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Abstract

In this paper we compute Exty(F, F') for modules over the representation Green functor R with F
given to be the fixed point functor. These functors are Mackey functors, defined in terms of a specific
group with coefficients in a commutative ring. Previous work by J. Ventura [1] computes these derived
functors for cyclic groups of order 2* with coefficients in Fo. We give computations for general cyclic
groups with coefficients in a general field of finite characteristic as well as the symmetric group on three
elements with coefficients in F».



1 Introduction

Mackey functors are algebraic objects that arise in group representation theory and in equivariant stable
homotopy theory, where they arise as stable homotopy groups of equivariant spectra. However, they can be
given a purely algebraic definition (see [2]), and there are many interesting problems related to them. In
this paper we compute derived functors Ext of the internal homomorphism functor defined on the category
of modules over the representation Green functor R. These Mackey functors arise in Kiinneth spectral
sequences for equivariant K-theory (see [1]). We begin by giving definitions of the Burnside category and of
Mackey functors. These objects depend on a specific finite group G. It is possible to define a tensor product
of Mackey functors, allowing us to identify ’rings’ in the category of Mackey functors, otherwise known as
Green functors. We can then define modules over Green functors. The category of R modules has enough
projectives, allowing us to do homological algebra. We compute projective resolutions for the R-module
F, the fixed point functor, and then proceed to compute Extp(F, F'). We perform these computations for
cyclic groups with coefficients in a field and for the symmetric group on three elements with coefficients in
Fy using techniques derived from those used by J. Ventura in [1] to compute Ex¢(F, F) for the group Cox
with coefficients in Fs.
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3 Background and Notation

3.1 Mackey Functors

We begin with definitions of the Burnside category and Mackey functors. For a finite group G we shall
denote the Burnside category as Bg. Before defining B it is convenient to begin with an auxiliary category
B, Given a finite group G, By, is the category whose objects are finite G-sets and morphisms from 7" to S

are isomorphism classes of diagrams
U
/ X
T S

We define composition of morphisms to be the pullback of two diagrams:
Uixr Uy
A
ATART A
AT NAVA:
S T \%4

If we define addition of morphisms as
it follows that Hom(S,T') is a commutative monoid. This construction of By, allows us to define Bg:

Definition 3.1. Given a finite group G, the Burnside category Bg is the category whose objects are the same
as the objects of By, and for two G-sets S and T, Homp (S, T) is the Grothendieck group of Homg,, (S,T).
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Given a map of G-sets f : S — T, there are two corresponding morphisms in Bg. The first is depicted on
the left in the figure below and is referred to as a ’forward arrow’ (denoted by f) and the second is on the

right and is referred to as a backward arrow’ (denoted by f)

N N

Definition 3.2. A Mackey functor for a group is an additive contravariant functor from the Burnside
Category Bg to the category of Abelian groups. A morphism of Mackey functors is a natural transformation.

Recall that as a consequence of additivity and functoriality we have the following:

Proposition 3.3. It is sufficient to define Mackey functors on G-sets of the form G/H for any subgroup
H, quotient maps between these orbits, and conjugation maps from an orbit to an isomorphic orbit.

Definition 3.4. Denote by wil, the quotient map from G/K to G/H where K = H and by V. m the
conjugation map that maps H — Hxz~'. Given a Mackey functor M, we refer to M(mil) as a restriction
map, M(ﬁ'g) as a transfer map, and M (v, g) as a conjugation map. We shall denote restriction maps as

ri. transfer maps as tiL, and conjugation maps as 7.
We recall three examples of Mackey functors that we will be concerned with in this paper.

Example 3.5. We denote by R the representation functor defined by R(G/H) = RU(H) where RU(H) is
the complex representation ring of H. The restriction maps are restriction of representations, the transfer
maps are induction of representations, and the conjugations R(y, ) send a vector space with an action of
H to the same vector space where the action is redefined as h-v = xhx™'v.

Example 3.6. Let M be an abelian group with G-action. Denote the fized point functor by FPy. Then
FPy(G/H) = M. Restriction maps are inclusions of M into M* and transfer maps send m —
ZheH/K hm. The conjugations are maps from M™ — M™H which send m — xm. In this paper we only
consider the fized point functor for G-modules M with trivial G-action. Then FPy(G/H) = M, the restric-
tions are multiplication by 1, the transfers are multiplication by the index [H : K], and the conjugations are
identity maps.

Example 3.7. The representable functor [—, X| = Homp,(—, X) is a Mackey functor.

Definition 3.8. If M is a Mackey functor and X is a G-set, then we can define the Mackey functor Mx
where

Mx(Y) >~ MY x X)
for any G-set Y.

We can define a tensor product on Mackey functors such that given X, Y, Z there is a one to one correspon-
dence between maps X ® Y — Z and natural transformations X (5) @ Y/(T') — Z(S x T) for G-sets S and
T [1]. The unit for this tensor product is [—, €], the burnside ring Mackey functor A,.



Definition 3.9. The internal hom functor Hom(X,Y) is the Mackey functor for which

Hom(A, Hom(X,Y)) = Hom(A® X, Y).

There are several useful identities related to the internal hom functor. We list them here and refer to proofs
in [1,2,4].

Hom(M,N)(G/H) =~ Hom(M|y,N|y)
Hom(M,N ® [—,G/H])
Hom(M ® [—,G/H],N)

Homp(Rx, M)(G/H) ~ Mx(G/H) ~ M(G/H x X).
We also have the property of duality which gives us the identity

Hom(M, N ® [, X]) = Hom(M ® [, X], N).

3.2 Green Functors

A Green functor should be thought of as a Mackey functor with an additional ring structure where multi-
plication is given by a tensor product of Mackey functors. There are two equivalent definitions of a Green
functor: the first reflects the previous statement and the second simplifies the task of identifying Green
functors and modules over Green functors.

Definition 3.10. A Green functor R for a group G is a Mackey functor for G with maps R® R — R and
[—,e] — R with associative and unital properties.

Definition 3.11. A Mackey functor R is a Green functor if for any G-set S, R(S) is a ring, restriction
maps are ring homomorphisms that preserve the unit, and the following Frobenius relations are satisfied for

all subgroups K < H of G with a € R(K) and be R(H):
btia) = t§ ((rikb)a)

(ta)b = t§ (a(rih))

Definition 3.12. Given a Green functor R, a Mackey functor M is an R-module if for a G-set S, M(S) is
an R(S)-module, and for a G-map f:S — T the following are true [1]:

=

(f)(am) = R(f)(a)M(f)(m) VaeR(Y),meM()
M(f)(m) = M(f)(R(f)(a)m) VaeR(Y),meM(X)
(a)ym = M(f)(aM (f)(m)) Vae R(X),meM()

s}

)

(f)(a

Definition 3.13. A morphism f of R-modules is a morphism of Mackey functors that preserves the action
of R.

Example 3.14. The representation functor R is a Green functor.

Example 3.15. The fized point functor is an R-module where R is the representation functor. The action
of R on F is given by the augmentation map o — dim(o) for a representation o.

Example 3.16. The functor Rg/. = R® [—,G/e] is an R-module.

This setup allows us to compute the homology of modules over Green functors.



4 Computation for G = C),

From this point onward we will let R denote R® K for a fixed field K. Simlarly, F' will denote F Pk for the
trivial G-module K. We intend to compute the derived functors Extp(F, F') for the group G = C,,.

There are three steps to computing Extp(F, F'). We first compute a projective resolution of F. Next we
must apply the functor Homp(—, F') to this projective resolution. We then compute the homology groups
of the resulting chain complex to get Extr(F, F). One additional computation gives us the ring structure
induced by the Yoneda composition products.

4.1 Projective Resolution for F
Proposition 4.1. The J-periodic chain complex

(0—1) 1®(Tt—1)

0 F &R R <% Rg. Rgje <EL R & (4.2)

is a four periodic projective resolution for F.

Proof. To show that this is an exact sequence it suffices to show that this sequence is exact when applied
to orbits of G-sets. We begin with the Burnside category for G = C,,. Since F,R, and R/, are all Mackey
functors, we will apply each functor to orbits in Bg. We will then apply the differentials and show that the
resulting sequence is exact.

We start with the diagram of G-maps between groups in the Burnside category:

Let us apply R to Bg. We have that
R(G/Cy) = RU(Cy) =K + Ko+ Ko? + ... + Ko™ !,

where o is an irreducible representation of C,,. We choose a particular o as follows: Let g be a fixed
generator of Cy,, then let o be the representation that sends ¢/™ — e*% . The restriction and transfer maps
are restriction and induction of representations, and the conjugation maps are identity maps. Let L = C;
and H = C,, with L ¢ H and m = kl. Then if oy and o, are the above irreducible representations of H

k-1
and L respectively, we have rf (0%;) = ot tH(0?) = i, Z o%. Applying R to the diagram of orbits in the
i=0
Burnside category, we have:
ol ol

-1 /_\ m—1
ZKUi Z Kot
i=0 \_/' i=0

k—1

i i gl
oL o E TH
i=o

If we apply the fixed point functor with trivial action F' to Bg each object maps to the coefficient field
K. The restrictions are the identity map, the transfers are multiplication by the index [H : L], and the
conjugations are the identity. The resulting diagram is



1

A T
K K
\_/

[H:L =k

If we apply Rg/. to G/H, then Rg /. (G/H) = C—B K. The transfer map maps (—D K to (—D K by

zeG/H 2€G/L zeG/H
performing the augmentation map that sums the terms in groups of m/l coordinates. The restriction map
is a diagonal map that makes m/l copies of each coordinate. There are also n/m conjugations denoted by
Tiyeny Tpn—k (each conjugation corresponds to a power of the generator, so 71 corresponds to conjugation by
the generator) that operate cyclicly on the coordinates.

A

A
P x K
veG/L S~~~ seq/H

aug.
m—1 ,

Now we need a map from R(G/H) = Z Koy to F(G/H) = K. We choose this map to be the augmentation
i=0

ph—1 ph—1
map that sends Z aiafH — Z a;. This map is a natural transformation of Mackey functors, so it is a

i=0 i=0
morphism of Mackey functors. Since it preserves the action of R, this map is also a map of R-modules.

m—1
The kernel of the augmentation map can be written as Z K(o% —1). We choose the map onto the kernel
i=1
to be multiplication by (og — 1). This map is surjective and is clearly a map of R-modules.
m—1 ‘
The kernel of multiplication by (og — 1) is K Z oy = K. Now we must map from Rg,(G/H) =
i=0
@ R(G/e) onto the kernel in R(G/H). We choose this map to be the map 1 ® r where r is the re-
zeG/H
striction 7¢. The map 1 ® r is induced by the map 1 x 77 : G/H x G/e — G/H x G/G. Note that
Ree(G/H) = R(G/H x G/e), so we actually have a map from R(G/H x G/e) — R(G/H). Thus this map is
equivalent to R applied to a morphism of G-sets from G/H to G/H x G/e. The morphism can be drawn as

G/H x GJe
p =
G/H G/H x GJe

Here p is the projection map onto G/H. We can write G/H x G/e as the disjoint union H G(z,1). Thus,
zeG/H

G/H x G/e = L[ G/e, so the previous morphism can be rewritten as the sum
zeG/H



This sum is equivalent to the sum of compositions Z 1 O Ya,e O #1 where i, is the inclusion map that
zeG/H
sends 1 — (x,1) (conjugations are trivial in R). Applying R to this sum we get Z t o p, where p, is
zeG/H
the projection map. Thus, in mapping from Rg/.(G/H) — R(G/H) we are actually applying the transfer
map to each individual component and then adding the results. This gives us a map from R/ (G/H) onto
m—1
K Z U}I, the kernel of the previous map.
i=0
The kernel of this map contains elements of R¢/.(G/H) with coordinates that sum to 0, and we must map
from Rg/.(G/H) onto this kernel. This can be accomplished by applying the map 1 ® (71 —1). Using a
computation similar to the one given above, we see that when applied to a vector in Rg/.(G/H), this map
first cycles the coordinates and then subtracts the original vector. The resulting vector will have coordinates
that sum to 0, and any vector with coordinates that sum to zero is hit by this map. Thus, we have a
surjection onto the kernel of the previous map. Finally, the kernel of 1 ® (73 — 1) contains elements with
the same entry in each coordinate, so it is isomorphic to K. We can map from R onto this kernel with the
map 1 ®t where tf is the transfer map. A computation similar to the one given above for 1 ® r shows that
this map simply adds together the coefficients of elements in R(G/C,,). The projective resolution can now
repeat, giving us a four periodic projective resolution of F'.

O

4.2 Computation of Extz(F, F)
We first apply Homg(—, F') to the resolution obtained in the previous section. We have

b

Homp(R, F) LoD, Homp (R, F) Hom(7,1)—1

Hom(r,1) Hom(t,1)
—_— —_—

Homp(Ree, F) }[omR(Rg/e,F) F—

We can simplify this using the identities Homp (R, F) = F' and Hompr(Rg/., F) = Homr(R® [—,G/e], F) =
Hom([—G/e], F):

Hom(r,1) Hom(

F g Hom([—, G/e], F) Hom([—, GJe], F) 228D, g,
Now we apply this chain complex to G/C,,. From the definition of F', F(G/C,,) = K. From the identities
for #Hom(—, F'), we see that Homp(R® [—,G/e], F) = F(G/Cy,, x G/e) = X K. Since the action of a
z€G/Chp,
representation in R(G/C},) on F is multiplication by the dimension of the representation, (¢ — 1) is the zero
map.

Hom(7,1)—1
—————

The map F(G/Cy,) — F(G/C,, x G/e) is F applied to a morphism of G-sets:

/ \0 Yale
zeG/H

G/H x G/e G/H x G/e

G/H x GJe



The sum of morphisms equals Z Wf 0 7Yz-1¢ © 1y and when we apply F' we get 2 e rf. Since the
xzeG/H zeG/H
restrictions of the fixed point functor are all 1, this is equivalent to the diagonal map.

The map F(G/H x G/e) — F(G/H) is F applied to the morphism

G/H x GJe
p =
G/H G/H x GJe

which, as before, can be written as a sum

where i, is the inclusion map. This sum is equal to Z Ip O Vg,e O frf Applying F' we get Z tg 0 Py
zeG/H zeG/H
where p, is the projection map. However, the transfer map for the fixed point functor is multiplication by
the index which in this case is m. Thus given a vector in F(G/C,, x G/e), this map adds the components
and multiplies by m. We denote this operation by m(X). We obtain the chain
KLK2A % K7L x g2 g (4.3)
2€CG/Crm 2€CG/Crm

We now compute the homology of this chain. We arrive at the following theorem:

Theorem 4.4. Ext%(F, F)(G/C,,) = K and for j > 0,

0 j=1

. 0 j=2
Extp(F, F)(G/Cm) = { Ker(m(z)) - 5
Im(7—1) J=

K/mK  j=0

(mod 4)

For Ext}(F, F), a Green functor, we have that it = [H : K], tit = 1, and the conjugations are the identity.
For Exth(F, F) we have that vl = 1, t{L = [H : K], and the conjugations are the identity.

It is clear that the results depend on the characteristic of K:

Corollary 4.5. If K has characteristic 0 or p where p }f m

K j=0

Txth(F, F)(G/Cyn) = {0 P

If K has characteristic p and p divides m, then Ext%(F, F) = K. Since m = 0, Ext%(F, F) = % =

X K |/Im(r — 1), a one dimensional quotient space of X K. Since the vector [1,0,..,0] is not
2€G/Cp, 2eG/Cp,
contained in I'm(7 — 1), we denote this subspace as K[1,0,...,0]. Also, Extx(F,F) = K/mK = K. So we
have



Corollary 4.6. If K has characteristic p and p divides m, then Ext%(F, F) = K and for j > 0

Ext’y(F, F)(G/Cp,) = (mod 4)

j=0

NNC}O

4.3 Ring Structure of Ext

We now wish to compute the ring structure of Extp(F, F)(G/C),) in the case with K a field of characteristic
p that divides m. In general, there exists a correspondence between elements of Ext%(F, F)(G/H) and
homotopy classes of chain maps f : Poy; ® [—,G/H] — P, where P, is a projective resolution for B and
P, ; is P, shifted by i terms.There exists an associative collection of maps

Ext'y (B, C) ® Extly (A, B) — Ext'17 (A, C)

generalizing the composition product. In this case, A = B = C' = F so we have a map

Ext’y(F, F) @ Ext’y(F, F) — Ext'yf’ (F, F).
Thus Extp(F, F) is a Green functor.

Now if we consider the categories of Mackey functors Mack(G) and Mack(H) where Mack(G) is defined
on B¢ and likewise for Mack(H), there is an adjoint pair Res$ and Ind$ where Res$ is a functor from
Mack(G) to Mack(H) and Ind$ is a functor from Mack(H) to Mack(G). In fact, one can prove that

A®[—,G/H] = Ind$(Res$ A),

thus there is a one to one correspondence between maps P, ;®[—, G/H] — P, and maps Ind$ (Res% P, ;) —
P,, which, using the adjoint pair, are in a one to one correspondence with maps ResgP.H — ResgP..
However, considering these maps is equivalent to considering the chain maps of projective resolutions for the
group H, that is, P.Ifri — PH where the functors in the projective resolution are functors on By.

In our case, Ext%(F, F)(G/H) = 0 when i = 144k, 2+ 4k, so we focus on the cases i = 3+4k and i = 4+ 4k.
We must compute chain maps f : PS;% — P& and g : PS:Z — P& These chain maps are given in the
following proposition.

Proposition 4.7. The chain map f : Pﬂ’ng — PSEm given by the vertical maps in the following commu-
tative diagram represent nonzero classes in Exty **(F, F)(Cp/Cm).

1t (c—-1) 1®r 1®(r—1)
Cm/e R R RC me Cim/e
m—2
1 ; —(i+1)o* 1 [m—-1,0,1,..m—2] 1
R (c—1) R 1@r Rcm/e 1o (r-1) Rcm/e 1ot R

The chain map g : P.C;"jlk — P given by the vertical maps in the following commutative diagram represent
nonzero classes in Exto (F, F)(Cy/Cy).



1or 1®(r—-1) 1t

R R RC'm/E Rcm/e R
1 1 [1,0,---,0] [1,0,---,0] 1
R 0-1) R 1®r Rcm/e le(r-1) Rcm/e 1ot R

The actual vertical maps are labelled by elements of R evaluated at particular G-sets. For example, a map
from Rgj. to R is an element of Hom(Rg/., R) = R(G/e), so the map is represented by an element of
R(G/e). We define y3 and x4 to be the classes represented by these chain maps (for Kk = 0 and k = 1
respectively). Note that the chain maps given in the previous proposition are four periodic. This implies
that the compositions are also four periodic. Given the chain maps f and g we can now verify that the
products on Ext%“k(F, FYQExtE(F, F) and Extir (F, F) @ Ext 1 (F, F) do not correspond to chain maps that
are homotopic to zero. This entails computing the compositions Ps4 2 Py ER Py X% F, Pyig ER JIREN

Py 2% F, and Pyyy L p S Py F.OIf these compositions represent nonzero Ext classes, then the

aug.

. . .. 1,0,---,0
chain maps are nonzero and we are finished. Explicitly these maps are R¢,,, /e 11.0,.0], Re,, e LRY, ,

aug. aug.

Re, e LRrL R, F,and R L RL R, FoAll of these maps compose to 1. We have arrived at
the following theorem:

Theorem 4.8. For a field K with characteristic p where p | m, Extp(F, F) is given by

E?CtR(Fa F)(Cn/cm) = K[yg,a:4]/(y§ = 0)'

where ys has degree 3 and x4 has degree 4.

5 Computation for G = 53

We compute Extp(F, F)(G/H) for G = S5 where the field K is taken to be Fs.

5.1 Projective Resolution for F
Proposition 5.1. There is a four periodic projective resolution for F of the following form:

aug 1®(T1+712+73—1)

0—F ™ RLRIE Ry,

Rgje <Z- R -+ (5.2)

Proof. The Burnside category for G = S5 takes the form:

G/G

G G
VAN
~G ~G
TCy, TCy

G/Cy G/Cs

GJe )

There are three choices for Cy, we draw our diagrams with Cy = ((12)). Also, there are six conjugations on
G/C5, allowing us to obtain any permutation of the cosets, two conjugations of G/Cj3, allowing us to swap
the two cosets, and six conjugations of G/e.

If we apply R to the previous diagram, we have



Fy +FoS +FoV

G G
tC: tCs
-G
ré 16,

Fy 4+ Fooo Fy +]F20'3+F20'§

G2 1
+C2 t?‘
Fy

Here S is the sign representation of S3 and V is the two dimensional representation. The conjugations are
trivial since conjugation preserves the character of a representation, except for the orbit G/Cs5. The nontrivial
conjugation swaps o3 and o3. We avoid using conjugations on this orbit. In this case the restriction and
transfer maps are as follows:

G S — o9 a 1—1+V
7'02: tc2:

V140, oo — S+V
a S—1 1—1+S
ey, = 2 G

V o3+ 03 g, =303—V

JgHV

r? = gy > 1 t? =1 1+0,
7’53:03»—»1 t§3=1r—>1+03+0§

If we apply F to the diagram for Bg, every object maps to Fs, the restrictions are identity maps and the
transfers are multiplication by the index. The diagram corresponding to F' is

VZANS
\\(/

Finally, Rg/.(G/H) = R(G/H x G/e) = X R(G/e). Thus we have a copy of 5 for each coset of H in G.
zeG/H
The diagram is as follows:

Fy
AN
AN
Fo +Fy + IFy F2+F2

Dr.

In this case the restriction maps are diagonal maps and the transfers add together groups of coordinates.

The conjugation maps for each orbit permute the indices of the coordinates. We denote by 71,72, 73 the
conjugations corresponding to (12), (23), (13) respectively.

10



Now we must verify that the sequence given above is exact. As with the case G = C,,, the map from R to
F is the augmentation map given in Example 3.15. The kernel of this map applied to each orbit takes the
form:

S—1)+F, vV
0'27]. ]FQ 0'3—1 +F2(0’3—1)

BNYZ

The transfer and restriction maps for this kernel are induced by the transfer and restriction maps for R. We
must show that multiplication by V' maps surjectively onto this kernel. Using characters we can calculate the
following products of representations: s> =1, V? = 1+85+V, SV = V. If we multiply Fy +F3S +F,V by V
we get FoV +FoV4+Fo(14+54+V) = Fy(S—1)+F,V. Multiplying any element of G/H by V means multiplying
that element by the r$% (V). Thus V- (Fa+Fa03+F203) = (03+03)(Fa+Fe0o3+F903). Any choice of coefficients
for this expression gives an element of the kernel. For G/Cs, V- (Fo+F203) = (1402)(Fa+Faos) = Fa(1+03).
For G/e, r¢(V) = 0, so R(G/e) maps onto 0. Thus, the map that multiplies by V surjects onto the kernel
of the previous map.

The kernel of multiplication by V is

(/'\\

]F 1+0’2 Fy 1+O’3+U3)

N

We must map from Rg/. onto this kernel. This map is 1 ® r, which, as before, adds together the entries in
each vector in R(G/H). The kernel of this map is, for any orbit G/H, the set of vectors Vi so that the sum

of the entries in each vector is zero.

We must now map from R/, onto the kernel shown above. This is accomplished by the map 1® (71 + 72 +
73 — 1). If we apply this map to (a,b,c) € Rg/e(G/C2), (11 + 72 + 13)(a,b,¢) — (a,b,c) = (a + b+ c,a +
b+c,a+b+c)—(a,b,c) = (b+c,a+c,a+b). This is a map onto the kernel of the previous map in the
case of G/Cy. In the case of G/Cy, (11 + T2 + 73)(a,b) — (a,b) = (a + b,a + b), as desired. For Rg/.(G/e),
1® (11 + 12 + 73— 1) is a map of rank five. Thus it is a surjection onto the kernel of the previous map which
has dimension five. For Rg/.(G/G), this map is the zero map. For each of the above orbits, the kernel of
the map 1 ® (11 + 72 + 73 — 1) is one dimensional. Thus the next kernel looks like

11



//‘\\
\\//

The map 1 ® ¢ maps from R into Rg/. via the restriction rH and surjects onto the kernel of the previous

map. This gives us a four periodic projective resolution.
O

5.2 Computation of Exty(F, F)
Applying Homp(—, F') we have

Homp(R, F) > stomp(R, F) 220, somp(Re e, F) 22071 sfomp(Rg e, F) 22200, o

Using the identities for Homp(—, F') and the fact that the action of V on F' is multiplication by 2 which is
0, this simplifies to

F E)F Hom(r,1) Hom (11 +7T2+73,1)—1 Hom(t,1) F -

Hom([—,G/e], F) Hom([—, G/e], F)
We shall apply this sequence to each orbit in B and compute Ext,(F, F).

For G/G we have

0 Id. 0 0
IF2—>IF2—>]F2—>]F2—>F2—>--'

For G/C5 we have

T1+T2+73—1
_

Fo L Fy 2 Fy +Fy + Fy Fy+Fy +Fy LSy — -

where A denotes the diagonal map. For G/C3 we have

Fy Ly By 4+ Fp 2L g Ly SRy — ..

where A denotes the diagonal map, and + denotes the augmentation map that adds coordinates. For G/e
we have

5 5
0 A T1+7T2+73—1 +
F2—>F2—>@F2$>@]F2—>]F2—"“
i=0 i=0

where A denotes the diagonal map, and + denotes the augmentation map that adds coordinates.

We summarize the results of the Extp(F, F) computations for G = S5 in the following theorem:

Theorem 5.3. For the orbit G/G, Ext%(F, F)(G/G) = Fa, and for j > 0,

0 j=1
; 0 j=2
£t (F, F)(G/G) = d4
aR(F, F)(G/G) F, j—3 (mod 4)
Fy j=0

For the orbit G/Cs, Ext%(F, F)(G/G) = Fa, and for j > 0,
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0 j=1

) =9

Tt (F, F)(G/Cy) = 0 (mod 4)
]Fg ] = 3
Fy =0

For the orbit G/Cs,

j Fo j=0
Ext’(F, F)(G/C3) =
wh(F, F)(G/Cy) {0 '
For the orbit G/e,

) Fy =0
Ext’h (F, F)(G/C3) =
wh(.F)(G/Cy) {0 T

For both Ext5(F, F) and Ext}(F, F),Green functors, we have that v = 1, tI = 1, and the conjugations are
the identity.

5.3 Ring Structure of Ext

We now wish to identify the ring structure of Ext%;(F, F)(G/C2) and Ext'y(F, F)(G/G). For the first case,

Ext% (F, F)(G/C5) corresponds to chain maps P.Cfi — PC2. However, we already computed the chain maps

and the products for G = C5 in the previous section, and this gives us the ring structure:

Theorem 5.4. Owver the field Fo, Extp(F, F)(S3/C2) is given by

Tt p(F, F)(G/C2) = Falys, 24]/(y3 = 0).
where ys has degree 3 and x4 has degree 4.
For G/G, elements of Ext5(F, F)(G/G) correspond to the chain maps P,;3 — P,. This follows since H = G,
so Res$ = Res& is trivial. Similarly elements of Ext%(F, F)(G/G) correspond to the chain maps Pu;q — Ph.
We compute these chain maps in the following proposition.
Proposition 5.5. The chain map f : P&%+4k — P given by the vertical maps in the following commu-
tative diagram represent nonzero classes in Exts **(F, F)(C,,/Chp,).

1®t \%4 1®r l@(n+n+m-1)
RG/e R R RG/( RG/C
1 14V 1 0,1,1,1,0,0] 1
%4 1®7r Gle 1® (11 +72+13—1) GJe 1®t R

The chain map g : P.Cfik — P given by the vertical maps in the following commutative diagram represent
nonzero classes in Exto (F, F)(Cy/Cy).

|4 1®r 1@ (n+mnt+mn-—1) 1®t
RG/(—: Gle R
1 1 [1,0,0,0,0,0] [1,0,0,0,0,0] 1
Vv R 1®r RG/@ 1@ (m+m+7m—1) RG/(: 1®t R
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As before, these chain maps represent the classes 3 and x4. Now we must compute the compositions
Poa P L Py PSPy F, and Py S Py S Py % F. Explicitly these maps
are Rgje 22 peo LRSS P Ry 5 RS RS F and RS RS R 2% F. These maps all
compose to 1. We have arrived at the following theorem:

Theorem 5.6. Over the field Fa, Extp(F, F)(S3/Ss) is given by

Ext p(F, F)(G/G) = Falys, z4]/(y3 = 0).

where y3 has degree 8 and x4 has degree 4.
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