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1 The image of J

We have an unbased map
SO = colim, SO(n) — colim,Q"S" = QS°
mapping into the 1-component of QS°. The map induced by
SO — QS° =% QS°

on homotopy groups is called the J-homomorphism.

From now on let’s work at an odd prime p where the image of J has a relatively simple description:

0 ifn+1%#0 (mod 2(p—1))
Z)pFtl ifn+1=2(p—1)spF, stp
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Let V be the Moore space SY/p. We have a self map
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is of order p and lies in the image of J. Trickery with vanishing lines shows that these elements lie
in highest possible Adams filtration and there is a beautiful story concerning how the image of J
shows up in the classical Adams SS. We will turn our attention to how the image of J is detected
in the Adams-Novikov SS.

2 A guess as to how «,,; is detected

Recall that we are working at an odd prime p and that we have constructed a spectrum BP which
is a retract of MU(,. We will see that BP, = Z,)[v1, v2,vs, .. .| and so the cofiber sequence
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gives rise the a SES of BP,BP-comodules
0 — BP, 5 BP, — BP,/p — 0.

Assuming that the naming convention is sensible we might guess that vy € BP,/p is a BP.BP-
comodule primitive defining an element v; € Cotor% p.sp(BP:/p, BP,) detecting an element which
we also call vg:
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The map V — S' is BP-null but it gives rise to a connecting homomorphism; we should expect
k
that the element ag /; is detected by the image of v1” under

6 : Cotorlyp_pp(BP:/p, BP.) — Cotorgp, gp(BP., BP,).

Explictly we are guessing that ag,./; is detected by

dvst
; € Cotorgp, gp(BP:, BP,),

where d denotes the coboundary map in the cobar construction Q(BP,, BP,BP). We know there
exists an element ok /1 such that pkaspk Jk1 = Qgpr /1. We might guess that this is detected by
an element

d”fpk 1
PR € Cotorgp, gp(BPx, BPy).

So far it unclear that these elements are well-defined since we don’t know how to compute d.

3 Hazewinkel’s generators for (BP,, BP.BP)

Theorem (Hazewinkel): The Hurewicz homomorphim 7, (BP) — H,.(BP) is an injection. There
exist generators vy, vo,vs, ... for

T« (BP) = Zy)v1, v, v3, .. ]

and mq,mg, ms, ... for
H*(BP) = Z(p)[ml,mg,mg, .. ]

such that |v;| = |m;| = 2(p’ — 1) and under the inclusion we have
pmiy1 = Z miv§+1~
i+j=k
where by convention mg = 1.
Moreover: Using the AHSS we see that the Hurewicz homomorphism 7, (BP ABP) — H,.(BP A

BP) takes the form
W*(BP)[tl,tQ,tg, .. ] — H*(BP)[tl,tg,tg, .. ]



where [t;| = 2(p* — 1). In particular, m.(BP A BP) and H,(BP A BP) are flat (as left-modules)
over m,(BP) and H,(BP), respectively. By convention, ty = 1.

Important: The Hopf algebroid (m«(BP),m.(BP A BP)) over Z, is determined by the Hopf
algebroid (H.(BP),H.(BP N BP)) over Z,). The H.(BP)-bimodule structure of H.(BP A BP)
is given by:
1. Theleft H,.(BP)-module structure on H,(BPABP) is the obvious one on H,(BP)lt1,to,ts,...],
i.e. nL(mk) = mMmi.

2. The right H,(BP)-module structure on H.(BPABP) is described by nr(my) = >,y mﬁ?i.

Note: ng(mi) = matf, + mot1 = my + t1 so that nr(vi) = nr(pmi1) = pm1 + pt1 = v1 + pt1. Also,
we have a commuting diagram

H,(BP) ® H.(BP) Oz ) H,(BP A BP)
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H.(BP A\ BP)® H.(BP A BP) — H,(BP A BP) @y, (pp) H.(BP A BP)

and

1®@m; —m; ® 11 (m1+1t1) —my =11

| |

l@mi+t) —miRl——1m +10t1—-mR1=1+111
so that t; € BP,(BP) is a coalgebra primitive.

4 dvfpk Jpk

Recall that in the unreduced cobar construction we have

QO(BP,; BP,BP) d QO\(BP,; BP.BP)
BP, vr—(Zel BP, ©pp. BP.BP
BP, A BP,BP

Recall that nz,(vi) = v1 and ngr(v1) = v + pt1. Thus in Q(BP,; BP.BP)

k
k k k ([ sp o
a0 = et =) = X (7))
i+j=spk
>0
. spF
Whenever i > 0, p*+1|p! (s’i’k) and so % is a well-defined cocyle in Q! (BP,, BP,BP), determining
an element
@gpejy1 € Cotorpp, gp(BP., BP,).



5 The chromatic spectral sequence

We wish to show the elements @, generate the 1-line of the ANSS. For this we’ll use the
chromatic SS. We consider the following in which each “down, up-right” is a SES.

BP, BP, /p™ BP,/(p™,v5°)
p 1BP, v ' BP, /p™® vy 'BP, /(p™, v5°)

[It is clear that we can construct the diagram above as BP,-modules. It is less clear that all the
objects have the structure of a right BP, B P-comodule. We’ll assume this for now.]

We let M, = UI;IBP*/(pOO,Ul, ..., v32), where we now have the convention that vg = p. Ap-
plying Cotorpp, gp(—, BP.) we get an exact couple.

- =—Cotorlyp pp(BP./(p™,...,v2,), BP,) =— Cotorly p't p(BP. /(p, . .. ,v°), BP,) ~

Cotorlyy, pp(Ms, BP,) Cotor'yp ' (M1, BP,)

Here the dashed line raises the degree of s relative to what is indicated. We get a SS with
E}Y" = Cotor'lyp, pp(Ms, BP.) == Cotoryy'p(BPy, BP.), dy : B3 —y pEtrimrilu

We wish to use this SS to compute the 0 and 1-line of the Fs-page of the ANSS. If M is a right
BP, BP-comodule write H%(M) for Cotor}, pp(M, BP,). The above SS takes the form

HY(M,) == H**'(BP,).

6 H*(M)

BPAHQ is a wedge of HQ’s. Thus HQ — H QABP splits and by definition HQ is B P-injective.
We conclude that

H*(My) = Cotorgp,gp(p ' BP,, BP,) = Cotorgp, gp(BP.(SQ), BP,) = Ey(HQ; BP)

is concentrated in degree 0 where it is equal to Q (and the u grading is 0).

7 Some useful results

7.1 Primitives

We have already used that the following diagrams commute

BpP, —“—"®' _ BPp, @pp, BP,BP BP, el BP, ®p, BP,BP
BP U BP,BP BP, i BP,BP

This tells us that BP,BP-comodule primitives are elements of ker (ng — nr,).



7.2 Landweber and Morava

p € BP, is a BP,BP-comodule primitive and so we can form the BP,BP-comodule BP,/p. We
have seen that (ngp —np)(v1) = pt1 € BP.BP and so v; € BP,/p is a BP,BP-comodule primitive.
Part of a theorem due to Landweber and Morava says that

H°(BP,) =17 and  H°(BP./p) = Fplv].

p)

Thus
H°(v; ' BP. [p) = Fylvr,v7 ).

7.3 t,€ BP.BP

Recall that t; € BP,BP is a coalgebra primitive. Thus, it defines an element [t1] € H(M) for any
right B P, BP-comodule.

Theorem: [t1] # 0 in H'(v; ' BP,/p).
8 HM)
The SES of BP,BP-comodules

0 — vy 'BP,/p—— v ' BP, /p>® —2> v ' BP, /p® —0

aqb—>

T le

gives a LES
0 — HO(w;'BP, /p) - HO(My) £ HO(My) -5 H'(v7'BP,/p) —> ...

Given a nonzero element x € HO(Mj) there exists a k > 0 such that p*x # 0 and p**'2 = 0. Then
pFax is in the image of i. Thus we can calculate H(M;) by taking elements in the image of i and
analysing how p-divisible they are; we know we cannot divide an element by p if the image under
0 is nonzero. We need a lemma.

k

S

Lemma: z = % € Q(My; BP,BP) is a cocycle. If p{ s then d[z] is nonzero.

Proof: Note that in the statement of the lemma s is allowed to be negative. Recall that
sp” spP spk i (sp" 14
d(vy” ) = (" ) —nr(e” )= > p ;v
i+j=spk
i>0

in Q(BP,; BP,BP). pF*+i|p’ (Sf;’“) for i > 0 and so in Q(p~!BP,; BP.BP), when we calculate

d o
pk—i-l




we actually obtain an element of Q(BP,, BP,BP). [Dividing by p commutes with the differential
since p is primitive in BP,.] Thus, in Q(BP,/p>; BP,BP) and Q(M;; BP.BP)

spk
U1 _
d <pk+1) = 0.

Since we are assuming that p is odd, we have pF*2|p’ (s;;k)’ whenever 7 > 2. Thus when we calculate

d o
pk:+2

k
sp®—1
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in Q(p~'BP,; BP,BP) we obtain

[t1]

plus an element of Q(BP,; BP.BP). We conclude that §[z] is sv¥ kil[tl]. v1 acts isomorphically
on H*(v; ' BP,/p). Since s { p and [t;] # 0 we conclude §[z] # 0. We’ve proved the lemma for s > 0.

k
Setting s = 1 in the first computation and replacing k by (k+ 1) we see that v s primitive mod
pFt2. Thus

k+1 L L
W BP.(p *?)/BP, — BP,(p ""?)/BP,
k ok .
is a comodule map. This means that multiplication by v¥ o v!'?" commutes with d on
k k
,Uip /pk-‘rl and Ui?p /pk+2.

Thus we have proved the lemma for all s # 0. We’re then done by the following lemma.
Lemma: # € Q(M;; BP,BP) is a cocycle for all k.

Conclusion: We know that the image of ¢ is

{[£] - sezm venvmbo{[2]}

and we have analysed how p-divisible these elements are. Up to a little thinking we have computed
HO(My): it is generated as an abelian group by

{[;;i] . seZ—pZ, keNu{o}}u{[M :keN}.




9 Computing the relevant part of the CSS
We have a SES of abelian groups
0 —Z—p 2 —7Z/p> —0.

Localising gives
0 — Zgy — QL 7Z/p>® —0.

Since we know that H(BP,) = Z, we have a commuting diagram
HO(My) = HO(M))

Tu—grading—equal—to—O—part included

Q———Z/p®
What about dy : H*(M;) — H°(M3). This is just the composite
HOw B, [p) — HO(BP./ (5%, 05%)) — HO(u5 "B/ (5™, 05°)).

We see immediately that

{[;’;i] .5 € N—pN, keNU{O}}U{[plk] :keN}

is killed by di. On the other hand the image of

sp¥
Y1 .
{[pkH] :—s € N—pN, kGNU{O}}

under d; is nonzero (since H°(M) consists of primitives, in particular, a submodule of M, there is
no quotienting to worry about). Thus

spk
% v
ELO. :{[péﬂl :s € N—pN, kGNU{O}}v

which looks suspiciously familiar (see sections 1 and 2). The element in H'(BP,) detected by
o
pk-l-l

= M+ Y P! <Sf >v{[t§] € ON(BP,; BP,BP)

i+j=spk
i>1

is represented by

k
sp
dvy
pk’—i-l

and so it is our friend @k /41
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