suppose first that the distributions differ on at least one point;
without loss of generality yk 6= xi for all i. We claim that, in this case, there exists some j
such that 1 ≤ j ≤ 2k − 1 and Mj(F ) 6= Mj(F

′).

Define the polynomial P (x) = (x−x1) · · · (x−xk)(y− y1) · · · (y− yk−1) =
2k−1∑
j=0

ajx
j. Note

that P (x) evaluates to 0 at all points of the finite distributions except for yk. Thus, we have

that
k∑
i=1

(piP (xi)− qiP (yi)) = −qkP (yk) 6= 0. But notice that we can also write this as

k∑
i=1

(piP (xi)− qiP (yi)) =
2k−1∑
j=1

aj

k∑
i=1

(
pix

j
i − qiy

j
i

)
=

2k−1∑
j=1

aj(Mj(X)−Mj(Y )).

For this to be nonzero, one of the moments must differ, as desired, so we have that if all of
the points are not identical between distributions, the first 2k − 1 moments cannot be.

Now, consider the case in which the distributions share all of the same points; without
loss of generality let xi = yi for all 1 ≤ i ≤ k. Letting di = pi − qi, and assuming for
contradiction that all of the moments are equal but F 6= F ′, we have that

k∑
i=1

dix
j
i = 0

for all j ≤ k − 1 (in particular, this holds for j ≤ 2k − 1, but all we need is j ≤ k − 1). But
this implies that di = 0 for all i by multiplying each side by the inverse of the Vandermonde
matrix of x1, x2, . . . , xk, which exists because the xi are distinct, giving that pi = qi for all i,
a contradiction of the fact that F 6= F ′. Thus, we are done.

Based on 2k−1 moments uniquely determining a finite distribution, we conceivably could
learn a finite distribution by evaluating its first 2k− 1 moments and algorithmically solving
the polynomial system given by these moments to derive its parameters. Note that this is
certainly not the most efficient way to learn a finite distribution, but will become useful in
Section 3 when we talk about learning general one-parameter distributions.

Actually solving this polynomial system in the parameters given by the moments, which
determines the underlying finite distribution, is implicit in the following well-known result
from Gaussian quadrature, which generalizes Proposition 2.1.

Claim 2.2 (Gaussian Quadrature [15]). Given moments µj =
∫ b
a
xkdF (x) for 1 ≤ j ≤ 2k−1

of a distribution F supported on [a, b], there exist distinct (x1, . . . , xk), (w1, . . . , wk) satisfying

a ≤ xi ≤ b, 0 ≤ wi ≤ 1 for all i such that
k∑
i=1

wix
j
i = µj for all j and

k∑
i=1

wi = 1.
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In particular, these x1, . . . , xk can be derived by defining the series of orthogonal poly-
nomials {qi}∞0 defined by the recurrence

q0(x) = (b− a)−1/2; q−1(x) = 0; βjqj(x) = (x− αj)qj−1(x)− βj−1qj−2(x),

where αj =
∫ b
a
xqj−1(x)2dF (x) and βj =

∫ b
a
xqj(x)qj−1(x)dF (x), known constants which can

be evaluated in terms of the moments since the polynomials integrated have degree ≤ 2k−1.
The x1, . . . , xk, then, are just the roots of q2k−1. From here, to find the weights, we solve for
w satisfying V w = M , where

V =


1 1 · · · 1
x1 x2 · · · xk
x2

1 x2
2 · · · x2

k
...

...
. . .

...
xk−1

1 xk−1
2 · · · xk−1

k ,


is the Vandermonde matrix on x1, . . . , xk, and M is the vector containing the first k < 2k−1
moments, an equivalent system to our moment polynomials. Since we are given that the
xi are distinct, det(V ) =

∏
1≤i<j≤n

(xj − xi) is nonzero, which means that we can solve for w

simply as V −1M .

Using this, we can learn a finite distribution F on k points given 2k−1 moments as follows:
first, let a = −M2(F ), b = M2(F ), so that our range of integration indeed contains all of
the xi. Using the above recurrence, we can derive the sequence of orthogonal polynomials
to F ; our points x1, . . . , xk are then the roots of the (2k − 1)st orthogonal polynomial, and
our weights can be found by evaluating V −1M . Since the first 2k − 1 moments of the finite
distribution defined with these points and weights are exactly those of the finite distribution
we are trying to learn, by Proposition 2.1, our derived finite distribution is correct.

The algorithm above allows us to precisely determine the parameters of a finite distribu-
tion, given the first 2k−1 moments. We will use this as a baseline to develop a robust, general
algorithm in Section 4 for learning mixtures of distributions belonging to one-parameter fam-
ilies. In particular, the described algorithm only works when the moments are known exactly;
for one-parameter families, we will develop a robust algorithm that estimates the parameters
up to some error ε when the moments are known up to a specified polynomial in ε and a
parameter of the distribution in question. Notice, however, that we cannot do better with
exact moment-matching for finite distributions because of the following well-known result,
whose proof is deferred to the appendix.

Proposition 2.3. There exist two finite distributions F, F ′, such that F 6= F ′ and Mj(F ) =
Mj(F

′) for 1 ≤ j ≤ 2k − 2.

3. One Parameter Families

In this section, we use Proposition 2.1 to show that 2k − 1 moments actually uniquely
determine a mixture of k components for a large class of one-parameter distributions, because
we can relate their moments to those of an associated finite distribution.
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In particular, let C be a class of one-parameter distribution families whose jth moment
is a degree j polynomial in the parameter for all j ≥ 0.

Definition 3.1. Given parameters λ1, λ2, . . . , λk and mixing probabilities p1, p2, . . . , pk, a
(C, k)-mixture is the distribution given by sampling from Xi with probability pi for all 1 ≤
i ≤ k, where the Xi all belong to some C ∈ C.

Given a (C, k)-mixture X, we will denote by IF(x) the finite distribution specified by
atoms at λ1, . . . , λk and weights p1, . . . , pk.

Proposition 3.2. Let X,X ′ be (C, k)-mixtures with components belonging to the same C ∈ C.
Then Mj(X) = Mj(X

′) for 0 ≤ j ≤ 2k − 1 if and only if Mj(IF(X)) = Mj(IF(X ′)) for all
1 ≤ j ≤ 2k − 1.

Proof. To prove this, we will show that, given a (C, k)-mixtures X, we can solve for moments
of X given the moments of IF(X), and vice versa. This implies the desired result.

If the components of X are X1, . . . , Xk, then Mj(X) =
k∑
i=1

piMj(Xi). Since Xi is a

C-distribution, Mj(Xi) =
j∑

m=0

αmλ
m
i with αj 6= 0, so we have that

Mj(X) =
k∑
i=1

pi

(
j∑

m=0

αmλ
m
i

)
=

j∑
m=0

αm

(
k∑
i=1

piλ
m
i

)
=

j∑
m=0

αmMm(IF(X)),

so the moments of X can indeed be determined from those of IF(X).

Oppositely, we show by induction that Mj(IF(X)) can be expressed as a linear com-
bination of Mi(X) for 0 ≤ i ≤ j. The base case is clearly true; now assume it is true

for all i < j that Mi(IF(X)) =
i∑
l=0

αlMl(X). Now, notice that, as shown previously,

Mj(X) =
j∑

m=0

αmMm(IF(X)) for constants αm and αj 6= 0; moving all of the Mm(IF(X))

terms satisfying m < j to the right-hand side and expressing them as linear combinations of
Mi(X) satisfying 0 ≤ i ≤ m, possible by our inductive hypothesis, we are done.

Note that, by Proposition 2.1, Mj(F ) = Mj(F
′) for all 1 ≤ j ≤ 2k − 1 if and only if

F = F ′, provided the parameters are distinct, which implies that X = X ′ because, since
F = F ′, they share the same parameters and weights. From this, we have the following:

Corollary 3.3. Given two (C, k)-mixtures X,X ′ of components with distinct parameters,
X = X ′ if and only if Mj(X) = Mj(X

′) for 0 ≤ j ≤ 2k − 1.

4. A Robust Algorithm for learning (C, k)-mixtures

In this section, based on the results from Section 3, we present an robust, efficient moment-
matching algorithm to learn a (C, k)-mixture. Corollary 3.3 implies that, once we learn the
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2k − 1 moments of a (C, k)-mixture, this mixture is uniquely determined. Our first result
makes this result robust by giving us an estimate of how well we need to learn the moments
to determine the mixture up to ±ε in the parameters.

We first show that estimating the moments of a (C, k) mixture well allows to also estimate
the moments of the corresponding finite distribution well. Note that throughout this section
we will assume k is held fixed, so will treat it as a constant.

Proposition 4.1. Given an estimate M̂j(X), 1 ≤ j ≤ 2k − 1, of the first 2k − 1 moments

of X satisfying |M̂j(X) −Mj(X)| ≤ β, Algorithm 4.1 outputs an estimate of M̂j(IF(X))

satisfying |M̂j(IF(X))−Mj(IF(X))| < O(β).

Proof. Following exactly the forward implication of Proposition 3.2, we can derive an esti-
mate M̂j(IF(X)) with the following recursive formulation:

M̂j(IF(X)) =


1 if j = 0

M̂j(X)−
j−1∑
i=0

αiM̂i(IF(X))

αj
otherwise

.

We will prove the desired robustness statement by induction. The base case is trivial. Now,
assume, for 0 ≤ i ≤ j − 1, we know all of the M̂i(IF(X)) are estimates up to ciβ for some

constants ci. By assumption, we know M̂j(X) up to β, so we have that, using that the αj
are constants (since we are holding k fixed),

|M̂j(IF(X))−Mj(IF(X)| = 1

αj

∣∣∣∣∣
(
M̂j(X)−

j−1∑
i=0

αiM̂i(IF(X))

)
−

(
Mj(X)−

j−1∑
i=0

αiMi(IF(X))

)∣∣∣∣∣
≤ 1

αj

(∣∣∣M̂j(X)−Mj(X)
∣∣∣+

j−1∑
i=0

αi

(∣∣∣M̂i(IF(X))−Mi(IF(X))
∣∣∣))

≤ 1

αj

(
β +

j−1∑
i=0

αiciβ

)
= O(β).

Now, similar to as defined by Moitra and Valiant [12], we will show that pairs of finite
distributions satisfying certain separation conditions must have a moment that differs by a
certain amount. This will imply that their corresponding (C, k) mixtures must also have a
similar moment, as desired.

Definition 4.2. We say that a finite distribution F is ε-separated if the following two
conditions hold:

1. |xi − xj| ≥ ε for all i 6= j.

2. pi ∈ [ε, 1].
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Definition 4.3. A pair of finite distributions F, F ′ is said to be (ε1, ε2)-standard if the
following conditions hold:

1. F and F ′ are ε1-separated.

2. |xi, x′i| ≤ 1
ε1

.

3. ε2 ≤ minπ

(
k∑
i=1

|xi − x′π(i)|+ |pi − p′π(i)|

)
,

where the above minimization is taken over all permutations π : {1, 2, . . . , k} → {1, 2, . . . , k}.

Theorem 4.4. Given a (ε1, ε2)-standard pair of finite distributions F , F ′ with ε1 � ε2, there
exists some i satisfying 1 ≤ i ≤ 2k − 1 such that

|Mi(F )−Mi(F
′)| > Ω(ε4k−2

1 ε2)

The proof of this theorem is deferred to Appendix A, but the proof idea is a robust
version of that of Proposition 2.1; we construct a polynomial that goes through all but one
or two of the points of F, F ′, and show that

∫
x
|p(x)f(x)| is at least Ω(ε1ε

2k−1
2 ), which will in

turn give two moments that differ by Ω(ε1ε
4k−2
2 ), from the upper bound on the xi.

The final step in developing an algorithm to learn mixtures of distributions in C is to
show that we can actually estimate the moments of a (C, k) mixture with a minimal number
of samples. This may not always be true, but it turns out we can estimate the moments
with probability 1− δ given O

(
ε−2 log

(
1
δ

))
samples, as proven in Proposition 4.6, when the

distribution is subexponential, defined as follows.

Definition 4.5. A distribution F is subexponential with parameter λ if the kth raw moment
satisfies Mk ≤ kkλk.

There are many equivalent definitions of subexponential distributions and the associ-
ated parameter, which serve different purposes. Subexponential distributions intuitively are
meant to be those distributions with an exponential or lighter tail, and encompass many of
the common distributions that we study.

Note that a mixture of subexponential distributions is clearly also subexponential, where
the associated subexponential parameter is at most the maximum among its components.

Proposition 4.6. If a distribution F ∈ C is subexponential with parameter λ, then given
t = O(1) there exists an algorithm taking n = O

(
ε−2 log

(
1
δ

))
samples that with probability

1− δ learns the ith moment, for i ≤ t to within ελi.

The proof of this result is deferred to Appendix A, since it is very similar to that of
[11], but note that this result implies the following corollary, where we replace λ with the

standard deviation σ, since σ2 ≥
k∑
i=1

piσ
2
i from the law of total variance.
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Corollary 4.7. Given a one-parameter distribution C ∈ C with parameter λ whose variance
σ′ is quadratic in λ and t = O(1), then there exists an algorithm taking n = O

(
ε−2 log

(
1
δ

))
samples that with probability 1− δ learns the ith moment of a mixture F of variance σ > 1
of k component C-distributions for i ≤ t to within εσi.

Using all of our results, we can state a robust algorithm, Algorithm 4.1, that learns the
parameters of a (C, k) mixture up to ε, given that it is subexponential.

Theorem 4.8. Let X be a (C, k), ε1-separated mixture of components X1, . . . , Xk belonging
to some subexponential C ∈ C with distinct parameters satisfying λi ≤ 1

ε1
for ε1 < 1. Then,

given any ε2 > 0 satisfying ε2 � ε1 and a subexponential parameter γ ≥ 1 for C, Algorithm
4.1 recovers the λi, wi to ±ε2 with probability 1− δ.

Proof. By Proposition 4.6, given n samples, steps 1 and 2 estimate the moments M̂j(X), for
1 ≤ j ≤ 2k − 1, up to

(aε−2
2 ε4−8k

1 γ4k−2)−0.5γj = a−0.5ε2ε
4k−2
1 γ1−2kγj < a−0.5ε2ε

4k−2
1 .

By Proposition 4.1, this means that we have estimates M̂j(IF(X)) of the moments of the
associated finite distribution that are also accurate up to ±bε2ε4k−2

1 , for b a constant. Choos-
ing a suitably given the family C and k, Theorem 4.4 gives us that the pair of F = IF(X)

and the finite distribution F ′ on M̂j(IF(X)) are not (ε1, ε2)-standard, since their moments

are too close, which gives that there exists a permutation π such that |λi − λ̂π(i)| < ε2 and
|wi − ŵπ(i)| < ε2 for all 1 ≤ i ≤ k, as desired.

The remaining steps of the algorithm concern actually deriving F ′, the finite distribution
on M̂j(IF(X)), the correctness of which was given by Proposition 2.1 and Claim 2.2 and
the steps of which outlined in Section 2. It is worth mentioning that, because our estimates
λ̂i are correct up to ±ε2 and |λi − λj| ≥ ε1 by assumption for i 6= j, V̂ is still invertible.
Furthermore, a and b are chosen such that |a, b| ≥M2(IF(X)), which implies that the values
of λi lie in the integration range, as required.
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Algorithm 4.1: Efficiently learning (C, k) mixtures

Input : An accuracy parameter ε2, error δ, and a (C, k) mixture, X, of components
X1, . . . , Xk belonging to some C ∈ C, to which we are provided sample
access, which is ε1-separated and has parameters satisfying |λi| ≤ ε1 for
ε1 � ε2, and parameter γ, the subexponential parameter.

Output: Estimates of the 2k parameters of the components of X, (λ1, . . ., λk),
(w1, . . . , wk) to within ±ε2 with probability 1− δ.

1 Draw n = a
(
ε−2

2 ε4−8k
1 γ4k−2 log(1/δ)

)
samples x1, . . . , xn from X, and split them into

log(1/δ) groups Gi of size s = aε−2
2 ε4−8k

1 γ4k−2, where a is a constant depending on the
family C and k.

2 For 1 ≤ j ≤ 2k − 1, compute the empirical moments M̂j(Gi) = 1
s

s∑
i=1

xji of each group

Gi, and estimate the moment M̂j(X) as the median of these empirical moments.
3 Convert these estimated moments into empirical moments of the finite distribution

IF(X) on the parameters from the following recursive formulation:

M̂j(IF(X)) =


1 if j = 0

M̂j(X)−
j−1∑
i=0

αiM̂i(IF(X))

αj
otherwise

.

4 Given that M2(Y ) = α2κ
2 + α1κ+ α0,M1(Y ) = κ for a distribution Y ∈ C with

parameter κ, let b = −a = 1
α2

(M̂2(X)− kα0 − α1M̂1(X) + 2kε). This ensures that all
of the λi are in the correct range for the following step.

5 Derive the first k orthogonal polynomials {qi}k0 to this distribution defined by the
recurrence

q0(x) = (b− a)−1/2; q−1(x) = 0; βjqj(x) = (x− αj)qj−1(x)− βj−1qj−2(x),

where αj =
∫ b
a
xqj−1(x)2dIF(x) and βj =

∫ b
a
xqj(x)qj−1(x)dIF(x).

6 Compute the roots of q2k; these are the estimates of the parameters λ̂1, . . . , λ̂k.
7 Letting

V̂ =


1 1 · · · 1

λ̂1 λ̂2 · · · λ̂k

λ̂1

2
λ̂2

2
· · · λ̂k

2

...
...

. . .
...

λ̂1

k−1
λ̂2

k−1
· · · λ̂k

k−1

 , M̂ =


M̂0(F )

M̂1(F )
...

M̂k−1(F )

 ,

let ŵ = V̂ −1M̂ . Our estimate of the weight ŵi is the ith coordinate of this vector.
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5. Natural Exponential Families

Our result on one-parameter families that satisfy a particular polynomial condition on their
moments may seem unmotivated, since the condition does not obviously correspond to a
particular family of distributions. However, at least a subset of these one-parameter families
belong to a more general class of families of distributions parameterized by some parameter
vector, known as exponential families. In this section, we describe a special case of these,
natural exponential families, and use this case to give examples of distribution families in C.

Definition 5.1. Consider a family of d-dimensional distributions parameterized by θ ∈ Rs,
with probability density functions fXθ . We call this an exponential family if we can find
functions h : Rd → R, η : Rs → Rs, T : Rd → Rs, A : h : Rs → R such that

fXθ(x) = h(x)eη(θ)·T (x)−A(θ).

We call η the natural parameter, T the sufficient statistic, and A the log-partition function.

This is an enormous class of parametric families of distributions, including many common
distributions such as Gaussians, Poisson distributions, and Gamma distributions, so we can
restrict a bit and still get a quite rich collection.

Definition 5.2. An exponential family is called a natural exponential family if T and η are
both the identity function.

Specifically, a natural exponential family has a density of the form

fXθ(x) = h(x)eθx−A(θ).

In this case, θ can be thought of as the parameter, though it is important to keep in
mind that it may not exactly correspond to the standard definition of the parameter for that
particular distribution.

Natural exponential families are especially motivated because they are described com-
pletely by their mean or variance, as shown by the following facts, of which one can find a
fuller discussion in [14].

Fact 5.3. If A is the log-partition function in a natural exponential family, then the rth
cumulant is given by A(r)(θ).

Notice that this gives that A′′(θ) > 0, so A′ is injective and hence invertible. From this,
we can define the variance function V (µ) as a function of the mean µ = A′(θ), which implies
the following fact.

Fact 5.4. The variance function V , together with a domain, determines the natural expo-
nential family.

It is also true, for a natural exponential family, that writing the variance function allow
for a simple recurrence formula for cumulants of a member of a natural exponential family.
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Fact 5.5.
Cj+1(µ) = V (µ)C ′j(µ)

where Ck(µ) is the kth cumulant of the distribution with mean µ.

Since we wish to work with families in C, the recurrence above motivates us to work
with natural exponential families with quadratic variance functions (NEF-QVF’s), which are
natural exponential families where the variance is a quadratic polynomial in the mean. By
transforming and considering cases, Morris [14] showed that up to division, convolution, and
affine transformations, there are just 6 NEF-QVF’s:

1. The Gaussian distribution with fixed variance σ2,

2. The Poisson distribution,

3. The Gamma distribution with fixed shape parameter α,

4. The Binomial distribution with fixed number of trials n,

5. The Negative Binomial distribution with fixed failure number r,

6. The Generalized Hyperbolic Secant distribution with fixed r.

For all of these distributions except for the binomial distribution, the jth moments are
precisely jth degree polynomials in the mean (which can be taken as the defining parameter),
giving that they can be learned efficiently using Algorithm 4.1. More details on each of the
NEF-QVF’s are given in Appendix B.

Based on this connection between natural exponential families with quadratic variance
and distribution families in C, we are then encouraged to consider, as a next step, mixtures of
natural exponential families with higher-degree polynomial variance functions, which include
the well-known Wald (Inverse Gaussian) distributions with cubic variance, which, when the
scaling parameter is fixed to 1, has moments M1 = µ, M2 = µ3 + µ2, M3 = µ5 + µ4 + µ3,
which satisfy the recurrence Mn+1 = (2n−1)µ2Mn+µ2Mn−1. These are not (C, k)-mixtures,
so our results do not apply, but perhaps we can alter the same technique to deal with these
cases as well. This is the subject of Section 6.

6. Learning a finite distribution with some 2k − 1 moments

Up to this point, when learning finite distributions and a mixture of one-parameter distri-
butions, we assumed that we would be able to reduce the mixture to the problem of solving
for a finite distribution given its first 2k− 1 moments, which we were able to solve robustly.
However, as the inverse Gaussian shows us, we often encounter situations in which our re-
duction may in fact involve a set of 2k − 1 moments that are not the first 2k − 1 moments,
or a linear combination thereof.
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A pertinent starting question, then, is: which sets of 2k−1 moments {Ma1 ,Ma2 , . . . ,Ma2k−1
}

uniquely determine a finite distribution F on k points?

To approach this question, we generalize the approach outlined in the proof of Proposition
2.1, in which, given a pair of unequal F, F ′, we construct a polynomial p(x) that has roots
at all but one of the points of F, F ′, thus giving a nonzero integral

∫
x
|p(x)(F − F ′)|. In

Proposition 2.1, we wanted this polynomial to be of degree 2k − 1, since this implied that
one of the first 2k − 1 moments differs. In this case, we want our polynomial to have at
most 2k − 1 nonzero coefficients, corresponding to xa1 , xa2 , . . . , xa2k−1 . We first show that it
is possible to construct such a polynomial from the p(x) given in Proposition 2.1.

Lemma 6.1. Let S = {0, a1, a2, . . . , a2k−1} where 0 < a1 < a2 < · · · < a2k−1 ∈ Z. Given
distinct finite distributions F, F ′ on points x1, . . . , xk and y1, . . . , yk , there exists a nonzero

polynomial q(x) =
∑
i∈S

cix
i such that q(x) is divisible by

∏k
i=1(x− xi)

∏k−1
i=1 (x− yi).

Proof. Let D = {d1, . . . , dl} = {0, 1, . . . , a2k−1} \ S. Let

U(x) =
2k−1∑
i=0

uix
i =

k∏
i=1

(x− xi)
k−1∏
i=1

(x− yi),

and M be the l × (l + 1) matrix such that Mij = udi−j. Because the numbers of rows of
M is l, we have that rank(M) ≤ l, which gives that nullity(M) ≥ 1. This means that
there must exist some nonzero vector b = (b0, b1, . . . , bl) satisfying Mb = 0. Then letting
B(x) =

∑l
i=0 bix

i gives q(x) = B(x)U(x) to satisfy the desired properties.

It is useful to know that we can always construct such a polynomial; our goal, however,
is to construct such a polynomial that has exactly 2k − 1 roots in P , since this gives us the
following result.

Proposition 6.2. Let S = {0, a1, a2, . . . , a2k−1} where 0 < a1 < a2 < · · · < a2k−1 ∈ Z.
Given finite distributions F, F ′ on distinct points P = {x1, . . . , xk, y1, . . . , yk} such that F 6=
F ′, there exists a nonzero polynomial q(x) =

∑
i∈S

cix
i such that q(x) has shares as roots all

but one of the elements of P . Then the set of moments {Ma1 ,Ma2 , . . . ,Ma2k−1
} uniquely

determines a finite distribution on k points.

Proof. This follows immediately from the fact that the integral
∫
x
|q(x)(F −F ′)| is nonzero,

implying that there must exist some i ∈ S such that Mi(F ) 6= Mi(F
′), since these correspond

to the nonzero coefficients of q.

One particular instance in which this polynomial is easy to construct occurs when the
ai are uniformly spaced with an odd difference; in other words, ai = ai−1 + j for some odd
j ∈ Z+.

Proposition 6.3. Let S = {a1, a2, . . . , a2k−1} = {a, a + j, . . . , a + (2k − 2)j} where j is an
odd positive integer and a > 0. Then the set of moments {Ma1 ,Ma2 , . . . ,Ma2k−1

} uniquely
determines a finite distribution on k points.
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Proof. Let F, F ′ be two finite distributions on points x1, . . . , xk, y1, . . . , yk, where xa 6=
xb, ya 6= yb for all a 6= b. First, assume that there exists some l such that yl 6= xi for
all 1 ≤ i ≤ k. Without loss of generality, let k = l, and let yk be nonzero, possible because,
given the above, there also exists some xj which is distinct from all of the yi for 1 ≤ i ≤ k;
without loss of generality we assume that yk is nonzero, since we know that xj 6= yk. With
this established, apply Proposition 6.2 using the polynomial

q1(X) = xa
j−1∏
l=0

(
k∏
i=1

(x− xiζ lj)
k−1∏
i=1

(x− yiζ lj)

)

where ζj = ei
2π
j , possible because the only real roots of this are 0, x1, . . . , xk, y1, . . . , yk−1.

If there exists no such l, then without loss of generality let xi = yi for all i. Because
F 6= F ′, there must exist some j such that pj 6= qj; without loss of generality, let j = k.
Then, similarly define the polynomial

q2(X) = xa
j−1∏
l=0

(
k−1∏
i=1

(x− xiζ lj)
k−1∏
i=1

(x− yiζ lj)

)

and apply Proposition 6.2, noting that the integral
∫
x
|q2(x)(F −F ′)| is still nonzero because

of the difference in weights.

When the ai are uniformly spaced with an even difference, then it is easy to construct
counterexamples in which two different mixtures share the same set of moments, since either
the moments are all even or all odd. In particular, if all of the moments are even, then given
a mixture F with component parameters xi, pi, the mixture F ′ with parameters −xi, pi
clearly has the same moments. Oppositely, if all of the moments are even, then, given a
mixture F with component parameters (x1,−x1, x2, . . . , xk−1), (p1, p1, p2, . . . , pk−1), then the
mixture F ′ with component parameters (y1,−y1, x2, . . . , xk−1), (p1, p1, p2, . . . , pk−1) has the
same moments but is a distinct mixture if we pick y1 6= x1.

In general, we can also approach this problem as follows: from Proposition 6.1, we know
that it is always possible to extend a polynomial g(x) with roots at all but one of the
points of the two mixtures to another polynomial g?(x) with nonzero coefficients only at
the known moments. If the same cannot be done for h(x) =

∏k
i=1(x − xi)(x − yi), which

has all of the points as roots, then g?(x) cannot be divisible by h(x), which means that∫
x
|g?(x)(F −F ′)| must be nonzero, as desired. Thus, one approach is to determine for which

sets {a1, a2, . . . , a2k−1} we can show that h(x) cannot be extended.

It turns out that a sufficient condition involves the Schur polynomials sλ(x1, x2, . . . , xk, y1, . . . , yk),
where λ is the partition (λ1, λ2, · · · , λ2k−1, 0), λi = a2k−i− (2k− i). These polynomials have
a number of equivalent definitions; we will present the one most useful for our discussion.

Definition 6.4. A generalized Vandermonde matrix Vλ(x1, . . . , xk) on λ = (λ1, λ2, · · · , λk)
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and coordinates x1, x2, . . . , xk is defined as
xλ1+k−1

1 xλ2+k−2
1 · · · xλk1

xλ1+k−1
2 xλ2+k−2

2 · · · xλk2
...

...
. . .

...

xλ1+k−1
k xλ2+k−2

k · · · xλkk

 .
Definition 6.5. Given a partition (λ1, λ2, · · · , λn), the Schur polynomial sλ is defined as

sλ(x1, x2, . . . , xn) =
det(Vλ(x1, . . . , xn))

det(V(0)(x1, . . . , xn))
.

Using this definition, we can prove the following.

Theorem 6.6. Let S = {0, a1, a2, . . . , a2k−1} where 0 < a1 < a2 < · · · < a2k−1 ∈ Z, and let
λ = (a2k−1 − (2k − 1), a2k−2 − (2k − 2), . . . , a1 − 1, 0). Given two finite distributions F, F ′

on distinct points x1, . . . , xk, y1, . . . , yk, there exists a nonzero polynomial q(x) =
∑
i∈S

cix
i

divisible by
∏k

i=1(x− xi)
∏k

i=1(x− yi) if and only if sλ(x1, . . . , xk, y1, . . . , yk) = 0.

Proof. Consider Vλ(x1, . . . , xk, y1, . . . , yk), where λ, as before, is the partition (λ1, λ2, · · · , λ2k),
where λi = a2k−i − (2k − i) and λ2k = 0. Note that, on distinct xi, yi, we have that
V0(x1, . . . , xk, y1, . . . , yk) is nonzero, so det(Vλ(x1, . . . , xk, y1, . . . , yk)) is zero if and only if
sλ(x1, . . . , xk, y1, . . . , yk) = 0. But this determinant being zero is equivalent to a nontrivial
linear relationship among the rows of M , which gives a q(x) with the desired nonzero coef-
ficients with roots at x1, . . . , xk, y1, . . . , yk, as desired. Since all of these steps are reversible,
both the forward and reverse implications hold.

In a particularly simple case, we can consider λ = (m, 0, 0, . . . , 0) where there are n ≥
m− 1 zeros in the partition. Then

sλ =
∑

0≤i1···≤im≤n

(
m∏
j=1

xij

)
which is known as the complete homogeneous symmetric polynomial hm. Hunter [16] proved
the following:

Theorem 6.7. The polynomial h2r is positive except at zero.

Corollary 6.8. Let S = {1, 2, . . . , 2k − 2, 2j + 1}, where j ≥ k. Then the set of moments
MS uniquely determines a finite distribution on k points.

Proof. This follows from Theorem 6.7, Theorem 6.6, and Proposition 6.2.

Notice also that Proposition 6.3 implies that we can perhaps show that, given λ =
((n− 1)j, . . . , j, 0) for j an even nonnegative integer, we have that sλ(z1, . . . , zn) > 0 for any
choice of real z1, . . . , zn. In fact, this is indeed the case; the complete proof is omitted for
the sake of space, but it leads us to believe that the following conjecture is true.
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Conjecture 6.9. If λ is a partition with only even parts and last part 0, then sλ(x1, . . . , xk, y1, . . . , yk)
is positive away from zero.

7. Two-Parameter Mixtures

Our results to this point have concerned only one-parameter distributions; in this section,
we consider how these techniques extend two-parameter distributions. In particular, Moitra
and Valiant [12] previously showed that 4k − 2 moments suffice to uniquely determine a
mixture of k Gaussians; we show that this is a necessary condition.

Proposition 7.1. There exist two mixtures of k Gaussians, F, F ′, such that F 6= F ′ and
Mj(F ) = Mj(F

′) for 1 ≤ j ≤ 4k − 3.

Proof. Let the means of F and F ′, respectively, be denoted µ1, µ2, . . . , µk andm1,m2, . . . ,mk,
and the variances be denoted σ2

1, . . . , σ
2
k and ν2

1 , . . . , ν
2
k . Let µ1 = µ2 = · · · = µk = m1 =

m2 = · · · = mk = 0, which causes the odd moments of F and F ′ to all be 0, and the

even moments M2j(F ),M2j(F
′) to be

k∑
i=1

piσ
2j
i ,

k∑
i=1

piν
2j
i ; in particular, they represent the

moments of finite distributions at points σ2
i , ν

2
i . From Proposition 2.3, then, given σ2

i , we can
choose ν2

i (we can ensure positivity by taking our interval to be [0, 1], which by Proposition
2.2 implies that our ν2

i fall in that range) to match the first 2k − 2 moments of these finite
distributions, which we implies that we match up to the (4k − 4)th even moment of F, F ′.
Since the (4k − 3)rd moment and indeed all of the odd moments are matched by the fact
that they all are zero, we have the desired result.

Note that the above construction can actually match 4k− 3 moments for any mixture of
k Gaussians in which the means are all equal. We can see this by the fact that the above
mixtures having equal moments implies they have equal cumulants, and we can shift the
first cumulant, the mean, without changing the later cumulants, implying the desired result.

However, this matching of many moments seems to be specific to the case in which many
of the means are equal; we suspect that as the means are separated, the number of moments
that suffice to determine the distribution becomes smaller:

Conjecture 7.2. Given a mixture of k Gaussians F such that µi 6= µj for all i 6= j, then
3k moments suffice to uniquely determine F .

Other two-parameter distributions also satisfy that 4k − 2 moments are both necessary
and sufficient to uniquely determine a k-distribution mixture.

Proposition 7.3. If F and F ′ are two mixtures of k uniform distributions1, then F = F ′ if
and only if Mj(F ) = Mj(F

′) for 1 ≤ j ≤ 4k − 2.

1We define a uniform mixture as a mixture of k uniform distributions on [ai, bi], with bi ≤ ai+1 for all i.
This is to ensure that it is even possible to distinguish mixtures from their density functions.
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The proof of this result is deferred to the appendix; it is very similar to that of Proposition
2.1 in establishing an upper bound by finding a polynomial matching the sign of f(x) = F−F ′
of degree at most 4k − 2, and establishing a lower bound by finding particular settings for
the parameters that make all odd moments 0, as in the Gaussian case.

We suspect the above upper bounds for Gaussians and uniform distributions are similarly
true for Laplace and Gamma distributions; we found numerical evidence with Mathematica
that 6 moments suffice to determine a mixture of two components for each of these distribu-
tions, for example. We conjecture that this is sufficient in the general case of two parameter
distributions whose moments are degree k in each of the parameters.

Conjecture 7.4. Let C be a two-parameter distribution whose moments are degree at most
k in each of the parameters. If X and X ′ are two mixtures of k C-distributions, then X = X ′

if Mj(X) = Mj(X
′) for 1 ≤ j ≤ 4k − 2.

8. General Mixtures

All of the results up to this point have shown that the number of moments required to learn
one or two parameter distributions, given some polynomial condition on their moments in
terms of the parameters, is some (linear) function of k independent of the parameters. The
following result extends this to a general family of distributions with an arbitrary number
of parameters and gives a bound on the number of sufficient moments exponential in k.

Definition 8.1. Let D denote the class of distribution families of the form h(θ)p(x)eq(x)η(θ),
where p(x) and q(x) are polynomials whose degrees are independent of θ.

Proposition 8.2. Consider some F ∈ D with deg(p) = d1 − 1, deg(q) = d2 > 0. Then
O(d1d

2k
2 ) moments suffice to uniquely determine a mixture of k F -distributions.

Proof. Let G be a mixture of k F -distributions with parameters θ1, . . . , θk, and G′ an-
other mixture of k F -distributions with parameters θ′1, . . . , θ

′
k. Let 2k = j, and define

g(x) = G − G′ =
j∑
i=1

pi(x)eqi(x), where we incorporate the parameters as constants in the

polynomials, since they are fixed for each component. We first prove that g(x) has at
most O(d1d

j
2) by induction on j; it is clear in the base case j = 0. Now, assume it is

true for j − 1, and rewrite g(x) = p2k(x)eq2k(x) +
2k−1∑
i=1

pi(x)eqi(x). This is 0 if and only if

g2(x) = p2k(x) +
2k−1∑
i=1

pi(x)eqi(x)−qk(x) is 0, by quotienting out eq2k(x). Taking d1 derivatives of

g2(x) and using the fact that the number of zeroes of a function is at most one more than
the number of zeroes of its derivative, we get that g(x) has at most d1 more zeroes than

g3(x) =
2k−1∑
i=1

p′i(x)eqi(x)−qk(x), where p′i(x) = ( d
dx

(qi(x)− qk(x)))d1 · pi(x), which has degree at

most d1(d2 − 1) + d1 = d1d2. By our inductive step, g3(x) has at most O(d1d2(d2k−1
2 )) =

O(d1d
2k
2 ) zeroes, which means that g(x) has at most d1 +O(d1d

2k
2 ) = O(d1d

2k
2 ) zeroes.
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Letting the number of zeroes of g(x) be a, we can construct a polynomial h(x) of de-
gree a that matches the sign of g(x), which implies, following our usual argument, that∫
x
|h(x)g(x)|dx > 0 so one of the first a = O(d1d

2k
2 ) moments of G and G′ differ.

This argument only works when d1, d2 are constants independent of the parameters, in
which case it gives us an effective upper bound on a sufficient number of moments based
solely on the number of components of the mixture. Examples of well-known families that
satisfy this property include Gaussians, Maxwell–Boltzmann distributions, and Rayleigh
distributions. However, our bound is still not linear or even polynomial in k, unlike all
bounds in previous sections; this is not especially surprising, since the techniques used in
Proposition 8.2 do not use much about the structure of the distribution, and we suspect that
this bound can be improved in many cases.

We conjecture that an effective bound in terms of k should always exist, independent
of the parameters, in cases in which the distribution family is an exponential family. We
suspect that, for natural exponential families at least, this bound is linear in k.

Conjecture 8.3. Let F be an exponential family. Then there exists a function f(k) inde-
pendent of the parameters such that at most f(k) moments suffice to uniquely determine a
mixture of k F -distributions.

9. Future Work

Looking to the future, in the one-parameter domain, completely classifying the zero sets
of Schur polynomials is still open, which would help in determining which sets of 2k − 1
moments uniquely determine a mixture. Another question of interest is the number or
properties of additional moments necessary in cases in which a set of 2k−1 moments do not
uniquely determine a finite distribution. The hope is to be able to eventually generalize this
sufficiency condition involving Schur polynomials to linear combinations of moments, as this
would then allow for the implementation of a moment-matching algorithm for mixtures of
one-parameter distributions not in C, such as natural exponential families with higher-degree
polynomial variance functions.

Furthermore, there is much work to be done with two-parameter families and exponential
families in general. It is still open, in the generic case with means separated, whether only
3k moments suffice to uniquely determine a Gaussian, or whether 4k − 2 moments are still
needed; we conjectured that the former is true. Another possible area of work is generalizing
our upper and lower bound techniques to get an effective bound polynomial or linear in k for
general two-parameter mixtures, and in fact any effective bound in terms of k in this case
and in the general case of exponential families is still open.

Finally, outside of a single specific result for Gaussians in [11], almost no work has been
done on establishing sample complexity lower bounds for learning mixtures of a certain
distribution family. We expect that such arguments would follow [11] and use distance
metrics to turn a condition on the number of moments necessary to uniquely determine a
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distribution into a statistical lower bound, but for which families such an argument holds is
still a largely unexplored question.
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A. Proofs of Results

We prove here those results from the body of the paper whose proofs were deferred to the
appendix for the sake of space.

Proof of Proposition 2.3. Let µ be the uniform distribution on [0, 1], and let p0, p1, p2, . . . be
the sequence of orthogonal polynomials to this distribution. Let f = p2k−1, and notice that
f is orthogonal to any polynomial of degree ≤ 2k − 2, since such a polynomial can always
be written as a linear combination in p0, p1, . . . , p2k−2. Now, consider the distribution µ′ on
[0, 1] with density g(x) = 1 + εf(x), where ε is sufficiently small that g(x) > 0 on [0, 1].
Notice that this is indeed a valid distribution because∫ 1

0

dµ′ =

∫ 1

0

dµ+ ε

∫ 1

0

f(x)x0dµ = 1,

by orthogonality of f . Similarly, by orthogonality, we get that, for j ≤ 2k − 2, the jth
moment of µ′ is

Ey∼µ′ [yj] =

∫ 1

0

yjdµ′ =

∫ 1

0

yjdµ+ ε

∫ 1

−1

yjf(x)dµ =

∫ 1

0

yjdµ = Ey∼µ[yj],

as desired. When j = 2k − 1, f(x) is no longer orthogonal to yj, which gives that

ε
∫ 1

0
yjf(x)dµ(x) 6= 0 so Ey∼µ′ [yj] 6= Ey∼µ[yj]. Thus, µ and µ′ are two probability distribu-

tions which match on their first 2k − 2 moments but have different (2k − 1)st moments.

From here, we apply Proposition 2.2 to generate F = I(µ), and F ′ = I(µ′), the unique
finite distributions that match µ and µ′ on their first 2k−1 moments. Since this implies that
F and F are finite distributions that match on their first 2k− 2 moments but have different
(2k − 1)st moments, we are done.

Proof of Theorem 4.4. Let F have points x1, x2, . . . , xk with weights p1, p2, . . . , pk, F
′ have

points y1, y2, . . . , yk with weights q1, q2, . . . , qk, and let f(x) = F − F ′ be the difference in
probability densities. We will split our argument into two cases: separation in the points of
the mixture and separation in the weights.

Case 1: Separation in Points

We suppose in this case that there is separation in the points of the mixture; in other words,
that there exists some point a ∈ {x1, . . . , xk, y1, . . . , yk} such that |a−xi| & ε2 for all xi 6= a,
|a − yi| & ε2 for all yi 6= a. Without loss of generality let this point be yk, and consider, as
in Proposition 2.1, the polynomial

P1(x) =

(
k∏
i=1

(x− xi)

)(
k−1∏
i=1

(x− yi)

)
=

2k−1∑
j=0

ajx
j.

We know that this is zero everywhere except for yk, and also that qk & ε1. Furthermore,
by ε1-separation, there can be at most one point xi such that yk − xi = Θ(ε2); for all other
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points z ∈ {x1, . . . , xk, y1, . . . , yk}/{xi, yk}, |yk − z| & ε1. This gives us that∣∣∣∣∫
x

f(x)P1(x)dx

∣∣∣∣ = |qkP1(yk)| & ε2k−1
1 ε2,

as desired.

Case 2: Separation in Weights

In the second case, we do not have separation in the points, so each point xi must have a
unique point yj such that |xi − yj| = o(ε2); there cannot exist more than one such point for
each xi by the ε1 separation between the points within mixtures. Without loss of generality
let |xi − yi| = o(ε2) for all i. Now, we know, because F, F ′ are (ε1, ε2) standard, that
there must be separation in the weights; in other words, there must exist some l such that
|pl − ql| = Θ(ε2); without loss of generality let l = k, and let a = |xk − yk|.

If we picked a polynomial having one of these points as a root, the value of the polynomial
at the other would be too small to give our desired moment estimation. With this in mind,
consider the point b = xi+ c · (sgn(yi−xi)ε2) where c is chosen such that |b−yi|, |b−xi| & ε1
for all i 6= k, and |b − yk|, |b − xk| & ε2, possible by the ε1-separation of F, F ′ and the o(ε2)
closeness of yk and xk. With this established, define the polynomial

P2(x) =

(
k−1∏
i=1

(x− xi)

)(
k−1∏
i=1

(x− yi)

)
(x− b) =

2k−1∑
j=0

bjx
j.

Notice that P2(x) is zero everywhere except for xk and yk. We want to evaluate pkP (xk)−
qkP (yk), since the absolute value of this is exactly the integral |

∫
x
P2(x)f(x)dx|. Without

loss of generality let pk > qk; in particular, we know that pk − qk & ε2. From this, notice
that |pk

qk
| ≥ 1 + ε2. We now want to show that P (yk)

P (xk)
� 1 + ε2, which will also us to bound

|
∫
x
P2(x)f(x)dx|. Notice that each term of P2(xk) and P2(yk), excepting (x− b), are Ω(ε1),

and in particular differ by a. Thus, the multiplicative factor by which these terms differ
is at most ε1+a

ε1
, so in total, excluding the x − b term, the multiplicative factor is at most

(1 + a
ε1

)k � 1 + ka, since ε1 � a. Finally, notice that because b is chosen to be farther from
xi, (xi − b) is larger than (yi − b), the maximum multiplicative factor that this contributes

to P (yk)
P (xk)

is 1. Thus, we have that P (yk) & (1 + ka)P (xk), so

pkP (xk)− qkP (yk) & qkP (xk)((1 + ε2)− (1 + ka)) & ε2qkP (xk).

Since P (xk) & ε2k−2
1 ε2 and qk & ε1, this gives that∣∣∣∣∫

x

f(x)P2(x)dx

∣∣∣∣ & ε2ε
2k−1
1 ,

as in the first case.

Using Case 1 and Case 2 to find differing moments

From our two cases, we have that, regardless of the closeness of the points, we have that
there exists a polynomial Pi(x) such that |

∫
x
P2(x)f(x)dx| & ε2k−1

1 ε2. Now, notice that each
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coefficient aj and bj of Pi(x) are O(ε−2k+1
1 ), since each polynomial is of degree 2k − 1 and

the xi, yi are bounded above by 1
ε1

. Thus, we have that∣∣∣∣∫
x

P2(x)f(x)dx

∣∣∣∣ . ε−2k+1
1

∣∣∣∣∫
x

xif(x)dx

∣∣∣∣ ,
which gives, by our previous bounds, that∣∣∣∣∫

x

xif(x)dx

∣∣∣∣ =

∣∣∣∣∣
k∑
i=1

Mi(F )−Mi(F
′)

∣∣∣∣∣ & ε4k−2
1 ε2.

This implies that there must exist some i such that |Mi(F ) − Mi(F
′)| > Ω(ε4k−2

1 ε2), as
desired.

Proof of Proposition 4.6. The proof of this is almost identical to that of Lemma 3.2 in [11].
Let s = 2

ε2(2t)2t−1 = O( 1
ε2

), and partition the samples xi into groups of size s. Consider

taking the empirical moment of each group. Because F is sub-exponential, Mp(F ) ≤ ppλp

by definition, so we have that

Var(xpi ) ≤ E(x2p
i ) ≤ (2p)2pλ2p

Now, consider the empirical pth moment of a group M̂p = 1
s

s∑
i=1

xpi ; the above bound gives

that Var
(
M̂p

)
≤ (2p)2pλ2p

s
.

By Chebyshev’s inequality, we then have that

P
(∣∣∣M̂p −Mp

∣∣∣ > λp(2p)p√
cs

)
≤ c.

Letting c = 1
4t

and plugging in for s gives

P
(∣∣∣M̂p −Mp

∣∣∣ > ελp
)
≤ 1

4t

By a union bound in each group this gives

P
(∣∣∣M̂p −Mp

∣∣∣ ≤ ελp
)
≥ 3

4

for all p ≤ t. From this, because there are O(log(1/δ)) groups, the probability that more

than half of the groups satisfy P
(∣∣∣M̂p −Mp

∣∣∣ ≤ ελp
)

is at most 1 − δ, which means that,

if we take the median of our estimated moments for each of the groups, it will satisfy the
desired bound, and we are done.
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Proof of Proposition 7.3. We first prove that 4k − 2 moments is an upper bound, the if
direction of this proof. To do this, assume F 6= F ′, and let f(x) = F − F ′ be the difference
in probability densities. We will show that there exists a polynomial p(x) of degree at most
4k − 2 such that

∫
x
|p(x)f(x)| > 0. To do this, consider the zeroes of f(x); these can only

occur when the value of f(x) changes, which occurs only at the left or right edge of one of
the uniform distributions in one of the mixtures. There are 2k such distributions, so there
are 4k changes in value in total. However, two of these, the right and leftmost, do not entail
a sign change, since past each of these f(x) = 0 for all x. Let these two boundary points be
a and b, respectively, and, With this in mind, let the set of zeroes of f(x) between a and b be

r1, r2, . . . , rj, where j ≤ 4k−2. Then, defining p(x) = c(x−r1)(x−r2) · · · (x−rj) =
4k−2∑
i=0

αix
i,

we can pick c ∈ {−1, 1} such that p(x) matches the sign of f(x) at all x. Since we cannot have
f(x) = 0 for all x because F 6= F ′, we then have that

∫
x
|p(x)f(x)| > 0, as desired. This is

equivalent to saying that
4k−2∑
i=1

αi

∫
x

|xif(x)| > 0, which implies that
∫
x
|xjf(x)| 6= 0 for some

j, or that Mj(F ) 6= Mj(F
′). Thus, if F 6= F ′, some pair of the first 4k − 2 moments differs,

so 4k − 2 moments are indeed sufficient to determine a mixture of k uniform distributions.

The only if direction proceeds similarly as in the Gaussian case. Let the uniform distri-
butions of F have parameters (a1, b1), (a2, b2), . . . , (ak, bk) and those of F ′ have parameters
(c1, d1), (c2, d2), . . . , (ck, dk). Now, let ai = −bi and ci = −di. Using that the moments of a
uniform distribution with parameters (a, b) are Mn = bn+1−an+1

(n+1)(b−a)
, this makes all odd moments

of the uniform distributions in F, F ′ to be 0, which means that all odd moments of F, F ′

are zero, since they are just convex combinations of their components. The even moments,

in turn, are b2n
i and d2n

i , so the even moments of F are M2n(F ) =
k∑
i=1

pib
2n
i , and similarly

for F ′. This gives that M2n(F ) is equal to the nth moment of a finite distribution with
points at b2

i and weights pi; by Proposition 2.3 we can match the first 2k−2 moments of this
distribution by picking corresponding positive d2

i (as in the Gaussian case, we can ensure
positivity by taking our interval to be [0, 1], which by Proposition 2.2 implies that our d2

i

fall in that range), implying that the even moments of F, F ′ match up to 4k − 4; since we
know from our choice of ai that the odd moments match since they are all 0, we have a pair
of F, F ′ such that the first 4k − 3 moments match, implying our lower bound.
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B. Natural Exponential Families with Quadratic Variance Functions

In Table 1 below, we give the probability density function, variance function, cumulants, and moment recurrence for (up to
affine transformations, division, and convolution) five of the NEF-QVF’s, omitting the generalized hyperbolic secant distribution
due to its complicated and esoteric nature. Excluding the binomial distribution, these are examples of well-known distribution
whose mixtures that can be learned efficiently by Algorithm 4.1.

Distribution PDF Variance Function
Cumulants or

Cumulant Recurrence
Moments or

Moment Recurrence
Gaussian with
fixed variance

f(x) = 1√
2πσ2

e−
(x−µ)2

2σ2 V (µ) = σ2 C1 = µ, C2 = σ2,
Ck = 0 ∀k ≥ 3

Mk = µMk−1 + (k − 1)σ2Mk−2

Poisson distribution P (x) = λk

k!
e−λ V (µ) = µ Ck = µ ∀k ≥ 1 Mk = µMk−1 + µd(Mk−1)

dµ

Gamma Distribution
with Fixed Shape

f(x) = xr−1

βrΓ(r)
e−

x
β V (µ) = µ2

r
Ck = (k−1)!

r
µk Mk =

∏k−1
j=0(r + j)

(
µ
r

)k
Binomial Distribution
with Fixed # of Trials

P (x) =
(
n
x

)
px(1− p)n−x V (µ) = − 1

n
µ2 + µ Ck =

(
−µ2

n
+ µ
)
C ′k(µ)

Mk = µMk−1+
µ(n−µ)

n
M ′

k−1(µ)
Negative Binomial

Distribution with Fixed
Failure Number

P (x) = Γ(x+r)
Γ(r)x!

px(1− p)r V (µ) = 1
r
µ2 + µ Ck(µ) =

(
1
r
µ2 + µ

)
C ′k−1(µ)

Mk(µ) = µMk−1+
µ
(
µ
r

+ 1
)
M ′

k(µ)

Table 1: The probability distribution functions, variance functions, cumulants, and moments of five of the six NEF-QVF’s.
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