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Abstract

We consider certain class functions defined simultaneously on the groups Gl,(F4) for all
n, which we also interpret as statistics on matrices. It has been previously shown that these
simultaneous class functions are closed under multiplication, and we work towards computing
the structure constants of this ring of functions. We derive general criteria for determining which
statistics have nonzero expansion coefficients in the product of two fixed statistics. To this end,
we introduce an algorithm that computes expansion coefficients in general, which we furthermore
use to give closed form expansions in some cases. We conjecture that certain indecomposable
statistics generate the whole ring, and indeed prove this to be the case for statistics associated
with matrices consisting of up to 2 Jordan blocks. The coefficients we compute exhibit surprising
stability phenomena, which in turn reflect stabilizations of joint moments as well as multiplicities
in the irreducible decomposition of tensor products of representations of finite general linear
groups.

1 Introduction

Statistics of random matrices and representations of finite matrix groups are often of great interest in
mathematics. These topics were studied extensively by many people, and they contain applications
to areas of mathematics including group theory and random number generators (see for example the
work of Fulman [3, 4]).

Class functions are a central aspect in this field of study. When considering matrices in Gl,,(F,)
for any n and ¢, that is, invertible matrices with entries in finite fields, one simple class function is
Fix(A), which counts the number of nonzero vectors fixed under A. Put explicitly, Fix(A4) = [{v €
Fy | Av = v and v # 0}, where A is an invertible n x n matrix with entries in the finite field F,.
A natural question to consider centers on finding the distribution of Fix(A) as A ranges uniformly
over all Gl,,(F,). For example, it has been shown that the expectation is 1 (see [7, Corollary 1.3]).
Fulman and Stanton [5] previously determined moments of this class function through generating
functions. Surprisingly, the expectation of Fix(-)* is independent of n once n > k.

Gadish extended this notion from fixed vectors to fixed subspaces in [6, Definition 2.5], where he
defined a collection of class functions X g with domain Gl,,(F,) for all n simultaneously, known as ¢-
character polynomials. This extension of the number of nonzero fixed vectors preserves the property
that expectations of all powers are independent of n for sufficiently large n. We first provide a
definition for the class functions being considered.

Definition 1 (¢g-character polynomials). Given a finite field F,, let B be an m x m matrix. Let Xp
be the following function on the collection of square matrices of any dimension over Fg: if A is any
n X n matrix

Xp(g, A) = [{W <Fy [ dim W = m with A(W) C W and Alw ~ B}|.

Here A|w ~ B refers to matrix similarity. Because the matrices A and B are also defined over larger
fields Fj«, we could also consider Xp (¢, A) for any d > 1. Unless otherwise specified, the size of



the field is assumed to be fixed at some prime power ¢, and we use the simplified notation Xpg(A)
to mean Xp(q, A).

It is clear from the definition that g-character polynomials are indeed class functions. Gadish [6,
7] previously showed that the functions Xp span a ring.

Theorem 1.1 ([6, 7]). Given invertible matrices By and Bz of size k1 and ko respectively, there
exists an expansion for the pointwise product Xp, - Xp,:

XBI : XB2 = Z )\gl,BQXC (1)
C

for some scalars )\gh&, where the sum ranges over conjugacy classes of invertible matrices C' of
size max(ky, ko) < k < k1 + ko.

However, the product expansion coefficients of two fixed statistics are not known in general.

Goal. This paper seeks to characterize the scalars )\gh p, that are associated with each product
and describe their properties.

We note below (see §5.4) that some special values of the functions X g are ¢-binomial coefficients,
also known as Gaussian binomial coefficients. Thus, in the same way that products of binomial
coefficients and ¢-binomial coefficients occur naturally in mathematics and are inherently interesting
objects of study, our statistics yield a generalization of these products. Our results can also be used
to obtain a stable formula for the factorization of the tensor products of representations, although
we do not pursue this particular application in any detail here.

As a first example, we compute the following product expansion.

Example 1.1.1. Let J, be the unipotent Jordan block of size k and let Ji ¢ be the block matriz
consisting of blocks Jy and Jy. For alln > 3,

Xy, X=Xy, +al¢g— DXy, +¢*(q— )X, , +3°X, ,.

For more extensive calculations of product expansions, see Section 5 for gemeral calculations for
matrices with 1 or 2 Jordan blocks and Appendix A for a table of specific calculations in small cases.

Remark 1.1.1. The reader surely observes that the expansion coefficients in Example 1.1.1 are
polynomials in ¢ with integer coeflicients, and are independent of n. This pattern persists in general,
as we prove as part of this work.

Similar stabilization of the product expansion coefficients will be seen in more general expansions
in Section 5.

Main Results

To find product expansions of functions Xz, we develop a recursive algorithm in Section 2. A key
tool in applying this algorithm is our characterization of evaluations of the functions Xpg. This
mainly take the form of our Evaluation Formula, given in Section 4, for evaluating Xpg(A) for any
two unipotent matrices A and B. Along side that formula we prove the following two general results.

Theorem 1.2. For every two invertible matrices A and B over F,, there exists a polynomial Pa p(t)
with integer coefficients such that Xg(q%, A) = Pa p(q?) for every positive integer d, where X g(q?, A)
counts subspaces over Fga.

Moreover, suppose that A and B are unipotent matrices in Jordan form, thus defined over F,
for every prime p. Then the same polynomial Pa p(t) satisfies Xp(p?, A) = Pa p(p?) for any prime
power p®. Le. the polynomial P4 p(t) does not depend on the field.



Theorem 1.2 demonstrates that Xp is in fact a polynomial in ¢ and allows us to compute the
statistic X when changing the size of the field. Theorem 1.3 below relates the general polynomials
P4 p(t) to polynomials for pairs of unipotent matrices. With that, we conclude that one must only
consider statistics on unipotent matrices to determine general product expansions.

Theorem 1.3. For every pair of partitions A and p there exists a polynomial Py ,(t) € Z[t], such
that for every pair of invertible matrices A and B over g,

PA,B(t) = H Py i (")

where the partitions \; and p; denote the respective Jordan block sizes of A and B with common
eigenvalue (;, for (1,...,C x non-Galois-conjugate representatives of the common eigenvalues of A
and B with minimal polynomials of respective degrees ry,. .., 7.

We further use our algorithm to show the following general expansion results for unipotent
matrices.

Theorem 1.4. Let A and B be unipotent matrices. The product expansion coefficients of X4 - Xp
as in Equation (1) are polynomials in q with integer coefficients.

We also find that many product expansion coefficients vanish automatically, or don’t depend too
heavily on the largest Jordan block sizes. See the following proposition for example, and find more
results in this vein in Section 5.

Proposition 1.5. Let A and B be unipotent Jordan matrices such that the largest Jordan blocks of
A and B are a and b, respectively, with a < b. Consider the expansion

Xa-Xp= ZAQ,BXG
c

If )\23 # 0, then the largest Jordan block in C has size b.

Lastly, our product expansion calculations serve as a tool for evaluating joint moments of the
random variables Xp. E.g. one easily deduces that the numbers of eigenvectors with distinct
eigenvalues \; and Ay are uncorrelated among random matrices of size at least 2 x 2. One more
significant application of our calculations is the determination of the correlation between the random
variables X ;, — counting the number of a-dimensional subspaces on which a random matrix acts
unipotently and indecomposably.

Theorem 1.6. The correlation between the random variables X, and X j, in the uniform probability

space Gl (Fy) is +/ ZZ:} where b > a and for all n > 20.

1.1 Organization

In Section 2, we outline a general procedure with which to approach the problem of finding the
product expansion scalars through an inductive method. In Section 3, we simplify the problem
at hand by noting a few significant lemmas which allow us to write all statistics in the form of
statistics on unipotent matrices with a Jordan form. In Section 4, we determine an explicit formula
for evaluating statistics at any given matrix using a basis and space-picking scheme.

Section 5 contains most of our substantial results. Namely, we prove the scalars in Theorem 1.1
are polynomials in ¢; we show for unipotent matrices A and B that if X has a nonzero coefficient
in the product expansion X 4 - X g, then the maximal Jordan block size in C is equal to the maximal
Jordan block size across A and B; we employ our evaluation formula to calculate the expansion



coeflicients for products of statistics on matrices composed of single Jordan blocks and propose
possible coefficients for products of statistics on matrices composed of multiple Jordan blocks. Lastly,
using a combinatorial argument, we examine the product expansion of statistics on identity matrices.

In Section 6, we use the results from Section 5 to compute joint moments of X, thought of as
random variables. We explicitly determine the correlation coefficient between each pair of statistics
of single Jordan blocks based on our expansions in Section 5.

Lastly, in Appendix A, we provide a comprehensive list of calculated product expansions that
illustrate key properties and go beyond the general formulas provided in Section 5.

2 Algorithm

In this section, we describe a procedure for determining the expansion coefficients by evaluating
certain statistics at a series of specified matrices.

Notation. For a square matrix S, let dim(S) denote the number of rows of S.

We seek to determine the coefficients )\gh B, in the expansion Xp, - Xp,. One key observation
in the calculation process is the following:

Proposition 2.1. Given two matrices A, B where dim(A4) < dim(B), Xp(A) = 0 unless A ~ B,
in which case Xp(A) = 1.

Proof. If we consider any subspace W C F4™(4) then dim(W) < dim(A4) < dim(B). By the
definition of Xp, dim(W) = dim(B) so dim(W) = dim(4) = dim(B) or else Xp(A) = 0. If
Xp(A) # 0, then W must be F4m(4) 5o the condition Aly ~ B simplifies to A ~ B. In this case,
only one subspace is counted so Xpg(A) = 1. O

By evaluating the statistics in the equation described in Theorem 1.1 at a given conjugacy class
of a matrix C, we see that

X5, (C) - Xp,(C) = g, p,Xc(C) + > A% 5 X (O).
dim(M)<dim(C)

In other words,
A5, B, = X5, (C) - Xp,(C) — > AB, 5, X (0), (2)
dim(M)<dim(C)

allowing us to use an inductive procedure to calculate the coefficients.

e First, starting from k& = max{dim(B),dim(B3)}, we consider the conjugacy classes of k-
dimensional matrices.

e Next, for each conjugacy class of matrices of dimension k, we consider the Jordan matrix C'
in that conjugacy class (possibly passing to a larger field, but the effect of this field extension
on evaluations is known by Theorem 1.2).

e Then, we evaluate Xp,, Xp,, and X where dim(M) < dim(C), and using Eq. (2), we can
determine )\%732.

e Using this procedure to calculate the coefficients for matrices of a given dimension k, we
increment k by 1 and repeat the previous steps until £ = dim(B;) +dim(Bs), thus determining
all of the coeflicients we seek.

It follows that to find the product expansion coefficients, one approach is to find a general formula
for evaluating any given statistic on a specified matrix.



3 Reductions

In this section, we examine several reductions that simplify the problem to one concerning statistics
of unipotent Jordan matrices.

3.1 Relating General Matrices with those in Jordan form

We provide a method to determine all statistics Xpg in terms of statistics on matrices that have a
Jordan form. Consider the following simple example.

Example 3.0.1. Recall that over the field Fo, (1 1) ~ (6

1 0 0
0. Then, X( )(2714) = X(¢)(4, A) for every matriz A over Fs.

€02> where € € Fy satisfies €2 +e+1 =

11
10
We let F' denote the Frobenius automorphism. In general, we have the following result.

Theorem 3.1. Let My be a nilpotent matriz in Jordan normal form, and denote M,, = My + ul
for every scalar ji. Let B be a matriz with entries in F, that is conjugate to

My,
Mp

MFd*l(A))
for d > 1 such that Fy[\] = Fya. Let A be an n x n matriz with coefficients in Fy. Then,
XB (qa A) = XMA (qd7 A)

Proof. Let S ={W < Fy | W is A-invariant and A|w ~ B} and T ={V < FJ, | V is A-invariant
and Aly ~ My}. We wish to construct a bijection between S and T since |S| = Xp(gq,A) and
IT| = Xa, (g%, A). - B

Consider W € S. Extend scalars to F,a to form W. It is clear that W is still A-invariant and A
acts by B up to conjugation on W. Now, consider the function g : S — T given by sending W to
the A\-generalized eigenspace of Alyz. This map produces a subspace that must be A-invariant, as it
is a subspace of W, and on which A acts by M) up to conjugation.

Conversely, consider V € T. As V is A-invariant, Av € V for all v € V, so F'(Av) = AF(v) €
F(V) for alli. Thus F*(V) is A-invariant as well. Furthermore, for any sequence of vectors vy, .. ., v
such that Av; = Av; +v;_1 (with vg = 0), one has that A(F(v;)) = F(A(v;)) = F(A)F(v;)+ F(vi—1).
Thus, on F(V') the operator A acts through a matrix conjugate to Mp(y).

Let W = @?;01 F{(V). Since every F!(V) is A-invariant, the sum is also. Furthermore, since
F : F(V) — F*L(V), the sum is also F-invariant. Lastly, A acts on W by the block matrix
containing the Jordan matrices Mpi(y) for 0 <4 < d — 1, thus the A action on W is conjugate to B
by assumption. By Galois descent (see e.g. [2]), there exists a unique W < Fy' whose extension to
IFZd is precisely W. Explicitly, W consists of the F-fixed vectors in .

As W is A-invariant, for all w € W C W we have Aw € W. However, we also have F(Aw) =
F(A)F(w) = Aw because W consists of the F-fixed vectors. Thus it follows that Aw is F-fixed,
and so we must have Aw € W, i.e. W is A-invariant. Also, A acts by B up to conjugation on W
because B and A|y have the same rational canonical form. Thus, W € S, so we have constructed a
map from h : T — S that sends V' to W. We now show that g and h are inverses, thus establishing
|S| = |T| and completing the proof.

In the construction of g(h(V)) = g(W), one first considers W after extending scalars. We then
consider the map from W to the A-generalized eigenspace of Alyr, which is V' because V' is a summand
of W and on all other summands A has different eigenvalues. We conclude that g(h(V)) = V.



Now, consider h(g(W’)) for some W’ € S, and let W’ be the space formed by extending the scalars
of W’ to F,a. We claim that the F?(\)-generalized eigenspace of Al is precisely F*(g(W’)). Note
that for all v/ € g(W’) we have (A — AI)™v' = 0 for some fixed m. Then, F((A — \[)™v') =
(A — F{(\))™F'(v') = 0, so Fi(g(W’)) must be equal to the F?()\)-generalized eigenspace. Thus,
we observe that the map h on g(W') precisely takes a direct sum of the eigenspaces of W’ to produce
W’. Finally, h reduces W’ back to W’ by uniqueness of Galois descent. Therefore, h(g(W')) = W'.

This implies g and h are bijections, so |S| = |T|. O

The theorem thus proved shows that for B of the above form it suffices to consider statistics Xp
where B does indeed have a Jordan normal form in F,.

3.2 Disjoint Sets of Eigenvalues

We prove that statistics on matrices that have disjoint sets of eigenvalues have simple product
expansions. They interact trivially in the following sense.

Proposition 3.2 (Disjoint sets of eigenvalues). Let A and B be matrices with disjoint sets of
eigenvalues. Then the product X o - Xp is equal to X(Ao).
0B

Proof. By Theorem 1.1 there exists coefficients such that,

Xa-Xp=)Y M pXc
C

where C' ranges over conjugacy classes of matrices where
max(dim(A),dim(B)) < dim(C) < dim(A) + dim(B).

For every such C, the evaluation X 4(C) counts the number of dim(A)-dimensional subspaces of
Fdim(©)that are C-invariant and on which C acts by A up to conjugation. Let S4 be the collection
of these subspaces, so that |S4| = X4(C). Similarly let Sp be the set of the analogous subspaces
for the case where A is replaced by B.

Now we claim that for every V; € S4 and V, € Sp we have V1NV, = {0}. Indeed, the intersection
W = ViNVs, is itself C-invariant, since both Vi and V5 are such. Assume for the sake of contradiction
that dim(W) > 0. Then the restriction of C' to W has some eigenvalue A (perhaps only a member
of a larger field). But since the action of C' on V; is conjugate to that of A, this A must then also
be an eigenvalue A, and similarly it must also be an eigenvalue of B. This is a contradiction, as A
and B have no common eigenvalues.

If the evaluation of C on the product X4 - Xp is non-zero, then both S4 and Sp are non-empty.
Thus from the above argument we conclude that for any choice of V; € S4 and V5 € Sp,

dim(A4) + dim(B) = dim(V7) + dim(V2) = dim(V; @ V3) < dim(C)

showing that the only matrices C' for which the product X4 - X5 is non-zero are of the maximal
dimension dim(A) + dim(B). It also follows that F4™() = V; @ V4, that is the space has a basis
built from a basis for V; followed by a basis for V5. Since both subspaces are C' invariant, in every
such basis the matrix C' is represented by
! ’
¢ = (o)

where A’ = Cly; ~ A and B' = C|y, ~ B, so C' is conjugate to the block matrix (§}3). But
since change of basis corresponds to conjugation, it follows that C' ~ C’. We thus found that the
only matrices of dimension < dim(A4) + dim(B) that may evaluate on X4 - X p nontrivially must be
conjugate to the block matrix built from A and B.



Conversely, this block matrix clearly evaluates to 1 on both X 4 and X g, thus giving the desired
equality
Xa-Xp= X(Ao).
0B

3.3 Independence of Eigenvalues

The next reduction shows that the choice of eigenvalue for our matrices does not matter. To prove
this reduction, we begin with two lemmas.

Lemma 3.3. A subspace W is Ax-invariant iff it is Ay -invariant.

Proof. Consider a subspace W that is Ay-invariant. Note that
Ay (W) = (Ax+ N = NDW = A\(W) + (X = \)W.

Since Ax(W) C W and (N — AW C W, Ay (W) C W. So, W is also Ay-invariant. The other
direction follows similarly by symmetry. O

Lemma 3.4. The restriction of Ay to W is conjugate to By iff the restriction of Ay to W is
congugate to By:.

Proof. Suppose that the restriction of Ay to W is conjugate to By. Then, there exists a matrix P
such that Ay|w = PByP~'. Then,

AxlwP = PB,
Ax\wP + (N = NI)P = PBy + P((\' = M)
(Ax+ (N = NIw)P = P(Bx + (X = M)
Ax|w = PBy P71

So, the restriction of Ay, to W is also conjugate to By,. By symmetry, the backward direction
follows, concluding our proof. O

With these lemmas we can now state and proof the proposition.

Proposition 3.5. Let Ag and By be nilpotent matrices, and denote Ay = MN[+Ag and Ay, = N I1+Ag.
Define By and By similarly. Note that Ay and Ay have the same Jordan form and generalized
eigenvectors but different eigenvalues. Then, we have X, (Ax) = Xp,, (Ax).

Proof. A space W is A-invariant and Ay |w ~ B, if and only if W is Ay -invariant and Ay |y ~ Bys.
Therefore, by definition,
XB,(Ax) = XB,, (Ax).

O

Since our statistics are invariant under changing eigenvalues as above, we often work only with
unipotent matrices, i.e. ones in which all eigenvalues are 1.



4 Evaluations

In this section, we introduce methods for calculating the polynomials P4 p(t) that determine eval-
uations of our statistics on unipotent matrices.

We first provide a definition of ¢-binomial coefficients, which prove useful in our subsequent
analysis.

Definition 2. The ¢-binomial coefficient (’:)q counts the number of n-dimensional subspaces in a
m-dimensional space in F,. Explicitly,

— n—1 . ;
<m> _ (qm_1)(qm_q)(qm_q2)“_(qm_qn 1) _ q L_q’L
n), (" =D(¢" =) (" —q"7) g 1
if m > n and 0 otherwise.

It is a fact that the g-binomial coefficients are polynomials in ¢ (see e.g. [1]).
To begin, we consider the evaluation of statistics associated with matrices composed of Jordan
blocks of equal size.

Notation. For ny+na+---+mn; = nlet Jy, n,.... n; (A) denote the n x n matrix in Jordan form with
blocks sizes ny,ng,...,n; and eigenvalue A. We denote the unipotent matrix Jy, n,... n; (1) simply

by Jn1,n27..~,m'
Lemma 4.1. Let B = Jbl, b and let A = Jg, as,....a,- Let t1 be the largest integer such that
———

cq times

at, > bi. Then,

xut= (

k
tq c1 [(b1—1)(t1—01)+ > ag
) . q

C1 q

k

> a
Proof. Denote our ambient space by V = F;* . We need to count the number of A-invariant
subspaces Wy < V that have Alw, ~ Jy,. . Setting N := A — I — the nilpotent matrix with the
same Jordan blocks as A — the counting problem amounts to computing the cardinality of the set

K:{Wl <V | N(Wl) CWIaN|W1 NJbl,"' bl(O)}

i

c1 times
To do this, consider following quotients:
ker(N®1) - 14
ker(N®)/ker(N?1—1) C V/ker(N"—1)

We want to establish that the quotient map 7 induces a surjection from K to the set of c¢i-
dimensional subspaces of ker(N')/ker(N®~'). The next couple of claims suffice: Lemma 4.2
shows that the function is well-defined, and Lemma 4.3 establishes surjectivity.

Lemma 4.2. For every Wi € K we have that W, := 7(W1) is a c¢;-dimensional subspace of
ker(N®)/ker(N"1—1)



Proof. Fix Wy € K. Then since N|w, ~ Jp, .. 5, (0) it follows that W7 has a basis of the form

¢y times

2 b1 —1
{’Ul,N’Ul,N 1}1,...7N1 (%1}

UQ,NUQ,N2U27...,Nb171U2
2 b1—1
UclanclvNUCN"'le UC]}

such that N%1v; = 0 for all i. Thus W; < ker(N).

Furthermore, note that N**~1(Nv;) = N%v; = 0 so all N/v; project to 0 for j > 1 under 7. We
conclude that Wy = 7(W7) is spanned by (m(v1), 7(v2), ..., m(ve,)) and is of dimension at most c;.
We show that 7(v;) are indeed independent. Suppose

0=Mm(v1) + dam(v2) + ... + Ay (v, )
then,
0= 77(/\11]1 + Ao + ...+ /\Cl’Ucl).
Thus, we know that A\jv; + Agvg + ... + Ao, ve, € ker(N®171). So,

0= N""T( Aoy 4+ Agva + .. + A, 0c, )
= MNPy 4 AN Ty, 4o X NP Ty,

But since {Nbl_lvl, Nbi=ly, ... ,Nbl_lvcl} are members of a basis of W, we conclude Ay = Ay =
oo =X, = 0. Thus 7(v1), 7(v2),...m(ve, ) are linearly independent and W is of dimension ¢;. [

Lemma 4.3. For all ¢;-dimensional subspaces W1 < ker(N")/ker(N**~1) there exists Wy € K
such that #(Wy) = Wy

Proof. Let W1 be a ¢;-dimensional space in ker(N®')/ker(N®~!) and pick {vy,...,v., } C ker(N)
such that {m(vy),7(v2),...,m(ve, )} form a basis for W. Consider
W, = span(vy, Nvy, N2vp, ..., N 71y,

2 b1—1
1]27N1)2,N 'UQ,...,.ZV1 Va2,

2 b1—1
Veys NVey, Nveyy o ooy NPV 200 ).

We claim that W, € K and «(W;) = W;.
Since Nv; € ker(N%1~1) for j > 1 vanishes in the quotient,
w(W1) = (7(v1),0,0,...,0
7(v2),0,0,...,0

m(Ve,),0,0,...,0)
= <7T(’U1)7 7'['(1}2), s aﬂ'(vcl» = Wl.
To see that W; € K we must show that N(Wy) C Wy and N|w, ~ Jp,,... »,(0). The N-invariance

cq times

is clear on the spanning set defining Wi, so the resulting span W; must be N-invariant as well.



To determine the conjugacy class of N|w,, we only need to show that the spanning set is linearly
independent, since this would imply that {N7v;}, ; is a basis with respect to which N|, has the
desired Jordan form.

Suppose that

AMav1 + A aNvp + A 3N + -+ Ay, NP 71y
X212 + Ag.aNvg + Ao 3N2vg 4 -+ 4 Agp, NP Loy

Ay 1V + Ay 2NVe, + Aoy 3N20g,, -+ Aoy 5, N 7l = 0.
Applying 7 to this equation to get
)\1’171'(’[)1) + )\27171'(’[)2) + )\3’171'(1}3) —+ ... )\61’171'(@61) =0.

But {m(v1),m(v2),...,m(ve,)} was chosen to be a basis for W1 so A\j1 =Xg1 =---= A, 1 =0. We
continue this process by induction on j, the column number in the equation above.
Assume that all A; ; = 0 for all ¢ and for k£ < j. So the linear relation reduces to

C1 bl—l

NS AikNE T | =0

i=1 k=j

which implies that the argument > A; x N k=iy; already vanishes in the quotient. Applying 7 to the
argument, we get
)\17]'71'(1)1) + ...+ /\Chjw(vcl) =0

which again by linear independence of the 7(v;)’s gives A1 ; = ... = A, ; = 0, thus completing the
induction step.

We conclude that {N7v;};; is indeed a basis, so Wi € K and 7(W;) = W7, thus the proof is
complete. O

Recall that ¢; is the number of blocks in A and N of size at least b;. Then we have

k
dim(ker N*) = (b)) (1) + Y as,
i=t1+1

k
dim(ker N 1) = (b — 1)(t) + Y as,
i=t1+1
thus there are

<dim(kerNb1) — dim(ker Nb11)> _ (tl)

C1 C1

ways to pick a c;-dimensional subspace W < ker(N®)/ker(Nb1—1).
So we have constructed a function from K to a set of size (ill)q It remains to count the number

of preimages each W) has in K.

Lemma 4.4. Fiz a ci-dimensional subspace W < ker(N®)/ker(N®~1). There are precisely

k
c[(bi—D(t1—c1)+ X a
q i=t1+1

preimages Wy € K such that 7(Wy) = W 1.

10



Proof. 1f s : W1 — ker(N®) is any section of 7, with image Wo, then the proof of Lemma 4.3 shows
that W, = Zj NI (W) satisfies W, € K and (W) = W;1. So we begin by counting sections of

mon Y (Wy) = Wi
Fix a section sg : W1 — Wjy. Then the set of sections is in bijection with

hom (W 1, ker(N®171))
where a homomorphism ¢ : W — ker(N® 1) corresponds to the section so + ¢. It follows that the

number of sections is o
qdimwl-dim ker(N"171) _ qq((brl)tﬁziyl a;)

However, in going from sections to preimages W7 € K there is some overcounting, which we
now address. Fix some W; € K such that m(W;) = W1, we wish to count the number of sections
of 7 : W; — W,. The same argument as in the previous paragraph shows that the number such
sections is

|h0m(W1, Wl N ker(Nbl_l))\ _ qc1~dim Wﬂker(Nbl*l)'

But because N|w, ~ Jy, .5, (0), it follows that dim(W;Nker(N®~1)) = (by —1)c;. This is the over-
counting involved in counting sections, so we divide by this amount to get the number of preimages:

qcl (bl*l)t1+2i>tl a;—cy (blfl)cl

as claimed. m

Combining all claims in the proof, the set K of interest maps onto a set of size (Zi)q with fibers

of equal size given by the previous claim. It follows that

tl c1 |:(b1_1)(tl_cl)+v zk: ai:|
x(a) = |81 = (1) -a i)
q

This completes the proof of Lemma 4.1. O
With Lemma 4.1, we now prove the general case by induction.

Theorem 4.5 (General Evaluation Formula). Let

B=J
by b2y bbby e b
—_———  ——— — ——
cq times co times cp times

where by > by > -+ > b, and there are ¢; Jordan blocks of size by in B. Let A = Jy, a,,....a, Where
ay > ag > -+ > ay. Let t; be the number of blocks of A of size at least b;, i.e. the largest integer
such that a;;, > b;. Then,

i—1 n i n k
oot — Z Ci > ci<(bi—1)(ti+ci—2 Se)— X i+ > an>
Xp(A) = H( = ]> g =S T
C;

i=1 q
Proof. We prove this theorem by induction on the number of distinct block sizes in B.

The base case is when there are 0 blocks in B. This corresponds to the empty matrix on the zero
vector space. The only vector space counted is the zero space, so the count is 1. This is precisely
the right hand side of the formula, ¢° = 1.

Assume by induction that the formula is true for matrices with n distinct Jordan block sizes.
We will prove the formula holds for matrices with n + 1 distinct block sizes. Let b; be the largest
block size and ¢; its multiplicity.
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As in the proof of Lemma 4.1, we set N := A—T for the nilpotent matrix. Now, since (B—1)"* = 0
we note that any A-invariant space W on which Aly ~ B has N (W) = (A — I)" (W) = 0. So for
the purpose of counting subspaces W of this form, it is sufficient to restrict the ambient space to
ker(N"t), which we denote by V. On this smaller ambient space, the transformations A and N have
their Jordan blocks restricted to have size at most b;. Thus, without loss of generality we assume
that by > a; for all 4.

By Lemma 4.1, we know that the number of A-invariant subspaces on which A acts by a trans-
formation conjugate to th b is

c1 times

t c1 [(bl—l)(tl—cl)f Zk: a;
q

Let W1 be any subspace of this form. We wish to count the number of way to extend W; in an A-
invariant way so that A acts by a transformation conjugate to B. This is equivalent to finding a sub-

space of V/Wj that is A-invariant and on which A is conjugate to Jb2 e b2 bty bt e gt

co times cpt1 times
Since this latter matrix has n distinct Jordan block sizes, our inductive hypothesis applies, and the
number of such subspaces is known. However, note that the transformation induced by A on the
quotient, call it A’, is represented by a matrix obtained from A by removing ¢; blocks of the maximal
size by. This means that for A’ we have t, = t; — ¢y for all ¢ > 2.

Therefore, the number of ways to pick the subspace W’ < V/Wj is

1—1 n i n
nl e Y e S e[ BimD(timertei—2 3 )= 3% et S ay

— . i=2 j=2 Jj=i+1 j=t;+1

j=2 . (4)
i=2 Ci

q

The preimage W such that W/W; = W' is uniquely determined by W’ and is an A-invariant
subspace satisfying Alw ~ B.

We thus counted the number of pairs (W7, W) such that W; < W are two A-invariant spaces
with respective restrictions of A conjugate to Jy, . 3, and B. However, we are interested in counting
only the set of subspaces W, so we must divide by the number of pairs (W7, W) with a given W.

Fixing W, the number of choices for W; < W that is A-invariant and on which A acts as Jp, ... 5,
is again counted in Lemma 4.1. Since A acts on W as the matrix B we have t; = ¢; for all ¢ and
at, = b;, thus the lemma gives the number of such W; < W to be

(Zl) . qcl(blfl)(clfcl)ﬂLZiZg cibi _ 1- qcl ZiZQ Cibq‘,.
1
q

Dividing the product of (3) and (4) by this overcounting factor, we get the number of desired spaces

W to be: -
i
ntl 4. Cs
11 < = ) - gfabied
(&

=1 q

12



where the exponent is

k
f(a,b,c,t) = C (bl—l tl_cl + Z G,j
Jj=t1+1
7 n+1 k n+1
+ ZCZ i t —C1+c¢ — QZCJ')— Z Cj+ Z (lj _chcibi
j=2 Jj=i+1 Jj=ti+1 =2
n+1 ) k
= ch (b; = 1) t—i—cl—ZZc] )+ Z aj
j=1 Jj=ti+1
n+1 n+1
et 3 g -an
=2 Jj=i+1
n+1 k n+1
S (RUTERED SRS SRED op°
j=ti+1 j=it1
thus completing the proof of the induction step. O

We now have the tools to prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Theorem 4.5 shows that for every two unipotent Jordan matrices A and B
there exists a polynomial P4 p(t) such that Xp(A) = P4 p(q) when considered as matrices over any
finite field F,. Furthermore the polynomial in Theorem 4.5 depends only on the block sizes of A
and B, i.e. by the partitions describing the block sizes. If A and p are the partitions enumerating
the block sizes of A and B respectively, we write Py ,(t) for the resulting polynomial. O

Proof of Theorem 1.3. To show that there exists a polynomial P4 p(t) for any evaluation Xp(A)
for inveritble matrices A and B, we use the results in Section 3.

First, let fg(t) be the characteristic polynomial of B and factor fp over F,[z] into distinct
irreducible polynomials f1, fo,. .., fx with multiplicities mq,...,mg. That is,

fB(t) = fr(8)™ fo(t)™2 - fr(t)™".

Let B; the restriction of B to the subspace ker(f;(B)™). Observe that the characteristic polynomial
of By is fi(t)™ and B ~ @"_, B;.

Since each pair of the B; have coprime characteristic polynomials, they have disjoint sets of
eigenvalues. So by Proposition 3.2, we have Xp(A) = Hle Xp,(A). The characteristic polynomial
of B; can be expressed as fg,(t) = (t — X)) (t — F(\;))™ - (t — F"i71()\;))™ for some n; and r;
where \; € Fgr;. Furthermore, B; ~ EB; ~1 i (M A;) where M), is an n; X n; matrix in Jordan
normal form with eigenvalue \;. Therefore, by Theorem 3.1, Xp,(A) = X, (¢, A).

Let A = Ny, & N’ where Ny, is in Jordan form over ]Fq . and has eigenvalue \; and N’ has
eigenvalues distinct from A;. This decomposition is possible since A; € Fyr. We claim that
X, (", Ny, ® N') = X, (¢, Ny,). Indeed, consider a subspace W counted by X, (¢", A),
i.e. A-invariant W such that A|y ~ M),. The only generalized eigenspace of A|y has eigenvalue
A; and is thus contained in the domain of Ny,.

Let p; and A; be the partitions that represent the Jordan block sizes of My, and Ny,, respectively.
By Proposition 3.5, Xz, (¢, Nx,) = Py, u,(¢""). Thus,

k k
A) = H Xp,(4) = H Prini(q™) (5)
i=1 i=1

13



as claimed. O

The evaluation formula has a surprising consequence that the size of the largest Jordan block
does not matter as long as its multiplicity is the same in A and B.

Corollary 4.6. Suppose that A and B are unipotent Jordan matrices such that the largest Jordan
block of B has size b. If there are ¢ Jordan blocks in B of size b and ¢ Jordan blocks in A of size at
least b, then Xg(A) is independent of b.

Proof. This is immediate from Theorem 4.5 as t; = c¢1, so the coefficient of b in the exponent is
0. O

5 Product Expansions

Now that we have determined a precise formula for the evaluation of any given statistic at any
matrix, we can combine this with our aforementioned algorithm to compute some of our sought-
after expansion coefficients.

As with evaluations, it is sufficient to consider expansion coefficients for unipotent Jordan ma-
trices because the product X, - Xp evaluated at each matrix C' can be written as a product of
polynomials Py, for partitions A and u that represent the respective Jordan block sizes of unipotent
matrices.

We first discuss some general results for all product expansions for unipotent Jordan matrices
before discussing a few specific cases.

5.1 General Results

Since all the expansion coefficients for unipotent Jordan matrices are polynomials as per Theorem 4.5,
we can also show that the expansion coefficients of these statistics are polynomials.

Proof of Theorem 1.4. This corollary follows inductively by the algorithm described in Section 2.
Let A and B have dimensions n; and ng, respectively. Let all of the conjugacy classes of matrices
with dimensions between max(ni,ng) and ny + ng be Cq,Ca, ..., Ck such that dim C; < dim Cy <
--- < dim C. We show by induction that the coefficient of X¢, is a polynomial in q.

The base case is i« = 1. By Equation (2), the coefficient of X, is

Ai'p = Xa(C1) - Xp(Ch)

which is a polynomial in ¢ due to Theorem 1.3. Assume by induction that for i < m, the coefficient
of X¢, is a polynomial in ¢. Then, the coefficient of X¢ is

m+1
AT = Xa(Cons1) - XB(Cmst) = Y NG X, (Cri).
=1

By our inductive hypothesis and Theorem 1.3, all terms on the right-hand side are polynomials in
q, so the coefficent of X¢,,,, is likewise a polynomial in g. O

Many of the coefficients in the aforementioned product expansion are, in fact, the zero polynomial.
The necessary condition for when the coefficient is a nonzero polynomial is given by Proposition 1.5,
which we prove with Algorithm 2 and Theorem 4.5.

Proof of Proposition 1.5. It suffices to show that /\2 g = 0 whenever the maximum Jordan block
of C' is not equal to b. We prove this with induction. Let all of the conjugacy classes of matrices
with dimensions between 1 and n; + ns, inclusive, be C1, Cy, ..., Cy such that dim C; < dim Cy <
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- < dim Cy. Let j be the smallest positive integer such that X¢, has a nonzero coefficient in the
expansion of X4 - Xp. By minimality of j and Equation (2),

Nilp = Xa(C; Z NiipXei(C5) = Xa(Cy)Xp(Cy).
Now, if the maximum Jordan block size in C; is less than b, then Xp(C;) = 0 from Theo-
rem 4.5. But this is a contradiction since it would yield /\ij_'B = 0. On the other hand, if

Cj = JTotty btta, . bttaciy cipr Cir for t1,...,ts > 0, let C; = Jb,b,. . Then, The-

5 bcjy gty

s times

orem 4.5 yields

Ml = Xa(Cj)Xp(C)) = Xa(C})Xp(C))
o
=g+ Z )‘%,BXM(C;')
dim M <dim C;—t

This implies that the coefficient of XCJ/, is nonzero, which contradicts the minimality of j since
dim(C}) < dim(Cj).

This is the base case for our induction. Assume by induction that for all ¢ < m, the coefficient
of X¢, is 0 when the largest Jordan block of C; is not equal to b, then we will prove the same holds
for m 4+ 1. From Equation (2),

At = Xa(Cmst) - X5(Coagr) ZA (Crm1)-

If the largest Jordan block of Cy,41 is less than b, then X5(C),41) = 0 by Theorem 4.5. Similarly,
for every nonzero )\gf g in the sum, C; has largest Jordan block b by the induction hypothesis, so

Xc, (Crg1) = 0. Therefore, we have that /\i““gl =0.
Now, instead suppose Cinp1 = Jptty,b+ts,... b+t c1,c0,00p 10T SOME t1,... .6 > 0. Let Cp =
T b .. bercan...c, Where £ <m+ 1. Thus,

500 Ch

.....

s times

AT = XA(Cog 1) XB(Crnt) ZAABXC Crnt1)
= XA(Crt1)XB(Crg1) Z)‘ABXC Cmt1) = A5 5X 0, (Crga)

3 XX (Co)
i=04+1
By Theorem 4.5, X 4(Crt1) = Xa(Cp) and Xp(Crry1) = Xp(Cr). We also know X¢, (Cppt1) = 1.
For 1 <4 < /¢ — 1 where )\i’B is nonzero, X¢, (Cm+1) = X¢, (Ce) by the inductive hypothesis since
the largest Jordan block of C; is b. Furthermore, for all ¢ such that £ + 1 < i < m, whenever
AG A.p is nonzero, the largest Jordan block of C; is b by the inductive hypothesis. In this case, by
Proposition 2.1, X¢, (Crt1) = Xe, (Cy) = 0 since dim(Cy) < dim(C;) and C; # Cy. Therefore, we

have,
-1

A = Xa(Co)XB(Co) = Y A pXe,(Co) — AG'5 = 0.
=1
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by Equation (2) applied to )\i‘fB. This completes the induction step and we conclude that the
coefficient )\i p is only nonzero if the largest Jordan block of C' is b. O

The condition provided in Proposition 1.5 greatly reduces our calculations with the algorithm
described in Section 2 in the specific cases below.

5.2 Single Jordan Blocks
We find the following expansion for the product of statistics on single Jordan blocks.

Theorem 5.1. For b > a, we have the following expansion:

X*JbJr 22;1‘127" 1( )Xme +q2aXJba b>a

Xy, - X5 = ~
’ XJ1>+ Z?n:l q2m 1( )Xme +q2a 1(Q+1)XJ5,, b=a

Proof. We only prove the case when b > a as the other case is similar.
We can find the coefficients in Equation (6) recursively using the algorithm in Section 2. However,
since there exists an expansion

Xy, - Xy, = Z/\JQJbXC

from Theorem 1.1, we simply verify that Equation (6) holds for all the matrices C' such that X¢ may
have nonzero coefficient. From Proposition 1.5, C' must be of the form Jy 4, 45.....a,,- For 1 <m < a,
define t,, to be the largest integer 1 < i < n such that a; > m. If a; < m for all 4, let t,,, = 0. Note
that ¢, = n. Furthermore, let k =Y. | a;.

First, for C = Jp 4;,4,,...,a,,» Observe that E?:l a; < a < b, so each a; is less than b. There-
fore, note that Xj,(C) = ¢* from Theorem 4.5. Now, consider the evaluation of X, . (C). By
Theorem 4.5,

tm m— — — . a;
q

Consider the sum in the exponent. We can evaluate it directly based on the sequence {t;}. Since
there are t; — t;41 terms in the sequence {a;} that are equal to j, we have

N> oa=Y (t—tin)i=—(m— 1ty +Zt

Therefore, the exponent is

m— m—1
(m =Dty —2m+2+k—1— (m— 1)t Z = —2m+1l4+k+ Y 1
j=1 j=1

Our evaluation becomes X, (C) = (tT“)q L2 R Finally, note that X (C) =

1
(ta1+1)qq(a—1)ta,+2y:ta+laj _ (tafrl)qq oy tj
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The RHS of Eq. (6) evaluates on C' as

X‘]b (C) + <i q2m_1(q - 1)XJb,m (C)> + q2aXJb,a (C)

m=1

a—1
_ qk + Z q27n—1(q _ 1) (tm> . q—2m+1+k+z;n;11 t; + qza (%) . q—2a+1+k+2?;11 t;
q q

1 1
= q _|- Z — k+EJ 1 t] + (1) qk_1+2?;11 tj
q
a-1 k14300 4t _ k143020t
— gk LD DNE I S Dyt q i —4 !
¢+ (" q T ) 4 1
m=1
EH1430  t k14900
q- q

One can check that this is equal to X, (C)X, (C) from our calculations above, so there is no
remaining non-trivial linear contribution for X, and Eq. (6) is satisfied by all conjugacy classes

C. O

Remark 5.1.1. In the expansion X, - X; , where b > a, the only non-trivial contributions to the
expansion are from conjugacy classes with one or two Jordan blocks.

Corollary 5.2. All statistics X, , can be expressed as degree 2 polynomials in {Xj,|n € N} with
coefficients in rational functions Q(q).

Proof. We fix b and induct on a < b. The base case a = 1 follows as X, , = X X’l X% from

Theorem 5.1. Assume by induction that all X , for 1 < m < k < b are given by degree 2
polynomials in the X; ’s. When k41 < b, Theorem 5.1 yields

XJb : XJk - XJb - (an:l qzm_l(q - 1)XJb,m)
q2k‘+2

Xt]b‘k+1 =

As each term on the RHS can be is expressed as a degree 2 polynomial in the X s ’s, we have that
Xp, k+1 is similarly expressed in terms of the X ; ’s. When k + 1 = b, Theorem 5.1 similarly yields

ng - X, - (er)nizll q2m71(q - 1)XJb,m>
XJb,k+1 = .

¢~ Hg+1)

For the same reason as before, this can be expressed in terms of the X ’s, and we are done. O

We note that the expansion coefficients in Theorem 5.1 are the same for every b once b > a + 1:
in other words, they depend solely on a. It seems reasonable to conjecture that such a phenomenon
extends to a more general case.

Conjecture 5.3. Given a1 > by, ap > ag > -+ > ag, and by > by > --- > b;, the product
Xarrar " KXoy 0 has the same expansion coefficients when a; is increased for any 1 < i < k

such that a; > by.
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5.3 Larger Jordan Matrices

Using similar methods as before, we can try to determine the expansion coefficients for the product
of a statistic on a single Jordan block with a statistic on two Jordan blocks.
An interesting example can thus be proven:

Lemma 5.4. Whenb >a > 1,

a—1
X5 Xy =X, + Y " - 1)Xy,, + 77Xy,
m=2
a—1 (7)
+ (- V)Xy,, + D P - DXy, X,
m=2

Proof. By Proposition 1.5, the product expansion of X - X, , contains only terms G Toida 1Xc
where C' is of the form Jb7a17a2,...,an with a1 > as > -+ > a,. For 1 < m < a, define t,, to be the
largest integer 1 < ¢ < n such that a; > m. If a; <m for all i, let t,,, = 0. Note that t; = n. We
also denote s; = Y5 t; and k = 37, a;.

As before, the expansion coefficients can be determined recursively, but we simply verify that
Theorem 5.4 is satisfied for all matrices of the form Jp 4, 4,.,... .0, - First, observe that the only matrices
in which ¢, > 0 are Jp 4, Jp,a,1 and Jp q+1. We can check these cases manually.

For all other matrices, we have t, = 0. To show that the equation above is true, we evaluate

every term at the matrix C. We find the evaluations on the left hand side first:

XJb (C) = qu

ta 1 t — _ n .
XJa,l(O) = < 1+ ) <11) - q 1+(a 1)t“+zj:ta+1 a;
q q

qn—l —1

T q71+2?:ta+1aj
q—
_ qn—l -1 . qsa,1—1

g—1

where last equality can be seen by observing that

a—l

n
Z aj; = ]+1 a—l +Zt = Sq_1-

J=ta+1 .7:1
Therefore, when evaluated at C, the left hand side becomes % - g®e1TR=1 We now show
that the right hand side has the same evaluation. Observe that our evaluation formula yields the
following:

XJb,l (C) =

t
Xy, (C) = ( T) LgTAmHIER S o 2 < < a.
q
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k+n

Note that ¢Xj, , (C) = 4 quqk. Furthermore, we can simplify the following sum:

a—

1
t
2m— 2 o 2m— 2 m . —2m~+1+k+8m_1
2(1 (¢-1)Xy,,(C § q (1>qq

m=2

a—1
= (g'™ = 1)g*m Tt

m=2

m=

_ Sm+k—1 Sm—_1+k—1\ _ Sq_1+k—1 n+k—1
= (g - ) =g —q :

m=2

Now, observe that X, ,(C) = 0 since ¢, = 0. Now, let’s move on next second set of terms with 3
blocks. We have,

20,2 _1\X _ 202 t oy ("' -1) k+n _ k
(¢ = 1D)X5,,(C) = (" =[] -q =T 1 (a q°).
q

We also observe that for 2 <m < a

m m 2% ty — 1 — m— — n Py
q2 +1(‘] - 1)XJb,m,1(O) = q2 +1(q - 1)( L) < ) -q 3kt (m—1)(tm —2)+327,, 11 9
q q

1 1
t, n—1
q mo o ]_ q — ]_ _ _
— q2m+1(q o 1) - - - - . qk 2m—1+s.,_1
qnfl -1
— po (qk+sm _ qk+sm71).

This implies an;lg (g -1)X,,,..(C) = %(qkﬂa*l — ¢"*n) after simplification. Finally,

since t, =0, X, ,,(C) = 0. We can now add up all of the terms on the RHS:

¢t —q¢* Y e ¢t - 1(qn+k b g e tE gtk
qg—1 q—1
YL
qg—1
which is equal to the left hand side of (7), so we are done. O

Remark 5.4.1. As observed above, the coefficients in the expansion of X, - X;, , where b >a > 1
are independent of b.

Remark 5.4.2. In the multiplication of the statistics for a matrix with one block and a matrix
with two blocks, all of the resulting terms were statistics of matrices with at most 3 blocks.

We compute and prove other similar preliminary results for multi-block statistic expansions using
the algorithm in Section 2. See a table in Appendix A. Given these patterns, we posit the following
conjectures:

Conjecture 5.5. Let m,n be fized positive integers.

m—1
"Xy, .+ 2 AN g-D)Xy, L+ X ifn>m
k=1
X Xt = 44" () K + Z g2 = D)Xk 00 X fn=m

0" (1) X + Z AR R D G D, G, if n.<m.
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Conjecture 5.6. Let n > m > k be positive integers. Then,

m—k—1
Xy, X = 4" Xy, + Z ¢ g = D)X ) X

m—k—1
+Z B3 X5+ Z (¢F 322 (g — 12X, ) + @R g - DX,
Jj=1
m—k—1
+ q4k72(q2 Tk T Z 4k+2p 1 - 1)XJ1L,k+p,k) + q2m+2kXJ"v7”v"'
p=1

Conjecture 5.7. Consider the expansion of X4 - Xp where A and B are two unipotent Jordan
matrices. If A and B have a and b blocks in their Jordan normal forms, respectively, then the only
non-trivial contributions in the expansion of X - Xp are from matrices C with at most a+b Jordan
blocks.

5.4 Identity Matrices

In this section, we consider our statistics under identity matrices and solve for the expansion coeffi-
cients for their products.

Notation. Let I,, denote an n x n identity matrix.

Lemma 5.8. X (I,) = (")q.

m

Proof. Every m-dimensional subspace satisfies the conditions, and therefore, we are simply counting
the number of m-dimensional subspaces in a n-dimensional space. By definition, this is precisely

() g 0

As identity matrices result in g-binomial coefficients, solving for the product expansion seeks to
answer a very classical question: how do the product of two g-binomial coefficients expand in terms
of a linear combination of g-binomial coefficients.

Theorem 5.9. For n,m > 1, we have the following expansions:

min (m,n)

m+n—=k m+n— 2k V(o

A P () H (e
k=0 q q

Proof. The equality is a consequence of the following counting argument. Observe that the left-
hand side is counting the number of ways to pick two subspaces V and W of dimension m and n
respectively.

The right-hand side counts the same thing, but by first fixing the spaces V1YW and V + W
then iterating through all pairs of V and W that could result in those. In this count, we start by
grouping choices for subspaces V' and W by the dimension k := dim V' N W. Ranging over all pairs
of V and W, the dimension k takes integer values 0 < k < min(m,n). Consider all pairs (V, W)
with a given sum U and intersection U’ < U. The possible dimensions of these are m +n —k and k,
respectively, by the Dimension Sum Theorem. Therefore, there are X,,4,—x choices for U and for

each such choice there are (m+g _k)q choices for U’

Now for fixed U’ < U it remains to count the number of intermediate pairs U’ < V,WW < U
that together span U and intersect at U’. First, m-dimensional spaces U’ <V < U are in bijection
with m — k-dimensional subspaces V' < U/U’, / so there are ("H”_k%) choices for such V'. For

every one of these choices, spaces W such that V NW =U"and V + W = U are in bijection with

20



direct complements W’ s.t. V' & W’ = U/U’. To count complements, fix W, then the set of all
complements is in bijection with hom (W, V'), which has cardinality ¢("=*)(=k),
Putting all of this together, we get our right-hand side:

min (m,n)
m+n—k m+n — 2k e k) (1
§ - g(m=R( k)XIm+n—k'
k m—k
k=0 q q

O

Remark 5.9.1. In the limit where ¢ = 1 subspaces reduce to subsets. Our formula specializes to
the following well-known formula for expressing the product of binomials as a linear combination:

IR SR AR [ o

k=0

This formula can be proven by a counting argument analogous to the one in Theorem 5.9, though
this special case if far simpler.

Now, we show that Theorem 5.9 reduces to Eq. (8). Plugging in ¢ = 1, the ¢g-binomial coefficients
become classical binomial coefficients. Therefore, we have

OG-S ()0 0

N m+n—k)\kn—km-k)

k=0

~

Thus recovering Eq. (8).

6 Application: Correlations

Our product expansion coefficients allow calculations of expectations of products of g-character
polynomials, which could be used in calculating joint moments such as correlation. We first discuss
a method for determining the expected value of each statistic Xp.

Suppose B is an invertible m x m matrix. It is shown in [7] that the expected value of Xp
over all n x n invertible matrices A is independent of n once n > m. We may thus calculate this
expectation by considering the simple case when n = m. In this case, Xp(A) = 1 whenever A ~ B
and Xp(A) = 0 otherwise. Consider Gl,,(F,) and the group action of conjugation. The size of the
conjugacy class that contains B is the orbit of B or Orb(B).

Therefore, we have the following proposition.

Proposition 6.1. For every n > dim(B), the random variable Xp on the uniform probability space
Gl (Fy) has expectation
Orb(B) 1

5] = TG, (F,)] ~ Tstab@)]

The second equality is due to the Orbit-Stabilizer, so it remains to determine the stabilizer of B.
Here, we are considering the group Gl,,(FF,) and the group action of conjugation. The stabilizer of B
is then Stab(B) = {P € Gl,(F,) | B= P~!BP}. For this group action, the stabilizer is equivalent
to the centralizer, defined to be Cq(B) = {P € Gl,(F,) | PB = BP}. Solutions to this equation
can be determined explicitly. For example, one can verify the following specific results.
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Proposition 6.2. For matrices with a single Jordan block, the order of the centralizer is |Cq(Jp)| =
¢*~Y(q — 1). For matrices with 2 Jordan blocks, |Cy(Jb.a)| = ¢**T°=2(q — 1)® where b # a. Further-
more, |Cy(Jy,0)| = ¢~ (¢* = 1)(¢* — @)

Therefore, E[J}] = m, E[Jpo] = m where b # a, and E[J, ;] = W.

As we have a method to determine expectations of statistics, it is natural to consider joint
moments of these statistics such as correlation.

The correlation coefficient pxy of the random variables X and Y is the measure of association
of X and Y. Tt is between —1 and 1. When |p| is larger, X and Y have a stronger relationship.
Mathematically, we have the following equation.

Definition 3. The correlation coefficient is
E[XY] - E[X]E[Y]
PXY = 3 3 3 N
V(E[X?] - E[X]?)(E[Y?] - E[Y]?)

To calculate expectations of products such as E[XY] or E[X?], we can first apply our product
expansions to write the product as a linear combination. Then, we can determine the expected value
of each term individually and combine the results with linearity of expectation. Therefore, we can
fully describe the correlation between statistics of single Jordan blocks with this method.

Proof of Theorem 1.6. By definition
p= E[XJG,XJI):I 7E[XJ0,}E[XJ17] )
VEIX3 ] — E[X,, ) E[X3,] - E[X]?)

First, consider b > a. It suffices to determine E[X;, X ;,] and E[X7 ]. For the former, note from
Theorem 5.1,

]E[X']CLX']b] = E[XJb + q(q - 1)XJb,1 + 4+ q2a—3(q - 1)XJb,a71 + QQQXJb,a]

a—1
= E[be] + Z q%_l(q - ]‘)E[XJh7] + q2aE[XJb,a,]
=1
_ 1 1) ¢
T Pg ) A (= 1) e (g - 1)2

a—1

1 1
= : +
; qb—i—z—l(q _ 1) qa+b—2(q _ 1)2

q* -1
=g =12 + E[X,,E[X,].

Therefore, E[X;, X ;] — E[X;, |E[X,,] = Mﬁ. To find E[X7 ], we use a similar method.

EX7]=EX,, +al¢— D)Xy, + -+ (- DXy, .., + ¢ g+ 1)X, ]

a—1

=E[X,,]+ Y ¢ g-DEX,, ]+ g+ DE[X,,,]
=1

_ 1 “ Flg-1) g+ 1)

== qa_l(q _ 1) p q3i+a—2<q _ 1)2 q4a—4(q2 _ q)(qQ _ 1)

q* —1 2
= — ]:E X .
q2a72(q _ 1)2 + [ Ja]

22



Therefore, E[ X7 | - E[X,]* = % and similarly for b. Thus,
“1

_ TP _ e =1
p= \/ q—1 q®—1 - qb—l

R U Ve [ RV

The case when b = a is identical and reduces to a correlation of 1, as desired. O]
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Appendix A Calculations

Term 1 | Term 2 Product Expansion
X7, X7 X+ =10 Xy, ., + X, 4.,
Xy T4 Xy, + (0= 10" Xy, 5, + (@ = 1)¢°X, 5,
Xy, Xy, +q—1)¢°Xy, o, +4"° X, 4,
X+ (@—0)EX, , +d° X, +a*(a—-1)Xy,,,
X | Xao +a =12 Xy, 4, +(* = 1)¢° Xy, ,, + (¢ — DXy, ;.
+* (¢ - D)Xy, ., + 42X, .
Xy, , +10¢* X, ,, + (= 1) Xy, 5+ (* = 1)¢° X, 5,
X, X, +(¢—1)°X s, 5, + (- 1) Xy, , + (¢ -1 Xy, 5,
‘ +(q—-1)2%¢" X, ., + Xy, + (- 1Dg" X, ,,
+q-1)q"Xy, ., +4" X, .
X+ (@=1)¢"Xg,,, + (- 1)*X s, , + (* - 1)¢° X, ,,
g =1 X 5, + (@ 1) Xy, , + (¢ - 1D° Xy, 4,
Xy, X s -1 X, 0, + (-1 Xy, .+ (¢—1Dg" X, .,
+(q— 1) X, 5, + 40X, + (@ —1)g" Xy, .,
+(q—1)¢"%X s, 6, +4"° X7, 6.
Xy, XJss X+ @—1)"Xs, ., + (- 1)*Xy, ., +¢2 X, 5,
X, X, EXg o+ CXg (= 1) X g, 00 + (- DXy, ,,
S -0 X, 0+ (0 100X, s+ (- 1)0 X, e+ 0 X,
PXg s+ (=1 Xs, ., +(@-1)¢" X, , + (¢ 1*Xy, 5,
Xo, | Xns | Ha=1%Xy, 0, +4" Xy, 5 + (@ = 1)¢"° Xy, o5 + (- 1)*¢° X, ,,
+q-1)¢"Xy, ., + (-1 Xy, o+ (- 12X, ., +3"°X,, .,
| x. ' Xy, +(@-1)¢"X,,, +(@-1)X, ,,
’ +g—1)¢" X, s + "X, .
Xy, D, G Xy T (=14 X0y + 40X, 00
X, X, X+ @— )X, 40, 04X, 4,
’ +g—1g" X, 50, + (@@ = 1" Xy, 40, + 40X, 54,

Table 1: Table of Product Expansions
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