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Abstract

The fluidic shaping method is an exciting new technology that allows to rapidly shape liquids
into a wide range of optical topographies with sub-nanometer surface quality. The scale-invariance
of the method makes it well suited for for space-based fabrication of large fluidic optics. How-
ever, in microgravity, the resulting optical topographies are limited to constant mean curvature
surfaces. Here we study how variations in surface tension result in deviations from constant
mean curvature topographies, allowing one to introduce optical corrections which would not be
obtainable otherwise. Under the assumption of small thermal Peclet number, we derive a differ-
ential equation governing the steady-state shape of the liquid surface under the effect of spatially
varying surface tension. This equation allows us to formulate an inverse problem of finding the
required surface-tension distribution for a desired correction. Lastly, we provide several examples

for surface tension distributions yielding required aspheric topographies.

1 Introduction

The majority of space-based imaging systems rely on optical lenses or mirrors for their function. Imag-
ing quality (e.g., resolution or light collection ability) directly depends on the size of the lens/mirror,
as well as on physical properties of the optical surface (e.g., surface roughness). Launch constraints
limit the size of a single-piece lens/mirror, while deployable telescopes are restricted to multi-segment
mirror configurations, resulting in high engineering complexity and significant development time and
cost [I]. A notable previous approach to using liquids as the basis for a telescope is spinning a reflect-
ing liquid (typically mercury) round a fixed axis in a gravitational field to produce a parabolic shape
[2]. Such telescopes, with a diameter as large as 2.7 meters, were assembled and operated [3], but
their main disadvantage is that they rely on continuous and precise spinning of the liquid around the
gravitational axis and thus can only be pointed in a single direction [4]. In microgravity, in addition
to rotation, this approach requires an external force to replace gravity (e.g., continuous acceleration),
making it far less practical.

Recently, a novel method for shaping curable liquids into high-quality optical components, was

introduced [5] [6]. The method is based on the injection of a curable lens liquid into a bounding frame



that is submerged in an immiscible immersion liquid environment. If the density of the immersion
liquid is set to match that of the lens liquid, gravity is counteracted by buoyancy and the liquid
interface takes a shape of a spherical surface. For non-axisymmetric geometries of the bounding frame,
the steady-state shape of liquid interface is characterized by a constant mean curvature. Some basic
aspheric topographies can also be obtained by allowing the system to deviate slightly from neutral
buoyancy, thus allowing gravity to be used as a controllable body force, providing an additional degree
of freedom in the design process.

Due to the scale-invariance of the Fluidic Shaping method, it offers a completely different approach
for creating space telescopes — launching a volume of liquid that can be compacted into the launcher,
and shaping the liquid into a useful optical element in space. Under microgravity conditions the
immersion liquid becomes redundant, allowing to apply the new method for extremely heavy optical
liquids (e.g., liquid metals [3]) for which no appropriate immersion liquid can be found, preventing
their fabrication on Earth.

In orbit, in the absence of body forces, the optical surface can only take shapes of constant mean
curvature, which in the case of a ring-shaped bounding surface is a simple spherical cap. However,
spherical mirrors/lenses suffer from spherical aberrations which substantially limit their resolution. A
potential mechanism for introducing aspheric corrections to the liquid surface is by spatially varying
the surface tension of the optical liquid, which can be achieved, for example, by prescribing a non-
uniform temperature distribution on the liquid surface. However, thermally induced variation in
surface tension result in mass transfer across a liquid interface, known as the thermocapillary effect
[7]. In thin liquid films the thermocapillary effect can lead to the deformation of the liquid surface
via long wave instability [8]. This deformational instability was recently applied to the fabrication
of diffractive optical elements [9]. On larger scales, such as those considered here, thermocapillary
convection does not lead to surface deformations and acts mainly as a thermal advection mechanism
[10]. Thus, if the thermal diffusion of the reflective liquid is much greater than the thermal advection,
the induced thermocapillary flow can be neglected.

Here, we study how in the absence of gravitational acceleration, thermally induced variations
in surface tension can modulate the topography of a liquid mirror, allowing to introduce optical
corrections to the otherwise constant mean curvature surface. Under the assumption of small thermal
Peclet number and weak temperature variations, we derive a governing equation for the steady state
shape of the free surface under the effect of spatially non-uniform surface tension distribution. We then
proceed to pose the general inverse problem, namely, what will be the surface tension distribution that
produces a given surface correction. We show that for the axisymmetric case, the inverse problem
can be solved exactly for any sufficiently small aspheric correction to the free surface. Lastly, we
discuss how these results can be extended to the general non-axisymmetric topographies, allowing to

introduce more general optical corrections.

2 Theory

We consider a configuration where a reflective liquid (e.g. gallium) of volume V' is injected into a
supporting structure of radius Ry, as is depicted in figure 1. Under microgravity conditions, the liquid
surface, h(r,d), will take the shape of a spherical cap, corresponding to its minimum energy state [5].
We assume that the temperature of the free surface is prescribed from underneath, by (for example)



Figure 1: A schematic illustration of the system under consideration: A reflective liquid is deployed
into a supporting structure with radius Ry in microgravity, resulting in a spherical cap shape of the
free surface h(r,0). The free surface is then heated from bellow by localized heaters separated by a
distance A from one another, resulting in a spatially non-uniform surface tension.

localized heaters separated by a distance A from one another, leading to a non-uniform distribution

of the surface tension

Y(r,0) =70 f(r,0) =70 (1 =7 /70(T(r,0) — To)) ,

where g is the surface tension at the reference temperature Ty, and ~, = g—%.

Under microgravity conditions buoyancy driven flow can be neglected, however, the imposed sur-
face tension gradients will result in thermocapillary flow that will transport liquid across the liquid
surface from the hot regions to the cooler ones. For liquids such as gallium, which have high thermal
diffusivity and weak temperature dependence of surface tension [I1], the rate of thermal diffusion of
the liquid is significantly greater than the rate of thermal advection, allowing to establish a stable
surface tension gradient with negligible surface velocity. The ratio between these two quantities can be
characterized by the Peclet number, Pe = )‘%0, where ) is the characteristic length (in our setup, it is
the separation distance between two adjacent heat sources), Uy is the characteristic flow velocity, and
« is the thermal diffusivity of the liquid. For gallium, a = 3.1 x 107°[m?/s], and a typical a typical
characteristic thermocapillary velocity is Uy = O(10~%)[m/s] [L1}, [12], thus separation of A = 10~2[m]
is sufficient to achieve Pe = O(1073) < 1.

In general, for a driven dissipative system such as the one cosidered here, the rate of change of its
free energy is equal to the rate of entropy production, which is proportional to the velocity squared.
Thus, considering the small value of the characteristic velocity in our problem, the energy dissipation
rate can be neglected, in which case the steady state shape can be found by minimizing the interfacial

energy of the liquid. Given a non-uniform distribution of surface tension across the free surface, the
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At equilibrium, the first variation of I must vanish, yielding the Euler-Lagrange equation

free energy functional II is given by

where
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The first term in equation (1) is

OF
= ).
ah "
the second term is
d OE v hy
dr Oh, 1 e

\/ 1+ h2+ Lhi
g rhy 4+ 1h + 2heh2 + 12 - hyp + b3 — hehohye
r (14 h2+ 5h3)3/? ’

and the final term is

dOE 5 fohe 7, heothoohd— hohohy
df ohy

Thus, equation (1) can be written as
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2.1 Nondimensionalization

We define the following dimensionless variables and functions:
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At leading order in e, the governing equation can be linearized, yielding

PR?

o (R?FpHp + FoHo) — F - (HpaR* + RHy, + Hoo) = 0. (2)

We will take P > 0. Substituting p = R+/|P], equation (2) becomes

P

7 — (P’FyHy + FoHe) — F - (p*Hpy + pH, + Hoo) = 0 (3)

where the sign of the first term is determined by the sign of P. Equation (3) describes the steady
state configuration of the liquid surface, given a spatial distribution of surface tension. However, it
also defines the inverse problem, which is of greater practical importance. The inverse problem can
be stated in the following way: what should be the surface tension distribution F', in order to obtain
a desired “corrected” surface H(p,0)? Setting F? = G, equation (3) can be written as

1
,02 B i(pZGPHp + GGH@) -G (PZpr + PHp + H@@) =0 (4)

which is a linear, non-homogeneous first-order PDE for G.

2.2  Solving the inverse problem for the axisymmetric case

For most practical purposes the shape of the reflective liquid surface will be that of a spherical
cap, therefore it will subject to spherical aberrations. Such aberrations can be corrected by slightly
deviating from a spherical surface.

The general description for an aspheric surface is given by

2
2(p) = £ — T’ + g+
R(1+ 1(1+n)1’;2>

where R is the curvature of the lens, k is the conic constant, and «; are higher order corrections. The
function z(p) itself is known as the sag—the z-component of the displacement of the surface from the
vertex, at distance p from the axis. For simplicity, we can assume x = —1, meaning there are no conic

corrections. Thus,

1
z(p) = ﬁPQ + asp +agp® + -

The coefficients «; has to satisfy the volume constraint, namely,
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where V' is the volume of the liquid inside the supporting structure. We then search for a function,
G(p), that will produce H(p) = Hy(0) — z(p) as the solution to the axisymmetric version of equation
(4), namely,

1
p* - §(P2GpHp) -G (/)szp +pH,) = 0. (6)

Here Hy(p) represents the uncorrected surface that is obtained from equation (6) by assuming that



G = 1. Solving for Hy yields
1
Ho(p) = EPQ + CiIn(p) + C2

where C and C5 are integration constants. Since there cannot be singularities at the origin, C; = 0,
and since Hy must equal zero at p = /|P|, we obtain C, = —1|P|. Note that the value of P is also
determined by the volume constraint defined in equation (5).

3 Numerical results for axisymmetric surfaces

We proceed to evaluate the required surface tension distribution, F(p), in order to obtain a given
axisymmetric surface H(p). For all cases considered here, the physical parameters were set to be
P =0.1, R=1.75, and V = —0.003927. Note that the volume is negative as compared to the volume
of a flat surface, corresponding to a concave liquid mirror.

Figure 2 shows the cross section of Hy(p), the shape of the interface with constant surface tension,
along with the full plot of Hy(p), which is the cross section rotated about the central axis.

These will serve as reference for other interfaces.

First, we look at Hy(p) = —0.025 + 0.223p% + 0.783p* — 5.223p5, which can be checked to satisfy
the necessary conditions previously mentioned. The cross section of this interface along with the full
plot are shown in figure 3. The interface this forms has a very similar shape to Hy(p), but there are
small perturbations, which can be seen in figure 4. We can then numerically solve for the desired
surface tension distribution, which can be seen in figure 5.

As an additional example, we will take Ha(p) = —0.025 + 0.257p? — 4.285p5 + 35.714p%, which can
also be checked to satisfy the necessary conditions previously mentioned. The cross section of this
interface along with the full plot are shown in figure 6. The difference between H(p) and Hy(p) can
be seen in figure 7. We can then numerically solve for the desired surface tension distribution, which

can be seen in figure 8.
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Figure 2: Cross section (left) and top view color map (right) of the uncorrected surface profile Hy(p),

corresponding to constant surface tension.
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Figure 3: Cross section (left) and top view color map (right) of the aspheric surface Hy(p).
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Figure 4: Cross section (left) and top view color map (right) of the difference Ho(p) — H1(p), showing
the added correction to Hy.
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Figure 5: Cross section (left) and top view color map (right) of the surface tension distribution F(p),

corresponding to the corrected surface Hi(p), as calculated from Eq. (6).
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Figure 6: Cross section (left) and top view color map (right) of the aspheric surface Ha(p).
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Figure 7: Cross section (left) and top view color map (right) of the difference Hy(p) — Ha(p), showing
the added correction to Hg.
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Figure 8: Cross section (left) and top view color map (right) of the surface tension distribution F(p),

corresponding to the corrected surface Ha(p), as calculated from Eq. (6).



4 Discussion

In this work we have demonstrated how a liquid surface can be modulated by means of thermally
varying its surface tension. Under the assumption of small Peclet number, we derived a steady state
surface equation connecting a non-uniform distribution of surface tension to the resulted profile of
the liquid surface. We showed how this equation can be used to solve the inverse problem, namely,
given a targeted surface profile, what is the required surface tension distribution required to achieve it.
Here we focused on axisymmetric, reflective concave surfaces (i.e., liquid mirrors), for which we have
demonstrated how aspheric correction can be introduced to an otherwise spherical surface. However,
the model derived here is valid for non-axisymmetric surfaces as well. Thus, a natural extension of this
work would be to consider general optical correction to spherical surfaces, which can be represented,
for example, by a sum of Zernike polynomials [I3], potentially allowing the use freeform optical designs

in future fluidic space telescopes.
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