ORIENTATIONS OF DERIVED FORMAL GROUPS

SANATH DEVALAPURKAR

1. INTRODUCTION

In previous lectures, we discussed the spectral deformation theory of p-divisible groups.
The main result we proved was (see [[Lur16, Theorem 3.0.11]):

Theorem 1.1. Let Gy be a nonstationary p-divisible group over a Noetherian F finite F -

algebra ROE] Then there is a universal deformation of Gy: in other words, there is a Noether-
1an connective E,-ring R¢! equipped with a universal deformation G of G,

In analogy with the classical story, one might hope that the universal deformation of a
p-divisible formal group G, over a field k of characteristic p would give Morava E-theory
E(k,G,) — but this is not true! Morava E-theory is 2-periodic, but Rg is a connective
E_ -ring.

The reason for this apparent failure can be boiled down to a very simple problem: we
did not ask that these deformations of G, have anything to do with topology. At the
moment, this a rather vague statement, but later in this lecture we will make it more
precise. For now, let us illustrate with the concrete example of Gy = . (over an alge-

braically closed field & of characteristic p). The Cartier dual of Gy is just the constant
group scheme Q,,/Z,, (if & was not algebraically closed, this would just be an étale group

scheme), and the deformation theory of the constant group scheme is trivial. It follows
that Def oo is representable by Spt S, so that R‘/‘l‘;w =§,, the p-complete sphere.

We already know that E(k, 1, ) is supposed to be p-adic K-theory, so we would like
a way of constructing (via an algebro-geometric procedure) K, from §,,. To do this, we
take a hint from a classical result of Snaith’s (see [[Sna81l]):

Theorem 1.2 (Snaith). There is an equivalence £ CP™[ f*!] ~ K.

There is therefore a canonical map of E_,-rings X°CP* — K, given by localization
at the Bott element.

Remark 1.3. This map of E_ -rings can be constructed without ever having to refer to
Snaith’s theorem: the inclusion CP*° < GL K isadjoint to the E _-ring map X°CP > —
K.

We are left with accomplishing the following two tasks:

(1) Construct (again, via an algebro-geometric procedure) 23°CP* from §,,.
(2) Define the Bott element in 7, °CP*°.

U'This just means that Gy is classified by an unramified map Spec Ry — Mgy over a ring R, with a finite Frobenius
map ¢ : Ry — R,
1
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We will accomplish both of these tasks (and more) in this lecture, where S, is replaced
by a general E_-ring, and . is replaced by a general formal group. For the purpose
of concreteness, we will illustrate (almost) everything with the example of the formal
multiplicative group throughout these notes.

Remark 1.4. We used Snaith’s theorem as a motivating construction, but one can actually
easily recover his result from the content of this and the following lectures.

2. DUALIZING SHEAVES ON FORMAL GROUPS

In the previous lecture, Robert defined the dualizing line of a formal group G, : CAlgy' —
Mod;' (with underlying formal hyperplane X = Q*°G,) over an E__-ring R, with a fixed
basepoint 7 € X(R). This required us to be fairly careful: the naive definition as the
pullback 7"Ly » of the cotangent complex is not sufficient. The primary issue with this
construction is that if R is an ordinary ring, then 7"Ly is 7ot concentrated in degree 0,
so it does not agree with the cotangent space R® {2y /g- These problems are remedied

by the dualizing line, whose definition and key properties we will now recall.
We will fixan E__-ring R and a formal hyperplane (which will always be one-dimensional)
X over R, with a basepoint 7 € X (7,,R). In all cases of interest, X will arise as Q°G,,.

Definition 2.1. Define O (—n) by the cofiber sequence
Ox(—n)— Ox L R;

then the dualizing line wy , is defined to be O (—7) ®¢, R.
Proposition 2.2. The dualizing line satisfies the following properties:

(1) ©xg v yer = @x, @ R forany E -ring map R — R'.

(2) Amap f:X — X' of hyperplanes is an equivalence if and only if the map oy, ,, —

wy , 1s an equivalence.
(3) wy,, sits in a fiber sequence of R-modules
Swy, > R®y, R—R.

Remark 2.3. When R is a classical ring, and X is a formal hyperplane over R, we may
identify wy , with ker(e€)/ ker(¢)?, where € : Oy, — R is the augmentation. This is exactly
the cotangent space.

Construction 2.4 (Linearization). Using Proposition 2.2} we obtain a map, natural in
the connective E__-R-algebra A:

QX(A)—— Mapcyq, (R®y, R,A) — Mapyoq, (R®o, R,4)

linearization l
—1
MapModR(wX’,],Z A)

Mapyjyg, (S . A)

The linearization map is particularly important when A = 7_4R.
Example 2.5. The strict multiplicative group G,, : CAlg — Mody' is defined via
G, (R) = Mapy,(HZ,GL,(R)) > Mapey (EZ R).

The last identification above shows that R — Q*°G,,(R) is represented by Spec ¥°Z ~
Spec S[t*!]. Of course, one can now define G,, over any E__ -ring by base change. Let
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G, be the formal multiplicative group am This is defined to be the formal completion
of the strict multiplicative group G, ; in other words, G,, is defined by the fiber sequence

G,,— G,,(R) = G,,(R™).
By construction, this is representable by S [til]@,l)- Therefore,
S ®o, §>S @y ST BLx AN Yl SAVAN

By Proposition we learn that wg = §. Tt follows that the diagram defining the

m
linearization map becomes (our base scheme here is S, so A is any connective E__-ring)

Q°H1G,,,(A) === Mapc, ,(55°S",4) —— Mapg, (578", 4) = Q>+ g, (4)
linearizationl Q(x,_ml)jm,
Q%A <——— Map, (52!, 571 A) === Map,(Z5°5",4)

The linearization map is therefore aptly named.

3. CLASSIFYING ORIENTATIONS

In order to proceed, we will need to recall a classical bit of algebraic topology; namely,
the following statements are equivalent for a spectrum E:
(1) the Atiyah-Hirzebruch spectral sequence computing £*(CP ) degenerates.
(2) the canonical unit element of EZ(SZ) ~ EO(x) ~ 7, F lies in the image of ENZ(CPOO) -
E2(S2).
The unit element can be thought of as a pointed map §2 — Q> E (however, this is depen-
dent on the choice of a basepoint of $ C CP*). This motivates:

Definition 3.1. A preorientation of a formal hyperplane X — SpecR is a pointed map
2 X (TZOR)'

In particular, the space Pre(X) of preorientations is exactly 22X (75oR). Note that
space this is functorial in R. The linearization map above gives a map:
Pre(X) 2 QUQX (7R)) — WMapygog, (@251 R) = Mapyyoy (0,5 R).
The choice of a preorientation of X therefore determines a map cwy , — X ’R of R-

modules; this is called the Bott map.
If X arises as 2°° o G, for some formal group G, then

Pre(G,) = QOO+ZGO(TZOR) ~ MapMOdZ(ZZZ, Gy(T50R)).
Example 3.2. By the above discussion, we know that Pre(am) ~ Mapyy,g, (X?Z, am(TZOR)).
In the fiber sequence
Gm(TzoR) - Gm(TzoR) - Gm(“o(R)red>a
the third term is discrete. It follows that
Pre(G,,) 2 Mapyyos, (W'Z, G, (7R)
=~ Mapcy (25 Q°¥?Z, R)
= Mapc, (27 CP™, R).
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o~

Therefore the functor CAlg — Top given by R — Pre(G,,) is representable the affine
scheme Spec 2°CP*°. We’ve now accomplished task (1).

Remark 3.3. Note that a preorientation of X = Q*° oam gives amap wg )= R—Y7R

of R-modules, i.e., an element of 7,R.
This representability result holds in general:

Proposition 3.4. Let R be an E_-ring. Suppose X is a formal hyperplane over R. The
functor CAlg, — Top given by R’ — Pre(Xy,) is representable by an affine scheme Spec A.

Proof. The functor QX : CAlgy" — Top is corepresentable by the connective E_-ring
B=R®y, R. We noted above that Pre(X) ~ ?X(754R), so the functor in the proposi-
tion is corepresentable by the connective E_ -ring A = R ®; R, as desired. O

Remark 3.5. In particular, there is an E__-ring A with a ring map R — A such that there
is a universal preorientation of X,. This gives a universal Bott map w X, Y%A of

A-modules.

Let E be an even periodic complex oriented E__-ring; then 60 = SpfE%(CP*) is a
formal group over 7y E. Picking a coordinate ¢ for G,, we learn that the cotangent space

to GO is exactly (¢)/(t)?, which is isomorphic to 7z,E. One should therefore think of an
identification of the cotangent space with 71,¥72E as providing a complex orientation
(and not just a “preorientation”) of E. In fact, this comes from a spectral identification,
as we will now discuss.

Example 3.6. Let R be acomplex oriented weakly even periodic E . -ring, i.e., what Jacob
calls a complex periodic E _-ring. We will denote by 62 the Quillen formal group; this
is the functor Lat)} — coCAlgy" defined by sending M to R ® X°CP . Last time, we
proved that this is a smooth formal group over R of dimension 1. Then

OG}? ~ MapSP(ZfCP“’,R) =: C*(CP*;R).

There is a canonical base point 7 € GQ(TZOR), given by the map C*(CP*°;R) — R
defined by evaluation on the basepoint of CP*°. It follows from Proposition [2.2| that
there is a fiber sequence

Za)aq ﬁR@C*(CP“‘R)R éR
R ’

l X

Y 'R~C (S}R) C*(§%,R)———R

evaluate

It follows that there is a canonical equivalence wgzo , S 22R.
EE

Remark 3.7. If G, is a formal group over a complex periodic E_-ring R, then an iden-
tification of wg ; with ©7?R (via a preorientation) is canonically the same as an identi-
0

fication of cwg . with wgo . By Proposition , this is the same as an identification of
0>

2,
G, with G.
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Remark 3.8. The astute reader might argue that we were initially talking about an iden-
tification of the cotangent space with 77,>"2R = 7,R, which is a priori not the same as
an identification of the spectral R-modules = ) with X72R. This will be made clear in

G,
Theorem[3.12
Our discussion above motivates the following definition.

Definition 3.9. An orientation of a formal hyperplane X — SpecR is a preorientation
for which the associated Bott map wy , — ¥72R is an equivalence.

As we proved above, this is the same as an identification of X with Q% o Gg.

Remark 3.10. As wy , is locally free of rank 1 as an R-module, R must be weakly even

periodic in order for X to admit an orientation. In particular, although preorientations
of X — SpecR are equivalent to preorientations of Xz — Spec 75,R, it is not true that

orientations of X — Spec R are the same as orientations of X, — Spec T54R.

Lemma 3.11. Let G be a formal group over an E -ring R. Then there is an equivalence
Pre(Gy) ~ Map(ag, Gy).
Proof. We argued above that
Pre(Gy) ~ Map,, (x%Z, Go(T20R)) 2 Map o) (CP, Map (R, Oée ))-

This reflects the slogan “CP* is generated by CP! as a topological abelian group”. There-
fore

Pre(Gy) ~ MapAb(coCAlgR)(R ®XTCPT, O(V;O) = MaP(GS, Go)-

The following result makes everything run.

Theorem 3.12. Fix an E__-ring R.

(1) Let X be a formal hyperplane over R. Then there is an Eoo-rinéﬂ R°" with a ring
map R — R°" such that there is a universal orientation of X gor.

(2) Suppose G isa formal group over R with a preorientation e € Pre(G). Then e is an
orientation if and only if
(a) R is complex periodic.
(b) The associated map G]? — G is an equivalence.

Proof. We begin by proving (1); this is equivalent to proving that the functor CAlg, —
Top given by R’ — {orientations of Xz} is corepresentable. In Proposition [3.4, we
showed that the functor R’ — Pre(Xy,) is corepresented by an E__-R-algebra A. By con-
struction, this is equipped with a universal Bott map ey, , — ~7?A. In order to prove
(1), it therefore suffices to prove the following result: let R be an E_-ring, and suppose
u: L — L' isamap of invertible R-modules. Then there is an object R[ #~!] such that for
every A € CAlgy, we have:

_ ¥ fu: AR, L S5AQ, L
MaPCAlgR(R[” 1]»A)ﬁ{0 8 :

else.

ZJacob denotes this by Dy, but I do not know how to draw a fraktur O on the chalkboard.



6 SANATH DEVALAPURKAR

The proof of this result is just algebra, so we will omit it. There is an equivalence of

R-modules

colim(R5 L@, L' 5 (L)Y @, L' L )~ R[u™'].
Applying this to the Bott map S : L = wy, , — YA = L', we get the E_-R-algebra
R =A[5),

Let us now turn to the proof of (2). Our discussion above establishes that if R is com-
plex periodic and the associated map 61‘3 — Gy (from Lemma is an equivalence,
then e is an orientation. It suffices to prove the other direction.

Suppose e is an orientation. As (b) is equivalent to the map /G\g — G, being an equiva-
lence (by Proposition[2.2), it suffices to show that R is complex periodic. As R is weakly
even periodic by Remark [3.10] it suffices to show that R is complex oriented. In other
words, we need to show that the map 7z_,C* ,(CP**;R) — n_,C? (CP';R) is surjective.
To prove this, we will use the following diagram:

0, (—1) 0, R

| J

C:(CP?R) —— C*(CP*;R) —=R

| |

C:(CP';R) — C*(CP;;R) — R

where Og (—1)is defined as the fiber of the augmentation O, — R. Themap C® ,(CP**;R) —
C: ((CP';R) therefore factors the map 0g,(—1) — C: ((CPY;R), so it suffices to prove
that the latter map is surjective on 7_,. This map can be identified with the composite

B, ‘
Og,(—1) = R®g_ O, (—1)=wg, — % ’R~C; (CP%R).

The Bott map /3 is an equivalence since e is an orientation. The proof is now completed
by observing that the map Og (—1) — wg_ is surjective on homotopy. O

Remark 3.13. Let R be an E__-ring and Ga preoriented formal group over R. Denote by
G, the underlying classical formal group of G, living over 7, R. It follows from Theorem
that a preorientation e € QZG(R) is an orientation if and only if:

(1) 60 — Spec 4R is smooth of relative dimension 1.

(2) The map wg = 7, R induces isomorphisms

s
”60 ®TL’OR n—nR - TEZR ®rcOR nnR - T[n+2R

for every integer 7.
See [[Lur09, Definition 3.3] for this definition of an orientation.

Example 3.14. It follows from Example 3.2 and Remark [3.3|that the universal Bott el-
ement 3 for Gm — SpecS§ lies in 7,2°CP*°. By Example we learn that [ is
exactly given by the inclusion of $2 = CP! into CP; in other words, /3 is the usual
Bott map. We’ve now accomplished task (2) as well. It follows from Theorem [3.12] that
§or=¥rCrP=[g].
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Example 3.15. Let us return to the discussion in the introduction. Fix a nonstationary
p-divisible group G, over a Noetherian F-finite F -algebra R. Denote by G the universal

deformation of G, over the E__-ring R and let G° be the connected component of the
identity. Then G° is a formal group over R““ By Theorem there isan E_, -R‘m-
algebra Re such that there is a universal orientation of G°® Run . ThisE_-ring is the

desired analogue of Morava E-theory for p-divisible groups (compare with Example[3.14]
and Snaith’s theorem).

It is not clear that RY agrees with Morava E-theory when R is an algebraically closed
0

field of characteristic p and Gy is a p-divisible formal group over Ry; this will be the con-
tent of the following two lectures. The method of proof of this result is a generalization
of the moduli-theoretic proof of Snaith’s theorem (see [Mat12]]). In order to prove this
result, it will be simpler to work in the K(7)-local category: it turns out that this does
not lose any information since one can prove that Re is itself K(n)-local. We will now

develop some methods allowing us to prove that an E__-ring is K(7)-local, which will be
useful in the sequel.

4. K(n)-LOCALITY OF COMPLEX PERIODIC E_ -RINGS
Let us begin with a classical observatiorﬂ

Proposition 4.1. Let R be a complex oriented ring spectrum (not necessarily an E -ring).
Then there is an equivalence

R————Lyg,R

IN
Y
holim; ;. v;lR/I,]l =:R,

where]n:(p,zvl’...’zyn_l)CBP and]f— p/ '2/1 R nn 11)

Proof. We must first show that the map R — R, factors through Ly, R. It suffices

to show that each fvn_lR/Ii is K(n)-local. The spectrum fun_lR/],], is built from v 'R/I,
by a finite number of cofiber sequence, so it suffices to prove that the spectrum v 'R /I is
K(n)-local. Thisspectrumisa v, 'BP /I -module, hence v, !BP/I -local. As (v 'BP/I )=
(K(n)), it is also K(n)-local.

To prove that the map Ly ,,R — R, is an equivalence, we must show that K(n),R =
K(n),R, . It suffices to prove this after smashing the map R — R, with a finite com-

plex of type n. Consider the type n complex X = S/(p", 7)1]‘ st 'vi"_’i) for some cofinal

(I, 1,5+ ,1, ;) coming from the Devinatz-Hopkins-Smith nilpotence technology (see
[DHS88|HS98])); then

R, AX ~holimn. (v, 'R/ AX)~ v, 'R/}
Therefore, as K(n),(RAX) ~K(n),(R/I), we learn that
K(n).(RAX) = K(n).(0; 'R/)) = K(n).(R,, AX),
as desired. O

31 don’t know of a reference for this statement.
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Corollary 4.2. A complex oriented ring spectrum R is K(n)-local iff R is I -complete and
v, 1s a unit modulo I, (in other words, the underlying formal group of the Quillen formal
group over 1yR has height at most n).

Our goal in this section is to give another proof of Corollary [4.2]for E_,-rings which
des not rely on Devinatz-Hopkins-Smith.

Recall (a standard reference is Paul Goerss’ paper [[Goe08]] on quasicoherent sheaves
on Mg,):

Definition 4.3. Let G, be a formal group over a (classical) F ,-scheme S. Then G has
height > 7 if there is a factorization

»"

(») ( ”
Gyt G A Gl
() L
T
Go
Construction 4.4. The map 7 induces a map 7" : wg — g = a)gf . As wg_is

a line bundle, this is the same as a map O5 — wgip "V, This defines a global section

v, € wgip ", called the nth Hasse invariant. Let M(72+ 1) be the closed substack of Mg,

defined by the line bundle ")25 ! and the section v,.

Definition 4.5. Let J, denote the ideal sheaf defining the closed substack M(7), so that

®—(p"—1)

J,, 1s the image of the injection v,, : w = Opq,- If § =SpecR isa F ,-scheme and

univ

G is given by a map f : § — My, the pullback f*J, = I defines an ideal of R. This is
called the nth Landweber ideal of G,,.

Notation 4.6. If Risan E_ -ring and G is a formal group over R, we set [C = I C o R.
Let R be an E_ -ring, and G be a formal group over R. Say that G has height < 7 if
I = moR.

R 0

ae
Definition 4.7. If R is complex periodic, we set [, = ]nG ® with R left implicit; this is the
nth Landweber ideaff of R.

Let 6]?” denote the base change /G\]? ®,. r ToR/1,. By construction, ag*’ has height
> n. Moreover, it follows from Proposition 2.2|that wgo, = 7,(R)/1,. The section v, is

now an element of 7ty ,,_y)(R)/1,. Let 7, denote any lift of v, to 7y ,,_yR; then /,, is

pr—1
generated by 7, and 7, 7w_y,,_p\R.
We can now state the generalization of Corollary[#.2] Assume that we have p-localized

everywhere.
Theorem 4.8. Let R be a complex periodic E-ring and let n > 0. The R-module M is
K(n)-local if and only if the following conditions are satisfied:

(1) M is complete with respect to I, C myR.
) multiplication by ,, induces an equivalence Y*P"~VM — M.

#Jacob denotes this by J%, but again, I do not know how to write a fraktur I.
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Proof. Assume that (1) and (2) are satisfied. It suffices to prove the following statement
forall 0 < m < m: if N is a perfect R-module which is 7, -nilpotent, then M ®j N is
K(n)-local. Indeed, when n =0, choosing N = R gives us that M = M ® R is K(n)-local.

This statement is proved by descending induction along m. We first prove the state-
ment in the case m = n. To prove that M @ N is K(n)-local, we need to show that for
any K(n)-acycli(ﬂ spectrum X, the space Mapg, (X, M ® N) =~ Mapg (X ®NY, M) is con-
tractible. As usual, NV denotes the R-linear dual of N. It therefore suffices to prove that
X ® NV is zero.

The spectrum M U P®R is faithfully flat over R; this is a classical result (e.g., in Adams’
blue book) but we have chosen to rephrase it in fancy language. Therefore it suffices to
prove that X @ NV @, MUP ® R~X ® NV ® MUP is contractible.

Let # € m,MUP be an invertible element. As v,, € 7y,._1)M UP/TMUP | we can

choose elements w,, € oM UP such that w,, =@, »~*"~Y. By construction, (wg,---,w, ;)
generate IMUP . Clearly I”UP and I, generate the same ideal inside 1o(R®M U P), so per-
fectnessand 7 -nilpotence of N implies that NY®M U P is a perfect module over RQM U P
which is IXUP_nilpotent.

NY®MUP is a retract of NV @ MUP [(wf, -+ ,wk_,) for k > 0 by construction, so
it suffices to prove that each X @ NV @ MUP /(wf,---, wf_l) vanishes. However, as we
canbuild MUP /(wf, -+ ,w* ) from MUP [(wy,--+ ,w,_,) by afinite number of cofiber
sequences, it suffices to show that X  NY @ MUP /(wg,--- ,w,_,) vanishes.

Asbefore, w,, acts invertibly on NY@M U P, so it can be regarded asa REM U P[w; ' ]-
module. In particular, it suffices to show that X @ NY @M UP /(wq, -+ ,w,_,)[w, '] van-
ishes. However, MUP /(wy, -+ ,w,_;)[w, '] is v, 'BP /I -local, hence K(n)-local. As X
is K(n)-acyclic, we learn that X @ MUP /(wg,--- ,w,_;)[w, '] is contractible, as desired.

To prove that (1) and (2) imply that M is K(n)-local, it remains to establish the inductive
step. Concretely, we need to show that N being a perfect R-module which is I -nilpotent
implies that M@z N is K(n)-local. Condition (1) says that M is I, -complete, so perfectness
of N implies that M ®y N is also I,-complete. Therefore

M ®g N =holimM ®, (N/v%).

Each N/v* is I -nilpotent, so M ®g (N /vk ) is K(n)-local by the inductive hypothesis.

It remains to establish that if M is K(n)-local, then (1) and (2) are satisfied. To establish
(1), we need to show that M is (x)-complete for every x € I,,. In other words, we must
show that for every R[1/x]-module N, the space Map,q (N, M) is contractible. As M

is K(n)-local, there is an equivalence
Mapyoq, (N, M) 2= Mapyiog (Lg()N>M).

It therefore suffices to show that Ly, \N =0, i.e., K(n)® N =0. Thisisa K(n)®R[1/x]-
module, so it suffices to show that K(7)®R[1/x] = 0. This is easy: the ring 77,(K(7)QN)
carries two formal group laws, namely the height 7 formal group law from K(7), and the

height < 7 formal group law from R[1/¢]. These cannot be isomorphic as they are of
different heights, so K(7) ® R[1/x]=0, as desired.

To establish (2), we need to show that the map X22"~Df 2% M is an equivalence. As
M is K(n)-local, it suffices to show that 22" DM @ K (n) M ®K(n) is an equivalence.

SThere is a typo in Jacob’s book.
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As the formal group law over 75(R ® K(n)) has height 7, this map is an isomorphism on
homotopy, as desired. O

This recovers a special case of Corollary 4.2}

Corollary 4.9. Let R be a complex periodic E -ring and let n > 0. Then R is K(n)-local if
and only if:

(1) R is I,-complete.

@) 1,,,=mR, e, 61? has height < n.

Proof. Suppose (1) and (2) are satisfied. As R is I,-complete, Theoremsays that R is

K(n)-local if and only if multiplication by 7, induces an equivalence ¥*?"~UR — R of
R-modules. In other words, it suffices to establish that @, is invertible in 77, R. We know
that 7, | = 7yR is generated by 7, and the image of 7, : TT_y P,,_l)R — 1yR. Therefore,
v, is invertible modulo 7,. We are now done: the I -completeness of 7,R implies that
v, is itself invertible.

The proof of the other direction is exactly the same, with the steps reversed. Assume
R is K(n)-local. Theorem [4.8|implies that R is 1,-complete, so it suffices to establish that
I, = mR. Again, I, is generated by 7, and the image of v,, : 7_,,_;)R — 7R —
but condition (2) implies that the latter map is an isomorphism (as v, is invertible in 7z, R

by Theorem . Therefore I, ; = myR. O

Remark 4.10. Note that this result is strictly weaker than Corollary[4.2} it requires that
R be weakly even periodic and an E__ -ring.
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