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Schmidt’s game in Rn

Let 0 < α, β < 1, and let S ⊂ Rn. The game is played by two players:
Alice and Bob. Bob starts first, and picks any ball B0 with radius r(B0):
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Schmidt’s game in Rn

Then, Alice will play a ball A0 such that A0 ⊂ B0 and r(A0) = αr(B0):



Schmidt’s game in Rn

Then, Bob will play a ball B1 such that B1 ⊂ A0 and r(B1) = βr(A0):



Schmidt’s game in Rn

Both players continue playing indefinitely, alternating balls, where

r(Ai ) = αr(Bi ), r(Bi+1) = βr(Ai ) for all i = 0, 1, ... .
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Schmidt’s game in Rn

If the limit point

x =
∞⋂
i=0

Ai =
∞⋂
i=0

Bi

is in S , then Alice wins. If not, Bob wins.



Schmidt’s game in Rn

We say S is (α, β)-winning if Alice is able to win no matter how Bob
plays. Clearly, S in this example is not (α, β)-winning:



Schmidt’s game in R

Let 0 < α, β < 1. Suppose that two players Bob and Alice choose in turn
a nested sequence of closed intervals in R:

B0 ⊃ A0 ⊃ B1 ⊃ ...

with the property

|Ai | = α|Bi |, |Bi+1| = β|Ai | for all i = 0, 1, ... .

A set S ⊂ R is (α, β)-winning if Alice can pick intervals {Ai}
guaranteeing that the intersection

x =
∞⋂
i=0

Ai =
∞⋂
i=0

Bi

is in S no matter how Bob plays.



Trivial Example

Lemma
Let S = (−∞,P) ∪ (P,∞). If 1 − 2α+ αβ ≤ 0, then S is (α, β)-losing.

Proof.
Bob selects B0 centered at P ⊂ S . For all future turns, no matter what
Alice plays, it is always possible for Bob to play such that Bi is centered
at P. Clearly, the limit point is P. Therefore, Bob wins.
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Schmidt Diagrams

Definition
Denote by I the open unit square:

I := {(α, β) : 0 < α, β < 1} = (0, 1)× (0, 1).

For any S , define the Schmidt Diagram D(S) of S as the set of all pairs
(α, β) ∈ I such that S is (α, β)-winning.



Schmidt Diagrams

Definition
Let

Ď := {(α, β) ∈ I : 1 − 2β + αβ ≤ 0}

and
D̂ := {(α, β) ∈ I : 1 − 2α+ αβ > 0}.

There are only four Schmidt Diagrams that are completely described: ∅,
Ď, D̂, and I .

Lemma
If S is dense and S ̸= R, then Ď ⊆ D(S) ⊆ D̂.



Properties of Schmidt Diagrams

Lemma
If S is (α, β)-winning, α′β′ = αβ, and α′ < α, then S is also
(α′, β′)-winning.

Lemma
If S is (α, β)-winning and α′ < α, it does not follow that S is
(α′, β)-winning.
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Diophantine Approximations

Diophantine Approximations deal with the approximation of real numbers
using rational numbers.

Example√
2 can be approximated by the sequence of fractions

1
1
,

3
2
,

7
5
,

17
12

,
41
29

,
99
70

, . . .

Theorem
For any irrational number x , there exists infinitely many pairs of integers
p, q such that ∣∣∣∣x − p

q

∣∣∣∣ < 1
q2 .
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Variations

Theorem
For any irrational number x , there exists infinitely many pairs of integers
p, k such that ∣∣∣x − p

2k

∣∣∣ < 1
2k

.

Let’s consider

2-BA :=
{
x ∈ R :

∣∣∣x − m

2n

∣∣∣ > c

2n
for some c > 0 and all m ∈ Z, n ∈ N

}
.

Theorem
Despite having zero Lebesgue measure, D(2-BA) = D̂.



Variations

Define

2-BA(c ,N) :=
{
x ∈ R :

∣∣∣x − m

2k

∣∣∣ > c

2k
for all m ∈ Z, k ∈ N s.t. k > N

}
,

2-BA(c) :=
⋃
N∈N

2-BA(c ,N).

Its complement is equivalent to

2-BA(c)c =
∞⋂

N=1

∞⋃
n=N

(⋃
m∈Z

[m
2n

− c

2n
,
m

2n
+

c

2n
])

.



2-BA(c) bounds



Digit Frequencies

Definition
Consider the base-2 expansions of the form x = x0.x1x2 · · · where x0 is
an integer and xi ∈ {0, 1} are the digits in the base-2 expansion of x . We
define

d−(x , j) = lim inf
k→∞

#{1 ≤ i ≤ k : xi = j}
k

.

and the set
D−

c = {x ∈ R : d−(x , 0) > c}.

Example
If x = 0.0101010101 . . . , then d−(x , 0) = 1

2 .



D−
1/2 bounds

Instead of focusing on a method to win, focus on overarching strategies
as elements.

Theorem
The set D−

1/2 is losing for α ≥ β.
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D−
1/2 bounds

Conjecture
The set D−

1/2 is winning for α < β.

• Not trivially easy to prove, since the game is still inherently
asymmetric: Bob picks his interval first.

• Furthermore, the d−(x , 0) = 1/2 case makes things complicated.

• If proven true, this will produce a fifth completely described
Schmidt Diagram.
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Thank you for your attention!


