CONGRUENCES BETWEEN LOGARITHMS OF HEEGNER POINTS

DANIEL KRIZ, ERIC SHEN, KEVIN WU

ABSTRACT. Elliptic curves are an important class of Diophantine equations. We study certain
special solutions of elliptic curves called Heegner points, which are the traces of images under
modular parametrizations of complex multiplication points in the complex upper half-plane. We
prove, for pairs of elliptic curves with isomorphic Galois representations, a general congruence
of stabilized formal logarithms. This is done by first showing that the isomorphism of Galois
representations implies a congruence of stabilized modular forms and then translating these to
the congruence of formal logarithms using Honda’s theorem relating formal groups of elliptic
curves to L-series and the modular parametrization. We use this congruence to show that
examples of elliptic curves with analytic and algebraic rank 1 propagate in quadratic twist
families.
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1. INTRODUCTION
An elliptic curve is a projective, nonsingular curve given by the Weierstrass equation
y2 + a12y + asy = 23+ agx® + ayr + ag.

We will consider elliptic curves E over Q. Over rationals, we can reduce to a Weierstrass

equation of the form
E:y? =24+ Az + B.

Recall that the rational points on E form a group E(Q). Mordell’s theorem states that this
group is finitely generated, i.e. E(Q) = E(Q)ors X Z", where 7 > 0. We call r the rank of the
elliptic curve.

There is also an analytic rank associated to each elliptic curve. Let a, = p+ 1 — |E(F,)|,
where E(F,) denotes the elliptic curve reduced mod p. Define

(I—app~+p- p~2%)  E has good reduction at p

1—p~* FE has split multiplicative reduction at p

(1.1)  Ly(E,s) = s . e . .
1+p FE has nonsplit multiplicative reduction at v
1 FE has additive reduction at v

Then, the L-series of the curve is given by the Euler product Hp L,(E,s). We define the analytic
rank of the curve to be the order of the pole of the L-function at s =1, i.e.

Tan = ords—1 L(E, s).
1
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From its Euler product definition, L(E,s) can be viewed as a generating function of F
encoding information on the number of F), (or mod p) points on E. In analogy with Dirichlet L-
series, L(E, s) is known to have a functional equation relating L(E, s) and e- L(E,2—s) for some
e € {£1}; this is a consequence of the modularity theorem of Wiles [22], Taylor-Wiles [21] and
Breuil-Conrad-Diamond-Taylor [3]. Thus, in the same philosophy of the Dirichlet class number
formula [4] for L(x,1) describing the unit group of the number field cut out by the Dirichlet
character x, the Birch and Swinnerton-Dyer (BSD) conjecture predicts that the behavior of
L(E,s) at the central point s = 1 reveals information about the rank r of E(Q).

Conjecture 1.1 (BSD Conjecture). The Mordell-Weil rank and analytic rank are equal, i.e.
r = ron(E).

The original conjecture from Birch and Swinnerton-Dyer’s paper ([I]) was the following as-
ymptotic
f(P) ~ C(log P)""),

where P = Hp#m and as P — 0.

Mazur’s torsion theorem [I8, p. 242] tells us the possible torsion subgroups of E(Q), and that
the maximal order of a point is at most 12. Additionally, Nagell-Lutz [I8] p. 240] tells us that
all torsion points must be integral, and that the y-coordinate of a torsion point must divide the
discriminant, so the torsion subgroup is computable by a finite case check. Therefore knowing
r “ineffectively” solves the Diophantine equation. It turns out that r is difficult but rq,(F)
is much simpler to compute, so if this conjecture were true it would ineffectively solve elliptic
curves.

In practice however the only known ways to find r are in the r = 0,1 case and involve
producing explicit rational points coming from Heegner points (see [9], [13 Section 3.6]). For
an imaginary quadratic field K/Q (called the Heegner field) satisfying the so-called Heegner
hypothesis with respect to E:

for every prime ¢ dividing the conductor of N, ¢ is split in K

the Heegner point is a specific point in E(K). When this point is nontorsion, then we can say
r =0or 1 (precisely, r = 156 where € is the sign appearing in the functional equation of L(E, s).

In our paper, we prove this conjecture over a wide class of elliptic curves by considering the
formal logarithm and the Heegner point.

Given an elliptic curve, we can construct the formal group by using the change of variables
z=fw= —%, so that the point at infinity O € E becomes (z,w) = (0,0). We can then write
the neighborhood of the group about O as a formal group in z. From the formal group we can
then construct a differential form

w= Fx(0,T)"'dT
satisfying the equation
wo F(T,8) =w(T).
Integrating this form gives the formal logarithm, which is a power series in z that is also a
homomorphism from the formal group of the elliptic curve to the additive formal group:

logg : E — G,.

The formal logarithm has the special property that its value at a point is nonzero if and only
if the point is nontorsion. Thus to show the Heegner point is nontorsion, it suffices to show its
formal logarithm is nonzero, which then (by the work of Gross-Zagier and Kolyvagin) implies
the curve has analytic rank 1 and thus satisfies the BSD conjecture.

We examine elliptic curves which have isomorphic mod p” Galois forms. In Section 2, we
show that mod p” Galois representations being isomorphic implies the stabilized modular forms
are congruent mod p”. In Sections 3 and 4 we show this congruence translates to the congruence
of formal logarithms. To show this, we use Honda’s theorem and the modular parametrization
from the modularity theorem to use the coordinate ¢ on the modular curve. Plugging in Heegner
points, the stabilizations produce Euler-like factors in the congruence.
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One application of our congruence is the following:

Theorem 1.2. Let N be the conductor of E. Suppose E' = E¢ (the quadratic twist of E by d)
where (N,d) = 1. Let L,(E, 1) be as in and let L,(E, 1) be as in the statement of Theorem
4.0 Then

(1.2) Ly(E,1) - | [ Le(E.1) | -log(Pr) = La(E?, 1) - logza(Pga)  (mod 2).

¢\d
Proof. Recall that E[2] = E?[2], and Ly(E%, 1) =1 for £ | d. Then, applying 4.5/ to E, B¢ gives
the theorem. O

Remark 1.3. This is a generalization of [I3, Theorem 1.16], which handles the 2 split in K (i.e.
Dy =1 mod 8) case (where D < 0 is the fundamental discriminant of the Heegner imaginary
quadratic field K).

We can use this theorem to show that the formal logarithm of Heegner points are nonzero by
showing that both sides are congruent to 1 mod 2. By the work of Kolyvagin [12] and Gross-
Zagier [10] this is enough to show that the curve has rank 0 or 1 and satisfies BSD.

2. GALOIS REPRESENTATIONS AND MODULAR FORMS OF ELLIPTIC CURVES

Let E/Q : y> = 23 + Az + B be an elliptic curve. In this section, we will recall some
crucial facts on the Galois representations attached to E as well as properties of the modular
form attached to E. Recall E[p"] & (Z/p™)®%. Let T,E = m E[p"] = ZP? be the p-adic

Galois representation of E. This means that Gg = Gal(Q/Q) acting on T,E gives a group
homomorphism

pE : Gg = Aut(T,F) = GLa(Z,).
The point [+]g is given by polynomials in (z,y) over Q, and Gg commutes with polynomial
over Q operations, so o(Pi[+]|gP) = o(P1)[+]po(P) for all o € Gg, where [+]g is the group
law of E (i.e. the action is linear, so pg is linear). Note that

pEr = prpmodp" : Gg — Aut(E[p"]) = GL2(Z/p").
Let N be the conductor of E throughout. Let

fe(@) =) ang” € Z[q],
n=1

where for a prime /£,

L+ —#EFpr) 4N

(2.1) 1 ¢||N, split multiplicative reduction
. Ayr = .
¢ (=1)" £||N nonsplit multiplicative reduction
0 2N
Let n = [[;_; ¢ denote the prime factorization of n, a, = [[;_;a,i. When we wish to

emphasize the dependence of a,, on the elliptic curve E, we will write a,(FE) instead of ay,.

Definition 2.1. We define the N-stabilization of the modular form fg attached E (by [22],
[21], and [3]) to be

N G n
(E )(q) - Z anq .
n=1,(n,N)=1

Definition 2.2. For any f = 2 b,q" € Z[q], define the “/-depletion operator” as

o0

f(g) (Q) = Z bnqna

n=1,(¢,n)=1
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which in the case of elliptic curves is

@) = bef (@) + £ ("),
and let f¢)(g) = fO(q) for any t > 1.
Proposition 2.3. If [[7_, ¢; is the squarefree radical of N, then

ﬁymn:<<n(<h0%f“>%4vwgmy

Proof. This follows from Definition above and Equation below. (]

Definition 2.4. Let ¢ be a good prime of E (i.e. £t N), and let ay, Sy be the roots of the
characteristic polynomial of Froby
T? — a;T + ¢
Also define

1N a) = fole) — aefuld), 1Y 9) = fula) - Befuld):

Recall the definition of semisimplification V*° of a representation V: Taking a Jordan-Holder
series
O=VWwcWc..-cV,=V
where each V; is a subrepresentation and V;/V;_; is simple then

Ve =P Vi/Vie.
=1

Theorem 2.5. Let E, E' be two elliptic curves over Q with conductors N, N’ and let r € Z>
such that
~ NN’ _ (NN
(22) i 2o, = [ (@) =15 () (mod p'Z]g)).
The key for the proof is first to reduce to the following statement.

Proposition 2.6. For all primes £ { NN',

@)= 1" (0) (mod p'Zlgl) <= au(E) = au(E')  (mod p')

Proof. The left hand side implies the right hand side because if the functions are congruent the
coefficients must be the same. The converse is harder. We use the following fact.

Let N, N’ be the conductors of E, E'. For £+ NN’ (“good £”), we have
(2.3) agr = ag - Apr—1 — Lagr—2.

This recursion follows from the Weil conjectures for elliptic curves over Fy. From this recursion
it is clear that

ar(E) = ay(E") (mod p") = ap(E) =ap(E’) (mod p")
for all good primes ¢, so then all of the coefficients of the stabilized modular forms are congruent
as desired. 0

We now need another key result, which is the essential link between pg and fg(q). Suppose
E is an elliptic curve over any field of characteristic prime to p. For every r € Z>o, we have an
alternating bilinear pairing

() BT < Ep'] = pypr,
satisfying the following “Galois equivariance property”: for all o € Gg = Gal(Q/Q), we have

(0(P),0(Q)) = o((P,Q)).
Moreover, the Weil pairing is nondegenerate: suppose P € E[p"]. Then
(P,Q)=0, VQeE}p| = P=]0],
where [0] € E[p"] is the identity element.
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Note if p : G — GLy(Z/p") is our representation, then

(7(P),0(Q)) = (p(0)(P), p()(Q)) = (P. Q)" "),

Proposition 2.7. Recall the Gg-representation pg,. Then for all £ not dividing the conductor
of E,
det(pg(Froby)) = £.

Proof. Take ey, es to be a basis of E[p"] = (Z/p")®2. We then have

(e1,€2) 1B = (5(e1), o (e2)) = a((er, e2)).
Plugging in ¢ = Froby gives

det(pr (o))

<€1762> = (61,62>Z.

Therefore ¢ = det(pg(Froby)).

We now cite the following results to establish Theorem

Theorem 2.8 (Eichler-Shimura, [I7]). For all {1 NN, there are elements Frob, € Gg (“Frobe-
nius at £”) such that

Trace(pg(Froby)) = ay.

Theorem 2.9 (Brauer-Nesbitt Theorem, [2]). Let G be a group, let R be any ring, and let
p,p : G — GL,(R) be two representations of G. Then

p* = p'% = char,(T) = chary (T).
Here
char, : G — R[T]
1s defined element-wise.

Proof of Theorem[2.5. For the — direction, recall that since p = p’ we have Trace(p) =
Trace(p’). Now, we are done by Theorem [2.8 E and Proposition
For the <= direction, by Theorem [2.8 and Proposition n we have

char,(Frob,)(T) = T? — Trace(Frob,)T + det(Froby)
=T%2 — )BT +(=T?—ayE"YT+¢ (mod p").
However, by the Chebotarev density theorem and the continuity of char,, we have
char,(g) = chary(g) (modp”) Vg€ Gg.
So by Theorem we are done. O

3. CONGRUENCES OF MODULAR FORMS

We have already seen what happens when the Galois representations of two elliptic curves
are congruent modulo p”. In general, Galois representations pg , are irreducible (i.e. have no
nontrivial subrepresentation). It is known that pg o is always irreducible. In this section, we
will further study consequences of congruences of modular forms, in particular what happens
when the Galois representation pg : Gg — G L2(Zy) is reducible modulo p", i.e. pg,, is reducible.

Recall this means
_( x1 e
PE»r = < 0 Yo > )

xi : Gg = (Z/p")"
are Galois characters. (Characters on a Galois group.)

where
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Remark 3.1. Here the x; are characters on G, but we want to view them as Dirichlet characters
Xi : (Z/N;)* — Q" below. For this, note that
xi : Go = (Z/p")”,

so x; factors through a finite abelian quotient of Gg, i.e. Gg — Gal(F/Q) for some finite
extension F'/Q such that Gal(F/Q) is abelian. (In other words, F' is an “abelian extension of
Qn )

Recall that the Kronecker-Weber theorem gives that all abelian extensions F'/Q are contained
in Q(ups) for some M where pps denotes the group of Mth roots of unity.

In summary, we can view

Xi : (Z/Ni)* = Gal(Q(py,)/Q) — Gal(F/Q) = (Z/p")*
for some minimal N; (i.e. the minimal N; such that ' C Q(uy,)). Thus we can view y; as a

Dirichlet character of conductor IV;.
Under the projection

Go — Gal(Q(un,)/Q) = (Z/Ni)*,

the element Froby is sent to ¢ (mod N;) (for (¢, N;) = 1). Thus x;(Froby) = x;(¢).
Definition 3.2. Define the mod p" Teichmdiller character

wr: Gg — (Z/p")"
by

7(¢) = ¢ VE € pyr
Note that w, is defined for every r, and the w, satisfy the following compatibility for all

r<r:

wr =wp (mod p").

The cyclotomic character x : Gg — Z,; is defined by

x(0) = (wi(o),w2(0),...,wr(0),wrs1(0),...) € l'&l(Z/p’")X =1Z,.
r>0

By Remark applied to the character w,, we have
¢rFobd = Froby(¢) = ¢,
and thus
(3.1) wr(Froby) = w, (),

where the left-hand side is viewed as a Galois character, and the right-hand side as a Dirichlet
character.

Proposition 3.3. Let N be the conductor of E. We have N1Ny | N.
Reducible also means

(32) PE, = X1 D X2,
is a direct sum of characters. We will see that analogously to Theorem this “essentially”
implies
fe(q) = E3***  (mod p"Z[q])
where EX"X? is some Eisenstein series.

Remark 3.4. fg(q) can be thought of as the generating function of the representation pgp by
. Similarly, EX'"X* can be thought of as the generating function of the representation
X1 @ x2. Essentially, we are showing that congruences of representations imply congruences of
their associated generating functions.

Proposition 3.5. We have that
X1X2 = w, (mod p").
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Proof. Note that in the setting of this section (i.e. p% . = X1 ® x2), det(pg,r) = x1X2-
Recall

pEr: Gog = GLa2(Z/p").

From the Weil pairing, det(pg,) = w,. Let us give some details: Recall E[p"] = (Z/p")%2.
Fix a (Z/p")-basis e, ez of E[p"], without loss of . Write ¢ = (e1,e2) € ppr. (One can check
that ¢ has to be primitive, since the Weil pairing is surjective.) For all o € G, we have

(pEr(0)(€1), pEr(0)(e2)) = (0(e1),0(e2)) = o({e1,e2))

where the first equality follows from the definition of pg , and the second follows from the Galois
equivariance property of the Weil pairing (-, -) : E[p"| x E[p"] — ppr. But the right-hand side is

o((e1, e2)) = o(¢) = ¢<r(@).

Now using the bilinearity of the Weil pairing, the left-hand side of the above displayed equation
is equal to ¢4et(E.r(9)  Write

pen(o)= (4 ) € Gratz/in),

Then
pEr(0)(e1) = aer + ces, pEr(0)(e2) = bey + des.
So
(pEr(0)(€1), pEr(0)(e2)) = (aer + cea,bey + dea) = (e1, e2)?70¢ = (detPEar (@),

So we get the determinant identity involving w;..
Now equating the two identities, we get the proposition. O

Definition 3.6. Define a differential operator acting on g¢-series 6 = 9d _ 4. d%,? ie.

=&
0 (Z cnq"> = chnq".
n=0 n=0
Note that @ kills the constant term.
Corollary 3.7. For all j > 1, we have
N , X! i,
01" a) = 0B )P () (mod 7).

If moreover by = 0 (mod p"), then the above congruence holds for j =0 as well.

Definition 3.8 (p-adic uniform topology). Suppose F/Q, is a finite extension and R = F[q]
is the the usual power series ring. Then we define a metric on R as follows: given f =

Yot oand™, 9(q) = > 0o bng"

1f(a) —g(q)| = sup lan — bulp

where | - |, is the p-adic absolute value on F. The topology on R induced by this metric is
called the p-adic uniform topology (because convergence in this topology is the p-adic notion of
“uniform convergence”, i.e. uniform coefficient-wise convergence).

If Op/Z, is the valuation ring of F' (i.e. the elements with |z|, < 1), then p = {|z|, < 1} is
a prime ideal which contains p. Then

Or / p= Fpn
for some integer n > 1. This is called the residue field.

Proposition 3.9. For any finite extension F//Qy, the residue field Op/p is finite.
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Proof. 7Z,, is compact with respect to the p-adic topology. If Op/Z, is finite, then as a Z,-
module, OF is isomorphic (and homeomorphic, i.e. the isomorphism and its inverse are both
continuous) to ZI%B” for some n > 1. This latter space is a compact by Tychonoff’s theorem, so
Or is compact with respect to its p-adic topology.

Choose a set of representatives S in O of Op/p. Then {a + p}qcs is an open cover of Op.
So by compactness, there is a finite subcover, i.e. a finite subset Sy C S such that {a + p}aes,
covers Op. This means that Sy (mod p) = Op/p, which implies the latter is finite. O

Fermat’s little theorem for I, involves the order #[F,» = p" — 1; this is divisible by numbers
other than p and p — 1 in general.

Any field k£ has a ring homomorphism Z — k. This has some kernel I, which gives an injection
Z]I — k. Since k is a field, then Z/I is a field, then I is a prime ideal, and so is either (0) or (p)
for some prime p. If the former, we say k has characteristic 0, and if the latter, characteristic p.

(The exponent below in the limit would be p™(p™ — 1) instead as m — occ.)

Proposition 3.10. Given a g-series F(q) =Y 2 cnq™ € Zy[q] with coefficients in some finite
extension F/Qy, if the order of the residue field Op is p" then (in the p-adic uniform topology)
lim 670" D (F(q)) = PP ().

m— 00

Here FP) s p-stabilization as in Proposition .
Proof. Note that

o o]
oD (F(g) = Y Veigt =y (@ e’
i=0 i=0
Clearly, if p | i, then lim,, 4o (i?" 1P = 0. If p { i, then by Lagrange’s theorem applied
to the multiplicative group of Op we have i?"~! = 1 (mod p). Then the lifting the exponent
lemma tells us that (i*"~1)P" =1 (mod p™) so we have that lim,, oo (" ~1)P" = 1.
Therefore
: ™ (p"—1) - n _ p(p)
lim 6 (F() = > caq" = FP)(q).
i>0,pli

O

Recall ¢ = exp(2mwit) where 7 is coordinate on the upper half plane Ht = {Im(7) > 0}.
q = exp(2miRe(7)) - exp(—27 Im(7)) = |q| = exp(—27Im(7)). Thus H* = {|¢| < 1}. Note
that 7 = 00 <= ¢ =0, so ¢ can be viewed as the “coordinate at co”.

We will show ¢ can be taken as a natural coordinate on the formal E (over Zp) of E. Recall
that H* has a left action by SLs(R), and T'o(N) C SLo(Z) given by matrices with bottom
left entry congruent to 0 mod N. Let Y5(N)(C) = T'o(IN)\H ™, and there is way to add finitely
points (“compactify”), including the point at infinity oo, to get Xo(NV)(C).

Recall Shimura’s theorem ([17]): there is an algebraic curve X (V) over Q such that Xo(N)(C)
is equal to the set in the previous paragraph.

Recall the modularity theorem due to Wiles ([22]), Taylor-Wiles ([2I]) and Breuil-Conrad-
Diamond-Taylor ([3]): there is a nonconstant (and thus surjective) morphism of algebraic curves
over Q

(3.3) 7p: Xo(N)—> E

mapping oo to the point at infinity cog on E (which is the identity element in the group law).
Assume now that p{ N, so that E has good reduction at p and thus a minimal good integral

model Ey at p. Moreover, Xo(V) has a model Xo(N)y over Z, due to Morita ([14]). From the

Néron mapping property, (3.3)) extends to a map of algebraic curves over Z,

(34) TE - XO(N)+ — E+.

Let Xo(N)oo denote the formal completion of X (V)4 at the point at infinity co € Xo(N) 4 (Fp).
Recall coordinate ¢ from the Tate curve G,,/q% over Zy[g] can be viewed as a coordinate on
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X0(N)so. Let E denote the formal group of E /Z Z,. Then 1) gives a map of formal neigh-
borhoods

(35) TE : Xo(N)OO — E

where E is the usual formal group. If this map is an isomorphism, then the coordinate g on the
left-hand side gives a coordinate on the right-hand side E. We will in fact show that 1) is an
isomorphism in Theorem

4. CONGRUENCES OF FORMAL LOGARITHMS

In this section, we will use the results of the previous sections in order to prove our main
theorem (Theorem [4.6) on congruences between formal logarithms of Heegner points. Once
again let N be the conductor of the elliptic curve E. By the modularity theorem ([22], [21],
[3]), we have a nonconstant morphism of curves 7g : Xo(IN) — E over Q. Here X((N) is the
canonical model of the modular curve attached to the congruence subgroup

To(N) = {( ‘CL Z ) € SLy(Z): c=0 (modN)}.
Then E has a “Néron model” E™ over Z[1/N]; this means E™T satisfies

E" Xspeozii/n]) Spec(Q) = E.

Also, Xo(N) has a model Xo(N)' over Z[1/N] by theorems on representability of moduli
problems. Then analogously,

Xo(N)* Xspec(zi/n]) Spec(Q) = Xo(N).
By smoothness over Z,, the morphism 7 : Xo(N) — E extends to a morphism
5t Xo(N)T — ET,

in other words, the polynomials defining wg which a priori had coefficients in @, actually have
coefficients in Z[1/N].

Now assume p {1 N (p is “good reduction for E”). Then the p-adic completion of Z[1/N] is
lim Z[1/N]/p™ = lim Z/p™ = Zp. So p-adically completing 7}, (i.e. extending scalars along
Z[1/N] C Zyp), we get a nonconstant morphism

Th, Xo(N)y — By,

where Xo(N), is the p-adic completion of Xo(N)*, Ef is the p-adic completion of E*.
Additionally the point at infinity co € Xo(N) is mapped to the point at infinity in F by 7p.
(Recall the point at infinity in E is the identity element in the group law of E.)
By taking the formal completion at co on both sides of 77}54) : Xo(N) — E,f, then we get a
map

(4.1) T (Xo(N) oo = B

where the right-hand side is the usual p-adic formal group of E, and (Xo(NN); )oo is the “formal
completion at co0”, which is a formal scheme of dimension 1 (we can think of it informally as an
infinitesimal neighborhood of c0). In fact, one can show

(Xo(N);)oo = Spf(Zp[a])

where ¢ is the same ¢ appearing in g-expansions of modular forms. We we will “push forward”
this coordinate g to E along (4.1)).

Theorem 4.1. For any E with good reduction at p, the map s an isomorphism of formal
schemes over Spf(Zy[q]).
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Proof. Let fg be the normalized newform of level N and weight 2 attached to £ by modularity
([22], 1211, [3]), and let fe(q) = > o7, ang™ be its g-expansion. Let wg = f(q)% be the 1-form
attached to fg. It suffices to show that the ramification index of WE at the point at infinity
oo € Xo(N)"(Z,) is 1, which is equivalent to showing that wg does not vanish at co. However,
we have wg = fE(q)% = (q +agq® + - ) % = (14 a2q + ---)dg. Since g takes the value 0 at
00, we see that wg(oco) = dg(oco); since dq is a generator of the sheaf of differentials at co we

have dg(oco) # 0, which gives the desired nonvanishing.
U

The consequence is that the coordinate ¢ on the LHS of induces a coordinate on the
RHS. In other words, we get a coordinate ¢ on the p-adic formal group E’; . We can apply
Honda’s theorem with respect to this coordinate.

Recall given two elliptic curves E, E' over Q with good reduction at p, and isomorphic Galois

representations E[p"] = E'[p"], we proved féNN/)(q) = S,VN/)(q) (mod p"). Recall 0 = qd/dg.
This implies

0 (fIV () = 07 (fON)(g))  (mod p7)

for every j € Zso. (Here, 67 is the j-fold composition of §.) Letting j = —1 + p™(p — 1) and
taking the limit m — oo, then the above congruence tends to a congruence

An n _ bn n T
—q" = —q"  (mod p"),
n:l,(n%]:VN’)zl n n:l,(n%]:VN/)zl n )
where fE(Q) = Zle anq", fE/(Q) = Zzozl bnq".

We know from above that ¢ can be used as a coordinate on E;‘ . What does Honda’s theorem
say: It says that (modulo certain assumptions on E) > > | a,q" is the logarithm of some formal
group isomorphic to E;; . In other words, rewriting E’; in terms of the coordinate ¢, the formal
logarithm logE; is Y 00 ang™.

Note that Theorem gives an isomorphism of formal schemes

(Ko(N))ee 2B (Xo(N'))oe = By
However, there is a modular curve Xo(NN’), and we can check that there are natural maps
(4.2) Xo(NNYT — Xo(N)T, Xo(NN')T — Xo(N)*
over Z[1/NN'].
Lemma 4.2. The induced maps of formal schemes (Xo(NN')} oo = (Xo(N)} ) and
(Xo(NN")F)oo = (Xo(N')} oo over Zy, are isomorphisms.

Proof. From the modular interpretations of Xo(N)*, Xo(N') and Xo(NN’)T, we have that
Xo(NN")*T = Xo(N)T and Xo(NN')T — Xo(N')* are finite étale maps of curves over Z,. Now
the statements immediately follow from the fact that the residue fields of Xo(N)*, Xo(N')*
and Xo(NN')T at oo are all .

U

As a consequence of Theorem [4.1] and Lemma we get an isomorphism of formal schemes
over Zy
ot o T
Ey=FE,.
For simplicity now, let logy := log+. From the above discussion, we have
P
. . - o+
Theorem 4.3. We have the following congruence of functions on p+ =F,

(pNN'") (PNN/)(q)

(4.3) log (q) = log, (mod p").
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Proof. Given two curves E, E' with isomorphic Galois representations, we have that their sta-
bilized modular forms are congruent by Equation Thus, we can apply Proposition 2.15 to

get that
n n _ bu n :
> gt= Y gt (modp),
n>1,(n,pNN")=1 n>1,(n,pNN’)=1

where the coordinate ¢ is from Xo(N ); . Because of we can parameterize the group E;

n

using this coordinate. Write both sides in terms of 7, %2¢™ and } 7, %"q (meaning we

can also make a change of variables ¢ — ¢* for various /, etc.).

Now, in the context of Honda’s Theorem 5: E, our elliptic curve over Q, gives us two formal
groups: F' = F(z,y) from E and G some formal group defined by L(E, s). Honda says that G
really is a formal group (nontrivial), and there is an isomorphism: by definition

§:F =G, § € Zs[dl, F(&(x),€(y)) = E(G(2,y))

which has an inverse ¢! € Z[t] such that

G(f_l(m)7§_1(y)> - g_l(F(.%"y))

Let F', G’ be the corresponding objects for E’ in place of E above.
In our setting, logp = log, so we have

[ee) n .
(44) > a" =logg = logp of = logj; o

n=1

in Q[q].

Corollary 4.4. We have the following formula in terms of logz of(q) = logg. Define log(EPNN/)
by

1 (pNN') =1 (pNN')

og,  'o&(q) =logg ",

or equivalently,

log%aNN’) — 1ogN) o1,
Then
loggNN,) = logg,NN,) (mod p").

Proof. From the isomorphism E[p"| = E'[p"], we have a,, = b,, (mod p") for all (n,pNN') =1,
which formally implies

1og®) (q) = 1062 (q)  (mod p'Z,[q]).

NN') (pNN')

By lj and the formulas for stabilization, we have logg = log; , and thus

log®"™)(e(g)) = 10g "™ (€(@))  (mod p"Z[4]).

Let b, = 9. Note that b, is also multiplicative since a,,n are. From then

agr ag a[rfl ag'er
ber g = — .

_ b£r72
e ¢ -l 2.y '

14

= by b1 —
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We then see that

a 1 > S
- 76 logg(a') + logi(q™) = bn <q —q" + 5 €2>
i=1

i i i bi
= > b + b = bibeg + ) (biﬁ — bebig + €> ie>

log(q)

i>1,0 i>1
: ¢
= > b+ 0 g = logs)(q).
i>1,li i>1

Notice that if ¢ is a Heegner point of conductor 1 ([13, Sections 3.4 and 3.6]), and ¢ splits in K,

then logz(¢%) = logx(q), so we get
L ap 1
o () = ogsta)- (1= % + ).

If q is a Heegner point of conductor p or p? ([9]), then a similar calculation as in loc. cit. implies
log)(q) = log(q) - Ly(E,1).
Definition 4.5. Recall the definition of the Euler factor of L(E,1) at ¢:
1—au(E)/t+1/t ({N

LB 1) = 1—-1/¢ ¢||N, ¢ split H%ultiplic.at%ve %eduction o
1+1/¢ ¢||N, £ nonsplit multiplicative reduction
1 2N
Define a modified Euler factor at p
L,(E,1) p split in K
f}p(E, 1):=< 1~ ap(E)zp;Z;ll) — 1% p inert in K
1— ap(E)¥ — 1% p ramified in K

Theorem 4.6. Let E,E' be elliptic curves over Q with conductors N, N'. Suppose E[p"] =
E'lp"]. Letting P be the Heegner point of conductor 1 when p is split in K, conductor p* when

p is inert in K and conductor p when p is ramified in K (]9]), we have
(4.5)

Ly(E,1) [ LeB1) |ogs(Pe) =+ | Ly(E, 1) J[ Lo(E',1) |dogs (Per)  (mod p)
¢{NN'/M {NN'/M

where
M = H porde(NN')
L NN’ a¢(E)=ay(E)’ mod p”
Remark 4.7. Here, Pr = mg(y) where y is the H/K trace of the Heegner point on the modular

curve Xo(N) defined over the Hilbert class field H of K = Q(v/D) (D < 0), and 7g : Xo(N) —
F is the modular parametrization.

Remark 4.8. Note that P does not necessarily lie in the analytic radius of convergence for log z,
and so log z.(P) is not necessarily p-adically integral. However, log s ([p-Ly(E,1)]g(P)) converges
if
p1N.
This is because (from Silverman)
p-Lp(E,1) =1+ p—ay(E) = #E(Fp),

and also from Silverman, we have

[E(Qp) : E(pZy)] = #E(Fy).
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This last fact follows from the reduction modulo p exact sequence

0 — E(pZy) — E(Qy) =5 E(F,) — 0.

We always know that P € E(Q,), so

[p- Ly(E,1)]e(P) € E(pr)7

and thus log([p - Ly(E,1)]g(P)) € pOc, makes sense. In the p split in K case of ,
we are thus comparing two elements of Oc,: %logE([p - L,(E,1)|g(P))--- and %logE,([p-
L,(E',1)]g/(P))---. When p is inert or ramified in K, similar reasoning combined with
also shows that both sides of (4.5)) are elements of Oc, .

Remark 4.9. Here is a nice observation for computationally verifying Theorem [I.2] Recall that
p = 2 in this setting. By Honda’s theorem, we can substitute logs(g) for > 77, %2¢". Now
note that if ¢ € 2- Oc¢, (which will be the case when we plug in ¢ = —x/y where (z,y) are the

coordinates of [2 - Lo(FE, 1)]g(P) where P is the Heegner point), then

—an(BE) , _al(BE) | ay(E) 5 1 ay(E) ,
> y Ut T ¢ =gt 0 (wod 20c,).

N

n=1
The same is true for E?.

Remark 4.10. The sign + in (4.5 appears because there is some sign ambiguity in defining the
Heegner point on a given elliptic curve. In particular, the sign might be different for E and E’.

Remark 4.11. A heuristic for the identity is that “log” is a p-adic substitute for the BSD
L-value L(E,1). pp = ppr (mod p") (this means Ep"] = E'[p"] as a Gal(Q)-module), then
we expect L(E,1) = L(E’,1), because the Euler factors away from pN N’ are congruent. Le.,
pretend that L(E,1) is a product of Euler factors (1 — ag(E)¢™% 4+ ¢*72%) (the Euler factor of
L(E,s) at £ if £4 N). If ¢||N, then the Euler factor is 1 F ¢~ for split/nonsplit multiplicative
reduction, and is 1 if £2|N i.e. additive reduction. Recall pp = pgrr (mod p") implies ay(F) :=
Trace,, (Froby) = Trace,,, (Froby) =: a¢(E’) (mod p") if £ { pNN'. This congruence implies
that the Euler factors of L(F, 1) and L(E’,1) at £ are congruent. However, the Euler product
formula does not hold at s = 1.

Modularity (Wiles, Taylor-Wiles, et al.): Given E/Q, the generating function fg(q) is actu-
ally a modular form (holomorphic function on H* = {Im(7) > 0} with a ['y(N)-transformation
property) of weight 2 and L(FE,s) = L(fg, s).

Here, “(pNN')” is the stabilization operator we defined in Definition Note: the actual
logy does not quite appear in the above Theorem. But when we plug in certain special points
(“Heegner points”) y into the above congruence, we will get a relation like

loggNN/)(y) = (some “Euler-like factor”) - logp(y).

Another caveat is that in order to plug in y, we need y to belong to E; and E’;, which
by [18, Chapter VII] means that y (mod p) = 0. This might not always happen with Heegner
points. Heegner points in general always belong to E(Q,). Recall however, that if E has good
reduction at p, we have an exact sequence ([18, Chapter VII])

0 — EF(Cy) — E(Cy) 2% E(F,) -0,

where F is E (mod p), third arrow is reduction map.

Remark 4.12. Note that by the above exact sequence, multiplying anything in E(C,) by
[#E(Fp)]e (in the group law on E) results in something in E}(Cp). So precomposing both
sides of (4.3) with [#E(F,)]z, we do get a congruence of functions E(C,).
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5. APPENDIX: CHEBOTAREV DENSITY

For a finite Galois group G, we give G the discrete topology (every element is an open set).

Recall that for almost all ¢ (i.e. those primes which are unramified), the Frobenius element
Frob, € G (more precisely, a conjugacy class) is well-defined. We have the following extremely
important theorem.

Theorem 5.1 (Chebotarev). Let X C G be a conjugation-invariant subset. Then the density
of primes € such that Froby € X is equal to #X/#G.

Corollary 5.2. {Frobs}, C G is dense.

Proof. From the fact that {Frob,}, is conjugation-invariant, which along with the Chebotarev
density theorem implies that every element of G is Froby for some ¢, we can deduce that { F'robs},
is dense. O

6. EXAMPLE OF THEREOM [L.2]
We consider the elliptic curve
E =372 :y*+y=2a°—u.
The curve is rank one, with conductor N = 37. The field
K =0(/7)

satisfies the Heegner hypothesis.
This gives a Heegner point of P = (0,0) with |E(F3)] = 5 and 5P = (1/4,—5/8) giving
t— —xz(5P) _ 2

y(5P) ~— &°
Consider a quadratic twist by d = 53. We use the following code to compute the left-hand
side of 1.3:

y = E.heegner_point (D)

pl = y.point_exact() * E.base_extend(GF(2)).cardinality ()

z = -pl1[0]/p1[1]
L_2 = (E.reduction(2).cardinality())/2
Ll = 1

for 1 in range (1, d+1):
if ZZ(l).is_prime () and d%l ==
L1l *= (E.reduction(l).cardinality())/1
logMod2 = 0
modular_form = E.anlist (10)
for i in range(1l, 9):
logMod2 += modular_form[i] * zx*xi/ (i)
print (L_2 *L1 * logMod2)

This returns that
Ly(E,1) - [ Le(E, 1) -logz(Pp) =1 (mod 2).
I|d
For the right hand side, we can compute

Ed = EllipticCurve(’37al’).quadratic_twist (53)
D = -7
y = Ed.heegner_point (D)
pl = y.point_exact (150) * Ed.base_extend(GF(2)).cardinality ()
z = -p1[0]1/p1[1]
L_2 = (Ed.reduction(2).cardinality())/2
logMod2 = 0
modular_form = Ed.anlist (10)
for i in range(1l, 9):
logMod2 += modular_form[i] * zx*xi/ (i)
print (L_2 * logMod2 % 2)
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As expected, both sides are congruent to 1 (mod 2), so we conclude that Pg and Pga are both
nontorsion, and thus E, E? both have analytic and arithmtic rank 1.
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