NOTES FOR JUVITOP, SPRING 2017

DiscLAIMER: These are notes I took while attending the Juvitop student

seminar at MIT. I have made them public in the hope that they might be

useful to others, but these are not official notes in any way. In particular,
mistakes are my fault; if you find any, please report them to:

Eva Belmont

ekbelmont@gmail.com

The TEX source for these notes can be found at

http://math.mit.edu/juvitop/notes_2017_Spring/juvitop-spring-2017-notes.zip.

1. FEBRUARY 15: HOOD CHATHAM, OBSTRUCTION THEORY FOR A, RINGS

This is based on a paper by Robinson of the same name.
Let R be an E-ring, F an R-algebra (with potentially no associativity condition).

What does the As-operad look like? (This is a non-symmetric operad.) In degrees 0, 1, and
2, you have a point; in degree 3 you have an interval; in degree 4 you have a pentagon; and in
higher degrees you have higher associahedra. In general, K, = D" 2. Suppose we have an
A, _1 structure on F, and we want an A,-structure. We want an extension

0K NE' —— B

Ky AEM

Recall 0K, ~ S"~3. This is just a “can I fill in a cell” obstruction problem, and the obstruction
would live in E°(0K,, 4 A E") = E3="(EY). We're looking at the LES

(0K, /Kn AE™ E] — [Kp AE™, E] — [0K,, AE", E] — [S" Y 0K, /K, ) NEN", E).
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Definition 1.1. Define E}' := E~t(E").

Theorem 1.2. The obstruction to extending A,_1 to A, is some ¢, € E™" 3. If there is at

least one extension, the set of them is an E?’niQ—torsor. (Given one extension, look at maps
on the cofiber YOK,, . N E"" of the vertical map above.)

Here F is the cofiber of the unit map R — E, and it appears because this is what happens
when you require the map to respect the unit axiom.

Suppose E has an As-structure. Then E; is a cosimplicial group:

(d’f)(xl, . .,$n+1) = f(ml, ey LiTi41,y - - )
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Notice that Fj is not a spectrum; it is a bigraded group. Let E3* be the cohomology of E7*.

Theorem 1.3. Given an A,_1-structure forn > 4, the obstruction to extending the underlying
A, _o to A, lives in E;“n_?’.

If Eis As and E,FE is projective over E,', then there is a spectral sequence
EXtﬂ-*(EAEop)(E*,E*) = THCR(E).

If F is not A,, then you can only define the differentials up to a certain stage: if F is
A,_1, where n > 2r, then the E, page makes sense, and the obstruction to extending the
A,,_,-structure to A,, lies there.

We’re aiming towards the special case of Morava K-theories.

Morava K-theories are a regular quotient of Morava F-theory, which is an F, ring spectrum.

Theorem 1.4. If R is Eo and even (e.g. Morava E-theory), then every A,_1-structure on
R/I extends to an A, -structure. By “extends”, I mean that you might have to change the
Ap_1 structure, but not change the A,_s-structure. (Here I is the ideal generated by a regular
sequence.)

Proof. We assumed that I was generated by a regular sequence; let that sequence be (g;),
where |g;| = 2d;. By a standard Koszul duality argument, 7.(E Ar E) = F.(«;) where
|ai] = 2d; + 1. Then

Extr, (gagEer)(Ex, Ex) = Ey|qi]

where |¢;| = (1,2d; + 2). So everything is in even total degree. Since E5™? is in odd total
degree, it is zero. So there are no obstructions. (It might be a boundary, but you can change
the A,_; structure (without changing the A,_o-structure) so this is actually zero.) O

Applying this to R = Morava E-theory, we see that any A,_1 structure on Morava K-theory
extends in at least one way. The next question is how many A., structures are there?

By the theorem, we're looking at Ej’ _Q—torsors, and that’s even so it’s probably nonzero.
Recall |v;] = 2(p" — 1). So m.(K(n) A K(n)®?) = K(n)«[qo, - .,qj—1], where |g;| = 2p*. Jun-
Hou objects that these q;’s should be called t;. We want a monomial with j ¢;’s, and we
want the topological degree to be 2. Suppose we have g;, ...q;;, and we can multiply by
v} (remember this 7 can be negativel). We want the degree of all of this to be 2. We have
g, - --qi;| = 2(p™ + -+ + pY). The dimension (over F,) of E%’j_2 is the number of such
sequences (i1,...,i;) such that pit +--- +p? =1 (mod p" — 1). When j < p there are zero
ways (you can’t get up to p”™ — 1). If you have p of them, there are p choices, and for j > p
there are countably many choices (and so uncountably many A, structures). There is possibly
an issue with being able to go back and change things, but I claim this doesn’t mess it up.

1VVhy this assumption? If E.F is projective over E., then m BN s g projective resolution of E,. over
T (E AR EOP).



2. FEBRUARY 22: DENIS NARDIN, THH

E,-algebras and their modules. Let R be a ring [spectrum] and M, N left R-module[-
spectra]. Then there are two spectral sequences

TOrW*R(ﬂ.*MﬂT*N) = m.(M AR N)
EXtﬂ—*R(ﬂ'*N,ﬂ'*M) — W*FR(N, M)

Proof. Choose Fy — N that is surjective on m,. You can always arrange this, by Fy =/ Let
Ky be the fiber of Fy — N and let F} be a free R-module that surjects onto Ky (i.e. on ).
Then let K7 be the fiber of F7; — K.

Get LES of each of the fiber sequences associated to

N —— EK() —_— 22K1

1]

Fo¢ o BF ¢y X26

The fact that the aforementioned maps are surjections in 7, says that the LES splits as
0 - mK; = mF; = mK;_1 — 0. To get the spectral sequences, hit this diagram with the
functors m.(M Agr —) and . (Fr(—, M)). This gets

E;,t =m(M AR Fs) = meM @, g T Fs.

This gives the Tor spectral sequence. You can get the Ext one similarly, with a projective
resolution on the source. ([l

If F is F, then you get
TorR(E,M,E,N) = E.(M AR N)
in the same way (the ring spectrum is then £ A R and E A M and E A N are modules).

If £ is homotopy commutative and E,R is flat over m,R is flat and even-graded, then
EM = E.R ®g, g 7M. (There is a map in one direction E,M <+ E,R ®p.r m.M by
smashing with stuff, and in the other direction use the fact that it’s a map of cohomology
theories over R and it’s an isomorphism when M = R.)

Let A be an Ej-ring of the form A = R/(z1,z2,...) where (z1,...) is a regular sequence.
Look at the spectral sequence

Tor™ R (m, A, m, AP) = T,(A AR AP).

Since you’re quotienting by a regular sequence, you have a canonical choice of resolution,
namely the Koszul resolution. Write E = m, R (aq,...) where |a;| = |z;|. Take the dg-algebra
A, g E such that do; = ;.

You get that the Ea page of the spectral sequence is A 4 (a;) where |a;| = |x;| + 1.

For degree reasons all the differentials vanish. This works additively, but there might be
multiplicative extensions — maybe a? # 0. Note I never used the “op” (but then it would
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be false). You need to add another hypothesis, namely that A has a homotopy associative
multiplication. Maybe there is an issue at p =27

Where is a?? It must be hit by some element in 7, A. Since we have a homotopy-associative
multiplication, A is an A-bimodule and we have a map A A A? = A which induces an
isomorphism on the 0-line of the spectral sequence. Homotopy associativity gives a diagram

ANAPANANAPANA—— ANAPANA
ANAPNA A

Chase the diagram for (a;, a;,1). One way around goes to 0 and one way goes to a?. So
under these hypotheses, ozi? =0.

Let R be an FE-algebra, A an E; R-algebra, and M an (A, A)-bimodule. This means that
I can see it as an A Ar A left module, and an A A AP right module (where secretly the
second A Ap A is the “op” of the first). Then define

THHY(A, M) = M Apppor A
THHR(A, M) = Fapaor(A, M)

(So A is a left A A A°P-module, and M is a right A A A°’-module.) The previously discussed
spectral sequences compute these things.

THHR(A, A) can be thought of as endomorphisms of A as an (A, A)-bimodule. So it’s at
least E4. If A is discrete, this endomorphism ring is just the center. So you might hope for
better commutativity in general.

Theorem 2.1 (Deligne conjecture). If C' is a stable E,-monoidal co-category (e.g. Es is a
braided monoidal category), then End(1) has a canonical structure of an E,1-ring spectrum.

“Proof”. £1 ® B, = Epy1. O
The following is the original statement of the Deligne conjecture.

Corollary 2.2. THHR(A) :=THHR(A,A) is Es.

THHpg(A) is sometimes thought of as the center, but that’s unfair because it’s not commutative.
But you can iterate this until it becomes F.

If C is the category of [dg] categories, End(1) is called the Drinfeld center.

We would like a more explicit construction of THH.

Claim 2.3.
THH®(A,M) = colim(M=MANAE=MNANA...)



where the object you’re taking the colimit is the cyclic bar construction and the A’s are all Ag’s.
Think of arranging all the A’s and the M in a circle; the d; face map is just multiplication.
In the homology (as opposed to cohomology) case:

THHR(A,M) =lm(M = F(A,M)=F(A" M)...).

Proof. THH®(A, M) = M Agpp00 THHT(A, AN A°P). The claim is that the simplicial object
ANAP =3 ANAPNA. .. is just computing ANy A = A. 0

Why is this better? You can prove duality statements with it. For example, you can prove
that THH" and THHp are dual. Unfortunately this does require some hypotheses. (In the
general case I'm not sure why we’re calling these “cohomology” and “homology”.)

Proposition 2.4. If M is a symmetric bimodule and A is E, then
THHR(A,M) = FA(THHR(A), M).

Proof. Both sides are limits of the same cosimplicial diagram. 0
The real reason we care about this:

Theorem 2.5. When A is Eo,, THH(A) is also an Es-ring (it’s a colimit of Es Tings
and maps), and moreover THHR(A) = A’2S'2. Furthermore, THH®(A) = N5" (A) where
N is the HHR norm.

Because it’s the norm of an F-spectrum, it automatically inherits the structure of a cyclotomic
spectrum.

Let K be an operad in spaces. Let O be the category of totally ordered finite sets (this is
sometimes called AT because it also contains (). Let O, be the category of totally ordered
finite sets with a distinct maximum and minimum. The objects are the same, but I also ask
the maps to preserve the max and min. (This is sometimes called A because it’s equivalent
to A but this is a red herring.) Let Og be the category with the same objects as O,
and Map(S,T) = ;s reo. [l1er K11 (I've decorated every element of T' with a way to
multiply two objects in the preimage.)

Let A be an algebra over the operad K, and let M be a bimodule over the operad (this
essentially means that A @ M is an augmented algebra). Say A, M are in a category C.

Let K be the associative operad. Actually, in Angeltveit’s paper [next week’s topic/, he insists
on using the associahedron model of the associative operad — there will be an underived smash
product below, which is why this even has a chance of mattering.

2I'm going to define A®X for a simplicial set K: tensor levelwise with K (using disjoint unions) and then take
geometric realization.



Theorem 2.6.
Ok
THHY(A, M) = WA (S~ MA A%

THHR(A, M) :/ F(W, (S — F(AS,M)))
Ok

where A is the underived smash product and W is a certain explicit object that depends on S.

Corollary 2.7. A map THHY(A, M) — B is the same thing as a natural transformation
WsAMANAS — B. Amap B— THHg(A, M) is the same thing as a natural transformation
BAWgAAS — M.

If you replace K with K<, then you get Tot,,_; THHpg and sk, 1T HH R instead. You only
need the A,, structure to define these skeleta/totalizations.

3. MARCH 1: ANDY SENGER, “T'HHg(K,) = E, IF YOU CHOOSE THE RIGHT
A,-STRUCTURE ON K,

Notation: K, is the 2-periodic K-theory, not the v,-periodic K-theory.

We know
(Bu) = W) [[ur, .. ][],
Define
K, =E,/(p1,u1,...,un—1) = En/p Ag, E/ui1 Ag, .. g, En/un—1
(in order to define that smash product you need to use the fact that we have an Fo, structure
on E,). I haven’t yet fixed an As-structure on K,, so THHg(K,,) isn’t defined (i.e. THH
depends on the Ay -structure).

There’s a map THHEg, (K,) - THHg(K,) (this is TH H-cohomology, not homology). Fact:
this is an equivalence. (The motivation is that S — E, is a K,-local [pro]-Galois extension,
so this has to do with Galois descent.)

I want to compute THHp, (K,,). This is reasonable, because K, is gotten by taking F,, and
modding out by a regular sequence, and this sort of thing is easier to compute. We have a
spectral sequence

X e, pp iy B Kni) = THHp, (K)

and moreover the LHS is actually computable: Denis proved in this sort of context that
(K AB, KnP) 2 Ak,). (a1, ..., 0n) and |o;| = |ug| +1 = 1 where ug = p. But we know
how to compute Ext over an exterior algebra! So our spectral sequence is

Ey = (Kn)+lq, - -, qn] = THHE (Ky)

where |g;| = (1,—1). This is great, because the ¢;’s are all in even total degree, and the
spectral sequence collapses.

But this is not the end of the story: there could be nontrivial additive extensions (in fact
there are lots of them) — the RHS is an (E,,).-algebra, and the wu;’s can act nontrivially there.



The point of this talk is to understand the additive extensions in terms of the multiplication
on K,,.

Now I'm going to look at a slightly more general context. Let R be an even E-ring spectrum,
I = (x1,...,2,) C Ry, and A = R/I. In this context the entire same thing is true: we
still have a collapsing spectral sequence A.[qi,...,q,] = mTHHR(A) and we want to
know about additive extensions. Since the RHS is an R,-algebra, there is a map of rings
R, — mTHHR(A), and we just want to know where the elements x; € R, go. One way to
approach this is to look at the following diagram:

\ lstructure map
THHR(A)

The diagonal map represents a homotopy element, and we want to know what it is. Continue

the cofiber sequence
x;

E%R\‘ T ]%/‘TZ
TH ()

The map ¥R — THHRg(A) (making the diagram commute) is the obstruction to getting the
dotted map. You can think of this as lifting things in the Tot tower. Let’s reduce to thinking
about lifting one step in the Tot tower:

T

2%3\ JI + Rz
Tot! (THHR?A))

This corresponds to finding the image of z; modulo cohomological filtration of at least 2.

Let’s write out the Tot tower:

R——— TotY(THHR(A))

R/x; —— Tot®(THHR(A)) = A

By using the definition and adjointing some things, this lifting problem is the same as the
following: suppose we have a multiplication R/xz; AR A — A. I'm interested in the map
(0AY)Y L A RJx; AR A — A. (Here OA! is a l-simplex.) There are two maps: ¢ (just the
multiplication), and ¥°P (which involves a swap map). The equivalent lifting problem is

(DAY, A R/xz; :g A

(A1)+ VAN R/xz AR A
7



This is sort of a homotopy commutativity statement. We’re working in spectra so we can just
subtract the maps, and the obstruction is just ¥ — ¥ : R/xz; Ag A — A. But to be able to
compute this, we need precise control over the As-structure on A.

In Hood’s talk, we saw that any As-structure on A which extends to an As-structure extends
to an As-structure.

Let’s do the simple case where I = (z). I have ¥ : R/x Ap R/x — R/x, and smashing gives a
map L*IR/z 5% R/x — R/z Agr R/z. T claim that, because it’s regular, this multiplication
by x map is zero. There exists a section, and this is an As-structure. Suppose I have two
different As-structures ¢ and ¥. We can view R/x as a 2-cell R-module, with the top cell
attached by x. So this smash product is a 4-cell R-module. Unitality fixes what has to
happen on the bottom 3 cells; they can only differ on the top cell. If I call projection to
that cell 3 : R/x — %R where d = |z| (because it’s the Bockstein), the difference is
Y —©Y=wuo(BAp) where u € mog12(R/x). Given any As-structure I can just add this map
onto it, and the set of As-structures is a torsor for mogzo(R/x) (I'm just saying that the
difference factors through projection to the top cell).

I claim that all of them extend to Ag-structures. Associativity says that we can look at
Po(PA1—=1AP)=wvo(BABAS) (again unitality forces the only interesting thing to be on
the top cell) for v € m3443(R/x) = m3443(R)/x. But R was assumed to be an even spectrum,
so 3d + 3 is odd and 73443(R) = 0, and our map is zero.

I want to compute ¥ — ¢°P, but ¥°? is another As-structure, so ¥ — PP = ¢(¥) o (8 A B) for
some ¢(¥) (think of ¢ as an invariant of ¥). This tells us what = € m,THHpr(R/x) is, modulo
filtration > 2.

What is the answer? It projects to something in filtration 1. If you work a bit you figure
out that z = ¢(¥)q where this is the ¢ of the T'H H spectral sequence (but there’s just one
because there’s just one x). (The ¢ corresponds to a §...) Sanity check: x € 7, THHRr(R/x)
and there is a spectral sequence (R/x).[q] = m.THHRgr(R/x). Details in the paper were

confusing. .. Hint: mFr(R/x, R/1) = A(R/2), () and 0 = R/x Ny Rjz...
The map X1#|R — Tot! earlier represents an element of Tz (Tot!), and that is the obstruction.
If ¢(¢¥) is invertible, then

mTHHR(R/x) = Ri(,).

(We're using that the spectral sequence converges strongly.)

1w

In general there is a canonical map from the Bousfield localization @R/x" = R% /o
THHRr(R/x) = F(R/x,R/x).

I want to show that I can guarantee that there is such an As-structure on K so that ¢(¥) is
invertible. Since the coefficient ring is a field, this is just saying it’s nonzero.

If T choose ¥ = ¥+ uo (B A ), then it’s not hard to show that ¢(¥) = ¢(¥) + 2u. Why? This
is telling me something about ¥ — ¥°; one u is what I've added to the top cell; the other is

8



from flipping the smash product in the top cell, and that introduces a sign. If 2 is invertible
in R/z, and R is 2-periodic (so for example mo442(R/x) is not empty), this implies that we
can choose ¢(¥) to be pretty much anything we want — in particular, we can choose it to be
invertible.

This immediately tells us that Ey = THHE, (K1) away from 2 (and you can smash them
together away from 2). At 2, you have to know that K is not commutative; this is precisely
saying that our thing isn’t zero.

This was the case where I is generated by a single element. Now suppose I = (x1,...,2,).

(1) Given ¥; : R/x; AR R/x; — R/z; I can form ¥ : R/I Agr R/I — R/I, so there exists
some sort of As-multiplication, and it extends to an Ag-structure.

(2) All Ag-structures on R/I that extend to Ag-structures (this is no longer an empty
condition) can be written uniquely as ¢ o [1iz; (L +vijB3; A B;) for some unique P (“a
diagonal one”) (here [[ means iterated composition). In theory I can smash more than
two of these together, but then it no longer extends to an As-structure.

(3) Define an n x n matrix C(¥) = (¢;;(¥)) where
ci(P) = c(¥s)
¢ij(¥) = —vij — vji

Where<77:<P1A.../\<Pn.

(4) In particular, if R is 2-periodic and n > 2, then I can make ¢(¥) invertible. (“Just futz
around with stuff — you can choose the off-diagonal entries.”) So the problem at p = 2
disappears once n > 2.

(5) Thinking about the maps R/z; Agr R/I — R/I, you get
x; = Z ¢ij(¥)g; (mod filtration > 2).

J

(6) If I make ¢(¥) invertible (which I can because everything is 2-periodic), then from
the spectral sequence we find that 7. THHRg(R/I) = R}, which means the Bousfield
localization R/ g — THH r(R/I) is an isomorphism. (“This is some Weierstrass

preparation thing in multiple variables.”)

(7) This implies that there exists an Aoo-structure on K, such that £, — THHp, (K,) is
an isomorphism.

4. MARCH 8: MORGAN OPIE, ANDRE-QUILLEN (CO)HOMOLOGY AND BECK MODULES

The goal is to set up an analogy for Jun-Hou’s talk next week. Quillen describes this for a
pretty general kind of category; I want to just gesture towards the larger theory.

Outline:

(1) Vague stuff about the general theory



(2) Specific case of the cotangent complex for rings (applying the general theory to R-
algebras over a given R-algebra)

4.1. General theory. Given R — B — A and an A-module, you get a derivation exact
sequence
0 — Derg(A, M) — Dergr(A, M) — Derg(B, M) — ....

Quillen wanted a framework that would extend this to a long exact sequence. He wants to
work in an algebraic category C such that, given a particular object ¢, we can talk about the
abelian objects in the slice category C/c, called (C/c)qp, and such that the forgetful functor
(C/c)ay — C/c admits a left adjoint Ab (abelianization). We want to get a good model
structure on these things. The philosophy is that we want to get a homology object L Ab(X)
for all X € C.

4.2. Commutative R-algebras Algp. What does abelianization look like? Because we have
a trivial final object, (Algp)qp is trivial. The solution is to make the final object nonzero, and
work in Algp /A for some A € Algp. The strategy is to identify (Algp /A)qp with something
more concrete, and then compute the abelianization functor.

Proposition 4.1. There is an equivalence of categories (Algp /A)ap ~ Mod 4.

The goal is to compute Algp /A Ap (Algr /A)ap = Mody. Let’s construct a map Mody —
(Algr /A)ap: to a module M we associate A @ M as underlying module, with multiplication
given by (a,y) - (d',y') = (ad’,ay’ + a’y). The map to A is just projection. Call this object
A x M. (This is the square zero extension of A by M.)

We need to show it’s an abelian group object. To say it’s an abelian object is to say that
Homs into it have an abelian group structure. So we analyze maps into it.

Lemma 4.2. Homyg, /4(B, A x M) = Derg(B, M)

If we have a diagram
BT Axm
|
A

we can write f = € @ dy. The claim is that dy is a derivation. The verification is not too
tricky, because f(bb') = (e(bb'), d(b")), and because it’s an algebra morphism, this is

F) = ((b), ds (b)) - ('), dy (b))
= (e(b)e(v),e(b)ds () + e(b')ds (D))
Corollary 4.3. A x M is an abelian object of Algp /A.

Proof. Exercise. O
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Now we will determine the abelianization functor.
Definition 4.4. The augmentation ideal of X € Alg, /A is ker(X = A).

Definition 4.5. The module of indecomposables of a non-unital A-algebra is
Qa(X) := coker(X ®4 X — X).

We care about this because we can define the module of Kahler differentials.

Definition 4.6. The B-module of Kéahler differentials of an R-algebra B is defined to be
QR(B) = QB(IB(B QR B))

There is a universal derivation B — Qg(B), and
Dergp(B, M) = Modg(Qr(B), M).
There is an adjunction
A®) Qp(—) : Algg /A S Moda : A x (—).

This will pretty much solve all of our problems.

One can show that any abelian object can be written as A x M. So then
Homyy,, /4(B, A x M) = Derg(B, M)
= Hompod, (Qr(B), M)
= Hompod , (A ®r Qr(B), M).

André-Quillen homology is the left derived functor of abelianization. Let’s compute it in this
case.

For A € Algp(A) and M € Mod4, we define AQ. (A, R; M) as follows. Choose a resolution
P, — A where P, is a free commutative R-algebra on (a set of) generators X,,, where under

degeneracies, X;, C Xp11. Apply A ®_) Qgr(—) levelwise. For A € Algp /A, define
Lr(A) = A®p, Qr(P).
What does 1L stand for? Maybe “linearization”. Then define
AQ«(A,R; M) = H,Ch(A®p, Qr(Ps) @4 M)
(where Ch is the associated chain complex under the Dold-Kan correspondence). Note that:
AQo = Qr(A) @ M
AQ° = Derg(A, M)

Example 4.7. Look at R — R][t], it’s easy to resolve this by R-algebras — you just take the
constant thing and that’s a cofibrant replacement; the maps are alternating 0 and 1. So you
get that for any A = R[t]-module M,

M i=0

0  otherwise.

AQ«(R[t], B; M) = {

11



Proposition 4.8. Here are some key properties:

e Given
R—— R

||

A—— A
you get a map A’ @4 Lg(A) — Lr(A").
e Given R — B — A, we get a distinguished triangle in D(Mod4):
Lr(B)® A — Lg(A) - Lg(A) —» XLgr(B)®p A
which gives rise to a LES of André-Quillen homology groups
o= AQ1(A,B; M) — AQo(B,R; M) — AQo(A,R; M) — AQo(A,R; M) — AQo(A, B; M) — 0.
o If R — A is surjective, then we have AQ(A, R; M) = ker(R — A)/ker? @ 4 M.

Example 4.9. Let’s compute R — R/(r) for r a non-zero divisor. (This is following Iyengar’s
notes; he describes a fairly explicit way to compute cofibrant replacements.) The strategy is
that, in order to kill things, you want to attach polynomial generators. Suppose you have A,
which is supposed to be resolving A but fails at some point. Suppose o € A, that you want
to be zero. Then add variables in degree ¢ (for £ > n 4 1) corresponding to each surjection
[¢] = [n + 1]. This results in a simplicial object

R & Rlzo1) = R[xoo1, zo11) = Rlxo001, Too11, To111]

d, d . o . . .
where 201 = 7, 21 — 0, and in general z7 — 1.d; if it’s surjective and zero otherwise.

Applying R/(r) @) Qr(—), you get
AQ1(A,R; M) =M, AQ;(A,R;M)=0.
Now use induction and apply the LES to
R— R/(r1,...,rn—1) = R/(r1,...,m0).
. — DL = |
The inductive hypothesis is that AQg(R,—1,R) = 0 for £ > 2 and k = 0, and using the
previous computation, we get AQy(R,, R; M) = 0 for k > 2, and we get a SES 0 — M"~! —

77 — M — 0. We want to show that it splits, but actually we don’t have to do this because
we can use AQ(A, R; M) = ker(R — A)/ker? @4 M.

5. MARCH 15: JUN Hou FUNG, INTRODUCTION TO TOPOLOGICAL ANDRE-QUILLEN
(CO)HOMOLOGY

5.1. Introduction to TAQ. Last time, we had a commutative ring R and an R-algebra B.
Morgan produced for us the cotangent complex {2p,r. Given another R-algebra A, we have
an adjunction

A ®(_) Q(—)/R : AlgR /A = MOdA >~ (AlgR(A))ab AKX (—)
Given M € Mod 4, we defined André-Quillen homology
AQI(A, M) := Tor}(Qa/r, M)
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and similarly cohomology
AQR(A, M) = Exty(Q4/r, M).
Everything (including 2) is derived; usually people write L instead of € for this object.

Today we’ll do a topological analogue of this. Let R be an E -ring, B € Algp, and M € Modg.
Then we have functors

Ip: Algg /B — Algly
Qp : Algly" — Modp

(here (—)™ means non-unital) which can be defined using some diagrams:

IB(XL*}X NAgN —— %
R S
* ——— B N —— Qg(N)

These are the analogues of the augmentation ideal and indecomposables, respectively.

Definition 5.1 (Basterra). The cotangent complex is
Qp/r = LQpRIp(B A} B) € hModp
and topological André-Quillen cohomology and homology are
TAQR(B; M) := Extp(Qp/r, M) = 7. Fp(Qp/r, M)
TAQE(B; M) := Tor? (Qp g, M).

After this line I'll never write L etc. and just assume everything is derived.

Remark 5.2. We have a Quillen equivalence
K :Algy = Algg /B : 1,
where K is square-zero extension. There is also a Quillen adjunction
Q : Algy' =@ Modp : Z

where Z is the functor that forms the algebra with zero multiplication.
Proposition 5.3. ANy Q) g:hAlgg /A= hMody : Ax (—)
Corollary 5.4. TAQ%(A, M) = h Alg, JA(A, A x SFM)

Corollary 5.5. There is a forgetful map TAQ%(A, M) — HF(A; M).

Properties of TAQ (same as for AQ):
o functoriality
e transitivity (which gives a LES)
e flat base change (which gives additivity)

These look like the axioms for generalized homology theories. Indeed,
13



Theorem 5.6 (Basterra-Mandell). Every cohomology theory on Algp /A is equivalent to
TAQ for some A-module M.

Remark 5.7 (Stabilization). This is not Kriz’s original definition of TAQ. For B € Algy /R,
you can construct the stabilization
¥°°B := colim,, Q"(S" ® IB)

Theorem 5.8 (Basterra-McCarthy, Basterra-Mandell).
QN ~ colim Q" (S" @ N)

Corollary 5.9. Di(1ayg, /r) =~ TAQ (this means first Goodwillie derivative)

Example 5.10. Let E be a connective spectrum. Then
TAQ®(XFQ*E) ~ E

5.2. Postnikov towers of F.,-rings. Recall, if £ is connective we have

Teol — 2 S H T E

T<1F i) Y3HmoE

y

E- s rooE " 22HmE

Remark 5.11. [k,] € H""? (1<, E, 711 E)

Proposition 5.12 (Kriz, Basterra). if R is a commutative Ex-ring, we have a Postnikov
tower

TSQRL)TSQR X E4H7T3R

TglR L) ’7'§1R X E3H7T2R

VA

R 1ooR " 1ooR x S2Hm R
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where the <, R’s are constructed inductively using the pullback diagram

T<nt1 R ———— 7<, R

l | J

T<nR —"— 1<, R X X" ?Hr, 1R

in Algp. (Here the X thing is V on spectra, but is a square-zero extension as a ring spectrum.)

The proof is similar to the proof for connective spectra F, but relies on the following lemma.

Lemma 5.13. Suppose A — B is an n-equivalence of connective Eo-rings for n > 1. Then

Q0 0 1<n
e =
©B/A A i=n+1.

Proof of proposition, given lemma. We have R @ HmyR =: 7<oR. This can be made an
FE-map. This is a 1-equivalence, so the lemma says that

0 1=0,1
i o ’
CirsoR/R {7‘(’1R i =2.

Get ¢ : QT<0R/R — Y2HmR. This corresponds to the k-invariant %0 : T<ol = T<oR X
Y2Hm R. Then you can construct T7<1R by pullback, and R — 7<1 R is a 2-equivalent. Rinse
and repeat. .. O

Remark 5.14.
[kn] € TAQ" (1<, R,Hmpi1R)

| |

[kn] € Hm2 (TSnRa 7Tn+1R)

Corollary 5.15. A connective spectrum E has the structure of an Ey4 ring iff all its k-
invariants lift to TAQ k-invariants.

5.3. Computation of TAQ*(HF,) := TAQ¢(HF,, HF,).

5.3.1. Warm-up. First let’s try to show that TAQ! # 0. This uses the Postnikov thing in a
way that’s not circular. If you stare hard at the definition of stabilization, you find
* ~ *+2 2
TAQ*(F)) = TAQH]FP(S ® HF,, HF)).
Y

What is Y'? Look at the auxiliary thing X := S' ® HF, = THH®(HF,, HF,). Bokstedt has
shown that m, X = P(z) where |z| = 2. Then Y := S ® X & HF, Ax HF,. The Kiinneth
spectral sequence gives .Y = A(y) for |y| = 3.
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Now consider the Postnikov tower but just as a ring. So it has two cells, one in degree zero
and one in degree 2. So it’s classified by a single k-invariant in TH Hgi“ (Fp,Fp). By dualizing
the Bokstedt calculation, we see that this is actually zero. So Y is a square-zero extension
HF, x X3HTF,. We have

TAQ'(Fp) = TAQYyy, (HF, x S°HFp, HFp) 3 1 g, x5 i, -

The goal is to show that TAQ*(HF),) is generated by this element in degree 1 under the
Steenrod operations.

5.3.2. Construction of the spectral sequence. This part goes back to Haynes Miller and (the
correct part of) the incorrect Kriz paper. When we’re working over a field, TAQ*(F,) =
m(QI(HF, N HF,))". Let N = QI(HF, A HF,). Let’s construct a bar resolution of N in
Alg?}ﬁ;p using the free nonunital commutative HIF, algebra monad in HF,-modules:

A X e\ XN 53,
j>0
We get
P
—

B.N = (AN==A2N

A3N )

You get

Ey' = Hy(mQB.N) = o (QI(HF, A HF,))".
What is this Eo-page? You want to simplify m,QAX. Recall that m, of a commutative
HTF,-algebra has an allowable action of the Dyer-Lashof algebra R. Let

F : Vect’ = Algp' : U
be the free-forgetful adjunction. Then F = F'U is a comonad.

Lemma 5.16. m,AX = Fr, X and m,QAX = QFm, X

We have m,QByN = Q(F.(m«N)) where m,N = I A (where A is the dual Steenrod algebra).
Then

Ey' = L(F, ©r Q(-))(A)/
where £E denotes the st comonad F-left derived functor.

5.3.3. Computing the Eo-page. This Ey page can be computed using a Grothendieck (composite
derived functor) spectral sequence.

In general, if you have:
o functors C 5 B 5 A
e a comonad (T,e,d) on C, and
e a comonad (S,¢’,d") on B
subject to some conditions®, then you get a spectral sequence
B = LIE(LTF(e) = L3(BF)(0).

3Conditions for the Grothendieck spectral sequence: for every object ¢ € C, you need F'Te to be £5 E-acyclic
and ES"! to be exact for all n > 0.
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(See Basterra, “André-Quillen cohomology of commutative S-algebras”, Proposition 7.1 for
this version of the Grothendieck spectral sequence, and more generally for this lecture.)

In our case, the composite functor is F,, ® g Q(—), and the spectral sequence is
GSS,2
By 7" = Tor) (Fy, L{Q(A)) = Li1(Fp ®rQ(-))(A)

where D is the comonad associated to the free-forgetful adjunction between the category of
graded vector spaces and the category of unstable modules (i.e. modules over the Dyer-Lashof
algebra with the unstable condition®). This Tor is called UnTor in some places, e.g. Haynes
Miller’s paper referenced below.

At p =2, Miller (“A spectral sequence for the homology of an infinite delooping”) showed:

Proposition 5.17 (Miller). E“%52 is the homology of L(QA) where
e L(QA) =D, 5 L(n) ® (QA)n
e L(n)= <Sq1 . I is admissible, ends with Sq¢’,j > n + 1>

We also know the action by the Dyer-Lashof algebra
di(Sq'&) = Sa"* &

We can compute this. If 4 > 1 and j > 2' + 1 then Sq’7 ¢ — SqI’j’T'_l_1 o1 i > 1
and j = 2° + 1 then it receives a differential: Sq’ &1 — SqI’QPI, If i = 1, then you have
Sq’ & — Sq’P €. As a consequence, the E? page is

E?~T, <Sq1 &1 : I is admissible and ends with j > 3> .

The Grothendieck spectral sequence collapses for degree reasons, and the original bar spectral
sequence computing T'AQ) also collapses. So the answer is

TAQ*(Fp) 2 Fy(Sq’ &) : I is admissible and ends with j > 3).

5.4. TAQ from higher THH. The image Im(TAQ*(F,) — [HF,, HF,]* = A) consists of
4
multiples of the Bockstein 8. For example, fiber( HFs B F3) cannot be an Eoo-ring.

TAQ is a colimit’
Q(S* ® HF,) — Q*(S? @ HF,,) — -+ — TAQ(F,).
We have S' @ HF, = THH(F,), and we can call the next terms “higher THH”, written
S" @ HF, = THH!™(F,). That is,
TAQ.(F,) = colim, THH" (F,).
At p = 2, the unstable condition is Q"z = P if |x| = n; at p > 2 the condition is Q"z = 2P if 2|z| = n.
5 What is up with this ® ¢ This is not just XHIF,. The idea is that X HF, is not an algebra, so instead you

define S* @ HF, by taking the pushout of
HFp —— =

| |

x* —— 77
in algebras. If you do this to an E, algebra, you get an E,+1-algebra.

17



There exist Kiinneth-type spectral sequences that look like

[n]
E? = ToeTHH"(F)(F, F,) = THH"(F,).

It is an unpublished preprint by Basterra-Mandell that this collapses for all n. What’s actually
been published is that it collapses for n < 2p + 2.

Basterra and Mandell, in their paper “Multiplication on BP”, use this spectral sequence for
BP to show that BP is E4. The computation becomes too difficult to do at E5, probably
because some homology/homotopy groups fail to be even-concntrated, so the spectral sequences
don’t obviously work out. But given Tyler’s recent result, something happens between 4 and
12, but I don’t know whether this is reflected in the differentials of the spectral sequence or
whether this is a separate issue.

6. MARCH 22: Hoop CHATHAM, BP 1S E4

Last time we saw that, given a ring spectrum R, we have a “k-invariant” on the Postnikov
tower that lives in T AQ:

RIK]

R f R[k — 1]~ HroRV ="' Hry R

k—1

R[k] indicates Postnikov section, and ky(f) € T AQ]]”‘;’;;1 (R;m,R).
From now on, everything (including MU, etc.) will be p-localized.

Base case: we have an Ey map MU — BP[0] = HZ) — MUJ0]. (Because it’s even, we
could equally have said BPI1].)

We're going to create an Fy structure on BP under MU, and also create an Fy section: we’ll
create MU %> BP[2 — 1] % MU[2k — 1] that is Ex.

Spectra are Ejy.

I have a spectrum-level k-invariant k9, (BP), and the question is whether there’s a lift
k3, (BP[2k —1]) — k9, (BP). 1 definitely have k3, (MU) (because MU is already Eo). This is
the same as k5, (Lpp). I can also contemplate fig*ky, (MU) € TAQ* (MU, w9, MU) (here
I'm using the map BP — MU on the left and MU — BP on the right). This is in the right
place to be a k-invariant for BP.
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Aside: what do these pullbacks mean? You can read this off the following diagram:

Y{k]

o

X—Lvk-1—2 5 Zk+1]

N

S HY —— S Z

(Maybe the f and g are swapped here...) The reason I need the section is so I can push
forward and pull back my k-invariant.

By using f.g*k3, (MU) I get an Ey-structure on BP[2k + 1]. In order to rebuild the next
level of the inductive hypothesis, I need lifts

BP[2k + 1] -y MU[2Kk + 1]

f2k+1‘! l J{

MU~ BPRE — 1] —2 MU2k — 1]

The obstruction for the diagonal lift (getting fory1) is o2 € TAQE, (MU;Z(y)). 1 want to
show that this group is even, so all the obstructions vanish. Then I need to prove that
TAQ%y,(BP[2k +1];Z,)) is even to get the other lift. In the paper they do these the same
way; I'll do them differently just for fun.

TAQ*(MU;Zy) is the space of Ey ring maps MU — HZ,) VE*HZy, (this is by definition
| I
—MU0]

of TAQ). MU is a Thom spectrum; there is a canonical truncation map MU — H Lp)-
Since it’s nonempty, Fy-ring(X°BU, HZ ) V X*HZy)) is a torsor for this (with a chosen
identification because we have a favorite map). This is

Ey-space(BU, SL1(HZ,) vV S*HZ,))) = Space(B'BU, B*Q®%*HZ,))
= Space(B*BU, K(Zgy,* +4))
= H*"(B'BU; Z,))

By Bott periodicity, B*BU = BU (6), and we have a fiber sequence K (Z, 3) — BU (6) — BSU.
You run the Serre spectral sequence, and it’s polynomial on even generators.

So, the first lift exists, i.e. we have a for11.

Now we need the second lift: we need to compute that TAQF, (BP[2n + 1];Z,)) is even
through degree 2n 4 1. Sadly, BP is not a Thom spectrum, so we have to actually do work.

Warning: the paper heavily requires on the iterated THH paper, which is a lot of technical
stuff required to make this all work.
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We're going to iterate the cyclic bar construction. Jun Hou said (briefly) that TAQgr. =
Di1Eg,_ ring. That is, TAQE,, = colim, 0 Q"(— ® (SH™). To get TAQE, , you stop at the
h .
stage:
EVY'TAQg, (E) = E® (S)" = THH" (E)
(this is THH (i.e the cyclic bar construction By.E) iterated n times, written B"(E)). There
is a spectral sequence which Jun Hou (vaguely) mentioned last time:
TOI"TF*B](E) (Z(p), Z(p)) — T« (HZ(p) \% 2j+1TAQEj+1)(E; HZ(p)).

The idea is we’re going to run this four times.

Let’s do this for BP[2k+ 1] (in the range of dimensions where this looks like BP). The zeroth
bar construction we know. .., BP[2k + 1] = Z[v;] (this and subsequent equal signs are true
in the appropriate range; you can sort of forget about the [2k + 1]). Start with F, instead of
Zp), and use the Bockstein spectral sequence at the end. (Actually, we just need to show
something is even, so we don’t care about the Bockstein spectral sequence anyway.) Then

Tor™BF (F(p) , F(p)) = A(O’Ui)

There can’t be any differentials or extensions because of “exterior algebra stuff” (probably
degree reasons). This is the Ey page, and the E page, and actually m,(Bey.BP[2k + 1]).

Now we do this again:

TOI,A(O”U-L)

p)v]F(p ®IF ’7 O"U ( )p

(the v is a divided power). There are “clearly” extension problems. Use a comparison with
MU, because MU has lots of power operations. There is a surjection from what’s happening
on MU onto this stuff, in the appropriate dimensions. I claim

QU A" 52 = (7" o 2;)P.
On the other hand,
Qpn+i7pna2vi = VPnUQ(Qpivi) =~""6%v;41  (mod decomposables).

(You have to spend actual effort showing that the Q’s commute with o and the differentials
etc.)

Because of the comparison map, these extensions get resolved the same way for BP:
w*ézycBPpn +1] = Fy[o%v;]

in the appropriate dimensions. Do this again, and claim that there aren’t any problems. Do
it again; you get something even. Now do a Bockstein spectral sequence to get the Z,) thing,
and this collapses because it’s even. Now do a universal coefficient spectral sequence which
collapses because it’s all concentrated in dimension 0.

So I get the lift BP[2k + 1] — MU |2k + 1].

I have time, so I can go through the “Jeremy proof”. The idea is to completely avoid the
cyclic bar complex. There’s a lot of technical content involved in setting up those Tor spectral
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sequences and getting the Dyer-Lashof operations to work. This argument avoids this by
taking advantage of the fact that MU is a Thom spectrum.

This argument doesn’t try to build an Ej4 section. We compute TAQ(MU), not TAQ(BP);
if you want a section, you’d have to compute TAQ(BP).

We want to construct an £y map ¥ : MU — MU such that ker ¥ D ker(MU — BP), and
hocolim, o (¥") = X. “By a Priddy-style argument”’, X ~ BP. It’s an isomorphism on
HY. Since the attaching maps are nontrivial, the claim is that it has to carry up to be an
equivalence.

So, I want an E; map MU — MU. This is the same as a map B*BU — SL;MU. I'm going
to do obstruction theory to get this, so I'm looking for
BASLiMU[2n + 1]

&

B'BU — 5 SLIMU
On the zero skeleton, it can be the map MU — HTF,, used to construct BP.

I have a counit Q*Y4BU — BU (note BU is E4). Delooping, I get
BSLiMU[2n + 1]

&

SABU T B'BU —— SL MU

“spectrum ma

Think of 4BU as having the “free” E, structure. By “spectrum map”, I mean that it’s a
space map, but after taking the Thom spectrum I get a map MU — MU[2n + 1]; but it’s not
a ring map, just a spectrum map.

In degree 2p*F — 2, we don’t care about controlling the lift — the lift exists. In all other
degrees, I have a new generator, and we want to send it to zero. On the spectrum level, 1
can just pick a map that sends my new thing to zero. Basically, I need to argue that in
these degrees, the class of maps B*BU — B*SLiMU|2n — 1] surjects onto the class of maps
Y4BU — BA*SLiMU[2n — 1].

I have an AHSS for computing the B*SL;MU-cohomology of the BU stuff via cellular
approximation. B*SLiMU|[2n — 1] has Z(p) in degree 6 (because of various degree shifts and
SL; killing the bottom thing). I need to show that

H*(B*BU; L)) — H*(S'BU; Zy))

is surjective when * # 2p"™ — 2. The LHS has been computed to be Z,)[ci]; 11250 @ Zpy[cpr_1]
(where the ¢;’s are Chern classes), and the map sends the first ¢;’s to ¢;y2 and the other
Cpk_1'S gO...somewhere else.

6There’s a paper by Priddy called “cellular ... BP” in which he gives a construction of BP. He starts with
spheres for the bottom cell and attaches cells with nontrivial attaching maps to kill the right homotopy.
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The AHSS is all even, so it collapses. But this is a map on the associated graded which is
surjective. Then you want to show that the AHSS is convergent enough that this implies it’s
surjective on the level of spaces.

(This was all for extending in degrees # 2p* — 2. For the 2p¥F — 2 case, you just have to find
any lift, and you can do space-level obstruction theory to get one.)

You could try to do this with B BU instead of B*BU and the issue is that the cohomology
isn’t even.
H*(BU (2n);F,) = H*(BU)/(ci : 0p(i—1) <n —i) @ F(BP 12,_3)

|

B2r—2BU
where o), is the digit sum when written in base p, I is the free unstable algebra, and 2,3 is
the fundamental class in that degree. (There’s a similar statement for odd truncation.) The
point is that all the things without 3’s hit something; use the Wu formula.

7. APRIL 5: ANDY SENGER, BP 1S NOT Es

This is about Tyler Lawson’s recent paper. Everything is at 2.

We have a composite BP — 7<oBP = HZ ) — Fa. (This is essentially the original definition
of BP.) It is well known what this does on homology: this induces a map BP,BP — H,H
which is just the inclusion of the subalgebra Fo[¢7,£3,...] = Fa[é1, &, .- ..

Suppose BP is E,. Then this composite is automatically E,: the second map is automatically
E, and the first map (a truncation map) is automatically E,,. If you want to show that BP
isn’t E,, you can look at the action of the Dyer-Lashof algebra. The Dyer-Lashof action on
H,H was computed by Steinberger. First you can check whether H,(BP) is a subalgebra,; if
it wasn’t, then we would have a contradiction. Unfortunately, H,(BP) is a subalgebra.

But we haven’t used all the structure — this Dyer-Lashof structure only requires an H
structure, but we (assume) we have an Ey structure. What does the additional coherence
give? This allows me to define secondary operations. If you find one that starts in H.(BP)
and doesn’t land there, you win. But no one has every computed a secondary Dyer-Lashof
operation before, or even defined one!

We need two things:

(1) a secondary operation that gives a contradiction if you can compute it;

(2) the ability to actually compute secondary Dyer-Lashof operations in H,H.

I'm going to focus on (2). (1) is kind of tricky; Tyler tried a bunch of things and they
didn’t work — the Nishida relations kept causing it to not cause a contradiction. There’s an
obstruction theory, based on Goerss-Hopkins obstruction theory, to help find new operations.
You can find some obstruction classes to BP being an E, ring spectrum, and that gives some
hints for what relations you need. I’'m not going to write down the whole operation — that
would take a whole board.
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Let P& (x, 230) denote the free E,, H-algebra (here H = HTF5) on S? v S, (Here |z| = 2.)
The claim is that, for n > 12, there is a relation

En R En
P (x, 230) ———— Py (2, Y5, y7, Y9, Y13, Y8, Y10, Y12)

\ I :

PE" () HAH

Work in the category of E,, H-algebras under Pgn (). This is going to be some secondary
operation that takes in something of degree 2. Here € is the unit in this category — roughly
speaking, because it takes z +— x and everything else to 0.

Furthermore, Q(£7) = 0 (Q(—) means post-compose with the map P& (z) — H A H). (This
is some complicated thing using the Steinberger relation.)

Now we're in the right context to define a secondary operation. This category is a topological
category, so we can define a bracket <§%, Q, R>. The point of this talk is to justify how to
attack the following claim:

Goal 7.1. <£%, Q, R> =& (mod decomposables).

Also we claim that the entire indeterminacy is contained in decomposables, but that ends up
being easy for degree reasons.

Step 1: reduce to more reasonable functional operations. (This step depends heavily on what
the relation is.) There’s a map

PE (2, 214) S PE (,yn) B HAMU B HAH

where Q(z) = x, 11 = Q"% + 2°Q%u, f(x) = b1, f(ya) = bz, p(br) = & and p(b) = 0.
There’s a fact about how the @’s act on H, MU that says fQ)(z14) = 0. The second composition
is also zero (or “zero”, namely it sends things that aren’t x to zero).

Now <p, f @> is defined. Up to indecomposables,
(£1.Q.R) = Q"°((p, 1.Q)).

This is essentially elementary, just using Adem relations.

Now I'm going to add on an extra map to the end and juggle once more:
PE (2, 214) S PE () B HAMU B HAH S H Ay H
where the last map sends &7 + 0. We have a diagram
MANMU———MANMUANH

N I

H HANH

Ny |

H Ay H
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where the RHS is the definition of H Ap;iy H. There exists a juggling-type relation
i(p, f,Q)=(i,p.])Q.

Now we want to compute the RHS.

We want to know 7. (H Ay H) and we want to know what ¢ does on homotopy. For the first
one, there is a Kiinneth-type spectral sequence

TorMU«(Fy,Fy) = 7. (H Ay H)
A(ox;)

(Here o is to be read as “suspension”.) This completely degenerates for degree reasons, and
there are no extensions, so we get

7T*(H AMU H) = A(sz)
To analyze i, we use a different Kiinneth spectral sequence
Tor"MY(Fy, H,H) — m.H Ay H.
We need to understand the H,MU-structure on H,H. This is easy to write down: H, MU =
Fa[b1,ba,...] where |b;| = 2i, and the map H, MU — H.H = F3[1,&, ... ] takes by, — 0 if
n#2F —1, and byr_; = 5,3. The answer ends up being
Tor"MU(Fy, H, H) = A(&) ® A(ob, : n# 28 —1).

We were trying to figure out what ¢ did to m.(H A H); the point is that we know what ¢
does on the Fy page here. This doesn’t automatically collapse, but using the first spectral
sequence(?) it collapses for degree reasons. Modulo decomposables, we have

ob, = ox, forn#Qk—l
§k = 0Tgk—1_1
When you have a map of ring spectra S — R, in
P4%RASBRARS RASR

we have (i,p,y) = oy. So we get (i,p, f) = oby, and we just found out using the second
spectral sequence that obs = oxo mod decomposables.

Then we have o
Q" (0z2) + Q*Q%(0w2) = Q" (0x2) = i({p, f,Q)).
If (p, f,Q) = &, then i(—) = ow7. Actually, this is an iff.

The upshot is that it suffices to compute a single Q'°: we need
QY (0x9) = o7

in 7.(H App H). The idea is to somehow realize o : my MU — w1 H Ay H (for k > 0) as
coming from a map of more structured objects. This is the map that takes x; — ox;. The
hope is to reduce some fact about how power operations act on ox; to how they act on ;.

The answer is a map SLi(MU) — QSLi(H Ayp H). How do we get this? Apply SL; to

MU ———H

| ]

H—HANyy H
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to get
SLi(MU) ——— SLi(H) ~ *

| J

* o SLl(H) *>SL1(H AMU H)

This is a homotopy coherent diagram of infinite loop spaces, so by definition of loops, this
defines precisely the map I want.

This induces a map 7wy U = mpSLy(MU) — 71 SLi(H Ay H) = w1 H Ay H. Then
you show that this map is actually o.

(Dennis: this really looks like Bokstedt’s computation of TH H.)

SLi(H Ay H) is an H Ey-algebra but SLi(MU) is not, so you have to induce up. So
I have a map BSLi(MU) — SLi(H Ay H) — Q°H Apyp H. Adjointing this over we
get XL BSL1(MU) — H Apyup H. Since the LHS is an H E, ring spectrum we can get
H AN (BSLi(MU))+ — H Ayu H. Now this is a map of Eo, H-algebras.

This gives a map H.(SLi(MU)) - Hi11(BSLi(MU)) — Hep1(H Ay H). I T let (—)
denote the Hurewicz image, then this sends (z,,) +— ox,. This map came from a map of E
H-algebras, so this situation preserves the Dyer-Lashof action. This means that we just need
to actually compute Q'°({x)) = (x7) modulo ker(c : H,(SLi(MU))) = Huy1(H App H).

I'll give an idea of how to approach this final reduction. We have a big Hopf ring H,(MU.,)
(where MU is the Q-spectrum of MU). What we need to do now is compute the multiplicative
Dyer-Lashof action in this, modulo ker(c) (it turns out that this kernel is very large).
H,.(MU,) is described completely by Ravenel-Wilson. It turns out that there’s a power
operation Py : MU?" — MU4"(BEQ); this comes from the H2 -structure on MU. It turns
out that there’s some sort of commutative diagram

MU P putn(BYy)
| )
Q -~
H.(MU,,) —— H.(MU,,)®H"(B%2)

that gives ) as some sort of total multiplicative Dyer-Lashof operation.

You can identify MU*(BXy) =2 MU*[[a]]/[2]F(«). Now if you view P, as a map in these
coordinates MU* — MU*[[a]]/[2]r(«), it all comes down to the following calculation:

Py(x2) = 27a® mod (a*) and MU-decomposables.
This ultimately lets you deduce Q'°((z)) = (27) mod ker(c).

(In the usual Hopf ring notation, where # is additive and o is multiplicative, (z,) = [1]#([zn] o
b;"). Here b is essentially a suspension. The magic is that o kills a ton of stuff: #-
decomposables, o-decomposables, and the ideal (bg, b3, ... ).)
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8. APRIL 12: PETER HAINE, INTRODUCTION TO ['-HOMOLOGY

Here is the plan:

(1) Define functor homology
(2) Derive HH, HC, and I’-homology as examples
(3) Application: E.-obstruction theory

The point is to get a conceptual framework that fits all of these things.

8.1. Functor homology. For right now and most of the time, we’ll have R be a discrete
commutative ring. Write Mod(R) for the category of R-modules. (I'll use Modp for something
else.)

Definition 8.1. Let C be a category.
e A left C-module is a functor C' — Mod(R).

e A right C-module is a functor C? — Mod(R).
e Write ¢ Mod := Fun(C, Mod(R)) and Mod¢ = Fun(C°,Mod(R))

Example 8.2. For ¢ € C' we have R[C(—,c)] and R[C(c,—)] (i.e. these take an object ¢’ to
the free R-module on the appropriate Hom-set). These are projective generators for ¢ Mod
and Mod¢, respectively.

Suppose I have a left C-module and a right C-module. I want to produce an R-module.

Definition 8.3. If F': C' — Mod(R) and G : C? — Mod(R) are C-modules, then the functor
tensor product is

ceC
G®CF::/ G(c) @R F(c).

I can also analogously define functor Hom.
Remark 8.4. R[C(—,¢)] ®c F = F(c).

Definition 8.5. TorY(G,F) := G®L' F

We can derive Hochschild homology and cyclic homology from this general story.

8.2. HH, HC, HT'. Recall: the category of noncommutative sets F,. has:
e objects: nonempty finite sets

e morphisms: f: I — J is a set map with a total order of f~1(j) for all j € J
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e composition: given [ i> J5 K

(o)) = F o= [ o).
j€g(k) j€g(k)
Here * is the join of simplicial sets.

You can also do this with pointed sets: Finy y.

Our goal is to get HH and HC from FF,.-modules and Fin, ,.-modules.

Definition/Example 8.6. By : F;k. — Mod(R) is defined as the coequalizer of
o<1
R[Fnc(—,{0,1})] 1:<0; R[Fne(—, *)]

Similarly, you can define B : Find,. — Mod(R).

Definition 8.7. Let R be a ring, A an associative unital R-algebra, and M an A-bimodule.
The Loday functor L(A, M) : Fin, . — Mod(R) sends I + M ® A®L.

Note: L(A, A) : Fp,e = Mod(R).

Theorem 8.8 (Loday, Pirashvili-Richter). With the same notation as previously,
HC.(A) = Tor™ (B, L(A, A))
HH,(A, M) = Tort ™" (Bg, L(A, M)).

Definition 8.9. Define a functor Ly : Fin{¥ — Mod(R) as the coequalizer of
V*
R[Fin,(—, 14+ VvV 1;)] ———= R[Fin.(—, 11)] & Set«(—, (R,0)).
X17*+X2,*

Here V, is the fold map and X1 . is the “characteristic map” that crushes the second factor.

(This is usually written as t.)
Definition 8.10. The I'-homology of a functor F' : Fin, — Mod(R) is HT(F) := TorL ™ (L, F).

8.3. Obstruction theory/ Robinson’s view. Robinson thinks about this stuff in a com-
pletely different way, that relates to E things. T’ll talk about I'-homology of the Loday
functor, but there will be some modifications.

R is still a commutative ring.

Definition 8.11. Write Lie, for the n'* module of the Lie operad. Equivalently, this is
the submodule of the free Lie algbera on x1,...,z, spanned by the monomials with no
repetitions. Equivalently, this is the module of natural transformations U®" = U (here
U : Lie(R) — Mod(R) is the forgetful functor).
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A dual with eventually appear; this seems nice because the Lie operad and the commutative
operad are Koszul dual.

Definition 8.12. Given F' : Fin, — Mod(R), construct a double complex =, (F) as follows.
First note that F'(n4) has a natural ¥,-action. Now we can do a 2-sided bar construction:
the (n — 1) row of E, .(F) is
Bar(Lie,, %, F(n4)).

The action is permutation with sign. That is,

Epq(F) = Liegyy ®R[E;fﬂ ® F((g+1)4).
The horizontal differentials are bar differentials. The vertical differentials are complicated —
look at the paper.

Definition 8.13. HE,(F) = H,(Tot E(F))

Theorem 8.14. H= = HT

You have a universal property for Tor, and you verify all the necessary things. You end up
looking at a bunch of projective generators and do a computation that involves a ton of
relations related to the vertical differentials.

Now work in the graded setting: R is a graded ring (think of this as the coefficient ring of
a spectrum F), A is a commutative R-algebra (this will be E,E), and M is a symmetric
bimodule.

Definition 8.15. Define a twisted Loday functor £7(A, M) whose assignment on objects is
the same as L(A, M), and on morphisms you introduce a sign. Then define

HT.(A|R; M) = HT,(L°(A, M))
HT*(A|R; M) = HT*(Homu (L7 (A, A), M)).

I'll leave you with a “why we care” theorem.

Theorem 8.16. Start with an As-spectrum E so that the “dual Steenrod algebra” A = E FE
is flat over R = m,E. Also

E*(E™) =2 Hompg(A®", R).
Given an E,_1-structure u on E that can extend to an Ey-structure, a necessary and sufficient
obstruction to extend p to an E,y1-structure lives in HT™? " (A|R; R).

If all of these vanish, uniqueness is related to HT™1 ",
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Because this is a special case of functor homology, you get a bunch of structural spectral
sequences. You can also realize this as the homotopy of some spectrum:

Fin, —— D(R)
B
Topf»

(Here D(R) is the derived category.) The spectrum is the first excisive approximation of the
Kan extension i F'.

9. APrIL 19: RoBIN ELLIOTT

Last time, we saw an introduction to HI', via the functor homology approach. We also saw
briefly at the end that we can relate this to (|| F'||) where F' is a I'-module. The point was
that you can use this to do F-obstruction theory.

Next time, we will use this to get that there is a unique E-structure on KU. The goal of
this talk is to develop the properties of I'-homology needed to show this result.

Peter alluded that I'-homology is a shadow of something more general. Given a (sufficiently
nice) operad, you can associate a homology theory on algebras of the operad. The intermediate
step is you take an “operator category”, and you produce functor homology on some functor
associated to this. To show you that this is good for something, let’s do some examples:

Ass HH
Lie Lie algebra (co)homology
Comm | Harrison homology (22 AQ in characteristic 0)
A, operad something like HH?
FE operad HT

We’re working in chain complexes. H H has a cyclic cousin HC; I'-homology also has a cyclic
cousin HI'Y.

There’s a cyclic/ non-cyclic duality which we’re going to explore for a lot of this talk. Robinson
thinks of a cyclic operad as like an operad, but where the output variable is on an equal
footing as the input one. So you get a 3, 1-action on C(r).

I think it’s possible to say all of this in the more general framework Peter introduced. There’s
also this issue that Robinson’s paper is filled with off-by-one errors. ..

Definition 9.1. A (nonunital) cyclic operad £ is a functor Isom(Fin>3) — Ch(k-Mod) with
composition
o5t : Es W ET — Esuy, T
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satisfying associativity and symmetry (i.e. equivariance w.r.t. the X-actions). (Here S'Ug; T
is a deleted sum, i.e. (S\s)U (T\?).)

Remark 9.2. As before, there is a theory of cofibrant E., cyclic operads.

Remark 9.3. We'll work with a specific cofibrant Fo, cyclic operad T, the tree operad. (This
is the Borel construction on the contractible space of (unrooted) trees. Leaves are labeled by
finite sets, and composition is by grafting of trees.)

Definition 9.4. Let C be a cyclic operad. A cyclic C-complez is a functor
M : Isom(Fin>;)? — Ch(k-Mod)
(written S+ M) such that for each os; : Cs ® Cr — Csu, , 7 We have a formal adjoint
ogt:Cs @ My, , 7 — Mr

satisfying naturality and associativity conditions.

Example 9.5. For an algebra A over C with structure maps uy : Cyo @ A®Y — A (where
VY9 is V adjoined a basepoint), take Mg = A®Y and

O:t . CS ® A®Sus,tT o~ CS ® A®S\s ® A®T\t S A® A®T\t ~ A®T
that you should think of as partial multiplication.

Definition 9.6. A non-cyclic C-compler M is a functor
M : Isom(Fin, ) — Ch(k-Mod)
such that for each
00’1 . Cso ® CTOI — C(SI_IT)O
you have
0871 : Cso & M(SLIT)O — MTO,l
OT,O :Cro1 ® M?SuT) — Mgo

Example 9.7. If A is a k-algebra that is an algebra over the cyclic operad C, and M is an
A-module, we can do a similar construction as for the cyclic complex: let Mgo = A®S @ M
with of ; = us @1 (where p is the algebra structure) and of ; = 1® v (where v is the module
structure). Then Cgqo is the I'-cotangent complex, denoted K.

Example 9.8. Given a I'-module F, regard F(S°) as the trivial chain complex. Then
o5 F(SU T)° — F(T") and ol o: F(SU T)? — F(S°) are constant over C.

Realizations exist in the cyclic and noncyclic C-complex case, but we’ll just focus on the
noncyclic case. Let C be a cofibrant acyclic operad (think — the E., operad we had at the
start), and M a noncyclic C-complex (think K). The goal is to construct the realization |M].
Then HT, = H,.(]M|). This is a two-step process.
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Step 1: Define
M| = @ Cro @ Myo/(Pex @m ~ xR P m)
[VO]>3
where ¢ € Mor(Isom(Fin,)), also quotiented by og1(z ® y) @ m ~ 93T (z ® y ® m) where
93T . Cg0 @ Cro1 ® M(SuT)O — Cg0 @ Mgo ® Cror @ Mo
is given by (1 ® o3y) @ (1 ® of;)(T ® 1) where T swaps factors.

Remark 9.9. | M| has filtration given by @3<|V0‘ <+ This gives rise to a spectral sequence.

Step 2: We have to fix things in low degrees “because of the stupid 3 thing”:
M| = Coﬁb(|./\/(‘/ 5 My = M{OJ})

where € = g9 — Y, ¢y € where &, is from o} ; on the partition V° = {v} U (V — {v}) and &g
comes from of; ; on the partition V0 =V 1 {0}.

You can do this for A, as well as for F.

Theorem 9.10. When you do this, the homology of the Ao -realization is the Hochschild
homology.

Theorem 9.11. The aforementioned filtration gives rise to a spectral sequence
E;—l,q = Hq(EEp 5, (V;) ® MPH)) = Hp+q71(|M|)

where V), is the representation of ¥, on H.(T},) (where T}, is one of the spaces in the afore-
mentioned tree operad).

Setup: B is a strictly commutative algebra, flat over a commutative ring A., and M is a
B-module. Write K(A; M) for the realization of the cotangent complex we saw earlier —
Kgo = A®S ® M, and similarly for B. Define the cotangent complex

K(A|B; M) = K(B, M)/K(A, M).

Fact 9.12. In the strictly commutative case, the spectral sequence in the theorem simplifies to

Ey 1= Hy(S;V, ® B @ M) = HTpiq_1(B|A; M).

Theorem 9.13. We can identify E;—l,o as the Harrison homology Harr,(B|A; M), defined
below.

Definition 9.14 (Shuffle product). (ab)w (zy) = abry £ axby £+ axyb + xayb + xyab
Definition 9.15. Take the complex that computes HH and quotient out by all nontrivial

shuffles. Then Harr, is the homology of this complex.
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Fact 9.16. Harr, agrees with AQ, in characteristic zero. Also, so does the higher homology
of ¥p. Then in characteristic zero,

HT,_1(B|A; M) = AQ.(B|A; M).

Theorem 9.17.

(1) If B > A are A-algebras such that B is flat over A, and M is a B ® 4 C-module, then
K(B®y C|C; M) =2 K(B|A; M)
s a quasi-isomorphism, and so you get an isomorphism in HL,.
(2) If B and C are flat A-algebras and M is a B ® 4 C-module, then
K(B®yClA; M) = K(B|A; M) @ K(C|A; M)
s a quasi-isomorphism so you get an isomorphism in HL ..

(8) If B is étale over A, then HT.(B|A; M) = 0 for all B-modules M.

10. MAy 3: JEREMY HAHN, BRAUER GROUP OF MORAVA E-THEORY, PART 1

Fix a perfect field k of characteristic p and a formal group G of height n over k. Associated
to this data is:

e A universal deformation G defined over R = W(k)[[u1, ..., un—1]]

e A (Landweber-exact) cohomology theory E (Morava E-theory) with 7,F = R[u*] and
Spf E°(CP>) = G.

Example 10.1. Suppose k = F, and = +¢, ¥y =  +y + zy. Then R = W(F,) = Z,,
r+gy=2z+y+azy and E = KU).

Last semester, Danny gave a talk proving that the space of A, structures on E is connected.
Last lecture, Eva discussed that the space of F structures on F is connected — there is a
essentially unique multiplicative structure. But to understand the full moduli space, you need
more technical work of Goerss and Hopkins.

From the universal pair (R, G), we can get a unique Fo, ring spectrum E. What about over
the original pair (k, Gg)?

Definition 10.2. Morava K-theory K(n) is the E-module E/(p,u1,ug, ..., Up—1).
(Everything in the talk will be 2-periodic.)

This is just a module; in classical algebra, if you have a ring and you quotient by some
elements, you expect to get a ring structure back. But last semester, we essentially proved:

Theorem 10.3. There is no Exo-ring structure on K(n).
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Proof. Any Es-ring with p = 0 (like Morava K-theory if it were E) must be an HIF-algebra.
So as just a spectrum, it is a wedge of (shifted) copies of HF,. But HF, A K(n) ~ 0 (because
they’re both field spectra so you can directly calculate it with a Postnikov tower). (|

We still might hope to get an analogue of the theorem Danny discussed, but this is what
we’ve been talking about this semester, and it turns out that they’re not essentially unique:

Theorem 10.4 (Robinson). There are uncountably many As-structures on K(n) in the
category of E-modules.

This is the theorem Hood told us about. But we also have:

Theorem 10.5 (Angeltveit). There is a unique Ao-structure on K(n) in the category of
spectra.

Theorem 10.6 (Angeltveit). There exists an A, E-algebra structure on K(n) which has E
as its center.

Goal 10.7 (Hopkins, Lurie, Hahn). Understand the moduli of all of these Azumaya multipli-
cations on Morava K-theory. In particular, we’ll try to understand all Azumaya algebras, not
just the ones on K(n).

At odd primes you can have homotopy commutative multiplications, but they will never be
Azumaya.

10.1. Azumaya algebras. Let (C,®,1) be a symmetric monoidal co-category where ®
commutes with sifted colimits (in practice, it will commute with all colimits) (e.g. modules
over some ring that has ® commuting with colimits). Our primary example is where C is
K (n)-local E-modules.

Definition 10.8. An Ay -algebra A in C is Azumaya if the functor X — A ® X induces an
equivalence of C with the category of A-bimodules in C.

(E.g. if C is just a 1-category, A here just means associative.)
Proposition 10.9. If A is Azumaya, then the center of A is the unit 1.

Proof. By definition, Center(A) = Hom A pimod (4, 4) = Home (1, 1) and this is just 1 with
its associative structure. ]

Definition 10.10. Two A..-algebras A; and As in C are Morita equivalent if there is a
C-linear equivalence of categories

LMod 4, (C) ~ LMod 4, (C).
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(Here LMod means left modules.)

In practice, C is closed, but Jacob Lurie works in more generality.

Example 10.11. If £ is a field, and C is the category of k-vector spaces, then the matrix
algebra End(k™) is Morita-equivalent to k itself.

Proposition 10.12. Let A denote an Axo-algebra in C. Then the following are equivalent:
(1) A is Azumaya.
(2) There ezists an Ax-algebra B such that A ® B is Morita-equivalent to 1.

(8) All three of the following hold:
e A is dualizable (think of this as a finiteness condition)

o A is full (this means that — ® A detects weak equivalences)

e the natural map A ® A? — End(A) is an equivalence.

The second condition in (3) is satisfied in K (n)-local E-modules for A = K(n) sort of by
definition, but is not true for E-modules.

Proof. We'll prove (1) <= (2). Let CatZ, denote the oo-category of co-categories that have
sifted colimits, with sifted-colimit-preserving functors. This is symmetric monoidal under
the cartesian product of categories. Then C as above is a commutative algebra object in
CatZ,, and define Mod? := Mod¢(CatZ,). This is what I mean by the category of C-linear
categories. If A is an Ay-algebra in C, then the category of A-bimodules is equivalent to
LMod4(C) ® LMod 40p(C). There is always a functor C — LMod 4(C) ® LMod go» (C) given by
X — A® X, and the question is whether this is an equivalence. Since C is the unit in the
category of modules over it, this presents LMod 4(C) as an invertible object, and by some
abstract nonsense involving (2), this is an equivalence. (In this case B = A.) O

Definition 10.13. The Brauer group of C has underlying set
{Azumaya algebras in C} /Morita equivalence.

The group structure comes from tensor products of algebras.
Using (2), this gives a well-defined group structure.

If I'm working with the Brauer group, all I'm going to get is the Morava K-theories modulo

Morita equivalence, not all the Morava K-theories. But it turns out to be OK, in the special
case of K(n):

Proposition 10.14. Suppose K(n); and K(n)s are two [Azumaya] Morava K -theories. If

K(n); is Morita equivalent to K(n)a, then K(n)y is actually equivalent as an Aso-algebra to
K(n)g .
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Proof. By assumption we have an equivalence of categories Mod g (r,), (E-mod) = Mod (), (E-modules).
Since K (n) is a field spectrum, every module splits. Also this is 2-periodic, so every object
in Mod (), (E-modules) is a wedge of K (n)1’s and XK (n);’s. Coproducts go to coproducts
under this equivalence of categories. So K (n); goes either to K (n)2 or XK (n)s. But if I chose
the equivalence that does the latter, I can just compose with the desuspension, so without
loss of generality K (n); gets sent to K (n)2. Now the endomorphisms are the same. O

Aside: instead of modding out by Morita equivalence, you really want a Morita spectrum.
Let CatZ, be oo-categories with sifted colimits under cartesian products. Consider C, a
commutative algebra object in Catl,. Let & C Mod¢(CatZ,) be the full subcategories
equivalent to LMod4(C) where A is an Azumaya algebra in C. Actually you can remove
the word “Azumaya”. Then let the “Brauer spectrum” Br(C) be the E-space of invertible
objects in &; this is the Picard group of the category &£, which is a connective spectrum. Then
moBr(C) is the Brauer group of C.

If R is an Ey-ring in spectra, then 750X 2Br(R-mod) = gl; R. In particular, for Morava
E-theory this implies the existence of an interesting map Br(K(n) — local E-modules) — E;
this is the Rezk logarithm. This has the same Bousfield-Kuhn functor and the same K (n)-
localization.

Example 10.15. Suppose k is a field and C is the category of k-vector spaces. A k-algebra
A is Azumaya if it is of the form M, (D) where D is a central division algebra (i.e. the center
is just k) and M, is a matrix algebra.

If you look at the Brauer group, you're only looking at these up to Morita equivalence, and
that’s just D itself — it doesn’t see the different between D and matrix algebras over it.

Example 10.16. Let k be a field, and let C be the category of Z/2-graded vector spaces
(“super vector spaces”) — an object looks like V @V} (even part & odd part), and the tensor
product has the Koszul sign rule that swaps these around. There are Azumaya algebras that
are not Azumaya when you forget about the grading. For example, suppose —1 is not a
square in k. Then k(v/—1) = k @ ky/—1 is Azumaya (but is not Azumaya after forgetting the
grading).

Let V be a vector space and ¢ : V — k a nondegenerate quadratic form. Then the Clifford
algebra Cl, is the free algebra on V modulo the relation 22 = ¢(z) for all x € V. It is Z/2-
graded with each = € V homogeneous of degree 1. Exercise: Check that this is a Z/2-graded
algebra which is Azumaya.

Definition 10.17. The Brauer-Wall group BW (k) is the Brauer group of the category of
7 /2-graded k-vector spaces. For example, BW (R) = Z/8, generated by Clifford algebras. (A
generator is one for the vector space C.)

Back to the paper...we're interested in the case where C is the category of K (n)-local
E-modules. We also have a functor from C to Z/2-graded vector spaces over k taking
X = m(X Ag K(n)).
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11. MAY 10: JEREMY HAHN, BRAUER GROUP OF MORAVA E-THEORY, PART 2

Let (C,®1) be a symmetric monoidal category where geometric realizations are preserved by
®.

Proposition 11.1. Let A be an Ax-algebra in C. TFAE:

(1) There exists an Axo-algebra B such that A® B ~ 1 (here ~ means Morita equivalence).
(2) The construction X — A® X yields a C-linear equivalence of C with Bimod 4(C).
(8) A is dualizable, full, and the natural map A ® A°? — End A is an isomorphism.

We call such an A Azumaya.

Proposition 11.2. If C is presented with all colimits commuting with @ then the center of A
s the unat.

Note from last time: it is not known whether the Brauer group is all the invertible things.

Example 11.3. Let k£ denote a field and C the category of Z/2-graded k-vector spaces
(“super vector spaces”, i.e. with the Koszul sign rule). Then Br(C) = BW (k). If V is a
k-vector space and ¢ : V' — k is a non-degenerate quadratic form, then the Clifford algebra is
FreeAlg(V)/(2? = q(x)). Then Cl, is Azumaya. Moreover, BW(R) = Z/8 and you can get
everything in it by these Clifford algebra constructions.

We're interested in the category of K(n)-local E-modules. Fix a perfect field k& of odd
characteristic and a formal group G of height n. We get a Morava E-theory which is an
E-ring in a unique way, and an E-module K (n) with

T, K (n) = mE/m = W(k)[[uy, ug, . . ., un_1]][u] /(D w1, - . . 1)

I’'ll make one change from last time — at odd primes we can equip this with a homotopy
commutative multiplication (but it won’t be Azumaya). When I write K (n) I'll be thinking
of it with this multiplication (this is why I need the prime to be odd).

Let C be the category of K(n)-local E-modules. The construction X +— 7, (K(n) A X) is a
functor from C to Z/2-graded k-vector spaces (the 2-fold periodicity on K (n) gives rise to the
grading). In order to make this functorial at the level of symmetric monoidal categories, you
really need the homotopy-commutative structure on K (n).

Whenever you have a functor of symmetric monoidal categories which sends full objects to
full objects, you get a map of Brauer groups. In our case, you get a map Br(C) — BW (k).
(Recall the Brauer group Br is the group of Azumaya algebras under tensor product up to
Morita equivalence.)

We can do a little better than just landing in Z/2-graded k-vector spaces. X started life as
an F-module, and K(n) A X really means K(n) Ag X. That means there is an action of
Endg mod(K(n)) on m (K (n) A X). This End is easy to calculate: it’s A[Qo, @1, - .., Qn—1]
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(exterior algebra) (the @;’s kill the u;’s one by one). The notation is supposed to be reminiscent
of the Milnor operators that kill elements in Postnikov towers.

Definition 11.4. A module over A[Qo, Q1,...,Qn—1] is called a Milnor module.

There is a functor F' : C — Milnor modules which takes X — 7, (X Ag K(n)). So we get a
map f : Br(C) — Br(Milnor modules).

Theorem 11.5 (Hopkins-Lurie). The Brauer group of Milnor modules is BW (k) x the group
of quadratic forms on (m/m?)Y, where m is the mazimal ideal in E-theorsy.

(This is a purely algebraic statement.)

Proposition 11.6. An algebra in Milnor modules is a Z/2-graded k-algebra A with a collection
of odd derivations {dy }ye(m/m2)v- The fact that the algebra is exterior means that d?> =0 and
dytw = dy + dy. (Fach Q; is dual to a v.)

A is Azumaya if A is Azumaya in Z/2-graded algebras, and each derivation d, is of the form
dy(z) = ayz + (=1)1za,

for some scalar a, € k.

The association v — a, is a quadratic form on (m/m?)V.

Theorem 11.7. f: Br(C) — Br(Miln) is surjective (but not injective), and A is a Morava
K -theory if f(A) looks like (Cly, q).

X — m(K(n) Agp X) is the same data as mo(K(n) Ag X) and 7o(XK(n) Ag X). One of
the key ideas is that 7, (K (n) A X) = m, Hom k(n)-10cal (K (1), X). The point is that K(n) is
E

o

-mod
dualizable in the category of K (n)-local EF-modules (it’s self-dual). This is a somewhat cleaner
perspective on what Goerss-Hopkins obstruction theory actually does.

Definition 11.8. The category Molg of molecular E-modules is the full subcategory of
E-modules with objects = finite wedges of K(n)’s and XK (n)’s.

Here is the key idea of Jacob:

Proposition 11.9. The category of Milnor modules is the category of functors Mol — Set
that sends wedges to products.

You're taking this category and freely adjoining all sifted colimits (if this were valued in
spaces, this is called the nonabelian derived category).

Given this observation, it’s natural to make the following definition:
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Definition 11.10. A synthetic E-module is a functor Mol — Spaces sending wedges to
products.

There is a functor Sy : C — synthetic E-modules sending X +— Hom(—, X). This immediately
gives the following picture:

Synthetic F-modules

T<2(Synthetic E-modules)

J

T<1(Synthetic E-modules)

F |

C ———— Milnor modules ~ 7<¢(Synthetic EF-modules)

The idea is that you can get Azumaya algebras in synthetic E-modules by lifting Azumaya
algebras through each of the smaller categories.

Proposition 11.11. Sy is fully faithful.

This is something to do with K (n) being full. The idea is that this is some kind of Yoneda
embedding. You don’t know too much about its essential image, but you do know the
following;:

Proposition 11.12. Every dualizable object in the category of synthetic E-modules is in the
essential image.

Every dualizable object in synthetic EF-modules is in the image of a dualizable object of C.
Since any Azumaya object is dualizable, the Brauer space of C is equivalent to the Brauer
space of synthetic E-modules.

What are the obstructions to lifting an Azumaya algebra (or As.-algebra)? It has to do
with only the category of Milnor modules. If you stabilize synthetic E-modules, you get a
T-structure, and Milnor modules is the heart. The obstructions to lifting are HH groups.
They do this for every Azumaya algebra that happens to be a Morava K-theory and calculate
the preimage of f.

Theorem 11.13. The map Br(r<pSynthetic E-modules) — Br(1,—1Synthetic E-modules)
is surjective with kernel (m™2/mn3)V.

So now they know the Brauer group up to extension problems. Apparently this is still work
in progress. There are two techniques: one is to use the Rezk logarithm; the other is an

38



interesting way of actually constructing Azumaya K-theories. The computation shows that
that you get all the Azumaya K-theories.

I'll discuss this construction. Consider S' — BGL(E); we have m BGL1(E) = ngGL1E =

(moE)* and S — BGL;(E) is 14+wu; where u; is one of the things in m, E. Then Thom(1+u;) =

E/u;. If you want to build K-theory, take the map S* x ... x S — BGL(E) by any regular
e — |

n
sequence that kills the maximal ideal of F (e.g. (1 +p,1 4+ uy,...,1 + uy,—1)). Take the
Thom spectrum of the product (which smashes together all the individual Thom spectra),
and that’s Morava K-theory as an E-module. Say you wanted to build this as an Azumaya
Ax-algebra. 1l you have to do is check this has the structure of a loop map. So you want
to build a map I(CPOO X ... X C’POOI — B2GL1(E) such that when you loop this you get

n

St x ... x 8! — BGL{(E). So the question is how many of these are there? We're in the
situation where classical obstruction theory works, and this is easy. They have various ways
to check whether the result is Azumaya, homotopy-commutative, etc. It’s easy to compute
whether things have the right centers, because it’s easy to compute T'"H H on these things.

12. MAY 17: ALLAN YUAN, F, RINGS FROM DISPLAYS

Theorem 12.1 (Lawson). Let h > 2. There is an Eo ring spectrum E such that

(1) Ex = (Zlur, .. ;un-1]) () 0]

(2) the formal group of E extends the Lubin Tate formal group.

In particular, there is a map from F to the Lubin Tate spectrum, and tensoring along that
map produces the Lubin Tate formal group.

Remark 12.2.

BP — BP (n) - E(n) — E,
The input is that E,, is Es. The content of this theorem is that if you complete a little less,
it’s still F.

Our goal today is to sketch a proof of this, given the p-divisible groups theorem.

Theorem 12.3 (Lurie, not written up). Let N be a Deligne-Mumford stack which is formal
over Zy (p is nilpotent and stuff is complete). Suppose we are given G : N'— M, (h) (where
My, (h) is the moduli of p-divisible groups of height h) that is formally étale. Then there exists
a sheaf £ of Eso-rings on N such that:

(1) mo€ = Opr
(2) It’s weakly even periodic.
(3) The formal group of £ is GI°7 (the formal part).

Think of formally smooth as locally like k — k[[x1, x2, .. .]], formally étale as like k[[x1, . .., z¢]] —
klly1,--.,y:]] (just have to check this on tangent spaces).
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Remark 12.4. A doesn’t have to be affine, so instead of getting one E.,-ring you're getting
a sheaf of them. The condition is local. Given a p-divisible group G, over an algebraically
closed field of positive characteristic there is a SES

0GP oG5 G* =0

If you believe Lubin-Tate theory you know about the deformation theory on G*: it looks like
W (K)[[u1, - - -, un—1]]. Also, G* looks like (Q,/Z,)" ™. So you just have to put these things
together. (Here h is the height of G and n is the formal height.) The universal deformation
of G lives over W(k)[[u1, ..., Un—1,t1,...,th—n]]-

So if you have something formally smooth, understanding the deformation theory reduces to
understanding it on tangent spaces.

The plan is to give a simple algebraic approximation Mp to M,(h) such that:

(1) Mp ~ Mp(h) locally
(2) Spf R — Mp should have computable deformation theory.

The first candidate for this is a Dieudonné module.

Definition 12.5. Let k£ be a field of characteristic p > 0. Let f,v denote the Frobenius and
Verschiebung, respectively, on W(k). Let the Dieudonné module be:

Dy =W(k)[F,V]/(FV =VF =p,F(az) = f(a)F(z),aV(z) = V(f(a)z)).

Theorem 12.6. Let k be a perfect field. Then there is an equivalence
{p-divisible groups over k}°" = {modules over Dy that are free and finite over W(k)} .

The issue is the restriction that k be perfect. Displays will be a generalization of Dieudonné
modules that works over non-perfect fields.

Remark 12.7.
o W(k)/pW(k) ~ k. This is not true in general; in general, W(R)/VW(R) = R.
e The Dieudonné module also sees the tangent space: DM (G)/V DM (G) ~ Lie(G).
e There are a lot of versions of this correspondence. It originally comes from a correspondence
{finite flat group schemes}® <~ {finite W(k) length Dj-modules}
which comes from
{formal groups}® <> { Dy-modules, V nilpotent}
o G(M): Avrs W(A) @ M/(F,V actions)

Let R be a ring (or formal Z,-algebra).

Definition 12.8. A display over R is a tuple (P, Q, F, V1) where
e P is a finitely generated locally free W (R)-module
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IrP C @ C P (where @ is to be thought of as the image of V)

F:P — P,V~!':Q — P which is frobenius semilinear

0— Q/IrP — P/IrP — P/Q — 0 splits (think of V' as the splitting P/IrP — Q/IrP)
e P is generated over W(R) by im V1

o Vl(v(z)y) = 2F(y) for x € W(R)

Remark 12.9. P/IiP is locally free over R, and it follows that Q/IrP and P/Q are as well.

I’ll stop saying “locally free” and just use “free” instead.

Locally, we can get a basis €1, ..., €4, €411, .., €y of P/IrP. We have Q = IrRP+{eq11,...,€n).
So this is generated by the red things:

€1 €9 e €q €d+1 e €En

per pe2 Ped+1

The key observation is that the display is packaged into a single matrix:
Fe; = Zaijei = V (v(z)ej) = Zxaijei j=1,...,d
i
V_lej = Zaijei == Fej = V_l(v(l)ej) = Z(paij)ei j=d+1,...,h
i
So all of this data is specified by just the ;;’s. You can write these in block form as B~ =
(vij) = [ul %n , B= {wl]. When you have (P,VP,F,V~!) F [ﬂ = [u qu} [fﬂ and

w2 fy
there’s a similar formula for V.

Amap ¢: (P,Q,F,V~1Y — (P,Q', F',(V')"!) is a W(R)-linear map P — P’ preserving the

structure. This implies that ¥ has the form Udb] . If ¥ is an isomorphism, F/ = ¢F¢~1,
(V=L =V —1le=1 and
-1
;| fa b a vb
o=l o]

Definition 12.10. Let B|g be the lower right-hand block in B. Define B to be the reduction
mod p, Ir.

The display is nilpotent if f"B----- fB - B is 0 for some n.

Theorem 12.11. Let R be a formal Z,-algebra. Then there is a correspondence

{formal p-divisible groups over R} «— {nilpotent displays over R}
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By Cartier duality, you get:

Corollary 12.12.
p-divisible groups over R of dimension 1,] ~ nilpotent displays over R
height h, formal height > 2 of height h, dimension (h — 1)

Call the first thing Mp(h)>2 and the second thing Disp}}%’h_l.

Let Wt = Zlay, . . .] be the Witt ring. Let A corepresent displays; this is like Weh? [det™1].
a vb

d
get a Hopf algebroid (A,T"), and to impose the condition that the displays are nilpotent, you
have to complete it (I won’t say what we’re completing w.r.t.): (A,T) — (A4,T) ~ My (h)>2.

Let I corepresent isomorphisms ¥ = where ¢ has length A —1 and d has length 1. You

Roughly, Spf R — Mgispt =~ Mp(h)>2. You want to understand the tangent space. This is a
really concrete question.

Let k be a field of characteristic p > 0.
{Displays B + &S} /Isoy /-2 restricting to 1 over k — {Displays E/k[e]/52} JACREpE
— {Displays B/k} /Isoy

Say B = B‘ 5} € Maty, (W (ck)).

o)
o S o N )

a 0 0 wvb by bvd
e a2l G+ [0 %]

You can convince yourself that from the first piece, you get all the first A — 1 columns, from

fa b
B+€S~(I+{pfc fd

This is

the second piece you get all the last columns = d B] (mod Ir) (and the last piece doesn’t

vd
do anything).

last column mod Ir
—>

Spec ph—1

Spf A//SpfT = M (h)>2
For all purposes we can pretend that there’s a lift that is an isomorphism on tangent spaces.
Suppose we have Spf(R) — Spec A. When is Spf(R) — M, (h)>2 formally étale? Iff Spec R is
formally smooth over Z, and it’s an isomorphism on tangent spaces. But via our isomorphism

on tangent spaces, this is equivalent to Spf R being formally smooth and ® : Spf R — P2
being an isomorphism on tangent spaces. This is the same as ® being formally étale.

Y

To summarize:
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Theorem 12.13. Let R be a formal Zy,-algebra and B is a nilpotent display of height h and
dimension h — 1. Suppose ® : Spf R — Spec A — P"~1 is formally étale. Then there exists an
even periodic Eoo-ring E such that

(1) Ey = R, By = Q/IRP
(2) Spf ESP™ = G/or

Here’s an application. Let h > 2. Consider R = (Z[u, .. .,uh,l])z and consider the

pyu1)
0O ... 0 1
[un—1]
display: : . Consider ® : Spf R — P! given by [1: up_q1 : -+ - : uy]; this is
1 (2]
[ua] ]

the compietion of an affine coordinate on P*~!, so it is clearly formally étale. So you get E
such that E, = R[u*].

If you take into account some Galois actions, you get an E-ring E such that E ~

LK(Q)Vu-\/K(n)E(n) and E* = Z[Ul, ey Un—1, Ufﬂ’(\

1 __ . .
pout) where v; = u” ~lu;. This improves
b

on the fact that Morava E-theory is an Ey-ring.
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