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ABSTRACT. Although Deligne’s theorem classifies all symmetric tensor categories (STCs)
with moderate growth over algebraically closed fields of characteristic zero, the classification
does not extend to positive characteristic. At the forefront of the study of STCs is the
search for an analog to Deligne’s theorem in positive characteristic, and it has become
increasingly apparent that the Verlinde categories are to play a significant role. Moreover,
these categories are largely unstudied, but have already shown very interesting phenomena
as both a generalization of and a departure from superalgebra and supergeometry. In this
paper, we study Verj{, the simplest non-trivial Verlinde category in characteristic 2. In
particular, we classify all isomorphism classes of non-degenerate symmetric bilinear forms
and study the associated Witt semi-ring that arises from the direct sum and tensor product
operations on bilinear forms.
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1. INTRODUCTION

1.1. The broader picture: the quest for Deligne’s theorem in positive character-
istic. While the study of the representation theory of groups initially started by finding and
classifying individual representations, the modern perspective is to consider the category of
all representations in totality. The notion of a symmetric tensor category (always assumed
to be of moderate growth E] in this paper) arises by axiomatizing the fundamental properties
of representation categories of groups (see [EGNO; [EK21] for basic details). A symmet-
ric tensor category (STC) can be thought of as a “home” to do commutative algebra and
algebraic geometry without the language of vectors and vector spaces. One implication is
that given an STC C, we can construct affine group schemes over C, whose representation
categories give us other STCs. These are all said to fiber over C. Because it is shown in

1A symmetric tensor category has moderate growth if the lengths of tensor powers of every object are
bounded by an exponential function. Although we will assume all STCs are of moderate growth, the study
of STCs of non-moderate growth has also attracted attention (see [DM82; Del02} |Del07; [Eti16}; [HS22| for
examples of such categories).
1
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[CEO23] that every STC fibers over a so-called incompressible STC, it remains to classify
the incompressible STCs.

The STCs defined over an algebraically closed field K of characteristic p = 0 are well-
understood thanks to Deligne’s theorem (see |[Del02; Del07]). This theorem states that, up
to parity action, all manifestations of such STCs are simply representation categories of
supergroup schemes, i.e. they fiber over sVeck. This means Veckx and sVecg are the only
incompressible STCs in characteristic zero, and therefore, characteristic zero affords only
ordinary and super algebra and geometry.

As is par for the course, the story is completely different in positive characteristic. The
most basic counterexample when the characteristic p is larger than 3 is the Verlinde category
Ver,,, which contains sVeck as a subcategory (see |GM94; GK92; |Ost20]). This STC arises
as the semisimplification of the representation category Rep a, = Rep K[t]/(¢?) of the first
Frobenius kernel a, of the additive group scheme G, (cf. [EO21]). It can be thought of as the
positive-characteristic analog to Rep S L,C with some truncation involved when taking tensor
products. For instance, when p = 5, there is an object X € Ver; (which can be thought of
as the analog of the adjoint representation of SL,;C) that satisfies 1 & X = X ® X, where
1 is the unit object in the category. If this category were to fiber over supervector spaces,
then X would need to have integral dimension; this is impossible because there is no integral
solution to 1 + dim X = (dim X)2.

With Deligne’s theorem failing in positive characteristic, much work has been done in
recent years to find a suitable analog. The category Ver, has served as a reasonable starting
point: first, Ostrik proved in [Ost20] that every semisimple STC fibers over Ver,, and this
was later strengthened in [CEO22| to say that an STC fibers over Ver, if and only if it is
Frobenius exact. Indeed, the Verlinde category Ver, sits in a larger sequence

Ver,, C Ver,2 C --- C Verpe

of incompressible STCs called the Verlinde categories. These were first discovered for p = 2
in [BE19] and then generalized for all p > 0 in [BEO23|. Therein, it is conjectured that the
correct replacement for sVecg in Deligne’s theorem is Ver,e, which is to say that every STC
fibers over Ver,e.

1.2. Content of this paper. Although they arise out of the search for Deligne’s theorem
in positive characteristic, the Verlinde categories seem to be interesting objects in their own
right as they exhibit new phenomena all the while generalizing the classical theory. For
instance, in [Ven22|, the finite-length representations of the group scheme GL(X) for an
object X € Ver, are classified. Therein, the corresponding generalization of a torus no
longer has one-dimensional representations, yet its representation theory is still semisimple.

However, for the most part, these Verlinde categories have barely been studied. In this
paper, we consider the simplest example in characteristic 2, which is Ver}, a subcategory of
Very = Very: that was first shown to not fiber over the category of vector spaces in [Venlh|
(note that Vers is just the category of vector spaces). We usually cannot use the language of
vector spaces to describe objects in STCs, but as a tensor category, Ver; is just Rep K[t]/(¢?)
(and is therefore not semisimple). The symmetric structure, however, is different and arises
from equipping the Hopf algebra K[t]/(¢?) with a triangular structure (see [EGNO, §8.3])
with R-matrix given by
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R=1®1+t®t.

In this category, we classify all alternating bilinear and all symmetric bilinear forms, up to
isomorphism. We also describe how different isomorphism classes of bilinear forms interact
when we take their direct sum and tensor product.

Here, we say a form B : U®U — K on an object U € Verj is alternating (resp. symmetric)
if it vanishes on the kernel (resp. image) of the map lygy —cyp, where cppy : UQU — U®U
is the braiding in this category given by

cov(uu)=u @u+ (tu) @ (t.u)

for u,u’ € U. In semisimple STCs like Ver,, the classification reduces to the vector space
setting. In Ver], the presence of the two-dimensional indecomposable representation P of
K[t]/(t?) makes the classification more challenging.

We find that there are ultimately six families of non-degenerate symmetric bilinear forms,
two of which are indexed by a parameter. We also calculate the Witt semi-ring, which is
the semi-ring structure imposed on the set of isomorphism classes where addition is given
by direct sum and multiplication is given by tensor product.

In , we define the Verlinde category Ver), state some basic properties of symmetric
bilinear forms, and establish the existence of a semi-ring structure on the isomorphism classes
in our classification. In Section we first classify non-degenerate symmetric bilinear forms
on the object nP, then use this to recover the complete classification for an arbitrary object
in Ver]. Finally, we describe the structure of the Witt semi-ring in Section .
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in which the second author mentored the first and third authors. The authors would like
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experience. The second author would also like to thank Pavel Etingof for useful discussions
and feedback. This paper is based upon work supported by The National Science Foundation
Graduate Research Fellowship Program under Grant No. 1842490 awarded to the second
author.

2. BASIC PROPERTIES OF THE VERLINDE CATEGORY Ver)

In this section, we define the Verlinde category Ver] and state its basic properties.
Throughout this paper, we define K as an algebraically closed field of characteristic p = 2.
We will also assume a cursory familiarity with the language of Hopf algebras and tensor
categories (cf. [EGNO; [EK21]) and suppress associativity morphisms in our notation.

2.1. The Hopf Algebra K|t]/(t?). The unital algebra A := K[t]/(¢*) admits the structure
of a Hopf algebra with comultiplication A : A -+ A ® A, counit € : A — K, and antipode
S : A — A uniquely determined by
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A) =10t +t®1;

By the theory of Jordan canonical forms, A has two indecomposable modules up to isomor-
phism: the trivial representation, denoted 1, which is simple, and a two-dimensional module
P, which is an extension of 1 by itself. The Krull-Schmidt theorem tells us that any module
U over A is (non-uniquely) isomorphic to m1 & nP, with m and n invariants of U. We will
often fix such a decomposition and let the sets

{v1,v9, ..., 0}

2.1
( ) {wlaxla"'vwnwxn}

denote a basis of m1 and a basis of nP, respectively, where t.v; = 0 for all 1 < 57 <m and
tawy = xy for all 1 < k£ < n. Moreover, we write U =V & W @ X, where V is the span of
the vectors {v;}7L;, W is the span of the vectors {wy}}_,, and X is the span of the vectors
{zx}7—_;. The vector space of morphisms Hom 4 (M, N) between two representations M, N is
simply the collection of linear maps that respect the t-action, meaning that t.¢(u) = ¢(t.u)
for all 4 € M and ¢ € Homu (M, N).

Note that the linear map ¢ € Homveq(U, U) given by ¢(u) = t.u is a morphism in the

category Ver) because it commutes with the ¢-action. With respect to the decomposition of
U described above, im(¢) = X and ker(¢) =V @ X. Thus, X and V & X are fixed, while
V and W are dependent on a choice of basis because the decomposition of U into m1 & nP
is not unique.

Given an A-module U, there is a (left) dual module U* with the t-action defined by

(t.f)(u) = f(S(t).u) = f(t.u)
for all f € U*. With respect to the basis of U given by (2.1]), U* has a dual basis given by

the union of the following two sets:

{vf,v5,... 05}

2.2
22) (s o wl),

Here, t.v; =0forall 1 <j<m,and t.x; = wj for all 1 <k < n. Finally, given any two
A-modules M and N, the tensor product M ® N admits the structure of an A-module via
the comultiplication map. It is determined by

t(pv)=(tp Qv+ (t.v)

for all p € M and v € N. Explicitly, if two copies of P have a fixed bases {w, z} and {w, x},
respectively, then their tensor product is P ® P = P & P. A basis for the first summand is
{w® x,x ® x}, and a basis for the second summand is {w @ w,r @ w + w R x}.

We can then define the representation category Rep A to be the category whose objects are
A-modules and whose morphisms between two A-modules M, N are the maps Homy (M, N).
These structures endow Rep A with the structure of a tensor category.
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2.2. Triangular Structure on K[t]/(t*) and the Verlinde Category Ver;. The Hopf
algebra A is said to have a triangular structure with R-matriz R if there exists an invertible
element R in the algebra A ® A such that the following identities hold:

(A®14)(R) = R¥R?,

(14 ® A)(R) = R¥®R";

(0aa0A)(a) = RA(a)R™" Va € A;

R—l — R21
where oxy is the permutation of components on X ® Y. The term R“--% is given by
permuting R ® 1'°2 so that the component of R along the j-th tensor is now along i;-th
component and where the value of [ is determined by the left-hand side. For example, if
R=a®b+c®dand ] = 3, then R® = a®1®b+c®1®d. Given a triangular
structure on A, we can endow Rep A with a symmetric structure to construct the symmetric
tensor category Rep(A, R). We define the braiding ¢, a natural transformation between the
bifunctors —® — : Rep Ax RepA — RepAando__o(—®—) : RepA x Rep A — Rep A, by
cvw (v @ w) = ovw(R.(v @ w))

for all V.IW € RepA and v € V;w € W. In the case R = 1 ® 1, we recover the usual
symmetric structure on the category Rep A.

Lemma 2.1. There is a triangular structure on A with R-matriz given by R=1®1+t®t.

Proof. This is a straightforward verification of the axioms. For instance, to see that R is
invertible, we notice that

R=121+tet)(1®1+txt)
=1@1+2tet)+?t* =11,
so R is its own inverse. We can also check that
(AR14)(R)=(A®14)(1R1+t®1)
=A)R1+Al) @t
=1R1®1+1tt+t1®t
—10101+19tt+tR1Qt+tt® 2
=(IRIel1+tel1e)(l1®l®l+1tx®t)
— R1BR23.

Therefore, we have the following definition:

Definition 2.2. The Verlinde category Ver) is the representation category Rep(A, R), where
A=KJt]/(#*) and R=1® 1+t ®1 is the R-matrix imposing the triangular structure on A.

The braiding c is explicitly given by
cvw(v®@w) =wv+ (tw) (t.v)
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for all VW € RepA and v € V,w € W. It is shown in [Venl5] that Ver; does not fiber
over the category of vector spaces E| For more information on triangular Hopf algebras, see

[EGNO)], §3.3].

2.3. Bilinear Forms in Ver;. A bilinear form on an object U € Ver] is any element of
Homy,,+ (U® U, 1). A bilinear form 5 : U ® U — 1 must satisfy, for all u,u’ € U,

0=t.(Buxu))=pBt(uxu))
=B((tw) @u' +u® (t.u))
= B(tu,u') = B(u, t.u)
because ( is also an A-module homomorphism. We will freely identify § with the cor-

responding bilinear map U x U — 1, so we sometimes write [f(u,u’) instead of writing
f(u® u'). By tensor-hom adjunction, there is an isomorphism between HomVer (U UT1)

and HomVer (U,U*). We say a bilinear form §: U ® U — 1 is non-degenerate 1f the image
of 8 under thls isomorphism is an invertible map in Homy,,+ (U,U*). We will often denote

this image by ['.

This paper primarily focuses on non-degenerate bilinear forms that are symmetric. A
bilinear form 8 : U ® U — 1 is said to be symmetric if it vanishes on the image of the
map lygy — cyp (or equivalently, if 5 = Socyy). Special cases of symmetric bilinear forms
are alternating and super-alternating bilinear forms: ( is alternating if it also vanishes on
the kernel of the map lygy — cyp, and it is super-alternating if for all v € U, we have
f(u® u) = 0. All alternating bilinear forms are symmetric because (lygy — cU7U)2 =0 and
therefore ker(lpgy — cyv) 2 im(lygy — cuw). It turns out that symmetric bilinear forms in
Ver, reduce to symmetric bilinear forms in the underlying category Rep A:

Lemma 2.3. Let 3: U ® U — 1 be a bilinear form in Verj. Then, 8 is symmetric if and
only if Bu @ u') = B(u' ® u) for all u,u’ € U. This also means that all super-alternating
bilinear forms are symmetric.

Proof. Suppose (8 is symmetric. Then,

Blueu) =B @u)+ B((tu) ® (tu))
=B ®u) + ' ® (t*.u))
=B ®u).

The reverse direction follows by running these steps backwards. Finally, if 3 is super-
alternating, then

0=73((u+u)® (u+u))
=Bu@u)+ Bux )+ B @u)+ Bu' @)
= Bued) =4 @u),

so [ is symmetric. 0

2There is no category of supervector spaces in characteristic 2, but in loc. cit., it is argued that Ver]
could be viewed as the analog in characteristic 2.
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We can also identify the additional criteria that symmetric bilinear forms must satisfy to
be alternating.

Proposition 2.4. Let f: U®U — 1 be a symmetric bilinear form in Ver) . Fir a decompo-
sition of U by U = ml@&nP =V & W & X with respect to the basis given by (2.1). Then,
is alternating if and only if f(v; ® v;) =0 for all 1 < j < m. Equivalently, B is alternating
if and only if flu®@u) =0 for allu eV & X.
Proof. With respect to the basis given by (2.1)), a basis for U ® U is given by
V; @ Vjr, vV Q Wi, V5 Q T,

(2.3) Wy @ Vj, W, @ Wy, Wi, @ Ty,

Tk @Vj, T @ Wy, Ty & T
where 1 < 5,7/ < m, 1 < k, k' < n. Using this basis, we can construct another basis of
U ® U, given by the vectors below.

vj Q v; *
v @vy (< J')
v @ vty @u; (j #J) *
V; Q@ T + T @ v *
Vj & T
Vj @ Wy

(2.4) v Q wg + Wi @ vj *
T @ Tk *
W Q Tpr + Tpr @ Wi *
Wi @ Wy + Wy @ wg + 1 Q) (K #K) *
T @ Wy
w @y (k # k)
Wi @ Wy,

To see that these vectors form a basis of U ® U, observe that we can recover all vectors in the
basis described by and that the number of vectors in is m?*+4mn+4n? = (m+2n)?,
which is the dimension of U ® U.

The starred vectors in vanish under 1ygy — cy . The unstarred vectors are sent as
follows:

v; Qv —> v QUi + v Q vy,
V; Q@ X — U Q X + T & vy,
v @ Wi = v; @ Wi + Wi ® vy,
(2:5) Ty @ Wy — T @ Wy + Wy @ T,

Wi @ Wiy — Wi @ Wy + Wiy @ Wi + Ty @ T

W QWE — T @ T.
We can show that no linear combination of these unstarred vectors is in the kernel of the
map lygy — cypy. For each unstarred vector u, there exists a vector b, in the basis given
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by (2.3) such that the coefficient of b, is nonzero in 1ygy — cyp(u) and zero in the image of
all other unstarred vectors in ([2.3)):

U by
vy @uy (§<3) | v;®uvy
v; @ T, v & T,
v Q W v Q W
T Q Wy T @ Wy
wy @y (k#K) | 1 @
Wy, & Wy T @ Tg,

Thus, the starred vectors form a basis of ker(1lygy — cy). By definition, 8 must vanish
on the image of 1ygy — cypy. As shown in , im(1ygu — cyp) includes all starred vectors
in except for those of the form v; ® v;. Therefore, we obtain alternating bilinear forms
from symmetric bilinear forms by imposing the additional condition that 5(v; ® v;) = 0 for
all1 <57 <m.

Now, we prove that this requirement is equivalent to g vanishing on u ® u for all vectors
u € V @ X. Notice that f(zy ® x1) = B(twy, tawg) = Blwg, t2wg) =0 for all 1 < k < n.
Thus, (3 is alternating if S(p®pu) = 0 for all vectors u in the basis {vq, v, ... Uy, T1, To, ... T}
of V& X. Given vectors ui, us € U such that f(u; ® uy) = 0 and B(us ® uz) = 0, we have

B(ur +uz) @ (w1 +ug)) = Blur @ ur) + Blug @ up) =0,
and for any scalar k € K,
6(]{31“ & k:ul) = ]{/’QB(Ul, Ul) = 0.

Therefore, if f(pu ® ) = 0 for all vectors p in a basis of V @ X, then that f(u ® u) = 0 for
allue Vo X. 0

Note that U = nP when dim(V) = 0, so the proposition above proves that a non-
degenerate symmetric bilinear form S on the direct sum of P objects is necessarily alternat-
ing.

We can now provide a basis-invariant description of alternating bilinear forms.

Proposition 2.5. Let 3 : U® U — 1 be a symmetric bilinear form in Ver). Then, 3 is
alternating if and only if f(u @ u) = 0 for all u € U such that t.uw = 0. In particular, all
super-alternating bilinear forms are alternating.

Proof. With respect to the decomposition U = ml &nP =V & W & X, we have t.u = 0 if
and only if u € V @ X. The claim follows from Proposition [2.4] O

As in the ordinary vector space setting, decomposing a bilinear form into the sum of
smaller forms by way of orthogonal complements will be a key idea. If 3 is a bilinear form
on U and S is a subobject of U, we define the orthogonal complement S+ of S (in U and
with respect to ) to be

St = ker(U Lo S*),
where the map 7 is the usual projection map.
Here are some well known-properties about bilinear forms that extend to our setting:
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Proposition 2.6. Let 3 be a non-degenerate symmetric bilinear form on U € Ver], and let
S be a subobject of U. If the restriction of 3 to S is non-degenerate, then U = S @ S+, and
moreover, the restriction of U to S* is also non-degenerate.

Proof. The proofs in the classical setting extend to our setting ([Con08, Theorem 3.12]). O

We can also define how to take direct sums and tensor products of bilinear forms to produce
new bilinear forms. Given two non-degenerate symmetric bilinear forms g : U ® U — 1 and
n:R® R — 1 in Ver], we can define their direct sum 3 & n: (U ® R)®? — 1 in the usual
way, given by

(B®n)(ur @11, u2 Dry) = Blug,ug) +n(ry,r2)

for all u € U and r € R. The tensor product 3®n : (U ® R)®? — 1 of two forms is slightly
different because it involves the braiding. For all uy,us € U and 71,7, € R, we have

(Ben)(ur ® ri,us @ r9) = Blur, uz)n(ri, r2) + Blur, taug)n(t.ry, ra).

More generally, these definitions arise from the following composition of maps:

(U® R)® 2205 (e U)® (RO R) 225 1012 1.

Given two bilinear forms 3,7 on the same object U € Ver;, we say that 3 and 7 are in the
same isomorphism class of bilinear forms if there exists an invertible map ¢ € Homy,,+(U,U)
such that f = no (¢ ® ¢). This is an equivalence relation on the set of all (non-degenerate
symmetric) bilinear forms.

We are ultimately only interested in isomorphism classes of bilinear forms, so for conve-
nience, we will often write that two forms are equal to each other if they lie in the same
isomorphism class. We will also freely identify a representative of an isomorphism class
with the class itself. As the next subsection demonstrates, we can establish a semi-ring
structure by taking the direct sum and tensor product on the set of isomorphism classes of
non-degenerate symmetric bilinear forms.

2.4. Witt Semi-Ring. Let W denote the set of isomorphism classes of non-degenerate
symmetric bilinear forms in Ver]. The operations (®,®) endow W with the structure of a
semi-ring (where @ defines addition and ® defines multiplication), which we call the Witt
semi-ring. Below, we prove some basic properties about this semi-ring, including the fact
that it is commutative. We will fully describe it in §4l Proving that the Witt semi-ring is
a commutative monoid under addition and satisfies distributivity is fully classical, so we do
not present proofs of these properties. We will prove the rest of the axioms, starting with
closure under multiplication:

Lemma 2.7. Let B and n be symmetric bilinear forms on objects U and R in Ver, re-
spectively. Then, the tensor product BRn is a symmetric bilinear form E| Moreover, the
equivalence class of B®n does not depend on the choice of representative from the equiva-
lence class of B orn.

3This statement is true in any STC and can be proven using the coherence diagrams for braidings that
arise from the symmetric structure.
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Proof. Since B®n is a morphism in Ver;, proving the first part of the claim reduces to
establishing symmetry. The set of vectors u ® » where u € U,r € R contains a basis of
U ® R, so it suffices to prove that B&n(u; @71, us @713) = BN (U @19, u; ®71) for all vectors
uy,up € U and 71,79 € R. This follows directly from properties of 5 and n:

BeN(uy @ 11, us @ 12) = B(ug, ug)n(r1, r2) + Bus, tus) B(t.ry, r2)
= B(ug,u1)n(ra,m1) + Blug, tug)n(t.re, r)
= B&N(ug ® ra, uy @ 11).
Finally, suppose that the the non-degenerate symmetric bilinear form (; is in the same

isomorphism class as 3 via the morphism ¢ : U — U. Then, f®n and 3,®n are in the same
isomorphism class via the morphism ¢ ® 15. O

Proposition 2.8. Let 5 and n be non-degenerate symmetric bilinear forms on objects U and
R in Ver], respectively. The tensor product S®n is also non-degenerate.

Proof. Suppose for the sake of contradiction that S&n is degenerate. Then, there exists a
nonzero vector 4 ® p € U ® R such that f&n(p® p,u®r) =0 for allu € U,r € R. Let By

and By denote bases for U and R, respectively. We can express p® p as Z/{:l i u; @1j, with
7]

ki; € K,u; € B,,r; € Bg for all 4,5. Since f®n is bilinear, f&n(u ® p,u @ r) is equivalent

to

(26) Z 5@77(]{17] U Q iU X r Z k‘ i Uz, (rja T) + ﬂ(uu t-U)U(Tja t.?") =0
6,J

for all vectors u € U,r € R. We can also write ﬁ@n(,u ® p,tu@tr) as
Zk‘” (i, tw)n(ry, tr) + ki j - Bug, t.(tw))n(r;, t. ka - Bug, tu)n(ry, tr) = 0.

1} now simplifies to >, - k; ;- B(us, u)n(ry,7) = 0, which is purely classical. We can finish
this proof using ideas from the ordinary setting. Since u® p is nonzero, k; ; must be nonzero
for some ¢, j. Without loss of generality, we can assume k;; # 0.

Now, let Sy be the span of By — {u;}. Because dim(Sy) < dim(U), there must exist a
vector u' € U such that «' L Sy. Similarly, we can define Sy as the span of Bg — {r1} and
let 7" be a vector in R such that " L Si. By the non-degeneracy of § and 7, the quantities
B(u',uy) and n(r’, uy) must be nonzero. Then,

Z kij - Bus,u')n(ry,r') = k11B(uy, u')B(r,r") # 0,

which is a contradlctlon. [l

Now, we verify the remaining axioms, including commutativity of multiplication.

(1) Associativity of multiplication. Let (5,7, and ( be non-degenerate symmetric
bilinear forms on the objects U, R, Z in Ver}, respectively. The set of vectors of the
form u ® r ® z where v € U,r € R,z € Z contains a basis for U ® R® Z. It is
sufficient to prove that

(BN RC((u1 @ 711) ® 21, (Ug @ 12) ® 20 = (BIMRO)) (1 @ (r1 @ 21), Uz @ (12 ® 23))
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for all vectors uq; ® r1 ® 21, us ® r9 ® 2o in this basis:
((Bon)@C) (w1 @11) @ 21, (ug @ 12) @ 22)
= (B&n)(u; @ 11, us @ 12)((21, 22) + (B2n) (w1 @ 11, t.(ug @ 12))C (¢ 21, 29)
= (B&n) (1 @ r1,us ® 72)¢ (21, 22)
+ (ﬂ@n)(ul ® 11, tus @ To + Uy ® L) (.21, 29)
= (B(ur, u2)n(r1,re) + B(ur, t-uz)n(tri,r2))¢(21, 22)
+ (B(u, tuz)n(ry, r2) + Blur, uz)n(ry, t.r2))((t.21, 22)
= B(uy,u9)n(r1,7m9)(21, 22) + Blug, tug)n(t.ri,r2)((z1, 22)
+ B(uy, tug)n(ry, ro)C(t.21, 22) + Buy, ug)n(ry, t.re)((t.21, 22)
= Bur, u2)(n(r1,72)¢ (21, 22) + n(r1, t.r2)C(E21, 22))
+ Buy, toug)(n(try, r2)C (21, 22) + n(ry, m2) (.21, 22))
= Bur, u2)(n(r1,72)¢ (21, 22) + n(r1, t.r2)C(E.21, 22))
+ B(ur, tus)(RC) (tr1 @ 21 + 11 @ t.21, 72 @ 22))
= B(u1, ug)(DC) (11 @ 21,72 ® 23) + Bu, tug)(NRC) (.(r1 © 21), 72 @ 25)
= (5@(77@0)(101 ® (r1® 21),us @ (12 ® 22)).

(2) Commutativity of multiplication. The set of vectors expressible as u ® r for
some u € U;r € R includes a basis of U ® R. Therefore, we only need to show
commutativity holds for all vectors u; ® r1, us @79 € U ® R. We claim that B&n and
n®[ are isomorphic via the braiding, meaning

Bem(ur ® 11, uz @ r2) = n®B(cu,r(ur @ 1), cu,r(ug @ 72)).
First, we can show that
Bem(ur @ r1,up @ r2) = Blu, ug)n(ry, r2) + Blus, tug)n(t.ry, ra)
= n(ry,re)B(ur, ug) + n(ry, t.ra) B(tuy, us)
= nRB(r1 @ u1,m2 @ uz).
Furthermore, we can determine that
NRB(t.ry @ taug,ro @ ug) = n(t.ry, o) B(tuy, ug) +n(t.ry, t.ra) B2 ur, ug)
= n(t.ry,m2) B(taur, ug) = n(ry, t.re) B(uy, taug) = nRB(r1 @ uy, t.ro @ tauy)
and
nRB(t.ry @ taug, t.ry ® taug) = n(t.ry, t.ry)B(tuy, taug) + n(t2ry, try) B(t2uy, tuy) = 0.
Together, these equations prove our claim because we can now write
n@B(cu.r(ur @ 11), cur(tus @19)) = NRB(r1 @ uy + .11 @ g, re @ Uy + t.ro @ taug)
= N@B(r1 @ uy, 2 @ uy)
= Bn(ur @ 11, uy @ 13).
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(3) Multiplicative identity. Consider an object R = 1 € Ver]. We can take a nonzero
vector 1 € 1, which must satisfy t.r; = 0, and fix a basis of 1 by {r;}. We claim
that the multiplicative identity is the isomorphism class that has a representative
n:1®1 — 1 given by n(ry,r1) = 1. Given a vector u; € U and scalars kq, ks € K,
we can write kiuy ® kory as kiksu; ® 1. We can thus express any vector in U ® 1 as
u ® ry for some u € U. For all uy,uy € U,

B&m(ur @ r1,us @ r1) = Blug, ur)n(r,m1) + Bur, toauy)B(tr1,m1) = Blur, us).

Therefore, 3&n and 3 belong to the same isomorphism class, which shows by com-
mutativity that f®n = = n®p.

3. CLASSIFICATION OF NON-DEGENERATE SYMMETRIC BILINEAR FORMS IN Ver)

We have now set the stage to classify the non-degenerate symmetric bilinear forms in Ver} .

3.1. Classifying forms on objects of the form m1 and of the form nP. Before we
can approach the general case, it is easier to classify forms on objects of the form m1 and
on objects of the form nP. The former is the well-known classification of symmetric bilinear
forms in the ordinary vector space setting:

Theorem 3.1 (|Gla05]). Let 8 be a non-degenerate symmetric bilinear form on a vector
space Z. Then, there exists a basis for Z in which the associated matriz of [ is either the
identity matriz or direct sums of the 2 X 2 matrix given by

il

For each dimension, these two classes of forms are non-isomorphic. If dim Z = m, let us de-
note some representative of the first isomorphism class as af* and denote some representative
of the second isomorphism class as o (which exists only for even m).

Changing basis amounts to conjugation by an invertible map in Hom(Z, Z). However, the
endomorphism spaces in Ver, are considerably more restrictive, and therefore, we find more
isomorphism classes of non-degenerate symmetric bilinear forms. We start our classification
with the following straightforward lemma:

Lemma 3.2. Let 3 a symmetric bilinear form on an object U € Ver] with the decomposition
U=mlé&nP =V oW ®X arising from the basis described by (2.1). Then, 8 must satisfy
the following for all 1 <t <m and 1 < j,k <n:

(1) B(vi,z;) = 0, meaning Blvex = 0 and B|xgv = 0;
(2) B(wj,xr) = B(xj, we);
(3) B(z;,x) =0, meaning B|xgx = 0.

Proof. This is a direct consequence of the fact that S(t.u,u') = f(u,t.u’) forallu, o’ € U. O
The following motivates why we first consider the classification of m1 and nP separately.

Proposition 3.3. Let 8 a non-degenerate symmetric bilinear form on an object U € Ver)
with the decomposition U = m1 &nP =V & W & X arising from the basis described by
(2.1). Then, the restriction of B to V is also non-degenerate.
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Proof. Suppose for the sake of contradiction that g is degenerate on V. Then, there exists
a nonzero vector v € V such that S|k, = 0. By Lemma , we know that Slgwex = 0
and SB|xgwaex) = 0. Therefore, B|kvex)a(vex) = 0, and the adjunct map 3’ : U — U* must
map any u € Kv® X to a vector in W*, where we decompose U* = V*dW*$ X*. However,
dim(Kv @ X) = n+ 1 and dim(W*) = n, so there exists a nonzero vector v in Kv & X such
that §'(u) = 0, contradicting the non-degeneracy of 5 on U. O

An object U € Ver] can be decomposed into V = ml and V+ = nP. If 3 is a non-
degenerate symmetric bilinear form on U, then by Propositions 3.3 and we can choose
V' such that both S|y and f|y+ are non-degenerate symmetric bilinear forms. Because V'
is an ordinary vector space, we already know that (|, belongs to one of the two classes in
Theorem [3.1] In the remainder of this section, we will classify isomorphism classes of forms
on V1 =nP.

We will first show that on the object P, there exist infinitely many isomorphism classes
of bilinear forms, each indexed by an element of K. We will denote suitable representatives
for these isomorphism classes as fp(y) : P ® P — 1, where y € K. Similarly, on the object
2P, there exist two isomorphism classes not arising from Sp(y) @& Bp(z), which we will call
Pop(i) : 2P ® 2P — 1 for i =0, 1.

Lemma 3.4. Let n be a non-degenerate symmetric bilinear form on the object P. There
exists a basis of P such that the associated matrix of n is given by

(3.1) {?{ (1)}

for suitable y € K. These forms are pairwise non-isomorphic.

Proof. Let p,q be basis vectors of P such that t.p = ¢q. The quantity 7(p, ¢) is nonzero as
otherwise, ¢ would be in the kernel of 7, and the form would be degenerate. Moreover,

n(q,q) = n(t.p,t.p) = n(p,t2.p) = 0. Therefore, we can scale the basis vectors by 1/+/n(p, q)
(which is a valid base change), and the associated matrix of 7 with respect to this new basis

is given by
nep) 1
n(p,q) )
1 0
Now, any map P — P is determined by where it sends p, so it follows immediately that

these forms are pairwise non-isomorphic. 0

The isomorphism class arising from the form in Lemma will be represented by 5p(y)
for y € K. We can also classify some forms on the object 2P.

Definition 3.5. We say a bilinear form 3 on an object U € Ver] is oscillating if for all
u € U, we have f(u,t.u) = 0.

With this definition, we have the following lemma:

Lemma 3.6. Let n be a non-degenerate symmetric oscillating bilinear form on the object
nP (with n > 1). Then, there is a subobject S = 2P of nP such that the restriction of n to
S is non-degenerate, and moreover, there exists a basis of S for which the associated matrix
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of n|s is given by one of the following two matrices:

0001
0010
(3.2) 010 0]
100 0
(1 0 0 1]
0010
(3.3) 0100
100 0

The first form will be denoted as Pap(0), and the second will be denoted as [ap(1). These
forms are not isomorphic (and are also not isomorphic to Bp(y) ® Bp(z) for any y,z € K).

Proof. Let p be a vector in nP such that t.p # 0 (such a vector necessarily exists). The
non-degeneracy of 17 means there must exist a vector ¢ € nP such that n(t.p,q) # 0. By
the assumption that 7 is oscillating, n(u,t.u) = 0 for all u € nP. Therefore, ¢ # p. Since
0 # n(t.p,q) = n(p,t.q), we have t.qg # 0. Let S be the subobject of nP spanned by the basis
vectors {p,t.p, q,t.q}. The matrix associated to n|g on this basis is of the form

x 0 x A
00 A O
* A % 0
A0 0O

for some nonzero A € K and with % denoting suitable entries such that the matrix is sym-
metric. Once we rescale each basis vector by %, the matrix with respect to this basis

becomes
b 0 ¢ 1
0010
c 1 a 0Of°
1000

/

where a,b,c € K. Then, we replace ¢ by ¢ = ¢ + ¢(t.q), which is a valid change of basis
because t.(q + ¢(t.q)) = t.q. The associated matrix of 7 is now given by

01
10
a 0
0 0

The matrix above has determinant 1, so this basis change preserves non-degeneracy.
If a =0b =0, we get the isomorphism class 55p(0), as claimed. Now, suppose b # 0
but ¢« = 0. We can define p’ = \/igp and ¢" = Vbg'. Then, with respect to the basis

—_— o O o
O~ OO

{p/,t.p',q",t.q"}, the associated matrix of 7 is given by
1

— o O

O = OO
OO = O
O O O
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which is the associated matrix of the form (3p(1) representing our second isomorphism class.
Similarly, if @ = 0 and b # 0, we can interchange the order of p,t.p with ¢, t.¢’ in our basis
and then apply the same process, which will give us the same matrix. Therefore, suppose
that both a and b are nonzero. We can find d € K such that k == vb + dy/a # 0. We
define a new basis {p/,t.p/,¢",t.q"} of 2P given by p’ = %(p + dq' + da(t.p) + b(t.q")) and
¢" = ap + Vbq. We have:

N, p) = =0+ d?a) = (k) = 1,

n(p,t.p') = & (2d) = 0,

N, q") = t(Vwy + by/yw + ab + dvba) = 0,

n(tp',q") = 1 (Vb+dy/a) = 1 (k) = 1, and

n(d".4d") = (va)’b+ (Vb)*a = 0.

Therefore, with respect to this new basis, the associated matrix of the form is

1 001
0010
01 0 0"
1 000

which we have already seen. Thus, we obtain the form £yp(0) when y = w = 0 and Sap(1)
otherwise.

To see that fop(0) and Sap(1) give rise to distinct isomorphism classes, notice that the
first form is super-alternating and the second form is not. Moreover, these two forms are
oscillating, so they are non-isomorphic to the forms Sp(k) ® Bp(l) where k, 1 € K, which are
not oscillating. O

The forms arising in Lemma [3.4] and Lemma [3.6| serve as the building blocks for all forms
on nP, as the next lemma demonstrates.

Lemma 3.7. Any non-degenerate symmetric bilinear form 3 on the object nP admits one
of the following two direct sum decompositions:

B8 =D Brv)
e

8= @sz(aj)

for suitable y; € K and a; € {0,1}.

Proof. Suppose that we can find a vector u € nP such that §(u,t.u) # 0. Then, J restricted
to the subobject Z of nP spanned by {u, t.u} is non-degenerate, and therefore, by Lemma ,
Bz is in the isomorphism class as Sp(y) for some y € K.

Otherwise, we have (u,t.u) = 0 for all u € nP (i.e. the form is oscillating). In this case,
Lemma [3.6| applies, and we can find a subobject Y of nP for which the restriction of 5 gives
the form fap(a;).
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In either case, once we find such a subobject Z or Y, we can take its orthogonal complement
and proceed inductively by way of Proposition [2.6, This proves that § is of the form

8= @ﬁp@i) ® @52P(aj>

for suitable y; € K and a; € {0,1}. Now, given this decomposition, suppose that both
isomorphism classes are present. Then, there is a basis {p,t.p,q,t.q,r, t.r} of a subobject
S = 3P of nP such that the associated matrix of 3|g relative to this basis is given by

o1 -
10

0
0
0

_ o O Q
OO = O
OO O

with y € Kand a € {0,1}. Let p' = p+q+7r+(y+a)(t.p) and ¢ = p+q. Then, let S denote
the subobject of S spanned by {p/,t.p/,¢,t.q’}. With respect to this basis, the associated
matrix of 3| is given by

where * are suitable entries. Hence, the restriction of 3 to S is the direct sum £p(3) ® Bp(2)
for suitable ¢, 2 € K. Moreover, we can write S = S @ S+. By Lemma , the restriction
of 3 to S+ will be of the form Sp(a) for suitable & € K. Thus, the direct sum of 3p(y) with
Pap(a) can be rewritten as the direct sum Bp(7) @& Bp(Z) @ Sp(a). From here, the statement

of the lemma follows.
O

Lemma shows that any non-degenerate symmetric bilinear form on nP is either the
sum of n/2-copies of irreducible forms on 2P or the sum of n-copies of irreducible forms on
P. We will show that in the former case, there are two distinct isomorphism classes that
arise, whereas in the latter, there are infinitely many. We begin with the first case, which is
easier to prove:

Lemma 3.8. Suppose [ is a non-degenerate symmetric bilinear form on nP such that

n/2
B8 =B Barlay)
j=1
fora; € {0,1}. Then, [ is in the same isomorphism class as one of the following two forms:
ﬁgp;o = 52P(0>@%

Bypy = Bap(1) & Bap(0)®7T .

The two forms are not isomorphic.
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Proof. We are done if for at most one value of j, we have a; = 1. So let us suppose there are
least two such values of j. Without loss of generality, we can assume they are they are the first
two indices, i.e. a; = as = 1. Now, we will consider the direct summand Sop(ai) ® Pop(asz) of
B, with basis {uy, t.u1, ug, t.us} for the first copy of 2P and {ug,t.us, us, t.us} a basis for the
second copy of 2P. We claim that this form can be written as fap(0) & S2p(1) by suitably
changing basis.

Let us = u1+us, and let ug = us. The associated matrix of 3 restricted to the subobject S;
spanned by {us, t.us, ug, t.ug} (with respect to this basis) is given by (3.2). Similarly, define
u7 = ug + t.ug and ug = us + uyg. The associated matrix of 3 restricted to the subobject
Sy spanned by {ur,t.ur, ug, t.ug} (with respect to this basis) is given by . Moreover,
we can see that S and Sy are orthogonal complements. This shows that Sop(1) @ fop(l) =
Pap(0) @ Bap(1); the claim follows by induction. The two forms are not isomorphic because
the the form 35, is super-alternating, whereas the form 35 is not. O

We now consider the second case, where the non-degenerate symmetric bilinear form is
the sum of forms on the object P. The procedure for doing so is more complicated than that
of the first case. To start, we have the following lemma.

Lemma 3.9. For any y # z € K, the form 8 = fp(y) ® Bp(z) is in the same isomorphism
class as Bp(a) ® Bp(y + z + a) for all a € K.

Proof. Let {uy,t.u1} be a basis of the first P object such that the associated matrix of Sp(y)
is given by (3.2)), and let {uso, t.us} be a basis of the second P object such that the associated

matrix of fp(z) is given by (3.3). For some arbitrary a € K, let k = ,/jig, which is well-

defined because y # z. Define ¢ = ky and d = (14 k)x. Then, k(1+k)y + (1 + k)kz+c(1 +
k)+dk =k((1+k)y+d)+(1+a)(az+c) = 0. Now, let us = kuy + (1 + k)ua + ct.uy + dt.us,
and let uy = (1 + k)uy + kuy. We have

o O(uz,uz) = k*y+ (1+k)?z2=k(y+2)+2z=a,

o B(us, tuz) =k*+ (1+k)> =1,

o Blug,ug) =k(l+k)y+ (1+k)kz+c(1+k)+dk =0,

o B(us, tuy) =k(1+k)+(1+k)k=0,

o Blug,ug) = (1+k)2y+k?2=k(y+2)+y=y+2+a,and

) ﬂ(’LL4,t.U4) = (1 + ]{)2 + k2 =1.
Therefore, with respect to the basis {us, t.us, u4, t.us}, the associated matrix of g is

us t.us Uy t.uy
a 1
1 0
y+z+a 1
1 0
This proves the claim. [l

Now, our strategy will be to repeatedly use Lemma[3.9]to convert a form that is the direct
sum of forms described in Lemma into a canonical form. For simplicity, we will refer to
the process of identifying fp(y) @ Bp(z) with Sp(a) ® Bp(y + z + a) as “replacing y, z by
a,y + z+a”. Given a form fp(y), we will refer to y as the assigned scalar of Bp(y).
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Lemma 3.10. Let § be a non-degenerate symmetric bilinear form on the object nP with
n > 1 such that

B =P Br(y:)
i=1
for suitable y; € K. If not all values of y; are the same, then we can write

B = Bp(k) & Bp(1) & Bp(0)*~2)
for some suitable k € K. If n =2, then k # 1.

Proof. First of all, let us suppose that n = 2. Then, we have 5 = Bp(y1) ® Bp(y2). We can
replace yy,y2 with 1,91 +yo + 1 and let k = y; +y2 + 1 # 1.

Now, suppose that n > 3. If n — 1 of the assigned scalars are zero and the remaining
scalar is 1, then we are done. If instead the remaining scalar is some A # 0 € K, then we
can do the replacement A\,0 — 1,\ + 1, and we are done again. If n — 2 of the assigned
scalars are zero and the remaining two are A, u € K — {0}, then we can do the substitution
Ap— LA+ p+ 1if X2 p. If A = p, we can first do the substitution 0, A — 1, A\ + 1, then
do the substitution A + 1, u + 1,0 (converting the three assigned scalars A, i, 0 into 1, 1,0).
This covers the case where n — 2 assigned scalars are zero.

Therefore, let us assume that at most n — 3 of the assigned scalars are zero. If no assigned
scalars are zero, we can find y, and vy, with y, # y, and do the replacement 3., ¥, — 0, Yo + Yp.
Hence, we can ensure that least one of the assigned scalars is zero. If n = 3, this returns us
to the case where n — 2 assigned scalars are zero. When n > 3, we can find three additional
assigned scalars y,, vy, and y. with y, # 0. We can then perform the following iterative
procedure until we arrive at a form that has n — 2 zeroes as assigned scalars. Let d be a
nonzero scalar satisfying d # y, and d # y, + y.. We can do the replacements

O7yaayb7yc}_>d7ya+d7ybayc'_>ana+d7yb+daycHovoayb+d7yc+ya+d7

where the notation is extended with two assigned scalars replaced in each step. These
replacements give us an additional zero as an assigned scalar. The above process can be
repeated until we have n — 2 zeroes as assigned scalars, which is a case we have already
considered. This proves the lemma. O

We combine our previous work to get the following theorem.

Theorem 3.11. Any non-degenerate symmetric bilinear form B on nP lies in the isomor-
phism class of one of the following types of forms:

B3po = Bop(0)®2 (2| n)
By = Bap(1) ® Bop(0)°°F (2] m5m > 0)
Byio0=0py)®pp(l) (y#1eK;n=2)
Byim—2 = Bp(y) ® Bp(1l) & 5P<O)®(n72) (y e Kyn > 3)
By = Bp(y)*" (y e K;n>0).

These forms are pairwise non-isomorphic, except some of the By 1.,—2 may represent the same
isomorphism class for different y (which we will see is not the case in Lemma .
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Proof. This follows from Lemma [3.7] Lemma [3.8] and Lemma [3.10] To that see we have
distinct isomorphism classes, we will observe some properties about the forms. The first
form is oscillating and super-alternating. The second form is not super-alternating but is
oscillating. The remaining forms are not oscillating. Notice that yB} (u,t.u) = B (u,u)
for all u € nP, whereas for no y € K does there exist z € K such that 206, 1,,—2(u,u) =
Byan—2(u, t.u) for all u € nP. Therefore, we deduce that the 3] are pairwise non-isomorphic
and not isomorphic to anything else on the list. This proves the claim. 0

3.2. Classifying non-degenerate bilinear forms in the general case. We now have
classifications for the non-degenerate symmetric bilinear forms on objects of the form m1
(Theorem and for those on objects of the form nP (Theorem [3.11)). In this section, we
will use these results to provide the classification for any object U € Ver, with decomposition
U=ml®nP =V ®W ®X arising from the basis given by (2.1)).

Lemma 3.12. Let 3 be a non-degenerate symmetric bilinear form on U € Ver], and suppose
that U =V @ VL, where V2 ml, VE 2 nP, and By = of*. Then, either B = a* @ B3po
or B =af" ® [y.

Proof. By Lemma we know that f is either in the same isomorphism class as

of' & P Br(y:)
i=1

or

n/2

a’ & @5213(%‘)-
j=1

Let us deal with the former case first. We claim that
ay ® Bp(y) = a1 ® Bp(0)
for all values of y;. The associated matrix of the left-hand side is given by

U1 U2 t.UQ
1

Yi 1
1 0

in some suitable basis {u, uy, t.us}. Let uz = uy 4+ \/yit.up and uy = (/y;u1 + uz. Then, we
can see that

o [(us,uz) =1,

o B(us,us) = \/¥i + /¥ =0,

L 6(U3,t.’d4) = Ov

o B(ug,ua) =y; +y; =0,

o B(ug,t.uy) =1, and

e the space spanned by ug is perpendicular to the space spanned by {uy,t.uy}.
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In the basis {us, u4, t.uys}, the associated matrix is given by

Uz Ug t.U,4
1

which shows the claim. Since m > 0, after iterating this procedure for each i, we see that
B=al" & @ Br(y) =al" @ f;.
i=1

Now, let us move to the second case, where
n/2

ﬁ = Oégn D @ ﬁgp(aj).

j=1
We want to show that 8 = af" @ B3p; this will follow if we can show that
a; ® Par(1) = ag @ B2p(0).

In other words, we need to find a change of basis so that we can go from the first matrix
below to the second matrix below:

UL Us tus uz t.ug Uy us tus ug t.ug
1 1
1 0 0 1 0 0 0 1
0 0 1 0 — 0 0 1 0
0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0

Such a basis change is given by letting uy = uy + t.ug, us = uy + uo, and ug = us. Iterating
this for each value of j such that a; = 1 proves the second case. 0

Using the previous lemma and our classifications on V' = ml and V+ = nP, we obtain a
classification of the non-degenerate symmetric bilinear forms on an object U =2 m1 & nP. In
the following theorem, we represent our forms using their corresponding associated matrices,

1 Y 1
writing I,,, = and A,(y) =
1 1
Theorem 3.13. Let U = ml & nP. For any non-degenerate symmetric bilinear form [3,
there exists a basis of U such that the associated matrix of 3 is one of the 6 forms below. We

present the matrices block-diagonally, with the first block representing |y and the second
block representing S|y 1, where V.= ml and V+ = nP is some suitable subobject of U.

I |

A4O
(A) W 3 (m>0;2]|n)

A4(0)
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Im
‘ A(0) .
(B) LT (m > 0;n > 0)
Ay(0)
[ A,(0) i
©) O @2 n)
i Aq(0) |
[ A(0) l
A5 (0)
(D) A4(0) . (2| m;2|n;n>2)
A4(0)
! Ay(1) |
[ A2(0) . .
(E(y)) A>(0) RO (yeK;2 | m;n >0)
L As(y) |
[ A,(0) . T
A5(0) y e K
(F(1+y)) A5(0) 2| m;n > 2;
(1+y,n) # (0,2)
Ax(1)
L Az (y) ]

Proof. Write U = V @ V+ for some V = ml. If the restriction of 8 to V decomposes as
af', then Lemma shows that (3 is either in the isomorphism class [A] or the isomorphism
class[B|l Otherwise, Theorem gives a form belonging to one of the isomorphism classes [C|
through F. Since all alternating bilinear forms are symmetric, we have also classified all non-
degenerate alternating bilinear forms on objects in Ver] (we will specify which forms are
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alternating in Theorem [3.26|). In the next subsection, we will prove that forms in these
isomorphism classes are pairwise non-isomorphic. ([l

3.3. Proving Non-Isomorphism. We start by describing basis-invariant properties of non-
degenerate symmetric bilinear forms on objects U € Verj. Without loss of generality, assume
that the basis on which (3 is represented in Theorem is the basis given by . Recall
that this gives rise to the decomposition U = ml &nP =V e W & X.

Definition 3.14. Given a symmetric bilinear form # on U, we define a good pair as an
ordered pair of scalars (k,l) € K? satisfying k83(u, t.u) = [5(u,u) for all u € U,

Proposition 3.15. Let 8 be a symmetric bilinear form on U, and let k, ¢ be scalars in K.
If kB(uy, tuy) = £B(uy,uq) for all vectors uy in a basis of U, then kf(u,t.u) = £B(u,u) for
allu e U.

Proof. If uy,us € U satisty kB (uy,t.uy) = €6(uy,uq) and kB(ug, t.us) = £5(us, uz), then
kB (uy + ug, t.(ug + ug)) = kB (uy + ug, tug + tous)
= kB(uy, tuy) + kB(ug, tug) + kB(uq, tug) + kB (ug, t.u)
= 0B (uy,uy) + B (usg, us) + 2k (uy, t.us)
= 0B(u1,ur) + €6(ug, uz) + 0
= (B(ur, u1) + £B(ug, uz) + 206 (uy, uz)
= LB (ur + ug, uy + ug),
and for any scalar j,
kB(jur, t.(juy)) = kB(juy, jtaur) = kj2B(ur, tauy) = 052 B(ur, ur) = £8(juy, jur).
O
In the case that a symmetric bilinear form has the good pair (1,0), we recover the definition
of an oscillating bilinear form. In the case that a symmetric bilinear form has the good pair

(0,1), we recover the definition of a super-alternating bilinear form. Alternating forms in
our classification have additional invariant properties:

Proposition 3.16. Let 5 be a non-degenerate alternating bilinear form on U, and suppose
x is a vector in X. For allu € U such that t.u = x, the quantity 5(u,u) is fized.

Proof. Suppose u; and ugy are vectors in U such that t.u; = t.ug = x. Then, t.(u; + ug) = 0,
which implies B(uy + ug, w3 + uz) = 0 by Proposition ﬁ We have

Bluy, ur) = Blur, ur) + B(ur, uz) + Blug, ur)

(w1, uy + ug) + Blug, ur + us) + Bug, us)
(u1 + U2, U7 + UQ) + 6(U2,u2)
(

Us, Us).

B
B
B

O

Proposition 3.17. Let § be a non-degenerate alternating form on U, and suppose x1,xs
are vectors in X. For all uy € U such that t.ug = xo, the quantity 5(x1,us) is fived.
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Proof. Let uy € U be a vector such that t.u; = x1, and suppose us, uy are vectors in U such
that t.ug = x5 and t.uy = x5. There must exist some vector us € U satisfying t.us = 0 such
that us = w4 + us. Then, B(z1,u3) = B(xr, us + us) = Bz, ug) + B(x1,us) = Ba1,ug) +
B(tuy,us) = Blug,ug) + Bug, tus) = B(xy, ug) + Bug, 0) = B(x1, us), as desired. O

Given ¢ € X, u; € U, and u € U such that t.u = z, the propositions above prove that
B(u,u) and B(uy,u) do not depend on the choice of representative from the preimage of z
under the map of the t-action. This motivates the following definitions:

Definition 3.18. Let 8 be a non-degenerate alternating bilinear form on U. The X -function
f: X — Kof §is defined by fz(z) = f(u,u), where z € X and u € U is in the preimage of
2 under the map of the t-action.

Definition 3.19. Let S be a non-degenerate alternating bilinear form on U. The X-form
g: X ®X — Kof 8 is defined by g(z1,x2) = B(z1,uz2), where x1,zo € X, and us € U is in
the pre-image of x5 under the map of the t-action.

Proposition 3.20. Let 8 be a non-degenerate alternating bilinear form on U. The X-form
of B is non-degenerate, symmetric, and bilinear.

Proof. Denote the X-form of 5 by ¢. First, suppose for the sake of contradiction that ¢ is
degenerate. Then, there exists a vector x € X such that g(x,2’) = 0 for all 2/ € X. Thus,
for any vector v’ such that t.v' € X, f(x,u') = 0. However, X is the image of U under the
t-action, so (z,u') = 0 for all ' € U, which is impossible because f is non-degenerate.
Now, we prove that g is symmetric and bilinear. Let x1, x5, x3 be arbitrary vectors in X.
There exist vectors uy, us,u3 € U such that t.u; = xq,t.uy = x9, and t.ug = ug. Symmetry
holds because g(x1,z2) = B(t.ur,us) = Buq, t.ug) = B(t.us,ur) = B(xe,ur) = g(xa,21). To
verify bilinearity, we can check that g(z1,z2) + g(x1,x3) = B(ug, x2) + B(u1, x3)
= Bluy, 2 + x3) = g(x1, 72 + 23), and g(z1, k) = B(ur, ko) = kB(ur, x2) = kg(z1,29) for
any scalar k. By symmetry, these relations also hold on the left side of g. 0

Definition 3.21. Let 8 be a non-degenerate alternating bilinear form on U. Given a basis
of X, the X-matrixz of § is the associated matrix of the X-form of 5.

Because the X-form is non-degenerate for any non-degenerate alternating bilinear form,
we know that the X-matrix is always invertible. Next, we introduce the basis-invariant
notion of the form invariant to distinguish between isomorphism classes of forms.

Definition 3.22. Suppose that 3 is a non-degenerate alternating bilinear form on U. Let
{x1,---,xn} be a basis of X, and denote the X-matrix of 5 with respect to this basis by M.
The form invariant of Zg of § is the sum 7" | f5(x:) (M )i

Remark 3.23. Let n be a non-degenerate alternating bilinear form on an object R with
decomposition R = pl @ gP. The formula for Z, is only dependent on the restriction of 7 to
qP,so 1, =1,

Theorem 3.24. Let 5 be a non-degenerate alternating bilinear form on U. The form in-
variant of B is basis-invariant.

lgp-

Proof. Denote the X-function and X-form of 5 by f and g, respectively, and with respect
to the basis {x1,22,..., 2y} of X, define M to be the X-matrix of 5. Given an invert-
ible linear transformation A : X — X, we want to show that when evaluated on the basis



24 I. CHEN, A.S. KANNAN, AND K. POTHAPRAGADA

{Axy, Axs, ..., Ax,}, the form invariant remains unchanged. First, we show that the associ-
ated matrix of g with respect to this basis is AT M A. Using the property that g is bilinear,
we can rewrite each entry of this associated matrix as follows:

(ALUZ, AZL’J Z Aszng(ij,Jlg Z AklAngkg = Z Aszkafj = (ATMA)U
1<k t<n 1<k l<n 1<k l<n

Additionally, we have

f(Az;) = (Z Ajiwj, Z Amwk) = Z Z A;i Ay B(wj, wy).

=1 k=1

For each pair (a,b) where 1 < a,b < n, we have Ay ApB(wa, wy) = ApiAgiB(wyp, w,), which
implies Aq; ApiS(Wa, wy) + Api Agi 8 (wy, w,) = 0 in characteristic 2. Therefore, we can simplify

f(Az;) to
Z A?iﬁ(wja wj) = Z A?zf(x])
Jj=1 j=1

We want to prove

n n

> @) (M D AL fa)(ATM A,

i=1 j=1
and it suffices to show that
(M) =) AR (ATMA).
k=1
The matrix M ! can be written as A(ATMA)"*AT. Thus,
M7 = ) AATMAGAL = > AyAn(ATMA).
1<j5,k<n 1<5,k<n

Since AT M A is symmetric, (AT M A)~! must also be symmetric.
For each pair (a,b) where 1 < a,b < n, we have AmAlb(ATMA);I)1 = AibAm(ATMA);;,
which means that AmAzb(ATMA) + Alem(ATMA) = 0. Then,

> AGARATMA) = Y A A(ATMA) = ZAfk (ATMA)L,
1<5,k<n 1<k<n

as desired. ([l
We are now ready to prove non-isomorphism.

Lemma 3.25. For all a,b € K, forms in the class F(1+ a) and forms in the isomorphism
class F(14b) are isomorphic only if a = b.

Let 5 be a form in F(1+4a). We will use the basis given by to represent the associated
matrix of 3 in Theorem [3.13] With respect to the basis {z1,zs, ..., z,}, the X-matrix M
of 8 is the identity matrix I,,. Then, Y » | f(z;)(M 1) = >0, f(z;), which is the sum of
the diagonal entries of M. The form invariant of 8 thus evaluates to Zg = 1 + a. Since
14+ a=1+4bonly if a = b, this proves the lemma.
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Theorem 3.26. The forms described in Theorem |3.15 are pairwise non-isomorphic.

Proof. By Proposition [2.4] the alternating bilinear forms in our classification are those that
vanish on v; ® v; for 1 < j < m. We deduce that forms in the isomorphism classes [A] and
are not alternating, while forms of the remaining four classes are. Thus, forms in [A] and
are not isomorphic to forms in the other classes.

By Proposition [3.15] we can determine the good pairs of forms in our classification by
examining the properties of vectors in a basis of U. Forms belonging to |B| and F have
a single good pair (0,0), whereas the good pairs of forms in |A| and @ are (k,0) for all
scalars k, Forms in E(a) where a € K have the good pairs (ka, k) for all scalars k. For all
kleKueU, B(utu) =B(u,u) =0 for all forms 8 in[C| Therefore, forms in [C| have the
good pair (k, 1) for all scalars k, .

We can use the criterion of distinct good pairs to conclude that forms in [A] and [B] are not
isomorphic and forms belonging to the classes [C] [D] E, and F are pairwise non-isomorphic.
Finally, we proved in Lemma that the forms in F/(1 + a) and forms in F(1 + b) with
a # b € K are distinct. O

We finish this section with calculating the form invariants of the forms described by [C| [D]
and E. This information becomes useful in the next section, where we determine the direct
sum and tensor product on bilinear forms described by our isomorphism classes.

Proposition 3.27. The form invariants of forms in[( and[D] are zero, and for a € K, the
form invariant of forms in E(a) is na.

Suppose [ is a non-degenerate symmetric bilinear form in E(a). Again, we use the basis
given by to represent the associated matrix of 3 in Theorem [3.13] The X-matrix of 3
with respect to this basis is the identity matrix I,,, and for 1 <i <n, fz(x;) = a. The form
invariant of 3 evaluates to Zz = na.

Now, suppose S is a form in [C] or [D] With respect to the same basis, the X-matrix of £,
which we will once again denote M, is direct sums of the 2 x 2 matrix given by

01
1 0|
Since M is its own inverse, M;;' = 0 for 1 <4 < n. Thus, Zz = 0.

4. WITT SEMI-RING STRUCTURE

In this section, we describe the structure of the Witt semi-ring of isomorphism classes
of non-degenerate symmetric bilinear forms in Ver; (see . Our results are provided
in the table at the end of each subsection. As a set, the elements of the Witt semi-ring
are the isomorphism classes of the non-degenerate symmetric bilinear forms described in
Theorem [3.13] Recall that addition is given by direct sum and multiplication is given by
tensor product.

Throughout this section, we let 5 and 1 denote non-degenerate symmetric bilinear forms
on objects U, R € Ver], respectively. We fix a basis of U = m1 @ nP as given by , and
we fix a basis of R = pl @ ¢qP by

{vi,v9, o U W1 X, - - Was Xa )
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where t.v; = 0 for all 1 < j <p and t.w, = x; for all 1 <k < ¢. The direct sum 8 @ n acts
on the object U ® R = (m + p)1 & (n + q)P. The tensor product S&n acts on the object
U® R =mpl & mqgP & npP & nq(P ® P), which is equivalent to mpl & (mq + np + 2nq) P
because P® P = P @& P. Given  and 7, we determine which isomorphism classes their
direct sum and tensor product belong to (denoted |Althrough F, as labeled in Theorem .

4.1. Direct Sum. In this section, we describe the invariant properties of S @ n, which will
enable us to classify the form up to isomorphism.

Lemma 4.1. The good pairs of @ n are the intersection of the good pairs of 5 and the good
pairs of n.
Proof. Let k,{ be scalars in K. If kf(u, t.u) = £5(u,u) for all w € U and kn(r,t.r) = {n(r,r)

for all r € R, we have
kB (u,t.u) 4+ kn(r,t.r) = £8(u,u) + €n(r,r)
= kBOnudrt(udr)=(6dnudr,udr).
For the converse, we suppose (k, () is a good pair of 8 @ 7, meaning
(4.1) kBenudrt(udr) =L08®n(udr,udr)

forallu @ r € U@ R. We have (8 ® n(u®r,u®r) = L5(u,u) + n(r,r), and the left-hand
side of (4.1 evaluates to

kBenudrt(udr) =kB@dnludrtudtr)=Ek6(u,tu)+ kn(rtr).
Thus, we can rewrite as
kB(u,t.w) + kn(r,t.r) = €6(u,u) @ n(r,r).

Setting 7 = 0 in the equation above yields kf(u,t.u) = ¢8(u,u), and setting v = 0 yields
kn(r,t.r) = {n(r,r). O

Lemma 4.2. The direct sum ®n is alternating if and only if both B and n are alternating.

Proof. Decompose U =V @ Wy @& Xy and R = Vs & Wi & Xi. If § and 7 are alternating,
then by Proposition 2.4 3(a,a) = 0 for all a € Viy & X7, and n(b,b) = 0 for all b € Vp & Xp.
Then, S ® n(a @ b,a®b) = B(a,a) +n(b,b) =0 for all a € Viy & Xy, b € Vg @ Xg, which
proves by Proposition that g @ n is alternating.

To prove the converse, we will show that § @ 7 is not alternating when at least one of 8
and 7 is not alternating. If £ is not alternating, then Proposition [2.4]implies the existence of
a vector v; € Vi; such that 5(vq,v1) # 0. For any vector y in Xg, t.(v1+x) = tw;+t.x =0,
and n(x, x) = 0. Consequently, 5@ n(vy + x,v1+ x) = B(v1,v1) +1(x, x) # 0, and it follows
from Proposition that $ @ 7 is not alternating. 0

Lemma 4.3. If both 3 and n are alternating, then Lge, = I + I,.

Proof. First, let us establish our notation for this proof. The bases of X and Xy are given
by {z1,%2,...,z,} and {x1, X2, - - -, Xq}, respectively. We denote the X-function of 3 by fs,
the X-function of n by f,, and the X-function of 8 ® n by fsze,. Additionally, X-matrices
of 8, n, and 8 ® n are denoted by Mg, M,, and M, respectively.

Define a basis of f&n by {b1, ..., bnt,} where the vectors by, ..., b, are given by z,..., 2,
and the vectors by41, ..., b,4, are given by xi,...,x,. Forany 1 <i <mn, fag,(z; +0) =
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B(zi,z;) = fa(z;). We also have fgzq,(0 + x;) = fy(x;) for all 1 < ¢ < ¢g. There is a
similar relationship between the X-matrices of our forms: M = Mg ® M, = [M'B 0 } , SO

0 M,
—1
M= {]\403 ]\40_1}. Thus,
n
n+q

Lay = Z So@n(0)(M™);

n n-+q
=Y foen(@i + 0) (M is+ Y Faen(0+ ximn) (M)
=1 i=n+1

= Z fﬁ(xl>(Mgl)zz + Z fn(Xz)(Mnfl)“
O

We can now apply our work from the previous section on good pairs and alternating forms
(Theorem [3.26]) and form invariants (Lemma m, Proposition |3.27)) to determine the direct

sum of isomorphism classes in our Witt semi-ring.

> A|B|C|D]|E(a) F(a)

A A|/B|/A|A|B B

B B|B|B|B B

C C | D |E(a) F(a)

D D | F(na) F(a)

E(b) a=0b— Ea); F(a+ qb)
a # b — F(na + gb)

F(b) F(a+0b)

In the table above, a and b represent arbitrary scalars. We list the isomorphism classes of 3
and 7 in the top row and the leftmost column, respectively (the blank entries are given by
commutativity).

4.2. Tensor Product. To determine the tensor product on bilinear forms in our setting,
we will employ a similar strategy as the one we used to find the direct sum. Recall that we
fixed a basis of U = m1 & nP by

{1)171)27 vy Uy, W1, X1y - vy Wiy, xn}

and a basis of R = p1 @ ¢P by
{V17V2a"'71/q7w17X17"'awq7Xq}'

Remark 4.4. Some statements in this section assume properties for at least one of  and
n or assume different properties for 5 and n. By commutativity, these claims are also true
when we interchange the assumptions for 8 and the assumptions for 7.

First, we will determine the good pairs of 3&n. By Proposition m it suffices to consider
the pairs (k, /) € K? that satisfy the property

kﬁ@n(bl X bg, t(bl X bg)) = 65@77([)1 (059 bz, b1 & bg)
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for all vectors by ® by in a basis of U ® R. It is easier for us to instead consider the pairs
(k,0) € K that satisfy this property for vectors of the form u®r € U ® R. This will give us
all of the good pairs of f®n because set of all vectors in U ® R expressible as u ® r contains
a basis for U ® R. For vectors of this form, we have

Ben(u@r,u®r) = Bu,u)n(r,r) + B(u, t.u)n(r, t.r),
Bn(urt.(u®r)) =n(u@rtu®r +u®tr)
= Banunrtu®r)+ Ban(u®r,u®tr),
= Bu, tu)n(r,r) + B(u,u)n(r, t.r).
We begin with the cases where at least one of 8 and 7 lies in the isomorphism classes [C]
or E(1).
Proposition 4.5. If 3 lies m@ then B&mn must also belong to @

Proof. Since S is in |C| S(u,t.u) = 0 and S(u,u) = 0 for all w € U. For all » € R, we thus
have f&n(u® r,u®@r) = 0 and B&n(u ® r,t.(u® 1)) = 0 by the equations in ({.2). These
properties are only exhibited by forms in [C] O

(4.2)

Proposition 4.6. Suppose that n lies in E(1) and  does not belong to the isomorphism
classes@ or E(1). Then, f®n is in E(1).

Proof. The equation S&n(u ® r,t.(u® 1)) = f&N(u ® 7,u ® r) holds for all vectors of the
form u ® r in U ® R. We can see that (1,1) is a good pair of 3®n, which is only true for
forms belonging to the classes |C|and E(1). Since f is not in |C|or E(1), there exists a vector
uy € U such that S(ui,u1) # B(ur,t.uy). Furthermore, since n is in E(1), there exists a
vector r; € 7 such that n(ri,r) = n(ry,t.r1) # 0. Then, f&n(u; ® ry,u; @ 1) must be
nonzero, which cannot be true for forms in [C] O

Proposition 4.7. If 3 and n are both in E(1), then B&n belongs to @

Proof. 1f 5 and n are both in E(1), then they must each have the good pair (1,1). In other
words, [(u,t.u) = f(u,u) for all u € U, and n(r,t.r) = n(r,r) for all r € R. For all values of
u®reU® R, we thus have

pen(u@r,u@r) = Bu,wn(r,r) + Blu, ta)n(r,t.r) =2 Blu,u)n(r,r) = 0,
pen(u@rt.(uer)) = Blu,tun(r,r) + Blu,u)n(r,tor) =2 - Bu,u)n(r,r) = 0.
These equations only hold for forms in [C] O

The remaining cases occur when neither S nor 7 belongs to |C|or E(1). To address these
cases, we start with the following proposition.

Proposition 4.8. Suppose B has a single good pair (0,0). For any scalars k,{, there exists
a solution to the system of equations

Blu,u) =k,
Blu,t.u) = L.

Proof. Since (0,0) is the only good pair of 3, there exists a vector iy € U such that at least
one of B(u1, p1) and B, t.uu1) is nonzero. Let kq, ¢; be the scalars given by ki == (1, 1)
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and ¢y == B(p1,t.p1). Then, (k1,€1) # (0,0). If B(p1, p1) By t.pn) = Bpea, topr) B, p) for all
€ U, then (kq,¢;) would be a good pair of §. Therefore, since (0,0) is the only good pair
of 3, there must exist some vector py € U such that

k1B(pa, topin) # €15 (12, p2).
Defining ko == [(p2, pt2) and 5 := B(p2, t.j2), we have kily # koly. The pairs (ki, £1), (ka2, {2)
are linearly independent vectors over K2, so (ki, £1), (ks, ¢2) span K2. Thus, there exist scalars
¢,d such that c(ky, 1) + d(kq, lo) = (k,{).
Let u = \/cp1 + v/dpy. We have
Blu,u) = B(Vep + Vepa, Vepn + Vips)
= cBlpus ) + dB(pz, p2) +2 - VedB(p, p2))
= cB(p1, ) + dB(p2, p2) = k
and
Blu, tu) = B(vepn + Vdpa, t.(Vep + Vip))
= B(Vew + Vg, /ety + Vit.p)
= cBpr t.pun) + dB(pa, t2) + Ved(Bua, ta) + B(tpir, p12))
= Bt t-p) + dB iz, tpuz) + Ved(B(p, tpra) + Bl t112))
= cB(p, t. ) + dB(p2, t.p2) + 2 \/_5(,“1, t.p2)
= cB(p, tpn) + df(p2, t.pz) =

which shows that u is a solution to the system. 0

Lemma 4.9. Suppose that the only good pair of B is (0,0) and that n does not belong to the
classes@ or E(1). Then, the only good pair of f&n is (0,0).

Proof. Since nis not in C or E(1), there must exist a vector r € R such that n(r,r) # n(r,t.r).
Then, for any scalars a,b € K, the system of equations

a=cn(r,r) +dn(r,t.r),
b=cn(r,t.r)+dn(r,r)
has a solution in some scalars ¢ and d. By Proposition there exists a vector u € U such
that f(u,u) = ¢, 5(u,t.u) = d. We obtain
Beon(u@r,u®r) = Bu,u)n(r,r) + Bu, t.u)n(r,t.r) = cn(r,r) +dn(r,t.r) = a
pen(uert.(u@r)) = Blu,tu)n(r,r) + Bu,u)n(r, t.r) = dn(r,r) +cn(r,t.r) = b.
For (k,I) € K2 to be a good pair of f®n, the equation kb = la must hold for all values of
a,b. This is only true when (k,1) = (0,0). O

Lemma 4.10. Let ki, ko, 01, and {5y be elements of K. Suppose that the good pairs of
are the multiples of (k1,¢1) and the good pairs of n are the multiples of (ko,{ls). Suppose
further that $ and n are not m@ or E(1). Then, the good pairs of B&n are the multiples of
(klkg + 6162, ]i]lgg + glkg).
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Proof. First, we observe that for all u € U,r € R,
(kiks + 016) Bon(u @ ryt(u®r))
= (klk? + Elg?)(ﬁ(uv U)U(Ta t?") + B(U, tu)n(rv T))
= kikoB(u, tuw)n(r,r) + kikoS(u, w)n(r, t.r) + €lef(u, taw)n(r,r) + €16 5(w, w)n(r, t.r)
= kol1 B(u, u)n(r,r) + kiloB(u, u)n(r,r) + kol1 B(u, tu)n(r, t.r) + kil f(u, tuw)n(r, t.r)
= (klé? + gle)(ﬁ(ua U)"](Ta 7’) + ﬁ(ua t“)ﬁ(ﬁ t?”))
= (kily + ko) Bem(u @ ryu @ 1),
which shows that the multiples of (kiky +£10s, kily +{1ks) are good pairs of &n. It remains
to prove that they are the only good pairs of 3.
If kily = l1ky, then the multiples of (1,0) are good pairs of f®n. If kily # {1ky, then
the multiples of (M 1) are good pairs of f@n. In either case, f®n will not have other

kilo+0iks
good pairs unless it belongs to [Cl We will prove that this cannot occur.

Because 3 does not belong to.or E(1), there exists a vector u’ € U such that at least one
of p(u', '), B(v,t.u') is nonzero. Similarly, because 1 does not belong to [C| or E(1), there
exists a vector ' € R such that at least one of n(r’,7"),n(r’, t.r") is nonzero. The quantities
B v+ B, t') and n(r', ") + n(r', t.r') are therefore both nonzero, and their product

(B, o) + B, L)) (B 1) + A, ")
= (B, )B('T) + B L )n(r' tr')) + (B, tu)n(r', r') + Bul, u')n(r', t.r"))
= e @', v @ 1) + pen(u' @1’ t.(u' @ 1))
must also be nonzero. At least one of 3&n(v’' @ r', v/ ® ') and Bon(v’ @ r' t.(u' @ r')) is

nonzero; this cannot be the case for forms in . Hence, 3®n has no other good pairs, which
proves the claim. 0

Our work above fully determines the good pairs of 3®n in the remaining cases. Now, we
will find when & is alternating.

Lemma 4.11. The form B&n is alternating if and only if at least one of B and 1 is alter-
nating.

Proof. The the object U ® R can be decomposed as U ® R = (ml @& nP) ® (pl & ¢P)
mpl & (2ng + mq + np)P. A basis for mpl is given by the vectors v; ® v; where 1 < i
m,1 <j<p. By Proposmon | the form 3®n is alternating when S&n(v; @ v;, v; @v;) =
forall 1<t <m,1 <75 <p.
Expanding, we have
Ben(vi @ vy, v; @ vy) = B, vi)n(vy, v5) + Blui, twi) Btvy, vs) = Blui, vi)n(vy, vs).
By Proposition B(vi,v;) = 0 for all 1 < ¢ < m if and only if § is alternating, and

n(vj,v;) =0 for all 1 < j < p if and only if 7 is alternating. Thus, S®n is alternating if and
only if g is alternating, n is alternating, or both g and 7 are alternating. U

ol/\ |

We will now describe the form invariant Zgg, when ®n is alternating. By Propositions
and [3.3, we can choose decompositions of U and R such that m1 L nP and pl L ¢P. This
results in a decomposition U @ R = mpl & mqP & npP & 2nqP where the subobjects mpl,
mqP, npP, and 2ngP are mutually orthogonal.
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By Remark [3.23] the form invariant of &7 is equal to the form invariant of &n restricted
to mqgP @ npP @ 2ngP. The restrictions of 3&n to mqP, ngP, and 2ngP are all alternating,
so we can apply Lemma [4.3] to write

(4.3) Il?@n = Iﬁ®n|mqp + I/B®77|npp + IB®UI2an'

Therefore, our approach will be to determine the form invariants of the restrictions of 3&®n
to the objects mqP, npP, and 2nqP.

Proposition 4.12. If f®n is alternating, then the form invariant of f®n restricted to
nP ® qP = 2nqP 1is zero.

Proof. The object 2ngP contains the 2ng linearly independent vectors given by w; ® x;, ;@ x;
for 1 <i<n,1<j<gq. Observethatt.(w;®x;) = z;®x;. Now, consider X-function and X-
form of B&n, which we will denote by f and g, respectively. For all 1 <i,k <n,1<j,¢ <q,
9(x; ® X5, Tk @ Xe) = Ben(w; ® Xjs Tk @ Xe)
= B(wi, xe)n(X;, xe) + Bwi, tag)n(tx;. Xe)
= Bwi, )X, xe) + B(wi, 0)n(0, x¢) = 0.
Furthermore, for all 1 <i<n,1 <j <q,

flai @ x;) = Bem(w; @ x;j,w; @ X;) = Blwi, wi)n(x;, X;) + Blws, z:)n(x;,0) = 0.
A basis {by, b, ..., bang} of the image of 2ngP under the map of the t-action can be con-
structed such that the vectors b1, . . . bang are given by z; ® x;, where 1 <i <n,1 <j <gq.
Using this basis, we construct the X-matrix of 3&®n restricted to 2ngP. It is of the form

A B

C 0

where A, B, C' are matrix blocks and 0 represents the zero matrix. We know by the non-

degeneracy of the X-form (proved in Proposition [3.20]) that M is invertible, so B and C
must also be invertible. We calculate that M~ is equal to

0 c!

B! B7tAC™!

Thus, M,,' =0 for 1 <k < nq and f(by) = 0 for ng < k < 2ng. The form invariant of S&n
2nq

restricted to 2ngP evaluates to Zgg,, . = S f(be) M, = 0. O
k=1

Proposition 4.13. Suppose B®n is alternating. If B is not alternating, then the form
invariant of B&n restricted to m1l @ qP = mqP is mZ,

lgp
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Proof. The object m1 is the direct sum of m 1 objects, for each of which the restriction of 3 is
non-degenerate. The object mqP is the direct sum of m copies of 1 ®¢P. Each 1®qP object
is alternating, so applying Lemma reduces the claim to proving that Lsgmlrger = In

P
This is true because 8&n|10qp = 14p- O

Proposition 4.14. Suppose S®n is alternating. If B is alternating, the form invariant of
B&n restricted to ml @ ¢P = mqP is zero.

Proof. The object m1 is the direct sum of % 21 objects, each of which has a basis {u, us}
such that f(uy,uy) =0, B(ug, us) =0, and 5(uy,uz) = 1. The object 21 ® ¢P is alternating,
and mqP is the direct sum of % copies of 21 ® ¢P. Applying Lemma to these % objects,
we only need to show that Zge,, = 0. We will do so by directly calculating this form
invariant.

The object 21 ® qP contains the 2q linearly independent vectors given by u; ® w; and
uy @ xi, where t.(u; @ w;) = uy ® x; for 1 < i < ¢g. Denote the X-function and the X-form
of B&n by f and g, respectively. For 1 <i < ¢, we have

flug ® xi) = 5@77(%1 ® wi, Uy @ w;) = Bug, ur)n(w;, w;) = 0,

and for all 1 <1, 5 < ¢, we have

9w ® x4, u1 @ xj) = 5®77(U1 ® wi, u @ X;) = Bur, ur)n(w;, x;) = 0.

We can construct a basis {b1,bs,...by} of the image of 21 ® ¢P under the map of the
t-action such that the vectors byi1, ..., by, are given by u; ® x; for 1 <1 < gq. Let M be the
X-matrix of 3®n on this basis. By the same reasoning used for the case in Lemma m,
M, =0for 1 <k <gqand f(b) =0 for ¢ < k < 2¢, which proves that

2q

> Fb) My =o.

k=1

Having shown that the form invariant of S®n restricted to each 21 ® ¢P object is zero, we
also have IB@nlmqu =0. 0

By commutativity, the previous two lemmas prove that Lssm|nypr = PLanp when 7 is not
alternating and Laem|npr = 0 when 7 is alternating.

Given an alternating form S®n, we can now find the form invariant of S&n using (4.3).
At least one of 8 and n must be alternating by Lemma [£.11] By Propositions [4.12] [4.13]
and , Ts6, = 0 when both 3 and 7 are alternating, Zss, = mZ,, , = mZ, when 3 is not
alternating, and Zgg, = pZs),, = pZs when 7 is not alternating.

Our work in this section determines the good pairs of f&n, when 3&n is alternating, and
the form invariant of 3&®n when the form is alternating. This enables us to calculate the
tensor product on our isomorphism classes.
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® AIB|C|D E(1) | E(a) F(a)
A A|B|C|D E(1) | E(a) F(pa)
B B | C|F(0)|E(1) | F(pna) F(pa)
C Cc|C C C C

D D | E()|E(a) F(0)
E(1) C E(1) E(1)
E(D) a=bD; F(0)

a#b— E((ab+1)/(a+Db))
F (D) F(0)

In the table above, we again use a and b to denote arbitrary scalars. The top row describes
the isomorphism class of 8 (on m1@&nP), and the leftmost column describes the isomorphism
class of n (on pl @ ¢P).

[BE19]
[BEO23]
[Con08]
[CEO22)
[CEO23]
[DM82]
[Del02]
[Del07]
[Eti16]
[EGNO]
[EK21]

[E021]

[GK92]

[GM94]
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