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Preface

Algebraic K-theory draws its importance from its effective codification of a mathematical
phenomenon which occurs in as separate parts of mathematics as number theory, geometric
topology, operator algebra, homotopy theory and algebraic geometry. In reductionistic
language the phenomenon can be phrased as

there is no canonical choice of coordinates.

As such, it is a meta-theme for mathematics, but the successful codification of this phe-
nomenon in homotopy-theoretic terms is what has made algebraic K-theory into a valuable
part of mathematics. For a further discussion of algebraic K-theory we refer the reader to
chapter I below.

Calculations of algebraic K-theory are very rare, and hard to get by. So any device that
allows you to get new results is exciting. These notes describe one way to get such results.

Assume for the moment that we know what algebraic K-theory is, how does it vary
with its input?

The idea is that algebraic K-theory is like an analytic function, and we have this other
analytic function called topological cyclic homology (T'C') invented by Bokstedt, Hsiang and
Madsen [6], and

the difference between K and T'C' is locally constant.

This statement will be proven below, and in its integral form it has not appeared elsewhere
before.

The good thing about this is that T'C' is occasionally possible to calculate. So whenever
you have a calculation of K-theory you have the possibility of calculating all the K-values
of input “close” to your original calculation.
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Figure 1: The difference between K and T'C' is locally constant. To the left of the
figure you see that the difference between K(Z) and T'C(Z) is quite substantial, but
once you know this difference you know that it does not change in a “neighborhood”
of Z. In this neighborhood lies for instance all applications of algebraic K-theory of
simply connected spaces, so here T'C-calculations ultimately should lead to results in
geometric topology as demonstrated by Rognes.

On the right hand of the figure you see that close to the finite field with p elements,
K-theory and T'C' agrees (this is a connective and p-adic statement: away from the
characteristic there are other methods that are more convenient). In this neighbor-
hood you find many interesting rings, ultimately resulting in Hesselholt and Madsen’s
calculations of the K-theory of local fields.

So, for instance, if somebody (please) can calculate K-theory of the integers, many
“nearby” applications in geometric topology (simply connected spaces) are available through
TC-calculations (see e.g., [103],[102]). This means that calculations in motivic cohomol-
ogy (giving K-groups of e.g., the integers) actually have bearings for our understanding of
diffeomorphisms of manifolds!

On a different end of the scale, Quillen’s calculation of the K-theory of finite fields
give us access to “nearby” rings, ultimately leading to calculations of the K-theory of local
fields [52]. One should notice that the illustration is not totally misleading: the difference
between K(Z) and T'C(Z) is substantial (though locally constant), whereas around the
field F,, with p elements it is negligible.

Taking K-theory for granted (we’ll spend quite some time developing it later), we should
say some words about T'C'. Since K-theory and T'C' differ only by some locally constant
term, they must have the same differential: D;K = D;TC. For ordinary rings A this
differential is quite easy to describe: it is the homology of the category P4 of finitely
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Figure 2: The differential of K and T'C' is equal at any point. For rings it is the
homology of the category of finitely generated projective modules

The homology of a category is like Hochschild homology, and as Connes observed,
certain models for these carry a circle action which is useful when comparing with K-
theory. Only, in the case of the homology of categories it turns out that the ground ring
over which to take Hochschild homology is not an ordinary ring, but the so-called sphere
spectrum. Taking this idea seriously, we end up with Bokstedt’s topological Hochschild
homology THH.

One way to motivate the construction of T'C' from THH is as follows. There is a
transformation K — T HH which we will call the Dennis trace map and there is a model
for TH H for which the Dennis trace map is just the inclusion of the fized points under the
circle action. That is, the Dennis trace can be viewed as a composite

K~THH"CTHH

where T is the circle group. The unfortunate thing about this statement is that it is model
dependent in that fixed points do not preserve weak equivalences: if X — Y is a map
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of T-spaces which is a weak equivalence of underlying spaces, normally the induced map
XT — YT won’t be a weak equivalence. So, T'C' is an attempt to construct the T-fixed
points through techniques that do preserve weak equivalences.

It turns out that there is more to the story than this: T'HH possesses something
called an epicyclic structure (which is not the case for all T-spaces), and this allows us to
approximate the T-fixed points even better.

So in the end, the cyclotomic trace is a factorization

K—-TC

of the Dennis trace map.

This natural transformation is the theme for this book. There is another paper devoted
to this transformation, namely Madsen’s eminent survey [80]. We strongly encourage all
readers to get a copy, and keep it close by while reading what follows.

It was originally an intention that readers who were only interested in discrete rings
would have a path leading leading far into the material with minimal contact with ring
spectra. This idea has to a great extent been abandoned since ring spectra and the tech-
niques around them has become much more mainstream while these notes has matured.
Some traces can still be seen in that chapter I does not depend at all on ring spectra, lead-
ing to the proof that stable K-theory of rings correspond to homology of the category of
finitely generated projective modules. Topological Hochschild homology is however inter-
preted as a functor of ring spectra, so the statement that stable K-theory is T'"H H requires
some background on ring spectra.

The general plan of the book is as follows.

In section 1.1 we give some general background on algebraic K-theory. The length of
this introductory section is defended by the fact that this book is primarily concerned with
algebraic K-theory; the theories that fill the last chapters are just there in order to shed
light on K-theory, we are not really interested in them for any other reason. In 1.2 we
give Waldhausen’s interpretation of algebraic K-theory and study in particular the case of
radical extensions of rings. Finally 1.3 compare stable K-theory and homology.

Chapter II aims at giving a crash course on ring spectra. In order to keep the presenta-
tion short we have limited us to present only the simplest version: Segal’s I'-spaces. This
only gives us connective spectra, but that suffice for our purposes, and also fits well with
Segal’s version of algebraic K-theory which we are using heavily later in the book.

Chapter III can (and perhaps should) be skipped on a first reading. It only asserts that
various reductions are possible. In particular K-theory of simplicial rings can be calculated
degreewise “locally” (i.e., in terms of the K-theory of the rings appearing in each degree),
simplicial rings are “dense” in (connective) ring spectra, and all definitions of algebraic
K-theory we encounter give the same result.

In chapter IV topological Hochschild homology is at long last introduced. First for ring
spectra, and then in a generality suitable for studying the correspondence with algebraic
K-theory. The equivalence between the topological Hochschild homology of a ring and the
homology of the category of finitely generated projective modules is established in IV.2,



which together with the results in 1.3 settle the equivalence between stable K-theory and
topological Hochschild homology of rings.

In order to push the theory further we need an effective comparison between K-theory
and T'HH, and this is provided by the trace map K — THH in the following chapter.

In chapter VI topological cyclic homology is introduced. This is the most involved of
the chapters in the book, since there are so many different aspects of the theory that have
to be set in order. However, when the machinery is set properly up, Goodwillie’s ICM-
conjecture is proven in a couple of pages at the beginning of chapter VII. The chapter
ends with a quick and inadequate review of the various calculations of algebraic K-theory
that have resulted from trace methods.

The appendices collect some material that is used freely throughout the notes. Most
of the material is available elsewhere in the literature, but has been collected for the
convenience of the reader, and some material is of a sort that would distract the discussion
in the book proper, and hence has been pushed back to an appendix.

Acknowledgments: This book owes a lot to many people. The first author especially
wants to thank Marcel Bokstedt, Bjgrn Jahren, Ib Madsen and Friedhelm Waldhausen for
their early and decisive influence on his view on mathematics. These notes have existed
for quite a while on the net, and we are grateful for the helpful comments we have received
from a number of people, in particular from Morten Brun, Harald Kittang, John Rognes,
Stefan Schwede and Paul Arne @stveer. A significant portion of the notes were written
while visiting Stanford University, and the first author is grateful to Gunnar Carlsson and
Ralph Cohen for inviting me and asking me to give a course based on these notes, which
gave the impetus to try to finish the project.

For the convenience of the reader we provide the following leitfaden. It should not be
taken too seriously, some minor dependencies are not shown, and many sections that are
noted to depend on previous chapters can be read first looking up references when they
appear. In particular, chapter III should be postponed upon a first reading.
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Chapter 1

Algebraic K-theory

{1}

In this chapter we define and discuss the algebraic K-theory functor. This chapter will
mainly be concerned with the algebraic K-theory of rings, but we will extend this notion
at the end of the chapter. There are various possible extensions, but we will mostly focus
on a class that are close to rings.

In the first section we give a quick nontechnical overview of K-theory. Many of the
examples are touched lightly on, and are not needed later on, but are included to give an
idea of the scope of the theory.

In the second section we introduce Waldhausen’s S-construction of algebraic K-theory
and prove some of the basic facts.

The third section concerns itself with comparisons between K-theory and various ho-
mology theories.

1 Introduction

The first appearance of what we now would call truly K-theoretic questions are the investi-
gations of J. H. C. Whitehead and Higman on the diffeomorphism classes of h-cobordisms.
The name “K-theory” is much younger, and first appears in Grothendieck’s work on the
Riemann-Roch theorem. But, even though it was not called K-theory, we can get some
motivation by studying the early examples.

15
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CHAPTER I. ALGEBRAIC K-THEORY

1.1 Motivating example from geometry: Whitehead torsion

A cobordism W between a disjoint union M
of two circles and a single circle V.

Let M and N be two smooth n-
dimensional manifolds. A cobordism
between M and N is an n + 1-
dimensional smooth compact mani-
fold W with boundary the disjoint
union of M and N (in the ori-
ented case we assume that M and
N are oriented, and W is an oriented
cobordism from M to N if it is ori-
ented so that the orientation agrees
with that on M and is the opposite
of that of N).

We are here interested in a situation
where M and N are deformation re-
tracts of W. Obvious examples are
cylinders M x 1.

(For a more thorough treatment of the following example, see Milnor’s very readable

article [85])

More presicely: Let M
be a compact, connected,
smooth manifold of di-
mension n > 5. Sup-
pose we are given an h-
cobordism (W; M, N), that
is a compact smooth n +
1 dimensional manifold W,
with boundary the disjoint
union of M and N, such
that both the inclusions
M C W and N C W are
homotopy equivalences.

Question 1.1.1 Is W diffeomorphic to M x I ¢

An h-cobordism (W; M, N). This one is a cylinder.

It requires some fantasy to realize that the answer to this question can be “no”. In
particular, in the low dimensions of the illustrations all h-cobordisms are cylinders.

However, this is not true in high dimensions, and the A-cobordism theorem 1.1.3 below

gives a precise answer to the question.

To fix ideas, let M = L be a lens space of dimension, say, n = 7. That is, the

cyclic group of order I, 7 = p; = {1,e*/ ...

2mi(l—1)/1

}, acts on the seven sphere S7 =

{sec:Whit:
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{x € C* s.t. x| =1} by complex multiplication
xS — 87 (t,x) — (t-x)

and we let L be the quotient space S7/m = S7/(x ~ t-x). Then L is a smooth manifold
with fundamental group 7.

Let

o o
- Ui Ci C'0

be the complex calculating the homology H, = H.(W, L; Z[r]) of the inclusion L = M C W
(see section 7 and 9 in [85] for details). Each C; is a finitely generated free Z[r] module,

and has a preferred basis over Z[rn] coming from the ¢ simplices added to get from L to W
in some triangulation. Define

7]

and
Z; = ker{C; —2— C;_,}.
We have short exact sequences
0 Zz CZ Bi—l — 0

But since L C W is a deformation retract, H, = 0, and so B, = Z,.
Since each C; is a finitely generated free Z[r] module, and we may assume each B; free
as well (generally we get by induction only that each B; is “stably free”, but in our lens
space case this implies that B; is free). Now, this means that we may choose arbitrary
bases for B;, but there can be nothing canonical about this choice. The strange fact is that
this phenomenon is exactly what governs the geometry.
Let M; be the matrix (in the chosen bases) representing the isomorphism {Mi}

B, ®B,_1=C;

coming from a choice of section in

0 BZ CZ Bi—l — 0.

1.1.2 K, and the Whitehead group
{subsec:W

For any ring A we may consider the matrix rings My (A) as a monoid under multiplication.
The general linear group is the subgroup of invertible elements G Ly(A). Take the limit
GL(A) = limy_,. GL(A) with respect to the stabilization

GLi(A) L2%0 GLiga(A)
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(thus every element g € GL(A) can be thought of as an infinite matrix

00 ..
10 ..
01 ..

with ¢’ € GLi(A) for some k < c0). Let E(A) be the subgroup of elementary matrices (i.e.
Ey(A) C GLi(A) is the subgroup generated by the elements ef; with ones on the diagonal
and a single off diagonal entry a € A in the ij position). The “Whitehead lemma” (see
1.2.2 below) implies that

oo

K1(A) = GL(A)/E(A)

is an abelian group. In the particular case where A is an integral group ring Z[r| we define
the Whitehead group as the quotient

Wh(m) = Ki(Z[x])/{*n}

via {7} C GL,(Z[r]) — Ki(Z[n]).

Let (W;M,N) be an h-cobordism, and let M; € GL(Z[r(M)]) be the matrices de-
scribed in 1.1 for the lens spaces above and similarly in general. Let [M;] € Wh(m(M))
be the corresponding equivalence classes and set

F(W,M) = 3 (—1)[M] € Wh(my(M)).
The class 7(W, M) is called the Whitehead torsion.

Theorem 1.1.3 (Mazur (63), Barden (63), Stallings (65)) Let M be a compact, con-
nected, smooth manifold of dimension > 5 with fundamental group m (M) = m, and let
(W; M,N) be an h-cobordism. The Whitehead torsion (W, M) is well defined, and T

induces a bijection

{diﬁeomorphism classes (rel. M)

of h-cobordisms (W; M, N) } — Wh(r)

In particular, (W; M, N) = (M x I; M, M) if and only if 7(W, M) = 0.

Example 1.1.4 One has managed to calculate Wh(w) only for a very limited set of groups.
We list a few of them; for a detailed study of Wh of finite groups, see [90]. The first three
refer to the lens spaces discussed above (see page 375 in [85] for references).

1.1 =1, M = S™. Exercise: show that K;Z = {£1}, and so Wh(0) = 0. Le: any h
cobordism of S” is diffeomorphic to ST x I.

2. 1 =2. M = P7, the real projective 7-space. Exercise: show that K,Z[Cy] = {£Cy},
and so Wh(us) = 0. Le: any h cobordism of P7 is diffeomorphic to P7 x I.
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3.

1.2

[ =5. Wh(us) = Z (generated by the invertible element ¢t + ¢~ — 1 € Z[us] — the
inverse is t +t72 — 1). Le: there exists countably infinitely many non diffeomorphic
h-cobordisms (W; L, M).

. Waldhausen [127]: If 7 is a free group, free abelian group, or the fundamental group

of a submanifold of the three-sphere, then Wh(7) = 0.

Farrell and Jones [30]: If M is a closed Riemannian manifold with nonpositive sec-
tional curvature, then Wh(m M) = 0.

K, of other rings

. Commutative rings: The map from the units in A

A* = GL(A) — GL(A)/B(A) = K, (A)

is split by the determinant map, and so the units of A is a split summand in K;(A). In
certain cases (e.g. if A islocal, or the integers in a number field, see next example) this
is all of K7(A). We may say that K;(A) measures to what extent we can do Gauss
elimination, in that ker{det: K;(A) — A*} is the group of equivalence classes of
matrices up to elementary row operations (i.e. multiplication by elementary matrices
and multiplication of a row by an invertible element).

Let F' be a number field (i.e. a finite extension of the rational numbers), and let
A C F be the ring of integers in F' (i.e. the integral closure of Z in F'). Then
K;(A) = A*, and a result of Dirichlet asserts A* is finitely generated of rank ry +ry—1
where 7 (resp. 2r9) is the number of distinct real (resp. complex) embeddings of F.

Let B — A be an epimorphism of rings with kernel I C rad(B) — the Jacobson
radical of B (that is, if x € I, then 1 + z is invertible in B). Then

(1+1) —— Ki(B) — Ki(A) —— 0

is exact, where (1 + 1)* C GL1(B) is the group {1 + z|x € I} under multiplication
(see e.g. page 449 in [4]). Moreover, if B is commutative and B — A is split, then

0O — (1+0)* — Ky(B) — Ki(A) —— 0

1s exact.

For later reference, we record the Whitehead lemma mentioned above. For this we need
some definitions.

Definition 1.2.1 The commutator [G, G] of a group G is the (normal) subgroup generated
by all commutators [g,h] = ghg™*h™!. A group G is called perfect if it is equal to its
commutator, or in other words, if H1G = G/[G, G] vanishes. Any group G has a mazimal
perfect subgroup, which we call PG, and which is automatically normal. We say that G is

quasi-perfect if PG =[G, G].

{sec:$K_1!
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An example of a perfect group is the alternating group on n > 5 letters. Further
examples are provided by the

Lemma 1.2.2 (The Whitehead lemma) Let A be a unital ring. Then GL(A) is quasi-
perfect with mazimal perfect subgroup E(A). Le.

[GL(A),GL(A)] = [E(A), GL(A)] = [E(A), E(A)] = E(A)
Proof: See e.g. page 226 in [4]. [

1.3 The Grothendieck group K

Definition 1.3.1 Let € be a small category and £ a collection of diagrams ¢ — ¢ —
" in € closed under isomorphisms. Then Ky(€, &) is the abelian group, defined (up
to isomorphism) by the following universal property. Any function f from the set of
isomorphism classes of objects in € to an abelian group A such that f(c) = f(¢/) + f(")

for all sequences ¢ — ¢ — ¢’ in &, factors uniquely through Ky(€).

That is, Ko(€, &) is the free abelian group on the set of isomorphism classes, modulo
the relations of the type “[c] = [¢/] 4+ [¢"]”. So, it is not really necessary that C is small, the
only thing we need to know is that the class of isomorphism classes form a set.

Most often the pair (€, ) will be an ezact category in the sense that € is an additive
category such that there exists an full embedding of € in an abelian category 2, such that
¢ is closed under extensions in 2 and £ consists of the sequences in € which are short exact
in 2.

Any additive category is an exact category if we choose the exact sequences to be the
split exact sequences, but there may be other exact categories with the same underlying
additive category. For instance, the category of abelian groups is an abelian category,
and hence an exact category in the natural way, choosing £ to consist of the short exact

sequences. These are not necessary split, e.g., Z 2.7 =7 /27 is a short exact sequence
which does not split.

The definition of Kj is a case of “additivity”: Kj is a (really the) functor to abelian
groups insensitive to extension issues. We will dwell more on this issue later, when we
introduce the higher K-theories. Higher K-theory plays exactly the same role as K, except
that the receiving category has a much richer structure than Abelian groups.

The choice of £ will always be clear from the context, and we drop it from the notation
and write Ko(€).

Example 1.3.2 1. Let A be a unital ring. If € = P4, the category of finitely generated
projective (left) A modules, with the usual notion of exact sequences, we often write
Ky(A) for Ko(Pa). Note that P4 is split exact, that is, all short exact sequences in
P4 split. Thus we see that we could have defined Ky(A) as the quotient of the free
abelian group on the isomorphism classes in P4 by the relation [P & Q] ~ [P] + [Q)].
It follows that all elements in Ky(A) can be written on the form [F] — [P] where F
is free.
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2. Inside P, sits the category F4 of finitely generated free A modules, and we let
K{(A) = Ky(F4). If A is a principal ideal domain, then every submodule of a
free module is free, and so F4 = P4. This is so, e.g. for the integers, and we
see that Ky(Z) = K{(Z) = Z, generated by the module of rank one. Generally,
K({ (A) — Ky(A) is an isomorphism if and only if every finitely generated projective
module is stably free (P and P’ are said to be stably isomorphic if there is a Q) € 0bF 4
such that P& Q = P’ & @, and P is stably free if it is stably isomorphic to a free
module). Whereas Ky(A x B) = Ky(A) x Ko(B), K/ does not preserve products:
eg. Z = K{(Z x Z), while Ko(Z x Z) = Z x Z giving an easy example of a ring
where not all projectives are free.

3. Note that K does not distinguish between stably isomorphic modules. This is not
important in some special cases. For instance, if A is a commutative Noetherian ring
of Krull dimension d, then every stably free module of rank > d is free (|4, p. 239]).

4. The initial map Z — A defines a map Z — Kg (A) which is always surjective, and
in most practical circumstances an isomorphism. If A has the invariance of basis
property, that is, if A™ = A" if and only if m = n, then Kg (A) = Z. Otherwise,
A =0, or there is an h > 0 and a k£ > 0 such that A™ = A" if and only if either
m =mnor m,n > h and m =n mod k. There are examples of rings with such h and
k for all h,k > 0 (see [69] or [18]): let A, be the quotient of the free ring on the set
{zij,y;i11 <i<h,1<j<h+k} by the matrix relations

[2i;] - [ysi] = In, and [y;i] - [245] = Insk
Commutative (non-trivial) rings always have the invariance of basis property.

5. Let X be a CW complex, and let € be the category of complex vector bundles on X
with exact sequences meaning the usual thing. Then Ky(€) is the K°(X) of Atiyah
and Hirzebruch [2]. Note that the possibility of constructing normal complements,
assure that this is a split exact category.

6. Let X be a scheme, and let € be the category of vector bundles on X. Then Ky(€)
is the K (X) of Grothendieck. This is an example of K of an exact category which
is not split exact.

1.3.3 Geometric example: Wall’s finiteness obstruction

Let A be a space which is dominated by a finite CW complex X (dominated means that

there are maps A ——=X —=A such that ri ~ id,).

Question: is A homotopy equivalent to a finite CW complex?

The answer is yes if and only if a certain finiteness obstruction lying in f(O(Z[mA]) =
ker{K(Z[r A]) — Ko(Z)} vanishes. So, for instance, if we know that Ky(Z[m; A]) vanishes

{IBN}

{subsec: G



roup rings}

b of rings}

22

CHAPTER I. ALGEBRAIC K-THEORY

for algebraic reasons, we can always conclude that A is homotopy equivalent to a finite
CW complex. As for K7, calculations of Ky(Z[r]) are very hard, but we give a short list.

1.3.4 Kj of group rings

1.

If €}, is a cyclic group of order prime order p less than 23, then KO(Z[W]) vanishes.
Ko(Z[Cy3]) = Z/3Z (Kummer, see [86, p. 30]).

2. Waldhausen [127]: If 7 is a free group, free abelian group, or the fundamental group

of a submanifold of the three-sphere, then Ky(Z[r]) = 0.

3. Farrell and Jones [30]: If M is a closed Riemannian manifold with nonpositive sec-

tional curvature, then Ko(Z[m M]) = 0.

1.3.5 Facts about K, of rings

1.

If A is a commutative ring, then Ky(A) has a ring structure. The additive struc-
ture comes from the direct sum of modules, and the multiplication from the tensor
product.

If A is local, then Ky(A) = Z.

Let A be a commutative ring. Define rkq(A) to be the kernel of the (split) surjection
rank: Ko(A) — Z associating the rank to a module. The modules P for which
there exists a () such that P ®4 Q = A form a category. The isomorphism classes
form a group under tensor product. This group is called the Picard group, and is
denoted Picy(A). There is a “determinant” map rko(A) — Pico(A) which is always
surjective. If A is a Dedekind domain (see [4, p. 458-468]) may be reinterpreted as
an isomorphism to the ideal class group CI(A).

Let A be the integers in a number field. Then Dirichlet tells us that rko(A4) =
Picy(A) = CI(A) is finite. For instance, if A = Z[e*™/?] = Z[t]/ '~ #', the integers
in the cyclotomic field Q(e?/P), then Ko(A) = Ko(Z[C,)) (1.3.41.).

If f: B — Ais a surjection of rings with kernel I contained in the Jacobson radical,
rad(B), then Ko(B) — Ky(A) is injective (|4, p. 449]). It is an isomorphism if either

(a) B is complete in the I-adic topology ([4]),
(b) (B, 1) is a Hensel pair ([34]) or

(c) fis split (as Ky is a functor).
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1.3.6 Example from algebraic geometry

(Grothendieck’s proof of the Riemann-Roch theorem. see Borel and Serre [11]) Let X
be a quasiprojective non-singular variety over an algebraically closed field. Let A(X) be
the Chow ring of cycles under linear equivalence with product defined by intersection.
Tensor product gives a ring structure on Ky(X), and Grothendieck defines a natural ring
morphism ch: Ky(X) — A(X) ® Q. For proper maps f: X — Y there are transfer maps
fii Ko(X) — Ko(Y) and the Riemann-Roch theorem is nothing but a quantitative measure
of the fact that ,

Ko(X) — AX)®Q

5| 5|

ch

Ko (Y) — AY)®Q

fails to commute: ch(fi(z))-T(Y) = fi(ch(z)-T(X)) where T'(X) is the value of the Todd
class on the tangent bundle of X.

1.3.7 Number-theoretic example

Let F' be a number field and A its ring of integers. Then there is an exact sequence
connecting K7 and Kj:

0 — s K(A) —— K (F) ——

@mEMaz(A) KO(A/m) - KO(A) - KO(F) — 0

The zeta function of F' is defined for s € C to be

Cr(s) = > A/

I non-zero ideal in A

This series converges for Re(s) > 1, and admits an analytic continuation to the whole
plane. It has a zero of order r = rank(K;(A)) in s = 0, and

. Cp(s) R|Ko(A)or|
lim = —
s—0 5" |Kl (A)tor|

where | —,, | denotes the cardinality of the torsion subgroup, and the regulator R depends
on the map 9 above.

This is related to the Lichtenbaum-Quillen conjecture, which is now confirmed at the
prime 2 due to work of among many others Voevodsky, Suslin, Rognes and Weibel (see
section 0.9 for references and a deeper discussion).

1.4 The Mayer—Vietoris sequence

We have said that Ky(A) got its name before K;(A), and the reader may wonder why one
chooses to regard them as related. Example 1.3.7 provides one reason, but that is cheating.

{subsec:N
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Historically, this was an insight of Bass, who proved that K; could be obtained from K in
analogy with the definition of K*(X) as K°(S*AX) (cf. example 1.3.2.5). This is entailed
by exact sequences connecting the two theories. As an example: if

A —— B
[
c —~2-D

is a cartesian square of rings and ¢ (or f) surjective, then we have a long exact “Mayer—
Vietoris” sequence

Ki(A) — Ki(B) @ Ki(C) —— Ki(D) ——
Ko(A) —— Ko(B) ® Ko(C) —— Ko(D)
However, it is not true that this continues. For one thing there is no simple analogy to
the Bott periodicity K°(S?*AX) = K°(X). Milnor proposed in [86] a definition of K5 (see

below) which would extend the Mayer—Vietoris sequence if both f and g are surjective,
i.e. we have a long exact sequence

K3(A) — Ki(B) @ K3(C) —— K3(D) ——
However, this was the best one could hope for:

Example 1.4.1 Swan [118| gave the following example showing that there exist no functor
K5 giving such a sequence if only g is surjective. Let A be commutative, and consider the
pullback diagram

Al/er 2% 4
atbti (8 g)l Al
TQ(A) L Ax A
where T5(A) is the ring of upper triangular 2 x 2 matrices, g is the projection onto the
diagonal, while A is the diagonal inclusion. As g splits K5(75(A)) @& Ko(A) — Ko(A x A)
must be surjective, but, as we shall see below, K;(A[t]/t?) — K (Tx(A)) & K;(A) is not
injective.
Recall that, since A is commutative, GL;(A[t]/t?) is a direct summand of K;(A[t]/t?).

The element 1+t € A[t]/t? is invertible (and not the identity), but [1+t] # [1] € K, (A[t]/t?)
is sent onto [1] in K (A), and onto

@D~ D)1= (| B0 ~ e sy

where the inner brackets stand for commutator (which is trivial in K7, by definition).
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1.5 Milnor’s Ky(A)

Milnor’s definition of K3(A) is given in terms of the Steinberg group, and turns out to be
isomorphic to the second homology group HyE(A) of the group of elementary matrices.
Another, and more instructive way to say this is the following. The group F(A) is gen-
erated by the matrices ef;, @ € A and 7 # j, and generally these generators are subject
to lots of relations. There are, however, some relations which are more important than
others, and furthermore are universal in the sense that they are valid for any ring: the so-
called Steinberg relations. One defines the Steinberg group St(A) to be exactly the group
generated by symbols zf; for every a € A and i # j subject to these relations. Explicitly:
a b a+b

LijTij = Lij

and
1 ifi#land j#k
[SL’%,SL’Zl] =qay ifi#land j=k
:c,;jb“ ifi=1land j#k
One defines K3(A) as the kernel of the surjection

e +—e?.

St(A) 227 ga),

In fact,
0 — K3(A) —— St(A) —— E(A) —— 0

is a central extension of E(A) (hence K»(A) is abelian), and Hy(St(A)) = 0, which makes
it the “universal central extension” (see e.g. [66]).

The best references for K; ¢ < 2 are still Bass’ [4] and Milnor’s [86] books. Swan’s paper
[118] is recommended for an exposition of what optimistic hopes one might have to extend
these ideas, and why some of these could not be realized (for instance, there is no functor
K3 such that the Mayer—Vietoris sequence extends, even if all maps are split surjective).

1.6 Higher K-theory

In the beginning of the seventies, suddenly there appeared a plethora of competing theories
pretending to extend these ideas into a sequence of theories, K;(A) for i > 0. Some theories
were more interesting than others, and many were equal. The one we are going to discuss
in this paper is the Quillen K-theory, later extended by Waldhausen to a larger class of
rings and categories.

As Quillen defines it, the K-groups are really the homotopy groups of a space K(€). He
gave three equivalent definitions, one by the “plus” construction discussed in 1.6.1 below (we
also use it in section II1.1.3 but for most technical details we refer the reader to appendix
A.1.6), one via “group completion” and one by what he called the Q-construction. That
the definitions agree appeared in [41]|. For a ring A, the homology of the space K(A) is

{sec:High
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nothing but the group homology of GL(A). Using the plus construction and homotopy
theoretic methods, Quillen calculated in [97] K (F,), where F, is the field with ¢ elements.

The advantage of the Q-construction is that it is more accessible to structural consid-
erations. In the foundational article [99] Quillen uses the Q-construction to extend most
of the general statements that were known to be true for Ky and Kj.

However, given these fundamental theorems, of Quillen’s definitions it is the plus con-
struction that, has proven most directly accessible to calculations (this said, very few
groups were in the end calculated directly from the definitions, and by now indirect meth-
ods such as motivic cohomology and the trace methods that are the topic of this book have
extended our knowledge far beyond the limitations of direct calculations).

1.6.1 Quillen’s plus construction

We will now describe a variant of Quillen’s definition of the (connected cover of the)
algebraic K-theory of an associative ring with unit A via the plus construction. We will
be working in the category of simplicial sets (as opposed to topological spaces). The
readers who are uncomfortable with this can consult appendix A1.6, and generally think
of simplicial sets (often referred to as simply “spaces”’) as topological spaces instead. If X
is a simplicial set, H,(X) = H(X;Z) will denote the homology of X with trivial integral
coefficients, and if X is pointed we let H,(X) = H,(X)/H,(x).

Definition 1.6.2 Let f: X — Y be a map of connected simplicial sets with connected
homotopy fiber F. We say that f is acyclic if H.(F) = 0.

We see that the fiber of an acyclic map must have perfect fundamental group (i.e. 0 =
H\(F) = H\(F) = 7, F/[r,F,n,F]). Recall from 1.2.1 that any group 7 has a maximal
perfect subgroup, which we call Pr, and which is automatically normal.

If X is a connected space, X is a space defined up to homotopy by the property that
there exist an acyclic map X — X inducing the projection m(X) — m(X)/Pm(X) =
m (X ™) on the fundamental group. Here Pmy(X) C (X)) is the maximal perfect subgroup.

1.6.3 Remarks on the construction

There are various models for X+, and the most usual is Quillen’s original (originally used
by Kervaire [65] on homology spheres). That is, regard X as a CW complex, and add
2-cells to X to kill Pmy(X), and then kill the noise created in homology by adding 3-cells.
See e.g. [46] for details on this and related issues.

In our simplicial setting, we will use a slightly different model, giving us strict functo-
riality (not just in the homotopy category), namely the partial integral completion of |14,
p. 219|. Just as K, was defined by a universal property for functions into abelian groups,
the integral completion constructs a universal element over simplicial abelian groups (the
“partial” is there just to take care of pathologies such as spaces where the fundamental
group is not quasi-perfect). For the present purposes we only have need for the following
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properties of the partial integral completion, and we defer the actual construction to an
appendix.

Proposition 1.6.4 1. X — X7 is an endofunctor of pointed simplicial sets, and there
is a natural cofibration qx: X — X7,

2. if X is connected, then qx is acyclic, and

3. if X is connected then m (qx) is the projection killing the maximal perfect subgroup
Of 7T1X

Then Quillen provides the theorem we need (for proof and precise simplicial formulation,
see appendix A.1.6.3.1:

Theorem 1.6.5 For X connected, 1.6.4.2 and 1.6.4.3 characterizes X up to homotopy
under X.

The integral completion will reappear as an important technical tool in chapter III.

Recall that the group GL(A) was defined as the union of the GL,(A). Form the
classifying space of this group, BGL(A). Whether you form the classifying space before
or after the limit is without consequence. Now, Quillen defines the connected cover of
algebraic K-theory to be the realization | BGL(A)™| or rather, the homotopy groups,

F(A) = m(BGLAY) ifi>0
T Ko (A) ifi=0"

to be the K-groups of the ring A. In these notes we will use the following notation

Definition 1.6.6 If A is a ring, then the algebraic K-theory space is
K(A) = BGL(A)*"

Now, the Whitehead lemma 1.2.2 tells us that GL(A) is quasi-perfect with commutator
E(A),somK(A) =GL(A)/PGL(A) = GL(A)/E(A) as expected. Furthermore, using the
definition of K5(A) via the universal central extension, it is not too difficult to prove that
the Ky’s of Milnor and Quillen agree [87].

One might regret that this K(A) has no homotopy in dimension zero, and this will
be amended later. The reason we choose this definition is that the alternatives available
to us at present all have their disadvantages. We might take Ky(A) copies of this space,
and although this would be a nice functor with the right homotopy groups, it will not
agree with a more natural definition to come. Alternatively we could choose to multiply
by K({ (A) of 1.3.2.2 or Z as is more usual, but this has the shortcoming of not respecting
products.

fpropipty
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1.6.7 Other examples of use of the plus construction

1. Let ¥, C GL,(Z) be the symmetric group of all permutations on n letters, and let
Yo = lim, oo X,. Then the theorem of Barratt—Priddy—Quillen [114] states that
BYF ~limy_o Q*S*, so m,(BXT) are the stable homotopy groups of spheres.

2. Let X be a connected space whith abelian fundamental group. Then Kan and
Thurston [60] has proved that X is, up to homotopy, a BG™ for some strange group
G. With a slight modification, the theorem can be extended to arbitrary connected
X.

1.6.8 Alternative definition of K(A)

In case the partial integral completion bothers you; for BGL(A) it can be substituted by
the following construction: choose an acyclic cofibration BGL(Z) — BGL(Z)" once and
for all (by adding particular 2 and 3 cells), and define algebraic K-theory by means of the
pushout square

BGL(Z) —— BGL(A)

BGL(Z)* —— BGL(A)"
This will of course be functorial in A, and it can be verified that it has the right
homotopy properties. However, at one point (e.g. in chapter I11.) we will need functoriality
of the plus construction for more general spaces. All the spaces which we will need in these

notes can be reached by choosing to do our first plus not on BGL(Z), but on BAs. See
appendix A.1.6.4 for more details.

1.7 Some of the results prior to 1990
1. Quillen [97]: If F, is the field with ¢ elements, then

v/ if i =0
Ki(F)=<Z/(¢ —1)Z ifi=2j—1.
0 ifi=2j>0

If F, is the algebraic closure of F,, then

y/ ifi=0
Ki(F,) =< Q/Z[1/p] ifi=2j—1.
0 if i =25>0

The Frobenius automorphism ®(a) = a? induces multiplication by p' on Ky (F,),
and the subgroup fixed by ®* is Ky;_1(F ).
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2. Suslin [115]: “The algebraic K-theory of algebraically closed fields only depends on
the characteristic, and away from the characteristic it always agrees with topological
K-theory”. More presicely:

Let F' be an algebraically closed field. K;(F') is divisible for ¢ > 1. The torsion
subgroup of K;(F) is zero if i is even, and

Q/Z[1/p] if char(F)=p>0
Q/Z if char(F) =0

if 7 is odd. (see [117] for references.)

On the spectrum level Suslin’s results are: If p is a prime different from the charac-
teristic of F, then
K(F), ~ ku,

(ku is complex K-theory and 7, is p-completion) and if p is the characteristic of F,
then
K(F),~ HZ,.

3. e Ky(Z) =12,
o K\(Z)=17/2Z,
o Ky(Z) = Z/2Z,
o K3(Z) =7Z/48Z, (Lee-Szczarba [70]).

4. Borel [10]: Let A be the integers in a number field F' and n; the order of the vanishing

of the zeta function
Cr(s)= > A/

I ideal in A
at s =1—7. Then
£ 0
rank K;(A) = 0 IZ j.>0
n; ifi=2j-1
ex: If A=7, then
1 ifj=2k—-1>1
n; = .
0 otherwise

Furthermore, Quillen [98] proves that the groups K;(A) are finitely generated.

5. [91] Let A be a perfect ring of characteristic p (meaning that the Frobenius homo-
morphism a — a? is an isomorphism), then K;(A) is uniquely p-divisible for i > 0.

6. Gersten [35]/Waldhausen [127]: If A is a free ring, then K(A) ~ K(Z).

7. Barratt-Priddy-Quillen [114]: the K-theory of the category of finite sets is equivalent
to the sphere spectrum.
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8. Waldhausen [127]: If G is a free group, free abelian group, or the fundamental group
of a submanifold of the three-sphere, then there is a spectral sequence

Eyq = Hy(G; Ky(2)) = Kpiq(Z]G))

9. Waldhausen [126]: The K-theory (in his sense) of the category of retractive spaces
over a given space X, is equivalent to the product of the suspension spectrum of X
and the differentiable Whitehead spectrum of X.

10. Goodwillie [39]: If A — B is a surjective map of rings such that the kernel is nilpotent,
then the relative K-theory and the relative cyclic homology agree rationally:

Ki(A—B)@Q=HC1(A— B)®Q.

11. Suslin/Panin:
K(Z,) =~ holim K(Z/p"Z)™

where ~ denotes profinite completion.

1.8 Conjectures and such

1.9 Recent results

Lichtenbaum-Quillen and all the calculations using 7'C'.

1.10 Where to read

Two very readable surveys on the K-theory of fields and related issues are [43] and [117].
The survey article [89] is also highly recommended. For the K-theory of spaces see [131].
Some introductory books about higher K-theory exist: [5], [112], [104] and [56], and a
new one (which looks very promising to me) is currently being written by Weibel [133].
The “Reviews in K-theory 1940-84” [81], is also helpful (although with both Mathematical
Reviews and Zentralblatt on the web it has lost some of its glory).

2 The algebraic K-theory spectrum.

Ideally, the so called “higher K-theory” is nothing but a reformulation of the idea behind
Ky: the difference is that whereas K, had values in Abelian groups, K-theory has values
in spectra. For convenience, we will follow Waldhausen and work with categories with
cofibrations (see 2.1 below). When interested in the K-theory of rings we should, of course,
apply our K-functor to the category P4 of finitely generated projective modules. The
projective modules form a special example of what Quillen calls an exact category (see
1.3), which again is an example of a category with cofibrations.
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There are many definitions of K-theory, each with their own advantages and disadvan-
tages. Quillen started off the subject with no less than three: the plus construction, the
group completion approach and the “Q”-construction. Soon more versions appeared, but
luckily most turned out to be equivalent to Quillen’s whenever given the same input. We
will eventually meet three: Waldhausen’s “S”-construction which we will discuss in just a

moment, Segal’s [-space approach (see chapter 11.3), and Quillen’s plus construction (see
1.6.1 and A.1.6).

2.1 Categories with cofibrations

The source for these facts is Waldhausen’s [131] from which we steal indiscriminantly. That

a category is pointed means that it has a chosen zero object 0 which is both initial and
final.

Definition 2.1.1 A category with cofibrations is a pointed category C together with a
subcategory coC satisfying

1. all isomorphisms are in coC

2. all maps from the zero object are in coC

3. if A— B € coC and A — C € C, then the pushout
A B

| |

C — ClI4B
exists, and the lower horizontal map is in coC.

We will call the maps in coC simply cofibrations. Cofibration may occasionally be
written —. A functor between categories with cofibrations is exact if it is pointed, takes
cofibrations to cofibrations, and preserves the pushout diagrams in 3.

Example 2.1.2 (The category of finitely generated projective modules.) Let A be

a ring (unital and associative as always) and let M 4 be the category of all A modules. We
will eventually let K-theory of the ring A be the K-theory of the category P4 of finitely
generated projective right A-modules. The interesting structure of P4 as a category with
cofibrations is to let the cofibrations be the injections P’ — P in P4 such that the quotient
P/P'is also in P4. That is, if P’ — P € P, is a cofibration if it is the first part of a short
exact sequence

0—=P —P—>P' —0

of projective modules. In this case the cofibrations are split, i.e., to any cofibration f: P’ —
P there exist g: P — P’ in P4 such that gf = idp:.

{subsec:c:

{Def:

{Def:
{Def:

{Def:

cate

cate

cate

cate
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A ring homomorphism f: B — A induces a pair of adjoint functors

_®BA
Mp 2 My
f*

where f* is restriction of scalars. The adjunction isomorphism
Ma(Q®p A,Q) = Mp(Q, Q')

is given by sending L: Q®p A — Q' to ¢ — L(g®1). When restricted to finitely generated
projective modules — ® 5 A induces a map Ky(B) — Ky(A) making K, into a functor.

Usually authors are not too specific about their choice of P4, but unfortunately this may
not always be good enough. For one thing the assignment A — P, should be functorial,
and the problem is the annoying fact that if

AL .p_9.¢

are maps of rings, then (M ®4 B)®p5C and M ® 4 C' are generally only naturally isomorphic
(not equal).
So whenever pressed, P4 is the following category.

Definition 2.1.3 Let A be aring. The category of finitely generated projective A-modules
P2 is the following category with cofibrations. Its objects are the pairs (m, p), where m is
a nonnegative integer and p = p?> € M,,(A). A morphism (m,p) — (n,q) is an A-module
homomorphism im(p) — im(q). A cofibration is a split monomorphism.

Since p? = p we get that im(p) C A™ 2, im(p) is the identity, and im(p) is a finitely
generated projective module, and any finitely generated projective module in M 4 is iso-
morphic to some such image, and so the full and faithful functor P4, — M, sending
(m,p) to im(p) displays P, as a category equivalent to the category of finitely generated
projective objects in M 4. Note that for any morphism a: (m,p) — (n,q) we may define

Tq: AT — im(p) —— im(q) C A",

and we get that x, = z,p = qx,. In fact, when (m,p) = (n, q), you get an isomorphism of
rings
Pa((n,p), (n,p)) = {y € Mu(A)ly = yp = py}

via a — x,, with inverse

y = {im(p) C A" —— A" —— im(p)}-
Note that the unit in the right side ring is the matrix p.
If f: A — B is a ring homomorphism, then f,: P4 — Pp is given on objects by
fe(m,p) = (m, f(p)) (f(p) € M,,(B) is the matrix you get by using f on each entry in
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p), and on morphisms a: (m,p) — (n,q) by fi(a) = f(2a)|im(rp)), Which is well defined as
f(za) = f(@)f(xq) = f(xa)f(p). There is a natural isomorphism between

P M, M—M® 4B M
and
Py —Ls Py M-

The assignment A — P, is a functor from rings to exact categories.

Example 2.1.4 (The category of finitely generated free module) Let A be a ring.
To conform with the strict definition of P4 in 2.1.3, we define the category F4 of finitely
generated free A-modules as the full subcategory of P4 with objects of the form (n,1),
where 1 is the identity A™ = A™. The inclusion F4 C P, is “cofinal” in the sense that
given any object (n,p) € obPy4 there exists another object (m, q) € 0bP4 such that (m, q) ®
(n,p) = (m+n,q®p) is isomorphic to a free module. This will have the consequence that
the K-theories of F4 and P4 only differ at K.

2.1.5 K, of categories with cofibrations

If C is a category with cofibrations, we let the “short exact sequences” be the cofiber
sequences ¢ — ¢ — ¢, meaning that ¢ ~ ¢ is a cofibration and the sequence fits in a

pushout square
d —— ¢

Lo

O SN C//
This set is the set of objects of a category which we will call S5C. The maps are commutative

diagrams
/ /!

c c c
I
d d d"

Note that we can define cofibrations in S>C too: a map like the one above is a cofibration
if the vertical maps are cofibrations and the map from ¢ ][, d’ to d is a cofibration.

Lemma 2.1.6 With these definitions SsC is a category with cofibrations.

Proof:  Firstly, we have to prove that a composite of two cofibrations

/ Z

c c c
[
d d d"
[
e e e’

{Def : fgf}

{lem:$S_2
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again is a cofibration. The only thing to be checked is that the map from c¢][. €’ to eis a
cofibration, but this follows by 2.1.1.1. and 3. since

cHe’%cHd’He’HdHe’He
o &

c d’

The axioms 2.1.1.1 and 2.1.1.2 are clear, and for 2.1.1.3 we reason as follows. Consider the
diagram
d/

T

/

I
l

d//

I

/

J |

/ "

(& (&

where the rows are objects of S3C and the upwards pointing maps constitute a cofibration
in S5C. Taking the pushout (which you get by taking the pushout of each column) the
only nontrivial part of 2.1.1.3. is that we have to check that (¢/[[,d')[[,d — e]].dis a
cofibration. But this is so since it is the composite

(e'Hd’)Hd%e'HdH(e'Hc)HdﬁeHd

and the last map is a cofibration since €' [, ¢ — e is. 1
There are three important functors

d(), dl, d2 : SQC —C
sending a sequence ¢ = {¢’ — ¢ — "} to do(c) = ”, di(c) = ¢ and dy(c) = (.

Lemma 2.1.7 The functors d;: SoC — C are all exact.

Proof:  See [131, p. 323]. '

We now give a reformulation of the definition of K. We let myiC be the set of isomor-
phism classes of C. That a functor F' from categories with cofibrations to abelian groups
is “under mg7” then means that it comes equipped with a natural map myiC — F'(C), and a
map between such functors must respect this structure.

Lemma 2.1.8 K is the uniwersal functor F' under mgt to abelian groups satisfying addi-
tivity, i.e., such that the natural map

(do,d2)
-

F(S5C) F(C) x F(C)

s an 1somorphism.
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Proof: First one shows that K| satisfies additivity. Consider the splitting Ko(C) x Ko(C) —
K(52C) which sends ([a], [b]) to [a — a V b — b]. We have to show that the composite

KQ(SQC) M Ko(C) X Ko(C) — Ko(SQC)
sending (@' — a — "] to [/ — ' Vd" — d"| =[d =d — 0]+ [0 — o’ = d"] is the

identity. But this is clear from the diagram

/

a

/

a/
a — a —
a//

0
a//

a//

|

0
in S955C. Let F' be any other functor under myi satisfying additivity. By additivity the
function m(iC) — F(C) satisfies the additivity condition used in the definition of K in
1.3.1; so there is a unique factorization my(iC) — Ky(C) — F(C) which for the same reason
must be functorial. 1

The question is: can we obtain deeper information about the category C if we allow
ourselves a more fascinating target category than abelian groups? The answer is yes. If
we use a category of spectra instead we get a theory — K-theory — whose homotopy groups
we have already seen some of.

2.2 Waldhausen’s S construction

We now give Waldhausen’s definition of the K-theory of a category with (isomorphisms
and) cofibrations. (According to Waldhausen, the “S” is for “Segal” as in Graeme B.
Segal. According to Segal his construction was close to the “block-triangular” version
given for additive categories in 2.2.4 below. Apparently, Segal and Quillen were aware of
this construction even before Quillen discovered his Q-construction, but it was not before
Waldhausen reinvented it that it became apparent that the S-construction was truly useful.
In fact, in a letter to Segal [96], Quillen comments: “... But it was only this spring that I
succeeded in freeing myself from the shackles of the simplicial way of thinking and found
the category Q(B)”.)

For any category C, the arrow category ArC (not to be confused with the twisted arrow
category T'C used sometimes), is the category whose objects are the morphisms in C, and
where a morphism from f: a — b to g: ¢ — d is a commutative diagram in C

a —— C

(.

Consider the ordered set [n] = {0 <1 < --- <n} as a category, and consider the arrow
category Ar[n].



36 CHAPTER I. ALGEBRAIC K-THEORY

{Def:IIWa
Definition 2.2.1 Let C be a category with cofibrations. Then SC = {[n] — S,C} is
the simplicial category which in degree n is the category S,C of functors C': Ar[n] — C
satisfying the following properties

1. For all j > 0 we have that C(j = j) = 0 (the preferred null object in C)

2. ifi <j <k, then C(i < j) — C(i < k) is a cofibration, and

is a pushout.
To get one’s hand on each S,C, think of the objects as strings
Cor — Coz — ... — Cpy,

with compatible choices of cofibers C;; = C;/C;, or equivalently as triangles

Coi Co2 Cos ce Con-1 Con
Clg Clg e Cl,n—l Cln
Cas e Com—1 Can

Cn—2,n—1 e Cn—2,n

C1n—1,n

with horizontal arrows cofibrations and every square a pushout (the null object is placed
in the corners below the diagonal).
The first thing one should notice is that

Lemma 2.2.2 There is a natural isomorphism Ky(C) = m(0bSC).
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Proof:  Since obviously 0bSyC is trivial, m1(0bSC) is the quotient of the free group on the
pointed set 0bC = 0bS;C by the relation that [¢/] = [¢"]7[¢] for every ¢ — ¢ — " € 0bS5C
(this uses the Kan loop group description of the fundamental group of a space with only

one zero simplex, see the appendix A.1.1.9). An isomorphism ¢ =, ¢ can be considered
as an element ¢ — ¢ — 0 € 0bS5C, and so [¢/] = [¢]. Since we then have that

[Cl] [C//] — [C// \/ C/] — [C/ \/ C//] — [C//] [C/]

we get an abelian group, and so Ky(C) is the quotient of the free abelian group on the
isomorphism classes of C by the relation [¢/] 4+ [¢"] = [¢], which is just the formula arrived
at in 1.3 1

Thus we have that Ky(A) = Ky(Pa) is the fundamental group of 0bSP, if we choose the
cofibrations to be the split monomorphisms, and it can be shown that K;(A) is m;11(0bSP4)
for the other groups we discussed in the introduction (namely ¢ = 1 and i = 2).

2.2.3 Additive categories

Recall that an Ab-category [79] is a category where the morphism sets are abelian groups
and where composition is bilinear (also called linear category). An additive category is an
Ab-category with all finite products.

Let € be an additive category, regarded as a category with cofibrations by letting the
cofibrations be the split inclusions. With this choice we call € a split ezact category.

In these cases it is easier to see how the S-construction works. Note that if

c= (00,17 ey i1y e 7Cn—1,n)
is a sequence of objects, then the sum diagram ,,c with
1% ij — @ Ck—1,k

i<k<j

and maps the obvious inclusions and projections, is an element in S,&. Since € is split
exact every element of S, € is isomorphic to such a diagram. Maps between two such sum
diagrams can be thought of as upper triangular matrices:

Definition 2.2.4 Let C be an Ab-category. For every n > 0, we define T,,C — the n x n
upper triangular matrices on C — to be the category with objects 0obC™, and morphisms

T.C((c1, .- ca), (dr, - dn)) = €D Cleid;

1<j<i<n

with composition given by matrix multiplication

Lemma 2.2.5 Let € be additive. Then the assignment 1, given in the discussion above
defines a full and faithful functor

e T,€ — S,€

which is an equivalence of categories since € is split

{Def:$T_n

{lem:T=S}
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2.3 The equivalence 0bSC — BiSC

An amazing — and very useful — property about the simplicial set of objects of the S-
construction is, considered as a functor from categories with cofibrations to simplicial sets,
it transforms natural isomorphisms to homotopies, and so is invariant up to homotopy to
equivalences of categories.

This is reminiscent to the classifying space construction, but slightly weaker in that the
classifying space takes all natural transformations to homotopies, whereas 0bS only does
this to natural isomorphisms.

Assume all categories are small. If C is a category, then ¢C C C is the subcategory with
all objects, but only isomorphisms as morphisms.

For every n > 0, regard [n] = {0 < 1 < --- < n} as a category (if a < b there is a unique
map a < b), and maps in A as functors (hence we may regard A as a full subcategory of
the category of small categories). The classifying space (or nerve) of a small category C is
the space (simplicial set) BC defined by

lq] — B,C = {cy 1 -+« ¢, € C} = {functors [¢] — C}.

Note that Blg] = Alg]. The standard fact that natural transformations induce homotopies
come from the fact that a natural transformation is the same as a functor C x [1] — D,
and B(C x [1]) 2 BC x B[1] = BC x A[l]. (see appendix A.1.1.5 for related topics).

Lemma 2.3.1 [If
f,9:C—D

are isomorphic exact functors, then they induce homotopic maps
0bSC — obSD.
Hence C +— 0bSC sends equivalences of categories to homotopy equivalences of spaces.
Proof:  (the same proof as in [131, 1.4.1]). We define a homotopy
H: 0bSC x B[l] —— 0bSD
as follows. Regard the isomorphism f = g as a functor F': C x [1] — D. Let c¢: Arjn| — C
be an object of S,C, and ¢ € B,[1] = A([n],[1]). Then H(c, ¢) is the composite
Arfn] —— Ar[n] x [n] <2 ex 1] -2 D

where the fist map sends 7 < j to (i < j,7). This is an element in S, D since f = ¢ is an
isomorphism. [

Corollary 2.3.2 IftC C iC is a subcategory of the isomorphisms containing all objects,
then the inclusion of the zero skeleton is an equivalence

0bSC —— BtSC

where tS,C C S,C is the subcategory whose morphisms are transformations coming from

tC.
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Proof: This follows by regarding the bisimplicial object

([Pl [g] = BytSyC}

as 0bS;N,(C,tC), where N, (C,tC) is a full subcategory of the category N,C of functors
[p] — C and natural transformations between these. The objects of N, (C, tC) are the chains
of maps in C, i.e., 0bN(C,tC) = B)tC.

Consider the functor C — N,(C,tC) given by sending ¢ to the chain of identities on
¢ (here we need that all identity maps are in ¢C). It is an equivalence of categories. A
splitting being given by e.g., sending ¢y < - - - < ¢, to ¢p: the natural isomorphism to the
identity on N,(C,tC) being given by

1 [e%) as Qp

a
Co C1 Co A i &)
H a1l oz1oz2J/ 061062---04pl .
Co Co Co c. Co

Considering 0bSC — BtSC as a map of bisimplicial spaces, we see that by 2.3.1 it is a
homotopy equivalence

0bSC = 0bSNy(C, tC) — 0bSN,(C,tC) = B,tSC

in every degree, and so by A.1.5.0.2 a weak equivalence of diagonals. [

2.3.3  Additivity

The fundamental theorem of the S-construction is the additivity theorem. For proofs we
refer the reader to [131] or [83]. This result is actually not used explicitly anywhere in
these notes, but it is our guiding theorem for all of K-theory. In fact, it shows that the S-
construction is a true generalization of K, giving the same sort of universality for K-theory
considered as a functor into spectra (see below).

Theorem 2.3.4 Let C be a category with cofibrations. The natural map
0bS(S2C) — 0bS(C) x 0bS(C)

18 a weak equivalence. [

2.4 The spectrum

Continuing where lemma 2.1.6 and 2.1.7 left off, one checks that the definition of SC
guarantees that it is in fact a simplicial category with cofibrations.
To be precise,

{additivi
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Definition 2.4.1 Let C be a category with cofibrations. A cofibration ¢ — d € S,C is a
map such that for 0 < ¢ < g the maps

coi — do;

and

dO,i—l H coi — do;

C0,i—1

are all cofibrations.

Note that if ¢ =— d is a cofibration then it follows that all the maps ¢;; — d;; are
cofibrations.

This means that we may take S of each S,C, and in this way obtain a bisimplicial
object SSC, and by iteration, a sequence of (multi)-simplicial objects S™+1C = SSm)C.

Recall that a spectrum is a sequence of pointed spaces, m — X,,, m > 0, together with
maps S'AX,, — X,+1. See appendix A.1.2 for further development of the basic properties
of spectra, but recall that given a spectrum X, we define its homotopy groups as

7TqX = li_r)nwaquk
k

(where the colimit is taken along the adjoint of the structure maps. A map of spectra
f: X — Y is a pointwise equivalence if f,: X,, — Y, is a weak equivalence for every n,
and a stable equivalence if it induces an isomorphism 7, (f): m.X — 7.Y.

We will study another model for spectra much closer in chapter II. Morally, spectra
are beefed up versions of chain complexes, but in reality they give you much more.

Note that SoC = %, i.e., SC is reduced. If we consider the space 0bSC it will also be
reduced, and the inclusion of the 1-skeleton 0bS;C = 0bC gives a map

S*AobC — 0bSC
This means that the multi-simplicial sets

(m)p _
m — obS\""C = obS...SC

m times

form a spectrum after taking the diagonal.

A consequence of the additivity theorem 2.3.4 is that this spectrum is almost an “€)-
spectrum”™ more precisely the adjoint maps 0bS™C — QobS™TC are equivalences for
all m > 0. We won’t need this fact.

Let for any category D C D be the subcategory with the same objects, but with only
the isomorphisms as morphisms. As before, we get a map S'ABiC — BiSC, and hence
another spectrum m — BiS™C.

For each n the degeneracies induce an inclusion

obS™¢C = ByiS"™¢ — BiS™¢
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giving a map of spectra. That the two spectra are pointwise equivalent (that is, the maps
0bS™C = ByiS™C — BiS™C are all weak equivalences of spaces) follows from corollary
2.3.2.

Definition 2.4.2 Let C be a category with cofibrations. Then
K(C) = {m — 0bS™(C}

is the K-theory spectrum of C (with respect to the isomorphisms).

In these notes we will only use this definition for categories with cofibrations which are
Ab-categories. Exact categories are particular examples of Ab-categories with cofibrations,
and we will never need the further restrictions in the definition of exact categories, even
though we will give all statements for exact categories only.

The additivity theorem 2.3.4 can be restated as a property of the K-theory spectrum:
The natural map

K(S:C) —— K(C) x K(C)

is a pointwise equivalence (i.e.,
0bS™(95C) ——— SM(C) x 0bS™(C)

is a weak equivalence for all n). One should note that the claim that the map is a stable
equivalence follows almost automatically by the construction (see [131, 1.3.5]).

Definition 2.4.3 (K-theory of rings) Let A be a ring (unital and associative as al-
ways). Then we define the K-theory of A, K(A), to be K(P4), the K-theory of the
category of finitely generated projective right A-modules.

K-theory behaves nicely with respect to “cofinal” inclusions, see e.g., [113|, and we cite
the only case we need: the inclusion 4 C P4 induces a homotopy fiber sequence of spectra

K(F4) —— K(Pa) —— H(Ko(A)/K{(A))

where H (M) is the Eilenberg-MacLane spectrum of an abelian group M (a spectrum whose
only nonzero homotopy group is Ko(A)/K{(A) in dimension zero. See section IL1 for a
construction). Hence the homotopy groups of K(F4) and K(A) = K(P4) coincide in
positive dimensions.

2.5 K-theory of split radical extensions

Recall that if B is a ring, the Jacobson radical rad(M) of an B-module M is the intersection
of all the kernels of maps from M to simple modules [4, p. 83]. Of particular importance
to us is the case of a nilpotent ideal I C B. Then I C rad(B) since 1+ I consists of units.

We now turn to the very special task of giving a suitable model for K(B) when f: B —
A is a split surjection with kernel I contained in the Jacobson radical rad(B) C B. We
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have some low dimensional knowledge about this situation, namely 1.2.3. and 1.3.2.5. which
tell us that Ko(B) = Ky(A) and that the multiplicative group (1 4+ I)* maps surjectively
onto the kernel of K;(B) — Ky(A). Some knowledge of K5 was also available already in
the seventies (see e.g., [22] [125] and [77])

We use the strictly functorial model explained in 2.1.3 for the category of finitely
generated projective modules P4 where an object is a pair (m,p) where m is a natural
number and p € M,, A satisfies p? = p.

Lemma 2.5.1 Let f: B — A be a split surjective k-algebra map with kernel I, and let
j: A — B be a splitting. Let ¢ = (m,p) € Pa and P = im(p), and consider Pg(j.c, j.c)
as a monoid under composition. The kernel of the monoid map

f*: PB(j*Caj*C) - PA(f*j*C7 *.]*C) = PA(C7 C)

is isomorphic to the monoid of matrices v = 1 +y € M,,(B) such that y € M,I and
y = yj(p) = j(p)y. This is also naturally isomorphic to the set M a(P, P @4 j*I). The
monoid structure induced on Ma(P, P ®4 j*I) is given by

a-f=1+a)o(l+p8)—1=a+F+aocf

for a, 8 € Mu(P,P ®4 I) where ao 3 is the composite

a®l multiplication in I

P—L o po,l 2 P Iosl

P®yl

Proof: Identify Pg(j.c, j«c) as the matrices © € M,,(B) such that x = zj(p) = j(p)z and
likewise for P4(c, ¢). The kernel consists of the matrices x for which f(x) = p (the identity!),
that is the matrices of the form j(p) + y with y € M,,(I) such that y = yj(p) = j(p)y. As
sets this is isomorphic to the claimed monoid, and the map j(p) + y — 1 + y is a monoid

isomorphism since (j(p) +y)(i(p) +2) = j(p)* +yi(p) +i(p)2 +y2 =) +y+ 2z +yz
l+y+z+yz=(14y)(1+ z). The identification with M 4(P, P ®4 j*I) is through the
composite
Homa(P, P ®,4 5°I) 2Homu(P,j*(P ©4 1)) = Homg(P ©4 B, P®4 1)
=149 Homp(P @4 B, P ®4 B)
=Homp(im(j(p)),im(j(p))) = Pp(jxc, jxc)

where the last isomorphism is the natural isomorphism between

PAL)PB—>MB

and

Pa —— My —2% My
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Lemma 2.5.2 In the same situation as the preceding lemma, if I C Rad(B), then the
kernel of
f*: PB(.j*Ca.j*C) - PA(Q C)

18 a group.
Proof: Suslin ICM86 To see this, assume first that P = A™. Then
Ma(P,P®4I)= M,I C M,(rad(B)) = rad(M,(B))

(we have that M, (rad(B)) = Rad(M,(B)) since Mpg(B",—) is an equivalence from B-
modules to M, (B)-modules, [4, p. 86]), and so (1 + M,(I))* is a group. If P is a direct
summand of A" say A" = P® @, and o € M4(P, P ®4 I), then we have a diagram

14+«

PeasB —— P®uB

J J

An @, B Y ung B

where the vertical maps are split injections. By the discussion above 1+ («, 0) must be an
isomorphism, forcing 1 + a to be one too. [

All the above holds true if instead of considering module categories, we consider the
S construction of Waldhausen applied n times to the projective modules. More precisely,
let now ¢ be some object in S,(,")PA. Then the set of morphisms S,(,")MA(C, c®a ) is still
isomorphic to the monoid of elements sent to the identity under

SSVP(juc, juc) —Lm STUPa(c, )

and, if I is radical, this is a group. We will usually suppress the simplicial indices and
speak of elements in some unspecified dimension.

Definition 2.5.3 We need a few technical definitions. Let

0 I B 1.4 0

be a split extension of k-algebras with I C Rad(B), and choose a splitting j: A — B of f.
Let tPp C Pp be the subcategory with the same objects, but with morphisms only the
endomorphisms taken to the identity by f.. Note that, since I C rad(B), all morphisms
in tPp are automorphisms.
Let
S Pp C iSSPy

be the subcategory with the same objects, but with morphisms transformations of diagrams
in SSH)PB consisting of morphisms in tPg.
Consider the sequence of (multi) simplicial exact categories n +— D} B given by

obD"% B = 0bS™ P, and D% B(c,d) = S™Pg(j.c, j.d)

{def :Dand]
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Let tD} B C D’} B be the subcategory containing all objects, but whose only morphisms are
the automorphisms S™ M 4(c,c®4 1) considered as the subset {b € S™Pg(j.c, j.c)|f.b =
1} € D4 B(c,c).
We set
KiB={n—BD3B=[[ B(S"Ma(mmeal))} (2.5.3)
meS(M Py

where the bar construction is taken with respect to the group structure.

Recall that in the eyes of K-theory there really is no difference between the special
type of automorphisms coming from ¢ and all isomorphisms since by corollary 2.3.2 the
inclusions

obS™ Py C BtS™M Py C BiS™M Py

are both weak equivalences.

Note that D’} B depends not only on I as an A bimodule, but also on the multiplicative
structure it inherits as an ideal in B. We have a factorization

smp, I prp T, gmpy
where ji is the identity on object, and j, on morphisms, and jy is the fully faithful functor

sending ¢ € obtD B = 0bS™P, to j,c € 0bS™ Py (and the identity on morphisms). We
see that K4 B is a subspectrum of {n +— BiS™Pg} via

tDYB —— tSMPy CiSMPy

Theorem 2.5.4 Let f: B — A be a split map of k-algebras with splitting j and kernel
I C Rad(B). Then

DB LN SMW Py, and its restriction tD B LN tSM Py
are (degreewise) equivalences of simplicial exact categories, and so the chain
KaB(n) = BtD%B C BtS™Pg 2 0bS™Py = K(B)(n)

consists of weak equivalences.

Proof: To show that
DiB . spy

is an equivalence, all we have to show is that every object in S™Pp is isomorphic to
something in the image of jx. We will show that ¢ € S WPy is isomorphic to j, fic =

j#(j!f*c)'

{def :KAB}
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Let ¢ = (m,p) € obPg, P =im(p). Consider the diagram with short exact columns

m(p) - I == —=im(jf(p)) -1

im(p) - — == =im(j f(p))

F
m(f(p)) == f*im(fjf(p))

Since im(p) is projective there exist a (not necessarily natural) lifting 7,. Let C' be the
cokernel of 7,. A quick diagram chase shows that C'-I = C. Since im(f(p)), and hence C,
is finitely generated Nakayama’s lemma tells us that C' is trivial. This implies that 7, is
surjective, but im(f(p)) is also projective, so 1, must be split surjective. Call the splitting
€. Since me = 7'n,e = 7’ the argument above applied to e shows that € is also surjective.
Hence 7, is an isomorphism. Thus, every object ¢ € 0bPp is isomorphic to j.(f.c).

Let ¢ € 0bS™Py. Then ¢ and j, f.c are splittable diagrams with isomorphic vertices.
Choosing isomorphisms on the “diagonal” we can extend these to the entire diagram, and
so ¢ and J, f.c are indeed isomorphic as claimed, proving the first assertion.

To show that

tD"B — tSMpy
is an equivalence, note first that this functor is also fully faithful. We know that any
c € obtS™M Py = 0bS™ Py is isomorphic in S™Pg to j,f.c, and the only thing we need
to show is that we can choose this isomorphism in t. Let ¢: ¢ — j,f.c € iS™ Py be any
isomorphism. Consider

L . . . j*f*(bil) .
cC —— ]*f*czj*f*j*f*c R j*f*C

Since fi(jufe(t™)0r) = fult™') 0 fi(r) = 1y, the composite j, f.(¢:7!) o is an isomorphism
in tSYP from c to ju(jifec). [
We set

Definition 2.5.5
KiB=KiB/K(A)={n— \/ B(S"Malm,meal))}
mesm P,
and theorem 2.5.4 says that
K,B —— K(B)/K(A)

is a (pointwise) equivalence of spectra. The latter spectrum is stably equivalent to the
fiber of K(B) — K(A). To see this, consider the square

K(B) — K(A)

| !

K(B)/K(A) ——

{def:tild
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It is a (homotopy) cocartesian square of spectra, and hence (homotopy) cartesian. (In
spectrum dimension n this is a cocartesian square, and the spaces involved are at least
n — 1 connected, and so all maps are n — 1 connected. Then Blakers-Massey A.1.10.0.8
tells us that it is (n — 1) + (n — 1) — 1 = 2n — 3 (homotopy) cartesian.) This means
that the (homotopy) fiber of the upper horizontal map maps by a weak equivalence to the
(homotopy) fiber of the lower horizontal map.

2.5.6 ‘“Analyticity properties” of K,(B)

Although we are not using the notion of calculus of functors in these notes, we will in many
cases come quite close. The next lemma, which show how K 4(B) behaves under certain
inverse limits, can be viewed as an example of this. A twist, which will reappear later is
that we do not ask whether the functor turns “cocartesianness” into “cartesianness”, but
rather to what extent the functor preserves inverse limits. The reason for this is that in
many cases the coproduct structure of the source category can be rather messy, whereas
some forgetful functor tells us exactly what the limits should be.

Let A be the category of split radical extensions over a given ring A. The category s.A
of simplicial objects in A then inherits the notion of k-cartesian cubes via the forgetful
functor down to simplicial sets. By “final maps” in an n cube we mean the maps induced
from the n inclusions of the subsets of cardinality n—11in {1,...,n}. If AXP € sA it makes
sense to talk about K(A x P) by applying the functor in every degree, and diagonalizing.

For the basics on cubes see appendixA.1.10.

Lemma 2.5.7 Let A X P be a strongly cartesian n-cube in sA such all the final maps are
k connected. Then K(A x P) is (14 k)n cartesian.

Proof: Fix ¢, p = (p1,...,p,) and ¢ € obSPP,. The cube S Ma(c,c ®4 P) is also
strongly cartesian (it is so as a simplicial set, and so as a simplicial group), and the final
maps are still £ connected. Taking the bar of this gives us a strongly cartesian cube
V(c) = BSSY M a(c,c®4 P), but whose final maps will be k + 1 connected. By ref(?) this
means that Y(c) will be (k4 2)n — 1 cocartesian. The same will be true for

IT »o

ceobSSI P,

Varying p and remembering that each multi-simplicial space is ¢ reduced in the p direction,
we see that the resulting cube is ¢+ (k+2)n—1 cocartesian. Varying also ¢ this means that
the cube of spectra K(AxP) is (k+2)n—1 cocartesian, or equivalently (k+2)n—1—(n—1) =
(k + 1)n cartesian. '

The importance of this lemma will become apparent as we will approximate elements
in A by means of cubical diagrams in s.A where all but the initial node will be “reduced”
in the sense that the zero skeletons will be exactly the trivial extension A = A.
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2.6 Categories with cofibrations and weak equivalences

The definition above does not cover more general situations where we are interested in
incorporating some structure of weak equivalences, e.g., simplicial rings. Waldhausen [131]
covers this case also, and demands only that the category of weak equivalences wC C C
contains all isomorphisms and satisfy the gluing lemma, that is, if the left horizontal maps
in the commutative diagram

d —~ ¢ — e

! l !

d/ — c/ SN e/

are cofibrations and the vertical maps are weak equivalences, then the induced map
d[Ja—d]]¢
c c

is also a weak equivalence. In this case SC inherits a subcategory of weak equivalences,
wSC satisfying the same conditions by declaring that a map is a weak equivalence if it is
on all nodes. We iterate this construction and define

K(C,w) = {m — BwS™¢}. (2.6.0)

Corollary 2.3.2 then says that
K(C) — K(C,i)

is an equivalence of spectra.

One should note that there really is no need for the new definition, since the old covers
all situations by the following situations. If we let N,C be the category of functors [¢] — C
and natural transformations between these, we can let N,(C,w) be the full subcategory of
N,C with 0bN,(C, w) = B,wC. Letting ¢ vary this is a simplicial category with cofibrations,
and we have an isomorphism

K (C,w)(m) = BwS"™C = 0bS"™N(C,w) = K(N(C,w)).

2.7 Other important facts about the K-theory spectrum

The following theorems are important for the general framework of algebraic K-theory and
we include them for the reader’s convenience. We will neither need for the development of
the theory nor prove them, but we still want to use them in some examples and draw the
reader’s attention to them.

Theorem 2.7.1 (Additivity theorem: section 1.4 in [131] and [83]) LetC be a catl-
egory with cofibrations and weak equivalences wC. Then

BwSS5C — BwSC x NwSC

is an equivalence, and the structure map BwS™C — QBwS™VC is an equivalence for
m > 0.
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Theorem 2.7.2 (Approximation theorem [131])
Theorem 2.7.3 (Localization theorem [131], [41] and [99])
Theorem 2.7.4 (Devissage theorem [99])

Theorem 2.7.5 (Resolution theorem [99])

3 Stable K-theory is homology

In this section we will try to connect K-theory to homology. This is done by considering
“small perturbations” in input in K-theory, giving a linear theory: the “directional deriva-
tive” of K-theory. This is then compared with the classical concept of homology, and the
two are shown to be equal.

3.1 Split surjections with square-zero kernels

If A is a unital ring, and P is any A bimodule (with no multiplicative structure as part
of the data), we define the ring A x P simply to be A @ P as an A bimodule, and with
multiplication (a’,p')(a,p) = (d’a,a’p + p'a), that is P? = 0 when P is considered as the
kernel of the projection A x P — A.

Algebraically, this is considered to be a small deformation of A. And the difference
between K (A x P) and K(A) reflects the local structure of K-theory. The goal is of to
measure this difference.

Considered as a functor from A bimodules, P — K(A x P) is not additive, even if we
remove the part coming from K(A). That is, if we let

K(Ax P) = fiber{K(A x P) —— K(A)}

then the natural map K(A x (P & Q)) — K(A x P) x K(A x Q) is not an equivalence.
For instance do we have by [62] that m,K(Z x P) = A*> P & P/2P for all abelian groups
P. Hence

2

mK(Zx (PoQ) = \(PeQ) e (PeQ)/2(PeQ)

= (/\P@P/QP> @ (/\Q@Q/%?) ®PeQ
~ 1, K(Z x P)® mK(Zx Q)& (P ® Q)

where the tensor product expresses the nonlinearity.

There are means of forcing linearity upon a functor, which will eventually give stable
K-theory, and the aim of this section is to prove that this linear theory is equivalent to the
homology of the category of finitely generated projective A-modules.
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3.2 The homology of a category

Let C be an Ab-category (that is: a category enriched in A4b, the category of Abelian groups,
see appendix B. Ab-categories are also known as “linear categories” and unfortunately, some
call them “additive categories”, a term we reserve for pointed Ab-categories with sum). The
important thing to remember is that the homomorphism sets are really abelian groups, and
composition is bilinear.

We say that C is flat if the morphism sets are flat as abelian groups. A C-bimodule is
an Ab-functor (linear functor) C° ® C — Ab. The category Ab° *C of bimodules forms an
abelian category with enough projectives, so we are free to do homological algebra. If C is
flat, the Hochschild homology of C with coefficients in M € Ab°°®C is customarily defined
as

bCo®C (

Tor! M,C)

(see [88] ). There is a standard simplicial abelian group (complex) whose homotopy groups
calculate the Hochschild homology groups, namely

HHC M),= P Mco.c,)® Q) Cleircimn)

o,...,cq€0bC 1<i<q

with face and degeneracies as in Hochschild homology (see [88], and also below).
Let C be any category. It is not uncommon to to call functors C° x C — Ab “bifunctors”.
We note immediately that, by adjointness of the free and forgetful functors

Z
Ens = Ab

connecting abelian groups to sets, a “bifunctor” is nothing but a ZC-bimodule in the Ab-
enriched world (see B); that is an Ab-functor ZC° ® ZC — Ab. So, for any “bifunctor”
(i.e. ZC-bimodule) M we may define the homology of C with respect to M as

H.(C,M)=mHH(ZC, M)

(notice that ZC is flat). The standard complex HH(ZC, M) calculating this homology, is
naturally isomorphic to the complex F'(C, M):

Definition 3.2.1 Let C be a category and M a ZC-bimodule. Then the homology of C
with coefficients in M: F(C, M) is the simplicial Abelian group which in degree ¢ is given
by

F,(C,M) = @ M(co, cq) = @ M(co,cq) ® ® ZC(ciyci1)

co—+—cq€EBGC €0,-.-,Cq€0LC 1<i<q

and with simplicial structure defined as follows. We write elements of F,(C, M) as sums of
elements of the form (x, o) where z € M(co, ¢,) and

o «
a=cy «—— ... —— ¢, € B,C-

{Def : HHof.
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Then
(M(O./l, 1)1‘, dQOé) ifi=0
di(z,a) = < (z,d;a) if0<i<gq
(M(1, o)z, dger) ifi=gq

and s;(z, o) = (z, s;).

Remark 3.2.2 The homology of C, or rather F(C,—): Ab*“°®%¢ — sAb is characterized
up to equivalence by the three properties

1. If M € obAb*C°®%C s projective, then F(C, M) — Hy(C, M) is an equivalence.
2. F(C,—): AV*°®%C s s Ab take short exact sequences to fiber sequences, and

3. The values Hy(C, M).

In particular, this means that if we have a map to or from some other theory satisfying 1.
and 2, and inducing an isomorphism on my, then this map is an equivalence.

3.3 Incorporating the S-construction

In order to compare with K-theory, we will incorporate the S-construction into the source
of the homology functor.

Let C be a small category, and M a ZC-bimodule (i.e. a functor from C° x C to abelian
groups). Recall how bimodules are extended to diagram categories (see B NBNBref for the
general situation).

If € be an exact category, consider the full subcategory S,& C [Ar[g],€]. Let M be a
¢-bimodule, then S, M is defined, and is given by

SeM(c,d) = {{mi;} € ] Mlcij, dip)|M(1, dij — dra)ms; = M(cij — i, 1)m}

0<i<j<q

Note that, if M is not pointed (i.e. a ZQ—bimodule) we may have elements in the groups
M ¢y, di) = M(0,0), but these are uniquely determined by the values in the other groups.
(In fact, if € is split exact, then the projection S,M (¢, d) — M(coq, do 4) is a split monomor-
phism — a retract is constructed using a choice of splittings).

The construction g — S, M is functorial in ¢ in the sense that for every map ¢: [p] —
[q] € A there are natural maps ¢*: S,M — ¢*S, M.

We may also iterate the S construction.

Let € be an exact category, and M a pointed €-bimodule. Note that, since for every
¢: [p] — [¢] € A we have a bimodule map ¢*: S,M — ¢*S,M

F(S€,SM) = {[p], la] — Fp(S,&, S, M)}

becomes a bisimplicial abelian group. Again we get a map S'AF (€, M) — F(S¢€,SM)
making

F(¢, M) = {n+— F(S™e¢, S® M)}
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a spectrum. In the special case € = Py, and M(c,d) = Homa(c,d ®4 P) for some A-
bimodule P, we define

F(A, P) = F(PA, HomA(—, — X4 P))

Note that this can not cause any confusion as the F(€, M) spectrum is only defined for
additive categories (and not for rings). We will also consider the associated spectra F, for
q > 0 (with the obvious definition).

Lemma 3.3.1 Let € be additive category and M € B¢ be pointed. Let
n: Fy (€, M) — QF,(S¢, SM)

denote the (adjoint of the) structure map. Then the two composites in the noncommutative
diagram
F(e, M)  — Fye, M)
| 9|
QF,(S¢,SM) «— F,(¢, M)

are homotopic.

Proof: There are three maps dy, dy, dy: F,(52C, SoM) — F,(C, M) induced by the struc-
ture maps SoC — S1C = C. The two maps

ndy and ndy * ndy: F(S2C, SoM) — F,(C, M) — QF,(SC,SM)

are homotopic, where ndg * ndy denotes the loop product. This is so for general reasons: if
X is a reduced simplicial set, then the two maps nd; and ndy * nds are homotopic as maps

Xy — X, —— QX

where the latter map is induced by the adjoint of the canonical map S'AX; — X.
We define two maps
E.D: F, (€, M) — F,(S2€, SoM)

by sending (ap, {a;}) = (a0 € M(co,c,), {cic1 < ¢;}) to E(ap, {a;}) =

Cq Cq ( Cq f— Cq
i1 J/ i1 J/ i1 J/ i1 J/
0 1®
a;
M(prg, A)O[O e SQM Cq @ CO7 Cq EB Cq ; Cq @ Ci—l — Cq @ ci
%0 pr2 l pr2 l pr2 l pr2 l
a;
Co Cq L Ci—1 ¢ Ci )
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and D(ap, {oy}) =

Cq Cq ( Cg == G
AlJ, AJ/ AiJ, Ai+lJ/
M(ﬁh 1)040 160
M (pro, A)ag | € SoM | ¢q® co,¢q D Cq |, CqDCiig —— cgDe
0 V1J VJ Vll Vz‘+1l
Co Cq \ Ci—1 — Ci Y,

where

1. i1 the inclusion into the first summand, prs the second projection, A the diagonal
and V: ¢ @ ¢ — c the difference (a,b) — a — b,

2. Bi=ai...oqpcg—cim1, A= (1 F)A, and V, = V(1 & ;).

(exercise: check that the claimed elements of SoM(—, —) are well defined).
Since do ¥ = dyD = 0 we get that

n=ndoE ~ndiE = nd,D ~ ndyD = ns{d}

(cor:3.3.2}
Corollary 3.3.2 In the situation of the lemma, the inclusion of degeneracies induces a
stable equivalence of spectra

Fo(¢, M) —— F(¢, M)
and in particular, if A is a ring and P an A bimodule, then
Proof: 1t is enough to show that for every ¢ the map Fy (&, M) — F,(€, M) induced by the
degeneracy is a stable equivalence (since loops of simplicial spaces may be performed in
each degree, see A.1.5.0.5, and since a degreewise equivalence of simplicial spaces induces

an equivalence on the diagonal, see A.1.5.0.2). In other words, we must show that for every
q and k

70 iy oe QT F (SME, S M)~ 7 limy—oe QMR (SME, S0 M)

is an isomorphism. It is an injection by definition, and a surjection by the lemma. [
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3.4 K-theory as a theory of bimodules

Let A be aring and let Ax P — A be any split radical extension Recall the K 4 construction
of definition 2.5.3. The last part of theorem 2.5.4 says that

K(AxP)~KyAxP)={n— \/ B(S"Mas(m,me,P))}
meSMIPy

Notice the striking similarity with
Fo(Pa, M) ={n— (P M(mm)}

meobSM Py

In the special case where P? = 0 the group structure on Hom (c,c®4 P) for ¢ € Sé")PA
is just the summation of maps: let f,g € Homu(c,c®4 P), then f-g = (14+f)(14+g)—1=
f+ g+ fog, where f o g is the composite

15 -9, c®aq P —1E3£+ CRQAPRQSQJP —c®4 P

where the last map is induced by the multiplication in P C A x P, which is trivial. So
f+g=f+g. This means that the isomorphism

B,Homa(c,c®4 P) =Homu(c,c®4 P)*"= Homa(c, (c®4 P)™9)
=Homy(c,c®4 P*?) = Homa(c,c ®4 B,P)

induces a simplicial isomorphism. Hence
M =B (S"Mu(—,— @4 P)) 2 S"My(—, — ®4 BP)

is a (simplicial) P4-bimodule, and the only difference between K (A x P) and Fo(P4, M)
is that the first is built up of wedge summands, whereas the second is built up of direct
sums.

Here stable homotopy enters. Recall that a space X is O-connected if 79X is a point,
and if it is connected it is k-connected for a k > 0 if for all vertices x € Xy we have that
mg(X,2) = 0 for 0 < ¢ < k. A space is —1-connected by definition if it is nonempty. A
map X — Y is k-connected if its homotopy fiber is (k — 1)-connected. We use the same
convention for simplicial rings and modules.

The difference between wedge and direct sum vanishes stably, which accounts for

Theorem 3.4.1 Let A be a ring and P a m-connected simplicial A-bimodule, the inclusion
V C @ induces a 2m + 2-connected map

K (A x P) — Fy(A, BP) = BFy(A, P)

Proof:  Corollary A.1.10.0.10 says that if X is n-connected and Y is m-connected, then
the inclusion X VY — X XY is m + n-connected, and so the same goes for finitely many
factors. Now, finite sums of modules is the same as products of underlying sets, and infinite
sums are filtered colimits of the finite sub-sums. Since the functors in question commute
with filtered colimits, the result follows. [

{theo:3.4
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3.4.2 Removing the bar

What is the role of the bar construction in theorem 3.4.17 Removing it on the K-theory
side, that is in K4(A x P), we are invited to look at

{nw— H Homa(c,c®4 P)} (3.4.2)
c€obS(MP 4

We identify this as follows. Let E4P be the exact category with objects pairs (¢, f) with
c € 0bP4 and f € Homa(c,c®4 P), and morphisms (¢, f) — (d, g) commutative diagrams
of A-modules

h
c — d

7| d
co P 2% do, P

We have a functor E4P — P4 given by (¢, f) — ¢, and a sequence in E4P is exact if it is
sent to an exact sequence in P4. As examples we have that £40 = PA, and £4A is what

is usually called the category of endomorphisms on P4. We see that the expression 3.4.2
is just the K-theory spectrum K(E4P) = {x + 0bS™E,P}.

Definition 3.4.3 Let A be a unital ring. Set C4 to be the functor from A bimodules to
spectra given by

Ca(P) =K(E4P)/K(A) = {n— \/ S"Mu(c,c®a P)}

ceSMP,
(the homomorphism groups S™ M (c,c ®4 P) are pointed in the zero map).
With this definition we can restate theorem 2.5.4 for the square zero case as
Ca(BP) ~ fib{K(Ax P) — K(A)}

Note that, in the language of definition 2.5.3, yet another way of writing C4 P is as the
spectrum {n +— NGYtD%(A x P)/NStD%(A) = NSYtD% (A x P)/obS™P,}.

We are free to introduce yet another spectrum direction in C4P by observing that we
have natural maps S'AC4P — C4(BP) given by S'A\/ M = \/(S'AM) — \/(Z[S"] ®
M) =\/BM.

Aside 3.4.4 There are two natural maps K(A) — K(E4A), given by sending ¢ € 0bS™ P4
to either (c,0) or (c,1) in obS™E4A. The first is used when forming CoP, and the latter
give rise to a map

Composing this with C4A — QC4(BA) = QK 4(A[t]/1?) — QK(A[t]/1?)/K(A), we get a

weak map

K(A) — QK (A[t]/1?)/K(A) «——— hofib{K(A[t]/t?) — K(A)}

{eq:EAP}
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(cf. [63] or [129]) where hofib is (a functorial choice representing) the homotopy fiber.

The considerations above are related to the results of Grayson in [42]. Let A be commu-
tative and R = S~ A[t] where S = 1+ tA[t]. The theorem above says that K, (A[t]/t?) =
K(E4(BA))/K(A) is equivalent to K(A[t]/t?)/K(A), whereas Grayson’s theorem tells us
that the “one-simplices” of this, i.e. C4A = K(EaA)/K(A) is equivalent to the loop of
Ka(R) ~ K(R)/K(A).

3.4.5 More general bimodules

Before we go on to reformulate theorem 3.4.1 in the more fashionable form “stable K-theory
is homology” we will allow our K-functor more general bimodules so that we have symmetry
between the input.

Definition 3.4.6 Let € be an exact category and M a pointed Z& bimodule. Then we
define the spectrum
Ce(M)={n— \/ S™M(c,c)}

c€obS(M) ¢

The structure maps

SIA \/ M(c,c) — \/ SM(c,c)

ceobC cEobS<C

are well defined, because \/ ¢ g, ¢ S0M (c,c) = M(0,0) = 0 since we have demanded that
M is pointed

The notation should not cause confusion, although C4P = Cp, Hom(—,c®4 P), since
the ring A is not an exact category (except when A = 0, and then it doesn’t matter).

If M is bilinear, this is the K-theory spectrum of the following category, which we will
call E¢(M). The objects are pairs (c, f) with ¢ € 0b€ and f € M(c,c) and a morphism
from (¢,m) to (¢,m’) is an f € &€(c¢, ') such that M(f,1)m' = M(1, f)m. A sequence
(d,m') — (¢,m) — (",m") is exact if the underlying sequence ¢’ — ¢ — ¢’ is exact.

3.5 Stable K-theory

Recall that, when considered as a functor from A bimodules, P — K(Ax P) is not additive
3.1. If F' is a pointed (simplicial) functor from A bimodules to spectra, we define it’s first
differential, D1 F', as
DyF(P) =1lim Q"F(B*P),
k

where [ is degreewise applied to the k fold bar construction. We have a transformation
F — D F. If F already were additive, then F' — D{F is a weak equivalence. This means
that D1 F is initial (in the homotopy category) among additive functors under F'; and is a
left adjoint (in the homotopy categories) to the inclusion of the additive functors into all
functors from A bimodules to spectra.

{sec:IKS}
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Definition 3.5.1 Let A be a simplicial ring and P an A bimodule. Then
K®(A, P) = D;C4(P) = lim Q*C4(B"P)
i

If ¢ is an exact category and M a € bimodule, then
K® (€, M) = D;Ce(M) = lim QFCe(M ® S¥)}
k

where for a finite pointed set X, M ® X is the bimodule sending ¢, d to M(c,d) ® 7ZX.

Again, the equivalence K%(A, P) ~ K*%(Pa, Homa(—,— @4 P)) should cause no con-
fusion. If M is a pointed simplicial €-bimodule, we apply C¢ degreewise.
We note that

KS(A, P) = D,QC4(BP)

~

DiQ (K (Paxp,i)/K(A))

~

D1 (K(A x P)/K(A))

~

Dy Qhofib{K (A x P) — K(A)} = holimQ*hofib{K (A x B*~1P) — K(A)}
k

and the latter is the (spectrum version of the) usual definition of stable K-theory, c.f. [63]
and [129].

In the rational case Goodwillie proved in [38] that stable K-theory was equivalent to
Hochschild homology (see later). In general this is not true, and we now turn to the
necessary modification.

Theorem 3.5.2 Let € be an exact category and M an m-connected pointed simplicial
C-bimodule. The inclusion \/ C € induces a 2m-connected map

CeM — Fo(€, M)
and
D1Ce —— DiFo(€,—) «—— Fy(¢,-)
are equivalences. Hence
K (€, M) ~ Fy(¢€, M) —— F(&, M)

In particular, for A a ring and P an A-bimodule, the map C4P — Fo(A, P) give rise to
natural equivalences

K%(A,P) = D,Cy —— D Fo(A, —) «——— Fo(A,—) — F(A,P)
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Proof: The equivalence
D1F0(€7 _) — F0(€7 _>
follows since by corollary 3.3.2 the inclusion by the degeneracies F(€, —) — F(€, —) is an
equivalence, and the fact that F(€, —) is additive, and so unaffected by the differential.
The rest of the argument follows as before. [
Adding up the results, we get the announced theorem:

Corollary 3.5.3 Let € be an additive category, and M a bilinear € bimodule. Then we
have natural isomorphisms

K (€, M) = H,(¢, M)

and in particular
W*KS(Aa P) = H*(PAvMA(_7 — ®a P))

Proof: The calculations of homotopy groups follows from the fact that F(€, M) is a Q-
spectrum (and so m, F (€, M) = n,F (€, M) = H.(€, M)). This follows from theequivalence

F(¢, M) ~THH(E, M)

and results on topological Hochschild homology in chapter IV. However, for the readers
who do not plan to cover this material, we provide a proof showing that F' is an {2 spectrum
directly without use of stabilizations at the end of this section, see proposition 3.6.5.

3.6 A direct proof of “F is an ()-spectrum”

Much of what is to follow makes sense in a linear category setting. For convenience, we
work in the setting of additive categories, and we choose zero objects which always will be
denoted 0.

Definition 3.6.1 Let G: A — B be an additive functor. We let the “twisted” product
category A X B be the linear category with objects ob(A) x ob(B) and

A xg B((a,0), (a" V) = A(a,d’) & B(b,V') ® B(G(a), V)
with composition given by
(frg.h)o(f', g W)= (fof gog hoG(f)+goh').

If M is an A-bimodule and N is a B-bimodule, with an A-bimodule map G*: M — G*N
we define the A x4 B-bimodule M x5 N by

M xg N((a,b),(a',b")) = M(a,a") ® N(b,V') & N(G(a),V)
with bimodule action defined by

(M xa N)((f,9,h), (f',g', b)) (m, n, ng)
= (M(f, f)m, N(g.9'), N(Gf, M')G*m + N(h,g')n+ N(Gf,g')nc)

{subsec:I
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From now on, we assume for convenience that M and N are pointed (i.e. takes zero in
either coordinate to zero).
We have an inclusion

A "4 AxgB
sending f: a — d obA to (f,0,0): (a,0) — (a’,0), and an A-bimodule map M —
in*y (M xg N); and a projection

AXGB pT—A>.A

and an A x¢g B-bimodule map M xg N — pr;M. Likewise for B. The composite

F(A, M) @® F(B,N) 2455, p(A xo B, M xg N) LA pA Mya F(B, N)
(3.6.1)
is the identity:.

Lemma 3.6.2 (F is “additive”) With the notation as above
F(A, M) & F(B,N) 225, P(Axg B, M x¢ N)
18 an equivalence.

Proof: 'We will show that the other composite in 3.6 is homotopic to the identity. Let
X = (x0; 21, ...,24) € Fy(A xg B, M xg N), where

o = (m,n,ng) € M xg N((ap,by), (ag,by)), and
z; = (fi, gi, i) € Axa B((a;,b:), (ai—1,bi—1)), fori > 0.
Then z is sent to
J(z) = ((m,0,0);inapraxy,...inapraz,) + ((0,n,0); ingpraxy, . . . ingprax,)

We define a homotopy between the identity and J as follows. Let z} = (f;,0,0) € (A x¢g
B)((ai, b), (a;-1,0)) and 27 = (0, 9;,0) € (A x B)((0,b:), (ai—1,bi-1)). If ¢; € A([g], [1]) is

the map with inverse image of 0 of cardinality i, we define
H-: F(AXGB,M X(;N) X A—>F(.A X(;B,M X(;N)
by the formula

H(X, (bz) =

(M, 0,0); iNAPr ATy, - - . INAPT AT 1, Tf , Tig 1, - - - Ty)
—((0,1,nG); T1,s - -, i1, T3, INBPTBTi41, - - - INEPTBT,)

((

((

0,n,0);ingpraxy, . . . ingprat,)

+((0,n,ng); 21, ..., x,)

(note that in the negative summand, it is implicit that ng is taken away when ¢ = 0).
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Lemma 3.6.3 Let € be an additive category and M a bilinear bimodule. Then the natural
map

e—(€0,1-+,Cg—1,q)

¢xa

S€
induces an equivalence
F(S,&,S,M) —— F(€*1 M*7) —— F(&, M)

Proof: Recall the equivalence ¢, : T,€ — S,€ of lemma 2.2.5, and note that if G;: € — T,€
is defined by ¢ — G,(c) = (0,...,0,c) then we have an isomorphism 7,1 € = € x¢, T,€.
Furthermore, if M is a linear bimodule, then we define T, M = ¢;5,M, and we have that
Ty M =M xqT,M.

Hence

F(S,¢, S, M) «— F(T,C, T,M) 2 F(€ x¢ T, 1&,M x¢T, M)
A F(C,M)® F(T,1¢,T,_1M)
and by induction we get that
F(S,&,S,M) «—— F(&,M)*4

and this map is a right inverse to the map in the statement. [

Definition 3.6.4 For any simplicial category D we may define the path category PD by
setting P, D = D,41 and letting the face and degeneracy functors be given by raising all
indices by one. The unused dy defines a functor PD — D, and we have a map D; =
PyD — PD given by the degeneracies.

Then Dy — PD (given by degeneracies in D) defines a simplicial homotopy equivalence,
with inverse given by [],, i dit PyD — Dy (see [131, 1.5.1]).

Proposition 3.6.5 Let € be an additive category, and M a bilinear bimodule, then
F(¢, M) — QF(S¢,SM)
18 an equivalences.

Proof:  Consider
F(&€, M) — F(PSC,PSM) — F(S¢&€,SM) (3.6.5)

For every ¢ we have equivalences

F(€,M) —— F(P,S€,P,SM) —— F(S,&,S,M)

| | i

F(C, M) ——  F(¢,M)<tl  — F(e, M)

where the lower sequence is the trivial split fibration. As all terms are bisimplicial abelian
groups the sequence 3.6.5 must be a fiber sequence (see A.1.5.0.4) where the total space is
contractible. 1

{prop:FOm

{eq:FOmeg
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Chapter 11

['-spaces and S-algebras

In this chapter we will introduce the so-called I'-spaces. The reader can think of these
as (very slight) generalizations of (simplicial) abelian groups. The surprising fact is that
this minor generalization is big enough to encompass a wide and exotic variety of new
examples.

The use of I'-spaces also fixes another disparity. Quillen defined algebraic K-theory to
be a functor from things with abelian group structure (such as rings or exact categories)
to abelian groups. We have taken the view that K-theory takes values in spectra, and
although spectra are almost as good as abelian groups, this is somehow unsatisfactory.
The introduction of I'-spaces evens this out, in that K-theory now takes things with a I'-
space structure (such as S-algebras, or the I'-space analog of exact categories) to I'-spaces.

Furthermore, this generalization enables us to include new fields of study, such as the
K-theory of spaces, into serious consideration. It is also an aid — almost a prerequisite —
when trying to understand the theories to be introduced in later chapters.

To be quite honest, I'-spaces should not be thought of as a generalization of simplicial
abelian groups, but rather of simplicial abelian (symmetric) monoids, since there need not
be anything resembling inverses in the setting we use the term (as opposed to Segal’s orig-
inal approach). On the other hand, it is very easy to “group complete™ it is a stabilization
process.

1 Algebraic structure

1.1 TI'-objects

A gamma-object in a category is a functor from the category of finite sets. We need to be
quite precise about this, and the details follow.

1.1.1 The Category I°

Roughly, I'? is the category of pointed finite sets — the mother of all mathematics. To
be more precise, we choose a skeleton, and let I'° be the category with one object k. =

61
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{0,1,...,k} for every natural number k, and with morphism sets I'°(m_,n.) the set of
functions f: {0,1,...,m} — {0,1,...,n} such that f(0) = 0. In [109] Segal considered,
the opposite category and called it I', and this accounts for the awkward situation where we
call the most fundamental object in mathematics the opposite of something. Some people
object to this so strongly that write I' when Segal writes I'°. We follow Segal’s convention.

1.1.2 Motivation

A symmetric monoid is a set M together with a multiplication and a unit element so that
any map M>*J — M gotten by composing maps in the diagram

m—(1,m) twist  (myma,ma)—(m1,ma,m3)
unit multiplication
* M M x M M x M x M
m—(m,1) (m1,mamg)«(m1,m2,m3)

are equal. Thinking of multiplication as “two things coming together” as in the map
2, — 14 given by
2 =A{ 0 1 2}

1 =A{ 0 1 }

we see that the diagram is mirrored by the diagram
0 — 1t = 24

in ' where the two arrows 1, — 2, are given by

{0 1} and {0 1}
| N
{0 1 2} {0 1 2}

and the maps 3, — 2, are

{0 and {0 1 2 }

{lo I/ 22}/3} {lo i 2l}/

(there are more maps in I'°, but these suffice for the moment). So we could say that
a symmetric monoid is a functor from this part of I'° to pointed sets sending 0, to the
one-point set and sending wedge sum to product (e.g., 3, = 2, V 1, must be sent to the
product of the values at 2, and 1, i.e., the triple product of the value at 1,).

This doesn’t seem very helpeful until one notices that this extends to all of I'?, and
the requirement of sending 1, to the one-point set and wedge sum to product fixes the
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behavior in the sense that there is a one-to-one correspondence between such functors from
['° to sets and symmetric monoids, see example 1.2.1.1 below for more details.

The reason for introducing this new perspective is that we can model multiplicative
structures functorially, and relaxing the requirement that the functor sends wedge to prod-
uct is just the trick needed to study more general multiplicative structures. For instance
one could imagine situations where the multiplication is not naturally defined on M x M,
but on some bigger space like M x M x X giving an entire family of multiplications varying
over the set X. This is exactly what we need when we are going to study objects that are,
say, commutative only up to homotopy.

1.1.3 T-objects

If C is a pointed category one may consider pointed functors I'> — C and natural transfor-
mations between such functor. This defines a category we call I'C. Most notably we have
the category

LS.

of I'-spaces, that is pointed functors from I'° to pointed simplicial sets, or equivalently, of
simplicial I'-objects in the category of pointed sets. If A = s.Ab is the category of simplicial
abelian groups, we may define

A

the category of simplicial ['-objects in abelian groups. Likewise for other module categories.
Another example is the category of ['-categories, i.e., pointed functors from I'° to categories.
These must not be confused with the notion of [S.-categories (see section 1.6).

1.2 The category IS, of I'-spaces

We start with some examples of I'-spaces.

Example 1.2.1 1. Let M be an abelian group. If we consider M as a mere pointed
set, we can not reconstruct the abelian group structure. However, if we consider M
as a [-pointed set, H M, as follows, there is no loss of structure. Send k. to

HM(ky) = M ® Z[ky] = M**

and a map f € I'°(ky,ny) gives rise to a map HM(ky) — HM(ny) sending

(my,...,mg) € M** to <(Zjef*1(l) m;), s (X jer1(n) mj)> (where mo = 0). (al-
ternative description: HM(X) = Ens. (X, M), and if f: X — Y € I then
fer HM(X) — HM(Y) sends ¢ to y — f.9(y) = X ,cp1( @(2).) In effect, this
defines a functor

H:sAb=A —TA,

and we follow by the forgetful functor U: I'A — [S,, so that

H=UH.

{Def :barH
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Both HM and HM will be referred to as the Filenberg-MacLane objects associated
with M. The reason is that these ['-objects naturally give rise to the so-called
Eilenberg-MacLane spectra.

{ex:gs2}
2. The inclusion I'° C Ens, C S, is called in varying sources, S, Id, “the sphere spec-
trum” etc. We will call it S. Curiously, the Barrat-Priddy-Quillen theorem states
that S ~ K(I'°), the K-theory of the category I'° (see e.g., [109].
{ex:gs3}
3. If X is a pointed simplicial set and M is a I'-space, then MAX is the I'-space
sending Y € obI to M(Y)AX. Dually, we let S.(X, M) be the I'-space Y
S.(X,M(Y)). Note that I'S.(MAX, N) is naturally isomorphic to I'S, (M, S, (X, N)).
For any simplicial set X, we let S[X] = SAX, and we see that this is a left adjoint
{def: to the functor R: IS, — S, evaluating at 1.
{ex:gs%i

4. For X € obI', let I'X € 0bI'S, be given by
I'Y(Y) =I°(X,Y)
Note that S = I'+.

The notion of I'-spaces we are working with is slightly more general than Segal’s, [109].
It is usual to call Segal’s I'-spaces special:

of : special}
Definition 1.2.2 A I'-space M is said to be special if the canonical maps

M(ky) — H M(14)

are equivalences for all £, € obl'. This induces an abelian monoid structure on moM (1),
and we say that M is very special if this is an abelian group structure.

The difference between I'-spaces and very special I'-spaces is not really important.
Any I'-space M gives rise to a very special I'-space, say F'M, in one of many functorial
ways, such that there is a “stable equivalence” M = FM (see 2.1.6). However, the larger
category of all I'-spaces is nicer for formal reasons, and the very special I'-spaces are just
nice representatives in each stable homotopy class.

1.2.3 The smash product

zammasmash}
There is a close connection between I'-spaces and spectra (there is a functor defined in

2.1.12 that induces an equivalence on homotopy categories), and so the question of what
the smash product of two I'-spaces should be could be expected to be a complicated issue.
M. Lydakis [76] realized that this was not the case: the simplest candidate works just
beautifully.
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If we have two I'-spaces M and N, we may consider the “external smash”, i.e., the
functor I'* x I'> — S, which sends (X,Y) to M(X)AN(Y). The category I' its own smash
product and we want some “universal filler” in

o s o XY= MEOAN ()

|

FO

S

The solutions to these kinds of questions are called “left Kan extensions” [79], and in our
case it takes the following form:

Let Z € T° and let A/Z be the over category, i.e., the category whose objects are
tuples (X,Y,v) where (X,Y) € I'° x I’ and v: XAY — Z € I'°, and where a morphism
(X,Y,v) — (X', Y’ v') is a pair of functions f: X — X’ and ¢g: Y — Y’ in I'° such that
v="1"0o(fAg).

Then the smash product MAN)(Z) is defined as the colimit of the composite

(X, Y,0)—(X,)Y) (X,Y)»M(X)AN(Y)
_—

N Z Ioxre S.,

that is
(MAN)(Z) = lim  M(X)AN(Y)

_—
(X,Y0)EN/Z

In the language of coends, this becomes particularly perceptive:
(X.Y)
(MAN)(Z) = / (M(X)AN(Y)) AI'°(XAY, Z)

the “weighted average of all the handicrafted smash products M(X)AN(Y)".

Remark 1.2.4 Note that a map from a smash product MAM' — N € IS, is uniquely
described by giving a map M(X)AM'(Y) — N(XAY) which is natural in X,Y € obI™.

1.2.5 The closed structure

The theorem 1.2.6 below states that the smash product endows the category of I'-spaces
with a structure of a closed category (which is short for closed symmetric monoidal cate-
gory). For a thorough discussion see appendix B, but for now recall that it is symmetric
monoidal means that the functor A: IS, x IS, — IS, is associative, symmetric and unital
(S is the unit) up to coherent isomorphisms, and that it is closed means that in addition
there is an “internal morphism object” with reasonable behavior.

The I'-space of morphisms from M to N is defined by setting

LS. (M, N) = {ky, [q] = TS.(M, N)(k+), = LS. (MAA[g], N(k:A-))}.
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Theorem 1.2.6 (Lydakis) With these definitions of smash and morphism object (IS,, A, S)
becomes a closed category.

Proof: (Sketch: see [76] for further details) First one uses the definitions to show that there
is a natural isomorphism IS,(MAN,P) = IS,(M,IS,(N, P)). Recall from 1.2.14 that
IY(Y) =T°(X,Y) and note that S = I''+ TS, (T'*, M) & M(XA—) and T¥ATY = TXNY,
We get that MAS = MAI''* = M since IS, (MAS, N) = IS, (M, IS,(S, N)) = IS,(M, N)
for any N. The symmetry MAN = NAM follows from the construction of the smash
product, and associativity follows by comparing with

MANAP ={V — lim M(X)ANY)AP(Z)}

s
XANYNZ—-V

That all diagrams that must commute actually do so follows from the crucial observation
1.2.7 below (with the obvious definition of the multiple smash product). 1

Lemma 1.2.7 Any natural automorphism ¢ of expressions of the form
M{AMoA ... AM,

must be the identity (i.e., Aut(\": IS,*" — IS,) is the trivial group).

Proof: 'The analogous statement is true in I'°; since any element in X;AXoA ... AX,, is in
the image of a map from 1, A1, A...Al,, and so any natural automorphism must fix this
element.

Fixing a dimension, we may assume that the M; are discrete, and we must show that
¢(z) = z for any z € A\ M;(Z). By construction, z is an equivalence class represented
say by an element (x1,...,x,) € A M;(X;) in the f: A X; — Z summand of the colimit.
Represent each z; € M;(X;) by a map fi: 'Y — M; (so that fi(X; = X;) = x;). Then z
is the image of Aidy, in the f summand of the composite

) Afi
(ATH)(Z2) —— (AM:)(Z)
Hence it is enough to prove the lemma for M; = I'X¢ for varying X;. But A I'X: = DAX:
LS, (DAY TAXY = 1o A X, A\ X))

and we are done. [
Theorem 1.2.6 also follows from a much more general theorem of Day [21], not relying on
the special situation in lemma 1.2.7.

1.3 Variants

The proof that IS, is a closed category works if S, is exchanged for other suitable closed
categories with colimits. In particular T'A, the category of I'-objects in A = sAb, is a

{theo:gsi
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closed category. The unit is HZ = {X Z[X |} (it is HZ, but we remember the group
structure, see example 1.2.1.1, the tensor is given by

(M@N)(Z)= lim M(X)® N(Y)

XANY —-Z

and the internal function object is given by

LA(M, N) = {X, [q] = TAM @ Z[Alq]], N(=AX))}

1.3.1 IS, vs. TA

The adjoint functor pair between abelian groups and pointed sets
Z
Ens, = Ab
U

where U is the forgetful functor induces an adjoint functor pair

Z
IS, =2TA
U

and since Z: (Ens,, A, S%) — (Ab,®,Z) is a (strong) symmetric monoidal functor, so is
Z: (IS.,A,S) — (IA,®, HZ) (a strong monoidal functor is a monoidal functor F such
that the structure maps F(a) ® F(b) — F(a® b) and 1 — F(1) are isomorphisms) In
particular ZS =~ HZ,
Z(MAN) = ZM ® ZN
and
IS.(M,UP) = ULA(ZM, P)

satisfying the necessary associativity, commutativity and unit conditions.
Later, we will see that the category I'A, for all practical (homotopical) purposes can be
exchanged for s, Ab = A. The comparison functors come from the adjoint pair

H
A=TA
R

where HP(){) — P ® Z[X] and RM = M(1,). We sece that }EH = idy. The other

adjunction, HR — idry4, is discussed in lemma 1.3.3 below. Both H and R are symmetric

monoidal functors.

1.3.2 Special objects

We say that M € obl'A is special if UM € oblS, is special, i.e., if
UMXVY)SUMX)x UM(Y)

is a weak equivalence in S,. The following lemma has the consequence that all special
objects in ['A can be considered to be in the image of H: sAb= A — T'A:

{gsvsgab}

{Def : spec
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Lemma 1.3.3 Let M € obl'A be special. Then the unit of adjunction (HRM)(ky) —
M(ky) is an equivalence.

Proof: Since M is special, we have that M (k) — [[, M (1) is an equivalence. On the
other hand, if we precompose this map with the unit of adjunction

(HRM)(ky) = M(11) @ Z[ky] — M (k)

we get an isomorphism. [

1.3.4 Additivization

There is also a Dold-Puppe-type construction: L: I'A — A which is left adjoint to A, and
given by
LM = coker{pri =V +pro: M(2;) — M(14)}

where V is the fold map. This functor is intimately connected with the subcategory of I'A
consisting of “additive”, or coproduct preserving functors I'> — A.

The additive objects are uniquely defined by their value at 1., and we get an isomor-
phism M = H(M(1,)) = HRM. Using this we may identify A with the full subcategory
of additive objects in I'4, and the inclusion into I'4 has a left adjoint given by HL.

Note that all the functors L, R and H between A and I'A are strong symmetric
monoidal.

Just the same considerations could be made with Ab exchanged for the category of
k-modules for any commutative ring k.

1.4 S-algebras

In any monoidal category there is a notion of a monoid (see e.g., appendix B). The reason
for the name is that a monoid in the usual sense is a monoid in (Ens, X, *). Furthermore,
the axioms for a ring is nothing but the statement that it is a monoid in (Ab, ®,Z). For a
commutative ring k, a k-algebra is no more than a monoid in (k — mod, ®g, k), and so it
is natural to define S-algebras the same way:

Definition 1.4.1 An S-algebra A is a monoid in (IS,, A, S).

This means that A is a I-space together with maps p = p4: ANA — Aand1: S — A
such that the diagrams

= pAid

AN(ANA) —= (ANA)NA — ANA

| lu

ANA A

{lem:1.4..
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and
SAA 2L AnALAL ANS
= J/u =
A

commute, where the diagonal maps are the natural isomorphisms.
We say that an S-algebra is commutative if = p o tw where

ANA — ANA

is the twist isomorphism.

{remark: 1.
Remark 1.4.2 In the definition of an S-algebra, the symmetric monoidal category struc-
ture is actually never needed, since maps MAN — P out of the smash products is uniquely
characterized by a map M(X)AN(Y) — P(XAY) natural in X,Y € obl'°. So, since the
multiplication is a map from the smash ANA — A, it can alternatively be defined as a map
A(X)NA(Y) — A(XAY) natural in both X and Y.

This was the approach of Bikstedt [9] when he defined FSPs . These are simplicial
functors from finite spaces to spaces with multiplication and unit, such that the natural
diagrams commute, plus some stability conditions. These stability conditions are auto-
matically satisfied if we start out with functors from T'° (and then apply degreewise and
diagonalize if we want X € sI'° as input), see lemma 2.1.4. On the other hand, we shall
later see that there is no loss of generality to consider only S-algebras.

1.4.3 Variants
{11153}

An HZ-algebra is a monoid in (T'A, ®, HZ). This is, for all practical purposes, equivalent
to the more sophisticated notion of HZ = U HZ-algebras arising from the fact that there
is a closed category (HZ — mod, Az, HZ), see below 1.5.6). Since the functors

L
Z —_—
IS, —TA<X— 4
U -

R

all are monoidal they send monoids to monoids. For instance, if A is a simplicial ring, then
HA is an HZ-algebra and H A is an S-algebra (it even is an HZ-algebra):

Example 1.4.4 1. Let A be a simplicial ring, then HA is an S-algebra with multipli-
cation

HANHA — H(A® A) — HA

and unit S — ZS =~ HZ — HA. In particular, note the S-algebra HZ. It is given by
X — Z[X], the “integral homology”, and the unit map X = S(X) — HZ(X) = Z[X]|
is the Hurewicz map A.
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. Of course, S is the initial S-algebra. If M is a simplicial monoid, the monoid algebra

S[M] is given by
SIM|(X) = M.NX

with obvious unit and with multiplication coming from the monoid structure. Note
that RZS[M] = Z[M].

. If A is an S-algebra, then A°, the opposite of A, is the S-algebra given by A, but

with the twisted multiplication

ANA 2 AnA —E A

1%

. If A and B are S-algebras, their smash AAB is a new S-algebra with multiplication

idAtwAid
—_—

(AAB)A(AAB) (ANA)AN(BAB) — AAB,

and unit S = SAS — AAB.

. If A and B are two S-algebras, the product A x B is formed pointwise: (Ax B)(X) =

A(X) x B(X) and with componentwise multiplication and diagonal unit. The co-
product also exist, but is more involved.

. Matrices: If A is an S-algebra, we define the n x n matrices Mat,, A by

Mat,A(X) = S, (ns, niAAX)) = [TV AX)

— the matrices with only “one entry in every coloumn”. The unit is the diagonal,
whereas the multiplication is determined by

Mat, A(X)AMat, A(Y) = Si(n4, ny ANA(X))AS(ny, ny AA(Y))

S, (n, np NAX))AS, (g AA(X), np AA(X)AA(Y))

composition

S.(ny, e ANA(X)AA(Y))

multiplication

We note that for a simplicial ring B, there is a natural map of S-algebras (sending
some wedges to products, and rearranging the order)

Mat,HB — HM,B

{spherica
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where M, B are the ordinary matrix ring. This map is a stable eqivalence as defined
in 2.1.6. We also have a “Whitehead sum”

Mat,(A) x Maty,(A) —— Mat,m(A)

which is the block sum listing the first matrix in the upper left hand corner and
the second matrix in the lower right hand corner. This sum is sent to the ordinary
Whitehead sum under the map Mat,HB — HM,B.

1.5 A-modules

If A is a ring, we define a left A-module to be an abelian group M together with a map
A® M — M satisfying certain properties. In other words, it is a “(A ® —)-algebra” where
(A ® —) is the triple on abelian groups sending P to A ® P. Likewise

Definition 1.5.1 Let A be an S-algebra. A (left) A-module is an (AA—)-algebra.
To be more explicit, it is a pair (M, u*) where M € 0bI'S, and

ANM 5 A eTs.

such that
idAu™M

ANANM —— ANM

/”’A /\,ldJ/ M]\/I J/

M

ANM e M
commutes and such that the composite

M SAM 24 annr M o

is the identity.
If M and N are A-modules, an A-module map M — N is a map of I'-spaces compatible
with the A-module structure (an “(AA—)-algebra morphism”).

Remark 1.5.2 1. Note that, as remarked for S-algebras in 1.4.2, the structure maps
defining A-modules could again be defined directly without reference to the internal
smash in IS,.

2. One defines right A-modules and A-bimodules similarly as A°-modules and A°NA-
modules.

3. Note that an S-module is no more than a I'-space. In general, if A is a commutative
S-algebra, then the concepts of left or right modules agree.

4. If A is a simplicial ring, then an H A-module does not need to be of the sort HP for an
A-module P, but we shall see that the difference between A-modules and H A-modules
1s for most applications irrelevant.

{Def : Amod
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Definition 1.5.3 Let A be an S-algebra. Let M be an A-module and M’ an A°-module.
The smash product M’'A M is the I'-space given by the coequalizer

M'ANaM = lim {M'NANM = M'AM}
where the two maps represent the two actions.

Definition 1.5.4 Let A be an S-algebra and let M, N be A-modules. The I'-space of
A-module maps is defined as the equalizer

M, (M, N) = lim {IS,(M, N) = TS, (AAM, )}
where the first map is induced by the action of A on M, and the second is
I[S,(M,N) — LS,(AAM, AANN) — IS, (AAM, N)

induced by the action of A on N.

From these definitions, the following proposition is immediate.

Proposition 1.5.5 Let k be a commutative S-algebra. Then the smash product and mor-
phism object over k endows the category My of k-modules with the structure of a closed
category.

Example 1.5.6 (k-algebras) If £ is a commutative S-algebra, the monoids in the closed
monoidal category (k — mod, Ak, k) are called k-algebras. The most important example
to us are the HZ-algebras. A crucial point we shall return to later is that the homotopy
categories of HZ-algebras and simplicial rings are equivalent.

1.6 IS,-categories

Since (IS, A, S) is a (symmetric monoidal) closed category it makes sense to talk of a I'S,-
category, i.e., a collection of objects 0obC and for each pair of objects ¢,d € obC a I'-space
C(e,d) of morphisms with multiplication

Cle,d)AC(b,c) —— C(b,d)

and unit
S —— C(c,0)

satisfying the usual identites analogous to the notion of an S-algebra (as a matter of fact:
an S algebra is precisely a [S,-category with one object). See appendix B for more details
on enriched category theory.

In particular, IS, is itself a [S,-category. As another example; from the definition 1.5.4
of the IS, of A-module morphisms the following fact follows immediately.

{Def : smas]
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Proposition 1.6.1 Let A be an S-algebra. Then the category of A-modules is a IS,-
category.

Further examples of [S,-categories:

Example 1.6.2 1. Any I[S,-category C has an underlying S,-category RC, or just C
again for short, with function spaces (RC)(c,d) = R(C(c,d)) = C(c,d)(14) (see 3).
The prime example being IS, itself, where we always drop the R from the notation.

A TS,-category with only one object is what we call an S-algebra (just as a k-
mod-category with only one object is a k-algebra), and this is closely connected to
Bokstedt’s notion of an FSP. In fact, a “ring functor” in the sense of [27] is the same
as a [S,-category when restricted to I'> C S,, and conversely, any [S,-category is a
ring functor when extended degreewise to simplicial I'-spaces.

2. Just as the Eilenberg-MacLane construction takes rings to S-algebras 1, it takes
Ab-categories to IS,-categories. Let € be an Ab-category (i.e., enriched in abelian
groups). Then using the Eilenberg-MacLane-construction of 1 on the morphism
groups gives a IS,-category which we will call £ (it could be argued that it ought
to be called HE, but somewhere there has got to be a conflict of notation, and we
choose to sin here). To be precise: if ¢,d € 0b€, then E(c,d) is the I-space which
sends X € obl™ to E(c,d) ® Z[X].

3. Let C be a pointed S,-category. The category I'C of pointed functors I'° — C is a
[S,-category by declaring that

[C(c,d)(X) = TC(c, d(XA—)) € 0bS.

4. Let (C,U, e) be a symmetric monoidal category. An augmented symmetric monoid in
C is an object ¢ together with maps ¢ Ll ¢ — ¢, e — ¢ — e satisfying the usual iden-
tities. A slick way of encoding all the identities of an augmented symmetric monoid
c is to identify it with its bar complex (Eilenberg-Mac Lane spectrum) Hec: I'* — C

where
k times

He(kp)=UMe=C1U ... Ug, (Wc=e)

That is: an augmented symmetric monoid is a rigid kind of I'-object in C; it is an
Eilenberg-Mac Lane spectrum.

5. Adding 3 and 4 together we get a functor from symmetric monoidal categories to
[S.-categories, sending (C, L, e) to the ['S,-category with objects the augmented sym-
metric monoids, and with morphism objects

TC(He, HA(XA-))

{1301}

{1302}

{1303}
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6. Important special case: If (C,V,e) is a category with sum (i.e., e is both final and
initial in C, and V is a coproduct), then all objects are augmented symmetric monoids

and
X

TC(He, HA(XA—-)) 2= C(c, \/ d)

1.6.3 The IS,-category C"

The last example (1.6.2.6) is so important that we introduce the following notation. Let
(C,V,e) be a category with sum, then C¥ is the [S,-category with obC¥ = obC and

CY(c,d)(X) =C(c,\/ d).

If (€,®,0) is an Ab-category with sum (what is often called an additive category), then
the £ of 1.6.2.2 and £% coincide:

Ele,d)(ny) = E(c,d)*™ = E(c, d®™) = E%(c, d)(nL.).

It is worth noting that the structure of 1.6.2.6 when applied to (IS,,V,0,) is different
from the [S,-enrichment we have given to IS, when declaring it to be a symmetric monoidal
closed category under the smash product. Then IS, (M, N)(X) = IS.(M,N(XA-)).
However, VXN =2 XAN — N(XA—) is a stable equivalence (see definition 2.1.6), and in
some cases this is enough to ensure that

IS, (M, N)(X) = IS,(M, XAN) — IS,(M, N(XA—)) = IS, (M, N)(X)

is a stable equivalence.

1.6.4 A reformulation

When talking in the language of Ab-categories (linear categories), a ring is just an Ab-
category with one object, and an A-module is a functor from A to Ab. In the setting of
[S.-categories, we can reinterpret S-algebras and their modules. An S-algebra A is simply
a IS,-category with only one object, and an A-module is a [S,-functor from A to [S..

Thinking of A-modules as I'S,-functors A — IS, the definitions of smash and morphism
objects can be elegantly expressed as

A
MMMWZ/‘M%M
and

Hom,,(M, N) = /A IS, (M, N)

{1305}
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If B is another S-algebra, M’ an BAA°-module we get [S,-adjoint functors
M'Ag—
My S Mg
MB(Mlv_)
due to the canonical isomorphism

MB(M//\ANa P) %MA(NJMBUW/?P)

which follows from playing with the definitions in the usual manner (P € 0bMp).

2 Stable structures

In this section we will discuss the homotopical properties of I'-spaces and S-algebras.
Historically I'-spaces are nice representations of spectra and the choice of equivalences
reflects this. That is, in addition to the obvious pointwise equivalences, we have the
so-called stable equivalences. The functors of S-algebras we will define, such as K-theory,
should respect stable equivalences. Any S-algebra can, up to a canonical stable equivalence,
be replaced by a very special one.

2.1 The homotopy theory of I'-spaces

To define the stable structure we need to take a different view to I'-spaces.

2.1.1 TI'-spaces as simplicial functors

Let M € obIS.. It is a (pointed) functor M: I'° — S,, and by extension by colimits and
degreewise application followed by the diagonal we may think of it as a functor S, — S..
To be precise, if X is a pointed set, we define

M(X)= lim M(Y)

finite YCX
and so M is a (pointed) functor Ens, — S,. Finally, if X € 0bS,, we set
M(X) = diag*{[q] — M(X,)}

Aside 2.1.2 For those familiar with the language of coends, the extensions of a I'-space
M to an endofunctor on spaces can be done all at once: if X is a space, then

M(X) = /k+ Xk AM (K.



:piofGamma}

{lem:213}
{lem:2131}

{lem:2132}

{lem:2133}

76 CHAPTER I1. T-SPACES AND S-ALGEBRAS

The fact that these functors come from degreewise applications of a functor on (discrete)
sets make them “simplicial” (more precisely: they are S.-functors), i.e., they give rise to
simplicial maps

S.(X,Y) — S.(M(X), N(Y))

which results in natural maps
YAM(X) — M(XAY)

coming from the identity on X AY through the composite

S (XAY, XAY) = S,.(Y,S5.(X, XAY))
— S.(Y, 8. (M(X), M(XAY))) = S.(YAM(X), M(XAY))

In particular this means that I-spaces define spectra: the n-th term is given by M(S™),
and the structure map is S'AM(S™) — M(S™™) where S™ is S' = A[1]/0A[1] smashed

with itself n times.
Definition 2.1.3 If M € oblS,, then the homotopy groups are defined as

7o M = lim .4 M (S*).
k

Note that 7,M = 0 for ¢ < 0, by the following lemma.

Lemma 2.1.4 Let M € I8,.
1. IfY 5 Y €8, is an equivalence then M(Y) = M(Y") is an equivalence also.
2. If X € obS, is n-connected then M(X) is n-connected also.

3. If X € S, is n-connected then the canonical map YAM(X) — M(YAX) is 2n-
connected.

Proof: Let LM be the simplicial I"-space given by

LM(X), = \/ M(Zo)AT(Zo, Zy)A -+ ND)(Zy_1, Z,) AT (Z,, X))

ZO 7777 ZPE(FO)XP+1

with operators determined by

(M(ar)(f)NaaN ... NapNB) ifi=0
di(fAaN . NopNB) = S (fAA . .aioa;.. . AB) if1<i<p-—1
(fAaA .. A AN(Boay)) ifi=p

si(fAaIA L AapAB) = (fA .. a;AldAa 1y ... ADB)
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Consider the natural transformation

LM — - M

determined by
(fAaA .. AB) = M(Boa,o---0aq)(f).

For each Z € 0obI'® we obtain a simplicial homotopy inverse to 7, by sending f € M(Z) to
(fAIdzA ... Aidg). Since LM and M both commute with filtered colimits we see that 7 is
an equivalence on all pointed sets and so by A.1.5.0.2 n is an equivalence for all pointed
simplicial sets because LM and M are applied degreewise. Thus, for all pointed simplicial
sets X:

LM(X) = M(X).

(1) If Y = Y is an equivalence then S,(ky,Y) & Y>*F 5 (Y/)*F =2 S, (ky,Y’) is an
equivalence for all k. But this implies that LM (Y), = LM(Y"), for all p and hence by
A1.6.1 that LM(Y) = M(Y).

(2) If X is n-connected then S,(ki,X) = X** is n-connected for all k& and hence
LM(X), is n-connected for all p. Thus, by A.6.4 we see that LM (X)) is n-connected also.

(3) If X is n-connected and X’ is m-connected then X V X' — X x X' is (m + n)-
connected and so YA(X x X') — (YAX') x (YAX') is (m + n)-connected also by the
commuting diagram

YAXVX) —— YAXxX')

| J

(YAX)V(YAX) —— (YAX) x (YAX)
since both horizontal maps are (m + n)-connected. By induction we see that
YAS.(ky, X) — Si(ky, YAX)

is 2n-connectd for all k£ and so YALM (X), — LM (Y AX), is 2n-connected for all p. By
A1.6.3 and A1.6.4 we can conclude that YALM (X) — LM (Y AX) is 2n-connected also.
[
Following Schwede we now define two closed model category structures on IS,. We will
call these the “pointwise” and the “stable” structures™

Definition 2.1.5 Pointwise structure: A map M — N € IS, a pointwise fibration (resp.
pointwise equivalence) if M(X) — N(X) € S, is a fibration (resp. equivalence) for every
X € obl'. The map is a (pointwise) cofibration if it has the lifting property with respect
to maps that are both pointwise fibrations and pointwise equivalences.

From this one constructs the stable structure. Note that the cofibrations in the two
structures are the same! Because of this we often omit the words “pointwise” and “stable”
when referring to cofibrations.

{pointwis
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Definition 2.1.6 Stable structure: A map of I'-spaces is a stable equivalence if it induces
an isomorphism on homotopy groups (defined in 2.1.3). It is a (stable) cofibration if it is a
(pointwise) cofibration, and it is a stable fibration if it has the lifting property with respect
to all maps that are both stable equivalences and cofibrations.

As opposed to simplicial sets, not all I'-spaces are cofibrant. Examples of cofibrant
objects are the I'-spaces I'M of 1.2.1.4 (and so the simplicial I'-spaces LM defined in the
proof of lemma 2.1.4 are cofibrant in every degree, so that LM — M can be thought of as
a cofibrant resolution).

We shall see in 2.1.9 that the stably fibrant objects are the very special ['-spaces which
are pointwise fibrant.

2.1.7 Important convention

The stable structure will by far be the most important to us, and so when we occasionally
forget the qualification “stable”, and say that a map of I'-spaces is a fibration, a cofibration
or an equivalence this is short for it being a stable fibration, cofibration or equivalence.
We will say “pointwise” when appropriate.

Theorem 2.1.8 Both the pointwise and the stable structures define closed model category
structures (see A.1.3.2) on IS,. Furthermore, these structures are compatible with the TS,-

category structure. More precisely: If M — N is a cofibration and P L Q is a pointwise
(resp. stable) fibration, then the canonical map

[S.(N,P) = IS, (M,P) [ ILS.(N,Q)

I5.(M,Q)

is a pointwise (resp. stable) fibration, and if in addition i or p is a pointwise (resp. stable)
equivalence, then it is a pointwise (resp. stable) equivalence.

Proof: (Outline of proof, cf. Schwede [107]) That the pointwise structure is a closed sim-
plicial model category (with I'S,'*(—, —) as morphism spaces) is essentially an application
of Quillen’s basic theorem [100, 114] to A the category of T'-sets. The rest of the pointwise
claim follows from the definition of I'S,(—, —).

As to the stable structure, all the axioms but one follows from the pointwise structure.

If f: M — N € IS,, one must show that there is a factorization M — X — N of f as
a cofibration which is a stable equivalence, followed by a stable fibration. However, this
is an axiom we will never use, so we refer the reader to [107]. We refer the reader to the
same source for compatibility of the stable structure with the I'S,-enrichment. [

Note that, since the cofibrations are the same in the pointwise and the stable structure,
a map is both a pointwise equivalence and a pointwise fibration if and only if it is both a
stable equivalence and a stable fibration.

{def :stst:
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Corollary 2.1.9 Let M € oblS.. Then M is stably fibrant (i.e., X — x* is a stable
fibration) if and only if it is very special and pointwise fibrant.

Proof: If M is stably fibrant, M — * has the lifting property with respect to all maps that
are stable equivalences and cofibrations, and hence also to the maps that are pointwise
equivalences and cofibrations; that is, it is pointwise fibrant. Let X,Y € o0bl'°, then
X vIY — XY > X < TV is a cofibration and a weak equivalence. This means that if
M is stably fibrant, then

IS (I*YY, M) — IS.(T¥ v IV, M)

is a stable equivalence and a stable fibration, which is the same as saying that it is a
pointwise equivalence and a pointwise fibration, which means that

M(XVY) TS, (Y, M) — IS, (T* vIY, M) =2 M(X) x M(Y)
is an equivalence. Similarly, the map

inipri+A
_—

SVS S xS

is a stable equivalence. When 7o'S,'* (—, M) is applied to this sequence we get (a,b) —
(a,a+b): moM(1,)** — moM(1,)*2. If M is fibrant this must be an isomorphism, and so
moM (1) has inverses.

Conversely, suppose that M is pointwise fibrant and very special. Let M 55 N —» «
be a factorization. Since both M and N are very special ¢ must be a pointwise equivalence,
and so has a section (from the pointwise structure), which means that M is a retract of a
stably fibrant object since we must have a lifting in the diagram

M:M

[l

N —— %

2.1.10 A simple fibrant replacement functor

In the approach we will follow, it is a strange fact that we will never need to replace a
['-space with a cofibrant one, but we will constantly need to replace them by stably fibrant
ones. There is a particularly easy way to do this: let M be any I'-space, and set

FM(X) =lim Q"M (S*AX)
k
Obviously the map M — F'M is a stable equivalence, and F'M is pointwise Kan and very
special (use e.g., lemma 2.1.4) For various purposes, this replacement F' will not be good
enough. Its main deficiency is that it will not take S-algebras to S-algebras.

{subsec:n
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2.1.11 Comparison with spectra

We have already observed that [-spaces give rise to spectra:

Definition 2.1.12 Let M be a I'-space. Then the spectrum associated with M is the
sequence
M = {k — M(S")}

where S* is S* = A[1]/0A[1] smashed with itself k times, together with the structure maps
SIAM(S*) — M(STAS*) = M(S*1).

The assignment M +— M is a simplicial functor

IS, MM, Spt
(where Spt is the category of spectra, see appendix Al1.2 for details). and it follows from
the considerations in [13] that it induces an equivalence between the stable homotopy
categories I'-spaces and connective spectra.
Crucial for the general acceptance of Lydakis” definition of the smash product was the
following;:

Proposition 2.1.13 Let M and N be I'-spaces and X and Y spaces. If M is cofibrant,
then the canonical map

M(X)AN(Y) — (MAN)(XAY)
is n-connected with n = conn(X ) + conn(Y") + min(conn(X), conn(Y)).

Proof:  (Sketch, see [76] for further details). The proof goes by induction, first treat-
ing the case M = I'°(ny, —), and observing that then M(X)AN(Y) =2 X*"AN(Y) and
(MAN)(XAY) = N((XAY)*"). Hence, in this case the result follows from lemma 3.

Corollary 2.1.14 Let M and N be I'-spaces with M cofibrant. Then MAN is stably
equivalent to a hadicrafted smash product of spectra, e.g.,

n — {lim Q"M (S"AM(S¥)AN(SY)}. ©
k,l

2.2 A fibrant replacement for S-algebras

Note that if A is a simplicial ring, then HA is a very special ['-space, and so maps be-
tween simplicial rings are stable equivalences if and only if they are pointwise equivalences.
Hence any functor respecting pointwise equivalences of S-algebras will have good homotopy
properties when restricted to simplicial rings.

When we want to apply functors to all S-algebras A, we frequently need to replace
our S-algebras by a very special S-algebras before feeding them to our functor, in order
to ensure that the functor will preserve stable equivalences. This is a potential problem

{def:gs2s;
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since the fibrant replacement functor F' presented in 2.1.10 does not take S-algebras to
S-algebras.

For this we need a gadget first explored by Bokstedt. He noted that when he wanted to
extend Hochschild homology to S-algebras or rather FSPs (see chapter IV), the face maps
were problematic as they involved the multiplication, and this was not well behaved with
respect to naive stabilization.

2.2.1 The category 7
{Bostedts

Let Z C I'° be the subcategory with all objects, but only the injective maps. This has

much more structure than the natural numbers considered as the subcategory where we

only allow the standard inclusion {0,1,...,n — 1} C {0,1,...,n}. Most importantly, the

sum of two sets xg, 1 — xg V x; induces a natural transformation Z x Z — Z. To be quite

precise, the sum is given by k; VI, = (k+1{), with inclusion maps k; — (k+ 1), sending
i€kytoi€(k+1)y,and Iy — (k+1)y sending j >0 €1, tok+j € (k+1),. Note that

V is strictly associative and unital: (xtVy)Vz=2zV(yVz)and 0y Ver=z=2xV0, (but

symmetric only up to isomorphism).

This results in a simplicial category {p — ZP*!} with structure maps given by sending {17. Tpsim

x = (zg,...,x,) € Z9 to

di(x) = (0, - oy T V Tig1y e, Ty) forq <i<gq,
(xg V Ty, T1y .oy Tp1) fori =gq
Si(X) :(Io,...,xi,0+,.§l]i+1,...,.Zlf;,,) fOI'OS’LSq
{Def : TO}

Definition 2.2.2 If x = k; € obZ, we let |z| = k. We will often not distinguish no-
tationally between z and |z|. For instance, an expression like S* will mean S* smashed
with itself |z| times: SO = S0, S*+D+ = GIASk+  Likewise Q% will mean Map(S®, —) =
S.(S%,sin| —|). If M is a I'-space we set

ToM = {X — holim Q" M(S*AX)}

€T

The reason for the notation Ty M will become apparent in chapter IV (no, it is not because
it is the tangent space of something).

We have to know that this has the right homotopy properties, i.e., we need to know
that ToM is equivalent to

FM ={X — lim Q"M (S*"AX)}.
k

One should note that, as opposed to N, the category Z is not filtering, so we must stick
with the homotopy colimits. However, Z possesses certain good properties which overcome

this difficulty. (Bokstedt attributes in [9] the idea behind the following very important
stabilization lemma to Illusie [55])
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Lemma 2.2.3 (c¢f. [9, 1.5]) Let G: I%"' — S, be a functor, x € obZ?™, and assume G {Bokstedt.
sends maps in the under category x/Z%"" to n = ny connected maps. Then the map

G(x) — holim G

Za+1
18 n-connected.

Proof: Consider the functor
[ s LT YoXVY a4l

The second inclusion y C x V y defines a natural transformation from the identity to pix.
Hence, for every y € obZ?"! the under category y/px is contractible, and by the dual of
[14, XI1.9.2] (or A1.9.2.1) we have that

(kx)«: holimGpx —— holimG
Ta+1 79+1

is an equivalence. The map G(x) — holim—+; G factors through (yx)., and so we have

to show that the map G(x) — holim—; G is n-connected. Let G(x) also denote the
constant functor with value G(x). Since Z9™! has an initial object it is contractible (in the
sense that obN(Z79T) is contractible). With this notation, we have to show that the last

map in the composite

G(x) —— obN(Z7") AG(x) = holimG(x) — holimG iy

za+1 79+1

is m-connected, which follows as homotopy colimits preserve connectivity (A.1.9.3.1).
[
A stable equivalence of S-algebras is a map of S-algebras that is a stable equivalence
when considered as a map of I'-spaces.

l'Omonoidal}
Lemma 2.2.4 The functor Ty maps S-algebras to S-algebras, and the natural transforma-

tion id — Ty is a stable equivalence of S-algebras.

Proof: Let A be an S-algebra. We have to define the multiplication and the unit of Ty A.
The unit is obvious: S — TyS — Ty A, and the multiplication is

ToA(X)ATVA(Y) ——  holim Q7Y% (A(S*AX)AA(SYAY))

(z,y)€L?
oult o 4, holim Q7YY A(ST™VYAXAY)
(x,y)€L?
20T holimQ*A(STAXAY) = THA(XAY)
z€T

That the map A — Ty A is a map of S-algebras is now immediate. 1
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Corollary 2.2.5 Any HZ-algebra is Junctorially stably equivalent to H of a simplicial
ring. In particular, if A is an S-algebra, then ZA is functorially stably equivalent to H of
a simplicial ring.

Proof:  The Ty construction can equally well be performed in HZ-modules: let QY M
be S,(S*, M), which is a HZ-modules if M is, and let the homotopy colimit be given
by the usual formula except the the wedges are replaced by sums (see A.1.9.5 for further
details). Let RgA = holim—— Q%, A(S®). This is an HZ-algebra if A is. There is a natural
equivalence RgA — Ry(sin |A]) and a natural transformation T5UA — URy(sin |A|) (U is
the forgetful functor). By lemma A.1.9.5.2 and lemma 2.1.4.2 you get that ToUA(S™) —
URg(sin |A])(S™) is (2n — 1)-connected. But since both sides are special I'-spaces, this
means that ToUA —=URysin |[A|[<— URyA is a natural chain of weak equivalences.
(Alternatively, we could have adapted Bokstedt’s approximation theorem to prove directly
that A — RypA is a stable equivalence.)

Consequently, if A is a HZ-algebra, there is a functorial stable equivalence A — RyA
of HZ-algebras. But RyA is special and for such algebras the unit of adjunction HR — 1
is an equivalence by lemma 1.3.3. [

2.3 Homotopical algebra in the category of A-modules

Although it is not necessary for the subsequent development, we list a few facts pertaining
to the homotopy structure on categories of modules over S-algebras. The stable structure
on A-modules is inherited in the usual way from the stable structure on I'-spaces.

Definition 2.3.1 Let A be an S-algebra. We say that an A-module map is an equivalence
(resp. fibration) if it is a stable equivalence (resp. stable fibration) of I'-spaces. The
cofibrations are defined by the lifting property.

Theorem 2.3.2 With these definitions, the category of A-modules is a closed model cat-

egory compatibly enriched in IS.: if M — N is a cofibration and P L Q is a fibration,
then the canonical map

(i*7 *)
Hom (N, P) —= Hom (M, P) [1ym , 1.0 Hom 4(N, Q)

is a stable fibration, and if in addition © or p is an equivalence, then (i*,p,) is a stable
equivalence.

Proof: (For a full proof, consult [107]). For the proof of the closed model category structure,

see [108, 3.1.1]. For the proof of the compatibility with the enrichment, see the proof of

[108, 3.1.2] where the commutative case is treated. '
The smash product behaves as expected (see |76] and [107] for proofs):
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Proposition 2.3.3 Let A be an S-algebra, and let M be a cofibrant A°-module. Then
MAs—: A —mod — TS, sends stable equivalences to stable equivalences. If N is an A-
module there are first quadrant spectral sequences

Tor;r*A(W*M, TN )g) =Tprq(MA4N)
Tp(MAA(HTyN)) =7pg(MAAN)

If A — B is an stable equivalence of S-algebras, then the derived functor of BA 4— induces
an equivalence between the homotopy categories of A and B-modules.

2.3.4 k-algebras

In the category of k-algebras, we call a map a fibration or a weak equivalence if it is a
stable fibration or stable equivalence of I'-spaces. The cofibrations are as usual the maps
with the right (right meaning correct: in this case left is right) lifting property. With these
definitions the category of k-algebras becomes a closed simplicial model category [107]. We
will need the analogous result for [S,-categories:

2.4 Homotopical algebra in the category of [S,-categories

To be converted to LaTeX (02-01-17). For now Appendix A1=A is prioritized due to the
many references.
Included to have references:

Definition 2.4.1 A [S,-functor of IS,-categories F': C — D is a stable equivalence if for
all ¢, € obC the map
C(c,d) — D(Fc, Fc) € TS,

is a stable equivalence, and for any d € obD there is a ¢ € 0bC and an isomorphism F'c = d.

Likewise, an S-functor of S-categories F': C — D is a weak equivalence if for all ¢, ¢’ €
obC the map C(c, ') — D(Fe, F) € S is a weak equivalence, and for any d € obD there
is a ¢ € obC and an isomorphism Fc¢ 2 d.

Recall that a IS,-equivalence is a IS,-functor C “F.D for which there exists a IS,-

functor C<<-D and [S,-natural isomorphisms ide = GF' and idp = FG.

Lemma 2.4.2 FEvery stable equivalence of I'S,-categories can be written as a composite of
a stable equivalence inducing the identity on the objects and a IS, -equivalence.

Proof: Let F': C — D be a stable equivalence. let I’ be the [S,-category with the same
objects as C, but with morphisms given by F(c,¢’) = D(Fe, Fc’). Then F factors as
C — F — D where the first map is the identity on objects and a stable equivalence on
morphisms, and the second is induced by F' on objects, and is the identity on morphisms.
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The latter map is a [S.-equivalence: for every d € obD choose a c; € obC and an isomor-

phism d = Fcy. As one checks, the application d — ¢4 defines the inverse IS,-equivalence.

[

So stable equivalences are the more general, and may be characterized as composites

of I'S,-equivalences and stable equivalences that induce the identity on the set of objects.
Likewise for weak equivalences of S-categories.

3 Algebraic K-theory

3.1 K-theory of symmetric monoidal categories

An abelian monoid can be viewed as a symmetric monoidal category (an SMC) with just
identity morphisms. An abelian monoid M gives rise to a I'-space HM via the formula
ki — M** (see [109]), the Eilenberg-MacLane spectrum of M. Algebraic K-theory as in
Segal’s paper is an extension of this to symmetric monoidal categories (see also [111] or
[121]), such that for every symmetric monoidal category C we have a I-category HC.

For a finite set X, let PX set of subsets of X. If S and T are two disjoint subsets of
X, then ST[T is again a subset of X. For a strict symmetric monoidal category (C,L, e)
(strict means that all coherence isomorphisms are identities) we could define the algebraic
K-theory as the I'-category which evaluated on k, € I'° was the category whose objects
were all functions P{1,...,k} — 0bC sending [] to Ll and () to e

PLL,... k) C
I — | U
0 I

Such a function is uniquely given by declaring what its values are on all subsets {i} C
{1,...,k} and so this is nothing but C times itself k times.

In the nonstrict case this loosens only up a bit. If (C, L, €) is a symmetric monoidal cat-
egory, HC(k,) is the symmetric monoidal category whose objects are the pointed functors
P{1,...,k} — C taking ] to Ll up to coherent isomorphisms. More precisely

Definition 3.1.1 Let (C,U,e) be a symmetric monoidal category. Let ky € obl°. An
object of HC(X) is a function a: P{1,...,k} — obC together with a choice of isomorphisms

agr:asUar — agyyr
for every pair S, T C {1,...,k} such that SN T = () satisfying the following conditions:
l.ap=e

2. asg: eUas — agyys = as and aps: as U e — agyp = ag are the inverses to the
corresponding structure isomorphism in C

{IISegalH

{Def : IISe,
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3.
(ag Uar) Uay ag U (ar Uay)
laS'Tuid liduaT,U
asyyr Y W g asiiriiv T Uariiu
where the unlabelled arrow is the corresponding structure isomorphism in C
4.

aslap ———ar Uag
as,r laT’S
asiir = arjis
where the unlabelled arrow is the corresponding structure isomorphism in C
A morphism f: (a,a) — (b, 3) € HC(X) is a collection of morphisms
fs:as —bgeC
such that
1. fp=1d.

2.

ag U ar M bSUbT

OlS,Tl ﬁs,Tl

fsur
asiir —— bsqr

If p: k. — Iy € I° then HC(k,) — HC(l,) is defined by sending a: P{1,...,k} — C
to
P 0 P, k) s C
(this makes sense as ¢ was pointed at 0).

This defines the I'-category HC, which again is obviously functorial in C, giving the
functor

H : symmetric monoidal categories — I'-categories

{KofSMC} The nerve obN HC forms a I'-space which is often called the algebraic K-theory of C.

If C is discrete, or in other words, C = 0bC is an abelian monoid, then this is exactly the
Eilenberg-Mac Lane spectrum of 00C.
Note that HC becomes a special I'-category in the sense that

Lemma 3.1.2 Let (C,U, e) be a symmetric monoidal category. The canonical map
HC(ky) — HC(14) x --- x HC(14)

1s an equivalence of categories.
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Proof: We do this by producing an equivalence Ej: C** — HC(k,) such that
ka ka

HC(ky) —— HC(1,)**

commutes. The equivalence E}, is given by sending (cy, ..., cx) € obC** to Ex(cy, ..., cx) =
{(CLS, OKS’T)} where

a{il,...,ij} = Cil LJ (Ci2 ...y (Cik71 LJ Cik) .. )
and ag 7 is the unique isomorphism we can write up using only the structure isomorphisms
in C. Likewise for morphisms. A quick check reveals that this is an equivalence (check the
case k = 1 first), and that the diagram commutes. 1

3.1.3 Enrichment in IS,

The definitions above makes perfect sense also in the I'S.-enriched world, and we may
speak about symmetric monoidal ['S,-categories C.

A bit more explicitly: a symmetric monoidal I'S,-category is a tuple (C,U, e, a, A, p, )
such that C is a [S,-category, U: C x C — C is a [S,-functor, e € obC and «, A, p and v
are [S,-natural transformations satisfying the usual requrements listed in appendix B.??.

The definition of HC at this generality is as follows: the objects in HC(k,) are the
same as before, and the I'-space HC((a, ), (b, 3)) is defined as the equalizer

HC((a, ), (b,8)) —— I Clas,bs) = [I  ClasUar,bsyir)

SC{1,....k} S, TC{1,....k}
SNT=0
where the upper map is
U (Bs, )0
[I Clas,bs) —— [[ ClasUar,bsUbr) —— [I ClasUar, bsyir)
SC{1,....k} S, TC{1,....k} S,TC{1,....k}
SNT=0 SNT=0

and the lower map is

roj. (a A )0)
[T Clas,bs) 222 I[I Clasiyr, bsyir) =, II ClasUar,bsiir)
SC{l,...k} STC{L,...k} STCL, .k}
SNT=0( SNT=0

3.1.4 Categories with sum

The simplest example of symmetric monoidal I'S,-categories comes from categories with
sum (i.e., C is pointed and has a coproduct V). If C is a category with sum we consider it
as a [S,-category via the enrichment

k

CY(c,d)(ky) =Clc,\/ d)

{Def : SMgs

{subsec: T
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(see 1.6.3).
The sum structure survives to give CV the structure of a symmetric I'S,-monoidal cat-

egory:
(Cv X C\/)((Cl,CQ) (dl,d2> Cl, \/d1 X C CQ, \/d2

— C(c1 V ¢y, (\/ d1> (\/ dg) =~ C(ey Ve, \/(dl Vdy)) = Cv(cl Voo, dy Vo ds) (kL)

Categories with sum also have a particular transparent K-theory. The data for a sym-
metric monoidal category above simplifies in this case to HC (k. ) having as objects functors
from the pointed category of subsets and inclusions of k. = {0,1,...,k}, sending 0, to 0
and pushout squares to pushout squares, see also section I11.2.1.1.

3.2 Quite special ['-objects
Let C be a I'-I'S,-category, i.e., a functor C: I'° — ['S,-categories.Consider a functor
D: ' — [S,-categories.

We say that D is special if for all finite pointed sets X and Y the canonical I'S,-functor
C(XVY) — C(X) x C(Y) are [S,-equivalences of [S,-categories. So, for instance, if C is
a symmetric monoidal category, then HC is special. We need a slightly weaker notion.

Definition 3.2.1 Let D be a I'-IS,-category. We say that D is quite special if for all
X,Y € obI' the canonical map D(X VY) — D(X) x D(Y) is a stable equivalenceof
[S.-categories (see 2.4.1 for definition).

Likewise, a functor D: ' — S-categories is quite special if D(X VYY) — D(X) x D(Y)
is a weak equivalence of S-categories 2.4.1.

Typically, theorems about special D remain valid for quite special D.

Lemma 3.2.2 Let D: I'° — S-categories be quite special. Then obND is special.

Proof: This follows since the nerve functor obN preserves products and by [29] takes weak
equivalences of S-categories to weak equivalences of simplicial sets. [

Recall the fibrant replacement functor 7j of 2.2.2. The same proof as in lemma 2.2.4
gives that if we use Tj on all the morphism objects in a I'S,-category we get a new category
where the morphism objects now are stbly fibrant.

Lemma 3.2.3 Let C: ' — IS, -categories be quite special. Then ToC is quite special.
Proof: This follows since T{) preserves stable equivalences, and since
To(M X N) —N>T0M X T()N

is a stable equivalence for any M, N € oblS,. Both these facts follow from the definition
of Ty and Bokstedt’s approximation lemma 2.2.3. [
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3.3 A uniform choice of weak equivalences

In the discrete case, algebraic K-theory focuses on the isomorphisms. In the general case we
still have a canonical choice of weak equivalences, which is good enough for the applications
we have in mind, but might be modified in more complex situations where we must be free
to choose our weak equivalences. For a trivial example of this, see note 3.3.3 below.
Define the functor
w: IS, — categories — S — categories

by means of the pullback
wC — RT,C

| l

i7T()C — 7T()C

where imoC is the subcategory of isomorphisms in myC, and R was the forgetful functor
from IS, to S applied to all morphism objects (see 3). Note that moC = moRTC.

Lemma 3.3.1 Let C be a quite special I'-IS,-category. Then wC is a quite special I'-S-
category

Proof: That C is quite special implies that RT,C is quite special since stable equivalences
of stably fibrant ['-spaces are pointwise equivalences, and hence taken to weak equivalences
by R. The map RT,C — myRT,C = mC is a (pointwise) fibration since R takes fibrant
['-spaces to fibrant spaces.

Furthermore 7C is special since 7y takes stable equivalences of I'S,-spaces to isomor-
phisms. The subcategory of isomorphisms in a special I'-category is always special (since
the isomorphism category in a product category is the product of the isomorphism cate-
gories), so imyC is special too.

We have to know that the pullback behaves nicely with respect to this structure. The
map RT,C(X VY) — RT,C(X) x RT,C(Y) is a weak equivalence. Hence it is enough to
show that if A — B is a weak equivalence of S-categories with fibrant morphism spaces,
then img A X zo 4 A — imeB X 5,58 is a weak equivalence. Notice that 0bA = 0b(impA X 5y4.A)
and that there is a surjection from the set of isomorphisms of A to the set of isomorphisms
of imgp A Xz, 4 A (and likewise for B). Hence we only have to show that the map induces a
weak equivalence on morphism spaces, which is clear since pullbacks along fibrations are
equivalent to homotopy pullbacks. [

Lemma 3.3.2 Let £ be an Ab-category with subcategory i€ of isomorphisms, and let £
be the associated IS,-category (see 1.6.2.2) . Then natural map i€ — w& is a stable
equivalence.

Proof- Since € has stably fibrant morphism objects RT,E<=— & and by construction

RE =€ (considered as an S-category). This means also that o€ = &, and the result
follows. 1

{lemma:IT
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Note 3.3.3 So for Ab-categories our uniform choice of weak equivalences essentially just
picks out the isomorphisms, which is fine since that is what we usually want. For modules
over S-algebras they also give a choice which is suitable for K-theory (more about later).

However, occasionally this construction will not pick out the weak equivalences you
had in mind. As an example, consider the category I'° itself with its monoidal structure
coming form the sum. It turns out that the category of isomorphisms iI'* = [, ., X, is an
extremely interesting category: its algebraic K-theory is equivalent to the sphere spectrum
by the Barratt-Priddy-Quillen theorem (see e.g., [109, proposition 3.5|).

However, since ['° is a category with sum, by 3.1.4 it comes with a natural enrichment
(T°)Y. We get that (I'°)Y(m4,ny)(ky) = T°(my, kyAny). But in the language of 6, this
is nothing but the n by m matrices over the sphere spectrum. Hence (I'°)¥ is isomorphic
to the IS,-category whose objects are the natural numbers, and where the I'-space of
morphisms from n to m is Mat,, ,,S = [[,, V»S. The associated uniform choice of weak
equivalences are exactly the “homotopy invertible matrices” G/YIH(S) of I11.2.3.1, and the
associated algebraic K-theory is the algebraic K-theory of S - also known as Waldhausen’s
algebraic K-theory of a point A(x), see I11.2.3.

{II:Gamma:
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Reductions

In this chapter we will perform two important reductions and clean up some of the mess
due to our use of varying defintions along the way.

The first reduction takes place in section 1 and tells that our handling of simplicial
rings in chapter I is not in conflict with the usual conventions of algebraic K-theory, and in
particular the one we get from chapter II. This is of importance even if one is only interested
in ordinary rings: there are certain points (in chapter V) where even the statements for
ordinary rings relies on functoriality in the category of simplicial rings.

Together with section 2 which tells us that all the various definitions of K-theory agrees,
the ones only interested in ordinary rings are then free to pass on to chapter IV.

The second reduction, which you will find in section 3 is the fact that for most practical
purposes, theorems that are true for simplicial rings are true in general for S-algebras. One
may think of this as a sort of denseness property, coupled with the fact that the requirement
that a functor is “continuous” is rather weak.

91
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1 Degreewise K-theory.

Algebraic K-theory is on one hand a group-completion device, which is apparent from the
definition of Ky. When looking at K we can also view it is also an “abelianization” device.
You kill off the commutator of the general linear group to get K;. To get K5 you “kill off”
yet another piece where some homology group vanish. The procedure of killing off stuff
for which homology is blind ends in group-theory at this point, but if you are willing to
go into spaces, you may continue, and that is just what Quillen’s plus-construction is all
about.

When studying the stable K-theory, we had to introduce simplicial rings into the picture,
and it turned out that we could be really naive about it: we just applied our constructions
in every dimension. That this works is quite surprising. When one wants to study K-theory
of simplicial rings, the degreewise application of the K-functor only rarely gives anything
interesting. One way to get an interesting K-theory would be to take the S-construction
of some suitable category of modules, but instead of isomorphisms use weak equivalences.
Another, and simpler way is to use Quillen’s plus construction on a nice space similar to
the classifying space of the general linear group. This is what we will do in this section,
but it will not be proven until the next section that the two approaches are equivalent (by
means of a yet another approach to K-theory due to Segal, see I11.3). The plus construction
has the advantage that the comparison between the “correct” and degreewise definitions is
particularly simple.

1.1 K-theory of simplicial rings

A simplicial monoid M is called group-like if mogM is a group. This has the nice consequences
that we may form a good classifying space. That is, if BM is (the diagonal of) the space
you get by taking the nerve degreewise, then QBM ~ M (see corollary A.1.5.0.12

If Ais a simplicial (associative and unital) ring, Waldhausen [128| defined C/?z)n(A) as
the pullback of the diagram

GL.(A) —— M,(A)

| l

GLn(T['()A) E— Mn (7T()A)

Similar to the discrete case, C/ﬂ}n(A) sits inside C/?IHI(A) via m — m @ 1, and we let
G/E(A) be the union of the G/’I,L(A) As WOG/I%(A) = GL,(my(A)) we get that G/YIH(A),
and hence also C/?I(A), is group-like.

Recall Quillen’s plus construction (see 1.1.6.1, or more thoroughly in appendix A.1.6).
In analogywith the definition of the algebraic K-theory space 1.1.6.6 of a ring Waldhausen
suggested the following definition.
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Definition 1.1.1 If A is a simplicial ring, then the algebraic K-theory space of A is
K(A) = BGL(A)*
We note that
mK(A) = m BGL(A)/P(mBGL(A)) = GL(mA)/ P(GL(mA)) = Ki(moA)

(P() denotes the maximal perfect subgroup, 1.1.2.1). This pattern does not continue,
the fiber of K(A) — K(mpA) has in general highly nontrivial homotopy groups. Wald-
hausen proves in [128, proposition 1.2| that if & is the first positive number for which
T A is nonzero, the first nonvanishing group of the fiber sits in dimension k£ 4 1 and is
HHy(mgA, mpA). We shall not prove this now, but settle for the weaker

Lemma 1.1.2 If B — A is a k > 0-connected map of simplicial rings, then K(B) — K(A)
is (k + 1)-connected.

Proof:  Obviously M, A — M, B is k-connected. As k > 0, we have myB = myA, and so
GL, (B) — GL, (A) is also k-connected. Hence BGL( ) — BGL(A) is k + 1 connected,
and we are done as the plus construction preserves connectivity of maps (A.1.6.3.2). [

1.2 Degreewise K-theory

Waldhausen’s construction is very different from what we get if we apply Quillen’s definition
to A degreewise, i.e.,

K™9(A) = diag*{[q] — K(A,)}

This is also a useful definition. For instance, we know by [35| that if A is a regular
and right Noetherian ring, then K(A) agrees with the Karoubi-Villamajor K-theory of A,
which may be defined to be the degreewise K-theory of a simplicial ring AA = {[q] —

Alto, ... t,]/ St; = 1} with

tioy ifj>i

On the other hand, the homotopy groups of AA vanish, and so, by 1.1.2, K(AA) is
contractible, and so in this case, Waldhausen’s functor give very little information.

The inclusion GL(A) C GL(A) induces a map
BGL(A)* — BGL(A)" = K(A)

As we will see in 1.3, the first space is equivalent to K9€(A), and it is of interest to know
when the map preserves information.

{lem:1.2.:
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Example 1.2.1 The following example is rather degenerate, but still of great importance.
For instance, it was the example we considered when talking about stable algebraic K-
theory in section 1.3.5.

Let A be a discrete ring, and let P be a reduced A bimodule (in the sense that it is
a simplicial bimodule, and P, = 0). Then we may form the square zero extension A x P
(that is A x P = A @ P as a simplicial bimodule, and the multiplication is given by
(a1, p1) - (az, p2) = (arag, a1ps + p1as)). Then one sees that GL(A x P) is actually equal to
éz(A x P): as P is reduced and A discrete GL(my(A x P)) = GL(A) and as P is square
zero ker{GL(Ax P) — GL(A)} = (1+ M(P))* = M(P). Hence GL(A) = G/YI(A)

If you count the number of occurrences of the comparison of degreewise and ordinary K-
theory in what is to come, it is this trivial example that will pop up most often. However, we
have profound need of the more general cases too. We are content with only an equivalence,
and even more so, only an equivalence in relative K-theory. In order to extend this example
to cases where A might not be discrete and P not reduced, we have to do some preliminary
work.

1.3 The plus construction on simplicial spaces

The “plus” construction on the diagonal of a simplicial space (bisimplicial set) may be
performed degreewise in the following sense. Remember, 1.1.2.1, that a quasi-perfect group
is a group G in which the maximal perfect subgroup is the commutator: PG = |G, G].

Lemma 1.3.1 Let {[q] — X,} be a simplicial space such that X, is connected for every
q >0, and let X' = diag*{[q] — X[}, Consider the diagram

diag"X —— X!

| |

(diag*X)* —— (X1)*

The lower horizontal map is always an equivalence, and the right vertical map is an equiv-
alence if and only if T X" has no nontrivial perfect subgroup. This is true if e.g. m (X))
is abelian which again follows if m(Xo) is quasi-perfect.

Proof: Let A(X,) = fiber{X, — X[}, and consider the sequence

{la]—ax,}
_

{ld = AXy} —— {ld— X} =X {lg — X7}

As X, and X1 are connected, theorem A.1.5.0.4 gives that

Qx=diag*{[ql—ax,}

diag*{[q] — A(X,)} —— diag*X Xt

is a fiber sequence. But as each A(X,) is acyclic, the spectral sequence A.1.5.0.6 calcu-
lating the homology of a bisimplicial set gives that H.(diag*{[q] — A(X,)}) = 0, and so

{ex:degis
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Qx : diag*X — X' is acyclic. The lower horizontal map is thus the plus of an acyclic map,
and hence acyclic itself. But P ((diag*X)™) = *, so this map must be an equivalence.
The right vertical map is the plus construction applied to X!, and so is an equivalence if
and only if it induces an equivalence on 71, i.e., if Pm(X') = . If m (X)) is quasi-perfect,
then (X)) = m(Xo)/Pm(Xo) = Hi(Xp) is abelian, and so the quotient 7 X is also
abelian, and hence has no perfect (nontrivial) subgroups. [

Remark 1.3.2 Note that some condition is needed to ensure that 7 X" is without non-
trivial perfect subgroups, for let X, = BF, where F'——=P is a free resolution of a perfect

group P. Then X' ~ BP % X% ~ BP™.
Since the Whitehead lemma 1.1.2.2 states that K;(A) is abelian, we get that

Corollary 1.3.3 Let A be a simplicial ring. There is a natural chain of weak equivalences

Kies(A) —~ Ks(A)* «~ BGL(A)*. ©

1.4 Nilpotent fibrations and the plus construction

Let m and G be groups, and let 7 act on GG. The action is nilpotent if there exists a finite
filtration

*=G1 CG,C---CGCG =G

respected by the action, such that each G;.; C G; is a normal subgroup and such that the
quotients G;/G;.1 are abelian with induced trivial action.
A group G is said to be nilpotent if the self action via inner automorphisms is nilpotent.

Definition 1.4.1 If f: E — B is a fibration of connected spaces with connected fiber F,
then 7 (E) acts on each m;(F) (see A.1.4.1), and we say that f is nilpotent if these actions
are nilpotent.

Generally, we will say that a map of connected spaces X — Y is nilpotent if the
associated fibration is.

Lemma 1.4.2 ' — E — B is any fiber sequence of connected spaces where m E acts
trivially on w.F, then the fibration is nilpotent.

Proof:  Since m,F' is abelian for ¢ > 1, a trivial action is by definition nilpotent, and
the only thing we have to show is that the action of 71 £ on 7 F' is nilpotent. Let A’ =
ker{mF — mE} and A” = ker{m E — m B}. Since m E acts trivially on A" and A”, and
both are abelian (the former as it is the cokernel of mo ' — mo B, and the latter as it is in
the center of m E), m E acts nilpotently on m F. (]

Lemma 1.4.3 Let f: X — Y be a map of connected spaces. If either

1. f fits in a fiber sequence X LY 7 where Z is connected and Pri(Z) =%, or

{cor:1.4.

{Def:nilp

{Def :nilp
{Def:nilp

{lem:1.5.

{lemma:1.!
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2. f is a nilpotent,

then
X — X*

fl f+l
Y — YT

is (homotopy) cartesian.

Proof: Part 1. Since PmZ is trivial, Z — Z7T is an equivalence. We may assume that both
maps in Y — Y+ — Z7T are fibrations and that X is the fiber of the composite. Consider

the diagram
X — P=Y"T][[jsx — «

| | |

Y — Y+ — Z"
As both the rightmost and the outer squares are cartesian, the leftmost must be cartesian.
This means that X — P is acyclic (it has the same fiber as Y — Y T). We check that
mX — mP is surjective (the left square), and that m P is without perfect subgroups
(Pm P is in ker{m P — mY ™} which is isomorphic to coker{mY ™ — mZ*} which is
abelian). Hence the leftmost square is the square of the lemma.
Part 2. That f is nilpotent is equivalent, up to homotopy, to the statement that f
factors as a tower of fibrations

Y=Y, Ly, Ly x
where each f; fits in a fiber sequence
Yi ., Yiog —— K(Gi,ny)
with n; > 1 (see e.g. [14, page 61]). But statement 1 tells us that this implies that
Y, — Y
I |
Yion — Y1

is cartesian, and by induction on k, the statement follows. [

1.5 Degreewise vs. ordinary K-theory of simplicial rings

Recall the definition of the subgroup of elementary matrices £ C GGL. For this section, we
reserve the symbol K;(A) for the quotient {[¢] — K;i(A,)} = GL(A)/E(A), which must

—

not be confused with m K (A) = K;(mpA). Let E(A) C GL(A) consist of the components
belonging to E(myA) € GL(mpA).
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tHegvdWgld}
Theorem 1.5.1 Let A be an associative (simplicial) ring. Then

BGL(A) —— BGL(A)*

| |

BGL(A) —— BGL(A)*
is (homotopy) cartesian.

Proof: Note that both horizontal maps in the left square of
BE(A) —— BGL(A) —— BK;(A)

| | l

BE(A) —— BGL(A) —— BEK/(mA)

satisfy the conditions in lemma 1.4.3.1, since both rows are fiber sequences with base space
simplicial abelian groups.
So we are left with proving that

BE(A) —— BE(A)

l |

BE(A)* —— BE(A)*

is cartesian, but by lemma 1.4.3.2 this follows from the lemma below. [
N {lem:1.6.:
Lemma 1.5.2 (c.f. [31] or [116]) The map BE(A) — BE(A) is nilpotent.

Proof: Let Fj, (resp. F) be the homotopy fiber of BE,(A) — BE(A) (resp. E(A) —
E(A)). Instead of showing that the action of moE(A) = m BE(A) on 7, (F) is nilpotent,
we show that it is trivial. In view of 1.4.2 this is sufficient, and it is in fact an equivalent
statement since myE(A) is perfect (being a quotient of E(Ag)) and any nilpotent action of
a perfect group is trivial.

Let ji: Ep(A) — Ex(A) for 1 < k < oo be the inclusions (with j = jo). Consider
the simplicial categories ji/1 with objects Ek(A) and where a morphism in degree ¢ from
m tonisag € Ep(A,) such that m = n-g. The nerve N(ji/1) is isomorphic to the
bar construction B(Ey(A), Ey(A), %) = {[g] — E(A) x E,(A)*?}. The forgetful functor
J&/1 — Ei(A) induces an equivalence N(j, /1) —— F}, (see e.g. [130, p, 166]) compatible
with stablization Ep(A) _t Erpi1(A)- By A.1.4.2.1, the action on the fiber

N(jr/1) x Ex(A) —— N(ji/1) x QBE,(A) — N(jx/1)

is induced by the simplicial functor j /1 x E,(A) {mg)=ig(m) jr/1 (where Ej(A) now is
considered as a simplicial discrete category with one object for every element in Ej(A) and
only identity morphisms) sending (m, g) to i,(m) = gmg™'.
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Dually, there is an under category 1/j; (with objects Ek(A) and where a morphism
in degree ¢ from m to n is a g € Ey(A,) such that n = ¢ - m), and an equivalence
N(1/jx) — F} over Ex(A). Also here the action on the fiber is induced by conjugation

1/ x Ep(A) 2720 15,

We will show that the induced map
moE(A) — moMap.(F, F) — End(m.(F))

is trivial. Note that
Map.(F, F) = lim Map,(Fy, F)

and
End(m.(F)) = l'gn Hom(m,(Fy), n(F))

where the limits are over F} — --- — Fj, — Fj,1 — ... induced by stabilization. Hence
it is enough to show that that for each k

E(Ay) —» mE(A) — limmgMap, (Fy, F') — noMap.(Fy, F) — Hom(m.(Fy), m(F"))

is trivial. Note that this map factors in two interesting ways:
E(A) — moMap.(N(jx/1), N(j/1))

! |

moMap.(N(1/j), N(1/5)) ——  Hom(m.(Fy), m.(F))

Now we fix a k. The zero simplices F(Ay) are considered as simplices in E(A) of
arbitrary dimension by the unique inclusion which we supress from the notation. As natural
transformations give rise to homotopies, we are done if we display a natural simplicial
isomorphism between t and i, in either of the categories of pointed functors [ji/1,j/1]« or
[1/4x,1/4]« (((m) = m@ I and i,m = xmaz~") for each given element x in a generating set of
E(Ap). As a generating set we may choose the set containing the elements ef, ; ; and €7, ,,
fora € Ag and i # k+1. To see that this set really generates F(Ajy), consider the Steinberg
relations of 1.1.5: if i # j and neither ¢ nor j equals k + 1, then ef; = [ef,, 1, er 1 ;]

If m = (mi;) € My (A) is any matrix we have that ef,, ;-t(m) e, !, ; =t(m) 77, ;(m)
where

Thy1;(M) = ey g H 6ZTL
i<k

It is easy to check that TISHJ(m) is simplicial (Y*7t(m) = 775(¢)*m) for ¢» € A) and natural

inm € ji/1 So m — 7, ;(m) is the desired natural isomorphism between leg,, 1 and ¢ in

[Jx/1, /1]« Likewise we have that ef, ., -t(m) - e; '\, = 7%, (m) - t(m) where

a _a —Mmj;a
Ti,k—i—l(m) = Cik+1” H €kl
i<k
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and 77, is a natural isomorphism in [1/jx, 1/j].. '

The outcome is that we are free to choose our model for the fiber of the plus construction
applied to BGL(A) among the known models for the fiber of the plus construction applied
to BGL(A):

Corollary 1.5.3 If X is any functor from discrete rings to spaces with a natural trans-
formation X (—) — BGL(—) such that

X(A) — BGL(A) — BGL(A)*

s a fiber sequence for any ring A, then X extended degreewise to a functor of simplicial
rings is such that

X(A) —» BGL(A) — BGL(A)*
is a fiber sequence for any simplicial ring A.

Proof: By the theorem it is enough to show that [g] — X (A,) is equivalent to the fiber of
BGL(A) — BGL(A)", but this will follow if {[¢] — BGL(A,)}" — {[q] — BGL(A,)"}
is an equivalence. But by lemma 1.3.1 this is true since GL(Ag) is quasi-perfect, which is
part of the Whitehead lemma 1.1.2.2. [

Example 1.5.4 The resolving complex and Stein relativization. We have already
seen in 1.1.4.1 that the most naive kind of excision fails for algebraic K-theory. Related
to this is the classical method of describing relative K-theory. In Bass [4] and Milnor’s
[86] books on K-theory, the Stein relativization is used to describe relative K-theory. As is
admitted in Milnor’s book, this is not a satisfactory description, and we will give the reason
why it works in low dimensions, but fails higher up. See [118] to get further examples of
the failure.

Let f: A — B be a surjection of associative rings with unit, and define K% (f) =
coker{K;(A) — K;(A[[z A)} given by the diagonal splitting A — A[[z A. The question

is: when do we have exact sequences
— Kip1(A) = Kip1(B) — KX'(f) — Ki(A) — Ki(B) —
or more precisely, how far is

K(ATlA) —— K(4)

K —1 K(B)

from being cartesian?

The failure turns up for ¢ = 2, but this oughtn’t be considered as bad as was fashionable
at the time: The Stein relativization can be viewed as a first approximation to the fiber as
follows. Let S be the “resolving complex”, i.e., the simplicial ring given in dimension ¢ as

{cor:1.6.
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the ¢ 4+ 1 fold product of A over f with the various projections and diagonals as face and
degeneracies

AT AT A—= A, A—= A

This gives a factorization A — S — B where the former map is inclusion of the zero
skeleton, and the latter is a weak equivalence. Now, as one may check directly, GL respects
products, and
GL(S,) =GL(A) I] -~ J[ 6L«
GL(B)  GL(B)

(¢ + 1 GL(A) factors). Just as for the simplicial ring S, this simplicial group is concen-
trated in degree zero, but as GL does not respect surjections we see that mo(GL(S)) =
im{GL(A) — GL(B)}. But this is fine, for as E(—) respects surjections we get that
GL(B)/im{GL(A) — GL(B)} = K,(B) = K,(B)/im{K,(A) — K;(B)}, and we get a
fiber sequence

BGL(S) — BGL(S) — BK,(B)

where the middle space is equivalent to BGL(B). Applying theorem 1.6.1 (overkill as
K,(B) is abelian) to BGL(S) — BGL(S) we get that there is a fiber sequence

K*™(S) — K(B) — BK,(B)

which means that ¢(f) = fiber{K(A) — K9%9(S)} is the connected cover of the fiber of
K(A) — K(B).

We may regard ¢(f) as a simplicial space [g] — ¢4(f) = fiber{K(A) — K(S,)}. Then
do(f) = 0 and m;(¢1(f)) = K2$"(f). An analysis shows that dy — di + da: mo(d2(f)) —
mo(¢1(f)) is zero, whereas do — dy +do — ds: mo(p3(f)) — mo(d2(f)) is surjective, so the Ey
term of the spectral sequence associated to the simplicial space looks like

2

0 K§en(f))
0 KStem(f)7 7
0 KSein(fy 0 7

This gives that Ky"(f) is correct, wheras K5 ( f) surjects onto 7y of relative K-theory.

1.6 K-theory of simplicial radical extensions may be defined de-
greewise

If f: B— Ais a map of simplicial (associative and unital) rings, we will let K(f) denote
the fiber of [ (B) _r K(A). It f is surjective and I, = ker{f;: B; — Ay} is inside the
Jacobson radical Rad(B,) C B, for every ¢ > 0 we say that f is a radical extension.

Proposition 1.6.1 Let f: B — A be a radical extension of unital simplicial rings. Then
the relative K-theory K(f) is equivalent to diag*([q] — K(f,))-
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Proof:  The proof follows closely the one given in [39] for the nilpotent case. Let I =
ker{f: B — A}. Since all spaces are connected we may just as well consider

lq] — fiber{ BGL(B,)" — BGL(A,)"}.

As m(BGL(—)") has values in abelian groups, we see by lemma 1.3.1. that diag*{[q] —
BGL(—)"} is equivalent to the plus of the diagonal BGL(A)™. Hence to prove the propo-
sition it is enough to prove that

BGL(B)* —— BGL(B)*

l |

BGL(A)* —— BGL(A)*

is homotopy cartesian.

Note that GL,(B,) — GL,(A,) is a group epimorphism with kernel (1+ M, (,))*, the
multiplicative group of all n x n matrices of the form 1+m where m has entries in I. Hence
B(1+4 M(I)*) is the fiber of BGL(B) — BGL(A). Similarly, we see that (14 M, (I))* is
the fiber of the map of group-like simplicial monoids é\Ln(B) — G/En(A) This follows as
J = ker{my(B) — m(A)} is a radical ideal in m(B), which implies that

(1+ M, (J))* =ker{GLy(mo(B)) — GLy(mo(A))}
=ker{Mn(mo(B)) — Mn(70(A))}

and so fiber{ BGL(B) — BGL(A)} = B(1 + M(I))*.
Henee BGL(B) —— BGL(A)

! |

BGL(B) —— BGL(A)

is homotopy cartesian. By theorem 1.5.1 all vertical squares in

BGL(B) BGL(B)*

) _

BGL(A) L BGL(A)*

BGL(B) BGL(B)*

~ —

BGL(A) BGL(A)*
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except possibly .
BGL(B)t —— BGL(B)*

| R
BGL(A)* —— BGL(A)*

are homotopy cartesian, and so this square is also homotopy cartesian. [
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2 Agreement of the various K-theories.

This section aims at removing the uncertainty due to the many definitions of algebraic K-
theory that we have used. In 2.1 we show that the approach of Waldhausen and Segal agree,
at least for additive categories. In section 2.2 we show that Segal’s machine is an infinite
delooping of the plus-construction, and show how this is related to group-completion. In
2.3 we give the definition of the algebraic K-theory space of an S-algebra. For “spherical
group rings”, i.e., S-algebras of the form S[G] for G a simplicial group, we show that the
algebraic K-theory space of S[G] is the same as Waldhausen’s algebraic K-theory of the
classifying space BG. Lastly, we show that the definition of the algebraic K-theory of an
S-algebra as defined in chapter II is the infinite delooping of the plus-construction.

2.1 The agreement of Waldhausen and Segal’s approach

We give a quick proof of the fact that the S-construction of I and the H-construction of
chapter II coincide on additive categories. This fact is much more general, and applies to a
large class of categories with categories with cofibrations and weak equivalences where the
cofibrations are “splittable up to weak equivalences”, see Waldhausen’s [131, section 1.§].

2.1.1 Segal’s construction applied to categories with cofibrations

Let € be a category with cofibration. By forgetting structure, we may consider it as
a category with sum, and apply Segal’s I'-space machine II.3 to it, or we may apply
Waldhausen’s S-construction 1.2.2.1.

Note that Segal’s I'-space machine could be interpreted as the functor H¢ from the
category I'° of finite pointed sets to categories with sum whose value at ky = {0, ..., k} was
the category H€ described as follows. Its objects are functors from the pointed category
of subsets and inclusions of k. = {0,1,...,k}, sending 0 to 0 and pushout squares to
pushout squares. The morphisms are simpy natural transformations of such diagrams. For
instance, H¢(1,) is isomorphic to €, whereas H€(2,) consists of pushout diagrams

0 E— 6{071}

! !

C{o,2y — €{0,1,2}

We see that HE&(k,) is equivalent as a category to €** via the map sending a functor
c e 0bH€(l{:+) to cf0,1},- - -, Cfo,x}- However, ¢** is not necessarily functorial in k, making
H¢ the preferred model for the bar construction of €.

Also, this formulation of H€ is clearly isomorphic to the one we gave in II.3, the
advantage is that it is easier to compare with Waldhausen’s construction.

Any functor from I'° is naturally a simplicial object by precomposing with a the circle
St A° — T (after all, the circle is a simplicial finite pointed set). We could of course
precompose with any other simplicial finite pointed set, and part of the point about I'-
spaces was that if M was a functor from I'° to sets, then {m +— M(S™)} is a spectrum.

{sec:III2

{WaldSega

{subsec:H
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2.1.2 The relative H-construction.

If C — D is an exact functor of categories with sum (or more generally, a monoidal
functor of symmetric monoidal categories), we define the simplicial I'-category Ce_p by

the pullback B
Cep(X) —— HD(PS'AX)

| |

HC(S'AX) —— HD(S'AX)

The point of this construction is lemma 2.1.5 which displays it as a relative version of the
H-construction, much like the usual construction involving the path space in topological
spaces.

Usually categorical pullbacks are of little value, but in this case it turns out that it is
equivalent to the fiber product.

Definition 2.1.3 Let C; LCOJC—Q Cy be a diagram of categories. The fiber product
[1(f1, f2) is the category whose objects are tuples (ci, 2, ) where ¢; € obC; for i = 1,2
and « is an isomorphism in Cy from fic; to faco; and where a morphism from (cq, ¢z, @) to
(dy,ds, 3) is a pair of morphisms g;: ¢; — d; for i = 1,2 such that

f101 — f202

flglj/ f2gzl

g
fidy —— fods
commutes.

Fiber products (as homotopy pullbacks) are good because their invariance: if you have a
diagram

FF )

fi 15
¢, Ly Ly

where the vertical maps are equivalences, you get an equivalence [[(f1, f2) — [[(f1, f3)-
Note also the natural map F': Cy X¢, Co — [[(f1, f2) sending (¢, ¢2) to (c1,¢2, 11ey)-

This map is occasionally an equivalence, as is exemplified in the following lemma. If C
is a category, then IsoC is the class of isomorphisms, and if f is a morphism, then sf is its
source and tf is its target.

Lemma 2.1.4 Let C; LCOJC—Q Co be a diagram of categories, and assume that the map
of classes

ISOCl M ISOCO X obCo Obcl
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has a section (the pullback is taken along source and fy). Then the natural map F: Cy X¢,Cs
and Cy ¢, Co — [[(f1, f2) is an equivalence.

Proof:  Let o: 1s0Cy X gpc, 0bC1 — IsoCy be a section, and define G: [](f1, f2) — C1 X¢, Ca
by G(ci,co, ) = (to(a,c1),c2) and G(g1,92) = (o(dy, B)gio(c1, )™, g2). Checking the
diagrams proves that F' and G are inverses up to natural isomorphisms built out of o.
[

One should think about the condition as a categorical equivalent of the Kan-condition in
simplicial sets. This being one of the very few places you can find an error (even tiny and
in the end totally irrelevant) in Waldhausen’s papers, it is cherished by his fans since in
[131] he seems to claim that the pullback is equivalenct to the fiber products if f; has a
section (which is false). At this point there is even a small error in [45, page 257|, where
it seems that they claim that the relevant map in lemma 2.1.4 factors through f;.

Now, since iHD(PS'AX) — iHD(S'AX) X gpip(siax) 0bHD(PS'AX) has a section
(given by pushouts in the relevant diagrams) Ce_p(X) is equivalent to the fiber product
category, and as such is invariant under equivalences, so the natural map

C€—>D(l€+>q —_— Cqu XDqu DX(q-‘t‘l)k g Cqu X DXk

is an equivalence. If the consider categories with sum and weak equivalences, we get a
structure of sum and weak equivalence on C¢_.p as well with

’LUCC_yD = U)FIC(SI/\X) XwﬁD(Sl/\X) U)FID(PSI/\X)

Notice also that the construction is natural: if you have a commuting diagram

C —— D

L

C/ SN 'D/
you get an induced map Ce_p — Ce_p such that

D — CC—>D

J !

D/ _— CC’—>D’

commutes. Furthermore C,_¢(14) is isomorphic to &, so if we have maps C — D — &
whose composite is trivial, we get a map Ce_p(1ly) — &.
{cor:1.4..
Lemma 2.1.5 Let C — D be an exact functor of categories with sum and weak equiva-
lences. Then there is a stable fiber sequence

wHC — wHD — wH(Ce_p(14))
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Proof: 1t is enough to show that
wHD(S") — wH(Ce—p(14))(S") — wH(H(C)(S"))(S")

is a fiber sequence, and this follows since in each degree n

wHD(8") — wH (Ce—p(1+)a) (") — wH(H(C)(S").)(S")
is equivalent to the product fiber sequence
wHD(S') — wH(D x C*™)(S') — wH(C*™)(S")

and all spaces involved are connected. [

We have a canonical map B
He(SY) — S¢

which in dimension ¢ is induced by sending the sum diagram C' € obH&(q ) to ¢ € 0bS,€

Theorem 2.1.6 Let € be an additive category. Then the map
iHE(SY) — iS¢
18 a weak equivalence.

Proof: Since both BiH€ and BiS¢ are connected, the vertical maps in
BiHE(SY) — BiS¢
Q (Biﬁ(ﬁC(Sl))(Sl)) — Q (BH(iSQ:)(Sl))
are equivalences by A.1.5.0.11, and so it is enough to prove that
BiH(He(S")) — BiH(S¢)

is an equivalence, which again follows if we can show that for every ¢

BiH(HE(q.)) — BiH(S,)

is an equivalence.

Essentially this is the old triangular matrices vs. diagonal matrices question, and can
presumably be proven directly by showing that iS,C — i€*? induces an isomorphism in
homology after inverting m(i.S,C) = mo(i€*9).

Assume we have proven that the projection iH(Sx€) — iH(€**) is an equivalence
for k < ¢ (this is trivial for £k = 0 or £ = 1), and we must show that it is also an
equivalence for k = ¢q. Consider the inclusion by zero’th degeneracies € — S,€ (sending ¢
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to 0 — 0 — ... »— 0> ¢), and the last face map S,& — S,_;€. We want to show that
we have a map of fiber sequences

iH(¢) —— iH(S,&) —— iH(S,1¢)
| B N
iH(C) —— iH(C*) —— H(€x 1)
We do have maps of fiber sequences
iH(€) —— iH(S,8) —— iH(Ceos, e(11))
| | |
iH(C) —— iH(C*) —— iH(Ce_exa(1y))

and the only trouble lies in identifying the base spaces of the fibrations. We have a
commuting square

iH(C¢—>Sq¢(1+)) —— iH(Ceexa(14))

| =
iH(S,.€) 2 iH(gxe Y

and the right vertical map is obviously an equivalence. We have to show that the left
vertical map is an equivalence, and for this purpose it is enough to show that

Z.Cc_hgqc(l_i_) L) iSq_1Q:

is an equivalence. For every ¢ € 0bS,_1€ the over category p/c is a simplicial category.
If we can show that p/c is contractible for all ¢ we are done by theorem A (prime, ref).
In dimension n p/c consists of certain sum diagrams of dimension n + 1 of objects in 5,&
together with some extra data. Call the vertices of cardinality one cy,...,c,. Part of the
data is an isomorphism dyco _= ., ¢ and cq,...,c, only have nonzero elements in the
last column (i.e., (¢x)(i < j) =01if 0 < k and j < ¢). Hence (p/c), is equivalent to the
category iCe_¢,(ny) where x = ¢g .1 and €, is the category of split inclusions z — y € €
(which is a category with sum by taking pushout over the structure maps from x). The
equivalence is induced by sending co,...c, to  — (co)ogs (¢1)ogs - - -5 (Cn)o,q (considered
as objects in €, x €*™). The equivalence is natural in n, and so induces an equivalence
p/c — iCe¢_¢,(S'), and we show that the latter is contractible.

This is the group completion part: it does not matter what = we put in €,. First
we show that m(iCe_e, (S1)) = 0 (which implies that iCe_¢, (S*) ~ QiHCe ¢, (S?)) and
then that iH¢ — iH¢, is an equivalence.

The vertices of iCe_¢,(S) are split inclusions  — ¢; the 1-simplices in the nerve
direction are isomorphisms under z, whereas the 1-simplices in the H-construction are

pushout diagrams
r — c

-

VvV —— cVv
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Hence, in my(iCe_¢, (S?)) the class of z — c is equal the class of = RE g ¢/x (since the
inclusion was splittable), which is equal to the class of the basepoint = = x.
Finally, consider the map iH€ — iHC,. It is induced by ¢ 7 ¢, sending ¢ to

xn, —— x V¢, and it has a section ¢, —2 ¢ given by sending z ~— ¢ to ¢/z (there
is no danger in choosing quotients). We have to show that jq induces a selfmap on i HC,
homotopic to the identity. Note that there is a natural isomorphism c¢[[, ¢ — ¢V ¢/z =
¢ x ¢/x under x given by sending the first summand by the identity to the first factor, and
the second summand to the identity on the first factor and the projection on the second
factor. Hence, 2 (twice the identity) is naturally isomorphic to 1 + jq in i H€,, and since
this is a connected H-space we have homotopy inverses, giving that jq is homotopic to the
identity. [

2.2 Segal’s machine and the plus construction

We give a brief review of Segal’s results on group completion, focusing on the examples
that are important to our appliciations. There are many excellent accounts related to this
issue (see e.g. [1], [36], [57], [84], [41]), but we more or less follow the approach of [109].

Let C be a symmetric monoidal category with weak equivalences, and consider the
simplicial I'-category H'C defined by the pullback

H'C(X), —— HC(PS!AX)

| |

HC(PSIAX) —— HC(S}nX)

By the same considerations as in corollary 2.1.5 (i.e., by reversal of priorities w.r.t. sim-
plicial directions) we get a fiber sequence

wHC(SY) —— wH'C(S') —— wH(PS'ASY),

but the last simplicial category is contractible, and so wHC(S') — wH'C(S") is an equiv-
alence.

Furthermore, the I'-category wH’C is not only special, but very special: it has a homo-
topy inverse gotten by flipping the defining square around the diagonal.

Lemma 2.2.1 Let C be a symmetric monoidal category with weak equivalences, and let
1w C wC be a symmetric monoidal subcategory such that the image of mop in mowC s
cofinal. Then the map B

wHC — wH'C
is a stable equivalence and wH'C is very special. Furthermore, if wic,, is defined as the

pullback ~
wle,, —— HC(PSY)

| |

Hu(PSY)y —— HC(SY)
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the natural map wlg m, — wH'C(SY) is an acyclic map.
Consequently there is a chain of natural equivalences

~

(obNwTg )t —— (0bNwH'C(S'))* «—~— 0bNwH'C(S') «—~— obNHC(S").

Proof:  Only the part about wT¢,, — wH'C(S') being an acyclic map needs explanation.
Since wH'C(S) is an H-space, this is equivalent to claiming that the map induces an
isomorphism in integral homology.

By coherence theory (ref NBNB), we may assume that wC is strict monoidal (the sym-
metric structure is still free to wiggle). Hence we are reduced to the following proposition:
given a simplicial monoid M (the simplicial set given by the nerve of wC) which is com-
mutative up to all higher homotopies and a submonoid ;¢ C M whose image in oM is
cofinal, then the map Y — X given by the pullback squares

Yy — X —— EM

Lo |

Ey —— EM —— BM

induces an isomorphism in homology. Analyzing the structures, we see that ¥ — X is
nothing but the map of two-sided bar-constructions B(M X u, pi, %) C B(M x M, M, %) (with
the diagonal action). Segal gives an argument why this is an isomorphism in homology in
[109, page 305-306] by an explicit calculation with arbitrary field coefficients.

The argument is briefly as follows: let k be a field and let H = H,(M; k) which is a
graded ring since M is a monoid, and a Hopf algebra due to the diagonal map. The E'-term
of the spectral sequence for computing H,(B(M x M, M, x) is exactly the standard complex
for calculating Tor® (H ®; H, k) (in dimension ¢ it is (H ®, H) ® H®? @ k). But this
complex collapses: (H @3 H) @y k = H[r™!] (where 7 = mgM) and Torll(H ®; H, k) =
0. This uses that localization in the commutative case is flat. In consequence, we get
that H,B(M x M, M,*;k) = H[x~!]. A similar calculation gives the same result for
H.B(M X p, p, %; k), and the induced map is an isomorphism. [

2.2.2 Application to the category of finitely generated free modules over a
discrete ring.

As an example we may consider the category of finitely generated free modules over a
discrete ring A. For this purpose we use the model F4 of 1.2.1.4 whose set of objects is the
natural numbers and morphisms matrices. Assume for simplicity that A has the invariance
of basis property (see I.4). Then 0bNiF, is the simplicial monoid [ [, .n BG Ly (A) under
Whitney sum (block sum). If 4 = 0bF4 = N then obNiTr, x = B(obNiF4 x N, N, *) is a
model for the homotopy colimit over the maps [ [, . BGLn(A) — [1,cn BGLn(A) given
by Whitney sum (with identity matrices of varying sizes). The homotopy limit is equiv-
alent to the homotopy limit over the natural numbers over the maps [[,.n BGLyn(A) —
[,en BGL,(A) given by Whitney sum with the rank one identity matrix. This homotpy
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colimit is equivalent to the corresponding categorical colimit, which simply is Z x BGLA.
Hence lemma 2.2.1 says that there is a chain of weak equivalences beween Z x BGL(A)*
and Q% HF,. Hence, for the category of finitely generated free modules over a ring A with
IBN, the approaches through S, H and + are all equivalent:

Z x BGL(A)+ ~ QZﬁfA(Sl) ; QiSfA-

If we instead consider the category P4 of finitely generated projective modules over a

ring A, and p = 0bF4 C Py, then Tip, , ~ Ko(A) x BGL(A) and we get
Theorem 2.2.3 Let A be a discrete ring. Then there is a chain of equivalences
Ko(A) x BGL(A)Y ~ QiHP4(S") —— QiSP,-

Notice that comparing the results for F4 (remove the IBN hypothesis) and P4 gives
one proof of cofinality in the sense used in e.g., [41]: the connected cover of K-theory does
not see the difference between free and projective modules.

Note 2.2.4 One should notice that the homotopy eqiuvalence K(A) ~ Ky(A)x BGL(A)*
is not functorial in A. As an example, consider the ring C'(X) of continuous maps from a
compact topological space X to the complex numbers. There is a functorial (in X') map
Q°0bNiHPo(xy — Q°0bNiHPEly, «—— obNiP(ly,
The superscript top means that we shall remember the topology and and consider Pe(x)
as a topological category. The latter spectrum is by a theorem of Swan (the connective
cover of) what is known as the Atiyah and Hirzebruch’s topological K-theory of X (see
[2]) and is represented by the spectrum ku = obNiH Pé?(i). The map from the algebraic
K-theory of C'(X) to the topological K-theory of X is an isomorphism on path component
and a surjection on the fundamental group (see [86, page 61| or [4]). Consider the map
C(B(Z/2)) — C(B(Z)) induced by the projection Z — Z/2. Let F be the fiber of
K(C(B(Z/2))) — K(C(B(Z))), and let G be the fiber of [B(Z/2), ku] — [B(Z), ku]. B

naturality this induces a map of long exact sequences

K1(C(B(Z))) —— mF —— Ko(C(B(Z/2))) —— Ko(C(B(2)))

1%

l |

—— mG ——  K°(B(Z/2))

l
l . l

Sy

1%
1%

2.7 — Z)2eZ

(B(Z/2) @) B(Z)A]) = K°(S°) =

(since TG =

IR IR
<— —

N

Z, and the map K'(B(Z)) —

KB
KY(B(Z)) = K°S°) is mduced by multiplication with 2). This means that mF —
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KoC(B(Z/2)) = Z/2 is a nonsplit extension, in contrast with what you get if you consider
the fiber of

Ko(C(B(Z/2))) x BGL(C(B(Z/2)))" — Ko(C(B(2))) x BGL(C(B(Z)))"

We are grateful to D. Grayson and J. Rognes for assistance with this argument.

2.3 The algebraic K-theory space of S-algebras

{subsec:K
The definition of K-theory space for S-algebras follows the idea for simplicial rings. We
will later give spectrum level definitions which agree with this simple definition.
2.3.1 The general linear group like monoid éz(A)

{Def :GLha

What is to play the réle of the general linear group? We could of course let it be the
group of automorphisms of A*™ (mimicking degreewise K-theory), but this will be much
too restrictive for our applications. Rather we must somehow capture all self-equivalences.
Note that we are to perform some unfriendly operations on the monoid of self-equivalences,
so we had better ensure that our input is fibrant.

Note also that if A is an S-algebra, then the multiplication in A gives rise to a simplicial
monoid structure on Ty A(1,) where T} is the fibrant replacement functor of 11.2.2.2. This
would not be true if we had used the other fibrant replacement F'A.

Consider the simplicial monoid

M,A = TyMat, A(1;) = holimQ*(Mat,,(A)(S*))

zel

Its monoid of components is ﬂo(]/\/[\n(A)) = M, (mpA), andwe let G/YIH(A) be the grouplike
simplicial monoid of homotopy units:

GL.(A) —— M,(A)

| l

GLn(T['()A) E— Mn (7T()A)

is a pullback diagram.
This stabilises correctly, in the sense that

SO = S(1,) — A(1L) = Mat,(A)(14) — Q"Mat, (A)(S™)

and
Mat, A x MatyA —— Mat, 1A
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induce maps

M,(4) —— holimQ* (Mat,,(A)(S7))

zel

holimQ® (Mat,,(A)(S®) x Mat, (A)(S7))

zel
lv

M1 (A) —— holimQ® (Mat,, 41 (A)(5))

zel

which in turn induce the usual Whitehead sum M, (moA) mom®l, M, (myA). We let

C/?I(A) denote the colimit of the resulting directed system of ézn(A)s.
We now can form the classifying space in the usual way and define the algebraic K-
theory space just as we did for simplicial rings in 1.1.1:

Definition 2.3.2 Let A be an S-algebra. Then the algebraic K-theory space of A is
K(A) = BGL(A)*
From the construction we get

Lemma 2.3.3 to k + 1 connected maps. If the S-algebra A comes from a ring, then
this definition is equivalent to the earlier one (and the equivalence is induced by the weak

equivalence of monoids M. A —~— M, A).

2.3.4 Comparison with Waldhausen’s algebraic K-theory of a connected space

A particularly important example is the K-theory of groups algebras, that is of the S-
algebra S[G] coming from a simplicial group G. Then Waldhausen essentially shows that
K(S[G]) is equivalent to A(BG), the algebraic K-theory of the connected space BG. (Some
notes on significance). There is a slight difference between the end product in [131, theorem
2.2.1] and the present definition and we must cover this gap (see also the discussion at the
bottom of page 385 in [131]). For our purposes, we may consider Waldhausen’s definition
of (the connected cover of) A(BG) to be

lim BHS, (G)*

k,m

where HE (G) is the simplicial monoid of pointed |G|-equivariant weak self-equivalences of
lm ASK¥AG|. More precisely (see appendix CNBNB), set

M} = GS,(m AS*AG ., sin |m ASPAG ) 2 sin Mapig (jm ASFAGL|, lmy ASPAG )
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This is a simplicial monoid under composition of maps (f,g) — f o g, and H* (G) is the
grouplike submonoid of invertible components. As a simplicial set M?* is isomorphic to
OFMat,,S[G](S*). By Waldhausen’s approximation theorem [131, theorem 1.6.7]

limBHE (G) «—— holimBH?E (G) —— holimBHZ,(G)
k

m zel

and we want to compare this with B@m(S[G]).
We define a map (for convenience, we here use non-pointed homotopy colimit)

q
(holim * Mat,, (S[G](57)))** = holim [T Mg — holim (M) — holim (M)

€T xeZ9 i=1 x€e7Z1 zel

The first map is induced by the ith inclusion z; C Vx in the ¢th factor, and the last map is
given by composition with 7% — 7. When restricted to homotopy units, this gives by the
approximation lemma the desired equivalence B,G L, (S[G]) — holim_— B,/H; (G). We
must just show that it is a simplicial map.

Note that the diagram

S-algebra multiplication

M= AMY, M=V
M:B\/y/\M:B\/y composition M:B\/y

is commutative, where the left vertical map is induced by the first and second inclusion
r CaxVyand y C xzVy. Thus we see, that if 0 < ¢ < ¢, then the ith face map in
holim [T, MZ using the S-algebra multiplication, corresponds to the ith face map in
holim_—(M;;,)*?, since we have used the ith inclusion in the ith factor, and the i + 1th
inclusion in the ¢ + 1th factor. The face maps dy, d, just drops the first or last factor in
both cases, and the degeneracies include the common unit in the appropriate factor.

2.4 Agreement of the K-theory of S-algebras through Segal’s ma-
chine and the definition through the plus construction

Let K{; (moA) be the Grothendieck group of the category of finitely generated free mgA-
modules. If myA has the invariance of basis number property (i.e., (moA)** is isomorphic
to (mpA)*! if and only if [ = k, which is true for most reasonable rings, and always true for
commutative rings), K{ (mgA) = Z, and otherwise it is finite cyclic.

Definition 2.4.1 Let A be an S-algebra. Then the category F4 of finitely generated
free A-modules is the IS,-category whose objects are the natural numbers, and where

Fa(m,n) = Mat,, ,A=T], V, A
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Note that then Segal’s definition of the algebraic K-theory spectrum of A (with the
uniform choice of weak equivalences 11.3.3) is

K(A) = obNwHF .
{theo:2.5
Theorem 2.4.2 There is a chain of weak equivalences

Q%K (A) ~ K (mA) x BGL(A)*
Proof: First, note that since K(A) = obNwHF4 is special
QK (A) ~ QobNwHF4(S").

For each n, € I'° we have that obNwH Fa(ny) ~ (obNwF,)*". For each k > 0, let wF*
be the full subcategory of wF 4 whose only object is k. AA. Note that by definition, this
is nothing but G/@k(A) considered as a simplicial category with only one object. Hence we
are done, for by Segal [109|there is a chain of weak equivalences

QobNwHF4(SY) ~ K{ (mA) x lim k(obNwF*)t = K{ (mgA) x BGL(A)*

If A is a discrete ring, we have a chain of weak equivalences
obNiHF, —— obNwHF, «~— obNwHFy4

where .%;1 is the construction of 1.6.2.2 making an Ab-category into a I'S,-category through
the Eilenberg-MacLane construction. The first weak equivalence follows by lemma 11.3.3.2,
whereas the second follows from the fact that the natural map Mat, HA — H(M,A) is a
weak equivalence(wedges are stably products).

3 Simplicial rings are dense in S-algebras.

{sec:III3}
The map S — HZ from the sphere spectrum to the integral Eilenberg-MacLane spectrum

may either be thought of as the projection onto 7y or as the Hurewicz map. Either way,
we get that it is 1-connected. This implies that there is just a very controlled difference
between their module categories. The argument which we are going to give for this could
equally well be considered in any setting where you have a 1-connected map A — B of S-
algebras. In fact, it is perhaps easiest to see that the result is true in this setting. Assume
everything is cofibrant and that A — B is a cofibration of S-algebras too, so as to avoid
technicalities. Consider the adjoint pair
_®BA
Mp &2 My
*
where f* is restriction of scalars, which we will drop from the notation. Let M be any A-
module, and consider the unit of adjunction M — BA4M. This map has cofiber B/AAN4 M,
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and since A — B is 1-connected this gives that M — BA 4 M is 1-connected, and so BA, M
is a B-module giving a rather coarse approximation to M.
But we can continue doing this: apply BA4— to M — BA4M gives the square

M —— BAsM

| !

B/\AM — B/\A/\AM

and a quick analyisis gives that this has iterated cofiber B/AANAB/AAN4M, and so is “2-
cartesian”, meaning that M is approximated by the pullback of the rest of square, at least
up to dimension two. This continues, and gives that any A-module may be approximated
to any degree of accuracy by means of B-modules. However, the maps connecting the
B-modules are not B-module maps. This is often not dangerous, because of the rapid
convergence, functors satisfying rather weak “continuity” properties and that vanish on
B-modules must vanish on all A-modules.

We will be pursuing this idea, only that we will be working non-stably, and our resolu-
tions will in fact be resolutions of S-algebras (in the setup as sketched above, that would
require commutativity conditions).

3.1 A resolution of S-algebras by means of simplicial rings

Recall the adjoint functor pairs of 11.1.3.1

H Z
sAb=A=TASIS,
R U

(the left adjoints are on the top). All are monoidal (all but U are even strong monoidal),
and so all take monoids to monoids. Furthermore, the construction 7y of 11.2.2.2 could
equally well be performed in ['A, where it is called Ry to remind us that the coproducts
involved are now sums and not wedges. In particular, the approximation lemma 11.2.2.3
works equally well in this setting. If A is an HZ-algebra, RyA is a special HZ-algebra,
and so by lemma II.1.3.3 the rightmost map in

A —"— RyA «~— HR(RyA)

is a pointwise equivalence. Hence: any HZ-algebra is canonically stably equivalent to H of
a simplicial ring (this has already been noted in I1.2.2.5). This also works for (bi)modules:
if P is an A-bimodule, then RoP is an RgA-bimodule, stably equivalent to P (as an A-
bimodule); H(RRyP) is an H(RRyA)-bimodule and pointwise equivalent to RoP (as an
H(RRyA)-bimodule). In short: (A, P) — (RyA, RyP) «—— (H(RRyA), H(RR,P)) are
stable equivalences of natural bimodules.

In particular, remembering that H = UH:
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Lemma 3.1.1 If A is any S-algebra and P an A-bimodule, then (UZA,UZP) is canon-
ically stably equivalent to a pair (HR, HQ) where R is a simplicial ring and @ an R-
bimodule:

(UZA,UZP) —~— (URyZA,URyZP) «—~— (H(RR,ZA), H(RR,ZP))
The adjoint pair connecting I'A and IS, defines an adjoint pair

_ Z
HZ — algebras = S — algebras
U
(that is, UZ is a “triple” in S — algebras) and so we have the canonical resolution of A.0.3
(to be precise and consise in the language of A2NBNB, it is the augmented cobar resolution
of the monoid UZ in the category of endofunctors of S — algebras)

Lemma 3.1.2 If A is an S-algebra, then the adjoint pair gives an augmented cosimplicial
object A — {[q] — (UZ)T™ A}, which is equivalent to H of a simplicial ring in each
non-negative degree.

It is fairly straightforward to see that A — holimm(U Z)"' A is an equivalence, but
we will not show that now, since we eventually will use the somewhat stronger Hurewicz
theorem A.1.10.0.17 which tells us that this limit converges fast enough, so that the homo-
topy limit pass through constructions like K-theory. This has the consequence that these
constructions depend on their value on simplicial rings, and on S-algebra maps between
simplicial rings. Generally this is bothersome: we would have liked the diagram we are
taking the limit of to be contained wholly in the category of simplicial rings. This is of
course not possible, since it would imply that all S-algebras were stably equivalent to sim-
plicial rings. For instance, S itself is not stably equivalent to a simplicial ring, but it IS
the homotopy limit of a diagram

HZ—=UZHZ —=UZUZHZ...-
Remark 3.1.3 The categories sAb = A, I'A and HZ-mod, are all naturally model cate-
gories, and the functors
A rA Y HZ-mod
induce equivalences between their homotopy categories. This uses the functor L: TA — A
of 11.1.8./ to construct an adjoint functor pair (see [107]).

3.1.4 Review on cubical diagrams

We need some language in order to calculate this resolution effectively. For a more thorough
discussion we refer the reader to appendix A1.97. There the reader also will find explained
why it does not matter whether we look at the cosimplicial resolutions or the cubical
construction.

Let P be the category of finite subsets of the natural numbers {1, 2, ...}, and inclusions.
We let Pn be the subcategory allowing only subsets of {1,...,n}.

{lem3.1.1
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Definition 3.1.5 An n-cube is a functor X from the category Pn. A cubical diagram is
a functor from P.

If we adjoin the empty set [—1] = () as an initial object to A, we get Ord, the category of
finite ordered sets. A functor from Ord is what is usually called an augmented cosimplicial
object. There is a functor P — Ord sending a set S of cardinality n to [n — 1]. Hence any
augmented cosimplicial object gives rise to a cubical diagram. In most cases there is no
loss of information in considering augmented cosimplicial objects as cubical diagrams (see
appendix A1.97).

Definition 3.1.6 Let X be an n-cube with values in any of the categories where homotopy
(co)limits are defined. We say that X" is k-cartesian if

Xy — holim Xs
520

is k-connected, and k-cocartesian if

holim Xy — X,
S}

is k-connected. It is homotopy cartesian if it is k-cartesian for all k£, and homotopy co-
cartesian if it is k-cocartesian for all k.

When there is no possibility of confusing with the categorical notions, we write just carte-
sian and cocartesian. Homotopy (co)cartesian cubes are also called homotopy pullback
cubes (resp. homotopy pushout cubes), and the initial (resp. final) vertex is then called
the homotopy pullback (resp. homotopy pushout) of the rest of the diagram.

As a convention we shall say that a 0 cube is k-cartesian (resp. k-cocartesian) if X is
(k — 1)-connected (resp. k-connected).

So, a 0 cube is an object Xy, a 1 cube is a map Xy — X1y, and a 1 cube is k-(co)cartesian
if it is k-connected as a map. A 2 cube is a square

Xq) —_— X{l}

| l

Xy —— X

and so on. We will regard a natural transformation of n cubes X — ) as an n + 1 cube.
In particular, if F' — G is some natural transformation of functors of simplicial sets, and
X is an n cube of simplicial sets, then we get an n 4+ 1 cube FX — GX.

We will need the generalized Hurewicz theorem which we cite from appendix A.1.10.0.17:

Theorem 3.1.7 Let k > 1. If X is an id + k cartesian cube of simplicial sets, then so is
X - 7ZX. ©

{Def :kcar

{Hheowdc?2
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{Def : appr
Definition 3.1.8 Let A be an S-algebra and n > 0. Define the n-cube of S-algebras (A)"
by applying the unit of adjunction id — UZ n-times to A. Carrying this on indefinitly, we

get a functor

P Sods, S-algebras

such that the restriction to Pn C P is {S +— (A)%}.
More concretely (A)? is the 2-cube

ha

A M, UZA

hAJ hUZAJ/

UZA Y24 (17)24

(cor:3.2.4}
Corollary 3.1.9 Let n > 0. The n-cube of spectra (A)" is id-cartesian.

Proof: For each k > 1, the space A(S*) is (k — 1)-connected by 2.1.4.2 (and so (id + k)-
cartesian as a 0-cube). Hence the Hurewicz theorem 3.1.7 says that S +— (A)%(S*) is
(id + k)-cartesian, which is stronger than S +— (A)% being id-cartesian as a spectrum.

'
The very reason for the interest in this cosntruction stems from the following observation
which follows immediately from 11.2.2.5.

are rings}

Proposition 3.1.10 Let A be an S-algebra. Then (A)° is canonically equivalent to H of
a simplicial ring for all S # ().

3.2 K-theory is determined by its values on simplicial rings

[IIKapprox}
First note that K-theory behaves nicely with respect to id-cartesian squares (note that
a square being merely highly cartesian is not treated nicely by K-theory, you need good
behaviour on all subskeleta of your cube).

theo:3.3.1}

Theorem 3.2.1 Let A be an id cartesian n cube of S-algebras, n > 0. Then K(A) is
n+1 cartesian.

Proof: Let M = Mat,, A be the cube given by the m x m matrices in A. This is id
cartesian, and so TopM = holim—; Q7 (Mat,,.A)(S) is an id cartesian cube of simplicial

monoids. As all maps are 1-connected, we get G = G/Im(A) as the pullback in

Gr — ToMryp

| |

GL(mgA) —— M, (moA)
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for all 7' C n. Hence C/?zm(A) is id cartesian, and so Béz)m(A) is id + 1 cartesian. Using
lemma 2.77NBNB we get that also

+

K(A) = BGL(A)*" = (11% BC/J\Lm(A))

is 7d + 1 cartesian. [
Note that with any of our other definitions of algebraic K-theory there is a non func-

torially equivalence to .
l?C;L(/43)+ X }(oﬁﬁofis)

we still get that the algebraic K-theory of A is n + 1-cartesian (it is not id + 1 cartesian
because it consists of non connected spaces). This is so since all the maps of S-algebras
involved are 1-connected, and so Ky(my.A) is the constant cube Ky(mp.Ap).

Theorem 3.2.2 Let A be an S-algebra. Then

K(A) — holim K ((A)s)
SeP—0

18 an equivalence.

Proof: We know there is high connectivity to any of the finite cubes: theorem 3.2.1 tells
us that K'(A) — holimg_——; K((A)§) is (n + 1)-connected, so we just have to know that
this assembles correctly. Now, by lemma A.1.9.2.4 the map

holim K ((A)%™) — holim K((A)%)
SePn+1-0 SePn—0

induced by restriction along Pn C Pn + 1 is a fibration. By writing out explicitly the
cosimplicial replacement formula of A.1.9.3 for the homotopy limit, you get that

holim F' = lim holim F'| ;.
— — —
] neN  Tn

Hence by lemma A.1.9.3.2 and theorem A.1.9.5.1 you get that holimg——— K((A)3) ap-

proximates holimg—— K((A)s). '

{theo:3.3
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Chapter 1V

Topological Hochschild homology

As K-theory is hard to calculate, it is important to know theories that are related to K-
theory, but that are easier to calculate. Thus, if somebody comes up with a nontrivial map
between K-theory and something one thinks one can get hold on, it is considered a good
thing. In 1976 (ch) R. Keith Dennis observed that there existed a map from the K-theory
of a ring A to the so-called Hochschild homology H H(A). This map has since been called
the Dennis trace.

Waldhausen noticed in [129] that there was a connection between the sphere spectrum,
stable K-theory and Hochschild homology. Although the proof appeared only much later
(|132]), he also knew before 1980 that stable A-theory coincided with stable homotopy.
Motivated by his machine “calculus of functors” and his study of stable pseudo isotopy the-
ory, T. Goodwillie conjectured that there existed a theory sitting between K-theory and
Hochschild homology, agreeing integrally with stable K-theory for all “rings up to homo-
topy”, but with a Hochschild-style definition. He called the theory topological Hochschild
homology (T'H H ), and the only difference between TH H and H H should be that whereas
the ground ring in H H is the the ring of integers, the ground ring of T'H H should be the
sphere spectrum S, considered as a “ring up to homotopy”. This would also be in agree-
ment with his proof that stable K-theory and Hochschild homology agreed rationally, as the
higher homotopy groups of S are all torsion. He also made some conjectural calculations
of THH(Z) and THH (Z/pZ).

The next step was taken in the mid eighties by M. Bokstedt, who was able to give a
definition of T'H H, satisfying all of Goodwillie’s conjectural properties, except possibly
the equivalence with stable K-theory. To model rings up to homotopy, he defined functors
with smash products which are closely related to the S-algebras defined in chapter II).

Theorem 0.2.3 (Bokstedt)

Z ifk =0
mTHH(Z) > Z/iZ if kb =2i — 1
0 ifk=2i>0

121
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 THH(Z/pZ) = {Z/pZ sz: st even
0 if k is odd

Later it was realized that a work of Breen [15] actually calculated THH (Z/pZ). The
outcome of the two papers of Jibladze, Pirashvili and Waldhausen [58|, [95] was that
THH(A) could be thought of as the homology of P4 in the sense of 1.3, or alternatively as
“MacLane homology”, [78]. This was subsequently used by Franjou, Lannes and Schwartz
and Pirashvili to give purely algebraic proofs of Bokstedt’s calculations, [32] and [33].

For (flat) rings A, there is a (3-connected) map THH(A) — HH(A) which should be
thought of as being induced by the change of base ring S — Z.

After it became clear that the connection between K-theory and THH was as good
as could be hoped, many other calculations of TTH H have appeared. For instance, TTHH
posesses localization, in the same sense as H H does, T'H H of group rings can be described,
and so on. Many calculations has been done in this setting or in the dual MacLane
cohomology, for instance Pirashvili’s [93], [94] and [92]|. For further calculations see Larsen
and Lindenstrauss’ papers [68], [72] and [67]. For A a ring of integers in a number field,
A. Lindenstrauss and I. Madsen obtained in [73| the non-canonical isomorphism

A ifi=0
mTHH(A)= ¢ A/nDy ifi=2n—1
0 otherwise

where D, is the different ideal. In [52] Hesselholt and Madsen give a canonical description,
which we will return to later.

For concrete calculations the spectral sequence of Pirashvili and Waldhausen in [95] (see
1.3.7) is very useful. This especially so since in many cases it degenerate, a phenomenon
which is partially explained in [105].

As we have already noted, the first example showing that stable K-theory and TTHH
are equivalent is due to Waldhausen, and predates the definition of THH. He showed
this in the cases coming from his K-theory of spaces; in particular, he showed the so-called
“vanishing of the mystery homology”: stable K-theory of the sphere spectum S, is equivalent
to S ~ THH(S). Based upon this, [106] announced that they could prove K° ~ THH in
general, but due to unfortunate circumstances, the proof has not been completed yet.

The second example appeared in [26], and took care of the case of rings, using the
interpretation of THH(A) as the homology of P4. In [24] it was shown how this implies
K%~ THH for all S-algebras.

When A is a commutative S-algebra we get by an appropriate choice of model that
THH(A) is also a commutative S-algebra, and the homotopy groups become a graded
commutative ring. For instance, the calculation of 7, TH H(Z/pZ) could be summed up
more elegantly by saying that it is the graded polynomial ring in Z/pZ in one generator
in degree 2.
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0.2.4 Organization

In the first section we will give a definition of topological Hochschild homology for S-
algebras, and prove some basic results w ith a special view on the ring case. In the second
section, we will extend our definition to include I'S,-categories in general as input. This
is very similar, and not much more involved; but we have chosen to present the theory
for S-algebras first so that people not interested with anything but rings can have the
definition without getting confused by too much generality. However, this generality is
very convenient when one wants to construct the trace map from K-theory, and also when
one wants to compare with the homology of additive categories. This is particularly clear
when one wants good defintions for the “trace” map from algebraic K-theory, which we
present in the third section. In the fourth section we will discuss what happens in a “dual
numbers” situation.

0.3 Where to read

The literature on T'H H is not as well developed as for K-theory; and there is a significant

overlap between these notes and most of the other sources. The original paper 9] is good

reading, but has unfortunately not yet appeared. The article [50] develops the ideas in [6]

further, and is well worth studying to get an equivariant point of view on the matter. For

the T'H H spectrum for exact categories, [27] is slightly more general than these notes.
For a general overview, the survey article of Madsen, [80], is recommended.
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1  Topological Hochschild homology of S-algebras.
As Topological Hochschild homology is supposed to be a modelled on the idea of Hochschild
homology, we recall the standard complex calculating HH (A).

1.1 Hochschild homology of k-algebras

Recall the definition of Hochschild homology (see 1.3.2): Let k& be a commutative ring,
let A be a flat k-algebra, and let P be an A-bimodule. Then we define the Hochschild
homology (over k) of A with coefficients in P to be the simplicial £ module

HH*A, P) = {[g) — HH"(A, P), = P @, A%}

with face and degeneracies given by

ma; @ ag -+ Q ag ifi=0
dimR®a @ ®a) =M Q@ Qa1 Q- Ra, f0<i<q
agm @ a1 ® -+ X ag—1 ifi=gq

55 (MR @ ®a) =M@ - Va1 016 - ®a,

Just the same definition may be applied to simplicial k-algebras, and this definition of
HH* will preserve weak equivalences. Again we either assume that our ring is flat, or
else we substitute it with one that is, and so we are really defining what some call Shukla
homology. To make this functorial in (A, P) we really should choose a functorial flat
resolution of rings once and for all, but since our main applications are to rings that are
already flat, we choose to suppress this.

1.1.1 Cyclic structure

In the case P = A something interesting happens. Then HH*(A) = HH"*(A, A) is not
only a simplicial object, but also a cyclic object (see C.C.3.2 for a more detailed discussion
of cyclic objects, and section 1.2.7 below for the structure on T'"H H). Recall that a cyclic
object is a functor from Connes’ category A°, where A is the category containing A, but
with an additional endomorphism for each object, satisfying certain relations. In terms of
generators, this means that in addition to all maps coming from A for each [g] there is a
map t = t,: [q] — [¢]. In our case t is sent to the map AsT  qel sending ap ® - - - ® a,
toa, ®ag®- - ®ag_1.
To be precise:

A(lpl; lq]) = A([p], la]) x Cpia

with composition subject to the extra relations (where t,, is the generator of C), 1)
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thd = d e,y 1<i<n

t,d’ = d"
ts' = s 1<i<n
tns® = s"2

A cyclic object in some category C is a functor A° — C and a cyclic map is a natural
transformation between cyclic objects. Due to the inclusion j: A C A, any cyclic object
X gives rise to a simplicial object j*X.

Hochschild homology is just an instance of a general gadget giving cyclic objects: let M
be a monoid in a symmetric monoidal category (C,, e). Then the cyclic bar construction
is the cyclic object B¥(M) = {[q] — M"@+D}. Hocschild homology is then the example
coming from (k-mod, ®y, k). The most basic example is the cyclic bar construction of
ordinary monoids: the symmetric monoidal category of sets with cartesian product, a
monoid is just an ordinary monoid, and B¥(M) = M x(@+1)  Slightly more fancy are
the cases (Cat, X, *): monoids are strict monoidal categories, or (S, X, *): monoids are
simplicial monoids. We have already seen an example of the former: the object {[q] —
79t} which appeared in I11.2.2.1 was simply B%Z.

Just as for Hochschild homology, these constructions can also be applied to “bimodules”,
but will the give only simplicial objects.

1.2 One definition of topological Hochschild homology of S-algebras

In analogy with the above definition of HH"*, Bokstedt defined topological Hochschild
homology. Of course, S is initial among the S-algebras, just as k is among k-algebras, and
the idea is that we should try to substitute (k-mod, ®g, k) with (S-mod, A, S). That is,
instead of taking tensor product over k, we should take “tensor product over S”, which is,
smash of ['-spaces. So we could consider

HPANHAN...NHA

(or even smashed over some other commutative S-algebra if desirable), and there is nothing
wrong with this, except that

1. as it stands it is prone to all the nuisances of the classical case: unless we substitute
H A for something fairly free in IS, first, this will not preserve equivalences; and

2. without some amendment this will not have enough structure to define the goal of
the next chapter: topological cyclic homology.

Inspired by spectra rather than I'-spaces, Bokstedt defined a compact definition which
takes care of both these problems. But before we give Bokstedt’s definition, we note that
we have already twice encountered one of the obstructions to a too naive generalization.

{cyclic b
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Let A be a ring. The associated S-algebra HA sending X to HA(X) = A® Z[X] has a
multiplication; but if we want to loop this down we have a problem: the multiplication
gives a map from
lim Q((A @ Z[S*)A(A @ Z[S")))
kleN?
to
h_m)Qk—H(A ® Z[Sk—l—l])
k,leN?
which sure enough is isomorphic to lim; OF(A® Z[S *]), but not equal. The problem gets
nasty when we consider associativity: We can’t get the two maps from the “triple smash”
to be equal. For Hochschild homology we want a simplicial space which in degree 0 is
equivalent to lim— Q*(A ® Z[S*]), in degree 1 is equivalent to

lim Q" ((A® Z[S*)A(A® Z[SY))

k1EN?

and so on, and one of the simplicial relations (d? = dids) will exacly reflect associativity
and it is not clear how to do this.

In [9], Bokstedt shows how one can get around this problem by using the category
T (the subcategory of I'* with all objects and just injections, see 11.2.2.1) instead of the
natural numbers. To ensure that the resulting colimit has the right homotopy properties,
we must use the homotopy colimit, see the approximation lemma I1.2.2.3.

Recall that, if = k. € obZ, then an expression like S* = S* will mean S' smashed
with itself & times, and Q% = QF will mean Map,(S*, —) = S,(S*,sin| — |).

Definition 1.2.1 Let A be an S-algebra, P an A bimodule and X a space, and define for
every ¢ the assignment V' (A, P): obZ9 — 0bS, by

(0, - - 2q) = V(A P)(xo, ..., z4) = P(S™)A [\ A(S™)

1<i<q
This gives rise to a functor G, = G(A, P, X),: 797" — S, given by
x s Gylx) = QX(XA V(A, P)(x))

and
THH(A, P)(X), = holim G,(x)

xezatl

1.2.2 The homotopy type

We have to know that this has the right homotopy properties, i.e., we need to know that
it is equivalent to
lim _ QX"(XAP(S™)A N\ A(S™))

_
(n0,...nq)ENIH! 1<i<q
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By the approximation lemma of Z 11.2.2.3, this will be the case if we can show that a
map x C y € Z9" will induce a map G,(x) — G,(y) which gets higher and higher
connected with the cardinality of x. Maps in Z9*! can be written as compositions of an
isomorphism together with a standard inclusion. The isomorphisms pose no problem, so
we are left with considering the standard inclusions which again can be decomposed into
successions of standard inclusions involving only one coordinate. Since the argument is
rather symmetric, we may assume that we are looking at the standard inclusion

X = (ki 21, ..,2q) C((K+ 1), 20,...,2,).

Since P is a [-space, lemma 11.2.1.4.3 says that SIAP(S*) — P(S*!) is roughly 2k-
connected, and so (by the same lemma I11.2.1.4.2) S*AP(SF)A \ A(S%) — P(SFHA N A(S%)
is roughly 2k + Vz; connected. The Freudenthal suspension theorem A.1.10.0.9 then gives
the result.

1.2.3 Functoriality

We note that, when varying X in I'°, THH(A, P; X), becomes a very special I'-space
which we simply call THH(A, P), (it is “stably fibrant” in the terminology of chapter II,
see corollary I1.2.1.9), and so defines an Q-spectrum. Also we see that it is a functor in the

maps of pairs (A, P) L>(B, () where f: A — B is a map of S-algebras, and P — f*Q)
is a map of A-bimodules — that is, a map of [S,-natural bimodules in the sense of appendix

B.B.1.4.2.

1.2.4 Simplicial structure

So far, we have not used the multiplicative structure of our S-algebra, but just as for
ordinary Hochschild homology this enters when we want to make [¢] — THH(A, P; X),
into a functor, that is, a simplicial space. The compact way of describing the face and
degeneracy maps is to say that they are “just as for ordinary Hochschild homology”. This
is true and will suffice for all future considerations, and the pragmatic reader can stop here.
However, we have seen that it is difficult to make this precise, and the setup of Bokstedt
is carefully designed to make this rough definition work.

In detail: Consider the functor G, = G(A4, P, X),: I — S, of the definition of
THH(A, P; X),. Homotopy colimits are functors of “S,-natural modules”, in this case
restricted to pairs (I, F') where [ is a small category and F': [ — S, a functor. A map
(I,F) — (J,G) is a functor f: I — J together with a natural transformation F' — G o f.
So to show that [¢] — THH(A, P; X), is a functor, we must show that [¢] — (Z¢*! G,)
is a functor from A° to S,-natural modules. Let ¢ € A([n],[q]). The maps ¢*: 297! —
Z"*! comes from the fact that Z is symmetric monoidal with respect to the pointed sum
m, Vny = (m+n),, and even strict monoidal if you are careful. Hence Z9t! is just a
disguise for the ¢g-simplices of the cyclic bar construction BYZ of 1.1.1, and the ¢* are just
the structure maps for the cyclic bar construction. The maps G,(x) — G,,(¢*x) are defined
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as follows. The loop coordinates are mixed by the obvious isomorphisms S®* = S* and

the maps V(A, P)(x) — V(A, P)(¢*x) are defined by

for ¢ € A([q],?) define V(A, P)(x) — V (A, P)(¢*x) by means of..

d° P(ST)NA(S™) — P(S70ve)
d' for 0 <i<gq A(STHNA(STi+1) — A(S%iVTitn)

d? A(S*)AP(S™0) — P(S%aVTo)
st for 0<i<gq SY = 8(8Y%) — A(S?) in the i + 1st slot
t (when A = P) cyclic permutation of smash factors

We check that these obey the usual simplicial identities. For this, use the associative
and unital properties of Z, A and P.

{1.2.5}
Definition 1.2.5 Let A be an S-algebra, P an A bimodule and X a space. Then the
topological Hochschild homology is defined as

THH(A, P;X)={[q)— THH(A,P;X),}
This gives rise to the very special ['-space
THH(A,P)={Y €obl'> — THH(A,P;Y)}
and the Q-spectrum

TAP;X)={mw—sin|THH(A, P; S"A\X)|}

The sin | — | in the definition of T will not be of any importance to us now, but will be
convenient when discussing the cyclic structure in chapter IV. We also write THH (A, P) =
THH(A, P;S%) and THH(A) = THH(A; S°) and so on.

Note that by lemma 1.3.1 below,

THH(A, P; X) ~ diag*{[q) — THH(A, P; X,)} = THH(A, P)(X)

for all spaces X.

{1.2.6}
Lemma 1.2.6 THH (A, P; X) is functorial in (A, P) and X, and takes (stable) equiva-
lences to pointwise equivalences. Likewise for THH and T.

Proof: This follows from the corresponding properties for THH (A, P; X),. [
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1.2.7 Cyclic structure

In the case where P = A we have that THH(A; X) = THH(A, A; X) is a cyclic space.
Furthermore, THH(A) = THH(A, A) is a cyclic I'-space and T(A4; X) = T(A, A; X)
becomes an S'-spectrum (where S = sin|S?|). This last point needs some explanation,
and will become extremely important in the next chapter.

If Z is a cyclic space, then the realization |Z| of the corresponding simplicial space
has a natural |S!| & T-action (see VI.1.1 for further details), and so sin |Z| has a natural
S! = sin|S|-action (of course, there is no such thing as an “S*-space”, since S is only an
innocent space - not a group - before realizing).

In the case where Z = THH(A, X) (considered as a simplicial cyclic set) the actual
Sl-fixed points are not very exciting: as we will show in more details in chapter VI,

sin [THH(A; X)|3" 2 sin | X]|

An important fact in this connection is that, considered as a I'S,-category, A has only one
object. In the next section we will consider more general situations, and get more exciting
results.

In chapter VI we shall see that, although the S1-fixed points are not very well behaved,
the finite cyclic subgroups give rise to a very interesting theory.

1.2.8 Hochschild homology over other commutative S-algebras

Bokstedt’s definition of topological Hochschild homology is very convenient, and accessible
for hands on manipulations. On the other hand, it is conceptually more rewarding to view
topological Hochschild homology as Hochschild homology over S. Let £ be a commutative
S-algebra. Then (k-mod, Ay, k) is a symmetric monoidal category, and we may form the
cyclic bar construction, see 1.1.1, in this category: if A is a k-algebra which is cofibrant as
a k-module and P is an A-bimodule, then HH*(A, P) is the simplicial k-module

By the results of the previous chapter, we see that HHS and TH H have stably equivalent
values (the smash product has the right homotopy type when applied to cofibrant I'-spaces,
and so HHS(A, P) and THH (A, P) are equivalent in every degree). Many of the results
we prove in the following section have more natural interpretations in this setting.

If we want to talk about Hochschild homology of k-algebras that are not cofibrant as
k-modules, we should use that the category of k-algebras is a model category and apply a
functorial cofibrant replacement before using the construction of HH* above.

Example 1.2.9 (T'HH of spherical group rings) Let G be a simplicial group, and
consider the spherical group ring S[G] of 11.1.4.4.2 given by sending a finite pointed set
X to S[G](X) = XAG4. Then THH(S[G]), has the homotopy type of S[G]| smashed
with itself ¢ + 1 (S[G] is a cofibrant I'-space, so one does not have to worry about cofi-
brant replacements), with face and degeneracy maps as in Hochschild homology. Hence

{IV:HHk}

{ex:IVTHH;



{1.3.1%}

{1Vv:132}

130 CHAPTER 1IV. TOPOLOGICAL HOCHSCHILD HOMOLOGY

THH(S|G]) is equivalent to S[B%(G)], whose associated infinite loopspace calculates the
stable homotopy of the cyclic bar construction of G.

A particularly nice interpretation is gotten if we set X = |BG|, because there is a
natural equivalence |BYG| ~ AX between the cyclic nerve of the loop group and the free
loop space (see e.g., [37, proof of V.1.1]), because then

ITHH(S[G])(1,)] ~ QFE®AX.

1.3 Simple properties of topological Hochschild homology

An important example is THH of an S-algebra coming from a (simplicial) ring. We con-
sider TTH H as a functor of rings and bimodules, and when there is no danger of confusion,
we write THH(A, P; X), even though we actually mean THH(HA, HP; X) and so on.
Whether the ring is discrete or truly simplicial is of less importance as

Lemma 1.3.1 Let A be a simplicial S-algebra, P an A-bimodule and X a space. Then
THH(diag*A, diag*P; X) ~ diag*{[q] — THH(A,, P;; X,)}.
Proof: Let x € Z*"!. Using that smash product is formed degreewise, we get that
| XAV (diag*A, diag™P)(x)| ~ |[g] — XAV (A, Py)(x)|

This means that |QY*(XAV (diag*A, diag*P)(x))| =~ |[¢] — QY*(X,AV (A, P,))| (the loop
may be performed degreewise, see A.1.5.0.5), and by Bokstedt’s approximation lemma
I1.2.2.3 we get that

|THH (diag*A, diag™P; X),| =~ |[q| — THH(A,, Py; Xy)u|

which gives the result. [

1.3.2 Relation to Hochschild homology (over the integers)

Since, a priori Hochschild homology is a simplicial Abelian group, whereas topological
Hochschild homology is a I'-space, we could consider H H to be a ['-space by the Eilenberg-
MacLane construction H: A = sAb — IS, in order to have maps between them.

We make a slight twist to make the comparison even more straight-forward. Recall
the definitions of H: A = sAb — LA 11.1, and the forgetful functor U: A — S, which is
adjoint to the free functor Z: S, — A of I1.1.3.1. By definition H = UH. An HZ-algebra
A is a monoid in (T4, ®, HZ) (see 11.1.4.3), and is always equivalent to H of a simplicial
ring (I1.2.2.5). As noted in the proof of corollary 11.2.2.5 the loops and hocolim used to
stabilize could be exchanged for their counterpart in simplicial abelian groups if the input
has values in simplicial abelian groups. This makes possible the following definition (loops
and homotopy colimits are in A):
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Definition 1.3.3 Let A be an HZ-algebra, P an A-bimodule, and X € obI"°. Define the
simplicial abelian group

HH%(A, P; X), = holim Q" <Z[X @ P(S™) @ X) A(S™)) )

1
x€LTF 1<i<q

with simplicial structure maps as for Hochschild homology. Varying X and ¢, this defines
HH%(A, P) € obl'A.

Remark 1.3.4 Again (sigh), should A not take flat values, we replace it functorially by
one that does. One instance where this is not necessary is when A = ZB for some S-
algebra B. Note that a ZB-module is a special case of a B-module via the forgetful map
U:TA— TS, (it is a B-module “with values in A”).

If A is a simplicial ring and P an A-bimodule, HH%(HA, HP) is clearly (pointwise)
equivalent to

H(HH(A,P))={X — HH(A,P;X)= HH(A, P)® Z[X]}
For A an HZ-algebra and P an A-bimodule, there is an obvious natural map
THH(UA,UP)(X) — UHH?%(A, P)(X)

given by sending X — Z[X] and smash of simplicial abelian groups to tensor product
(again, if A should happen to be nonflat, we should take a functorial flat resolution, and in
this case the “map” is really the one described preceeded by a homotopy equivalence pointing
in the wrong direction). This is generally far from being an equivalence (it is for general
reasons always two-connected). If P = A it is a cyclic map.

However, we may factor THH (UA,UP) — UHH%(A, P) through a useful equivalence:
Lemma 1.3.5 Let A be an S-algebra, P a ZA-bimodule and X € obI®. The inclusion

XAP(S™)A [\ A(S™) = Z[X] @ P(5™) @ (X) Z[A(S™)]

1<i<q 1<i<q

induces an equivalence
THH(A,UP) —— UHHZ(ZA, P).

Proof: 1t is enough to prove it degreewise. If M € sAb is m-connected, and YV € S, is
y-connected, then MAY — M ® Z[Y] is 2m + y + 2 connected (by induction on the cells
of Y: assume Y = S¥'' and consider M — QUt'(MASY*') — QUt'M ® Z[S¥*']. The
composite is an equivalence, and the first map is 2m + 1 connected by the Freudenthal
suspension theorem A.1.10.0.9). Setting M = P(S®™) and Y = XA\, ., A(S™) we get
that the map is 2z — 2+ Y7 (x; — 1) + conn(X) + 2 connected, and so, after looping

{IV:onHHZ

{lemma: IV
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down the appropriate number of times, xg — ¢+ conn(X) connected, which goes to infinity
with zg. (]
In the future we may not always be as pedantic as all this. We will often supress

forgetful functors, and write this as THH (A, P) —>HH?%(ZA, P) .
If Ais an HZ-algebra and P an A-bimodule, this gives a factorization

THH(UA,UP) —— UHHZ%(ZUA, P) — UHH?(A, P).

nark 1.3.4}
Remark 1.3.6 Two words of caution:
1. Note, that even if P = A, HH%(ZA, P) is not a cyclic device.
(ZHAneqHZA}
2. Note that if A is a simplicial ring, then ZH A is not equal to HZA. We will discover
an interesting twist to this when we apply these lines of thought to additive categories
instead of rings (see section 2.4).
3. In view of the equivalence HZNA ~ ZA, this result should be interpreted as a change
of ground ring equivalence
HHS(A,UP) ~ UHH"%(HZAA, P)
More generally, if k — K is a map of S-algebras, A a cofibrant k-algebra and P a
KA A-bimodule, then
HHY(A, f*P) ~ f*HH* (K N\;A, P)
where f: A2 kNA — KALA.
For comparison the following lemmas are important (see [95, 4.2])
lemm4 1PBSS}
Lemma 1.3.7 If A is a ring and P an A-bimodule, then there is a spectral sequence
Eg,q =HH,(A,n,THH(Z,P;X);Y) = mpTHH(A, P; XN\Y).
Proof: For a proof, see [95].0n a higher level, it is just the change of ground ring spectral
sequence: let kK — K be a map of commutative S-algebras, A a K-algebra and P a KA\, A
bimodule, and assume A and K cofibrant as k-modules, then
HH*(A, P) ~ HH*(KN,A, P) ~ HH®(A, HH*(K, P))
where by abuse of notation P is regarded as a bimodule over the various algebras in question
through the obvious maps. [
{1.3.6}

Lemma 1.3.8 If A be a ring and P an A-bimodule, then the map THH (A, P) — HH?%(A, P)
(and all the other variants) is a pointwise equivalence after rationalization, and also after
profinite completion followed by rationalization.



1. TOPOLOGICAL HOCHSCHILD HOMOLOGY OF S-ALGEBRAS. 133

Proof: In the proof of the spectral sequence of the previous lemma, we see that the
edge homomorphism is induced from the map n,THH(A,P) — n.HH(A,P). From
the calculation of m,THH(Z,P) we get that all terms in the spectral sequence above
the base line are torsion groups of bounded order. Thus m;THH (A, P) = n,THH(A, P)
and m,HH%(A, P) = m;HH(A, P) differs at most by groups of this sort, and the ho-
motopy groups of the profinite completions THH (A, P) and HH?%(A, P) also differ by
torsion groups of bounded order, and hence we have an equivalence THH (A, P)A(O) —
HHZ(A, P)A(O).

If we the reader prefers not to use the calculation of THH(Z), one can give a direct
proof of the fact that the fiber of THH(A, P) — HH(A, P) has homotopy groups of
bounded order directly from the definition.

Sketch:

1. Enough to do it in each dimension.

2. As A and P are flat as abelian groups we may resolve each by free abelian groups
(mult. plays no role), and so it is enough to prove it for free abelian groups.

3. Must show that Z[X]AZ[Y]AZ — Z[XAY]AZ has fiber whose homotopy is of
bounded order in a range depending on the connectivity of X, Y and Z, and this
follows as H.(K(Z,n)) are finite in a range.

1.4 THH is determined by its values on simplicial rings

In this section we prove the analogous statement of theorem I11.3.2.1 for THH.

Let A be an S-algebra. Recall the definition of the functorial cube A = {S +— (A)s}
of S-algebras from I11.3.1.8 whose nodes (A)g were all equivalent to simplicial rings by
proposition I11.3.1.10. In particular, the S’th node was obtained by applying the free-

forgetful pair (Z,U) as many times as there are elements in S. The functor S — (—)%

can clearly be applied to A bimodules as well, and S — (P)% will be a cube of S +— (A)%
bimodules.

We will need the following result about the smashing of cubes

Lemma 1.4.1 be id + x; cartesian cubes fori=1,...,n. Then

X={s— N\ X}

1<i<n
is id + ), x; cartesian.

Proof: Note that each d-subcube of X can be subdivided into d-cubes, each of whose maps
are the identity on all the smash factors but one. Each of these d-cubes are by induction
2-id+ ), x; — 1-cocartesian, and so the d-subcube we started with was 2-id+ ), z; — 1-
cocartesian. "

{IV:appro:

{1.4.1%}
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Proposition 1.4.2 Let A be an id-cartesian cube of S-algebras, and P an id-cartesian
cube of A bimodules (i.e., each S — T induces a map of natural bimodules (Ag, Ps) —
(Ar,Pr)) and X a k-connected space. Then THH (A, P; X) isid+ k + 1 cartesian.

Proof: Since realization commutes with homotopy colimits, this will follow if we can prove
that for each ¢ > 0, S +— THH(Ag, Ps; X), is 2 - id + k cocartesian.
For any ¢ > 0 the lemma above tells us that

S XAPs(S™)A [\ As(S™)

1<i<q

is id + k+ 14 >} ,x; cartesian. Looping down the appropriate number of times, this is
id + k + 1 cartesian, and so
S+— THH(As,Ps; X),

is id + conn(X) + 1 cartesian. '
Theorem 1.4.3 (THH) Let A be an S-algebra and P an A-bimodule. Then the natural

map

THH(A, P) — holim THH((A)s, (P)s)
SeP—0

18 an equivalence.

Proof: This is a direct consequence of the above proposition applied to
A={S+— (A)g} and P ={S — (P)s}

since the hypotheses are satisfied by theorem I11.3.1.9. [
This means that we can reduce many questions about T'H H of S-algebras to questions
about THH of (simplicial) rings, which again often may be reduced to questions about
integral Hochschild homology by means of the spectral sequence 1.3.7.
As an example of this technique consider the following proposition.

Proposition 1.4.4 Let A be an S-algebra and P an A-bimodule, then Morita invariance
holds for THH, i.e., the natural map

THH(A,P) —— THH(Mat,A, Mat,P)

s a pointwise equivalence. If B is another S-algebra and Q) a B-bimodules, then THH
preserves products, i.e., the natural map

THH(AX B,Px Q) —— THH(A,P)x THH(B, Q)

1S a pointwise equivalence.

{1.4.2}
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Proof: Since

Z[Mat, A(X)] =2 Z[[],, V, AX)] «—— Z]V,V, AX)] =&, ®, Z[A(X)] «— Mat,ZA(X)

and

Z[A(X) x B(Y)] «—— Z[A(X)V B(Y)] = Z[A(X)] ® Z[B(Y)] «—— Z[A(X)]V Z[B(X)]

are stable equivalences, it is in view of theorem 1.4.3, enough to prove the corresponding
statements for rings. Appealing to the spectral sequence of lemma 1.3.7 together with the
easy facts that

7, THH(Z, M,P) = M, (x,THH(Z, P))

and
7 THH(Z,P®Q)=nr,THH(Z,P)®r,THH(Z,Q)

it follows from the corresponding statements in Hochschild homology, see e.g. [74, page
17] (use that matrices (resp. products) of flat resolutions of are flat resolutions of matrices
(resp. products)). '
There are of course direct proofs of these statements, and they are essentially the same as
in [74, page 17], except that one has to remember that sums are just equivalent to products
(not isomorphic), see e.g. [27].

1.5 An aside: A definition of the trace from the K-theory space
to topological Hochschild homology for S-algebras

In the next section we will give a natural construction of the (Bokstedt—Dennis) trace on
the categorical level. However, for those not interested in this construction we give an
outline of the trace map construction as it appeared in the unpublished MSRI notes [120],
and later in [?, ?, 6] and also, some of the elements showing up in the general definitions
make an early appearance in the one we are going to give below.

This is only a weak transformation, in the sense that we will encounter weak equiva-
lences going the wrong way, but this will cause no trouble in our context. Indeed, such
arrows pointing the wrong way, can always be rectified by changing our models slightly.
Furthermore, as we present it here, this only gives rise to a map of spaces, and not of
spectra. We give a quick outline at the end, of how this can be extended to a map of
spectra.

For any S-algebra A we will construct a weak map from BA* = B(/ﬂll(A), the classify-
ing space of the monoid of homotopy units of A, to THH (A)(S®). Applying this to the S-
algebras Mat, A, we get weak maps from BGL,,(A) to THH (Mat,A)(S°) ~ THH(A)(S°).

{MSRI tra
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The map produced will respect stabilization, in the sense that

BGL,(A) — THH(Mat,A)(S°)

BGL,(A) x BGL(A) —— THH(Mat,A)(S®) x THH(Mat, A)(S°)

~ ~

B((Mat, A x Mat; A)*) —— THH(Mat, A x Mat; A)(S°)

BGLy,.1(A) — THH(Mat,1A)(S°)

commutes where the upper vertical maps are induced by the indentity on the first factor,
and the inclusion of 1 € M;(A) = THHy(Mat,A) into the second factor. (Note that the
horizontal maps are just weak maps, and that some of the intermediate stages may not
have the property that the upwards pointing map is an equivalence, but this does not affect
the argument.) Stabilizing this with respect to n and take the plus construction on both

sides to get a weak transformation from BCEE(A)Jr to lim, oo THH(M,A)" ~THH(A).

1.5.1 Construction

If M is a monoid, we may use the free forgetful adjoint pair to form a functorial free
simplicial resolution F(M)=—=M . This extends to a functorial free resolution of any

simplicial monoid, and in particular of A* = ézl(A). The forgetful functor from groups
to monoids has a left adjoint M — M~'M = lim_ G where the limit is over the category
of groups under M. In the case M is free this is gotten by just adjoining formal inverses
to all generators, and the adjunction M — M~'M induces a weak equivalence BM —
B(M~'M) (|BM] is just a wedge of circles, and the “inverses” are already included as going
the opposite way around any circle. Alternatively, consider the “fiber” of M C MM,
that is the category C of objects elements in M ~'M, and a single morphism m: g-m — ¢
for every m € M and g € M~'M. Now, C is obviously connected, and between any two
objects there is at most one morphism, and so C' is contractible.)

In the case of the simplicial monoids F'(M) we get a transformation F'(M) — G(M) =
F(M)='F(M). If M is a group-like, then corollary A.1.5.0.12 tells us that the natural map
M — QBM is a weak equivalence. Furthermore, if M is group-like, then so is F'(M), and

the diagram

QBF(M) —— QBG(M)
tells us that F(M) — G(M) is an equivalence.
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Now, for any category C, the nerve NC may be considered as a simplicial category
whose objects in N,C are the elements in the ordinary nerve B,C = {co < ¢1 < - -+ < ¢;}
(see A.1.1.5), and morphisms simply diagrams (in C) like

Co 1 c /¢
L |
do dy coe—— d,

If all morphisms in C are isomorphisms (i.e., C is a groupoid), then the face and degeneracies
are all equivalences of categories. Hence, for any functor X from categories to simplicial
sets sending equivalences to weak equivalences, X (C) = X (NoC) —=X(NC) .

Also, just as we extended Hochschild homology from rings to (small) Ab-categories in
[.3.2, the cyclic bar construction can be extended from monoids to categories: If C is a
category and P is a C-bimodule we define the cyclic nerve B%(C, P) to be the space whose
g-simplices are given as

q
BrC,P)= [ Pleo.cy) x[]Cleicio)

€0,C1,...,Cq€0bC =1

In particular, if G is a (simplicial) group regarded as a one point category in the ordinary
sense, then we have a chain BG = ob NG —=BYNG<"— B%(G where the first map sends
r€BGtoxr=x=--=x€ BYNG and the last map is the weak equivalence induced
by the equivalences G — N,G.

Assembling this information, we have a diagram

BM «—~— BFM BYFM ——— BYM

BGM ——— BYNGM «~— BYGM
where the marked arrows are weak equivalences if M is group-like, giving a weak map
BM — B%M.
Recall the notation T, and R from chapter II (T, was like TH Hy used as a “fibrant
replacement” for S-algebras, and R takes a I'-space and evaluates at 1, = S°). For any
S-algebra A, we have a map BYRTyA — THH(A)(S°) given by

BYRTy(A) = [] holim Q" A(S™) — holim Q> A A(S")
o<i<q i€l xelat! 0<i<q
where the map simply smashes functions together.

Composing weak map BA* — B%¥A* from the diagram above with the cyclic nerve of
the monoid map A* = GL,(A) — M;A(S°) = RTy(A) and BYRT,(A) — THH(A)(S?)
we have the desired “trace map” BA* — THH(A)(S?). End construction.

If we insist upon having a transformation on the spectrum level, we may choose a I

space approach as in [6]. The action on the morphisms is far from obvious, and we refer
the reader to [6] for the details.
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2  Topological Hochschild homology of [S,-categories.

Recall the definition of I'S,-categories. They were just like categories, except that instead of
just morphism sets C(c, d) we have morphism I'-spaces C(c, d), the unit is amap S — C(c, ¢)
and the composition is a map

Cle, d)NC(b, ¢) — C(b, d)

Rings are Ab-categories with one object, and S-algebras are I'S,-categories with one
object, so just like the extension in 1.3.2 of Hochschild homology to cover the case of
Ab-categories, we define topological Hochschild homology of general [S,-categories.

Definition 2.0.2 Let C be a [S.-category, and P a C-bimodule. Define for each tuple
x = (zg,...,x,) € 07!

vie.P)x) =\ Pla,c)(5™n N\ Cleein)(5™)

€o,...,cq€0bC 1<i<q
and for each X € obl’ and ¢ > 0

THH(C, P; X), = holim Q"*(XAV(C, P)(x)).

xeZat!

This is a simplicial space as before. It is functorial in X, and we write TH H(C, P) for the
corresponding I-object, and T'(C, P; X) for the corresponding Q-spectrum.

2.1 Functoriality

We see that THH(—,—) (as well any of the other versions) is a functor of IS.-natural
bimodules (C, P) B.NBNB.

Example 2.1.1 The example (C¥, P¥) of I11.1.6.3 in the case where C an additive category
is a slight generalization of the case considered in [27, part 2|. Here C¥(c,d) = H(C(c,d)),
but PY(c,d) = H(P(c,d)) only if P is “bilinear”. The restriction that P has to be additive
(i.e., send sums in the first variable to products) is sometimes annoying. For instance, this
is the reason that the comparison between T'H H and the homology of categories is often
not done in the category of all “bifunctors” C° x C — Ab (see ref)NBNB.

Note 2.1.2 Since [S,-categories are examples of what was called ring functors in [27], it
is worth noting that our current definition of T'"H H agrees with the old one. In fact, a [S,-
category is simply a ring functor restricted to I'° considered as the discrete finite pointed
simplicial sets. The distinction between [S,-categories and ring functors is inessential in
that topological Hochschild homology does not see the difference, and so all the general
statements in |27, part 1| carries over to the new setting.
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2.1.3 Cyeclic structure and fixed points under the circle action

Let C be a IS,-category and X a space. Then, as before, THH(C; X)=THH(C,C; X) is
a cyclic space.

We promised in subsection 1.2.7 that we would take a closer look at the S*-fixed points.
We consider TH H (C; X)) as a simplicial cyclic set, and so if we apply sin| — | in the cyclic
direction we get a simplicial S'-space which we write sin|THH(C; X)|. As explained in
A3?NBNB,, if Z is a cyclic set, then the S'-fixed points of sin |Z| is nothing but lim-,, Z,
or more concretely, the set of zero-simplices z € Z, such that tspz = soz € Z;. So, we
consider the simplices in the space

THH(C; X)o = holim Q" (XA \/ C(c,c)($7))

z€l ceobC

whose degeneracy is invariant under the cyclic action. In dimension ¢

holim (XA \/ Cle,0)(5")g =[] = S-(S"AA[gly,sin[(XA \/ Cle e)(5™)))o
el ceobC T —xq €T ceobC

The degeneracy sends (zg « - -+« x4, f: STAA[g]ly — sin | XAV e Clc, €)(579)|) to

(‘3°iﬁiﬁfoxq=5””msm[q1+esin|<XA V Q(co,clxswg(cl,co><50>>\)
+ — A

cp,c1€0bC

where the map is determined by f and the unit map S° = S(S5°) — C(c, ¢)(S?). For this
to be invariant under the cyclic action, we first see that we must have 29 = --- = 2, = 0;.

So f is a g-simplex in sin | XAV e Cc, ¢)(S?)] = sin(| XAV .cone IC(c, €)(S?)]) such that

Algls — XA Ve 1C(6, (S| —— IXIAV e [C(e, ) (SOIAIC(e, 0)(S%)]

is invariant under permutation, where the last map is induced by the unit map C(c, ¢)(S?) =
Cle,c)(SHAS® — C(c,c)(S°)AC(c,c)(S?). Hence f only takes the value of the unit and
factors through |Alg]| — V .cope 1 X | = sin | X |A(0bC) 4, i.e.,

ceo

lim THH(C; X) & sin [THH(C; X)[$' = \/ sin|X]|
—A° c€obC
We may be tempted to say that \/ X is the “S'-fixed point space” of THH(C; X)
because this is so after applying sin | — | to everything.

NB: If G is a topological group and X a G-space, then sin(X%) 2 (sin X)*2¢, Likewise
for homotopy fixed points (up to homotopy).
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2.2 The trace
{trace:Ct«

There is a map, the “Dennis trace map” {Def :Denn

degeneracies
#

obC —— THH(C)(S%), THH(C)(S)

sending d € obC to the image of the non-basepoint of the unit map
SO = S5(S8°%) — C(d,d)(S%)
composed with the obvious map

C(d.d)(S°) € \/ C(e,e)(S°) = holim Q* \/ C(e,e)(S™) = THH(C)(S")o

r€obT

ceobC ceobC

In other words, in view of the discussion in 2.1.3 the trace is (almost: just misses the
base point) the inclusion of the S* fixed points.

2.3 Comparisons with the Ab-cases
> ab-cases} B
The statements which were made for HZ-algebras in section 1.3.2. have their analoges for

['A-categories:

{2.3.1}
Definition 2.3.1 Let C be a I'A-category, P a C-bimodule and X € obI'°. Consider the
simplicial Abelian group

HH?(C. P; X), = holim 0" () (P(co,cqxsm) @ @ c’(cz-,cz-_lxsmi))

i
x€Zt €0,...,Cq€0bC 1<i<q

where loop and homotopy colimit is performed in simplicial abelian groups and with face
and degeneracies as in Hochschild homology. Varying ¢ and X, this defines HH?%(C, P) €
obl'A.

This is natural in [l4-natural pairs (C, P) (and is prone to all the irritating nonsense about
nonflat values).

The prime example come from ordinary Ab-categories: by using the Eilenberg-MacLane
construction on every morphism group, an Ab-category £ cal be promoted to a ['4-category
& (see 11.1.6.2.2). Similarly we promote an £-bimodule P to an £ bimodule P. Since this
construction is so frequent (and often in typographically challenging situations) we commit
the small sin of writing THH (€, P) when we really ought to have written THH (&, P).

Also, as in 1.3.4 it is clear that if C is an Ab-category and P a C-bimodule, then
HHZ%(C, P) is pointwise equivalent to H (HH(C, P))

The proofs of the following statements are the same as the proofs for lemma 7?7 and

1.3.7
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Lemma 2.3.2 Let C be a ISi-category, P a ZC-bimodule and X € obl®. The map
THH(C,UP) — UHHZ%(ZC, P) is an equivalence. '

Lemma 2.3.3 Let € be an Ab-category and P an €-bimodule. Then there is a first quad-
rant spectral sequences

E? = HH*(&,n,THH(HZ,HP;X);Y) = m,. ,THH(HE, HP; X\Y).

2.4 Topological Hochschild homology calculates the homology of
additive categories

There is another fact where the HH?%(Z—, —)-construction is handy, but which has no
analogy for S-algebras.

Let C be an Ab-category, and let P be a C-bimodule (i.e., an Ab-functor C°®@C — Ab).
Then, by the results of section 2.3 you have that

THH(HC,HP)~UHH%*ZHC,HP), and HH%(HZC, HP) ~ H HH(ZCP),

but HHZ(ZHC, HP) is vastly different from HH%(HZC, HP). As an example on may
note that THH(Z,Z) is not equivalent to HH(ZZ,7Z) = HH(Z[t,t™'],Z).

However, for additive categories (Ab-categories with sum) something interesting hap-
pens. Let € be an additive category, and consider it as a [4-category through the construc-

k
tion 11.1.6.3: €%(c, d)(ky) = €(c, ©d). Since € is additive we see that there is a canonical
isomorphism € = €% but this may not be so with the bimodules: if M is a Z€-bimodule
(which by adjointness is the same as a U€-bimodule) we define the €®-bimodule M® by

k
the formula M®(c,d)(k;) = M(c,®d). If M is “linear” in the second factor (i.e., M is
actually a Z€° ® €-module) the canonical map M — M® is an isomorphism, but for more
general cases it won’t even be a weak equivalence.

Theorem 2.4.1 Let € be an additive category and let M be a ¢°QZE-module. Then there
18 a canonical equivalence

THH(UC®, UM®) ~ H (HH(ZE, M)).
Proof: In this proof we will use the model HHZ(Z(C®), M®) instead of THH(UE® UM®)
(see lemma 2.3.2), and since both expressions are very special it is enough to prove that
the cononical stabilization map HH ((Z&, M) — HH?(Z(C®), M®)(1.) is an equivalence.
Since the functors in the statement are homotopy functors in M, it is enough to prove the
theorem for projective M. But all projectives are retracts of sums of projectives of the
standard type

{THH of a
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and hence it is enough to show that the higher homotopy groups vanish, and the map in-
duces an isomorphism on m, for these projectives. For H H%(Z(C®), M®) and HH (Z€, M)
this vanishing comes from the “extra degeneracy” defined by means of

~ k
Px’y(c, d)(k+) fe— Q(C, Jf) X Zg(y, @d)
f®|29i|'—’f®|1y|®\29i|l

Pryley)(14) ® 2€°(y, @d)(ky) —— €le,7) ® ZE(y, y) ® Z&(y, &d)

(the vertical lines are supposed to remind the reader that whatever is inside these are
considered as generators in a free abelian group). This defines a contracting homotopy

Sqr1: HH(ZC, Py y)g — HH(ZE, Py )i,
and likewise for H H?%(Z¢®, Pg,).

On 7y we proceed as follows. Notice that mo(HH?(Z€%, PE o) = @P.cope €lc,y) ®
&(z,c) (essentially the Hurewicz theorem: if M is an abelian group o lim QZ(M @
Z[S*]) = M) and m(HH?(Z€%, PE)1) = D, yeape €(¢,y) @ €(z,d) ® €(d, ¢). Hence the
map moH H(Z¢, P, ,) — moHH%(Z¢€®, P, ,) is the map induced by the map of coequalizers

D.C(c,y) ® ZE(x,c) =— D, L(c,y) ® Z¢(z,d) @ Z¢(d, c) .

! l

D.C(c.y) ® €z, c) =—— D, ,&(c,y) ® €(x,d) ® €(d, c)

But both these coequalizers are isomorphic to €(x,y), as can be seen by the unit map
¢(z,y) — €(z,y) ® Z€(y,y) and the composition €(c,y) ® €(x,¢) — €(x,y) (here the
linearity in the first factor is crucial: the class of f ® |g| € €(c,y) ® Z&(z, ¢) equals the
class of fg® |1,] € €(z,y) ® Z&(z, x)). '

Remark 2.4.2 The proof of this theorem is somewhat delicate in that it stears a middle
course between various variants. We used the nonlinearity in the second factor of M to
reduce to the projectives Py, where this nonlinearity gave us the contracting homotopy. We
then used the linearity in the first factor to identify the my parts. A more general statement
is that THH(UC® UM®) is HH(ZE, LM) where L is linearization in the second factor.
This first/second factor asymmetry is quite unnecessary and due to the fact that we stabilize
in the second factor only. We could dualize and stabilize in the first factor only (the opposite
of an additive category is an additive category), or we could do both at once. We leave the
details to the interested reader.

Corollary 2.4.3 (Pirashvili-Waldhausen [95]) Let A be a discrete ring and M a bi-
module. Then there is a natural chain of weak equivalences connecting THH(HA, HM)
and (the Eilenberg-MacLane spectrum associated to) HH(ZPa, M), where P4 is the cat-

egory of finitely generated projective modules, and M is considered as a Pa-bimodule by
setting M(c,d) = Pa(c,d) @ M.
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2.5 General results

Many results are most easily proven directly for I'S,-categories, and not by referring to a
reduction to special cases. We collect a few which will be of importance.

2.5.1 THH respect equivalences

This is the first thing that we should check, so that we need not worry too much about
choosing this or that model for our categories.

Lemma 2.5.2 Let Fy, Fy: (C,P) — (D,Q) be maps of IS.-natural bimodules, and X a
space. If there is a natural isomorphism n: Fy — Fy, then the two maps

Fo, Fv: THH(C, P)(X) — THH(D, Q)(X)

are homotopic.

Proof:  We construct a homotopy H: THH(C, P)(X)A\A[l]y — THH(D,Q)(X) as fol-
lows. If ¢ € A([g],[1]) and x € Z9" we define the map Hyx: V(C, P)(x) — V(D,Q)(x)
by sending the ¢y, ..., ¢, € C?™ summand into the Fy)(co), . .., Fyq)(cq) € 0bD summand
via the maps

()« (e )" Fo

Cle,d) ———— D(Fi(c), Fj(d))

()« (e )

fori,j7 € {0,1} (and P(c,d) —=Q(Fp(c), Fp(d))

Corollary 2.5.3 (T'HH respects IS,-equivalences) Let C LoD be IS, -equivalence
of IS,-categories, P a D bimodule and X a space. Then

THH(C,F*P)(X) —— THH(D, P)(X).

Proof: Let G be an inverse, and n: 1¢ = >GF and ¢: 1p—=FG the natural isomor-
phisms. Consider the (non commutative) diagram

THH(C,F*P)(X)—=THH(C,(FGF)*P)(X)

lF \ lF
THH(D,P)(X)—~—=THH(D,(FG)*P)(X)
The corollary above states that we get a map homotopic to the identity if we start with

one of the horizontal isomorphism and go around a triangle. [
Recall the notion of stable equivalences of I'S,-categories 11.2.4.1.

{2.5.2}

{2.5.3}
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{2.5.4}

Lemma 2.5.4 (T'HH respects stable equivalences of [S.-categories) Let F': (C,P) —

(D, Q) be a map of [S.-natural bimodules, and assume F is a stable equivalence of IS,-
categories inducing stable equivalences

P(e,d) — Q(F(c), F'(c))
for every ¢, ¢ € obC. Then F induces a pointwise equivalence
THH(C,P)— THH(D, Q).

Proof:  According to lemma I1.2.4.2 we may assume that F is either a [S,-equivalence,
or a stable equivalence inducing an identity on the objects. If F'is a [S,-equivalence we
are done by corollary 2.5.3 once we notice that the conditions on P and () imply that
THH(C,P) — THH(C, F*Q) is a pointwise equivalence.

If F' is a stable equivalence inducing the identity on objects, then clearly F' induces a
pointwise equivalence

THH(C,P), - THH(C,F*Q), —» THH(D,Q),

in every simplicial degree q. [

2.5.5 A collection of other results

The approximation in 1.4 of THH of arbitrary S-algebras by means of TTH H simplicial
rings also works, mutatis mutandis, for [S,-categories to give an approximation of any
[S,-category in terms of s.Ab-categories.

The proof of the following lemma is just as for S-algebras (lemma 1.3.1)

Lemma 2.5.6 LetC be a simplicial IS,-category and M a C-bimodule (i.e., {[q] — (C,, M,)}

is a natural bimodule). Then there is a natural pointwise equivalence
THH(diag*C,diag*M) ~ diag™{[q] — THH(C,, M,)}.

Definition 2.5.7 Let A and B be [S,-categories and M an A° — B-bimodule. Then the

upper triangular matriz I'S,-category
[ 5]

is the [S, category with objects 0b.A x obBB and with morphism object from (a,b) to (a’,b’)
given by
A(a,a’) M(a,b')
B(b,b")

and with obvious matrix composition.
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Lemma 2.5.8 With the notation as in the definition, the natural projection
THH ([A¥]) - THH(A) x THH(B)

1S a pointwise equivalence.

Proof:  Exchange some products with wedges and do an explicit homotopy as in [27,
1.6.20].

For concreteness and simplicity, let’s do the analogous statement for Hochschild homol-
ogy of k-algebras instead, where k is a commutative ring: let A;; and Asy be k-algebras,
and let Ajo be an AJ, ®; Ax-module. The group of ¢ simplices in HH ([A“ ﬁ;g}) can be

written as
q
PR 4.
i=0

where the sum is over the set of all functions (r,s): {0,1...,q} — {(11),(12),(22)}. The
projection to HH (A1) & HH(Ay) is split by the inclusion onto the summands where
rg = ...Tq¢ = 8o = -+ = 8, We make a simplicial homotopy showing that the non-
identity composite is indeed homotopic to the identity. Let ¢ € A([g],[1]) and y in the
(r,s) summand of the Hochschild homology of the upper triangular matices. With the
convention that Sq+1 = To we set

H(¢,y) =y, if r = sy for all k € ¢~'(0)

and zero otherwise. We check that for j € [¢] we have equalitity d;H(¢,y) = H(od?, d;y),
and so we have a simplicial homotopy. Note that H(1,—) is the identity and H (0, —) is
the projection (19 = s1,...7,-1 = S4,7q = So implies that all indices are the same due to
the upper triangularity).

The general result is proven by just the same method, exchanging products with wedges
to use the distributivity of smash over wedge, and keeping track of the objects (this has the
awkward effect that you have to talk about nonunital issues. If you want to avoid this you
can obtain the general case from the Ab-case by approximating as in 1.4). Alternatively
you can steal the result from 1.3.6 via the equivalences

THH(®) ~ H HH(ZC, &) ~ H HH(ZE, ¢) = F(¢, )

to get an only slightly weaker result. [
Setting M to be the trivial module you get that T'H H preserves products (or again, you
may construct an explicit homotopy as in [27, 1.6.15] (replacing products with wedges).
There are noe added difficulties with the bimodule statement.

Corollary 2.5.9 Let C and D be IS,-categories, P a C-bimodule, () a D-bimodule. Then
the canonical map 1s a pointwise equivalence

THH(C x D,P x Q) — THH(C, P;X) x THH (D, Q; X). ©

{2.4.4}
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2.5.10 Cofinality

Another feature which is important is the fact that topological Hochschild homology is
insensitive to cofinal inclusions (see below). Note that this is very different from the K-
theory case where there is a significant difference between the K-theories of the finitely
generated free and projective modules: K ({ (A) — Ky(A) is not always an equivalence.

Definition 2.5.11 Let C C D be a [S,-full inclusion of [S,-categories. We say that C is
cofinal in D if for every d € obD there exist maps

d - ¢d) " d
such that ¢(d) € obC and myng = 14.

Lemma 2.5.12 Let j: C C D be an inclusion of a cofinal IS.-subcategory. Let P be a
D-bimodule. Then
THH(C,P)— THH(D, P)

1S a pointwise equivalence.

Proof: For simplicity we prove it for P = D. For each d € obD choose
d - o(d) /4,

such that 7. is the identity for all ¢ € obC. Then for every x € Z9"! we have a map
V(D)(x) — V(C)(x) sending the dy,...,d, € UD?™ summand to the c(dp),...,c(d,) €
UCI! summand via

D(may, 14, ) (SN - . AD(Tay, 1d,—, ) (57
This map is compatible with the cyclic operations and hence defines a map
D(m,n): THH(D) - THH(C)

Obviously D(m,n) o THH(j) is the identity on THH(C) and we will show that the other
composite is homotopic to the identity. The desired homotopy can be expressed as follows.
Let ¢ € A([q], [1]) and let

- . n be d _ e, c(d) T, d ifi=1
d —— ¢(d) —— d d=d=d ifi=0

The homotopy THH (D)AA[l]y — THH(D) is given by Hyx: V(D)(x) — V(D)(x) send-
ing the dy, . .., d, € obUDY"! summand to the ¢*©(dy), ..., c?@(d,) € obUDI*! summand
via

Dy NS AD(g @, ) (57).
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2.5.13 Application to the case of discrete rings

As an easy application, we will show how these theorems can be used to analyze the
topological Hochschild homology of a discrete ring. The more general case of S-algebras
will be treated later.

Let A be a discrete ring, and let P be an A bimodule, and by abuse of notation let P
also denote the P4-bimodule Homy(—, — ®4 P) = Pa(—, —) @4 P: Py x P — Ab.

Lemma 2.5.14 Let A be a ring, Pa the category of finitely generated projective modules
(1.2.1.3) and F 4 the category of finitely generated free modules (1.2.1.4). Then the inclusion
Fa C Py induces a pointwise equivalence

THH(P4) —— THH(Fy,). ©

In the statement of the theorem we have again used the shorthand of writing TH H(A)
when we really mean THH (H A), and likewise for THH (P,).

Theorem 2.5.15 The inclusion of A in P4 as the rank 1 free module induces a pointwise
equivalence

THH(A,P) —~— THH(P4,P).

Proof:  Let F4 be the category of finitely generated free modules, and let F% be the
subcategory of free modules of rank less than or equal to k. We have a cofinal inclusion
MyA — FE. given by regarding M, A as the subcategory with only object: the rank k
module. Consider the diagram where the limit is taken with respect to inclusion by zeros

Morita
—

THH(A,P) limy—.oo TH H(My,A, My P)

l o~ l cofinality

THH(?A, P) filtered colimits hmk_m THH(JTIIZ, P)

~

~

~ l cofinality
THH (P4, P)

The leftward pointing map is a weak equivalence as loops respect filtered colimits (A.1.1.7.3)
and V (Fa, P)(x) = limy,_, V(F%, P)(x) for all x € Z9"1. The other maps are weak equiv-
alences for the given reasons and the result follows. [

2.5.16 Topological Hochschild homology of an finitely genrated free modules
over an S-algebra

The category of finitely generated A-modules F4 is the I'S,-category whose objects are the
natural numbers (including zero), and where the morphisms are given by

fA(k-l-u l—l—) = MA(]C+/\A, l+/\A) = H\/A
k1

{2.5.10%}

{2.5.11%}
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An A-bimodule P is considered as an F4-bimodule in the obvious way. Except that the
cofinality is not needed in the present situation, exactly the same proof as for the discrete
case above give:

Lemma 2.5.17 Let A be an S-algebra and P an A-bimodule. Then the inclusion of the
rank one module A — Fa gives rise to an equivalence

THH(A,P) — THH(F4, P). ©



Chapter V
The trace K — THH

In this chapter we explain how the Dennis trace map IV.2.2 can be lifted to a trace map
from algebraic K-theory to topological Hochschild homology. We first concentrate on the
Ab-case since this is somewhat easier. This case is however sufficent to define the trace
for discrete rings, and carries all the information we need in order to complete our proofs.
The general construction is more complex, but this need not really concern us: the only
thing we actually use it for is that it exists and is as functorial as anybody can wish.

The general construction occupies the second section, and tries to reconcile this con-
struction with the others we have seen. In the third section we have another look at stable
K-theory and verify that it agrees with topological Hochschild homology for S-algebras in
general.

1 THH and K-theory: the Ab-case

In this section we define the trace map from algebraic K-theroy to the topological Hochschild
homology of an additive or exact category much as was done in [27].

Before we do so, we have to prepare the ground a bit, and since these results will be
used later we work in a wider generality for a short while.

Algebraic K-theory is preoccupied with the weak equivalences, topological Hochschild
homology with the enrichment. The Dennis trace map 2.2 should seek to unite these
opposite points of view.

Let C be a symmetric monoidal ['S,-category (see 11.3.1.3), and recall the construction
HC from chapter II. This is a functor from I'° to symmetric monoidal I'S,-categories such
that for each k. € obl'® the canonical map

[_{C(k+) — CXk

is a [S,-equivalence. Hence B
THH(HC)

is a functor from I'° to IS, or more symmetrically: a functor I'°xI'* — S,. For such functors
we have again a notion of stable equivalences: if X and Y are functors ' x I'* — §,, a

149
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map X — Y is a stable equivalence if

lim QX (S*, §') — lim Q"'Y (%, 51

k,l k,l

is a weak equivalence.

For each k, € obl there is a map ky A\THH(C) — THH(HC(k,)) (induced by the k
functors C — HC(k,) given by the injections 1, — k) which assemble to a natural map
Y*THH(C) — THH(HC) of functors I'> — [S,.

Proposition 1.0.1 Let C be a symmetric monoidal I'S.-category. Then for each I, € T'°
the I'-space B
ke — THH(HC(k,))(14)

18 special, and the natural map
YS*THH(C) — THH(HC)
15 a stable equivalence.

Proof: For each ki ,l, € ob' the map
THH(HC(k+))(l4) — THH(C**)(1)

is a weak equivalence (since HC is special and TH H sends I'S,-equivalences to pointwise
equivalences 2.5.4), and so is

THH(C*®)(1.) — THH(C) (L)

(since THH respects products 2.5.9), and so the first part of the proposition is shown:
THH(HC)(l4) is special. For each k., the composite

kiANTHH(C) —— THH(HC(ky)) —— THH(C)**

is a stable equivalence, and the last map is a pointwise equivalence, hence the first map is
a weak equivalence, assembling to the stated result. [

This is a special case of a more general statement below which is proved similarly.
A functor (C,P) from I'® to [S,-natural bimodules is nothing but a functor C: I'* —
[S,-categories and for each X € obI'* a C(X)-bimodule P(X), such that for every f: X —
Y € I'° there is a map of C(X)-bimodules f: P(X) — f*P(Y) such that gf = f*(g) o f.
(i.e., if in addition ¢g: Y — Z, then the diagram

P(X) [ PY)

e
(9f)"P(2) = f(9°P(2))

commutes). In particular (C,C) will serve as the easiest example.
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Proposition 1.0.2 Let (C, P) be a functor from I'° to IS,-natural bimodules. Assume that
C is quite special (see I11.3.2.1) and for all X,Y € obl'® the map

P(XVY) T, e pOX) x pri P(Y)
is a stable equivalence of C(X V'Y')-bimodules. Then

THH(C,P) «—— X*THH(C(1.),P(1,))
18 a stable equivalence. ©

Preparing for the way for the trace from the algebraic K-theory of exact categories,
we make the following preliminary nerve construction (a more worked-out version will
be needed later, see 2.1.4 below, but this will do for now). Note the connections to
the nerve construction used in the proof of corollary 1.2.3.2. Recall that T'H H preserves
[S.-equivalences (2.5.4), and that if C is an Ab-category, then the degeneracy map C =
No(C,i) — N,i(C,1) is an Ab-equivalence of categories.

Definition 1.0.3 Let C be a category. The nerve of C with respect to the isomorphisms is
the simplicial category N(C, ) whose simplicial set of object is the classifying space BiC of
the subcategory of isomorphisms, and whose set of morphisms between ¢y «— ¢; « -+ < ¢,
and ¢f < ¢} « -+ < ¢ is the set of all commuting diagrams

Co — C1 — e/ Cq
/ ~ / ~ ~ ,

in C.
Note that the vertical maps need not be isomorphisms. Furthermore we have that

Lemma 1.0.4 For all q the map C = Ny(C,i) — N,(C,1) induced by the degeneracies (i.e.,
sending ¢ to c = c=---=c) is an equivalence of categories.

Lastly, if C is an Ab-category, N(C,i) will be a simplicial .Ab-category.

If C is an Ab-category we will abuse notation by writing 7'H H (C) when we really should
have written THH(C) (where the functor C + C from Ab-categories to I'S,-categories of
I1.1.6.2.2 allows us to consider all Ab-categories as [S,-categories.

A consequence of the lemma is that if C is an Ab-category the map

THH(C) — THH(N(C,1))

induced by the degeneracies becomes a pointwise equivalence (since the functor C — C
sends Ab-equivalences to I'S,-equivalences and T'H H sends IS,-equivalences to pointwise
equivalences).

This paves the way for our first definition of the trace from algebraic K-theory to
topological Hochschild homology:

{Def :nerv
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{Def:trac
Definition 1.0.5 (The trace for additive categories) Let £ be an additive category.

The trace map for £ in the Segal formalism is the following chain of natural transformations
where the leftward pointing arrows are all stable equivalences

S®BiHE = Y°bN(HE,i) —— THH(N(HE,i)) «~— THH(HE) «=— S®THH(E)

where the first map is the Dennis trace of 2.2, the second is the equivalence coming from
the equivalences of categories £ — N,(€, ) and the third from from lemma 1.0.1.

1.1 Doing it with the S construction

We may also use the S construction of Waldhausen (see definition 1.2.2.1). This has sim-
plicial exact categories as output, and we may apply T'H H degreewise to these categories.

If ¢ is an exact category and X a space, there is a map S'ATHH(S®¢; X) —
THH(S®¢; X) (since So€ is trivial), and so THH(S¢; X) = {k — THH(S®¢; X)}
defines a spectrum. It is proven in [27] that the adjoint

THH(S®e; X) - QT HH(S*V¢; X)

is an equivalence for k£ > 0. Furthermore if € is split exact, that is all short exact sequences
split, then it is an equivalence also for £ = 0. Note that any additive category can be viewed
as a split exact category by choosing exactly the split exact sequences as the admissible
exact sequences. In fact, if we apply the S construction to an additive category with no
mention of exact sequences, this is what we mean.

1.1.1 Split exact categories

Let € be an additive category. We defined the n x n upper triangular matrices, T,&, in
[.2.2.4, to be the category with objects 0b€*", and morphisms

T.¢((c1, .. en), (dr, . dn) = @D (i d;)

1<j<i<n

and with composition given by matrix multiplication. Since € is additive, so is T,,C.
Consider the two functors
O N S

The first is the inclusion of €*" as the diagonal subcategory of T,,&, the second forgets
about off-diagonal entries, and the composite is the identity.

{3.4.2}
Proposition 1.1.2 Let € be an additive category. Then the inclusion of the diagonal

¢ — T,¢€ induces a pointwise equivalence

THH(E") — THH(T,¢).
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Proof: Using the stable equivalence of products and wedges, we see that the map of [S,-
categories
¢o (gxn-1y@
[ (Tn—IQ:)69
where the left hand category is defined in 2.5.7, is a stable equivalence. Hence the statement

follows by induction on n from lemma 2.5.4 and lemma 2.5.8.
Alternatively you can steal the result from 1.3.6 via the equivalences

|- e,

THH(¢)~ HHH(Z¢,¢) ~ H HH(Z¢, ¢) = F(C,¢).

[
Considering the additive category € as a split exact category, the forgetful map 7,,& —
¢*™ factors through 5,,€
7,6 — 5,6 —¢*"

The first map is given by sending (c1,...,¢,) to i < j — ¢y @ -+ - @ ¢;, and the second
projects © < j + ¢;; onto 1 — ¢;_q ;.

Corollary 1.1.3 Let € be a additive category. Then
THH(¢*") — THH(S,€)
s a pointwise equivalence, and so for every X € I'° the natural map
THH(¢;X) — QI'HH(SC; X)

18 a weak equivalence.

Proof:  This follows by proposition 1.1.2 since by 1.2.2.5 T,,€ is equivalent to S,¢&, and
T H H sends equivalences to pointwise equivalences. [
Hence we get

Corollary 1.1.4 Let € be an additive category. Then for every k > 0 the natural map
HE(S*) — S®E induces a pointwise equivalence

THH(HE(S*)) —— THH(S®¢).
Substituting € with S®)¢ in corollary 1.1.3 we get
Corollary 1.1.5 Let € be an additive category. Then the natural map
THH(S*¢) — QT HH(S"¢)

s a pointwise equivalence for all k > 0. [

and exactly the same proof give the

{3.4.3}

{cor:IV T

{3.4.4%}
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Corollary 1.1.6 Let € be an additive category, and M a bilinear € bimodule. Then the
natural map

THH(S*¢,S*M) — QT HH(S*"e, S M)
s a pointwise equivalence for all k > 0. [

This allows us to define the trace used in [27], competing with the one we gave in ?7.

Definition 1.1.7 (The nerveless trace for split exact categories) Let £ be an ad-
ditive category. The trace map for £ in the Waldhausen formalism is the following chain
of natural transformations where the leftward pointing arrows are all stable equivalences

N%0bSE —— THH(SE) «— S®THH(E)

where the first map is the Dennis trace of 2.2, the second is the equivalence coming from
from corollary 1.1.3.

whose zeroth space is equivalent to the usual THH (A, P; X).

1.1.8 Comparison of traces for the Waldhausen and Segal approaches

As a last step, we need to know that the two definitions for the trace for additive categories
agree.

This information is collected in the following commutative diagram of bispectra (the
[-spaces are tacitly evaluated on spheres)

Y ®0bSE

2.3.2l/N

2% BiSE — T(N(SE, i) ~—— T(S€)

2_1.6% NT NT 13

S BilE —> T(N(HE,i)) <= T(HE) 2L 2T (€)

where each number refer to the result showing that the corresponding arrow is a weak
equivalence.

1.2 Comparison with the homology of an additive category and
the S-construction

One thing that needs clarification is the relationship with the homology of a category which
we used in .3, and which we showed was equivalent to stable K-theory when applied to an
additive category. We used the S-construction there, and we use it here, and in both places
the outcome are ()-spectra, and these coincide. We use as a comparison tool the model for
topological Hochschild homology by means of abelian groups discussed in section 2 (where
it was called something else??)

{3.4.5%}

{Def :nerv
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Remark 1.2.1 If € is an additive category, and M an additive bimodule, we have strict
equivalences of spectra (indexed by m)

F(Stme SMmM) —=— HHZ(SMe, SMM) «~— THH(S™¢, S M).
We have two independent proofs that these spectra are €2 spectra. Furthermore, the maps
Fo(Stme, Sty ——— HHZ(SMe, SMM), «~— THH(SM™¢, S M),
are also strict equivalences, and so all maps in
Fo(Stme, Sy —=— HHZ(SMe, SMM)y «~— THH(SM™¢, SM M),
- *| .
F(Stme StMA) —=— HHZ(SM™e SMM) «=— THH(S™e, SM M)

are (stable) equivalences of spectra. [

1.3 More on the trace map K — T'HH for rings

For comparison with earlier constructions, it is often fruitful to give a slightly different
view of the trace map, where the cyclic nerve plays a more prominent role.

Furthermore, the comparison with the map defining the equivalence between stable K-
theory and topological Hochschild homology has not yet been seen to relate to the trace.
This will be discussed further in the next section.

In this section we let T(A, P; X) be the Q-spectrum

(kv THH(S®P4, SO M4(—, — @4 P); X).

Consider
0bSP,4 25 holim—; Q7 Vo usp, SPalc, ¢) @z Z[S7]
T(A,A, SO) degeneracies T()(A,A7 SO)

This map agrees with the trace map given in the previous section, and displays the map
as the composite K(A) = T(A)%" ¢ T(A) and so tells you that the S* action on THH is
important. You do not expect to be able to calculate fixed point sets in general, and so
any approximation to the fixed points which are calculable should be explored.

If one want maps from NiSP, instead, one can either do as we did in section 1.2, or
one may rewrite this slightly (and so destroying the circle action, but that does not concern
us right now). As for groups, there is a map Bi€ — N%i€ for any category €, given by

. aq a9 [e] .
sending cg a1 o ‘cy € B4i€ to

-1
(a7 e .
Cq(l_I di o=t <22 ... cqg € NJ%i€
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This splits the natural map N%¥i€ — Bi€ given by forgetting (which is there regardless
of maps being isomorphisms). If € is a linear category we have a map N¥i€ — NY¢ —
THH (), where the first one is given by the inclusion of the isomorphism into all of €,
and the second is stabilization. The diagram

Bi€ «—— Byi€ = ob&
N%i¢ —— THH(C)

commutes, where the rightmost map is defined as above. Setting ¢ = S™7P, we obtain

the diagram
BigPA A — ob§73A

| |
NviSP, —— T(A)

There is no contradiciton to be had from the fact that the diagram
BiSPs —— TL(N(SPa,i))
N@¥iSPy ——  T(SPa)

does not commute.

1.4 The trace, and the K-theory of endomorphisms

Let € be an exact category and let End(€) be the category of endomorphisms in €. That
is, it is the exact category with objects (c, f), with f: ¢ — ¢ € €, and with morphisms
(¢, f) — (d, g) commuting diagrams

— d
d
d

A sequence (¢, f') — (¢, f) — (¢, f") is exact if the underlying sequence ¢ — ¢ — ¢ is
exact. We note that

~
QO — O

e

obSEnd(¢) = [] End(c)

cEobSCE

There are two functors € — End(€) given by ¢ +— {g ¢} and ¢ — {c = ¢} splitting the
forgetful projection End(€) — € given by (¢, f) — c. We let

End(¢) = \/ End(c) ~ fiber{obSEnd(€) — 0bSC}

ceobSC
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(the End(c)s are here pointed at the zero maps) and note that the first step in the trace,
0bS€ — T(€), facors through 0bS€ — End(€) via the map ¢ — ¢ = c.

If € C D is cofinal (ref) then End(€) C End(®) is also cofinal, and a quick calculation
tells us that Ko(End(®))/Ko(End(€)) = Kyo(D)/Ky(), and hence by [113] we get that
End(¢) — End(®) is an equivalence. This tells us that the “strong” cofinality of THH
appears at a very early stage in the trace; indeed before we have started to stabilize.

2 The general construction of the trace

In order to state the nerve in the full generality, it is necessary to remove the dependence on
the enrichment in .Ab we have used so far. This is replaced by an enrichment in IS, which is
always present for categories with sum. The second thing we have to relax is our previous
preoccupation with isomorphisms. In general this involves a choice of weak equivalences,
but in order to retain full functoriality of our trace construction we choose to restrict to
the case where the weak equivalences come as a natural consequence of the I'S,-category
structure. This is sufficient for all current applications of the trace, and the modifications
one would want in other (typically geometric) applications are readily custom built from
this.

2.1 The category of pairs ‘3, nerves and localization

For applications to K-theory, one needs to consider categories with a given choice of weak
equivalences. The weak equivalences are at the outset unaware of the enrichment of our
categories: they only form a S-category (just like the units in a ring only form a group,
disregarding the additive structure). This is the reason we have to introduce pairs of
categories.

Let the category of free pairs 8 be the category whose objects are pairs (C, w) where
C is a small I'S,-category and w: W — RC an S-functor of small S-categories.

A morphism

(C7w) - (Clvw,)

in e is a pair

rc— 0, G:W — W
where F'is a IS,-functor and G an S-functor such that

w —- RC

of
W . R
commutes.

A weak equivalence in P is a map

(F,G)

(C,w) —= (C',w')
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such that F' is a stable equivalence of I'S.-categories and G is a weak equivalence of S-
categories.

2.1.1 The object functor

from the category of free pairs to sets is the functor ob which sends (C,w: W — RC) to

the set of objects obWW. If for some reason the objects in question are naturally pointed
(as they will be in the applications to algebraic K-theory), we use the same letters for the
functor into pointed sets.

2.1.2 The subcategories Pfix C 5 C Jpfree

Consider the full subcategory B C P whose objects are the pairs (C,w) that have the
property that w: W — RC is the identity on objects. The subcategory of fixed pairs
Pix C P contains all objects, but a morphism of fixed pairs is a morphism of pairs

(F,G)

(C,w) (C',w')

where F' (and hence ) is the identity on objects.

These subcategories inherit the notion of weak equivalences from ¢ by requiring that
the relevant maps lie in the appropriate category.

2.1.3 The right adjoint ¢: e — P

The inclusion functor B C P has a right adjoint ¢: P — P given by sending
(C,w: W — RC) € obP™ to ¢(C,w) = (¢uC,dw) each of whose factors are defined

below.
The set of objects of ¢(C,w) is obW, and given two objects ¢ and d the I'-space of
morphism is given by

duC(c,d) = C(we, wd)

and ¢Qw is
Wle,d) —2— RC(we,wd) = Rp,C(c, d)-

Note that the composite
qg C ipfree ¢ %

is the identity. When considered as an endofunctor on Pt ¢ is idempotent (¢? = ¢) and
there is a natural transformation ¢ — idgpwe given by the obvious map ¢,,C — C which
is the identity on morphisms. Using this we get that ¢ is right adjoint to the inclusion as
promised.
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2.1.4 The nerve

For each nonnegative integer ¢, let [q] = {0 <1 < --- < ¢}, and consider it as the category
{0 — 1« .-« q}. If Dis a category, the nerve of D is the simplicial category which in
dimension ¢ is the category of functors N,D = [[q], D].

In contrast, if W is a S-category, we get a bisimplicial category NV which in bidegree
p,q is the functor category (N,V), = [[¢], W,]. Note that N is not a simplicial S-
category since the set of objects may vary in both the p and ¢ direction. However, it is
convenient to consider NW as a bisimplicial S-category with discrete morphism spaces.
Likewise, if C is a IS,-category, NC is the bisimplicial I'S,-category [p], [¢] — [[g],C,]. Both
constructions are appropriately functorial.

Let the free nerve

Nfree: ;I;free N [AO % AO, ;Bfree]
be the functor which sends (C,w: W — RC) to the bisimplicial pair N™¢(C, w) which in
bidegree g, p is given by

No(C,w)p = (NCp, NV, RN N RC, = RN,C,)-
More interestingly, we have the nerve N which is defined by the following diagram

£
;Bfree Niree [Ao X A07 ;I;free]

QT ) ¢>l

f‘p - [AO X Aoa ‘B]

We will often write (N*C, Nw) for the bisimplicial IS,-category N(C,w). Note that
obN (C,w) is (the simplicial set of objects of) the usual degreewise nerve of W.

2.1.5 The localization functor

In a pair (C,w) one may think of the map w: W — RC as an inclusion of a subcategory of
“weak equivalences”, and the purpose of the localization of [25] is to invert the weak equiv-
alences. More precisely, the localization consists of two functors L, B: 8 — ‘B connected
by natural transformations

(C,w) «—— B(C,w) —— L(C,w)

where L(C,w) is the localization of (C,w) (“with respect to the weak equivalences”). This
construction enjoys various properties listed in 2.4.2 below. First we recall the relevant
definitions concerning groupoids.

2.1.6 Groupoids and groupoid-like pairs

Let B be a S-category. The category moB is the category with the same objects as B, but
with morphism sets from a to b the path components moB(a,b).
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We say that a S-category B is groupoid-like if moB8 is a groupoid (i.e., all its morphisms
are isomorphisms). We say that B is a groupoid if for every ¢ the category B, is a groupoid.
A pair (C,w: W — RC) € P is called a groupoid(-like) pair (resp. a groupoid-like pair) if
W is a groupoid (resp. groupoid-like). We say that a functor

C,w: W —— RC): T° —— P

is groupoid-like if W(X) is groupoid-like for all X € I'°.

2.1.7 Properties of the localization.

See [25] for further information. Given a pair (C,w) € ‘B the following is true.
1. The maps giving the natural transformations
(C,w) «—— B(C,w) —— L(C,w)
are in P,
2. L(C,w) is a groupoid pair.
3. B(C,w) — (C,w) is a weak equivalence.

4. If (C,w) — (C',w') € P™ is a weak equivalence, then L(C,w) — L(C',w’) is a weak
equivalence.

5. If (C,w) is a groupoid-like pair, then B(C,w) — L(C,w) is a weak equivalences.
6. On the subcategory of B of groupoid pairs (C, w) there is a natural weak equivalence

such that

commutes.

2.1.8 A definition giving the K-theory of a symmetric monoidal [S,-category
using the canonical choice of weak equivalences

We are ready for yet another definition of algebraic K-theory to be used in this book. This
formulation uses the uniform choice of weak equivalences we made in section I1.3.3. This
is convenient, and covers most known examples, however we must be open to relax this if
a given application is not of this sort.
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Let

£: symmetric monoidal [S,

(the . subscript means that the functors are
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-categories —— [I'°, .

pointed) be the composite

symmetric monoidal I'S,-categories

H

[I'°, I'S.-categories|.

To

[I'°, I'S.-categories|.

CW (C)=(C.we)

[,
and let

Bl

K : symmetric monoidal ['S,-categories —— [A°, [, ].]

be the composite

symmetric monoidal I'S,-categories

[re,

L

e,

N

[A?, [

¢

[A?, [T

If D is a symmetric monoidal category,
category of D, whereas its objects obK(D) is

Bl

Bl

’ mfree]*]

07 m]*]
then we call (D) the algebraic K-theory
the algebraic K-theory spectrum of D.

2.2 Redundancy in the definition of K from the point of view of

algebraic K-theory

From K we get algebraic K-theory by applying the object functor, and then the extra stuff
which is put there to make the morphisms right, can be peeled away.

Lemma 2.2.1 Let (C,w: W — RC) € B and assume W is groupoid like. Then the natural

maps

obpNL(C,w) «—— 0b¢ NB(C,w) —— 0boN(C,w)
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are weak equivalences.

Proof: 'This follows from the properties 2.4.2.2.3.5, 2.4.2.2.3.5 and 2.4.2.2.4.2 of the local-
ization since by [29, 9.5] the nerve preserve weak equivalences of S(0bV)-categories, and
so the claim follows. [

Together with lemma I1.3.3.2 this gives the following theorem justifying our claim that
K measures algebraic K-theory. Recall that BiHC (the nerve of the isomorphisms of the
Segal construction which we call H) is one of the formulae for the algebraic K-theory, which
we in IT1.2 compared with Waldhausen’s construction and in II1.3 compared with the plus
construction.

Theorem 2.2.2 Let D be a symmetric monoidal IS, -category. Then obK(D) is connected
to obN¥¢(D) = obNWrp, gp by a chain of natural weak equivalences. If D has stably fi-
brant morphism spaces, then this is naturally equivalent to oo NWgp, and if it has discrete
morphism spaces it is naturally equivalent to obNiHD.

2.3 The cyclotomic trace

Due to the fact that our nerves give simplicial discrete [S,-categories as output, it is
convenient to consider a IS,-category C as a simplicial category enriched in I'-sets {[¢] —
C,} before applying TH H, and we define

thh(C) = {[q) — THH(C,)}.

By an argument just like the proof of lemma IV.1.3.1 regarding T'H H of simplicial objects
we get that the canonical map

thh(C) —— THH(C)

is a pointwise equivalence, and so it does not really matter.
We need these constructions to be functors on the level of pairs, and for (C,w) € B we
simply set
thh(C,w) = thh(C).

Consider the transformation
thh(N(C,w)) «—— thh(Ny(C,w)) —— thh(C,w)

induced by the degeneracies (note that the equality thh(C,w) = thh(Ny(C,w) gets all
messed up if we use TH H instead of our equivalent thh).

Lemma 2.3.1 If (C,w: W — RC) € B is a groupoid pair, then the natural map
thh(C,w) —— thh(N(C,w))

1S a pointwise equivalence.
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Proof: Fix a simplicial dimension p. Note that since all maps in W, are isomorphisms,
the map induced by the degeneracy maps

(C,w)p, = No(C,w), — Ny(C,w),

gives an equivalence C, = NyC, — N/'C, of (I'-set)-categories for each ¢ > 0. The
statement follows immediately. [

Because of naturality, the same goes through, even though our applications will not be
to individual pairs, but rather to functors

(C,w): T° =P

2.3.2 The Dennis trace and cyclotomic trace maps of IS,-categories

Let C be a IS,-category. There is a map, the “Dennis trace map”

0bC —— thh(Co)(S)g B 4hh(C)(S0)-

Here the first map is defined by sending d € obC to the image of the non-base point under
the unit map
8% =1, =8(11) —— Co(d.d)(14)

composed with the obvious map
Cold, d)(5") € Ve Cole, () —— (wﬂ Vecunc Cole. c><sx>) — thh(Co)(S)s.
x€obl 0

If C has an initial object, then the Dennis trace is a pointed map, and we get a map of
[-spaces X*°0bC — thh(C) given by the “assembly”

XNobC —— XAthh(C)(5°) —— thh(C)(X).

Definition 2.3.3 The T'H H-trace of symmetric monoidal ['S,-categories is the natural
transformation of bispectra which to a symmetric monoidal [S,-category D gives the map

Y®obK(D) —— THH(K(D))
induced by the Dennis trace.

Theorem 2.3.4 Let D be a symmetric monoidal I'S,-category. Then THH(K(D)) is nat-
urally equivalent to YT HH (D).

Proof: This is corollary 2.3.8 below. [
Before we prove theorem 2.3.4, we must make some preparations which will also be

useful later in the paper. Let
(C7w): [ — %

and consider the commutative diagram

{theo:IV3
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2.3.5 Main Diagram
S®obN(C,w) —— THH(N(C,w)) «—— THH(C,w) «—1— S®THH(C(1,))

| w |

S®obN(B(C,w)) —— THH(N(B(C,w))) —— THH(B(C,w))

iKJ/ l iTHHJ/
Y®obN(L(C,w)) —— THH(N(L(C,w))) «—— THH(L(C,w))
Jindiagram} Ve note that if (C, w) = &(D) where D is a symmetric monoidal [S,-category NBNBrefont,

the lower left hand horizontal map is exactly the cyclotomic trace X*0bK (D) — T HH (KD),
and the top rightmost spectrum is THH (T,D) ~ THH (D).

S%0bN¢D —— THH(NED) «—— THH(ED) 22— S*THH(T,D)

| | |

S%0bN(B(¢D)) —— THH(N(B(¢D))) «—— THH(B(¢D)) S°THH(D)

ol l o]
S%obK(D) —— THH(K(D)) «—— THH(L(¢D))

Lemma 2.3.6 The arrows marked with ~ in the main diagram 2.3.5 are stable equiva-
lences.

Proof: 1t is enough to consider the simpler case where (C,w: W — RC) is a single object
in P (and not a functor I'> — P).
31zattand} First consider the two maps induced by B(C,w) — (C,w) € B™. By . B(C,w) —
(C,w) is a weak equivalence, giving the result since both ¥*°0bN and THH send weak
equivalences to stable equivalences.
Lastly the map
THH(N(L(C,w))) «—— THH(L(C,w))

is a stable equivalence by 2.3.1 since L(C,w) is a groupoid pair. [

Theorem 2.3.7 Let (C,w): I'° — B.

1. If (C,w) is groupoid-like then the arrows marked i and irgy in the main diagram
2.3.5 are stable equivalences of spectra.

2. If C is quite special, then the arrow marked j in the main diagram 2.3.5 is a stable
equivalence.

Proof:  Assume that (C,w) is groupoid-like. That iy is a stable equivalence follows from

dizastans} lemma NBNBrefThat ipgpy is a stable equivalence follows by . since T'H H preserves stable
equivalences.

If C is quite special, j is a stable equivalence since T'"H H preserves products and stable

equivalences. [
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Corollary 2.3.8 IfD is a symmetric monoidal I'S,-category, then the main diagram gives
a natural chain of stable equivalences

THH(((D) «=— S*THH(T,D) «>— S*THH(D)

J j

THH(B(¢D))

ﬁliTHH

THH(K(D)) «~— THH(L(¢D))

2.4 Weak cyclotomic trace

The price we have to pay for having a single map representing our cyclotomic trace is
that the models of either side are more involved than their classical counterparts. At the
cost of having to talk about weak transformations (some weak equivalences point in the
“wrong” direction) this can be remedied by just exchanging the complicated models with
their simpler, but equivalent cousins.

This is useful when we want to compare our definition to previous definitions of cyclo-
tomic traces which were all examples of quite special groupoid-like pairs.

Definition 2.4.1 1. Let
(C,w): T —= P

be quite special and groupoid-like. Then the weak cyclotomic trace is the functorial
weak composite X°0bN (C,w) — X*°THH(C(14)) along the lower outer edge of the
diagram 2.3.5 above.

2. If D is a symmetric monoidal I'S,-category, then the weak trace of D is the composite
weak map

S®obNE(D) —— S®THH(ED)(1,)) = S*THH(T,D) «~— S<THH (D)

where the leftmost weak map is the weak trace of ¢(D) (which is quite special and
groupoid-like).

Note that the only map in this weak trace of D that is not a weak equivalence is

the cyclotomic trace X*°oblC(D) — THH (K(D)) of definition 3.5(recall that by definition
K(D) = NLE(D)).

2.4.2 The quite special groupoid case

If (C,w) € P is a groupoid pair, then lemma 2.3.1 says that

THH(N(C,w)) «—— THH(C,w)
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is an equivalence, and we are free to consider the weak map
Y*®0bN(C,w) —— THH(N(C,w)) «—— THH(C,w)

from the upper line of the main diagram 2.3.5. This gives rise to the simpler definition of
the cyclotomic trace which was used in refNBNB. Compare Wald and Segal In our context
we have to keep the nerves in place, and in view of the commutativity of

obSE  —— THH(SE)(SY)
0bNiSE —— THH(N(SE,iSE C SE))(S°)
the relevant translation is the following:

Definition 2.4.3 Let £ be a symmetric monoidal Ab-category. The weak cyclotomic trace
of £ is the weak map

Y®obNiHE —— THH(N(HE,iHE C HE)) «~— THH(HE) «—— N*THH(E)
obtained from the top row of the main diagram 2.3.5 with (C,w) = (HE,iHE C HE).

The following gives the comparison between the weak traces. That two weak transfor-
mations “agree up to homotopy” can have many interpretations. We use the term for the
equivalence relation generated by the relation gotten by saying that if

~

Ay By Co Yo Zo
I L
A, B, «~— C; /Y Z

is a commutative diagram of natural transformations where the marked arrows are weak
equivalences, then the top and the bottom row define weak transformations that agree up
to homotopy.

orop:IV4.4}
Proposition 2.4.4 Let £ be a symmetric monoidal Ab-category. Then the weak cyclo-

tomic trace of € precomposed with the map L°obNiHE = £°0bN¥E agrees up to homotopy
with the weak cyclotomic trace of €.

aizastang} Proof: If welet (C,w) = (HE,iHE C HE)), in the main diagram 2.3.5, we have by . that
there are natural vertical equivalences from the bottom to the top rows making everything
commute

S®obN(C,w) —— THH(N(C,w)) «— THH(C,w) «— S*THH(C(1,))

| | |

S®obN(L(C,w)) —— THH(N(L(C,w))) «——— THH(L(C,w))
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The top row is the weak cyclotomic trace of £ whereas going around the lower edge agrees
up to homotopy with the weak cyclotomic trace of (C,w). But all nodes of the weak trace
are homotopy invariants, and so the weak equivalence (C,w) — €& shows that the weak

cyclotomic trace of (C,w) agrees up to homotopy with the weak cyclotomic trace of £
precomposed with the map L°0bNiHE = L °0bNEE. [

2.5 The category of finitely generated A-modules

Let A be an S-algebra, and consider the IS,-full subcategory of category of A-modules
with objects kyAA for k > 0. More precisely we could equally characterize it as the [S,-
category whose objects are the natural numbers (including zero), and where the morphisms
are given by

Falke,lp) = Ma(kenA L nA) =TTV A
kol
This forms a symmetric monoidal [S,-category via the sum. Let
E(~7:A) = (CA,UJA): re—9

be the functor produced by the machinery of section 2: C4 = ToHF 4 and wy: W4 — RCa
the pullback of imgCa — meCy «— RC4.

By Morita equivalence NBNBref, the map THH(F4) < THH(A) induced by the
inclusion of the rank one module is also a stable equivalence.

Definition 2.5.1 The algebraic K-theory of an S-algebra A is the [S,
K(A) = obNE(F,)
and the trace for S-algebras is the weak natural transformation
Y*XK(A) —— X*THH(A)

given by the weak cyclotomic trace for F, followed by the equivalence induced by the
inclusion of the rank one module

THH(F,) «—— THH(A).
Hence the only thing left to claim is that
1. this definition of K-theory agrees with the one in NBNBref, and
2. this definition of the cyclotomic trace agrees with the one in NBNBref.

Recall the definition of the group-like simplicial monoid G/YI;C(A) where A is an S-algebra
as the pullback of GLg(mgA) — My(mgA) «— RTyM;A.
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Theorem 2.5.2 There is a natural chain of weak equivalences
Q®0bK(F ) ~ QK (A) ~ K{ (mA) x BGL(A)™.

Proof: The first weak equivalence follows from NBNBref. To simplify notation, let W =
Wr, a7, Note that K(A) ~ obNW . Since the associated spectrum is special

QFK(A) ~ QobNW (S1),

and for each n, € I'° we have that obNW (ny) ~ (obNW (1,))*". For each k > 0, let W*
be the full subcategory of W (1,) whose only object is ky AA. Note that by definition, this
is nothing but G/fik(A) considered as a simplicial category with only one object. Hence we
are done, for by Segal [?] there is a chain of weak equivalences

QobNW (S) = K{ (mpA) x lim(obNW*)* = K{ (mgA) x BGL(A)*.
k
[ |

Theorem 2.5.3 The current definition of the weak cyclotomic trace agrees up to homotopy
with the one given in NBNBref for rings.

Proof:  There are two steps to this. The first is to note that if A is a ring, then the
definition we have given of the category of finitely generated H A-modules, agrees with
the more down-to-earth definition of the category of finitely generated A-modules. More
precisely, let M 4 be the symmetric monoidal Ab-category whose objects are the natural
numbers (including zero) , and where a morphism from m to n is an n x m-matrix. Consider

this as a [S.-category M 4 as in NBNBref We see that there is a IS,-weak equivalence
Fa — My given by sending V to @, and so also an equivalence

RTyFi = RTpM 4 —=— My

Hence the K theory and T'H H as given in this paper are naturally equivalent to the usual
ones when we choose the weak equivalences to be the isomorphisms, since GLi(HA) ~
GLi(A).

The second thing we have to see is that the two definitions of the trace agree. Since the
model we have for finitely generated free HA-modules is equivalent to M4, this follows
from proposition 2.4.4. [

3 Stable K-theory and topological Hochschild homol-
ogy.

In this section we are going to give a proof of Goodwillies conjecture K° ~ THH for
S-algebras. For rings, this is almost clear already, but for S-algebras we need to know that
some of the maps used in the ring case have their analog in the S-algebra world. These
considerations runs parallel with a need which will be apparent in chapter IV, namely: we
need to know what consequences the equivalence K*° ~ TH H has for the trace map.
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3.1 Stable K-theory

Recall the discussion of stable K-theory in (ref?). The discussion in the previous chapter
give that

{4.1.1}
Theorem 3.1.1 Let A be a simplicial ring and P a simplicial A bimodule. Then

K®(A, P) ~ T(A, P)
and the equivalence s induced by
K%(A, P) ~ D,C4(P) 2 T(A, P)y —— T(A,P)

and this is compatible with the definition for the F construction.

Proof: As both K-theory (of radical extensions) and THH may be computed degreewise
we may assume that A and P are discrete. Then the only thing which need verification is
the compatibility. Recall that the equivalence K%(A, P) ~ F(A, P) was given by

DiCa(—) —— DiFy(A,—) «—— Fo(A,—) —— F(A,-)
Now considering the diagram

DiC4(P) —— T(A,P)y —— T(A,P)

| |

D\Fo(A, —)(P) —— R(A,P)g — R(A,P)

1
Fo(A,P) —— F(A,P)

where R(A, P) represents the spectrum R(SP4,SMa(—,— @4 P)) and R is as in (ref?)

we see that the equivalences are compatible. [

3.2 THH of split square zero extensions

Let A be an S-algebra and P an A bimodule. We want to study THH (A V P) closer. In
the ring case, we see that AV P — A x P is a stable equivalence of S-algebras, and so
AV P will cover all the considerations for split square zero extensions of rings.

The first thing one notices, is that the natural distributivity of smash and wedge give
us a decomposition of THH (A V P; X), or more precisely a decomposition of V(A V P)(x)
for every x € 7, as follows. Let

VoA, P)x) = \/ N Fiola:)

d€Am([j—1],[q]) 0<izq
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where

C[A(ST) ifi ¢ imé
E’¢(x)_{P(Sx) if i € imo

Then
V(AVP)(x) = \/VY(4,P)(x)

=0

(note that VU (A, P)(x) = * for j > ¢+ 1). Set

THHY(A, P; X), = holim Q"*(XAVY (A, P)(x))

—_—
xezatl

and
TW(A, P; X) = {k — THHY(A, P; S*AX)}

We see that this define cyclic objects (the transformations used to define T'H H respect the
number of occurrences of the bimodule), when varying ¢q. The inclusions and projections

V(A P)(x) CV(AV P)(x) —» V(A P)(x)
define cyclic maps

\/ THHYY(A,P; X) = THH(AV P; X) — [[THHY(A, P; X)

J=0 j=0

The approximation lemma assures us that

holim | [ Q"*(XAVY(A, P)(x)) — || THHY (A, P; X
11 .

x€ITH j>0 >0
is an equivalence. In effect, the cyclic map
THH(AV P;X) —— []oo; THHY(A, P; X)

is a weak equivalence (more is true, see...). As THHU)(A, P; X) is j — 1 reduced, the
product is equivalent to the weak product, and so both maps in

\/ T9(A, P;X) — T(AV P;X) — [[T9(A, P; X)

J=20 J=0

are equivalences.
If Pis k— 1 connected and X is m — 1 connected, we see that THHY (A, P; X) is
7k +m — 1 connected, and so

THH(AV P;X)— THH(A; X)x THHY (A, P; X)

is 2k +m connected. This means that the space THH (A, P; X) merits special attention
as a first approximation to the difference between THH(AV P; X) and THH(A; X).
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3.3 Free cyclic objects

Let C be a category with finite sums. Then the forgetful functor from cyclic C objects to

simplicial C objects have a left adjoint, the free cyclic functor N defined as follows (see

[129]: it is just yet another example of the fact that Hochschild homology can be defined

in any monoidal category: this time in sets). If ¢ € A we can write 77°¢7° = 7" in a

unique fashion with ¢ € A. If X is a simplicial object, N X is given in dimension ¢ by

]_[Cq+1 X, and with ¢* sending x in the s € (4 summand to ¢*z in the 7+ sth summand.
Example: if X is a constant simplicial object, then this is S ® X.

Lemma 3.3.1 Lemma 3.3.2 /.2.2 The map adjoint to the inclusion
NYT(A, Py X) — TV (A, Py X)
is an equivalence. More precisely, if P is k — 1 connected and X is m — 1 connected, then
NYTHH(A,P;X)— THHY (A, P; X)

15 a 2k 4+ 2m connected cyclic map.

Proof:  Note that, V (A, P)(x) € V(A, P)(x) defines the summand in which the P
appears in the zeroth place. There are ¢ other possibilities for placing P, and we may
encode this by defining the map

Cor1 ,ANTHH(A, P; X), —» THH" (4, P; X),
taking ' € Cyyq, x € I and f: SV* — XAV(4, P)(x) and sending it to

SV XAVW(A, P)(t'x)
o ] |
Svx L XAV(A P)(x) —=— XAVOD(A, P)(x)
Varying ¢, this is the cyclic map

NYTHH(A, P; X) — THHW(A, P; X)

Let VA)(A P)(x) € VD(A, P)(x) be the summand with the P at the ith place. The
map may be factored as

Viiee,,, holimQ™(XAV(4, P)(x)) —— holim Vi Q( XAV (A P)(x))

x€T xezatl xezq+1

holimQV*(X AV (A, P)(x))

xezat!
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where the first map is given by the same formula with V(19 instead of VM and where the
latter is induced by the inclusions

VDA, P)(x) €\ VII(A,P)(x) = V(4 P)(x)
t'eCyy1
We may exchange the wedges by products
holim \/,icq, | Q(XAVEI(A, P)(x)) — holimQV*(X AV (A, P)(x))

xezat! xeza+1

J -|

holim [T, , @ (XAVHI(A, P)(x) = holim@* (XA [Tec,,, V(4. P)(x))

x€Zat! xeTa+1

and the left vertical arrow is 2(k + m) connected and the right vertical arrow is an equiv-
alence by Blakers-Massey. [

These considerations carry over to the T(A x P) spectra. As we saw in (ref), ng)P -
SMP, . p were degreewise isomorphisms of categories, so THH(D4P) ~—=T(A x P).
Furthermore, recall that the objects of DoP were 0bSP4, and DaP(c,d) = SPa(c,d) ®
SM(c,d ®4 P). Substituting X + D4 P(c,d) ®z Z][X] with the stably equivalent X
SPa(c,d) Rz Z[X] VSMau(e,d®4 P) ®z Z[X] we may define TV (A, P) as before, and we
get that the cyclic map

\/ TYN(A, P; X) —» THH(D4P) — T(Ax P)

Jj=0
is an equivalence, and that if P is k¥ — 1 connected then
T(A; X)VTW(A P;X) - T(Ax P; X)
is 7k — 1 connected. Furthermore, as N preserves equivalences, have that the composite
STAT(A, P; X)o = N¥(T(A, P; X)p) — N¥T(A, P; X) — TW (A x P)
is an equivalence, and so N¥T(A, P; X) — SLAT(A, P; X) is an equivalence (this is a
shadow of a more general fact about N which we won’t need, see [?]).

3.4 Relations to the trace K(A x P) — T(A x P)

Our definition of the trace K(A x P) — T/}TEI(A X P) is the map

K(A x P) = 0bSPaxp —— THH(SPaxp) = T(Ax P)

(ref). Another definition could be via

CA(BP) —— C4(NP) = NtD,P —— THH(D4P) —— THH(SPaxp)
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The two are related by the diagram

CA BP —>NZS7DA[><P ObS'PAKp (340)

s ~

A(BP) ~— Cu(NYP) —> THH(SPayp)

Lemma 3.4.1 If P is k — 1 connected, and X a finite pointed simplicial set, then
XNACA(P) — Ca(P @z Z[X])
1s 2k connected.

Proof: Tt is enough to prove it for a finite set X. The smash moves past the wedges in

the definition of C4, and the map is simply \/c cobS™ P, of the inclusion
q

XASTIM(e,c@aP) —s o ST M(e,c @, P)
<
Z[X] ®z S\ M(c,c @4 P) ——— [Ix_. S{™M(c,c®4 P)

which is 2k connected by BM. The usual considerations about m reducedness in the ¢
direction(s), give the lemma '

Lemma 3.4.2 If P is k — 1 connected, then the composite
CA(BP) — CA(NCyP) — S_I,_ACA(P) — Sl/\CA(P)
is 2k connected (i.e., induce isomorphism on homotopy groups in the expected range).

Proof: Follows from lemma 3.4.1, and the diagram 3.4.0 preceding it [
Consider the diagram (of bispectra)

T(Ax P) —— T(AxP) «~— T(AxP)

NYT(A, P) —=— NWT(A,P) «~— NYT(A,P)

Y

~

SLAT(A, P) —— S'AT(A,P) «~— S'AT(A,P)

SIAT(A, P) —— S'AT(A, P) «+——— SIAT(A,P)

The upwards pointing arrows are induced by the inclusion V (A, P)(x) C V(A x P)(x)
(likewise with V(SPa, P) instead of V(A, P)). The rightmost upper vertical map is 2k
connected by (ref) and so all up going arrows are 2k connected.

{4.3.2}

{4.3.3}
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Proposition 3.4.3 If P is k — 1 connected, then the composites
K(Ax P) —— T(Ax P) «—— NYT(A,P) —— SLAT(A,P) —— S'AT(A, P)
and

K(Ax P) —— T(Ax P) «~— T(Ax P) «—— N9T(A, P) —— S'AT(A,P)

are 2k connected (i.e., induce isomorphism on homotopy groups in the expected range).

Proof: The second statement follows from the first. As C4(P) — (D1Ca)(P) ~ T(A, P)y

is 2k connected (ref), the lemma gives that all composites from top left to bottom right in

CA(BP) O CA(NCyP) — S_li_/\CA(P) —_— Sl/\CA(P)

l l |

T(Ax P) «—— SLAT(A,P)y —— S'AT(A, P),
NYT(A,P) —— SIAT(A,P) —— S'AT(A,P)

are 2k connected. Diagram (?) then imply the proposition. [

3.5 Stable K-theory and THH for S-algebras

The functor S — A% displayed in section III.3.1.8, can clearly be applied to A bimodules
as well, and S — P¢ will be a cube of S — A% bimodules, which ultimately gives us a
cube S +— A%V Pg of S-algebras. If P is an A bimodule, so is X — ¥™(X) = P(S™AX).
We defined
K®(A, P) = holim Q*fiber{ K (A vV S*"'P) — K(A)}
k

The trace map induces a map to

holim Q*fiber{THH(AV $*'P) — THH(A)}
k

and we may compose with the weak map to

holim Q*(S'ATHH (A, x*7'P)
k

given by the discussion of the previous section. We know that this is an equivalence for A
a simplicial ring and P a simplicial A bimodule.

{4.3.4}

Theorem 3.5.1 Let A be an S-algebra and P an A bimodule. Then K°(A, P) ~ THH (A, P).



3. STABLE K-THEORY AND TOPOLOGICAL HOCHSCHILD HOMOLOGY. 175

Proof: ~ There is a stable equivalence A% V P¢ — (A V P)%, consisting of repeated
applications of the 2k connected map Z[A(S*)] V Z[P(S*)] — Z[A(S*)] @ Z[P(S*)] =
Z[A(S*) v P(S*)]. The noninitial nodes in these cubes are all equivalent to a simplicial
ring case, and is hence taken care of by theorem 3.1.1 (or rather proposition 3.4.3 since the
identification of the equivalence in theorem 3.1.1 with the trace map is crucial in order to
have functoriality for S-algebras), and all we need to know is that

K(AV P) — holim K (A% V P%)
S#(

in n 4+ 1 connected, that

THH(AV P) — holim THH (A% V Pg)
S#0

and
THH (A, P) — holim THH (A%, P¢)
S#0

are n connected. This follow from the theorems I11.3.2.2 and 1.4.3. ]
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Chapter VI

Topological Cyclic homology, and the
trace map

A motivation for the definitions to come can be found by looking at the example of a
[S.-category C. Consider the trace map

obC — THH(C)

Topological Hochschild homology is a cyclic space, obC is merely a set. However, the trace
IV.2.2 is universal in the sense that obC = limsz; THH(C). A more usual way of putting
this, is to say that obC — |TTHH(C)| is the inclusion of the T-fixed points, which
also makes sense since the realization of a cyclic space is a topological spaces with a circle
action (see 1.1 below).

In particular, the trace from K-theory has this property. The same is true for the other
definition of the trace (IV.1.5), but this follows more by construction than by fate. In
fact, any reasonable definition of the trace map should factor through the T-fixed point
space, and so, if one wants to approximate K-theory one should try to mimic T-fixed point
space by any reasonable means. The awkward thing is that forming the T-fixed point
space as such is really not a reasonable thing to do, in the sense that it does not preserve
weak equivalences. Homotopy fixed point spaces are nice approximations which are well
behaved, and strangely enough it turns out that so are the actual fixed point spaces with
respect to finite subgroups of the circle. The aim is now to assemble as much information
from these nice construction as possible.

0.6 Connes’ Cyclic homology

The first time the circle comes into action for trace maps, is when Alain Connes defines his
cyclic cohomology [20]. We are mostly concerned with homology theories, and in one of
its many guises, cyclic homology is just the T homotopy orbits of the Hochschild homology
spectrum. This is relevant to K-theory for several reasons, and one of the more striking
reasons is the fact of Loday and Quillen [75] and Tsygan [124]: just as the K-theory is

177
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rationally the primitive part of the group homology of GL(A), cyclic homology is rationally
the primitive part of the Lie-algebra homology of gl(A).

However, in the result above there is a revealing dimension shift, and, for the purposes of
comparison with K-theory via trace maps, it is not the homotopy orbits, but the homotopy
fixed points which play the central role. The homotopy fixed points of Hochschild homology
give rise to T. Goodwillie and J. D. S. Jones’ negative cyclic homology HC~(A). In [39]
Goodwillie proves that if A — B is a map of simplicial Q-algebras inducing a surjection
mo(A) — mo(B) with nilpotent kernel, then the relative K-theory K (A — B) was equivalent
to the relative negative cyclic homology HC~ (A — B).

All told, the cyclic theories associated with Hochschild homology seem to be right
rationally, but just as for the comparison with stable K-theory, we must replace Hochschild
homology by topological Hochschild homology to obtain integral results.

0.7 [6] and TC,

Topological cyclic homology appears in Bokstedt, Hsiang and Madsen’s proof on the alge-
braic K-theory analog of the Novikov conjecture [6], and is somewhat of a surprise. The
obvious generalization of negative cyclic homology would be the T homotopy fixed point
space of topological Hochschild homology, but this turns out not to have all the desired
properties. Instead, they consider actual fixed points under the actions of the finite sub-
groups of T.

After completing at a prime, looking only at the action of the finite subgroups is not an
unreasonable thing to do, since you can calculate the T homotopy fixed points by looking
at a tower of homotopy fixed points with respect to cyclic groups of prime power order
(see example A.1.9.8.5). The equivariant nature of Bokstedt’s formulation of T'H H is such
that the actual fixed point spaces under the finite groups are nicely behaved 1.3.14, and in
one respect they are highly superior to the homotopy fixed point spaces: The fixed point
spaces with respect to the finite subgroups of T are connected by more maps than you
would think of by considering the homotopy fixed points or the linear analogs, and the
interplay between these maps can be summarized in topological cyclic homology, T'C', to
give an amazingly good approximation of K-theory.

Topological cyclic homology, as we define it, is a a non-connective spectrum, but its
completions T'C(—), are all —2-connected. As opposed to topological Hochschild homology,
the topological cyclic homology of a ring is generally not an Eilenberg-MacLane spectrum.

In [6] the problem at hand is reduced to studying topological cyclic homology and trace
maps of S-algebras of the form S[G] where S is the sphere spectrum (see chapter II) and G
is some simplicial group, i.e., the S-algebras associated to Waldhausen’s A theory of spaces
(see 11.2.4.6). In this case, T'C' is particularly easy to describe: for each prime p, there is
a cartesian square

TC(S[G)), —— (ZL(S[G])ar)p
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(in the homotopy category) where the right vertical map is the circle transfer, and the
lower horizontal map is analogous to something like the difference between the identity
and a pth power map.

0.8 TC of the integers

Topological cyclic homology is much harder to calculate than topological Hochschild homol-
ogy, but according to Goodwillie’s ICM’90 conjecture, it is worth while pursuing anyhow.
The first calculation to appear is in fact one of the hardest ones produced to date, but
also the most prestigious: in [7| Bokstedt and Madsen set forth to calculate T'C(Z), for
p > 2, and found that they could describe T'C/(Z), in terms of objects known to homotopy
theorists:

TC(Z), ~ imJ, x BimJ, x SU,

provided a certain spectral sequence behaved as they suspected it did. In his thesis “The
equivariant structure of topological Hochschild homology and the topological cyclic homol-
ogy of the integers”, [Ph.D. Thesis, Brown Univ., Providence, RI, 1994] Stavros Tsalidis
proved that the spectral sequence was as Bokstedt and Madsen had supposed, by adapting
an argument in G. Carlsson’s proof of the Segal conjecture [17] to suit the present situation.
Using this Bokstedt and Madsen calculates in [8] TC(A), for A the Witt vectors of finite
fields of odd characteristic, and in particular get the above formula for T'C(Z), ~ TC(Z,),.
See also Tsalidis” papers [122] and [123]. Soon after J. Rognes showed in [101] that an anal-
ogous formula hold for p = 2 (you do not have the splitting, and the image of J should be
substituted with the complex image of J) in a series of papers ending with .

0.9 Other calculations of TC

All the calculations below are due to the impressive effort of Hesselholt and Madsen. As
the calculations below were made after Goodwillie’s conjecture was known for rings, they
were stated for K-theory whenever possible, even though they were actually calculations of
TC. For aring A, let W(A) be the p-typical Witt vectors, see [110] for the commutative
case and [48| for the general case. Let W(A)r be the coinvariants under the Frobenius
action, i.e., the cokernel of 1 — F': W(A) — W(A). Note that W(F,) = W(F,)r = Z,.

1. Hesselholt [48] 7_1T'C(A), = W (A)p.

2. Hesselholt and Madsen (cf. [49] and [80]) Let & be a perfect field of characteristic
p > 0. Then T'C(A) is an Eilenberg-MacLane spectrum for any k-algebra A, and

W(k)p ifi=-—1
mIC(k), = Z, ifi=20
0 otherwise
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and
mLC(k), ifi=—-lori=0
0 otherwise

where W; = (1 + tk[[t]])*/(1 + ¢/ k[[t]])* is the truncated Witt vectors, and
Vit W1 — W, is the Vershibung map sending f(t) = 1+t a;it' to f(").
Let C be the cyclic group of order p”. Then
mlC(k), ifi=—-lori=0
L C(k[C])py = ¢ K" if i =2n —1

0 otherwise
where K is the p part of the units k[C]*.
3. Hesselholt ([48]). Let A be a free associative F, algebra. Then

W(A)p ifi=-1
mITC(A), = Z, ifi=0
0 otherwise

On the other hand,
(D,ecc,, Zp)p for =1 <i<n-—2

0 otherwise

T LC(Fplty, .. 1)), = {

where G, is some explicit (non-empty) set (see |7, page 140])

4. Hesselholt and Madsen [52]. Let K be a complete discrete valuation field of char-
acteristic zero with perfect residue field k of characteristic p > 2. Let A be the
valuation ring of K. Then Hesselholt and Madsen analyze T'C'(A), and in particular
they give very interesting algebraic interpretations of the relative term of the transfer
map T'C(k), — TC(A), (gotten by inclusion of the k-vector spaces into the torsion
modules of A). See [52].

5. Rognes and Ausoni [3]. As a first step towards calculating the algebraic k-theory
of connective complex K-theory ku, Ausoni and Rognes calculate topological cyclic
homology of the Adams summand /.

0.10 Where to read

The literature on T'C' is naturally even more limited than on T'"H H. Boksted, Hsiang and
Madsen’s original paper [6] is still very readable. The first chapters of Hesselholt and
Madsen’s [51] can serve as a streamlined introduction for those familiar with equivariant
G-spectra. For more naive readers, the unpublished lecture notes of Goodwillie can be of
great help. Again, the survey article of Madsen [80] is recommendable.
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1 The fixed point spectra of T HH.

We will define T'C' by means of a homotopy cartesian square of the type (i.e., it will be the
homotopy limit of the rest of the diagram)

TCO(-) . THH(—)"

| |
Iy ine TCC0; —— (T e THH( )

(as it stands, this strictly does not make sense: there are some technical adjustments
we shall return to) The T homotopy fixed points are formed with respect to the cyclic
structure.

In this section we will mainly be occupied with preparing the ground for the lower
left hand corner of this diagram. Let ), C T be the n-th roots of unity, and we choose
our generator of the cyclic group C, to be t,_4 = t = e*™/™. For each prime number
p, the functor T'C'(—;p) is defined as the homotopy limit of a diagram of fixed point
spaces |THH(—)|%". The maps in the diagrams are partially inclusion of fixed points
|THH(=)|% C |THH(-)|%", and partially some more exotic maps - the “restriction
maps’ - which we will describe below. The contents of this section is mostly fetched from
the very readable, but unpublished, MSRI notes of Goodwillie [120]. If desired, the reader
can consult appendix C for some facts on group actions.

1.1 Cyeclic spaces and the edgewise subdivision

First we need to revisit Connes’ category A. For once we record a formal definition.

Definition 1.1.1 Let A be the category with the same objects as A, but with morphism
sets given by

A([n], [a]) = A([nl; [g]) x Cnpa

where a pair (o,t%) is considered as a composite
t(l
(] —— [n] —— ld]

whnere v = iy 18 € generator o n+1, SO a = 1liny)- Oompos1tion 1s subjec (6] c
here t = t,, is the g tor of O, that ¢ = 1;,;). Composition is subject to th
extra relations

todt = d" e,y 1<i<n
tpd® = d"
st = s, 1<i<n

0 _ _ng2
ths = 81,4

A cyclic object in some category C is a functor A° — C and a cyclic map is a natural
transformation between cyclic objects.

{cyclic s
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Notice that the description above gives that any map in A can be written as a composite
¢t* where ¢ € A. Furthermore, this factorization is unique.

Due to the inclusion j: A C A, any cyclic object X gives rise to a simplicial object
J*X.

As noted by Connes [19], cyclic objects are intimately related to objects with a circle
action (see also [59], [28] and [6]). In analogy with the standard n-simplices An] = {[q] —
A([ql, [n])}, we define the cyclic sets

An] = A(—,[n]): A° — Ens

Lemma 1.1.2 For all n, [j*A[n]| is an T-space, naturally (in [n] € 0bA°) homeomorphic
to T x |A[n]|.

Proof:  For a proof, see e.g., [28, 2.7]. For a more visual idea, you can stare at the
homeomorphism e.g., between |j*A[1]| and T x |A[1]] directly:

dls9t

d! d!
t
idT st s9¢2 Tz’d
0 .0
dO d’sYt do

where the left edge is identified with the right edge (notice that s't and s°¢? are the only
non-degenerate two-simplices). [
We note two adjoint pairs that are nice to have. We have already seen half of the

first pair in IV.1.1.1, namely the cyclic bar construction. If C is a category with finite
coproducts we get an adjoint pair

Bev

M = e

P
where j* is induced by j: A C A, and the cyclic bar construction (with respect to the
coproduct V) B{Y = B is the left adjoint to j* given in degree ¢ by BYX ([¢q]) = \/Cq+1 Xy
but with a twist in the simplicial structure (in fact, A[n] = B%A[n]). To be precise,
consider the bijection

A(jm], [n) T (H)=(ba (f) e (F)) A([m], [n]) X Cyosr = BYA[n]

given by the unique factorization of maps in A, with inverse given by composition ¢ ~1(o, 1) =
ot®. Hence we can identify A[n] with BYA[n| if we give the latter the cyclic struc-
ture ¢* ((0,t*)) = ¥(ot®®). In general, for y € B¥X in the t*-summand this reads
o* (y)) = (pa(t*®)*y in the Ax(t*¢)-summand.

The other adjoint pair is given by the realization/singular functors connecting (pointed)
cyclic sets with T-spaces

|—la Ae
T —Top., = Ens,

sinp



1. THE FIXED POINT SPECTRA OF THH. 183

given by
[qeA®
Xla= [ Ml A%, = TT Il A%/ ~

[g]eA°
where X is a cyclic set and |A[qg]|a is [j*Alg]| = T x |A[n]| considered as a T-space, and for
a T-space Z
siny Z = {lq] — (T — Top)(|Alg]|x, 2)}-
We record some formal isomorphisms. Let U be the forgetful functor from T-spaces to
(topological pointed) spaces (right adjoint to T A—).

Lemma 1.1.3 There are natural isomorphisms
Jrsing Z = sin(UZ), UlX|a =i X]| and INYY |y = T AY]

where X is a cyclic set, Y a simplicial set and Z an T-space (the statements are true both
in the pointed and unpointed case).

Proof:  The first follows by the isomorphism [A[g]|x = T x |A[n]|, and the adjointness of
U with T, A—; and the last two follow by formal nonsense. [

These isomorphisms will mean that we won’t be fanatic about remembering to put the
subscript A on sin and | — |.

Lemma 1.1.4 Let X be a pointed cyclic set. Then

lim X = {z € Xg|sox = tsoz} = | X[}
Ao

Proof: The first equation is a direct calculation, and the second from the adjunction
isomorphism | X} = (T — Top,)(S°, | X|s) = Ens?’ (S0, X) = lime X '

Note in particular that if we consider a cyclic space as a simplicial cyclic set, then the
formula always holds true if applied degreewise. For those who worry about the difference
between spaces (simplicial sets) and topological spaces, we note that if G is a group and
X a simplicial G-set, then the two fixed-point constructions |X¢| and |X|¢ are naturally
homeomorphic.

1.2 The edgewise subdivision

Let a € N. The subdivision functor sd*: A — A is the composite of the diagonal A — A*®
composed with the concatenation A** — A which sends (S, ...S,) to the concatenation
81 L---U.S, which as a set is the disjoint union, but with ordering such that s € ; is less
that t € S; if either ¢ < j ori = j and s <t € S;. Note that sd*[j — 1] = [ja — 1]. This
construction extends to the cyclic world as follows

A A

j{ inclusion j{ inclusion

AxC, — A
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where the cyclic group C, is considered as a category with one object, and where the lower
map sends (t™,T") € (A x C,)([j —1],[j —1]) to t*+"inA([ja — 1], [ja—1]), and T is our
chosen generator for C,,.

Precomposing any simplicial object X with sd* gives sd,X = X o sd? the a-fold
edgewise subdivision of X. We note that (sd,X);_1 = Xgj_1.

Furthermore, given a cyclic object X, we see that sd, X becomes a new cyclic object,
with a C,-action.

Lemma 1.2.1 ([6]) Let X be a cyclic space. There is a natural Cy,-equivariant homeo-
morphism |sd,X| = | X|, where the action on |sd,X| comes from the C,-action on sd, X,
and the action on | X| comes from the cyclic structure on X. The resulting homeomorphism
|5d, X | 22 | X|% is T-equivariant if we let T act on |sd, X | via the cyclic structure, and
on | X|% through the isomorphism T = T/C,.

Proof: Must write [

1.3 The restriction map

Let A be an S-algebra and X a space. We will now define an important cyclic map
R:sd,THH(A; X)% — THH(A; X)

called the restriction map. This map is modeled on the fact that if C' is a group and
f:Z — Y is a C-map, then f sends the C-fixed points to C-fixed points; and hence we

get a map
Map,(Z,Y)° — Map,(Z°Y°)

by restricting to fixed points. Notice that the j — 1 simplices of sd,THH (A; X) are given
by
THH(A, X)aj-1 = holim  Map,(/\ S™, XAV (A)((zr.)))

1.1 €L,1<k<a,1<I<j vl

The C, fixed points under the action on Z% are exactly the image of the diagonal 70 — Z%
sending x to x* = (X, ...,x), and the C, fixed points are given by

Ca
THH(A, X)S = holim Map., (( /\ Sxi)/\“,X/\V(A)((:El,...xj)“)>

aj—1
1<i<j

Note that V(A)((z1,...25)*) = V(A)(21,..., ;)" = (N 1<ic; A(ST))". In the mapping
space, both the domain and target are a-fold smash products with C,-action given by
permutation (except for the C,-fixed space X which just stays on for the ride) and so we
get a restriction map to the mapping space of the fixed points:

Map*( /\ SmivX/\V(A>('T17 s ,LL’]‘))

1<i<y



1. THE FIXED POINT SPECTRA OF THH. 185

Taking the homotopy limit we get a map sd,THH (A; X)jcj1 — THH(A; X);_1 which
assembles to a cyclic map

R:sd,THH(A, X)) — THH(A; X)

giving the pair (THH (A; X), R) the structure of an epicyclic space in the sense of Good-
willie’s MSRI notes:

Definition 1.3.1 An epicyclic space (Y, ¢) is a cyclic space Y equipped with maps

Gq: y

qj—1 - Y}—l

for all ¢,7 > 1 satisfying
1. ¢4 (sd,Y)% — Y is simplicial

2. ¢ t =tp, (which implies that gbq(Yc‘"’ )y C Y )

qaj—1 aj—1
Cagq
3. (ba(bq = (baq: Y;qj_l - }/}—1
4. (bl =1

Note that ¢, can be regarded as a cyclic map (sd,Y)% — Y, and also as a C,-
equivariant simplicial map (sd,,Y )% — sd,Y for any a. Let for a > 1

Y{a) = |(sd.Y )]

In addition to the map ¢,: Y (aq) — Y (a) we have a map — the “inclusion of fixed points”
— given as i,: Y{aq) = |Y|% C |V|% 2 Y {a). By the definition of an epicyclic space we
get that these maps obey the following relations

¢q¢r = (bqr (bl =1 = ud

lgly = tgr  lg®r = Grig
In other words, a — Y (a) is a functor to topological spaces from the category RF:

Definition 1.3.2 Let RF be the category whose objects are the natural numbers, and
where

RF(a,b) = {frsla =rsb}

with composition f,. ;o f,, = frpsq- An epicyclic space (Y, ¢) give rise to a functor from
RF to spaces by sending a to Y{a), f,1 to ¢, and f, to i,. Sloppily, we write R = f,.;
and F' = f;, for any unspecified r (and range), hence the name of the category. For any
given prime p, the full subcategory of RF containing only the powers of p is denoted RF,.
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Example 1.3.3 We have seen that TTHH is defines an epicyclic space, and a map of
S-algebras give rise to a map respecting the epicyclic structure.

Another example is the cyclic nerve. Let C be any category, and consider the cyclic
nerve N¥C. This is a straight-forward generalization of the cyclic bar of a monoid:

NPC={cqg+co¢—cp e o1 ¢, €C}

with face and degeneracies given by composition and insertion of identities, and with cyclic
structure given by cyclic permutation. This is a cyclic set, and [N¥C|" = lim NYC = 0bC
where an object is identified with its identity morphism in Ng¥C. The fixed point sets under
the finite subgroups of the circle are more interesting as sd, NYCY = N¢(C. In fact, an
element z € (sd,N®¥C),_1 = N,._,C which is fixed by the C, action must be of the form

rq—1
f f2 fa f1 f2 fa f1 f2 fa
Cqg €= Cl = ... = Cp = ¢ ... ¢ < ... < ¢

and we get an isomorphism ¢,: sd,NYC‘ = N<C by forgetting the repetitions. This
equips the cyclic nerve with an epicyclic structure, and obviously a functor of categories
give rise to a map of cyclic nerves respecting the epicyclic structure.

An interesting example is the case where C is replaced by the simplicial monoid M =
THHy(A) connected to any S-algebra A. We have a map NYM — THH(A) given by
smashing together functions S* — A(S*)

[] bolim Q™ A(S™) — holim Q" /\ A(S™)

1
0<i<q "€ xezrt 0<i<q

This map preserves the epicyclic structure.

1.3.4 Remark

Our notion of an epicyclic space is not the same as the one earlier Goodwillie proposed
in a letter to Waldhausen [119], and which later was used by Burghelea, Fiedorowicz, and
Gajda in [16] to compare Adams operators. This older definition generalized the so-called
power maps P, = gb;l: N%C — (sd,N¥C)% instead. Cyclic nerves are epicyclic spaces
under either definition.

Remark 1.3.5 An epicyclic space (Y, ¢) is more than a functor from RF to spaces. In
fact, as each (sd,Y)C* is again a cyclic space, each Y{a) = |(sd,Y )| comes equipped
with an T-action. However, Y (a) is not a functor to T-spaces: the inclusion of fized point
spaces under the finite subgroups of T are not T-equivariant, but speed up the action. We
may encode this as a continuous functor sending 6 € R/Z =T to py: Y{(a) — Y (a) we get
the additional relations

GaPo = PoPq  igPo = Pooiq  PoPr = Po+r
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This can again be encoded in a topological category SRF with objects the natural numbers
and morphisms SRF (a,b) =T x RF (a,b). Composition is given by

(0, fr)(Ts fp.a) = (0 + ST, frp.sq)

Sending 0 to pg we see that any epicyclic space give rise to a continuous functor a — Y (a)
from SRF to topological spaces. In the MSRI notes Goodwillie defines

TC(A; X) = {k ~ holim |sd,THH(A; S*AX)%|}
aE€SRF
(the homotopy limit remembers the topology in T ), and gives a proof that this elegant defi-
nition agrees with the one we are going to give. The only reasons we have chosen to refrain
from giving this as our definition is that our definition is custom built for our application
(and for computations), and the proof that they agree would lengthen the discussion further.

1.3.6 Properties of the fixed point spaces

We now make a closer study of the Cj-fixed point spaces of T"HH when ¢ is a prime
power. The most important result is proposition 1.4.1, often referred to as “the fundamental
cofibration sequence” which guarantees that the actual fixed point spaces will have good
homotopical properties.

Definition 1.3.7 Let

T()(A;X): RF — S.
with T{a)(A, X) = sin|sd,THH(A, X)%|, be the functor associated with the epicyclic
space (ITHH (A; X), R). Weset R =T(f.1) (for “Restriction”, which it is) and F' = T'(f1,)
(for “Frobenius”, see 1.18, which here is the inclusion of fixed points

T{rq) = sin|THH(A, X)|% Csin|THH(A, X)|% = T()q)
This construction is functorial in A and X, and we set
T{a)(A; X) = {k — T{a)(4; S*AX)}

Remember that each T'(a) can be considered as functors to cyclic spaces (but they do
not assemble when varying a). We will not distinguish notationally whether we think of
Tla](A; X) as a simplicial or cyclic space, and we offer the same ambiguity to T(A; X) =
T(1)(4; X).

The T'(a)(A; X) are Q-spectra for any a, but we will just now we prove this only for a
a prime power (which is all we will really need due to the form of our definition of integral
TC. For the general result see remark 1.3.17 below.). It follows as a corollary of:

Proposition 1.3.8 Let p be a prime. Then there is a chain of natural equivalences from
the fiber of

T(pm)(A; X) — T(p" ') (4; X)

{prop:Viuw
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to sdynT(A; X)ne,w - Indeed, for each j, the fiber of

(sdpn THH(A, X)%);_y —2— (sdyu THH(A, X)Cn1);_,

is naturally weakly equivalent to holim— Q¥ ((sdyTHH (A, S*AX);-1)nc,n)-
Proof: The first statement follows from the second. Let ¢ =p", G = C, and H = C,,. For

x €717, let N N
Z(x) = < /\ S”) , and W (x) = XA ( /\ A(S“))

1<i<y

By the approximation lemma, the fiber of R is naturally equivalent to

holim fiber{ Map.(Z(x), W (x))¢ — Map.(Z(x)", W (x)")*/"}

x€T?

which, by the isomorphism
Map., (Z(x)™, W (x))S 2= Map.(Z(x)", W (x))“

is isomorphic to
holim Map, (U (x), W(x))“
xX€L

where U(x) = Z(x)/(Z(x)"). As U(x) is a free finite based G complex, corollary C.C.2.1.3
tells us that there is a natural chain

Map, (U(x), W (%)) —— Map(U(x), li%an(Sk/\W(X)))G

—~— HmQ* Map. (U(x), S*AW (x))nc)
k

and that the first map is Vx—1 connected. Furthermore, the cofibration sequence Z(x)* C
Z(x) — U(x) = Z(x)/(Z(x)") induces a fibration sequence

Q*Map. (U(x), S*"AW (x))ne) —— Q*Map.(Z(x), S*AW (x))nc)

|

O*Map, (Z(x)2, SEAW (%)) na)

Since Z(x)H is xq/p-dimensional and S*AW (x))sg is xq + k — 1-connected, the first map
in the fiber sequence is x(q — q/p) — 1-connected.

Taking the homotopy colimit over Z7, this gives the proposition. [

A variant of this proposition was proven by Madsen in a letter to Hsiang around 1988.
It does not play a major role in [6] (perhaps too obvious to mention in the equivaraint
context in which that paper was written), but it is vital for all calculations of 7C'. In [120]
Goodwillie shows how it can be used to simplify many of the arguments in [6]. This is how
we will use it. For instance, the following important results are immediate corollaries. The
proofs are by induction on n, noting that homotopy orbits preserve equivalences.
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Corollary 1.3.9 Any map A — B of S-algebras inducing an equivalence THH(A) —
THH (B) induces an equivalence

T{p")(A;X) — T(p")(B; X)

Corollary 1.3.10 Let A be an S-algebra and X a space. Then for any prime power p™

1. T{p")(A; X) is a connective Q2-spectrum.

2. T(p™)(—; X) takes stable equivalences of S-algebras to equivalences.
3. T(p")(—; X) is Morita invariant.

4. T(p™)(—; X) preserves products up to equivalence.

Proof: Follows by 1.3.8 and the corresponding properties of T'HH, plus the fact that
homotopy orbits preserve loops and products of spectra. [

The corollary is true if we exchange p" for an arbitrary number a, but that does not
follow from the proposition, but rather from a more complicated argument running over
all the prime factors of a, see {120, 11].

1.3.11 IS,-categories

Essentially just the same construction can be applied to the case of [S,-categories.
If C is a [S.-category TH H(C; X) also has its restriction map R, and (THH(C; X), R)

is an epicyclic space: If x € 79 then we have a restriction map
(@ (XAV(C)(x") T — Q™ (XAV(C)((x*)))

as before, and note that V(C)(x%)% = V(C)(x). Proceeding just as for S-algebras we see
that
a— T{a)(C; X) = sin |sd, THH(C; X )|

defines a functor from RF (or better: from SRF) to spaces.

Lemma 1.3.12 Let p be a prime, C a [S,-category and X a space. The R map fits into
a fiber sequence

IT(C; X)ney, —— TG X) —— L") (C; X)
Indeed, for each j, the fiber of
(sdpn THH(C, X)%"); 4 £, (sdpmTHH(C, X)Gm 1y,

is naturally weakly equivalent to holim— Q*((sdy THH (C, S*AX);-1)nc,n)-

Proof: Exactly the same as the S-algebra case. [
As before, this gives a series of corollaries.
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{lem:VTHH
Corollary 1.3.13 AnyIS.-functor F': C — D inducing an equivalence THH (C) — THH (D)

induces an equivalence
T{p")(C; X) — L{p")(D; X) ©
{cor:Vv148

Ccor:V1481) Corollary 1.3.14 Let C be a IS,-category and X a space. Then for any prime power p

cor:V1482} 1. T(p™)(C; X) is a connective Q2-spectrum.

2. The functor T{p™)(—; X) takes [S.-equivalences of categories to equivalences.
{cor:V1483}

3. If A is a ring, then the inclusion A C P4 as a rank one module induces an equivalence

T{p")(A; X) = T{p")(Pa; X)
4. T(p™)(—; X) preserves products up to equivalence. ©

Corollary 1.3.15 IfC is a symmetric monoidal IS,-category, then T{p")(HC; X) = {k
T(p™)(HC(S*); X)} is an Q-spectrum, equivalent to T{p™)(C; X).

Proof:  That T (p™)(HC; X) is an -spectrum follows for instance from 1.3.14.2 and
1.3.14.77 since HC(k,) is [S,-equivalent to C**. That the two Q-spectra are equivalent
follows by comparing both to the bispectrum T'(p")(HC; X). '

Corollary 1.3.16 IfC is an exact category, then
T(p")(HC; X) — {k = T(p")(S®C; X))}

1s an equivalence of C)-spectra.

Proof:  Follows by corollary 1.3.13 since THH(HC(S*); X) — THH(S®(C; X) is an
equivalence NBNB(ref). '

ark :Rfiber’}
Remark 1.3.17 An analog of lemma 1.3.8 holds for integers q that are not prime powers

as well. The statement is that if a is a positive integer the homotopy fiber of the map

T(A)% — holim T(A)%r

Tlq

induced by the restriction map and where the homotopy limit is over the positive numbers
dividing q is naturally equivalent to T(A)nc,. The proof is gotten by entering the proof of
lemma 1.3.8, and letting G = C,, Z(x) and W(x) be as before, but forgetting that ¢ was
a prime power. Assume by induction that the statement has been proven for all groups of
cardinality less than G, and so that all for these groups the fixed point spectra of THH are
homotopy functors and Bokstedt’s approzimation lemma applies.

This means that the canonical map

holim holim Map, (Z(x)", W (x)#)¢/H — holimholimMap, (Z(x), W (x)?)&/H
veTl 0£HCG 0AHCG pe1)
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1s an equivalence. The right hand side is isomorphic to

G/H
holim < holim Map*(Z(x)H,W(x)H)) = holim sdl“/#ITHH (A, X)¢/H,

0£HCG \ ze7s1G/H] 0£HCG
and the left hand side is isomorphic to
holim holim Map..(Z (x), W (x))¢
veT) 0£HCG

which is equivalent to
holimM ap..(UpzncaZ(x)?, W (x))¢
x€T?

(the union can be replaced by the corresponding homotopy colimit). Via this equivalence
the homotopy fiber of

sd®'THH(A, X)§, —— holimsd /"I THH (A, X)5/!
0£HCG

15 equivalent to
holim Map, (U(x), W (x))“

x€TI

where U(x) = Z(x)/ Uszrce Z(x)". Then the same argument leads us to our conclusion,
using that U(x) is a free finite based G-space.
1.4 Spherical group rings

In the special case of spherical group rings the restriction maps split, making it possible to
give explicit models for the Cp» fixed point spectra of topological Hochschild homology.

Lemma 1.4.1 The restriction maps split for spherical group rings.

{lem:Rspl

Proof: Let G be a simplicial group. We will prove that the restriction map sd, TH H (S[G], X )% —

sd,THH (S[G], X )% splits. We fix an object x € Z7 , and consider the restriction map
. Aab . Aab
Map. (AL 57) ™ X8 (AL smnc) ™)

l

Map. ((NLs)" Xn (AL (sr6) )

Cab

Ca

. Na
Let S = ( i Swi> , and consider the isomorphism

15| = |S|ASE
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coming from the one-point compactification of
R"® R’ 2 R" ® (diag @ diag™) 2 R" @ (R" ® diag™")
where diag C R’ is the diagonal line and n = a - Vx. The desired splitting
Map. (S, X ASAG"T)C — Map, (8", X NSNAG 7T ) Cav

is gotten by sending f: |S| — |[XASAGT"| to

1572 |S|ASE A | X ASAG I ASE
= | XAS|ASTA|GZ
= | XASNAGT

zd/\dlag

| X ASPAGET

Example 1.4.2 To see how the isomorphism |S|"* =2 |S|ASL of the above proof works,
consider the following example.
S =8 b=2|5? > |S|ASt is gotten from

R*=2RaR,  [j]— ((a+b)/2,(a—1b)/2)
and the Z/2 action is trivial in the first factor and mult by —1 in the other. Notice that
if f:|S] — |[XASAGL| sends a € R* = |S]| to £,As,/\ga, then the composite
152 = |S|ASE L2 | XASAGL|IASE & [ XASPAG, | — | XASPAGE?
sends [¢] to ((a +b)/2,(a — b)/2) to

T (a45)/2/\S (a+b) /2 NG (atb) /2N (@ — B) /2

to
Z(atb)/2/\ [Ztigfzf&z:z;g} NG(a+b)/2
to
Z(a+b)/2/\ [ZEZIZ;;?EZ:Z;;E} NG(a+b)/2/\G(a+b)/2-
Exchanging a and b in this formula transforms it to

S(a (a—b)/2
Z(atb)/2/\ [SE;Z;;;( b) /2} NG(a+b)/2/\G(a+b)/2-

Corollary 1.4.3 The map
\ ITHH(S[G)lne,, — |THH(S[G])|"
=0

induced by the splitting is a stable equivalence, and the restriction map correspond to the
projection.
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2 Topological cyclic homology.

In this section we finally will give a definition of topological cyclic homology. We first will
define the pieces TC(—, p) which are relevant to the p-complete part of TC', and later merge
this information with the rational information coming from the homotopy fixed points of
the whole circle action.

2.1 The definition and properties of TC'(—, p)

as an intermediate stage, we define the functors TC'(—, p) which captures the information
of topological cyclic homology when we complete at the prime p. We still list the case of
an S-algebra separately, in case the reader feels uncomfortable with [S,-categories.

Definition 2.1.1 Let p be a prime, A an S-algebra and X a space. Recall that RF, C RF
is the full subcategory of powers of p. We define

TC(A; X,p) = holim T'(p")(A; X)
P ERF,

This gives rise to the spectrum

TC(A, X;p) = holim T(p")(A; X) = {k — TC(A; S*AX,p)}

pPrERFp
If C is a [S,-category we define

TC(C; X,p) = holim T'(p™)(C; X)
PUERF,

with associated spectrum

TC(C; X,p) = holim T(p")(C; X) = {k — TC(C; S*AX,p)}

PrERF,
If C is a symmetric monoidal I'S,-category we have a spectrum
TC(HC; X,p) = {k — TC(HC(S"); X, p)}
We get the analogs of the results in the previous chapter directly:
Lemma 2.1.2 Let C be a I'S,-category, X a space and p a prime. Then
1. TC(C; X, p) is an Q-spectrum.
2. The functor TC(—; X, p) takes IS.-equivalences of categories to equivalences.

3. If A is a ring, then the inclusion A C P4 as a rank one module induces an equivalence

TC(A; X,p) = TC(Pa; X, p)
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4. TC(—; X, p) preserves products up to pointwise equivalence.

5. If C — D is a IS.-functor inducing an equivalence THH(C) — THH (D), then it

mduces an equivalence

TC(C; X, p) — TC(D; X, p)

6. If C is a symmetric monoidal TS,-category, then TC(HC; X,p) is an Q-spectrum
equivalent to TC(C; X, p).

Proof: This follows from the corresponding properties for T'(p™) from section 1.4, and the
properties of homotopy limits. [

Here we see that it made a difference that we considered T'(a)(HC; X) as the spectrum
{n + T{a)(HC(S"); X)}, and not as a I'-space {k, +— T{a)(HC(k,); X)}: the spectrum
associated to the (pointwise) homotopy limit of a I'-space is not the same as the (pointwise)
homotopy limit of the spectrum, since the homotopy limits can destroy connectivity. We
will shortly see that this is not a real problem, since T’C(C; X, p) is always —2-connected,
and so TC(HC; X, p) and the spectrum associated with {k, +— TC(HC(ky); X, p)} will be
equivalent once X is connected. In any case, it may be that the correct way of thinking of
this, is to view T'C' of symmetric monoidal I'S,-categories as I'-spectra:

{ky — TC(HC(ky); X,p)}

This point will become even more acute when we consider the homotopy fixed point spectra
for the entire circle actions since these are not connective.

revise!! If C is exact we have an equivalent {2-spectrum

TC(C; X,p) = holim T(p")(§C; X) = {k — TC(SMC; X, p)}

prERFp

If A is a ring we let
TC(A, X;p) =TC(P4, X)}

and we see that TC(A; X, p) is equivalent to TC(A; X, p).

2.2  Some structural properties of TC'(—, p)

A priori, the category RF, can seem slightly too big for comfort, but it turns out to be
quite friendly, especially if we consider the F' and R maps separately. This separation
gives us good control over the homotopy limit defining T'C'(—, p). For instance, we shall
see that it implies that T'C is connective, can be computed degreewise and almost preserves
1d-cartesian cubes, and hence is “determined” by its value on ordinary rings.
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2.2.1 Calculating homotopy limits over RF,

Consider the two subcategories F, and R, of RF,, namely the ones with only the F
(Frobenius = inclusion of fixed points) maps or only the R (restriction) maps. We will
typically let

TR(A; X;p) =holim T'(p")(A; X) and  TF(A, X;p)=holimT(p")(A; X)

PrERp pEF,

and similarly for the spectra and the related functors of [S,-categories.

Let L be any functor from RF, to spaces, and let (z,y,...) be the monoid generated
by some number of commuting letters. If (x) acts on a space Y, we write hOhm‘@ Y as
Y"* in analogy with the group case, and it may be calculated as the homotopy limit

Map(l-l-a Y)
Y"* = holim fH(f(O),f(l))l
y W08y oy

We see that (R, F) acts on [ [ ucrz, L(p"), and writing out the cosimplicial replacement
carefully, we see that

holim L =Tot(q — [[ ( J] L&)

olir
RFp Ng(F,R) p"€RFp

~holim( [[ L(p") = holim( [] L")

(R, F) PPERFp (R)x(F) PrERF

We may choose to take the homotopy limit over the product (R) x (F') in the order we
choose. If we take the R map first we get

Lemma 2.2.2 Let L be a functor from RF, to spaces. Then

holim L 2 holim(holim( [ L(»™)))
RFp (F) (R)  pneRF,
> holim holim L(p") = (holim L(p™))"*
(F) 1eR, PERy

Similarly we may take the F' map first and get the same result with R and F' inter-
changed.
For our applications we note that

TC(A; X,p) ~ TR(A; X, p)" ~ TF(A; X, p)"F

Lemma 2.2.3 The spectrum TC(—;p) is —2 connected, and likewise for the other vari-
ants.
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Proof: Consider the short exact sequence

0— lim Wm  TH™(C;X) — mTR(C; X, p) — lim mT(p")(C;X) — 0

prERp P"ERp

of the tower defining TR. Since moT(p")(C; X) — moL(p" 1)(C; X) is always surjective
(its cokernel is 7_y5dpn T(p")(C; X)c,. = 0), the lime () part vanishes, and TR is always
—1-connected (alternatively, look at the spectral sequence of the R tower, and note that
all the fibers are —1-connected). Hence the pullback TC(C; p) ~ TR(C; p)"*F" cannot be less
than —2-connected. 1

Lemma 2.2.4 If A is a simplicial S-algebra, then TC(A; X, p), may be calculated degree-
wise in that

diag™{[q] — TC(Ay; X,p)} ~ TC(diag™A; X, p)

Proof:  This is true for THH (lemma I11.1.3.1), and so, by the fundamental cofibration
sequence (ref) it is true for all sdTHH (A; X)%". By corollary A1.9.7 of the appendix,
homotopy limits of towers of connective simplicial spectra may always be computed de-
greewise, so

TR(A; p) = holim sdy» T (A)“"
R

is naturally equivalent to diag*{[q] — TR(A;p)}. Now, TC(A;p) ~ TR(A;p)"' a homo-
topy pullback construction which may be calculated degreewise. [

Lemma 2.2.5 Let f: A — B be a k-connected map of S-algebras and X an l-connected
space. Then
TC(A; X, p) — TC(B; X, p)

1s k + 1 — 1-connected.

Proof:  Since THH(—; X), and hence the homotopy orbits of T"H H(—; X), rise connectiv-
ity by [, we get by the tower defining T'R that T R(—; X, p) also rises connectivity by I. We
may loose one when taking the fixed points under the F' action to get TC(—; X, p). [

When restricted to simplicial rings, there is a cute alternative to this proof using the fact
that any functor from simplicial rings to n-connected spectra which preserves equivalences
and may be computed degreewise, sends k > O-connected maps to n + k + 1-connected
maps.

Lemma 2.2.6 Assume A is a cube of S-algebras such that T(A; X) is id-cartesian. Then
TR(A; X,p) is also id cartesian.

Proof:  Choose a big k such that THH (A, S¥AX) is id + k cartesian Let X be any
m subcube and X! = sd, X “! . We are done if we can show that holime X Lis (m + k)-

cartesian. Let Z' be the iterated fiber of X' (i.e., the homotopy fiber of X} — holim% xlh).

Then Z = holim¢ Z' is the iterated fiber of holime X !, and we must show that Z is
m+ k — 1 connected. Since homotopy orbits preserve connectivity and homotopy colimits,
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THH(A, Sk/\X)thl must be id + k cartesian, and so the fiber of R: X' — X'"'isid + k

cartesian. Hence m,2' — m,Z'71 is surjective for ¢ = m + k and an isomorphism for
g <m+k,and so 7,7 = limR(l)quZl x imR m,Z' = 0 for ¢ < m + k. [

Proposition 2.2.7 Assume A is a cube of S-algebras such that T'(A; X) is id cartesian.
Then TC(A; X, p) isid — 1 cartesian.

Proof: This follows from the lemma, plus the interpretation of 7C(—,p) ~ TR(—, p)"*

as a pullback. '
When applying this to the canonical resolution of S-algebras by HZ-algebras of I11.3.1.8,
we get the result saying essentially that T'C' is determined by its value on simplicial rings:

Theorem 2.2.8 Let A be an S-algebra and X a space. Let S — (A)g be the cubical
diagram of I11.5.1.8. Then

TC(A; X,p) —— holimg TC(As; X, p) ©

2.2.9 The Frobenius maps

The reason the inclusion of fixed points map F' now often is called the Frobenius map is that
Hesselholt and Madsen [50] has shown that if A is a commutative ring, then myT' R(A; p) is
isomorphic to the p-typical Witt vectors W (A, p), and that F' corresponds to the Frobenius
map.

Even better, they prove that there is an isomorphism

moTHH(A)S" =2 W, (A)

where W,,(A) is the ring of truncated p-typical Witt vectors, i.e., it is A" as an abelian
group, but with multiplication gotten by requiring that the “ghost map”

w: Wy(A) — A", (ag,...,an_1)+— (Wo,..., Wy_1)

where
pi pi—l B
w; =ay +pa;  +---+pa;

is a ring map. If A has no p-torsion the ghost map is injective.
The map

R: W,i1(A) — W, (A) (ag, .- a,) — (ag,...,an_1),
is called the restriction and the isomorphisms
moTHH (A" =W, (A)

respect the restriction maps.

{prop:VTC,

{theo:VTC,
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On the Witt vectors the Frobenius and Verschiebung are given by
F,V:W(A) — W(A)
F(wo,wy,...) = (wy,ws,...)
V(ag,as,...) = (0,a9,a4,...).
. satisfying the relations
v-V(y) =V(F(x)-y), FV=p, VF=multyg
(if A is an Fp-alg. then V(1) = p).

2.2.10 TC(—;p) of spherical group rings

Let G be a simplicial group. We briefly sketch the argument of [6] giving T'C'(S|G]; p) (see
also [103]). Recall from corollary 1.4.3 that

|THH(S[G))|%" = H I THH(S[G])|nc,, ,
7=0
and that the restriction map corresponds to the projection

n—1

H|THH Dlne,, — [T ITHHSIG)|nc,,-

7=0

What is the inclusion of fixed point map |THH (S[G])|%" C |THH(S[G])|“»"* in this
factorization? Write T" as shorthand for |T"H H(S|G])|, and consider the diagram

The, VT

N

TCP <7T
S

F
trf l

T

where S is the section of R defined in the proof of lemma 1.4.1.
The trf in the diagram above is the composite (in the homotopy category)

The, = (ET,AT)g, ~ (ET,AT) —— ET,AT ~T
and is called the transfer. Generally we will let the transfer be any (natural) map in the
stable homotopy category making
Then = (ET . AT)%" —— TC%n
o ‘|

Thcpn—1 2(E"]P.;_/\ZT)CP’””’l N Tcpn—1
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commute.

Hence, the inclusion of fixed points F': T — T acts as FS: T — T on the
zero’th factor, and as trf: Then — Thcpn,l on the others

T X X The,
FS / /

T The,
FS /

T

TC(SIG), p) = holim T(p") (S[G]) ~ (hO%mT<p">(S[G]>)

RFp

which is the homotopy equalizer of the map

T X The, X The, X

F
S j trf trf trf
T X Tth X Tthz X

and the identity; or equivalently, the “diagram”

TC(S[G],p) — holim|THH (S[G])|nc,n

trf

THH(SIG)| = |THH(S[G))]

(_

is homotopy cartesian (in order to make sense of this, one has to have chosen models for
all the maps, see e.g., [103]).

We will identify these terms more closely in VIL.3

2.2.11 Relation to the homotopy fixed points

Lemma 2.2.12 The natural maps (T(A; X)"S'), — holim T(A; X" s an equiva-

lence.

Proof: This follows from the general fact A.1.9.8.5 that (YT), = holims YhOr ™ for any
T-spectrum Y. '
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2.3 The definition and properties of TC

Definition 2.3.1 We define T'C to be the functor from S-algebras, or more generally
[S.-categories, to spectra to be the homotopy limit of

I(_)h’]l‘

|

H;n prime m(_; p);z\ - Hp prime hOhmI(—)hCPT/p\

preF,
where the lower map is given by the projection onto F, C RF,

TC(—;p) = holimT(p")(—) — holimT'(p")(—)

prERFp prEFp
followed by the map from the fixed points to the homotopy fixed points
T(p") (=) 2 T(=)%" — T(=)".

More useful than the definition is the characterization given by the following lemma.
smma : VsqTC}
Lemma 2.3.2 All the squares in

re(-) —— I(H)" —— (Z(=)o)"
IC(-) — =" — Z(=) o)™
are homotopy cartesian.

Proof: The rightmost square is cartesian as it is an arithmetic square to which —"T is
applied, and the leftmost square is cartesian by the definition of T'C' since

rc(-y~ [ ¢~ [ zC(-p)
p prime p prime
and by the equivalence

holimT'(—)"» 5 «—— T(—)"7
prEF, ’

°sq srings}
Corollary 2.3.3 Let A be a simplicial ring. Then

TC(A; X) —— (HH(A; X)@)""

l l

TC(A; X)) —— (HH(A; X) (o))"

1s homotopy cartesian.
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Proof: This follows from lemma 2.3.2 by extending the square to the right with the T-
homotopy fixed point spectra of the square

T(=)o) —— HH(=)q)

| |

T(—Y0y —— HH(-)Y 0

which is cartesian by lemma IV.1.3.8 which says that the horizontal maps are equivalences.
1

Theorem 2.3.4 Let A be an S-algebra and X a space. Let A be the cubical diagram of
111.3.1.8. Then

IC(AX) — holim@) TC(As; X).

Proof: By theorem 2.2.8 this is true for TC'(—; X )~ (products and completions of spectra
commute with homotopy limits). Since T'(A; X) is id-cartesian, so are T'(A; X)) and
T'(A; X) (o), and hence

T(A; X)) —— holim(T(Ag; X))
540

and
T(A; X)) — holim(T'(As; X) o))
S#£0
Since homotopy fixed points commute with homotopy limits we are done since we have
proved the theorem for all the theories but T'C' in the outer homotopy cartesian square of
lemma 2.3.2. [

3 The homotopy T-fixed points and the connection to
cyclic homology of simplicial rings
Theorem 2.3.4 tells us that we can obtain much information about 7'C' from our knowledge

of simplicial rings. We have seen (corollary 2.3.3) that, when applied to a simplicial ring
A, TC fits into the cartesian square

TC(A; X) —— (HH(A; X)@)""
TC(A X)) —— (HH(A; X))

We can say something more about the right hand column, especially in some relative cases.
As a matter of fact, it is calculated by negative cyclic homology, a theory which we will
recall the basics about shortly, and which much is known about.

{theo:VTC
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If A is a simplicial ring, we let (C.(A),b) be the chain complex associated to the
bisimplicial abelian group. HH(A)

To make the comparison easier we first describe spectral sequences computing the
homotopy groups of the homotopy fixed and orbit spectra.

3.1 On the spectral sequences for the T- homotopy fixed point and
orbit spectra

Let T be the circle group and let X be a T-spectrum. The collapse maps give an isomor-
phism

T (E°T4) 2 7, (8%51) & m, (8°59),
and let o, 7 be the elements in 7 (YT, ) projecting down to the identity class
{S"t = 5"t} e m(B°S) > Z
and the stable Hopf map
{S"AS? — S"ACP! = §"AS?} € 1 (X80 = Z/27Z

respectively. The spectral sequences coming from the homotopy limit and colimit spectral
sequences have interesting E'-terms. The following is shown in [44], and for identification
of the differential, see [47, 1.4.2].

Lemma 3.1.1 Let T be the circle group and let X be a T-spectrum. The E? sheet of the
spectral sequence for Xyr, comes from an E' sheet with

By, (Xpr) = - X, t>s>0
and where the differentials
d;t: E;,t = Tp_s X — M_s41X = Esl—u
are induced by the map o + s -n: m_ X — m_gp1(T4AX) composed with m,_(s_1) of the
T-action TAANX — X.
Likewise, the E? sheet of the spectral sequence for X"T, comes from an E' sheet with

EL(X")=m_ X, t>s<0

and where the differentials are the same as for the homotopy orbit spectral sequence.
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The picture is as follows:

d3, 1 d3,0 dz,1 dz2
-~ 7T2_(_1)X . 7T2_0X ’ 7T2_1X ’
di,_y dio di,
-~ 7T1_(_1)X 7T1_0X 7T1_1X
d5,—1 4,0
-~ 7T0_(_1)X 7T0_0X

dt
~1,-1 X
-~ 7T_1_(_1)

Note that for rational T-spectra — like the ones we are talking about in connection with
TC — or more generally, Eilenberg-MacLane T-spectra the Hopf map 7 is trivial, and so
the differentials are simply the T-action:
{cor:V Ta
Corollary 3.1.2 Let X be a T-spectrum such that n: m, X — m._1X s trivial, then the
differential

di,t: Esl,t =T s X — Tp_sp1 X = Esl_l,t
is induced by S'AX C SIAX V S°AX ~ T, AX — X where the latter map is the T-action.

For convenience we reconstruct the bare essentials of the spectral sequence in a pedes-
trian language.

There is a particularly convenient model for F(T) given as follows. Consider S2"!
as the subspace of vectors in C" of length 1. T = S' C C acts on S~ ! by complex
multiplication in each coordinate, and this action is (unbased) free. The inclusion C"~! C
C" into the first coordinates gives an T inclusion S$?"~3 C §?"~1. So, taking the union of all
S?n=1 as n varies we get a contractible free T-space which we call F(T). This space comes
with a filtration, namely by the S?"~!s, and this filtration is exactly the one giving rise to
the above mentioned spectral sequence. In order to analyze the spectral sequence we need
to know the subquotients of the filtration, but this is easy enough: there is a T-isomorphism
S2ntl fgan=1 o2 GLAS?™ given by considering S*" as CP"/CP"~! (with trivial T action)
and sending the class of (zg,...2,) in S?"™1/S?"~1 to the class of (ﬁ/\[zo, : zn]) in
SLACP™/CP™ L.

The spectral sequence for X1 comes from this filtration, and there are no convergence
issues associated to this spectral sequence.

The spectral sequence for X"T is from the point of view of [44] simply dual, but for the
more pedestrian users we note that this actually makes sense even if you are very naive
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about things. Using that X' = Map,(ET, X)¥, and ET = lim— S+ we can write X7
as the limit
XhT ~ lgn Map*(Si"H, _)T

Recall the Bousfield-Kan spectral sequence of a tower of fibrations

liin(Mk)—»...—»M”+1—»M”—»M"_1—»...Ml—»Moz*.
k

It is a first quadrant spectral sequence, with E}' = m,_,F* where F* is the fiber of M*.
The differential E}"" — E**'* is induced given by m,_ F* — m_M* — m,_,_ F*+1.

This means that F* = Map,(SLAS*, X)T = Q> X, and we get that E., = m_ Q> X =
7Tt+sX .

Strictly speaking, the Bousfield-Kan spectral sequence is set to zero outside 0 < s < ¢,
but in our case this restriction is not really relevant since we are going to apply the spectral
sequence to (connective) T-spectra. By reindexing, we shall think of this as a homologically
indexed spectral sequence in the left half plane with

EL(X"™) =m_ X, t>s<0.

These spectral sequences fit into a bigger spectral sequence (corresponding to the Tate
spectrum of [44])
E. ,(Tate) = m_ X, t>s

and there is a short exact sequence of spectral sequences
0— E;,t(XhT) - E;,t(Ta’te) - Esl—l,t—l(XhT) —0
and the norm map induces the edge homomorphism. This has the following consequence:

Lemma 3.1.3 Let X be an T-spectrum. If the Tate spectral sequence converges to zero,

then the norm map
Sl/\XhT — XhT

15 a stable equivalence.

3.2 Cyclic homology and its relatives

Let Z be a cyclic module, i.e., a functor from A° to simplicial abelian groups. Let B: Z, —
Zg4+1 be Connes’ operator

N=Y()50 -, (D)5 (1+(=1)71)

Z, q Zgt1

q

satisfying Bo B =0 and Bob+bo B =0 where b = ) (—1)/d;. Due to these relations,
the B operator defines a complex

Zn

N —— WqZL...)

(72, B) = (moZ £ mz
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whose homology H(Z) = H,(r.Z, B) we call the deRham homology of Z.

Using the b and the B, and their relations one can form bicomplexes (called (b, B)-
bicomplexes, see e.g., [74, 5.1.7| for more detail) with s,t-entry Z;_, connected by the bs
vertically and the Bs horizontally (the relations guarantee that this becomes a bicomplex).

B Z B Z B
b bl
B Z B Zo

L 7

If you allow ¢ > s you get the so-called periodic (b, B)-bicomplex BP*"(Z) (called BZP*" in
[74]), if you allow t > s > 0 you get the positive (b, B)-bicomplex B*(Z) and if you allow
t > s <0 you get the negative (b, B)-complex B~ (Z).

If —oo <m <n <oowelet T™"Z be the total complex of the part of the normalized
(b, B)-bicomplex which is between the mth and nth column: T;""Z = [];._,, Cio™.(Z)
(where C™™ denotes the normalized chains defined in A.1.7.0.7). The associated homolo-
gies H,(T=%Z), H,(T—°>>Z) and H,(T%>*Z) are called periodic, negative and (simply)
cyclic homology, and often denoted HP.(Z), HC~(Z) and HC(Z). The associated short
exact sequence of complexes

0— T V7 5Ty L, Th>gz

together with the isomorphism qu’OOZ = T(?f;Z gives rise to the well-known long exact
sequence

. —— HC1(Z) —— HC[(Z) —— HP(Z) —— HC, 5(Z) — ...
and similarly one obtains the sequence
. —— HC,,(2) -2 HH,(2) —— HC,(2) -2 HC, 5(Z) — ...

(the given names of the maps are the traditional ones, and we will have occasion to discuss
the S-map a bit further).

Notice that 77°"Z = lims; T™"Z, and so if ... — Z¥1 — ZF - . is a sequence of
surjections of cyclic modules with Z = lim« Z% then T—>°nZ = lim«- T zk and you
have lim._ (D-lim._ exact sequences, e.g.,

0— li%n WHC\(Z%) — HC,(Z) — li%n HC, (Z*) — 0.
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Also, from the description in terms of bicomplexes we see that we have a short exact
sequence
0 — UmWHC 4 1494(Z) — HPy(Z) — lim HCyyor(Z) — 0
% i
describing the periodic homology of a cyclic complex Z in terms of the cyclic homology
and the S-maps connecting them.

We see that filtering BP*'(Z) by columns we get a spectral sequence for H P,(Z) with
E? term given by H4%(Z).

These homology theories have clear geometrical meaning in terms of orbit and fixed
point spectra as is apparent from theorem 3.2.5 below.

Connes’ used B to define cyclic homology, and probably documented a variant of the
following fact somewhere. The only available source we know is Jones [59], see also the
closely related statements in [37] and [74, chap. 7|. Note that the identification between the
T-action and the differentials in the Tate spectral sequence follows by 3.1.2 since |H M|,
is an Eilenberg-MacLane spectrum.

Lemma 3.2.1 Let M be a cyclic abelian group. Then the Eilenberg-MacLane spectrum
|HM)|a is a T-spectrum, and the T-action and the B-maps agree on homotopy groups in
the sense that the diagram

.M =, | H M| 5

Bl dll
Tag1 M = 7T*+1‘HM|A

commutes where the horizontal isomorphisms are the canonical isomorphisms relating the
homotopy groups of simplicial abelian groups and their related Eilenberg-MacLane spectra,
and d* is induced by the T-action (and so is the differential in the spectral sequences of the
homotopy orbit and fized point spectra of |[HM]| in lemma 3.1.1).

Notice that if we filter by columns, lemma 3.2.1 says that the resulting E' sheet agrees
with the Tate, orbit and fixed point spectrum spectral sequences of lemma 3.1.1. For the
record:

Corollary 3.2.2 Let M be a cyclic abelian group. Then E'(Tate) (resp. E'(|HM|ur),
resp. EY(|JHM|"T) ) equals the E* term of the spectral sequence given by filtering the periodic
(resp. positive, resp. negative) (b, B)-bicomplex by columns.

As a matter of fact, there is a natural isomorphism between the periodic (resp. negative,
resp. cyclic) homology of M and the homotopy groups of the Tate spectrum (resp. T-fixed
point spectrum, resp. T-orbit spectrum). See [44] in general, or [74] for the cyclic homology
part. We won’t need all that much, but only the following fact.

Corollary 3.2.3 Let M be a cyclic abelian group. If the periodic homology of M wvanishes,
then the T-norm map S*A|HM |yr — |HM|" is a stable equivalence.
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Proof:  Since the periodic homology of M vanishes, so the spectral sequence gotten by
filtering by columns must converge to zero. Hence by corollary 3.2.2 the Tate spectral
sequence converges to zero, and we get the result from 3.1.1. [

3.2.4 Negative cyclic homology and fixed point spectra

The above statements say that the spectral sequences coming from the cyclic actions have
E'-sheets have E'-sheets that are naturally isomorphic to the E'-sheets we get by filter-
ing the associated cyclic homology theories by column. This is all we need to make our
argument work, but it is satisfactory to know that these natural isomorphisms come from
spectrum level equivalences.

By a spectrum M of simplicial abelian groups, we mean a sequence {n — M"} of
simplicial abelian groups together with homomorphisms Z[S'] ® M™ — M"*! (according
to the notion of spectra in any simplicial model category). Maps between spectra are
as usual. There is a correspondence between spectra of simplicial abelian groups and
(unbounded) chain complexes (probably a Quillen equivalence in some model structure)
given by

O M = lim O (0
n

~

where the maps are given by the adjoint of the structure map M" — S,(S LM
sAb(Z[S'], M™*1) followed by the isomorphism

C’formsAb(Z[Sl], MY 22 orerm At [0, 00)
and the inclusion C?°™ M[1][0,00) C CPo"™ M[1].

Theorem 3.2.5 Let M: A° — sAb be a cyclic simplicial abelian group. There are natural
chains of weak equivalences

C*Ptsin |HM |pp ~ T M

CP'sin |HM M ~ 772001,

Proof: The first statement follows from the corresponding statement in Loday’s book [74]
which shows that there is a natural chain of weak equivalences between C™™ sin |M |1
and T%*M and the fact that sin|H M|,y is a connected 2-spectrum.

Both statements can be proved hands on by the standard filtration on ET: Choose as
your model for the contractible free T-space ET in the definition of the homotopy fixed
points to be the colimit of

|SY — [S3| — - — [SPT — L.

The maps in question are the inclusions gotten by viewing |S?"*!| as the space you get by
attaching a free T-cell to |S?"~!| along the action:

_ idXinclusion
T x |§2n-1| ddxinclusion o pyom

actionJ/ J/

‘SZn—l‘ |5'2n+1|

{theo:HCi:
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Then we have a natural equivalence

sin | HM[P(X) —=— Hm(T — Top.)(|5"*1] ., |M ® Z[X])

(this is only a natural equivalence and not an isomorphism since the definition of the
homotopy fixed points of a topological spectrum involves a fibrant replacement, which is
unnecessary since H M is an Q-spectrum).

Hence we are done once we have shown that there is a natural (in n and M) chain of
maps connecting

€™ (T — Top.,) (1S4, [M]), and T~"0M

inducing an isomorphism in homology in positive dimensions.

This is done by induction on n taking care to identify all maps in question. In particular,
you need a refinement of the statement in lemma 3.2.1 to a statement about natural
homotopies between the T-action and the B-map. [

An important distinction for our purposes between homotopy orbits and fixed points is
that homotopy orbits may be calculated degreewise. This is false for the homotopy fixed
points.

Lemma 3.2.6 Let X be a simplicial T-spectrum. Then diag*(Xyr) is naturally equivalent
to (diag*X)pr. In particular, if A is a simplicial ring, then HC(A) can be calculated
degreewise.

Proof:  True since homotopy colimits commute, and the diagonal may be calculated as

holimm—eA> Xq. '

3.2.7 Derivations

The following is lifted from [37|, and we skip the gory calculations. Let A be a simplicial
ring. A derivation is a simplicial map D: A — A satisfying the usual Leibniz relation
D(ab) = D(a)b+ aD(b). A derivation D: A — A induces an endomorphism of cyclic
modules Lp: HH(A) — HH(A) by sending a = ag ® ...a, € AS7™ to

q
LD(CL) = ZCLO & ...q;—1 ®D(CL2) X aip1 Q.. .04
=0

From [37] we get that there are maps
ep: Cy(A) — C,_1(A), and Ep: C (A) — Cuyii(A)
satisfying
Lemma 3.2.8 Let D: A — A be a derivation. Then

6Db + bGD = O,
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€DB + BBD + EDb—l— bED = LD

and
EpB + BEp

1s degenerate.

To be explicit, the maps are given by sending a = ag ® ... aq € AF7*! to

ep(a) = (=)™ D(ag)ag @ a1 @ -+ @ ag1

Ep(a) = Z (_1>iq+1®ai®ai+1®"‘®aj—1®D(aj)®aj+1®"'®aq®a0®ai—1

1<i<j<q
+ degenerate terms (3.2.8)

The first equation of lemma 3.2.8 is then a straightforward calculation, but the second is
more intricate (see [37] or [74]).

Corollary 3.2.9 ([37]) Let D be a derivation on a flat ring A. Then
LpS: HC,LA — HC, ;A

s the zero map.

Proof:  Collecting the relations in lemma 3.2.8 we get that (Ep+ep)(B+b)+(B+b)(Ep+
ep) = Lp on the periodic complex. However, this does not respect the truncation to the

positive part of the complex. Hence we shift once and get the formula ((Ep+ep)(B+b)+
(B+0b)(Ep+ep))S = LpS which gives the desired result. '

Corollary 3.2.10 ([37]) Let f: A — B be a map of simplicial rings inducing a surjection
moA — moB with nilpotent kernel. Let X be the homotopy fiber of HH(A) — HH(B).
Then HP*(X(O)) = HP*(XzO)) =0.

Proof: By considering the square
A —— B
7T()A —_— TI‘QB

we see that it is enough to prove the case where f is a surjection with nilpotent kernel and
f is a surjection with connected kernel separately.

Let P be completion followed by rationalization or just rationalization. The important
thing is that P is an exact functor with rational values.

{cor:Vder

{cor:VHPv
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The basic part of the proof, which is given in [37, IL.5], is the same for the connected
and the nilpotent case. In both situations we end up by proving that the shift map S is
nilpotent on the relative part, or more precisely: for every ¢ and every k > ¢ the map

Sk HCyyorY — HOY

is zero, where Y is the homotopy fiber of P(HH(A)) — P(HH(B)) (actually in this
formulation I have assumed that the kernel was square zero in the nilpotent case, but we
will see that this suffices for giving the proof). From this, and from the fact that periodic
homology sits in a lim< m-limg short exact sequence, we conclude the vanishing of periodic
homology.

The main difference between our situation and the rational situation of [?|Goodfreeloop
is that we can not assume that our rings are flat. That means that H H is not necessarily
calculated by the Hochschild complex.

In the connected case, this is not a big problem, since the property of being connected
is a homotopy notion, and so we can replace everything in sight by degreewise free rings
and we are in business as explained in [37, IV.2.1]. Being nilpotent is not a homotopy
notion, and so must be handled with a bit more care. First, by considering

A— A" — AT — . 5 AT - A/l =B

we see that it is enough to do the sqare zero case. Let X = B be a free resolution of B

and consider the pullback
P— X

s

Since the vertical maps are equivalences we have reduced to the case where A — B is
a surjection of simplicial rings with discrete square zero kernel I and where B is free in
every degree. But since cyclic homology can be calculated degreewise by lemma 3.2.6, it
is enough to prove this in every degree, but since B is free in every degree it is enough
to prove it when A — B is a split surjection of discrete rings with square zero kernel I.
Choosing a splitting we can write A = B x I, where [ is a B-bimodule with square zero
multiplication. Let J 5 1 be a free resolution of I as B-bimodules. Then we have an
equivalence B x J = B x I, and again since cyclic homology can be calculated degreewise
we have reduced to the case B x I — B where B is free and I is a free B module.

Hence we are in the flat case, and can prove our result in this setting.

First consider the case where f is split with square zero kernel. Then the distributive
law provides a decomposition of A%t = (B @ I)®9*!, and if we let F} consist of the
summands with & or more I[-factors we get a filtration

0=F*=(\F'C--CF’CF' CF’=HH(A)
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(it is of finite length in each degree, in fact F]* = 0 for all n — 1 > k). Note that we have
isomorphisms of cyclic modules HH(B) = F°/F', HH(A) = F° &~ @y FF/FFL
We must show that for every ¢ and every k& > ¢ the map

S*: HCypyou(P(FY)) — HC,(P(F"))

is zero. Since F}' = 0 for all n — 1 > k we have that HC,(P(F")) =0 for all ¢ < n — 1.
Hence it is enough to show that for every ¢

Sk: HCq+2k(P(F1/Fk+1)) N HCq<P(F1/Fk+1))

is zero.

The projection D: B x I — [ is a derivation, and it acts as multiplication by m
on F™/F™1 Therefore we have by corollary 3.2.9 (whose proof is not affected by the
insertion of P) that

on HC,(P(F™/F™%1)). Since m > 0 is invertible in Q, we get that S = 0 on HC,(P(F™/F™)),
and by induction S* =0 on HC,(P(F'/F*1)).

The proof of the connected case is similar: first assume that I is reduced (has just one
zero-simplex: this is obtained by the lemma 3.2.11 we have cited below). Use the “same”
filtration as above (it no longer splits), and the fact that F'* is zero in degrees less than k
since [ is reduced.

Filter A by the powers of I:

.CI™"C...CI'CI'=4

This gives rise to a filtration of the Hochschild homology

0=F*=(\F"C---CF’CF'CF’=HH(A)

by defining
q
Ff=im{ @ Q1" — HH(A),

S ki=k =0

Consider the associated graded ring gr(A) with gr,A = I*/I**1. Note that we have isomor-
phisms of cyclic modules HH (B) = F°/F', HH(A) = F® and HH (grA) & ®psoF*/FFL.

We define a derivation D on grA by letting it be multiplication by k in degree k. Note
that Lp respects the filtration and acts like k on F*/F**1. The proof then proceeds as in
the nilpotent case.

In the above proof we used the following result of Goodwillie [39, 1.1.7]:
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Lemma 3.2.11 Let f: A — B be a k-connected surjection of simplicial rings. Then there
s a diagram

R—5 A

f

S —— B
of simplicial rings such that the horizontal maps are equivalences, the vertical maps sur-
jections, and the kernel of g is k-reduced (i.e., its (k — 1)-skeleton is a point). If A and B
were flat in every degree, then we may choose R and S flat too.

Proposition 3.2.12 Let f: A — B be a map of simplicial rings inducing a surjection
moA — mo B with nilpotent kernel, then the diagrams induced by the norm map

S'NTHH(A) o)y —— (THH(A)@)""

| |

S'NTHH(B)))sr — (THH(B)@)""

and
SIA(THH(A)A(O))}LT I (THH(A)A(O))MT

| |

Sl/\(THH(B)A(O))hT E— (THH(B)A(O))MT
are homotopy cartesian.

Proof: Recall that by lemma 1V.1.3.8 TTH H is equivalent to HH after rationaliztion, or
profinite completion followed by rationalization, and so can be regarded as the Eilenberg-

MacLane spectrum associated with a cyclic module.
By corollary 3.2.3 lemma C.3.1.3 and corollary C.3.2.2 we are done if the corresponding
periodic cyclic homology groups vanish, and this is exactly the contents of corollary 3.2.10.
[

Remark 3.2.13 A priori (Z(O))w should not preserve connectivity, and does not do so
(look e.g., at the zero-connected map Z — Z/pZ: (T(Z)0)"" is not connective (its homo-
topy groups are the same as rational negative cyclic homoloy of the integers and so have a
Q in in every even nonpositive dimension), but (T(Z/pZ) o))" vanishes.

However, since homotopy colimits preserve connectivity proposition 3.2.12 gives that we
do have the following result.

Corollary 3.2.14 If A — B is k > 0-connected map of simplicial rings, and let X be
either THH "™ or THH (0)"" considered as a functor from simplicial rings to spectra.
Then X (A) — X(B) is k+ 1 connected If A — B induces a surjection mgA — myB with
nilpotent kernel, then X(A) — X (B) is —1-connected.

{lem:Vcon:
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3.3 Structural properties for integral 7T'C’

The importance of the results about the T-homotopy fixed point spectra in the section
above comes, as earlier remarked, from the homotopy cartesian square of lemma 2.3.2

TC(-) —— (T(=)o)""

! !

TC(-) —— (T(=) )"

So combining these facts with the properties of TC'(—, p) exposed in section 2 we get several
results on T'C' quite for free.

Proposition 3.3.1 If A — B is k > 0-connected map of S-algebras, then TC(A) —
TC(B) is (k — 1)-connected. If A — B induces a surjection mgA — moB with nilpotent
kernel, then TC(A) — TC(B) is —1-connected.

Proof: Consider the cubical approximation in II1.3.1.8. In this construction the conditions

on the maps of S-algebras are converted to conditions on homomorphisms of simplicial

rings (that the maps in the cubes are not themselves homomorphisms does not affect the

argument). Hence by theorem 2.3.4. Follows from the homotopy cartesian square, corollary

3.2.14 and lemma 2.2.5. [
In fact, for the same reason this applies equally well to higher dimensional cubes:

Proposition 3.3.2 Let A be cubical diagram of positive dimension of S-algebras, and
assume that all maps are k-connected and induce surjections with nilpotent kernel on .

Assume that we have shown that T(A) is id — k cartesian. Then TC(A) is id — k — 1
cartesian.

Proof: Again we do the proof for each of the vertices in the cartesian square giving 7'C.
For TC(=)" =~ [, pime T'C(—,p), this is proposition 2.2.7. For the two other vertices we
again appeal to theorem 2.3.4 which allow us to prove it only for simplicial rings, and then
to proposition 3.2.12 which tells us that the cubes involving (I'))"" and (I;(O))mr are as
(co)cartesian as the corresponding cubes, X(HH (A)))pr and X(HH(A) (o))rr. Thus we
are done since homotopy colimits preserve cocartesianness. [

Notice that this is slightly stronger than what we used in theorem 2.3.4 to establish
the approximation property for T'C: There we went all the way in the limit, obtaining
stable equivalences before taking the homotopy fixed point construction. Here we actually

establish that the connectivity grows as expected in the tower, not just that it converges.

3.3.3 Summary of results

In addition to the above results depending on the careful analysis of the homotopy fixed
points of topological hochschild homology we have the following more trivial results follow-
ing from our previous analyses of TC'(—, p) and the general properies of homotopy fixed
points:
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e T'C is an {2-spectrum.

e T'C can be calculated degreewise in certain relative situations
o T'C preserves [S,-equivalences

e T'C is Morita-equivariant

e T'C preserves products

e T'C of triangular matrices give the same result as products.

e T'C satisfies strict cofinality

e T'C depends only on its value on simplicial rings

4  The trace.

4.1 Lifting the trace to topological cyclic homology

In this section we prove the

Lemma 4.1.1 Let C be a IS.-category. Then the Bdkstedt-Dennis trace map obC —
T(C)(S°) factors through TC(C; S°).

Proof: Remember that the Bokstedt-Dennis trace map was defined as the composite

obC — \/ Clc,e)(S°) — THH(C)o — THH(C)

ceobC

where the first map assign to every object its identity map, and the last map is the
inclusion by degeneracies. With some care, using the simplicial replacement descrip-
tion of the homotopy colimit, one sees that this inclusion can be identified with the
inclusion limz THH(C) € THH(C) (see lemma 1.1.4.), and so is invariant under the
circle action on |[THH(C)|. In particular, the Bokstedt-Dennis trace map yields maps
obC — sd, THH(C)“ . To see that it commutes with the restriction maps, one chases an
object ¢ € obC through obC — sd,, THH(C)°=@Q > R >> sd, THH(C), and see that it
coincides with its image under obC — sd, T H H(C)°" '

Recall the notion of the K-theory K(C,w) of a symmetric monoidal [S,-category C
with weak equivalences from II.7. The letter combination T'C(K(C,w)) is supposed to
signify the bispectrum m,n +— TC(K(C,w)(S™);S™). In order to have the following
definition well defined, we consider K-theory as a bispectrum in the trivial way: m,n —
obK (C,w)(S™)AS™ without changing the notation.



4. THE TRACE. 215

Definition 4.1.2 Let C be a symmetric monoidal ['S,-category with weak equivalences.
Then the cyclotomic trace is the lifting of the Bokstedt-Dennis trace

obK (C,w) — TC(K(C,w))
considered as a map of bispectra.

This section must be (re)written. Put the I" space stuff in II.
In the case of rings we have already produced a satisfactory “trace map” to THH,
namely
K(A) = ob§P,4 = T(A)" — T(A)
This defines a map to TC as follows. The diagram
T(A)" — T(A)"

J !

prrime TC(A7 p);)\ - prrime holimT(A)thT;
p e

T-Fp

commutes, and so we have a map T(A)T — TC(A), which we may call the trace. The
unfortunate thing is of course that as we have defined it, this only works for rings. There
are many approaches to defining the trace map for S-algebras in general We will follow the
outline of [120]. This is only a weak transformation, in the sense that we will encounter
weak equivalences going the wrong way, but this will cause no trouble in our context.

For any S-algebra A we will construct a weak map from BA* = BGL(A), the classify-
ing space of the monoid of homotopy units of A, to TC'(A). Applying this to the S-algebras
Mat, A, we get weak maps from BG/E,L(A) to TC(Mat,A) ~ TC(A). Then we have a
choice of strategies:

Either we stabilize with respect to n and take the plus construction on both sides to
get a weak transformation from BGL(A)" to limw TC(M,A)" ~TC(A).

Or, we insists upon having a transformation on the spectrum level. Then we may
choose the I' space approach. Let Kr(A) and and TCr(A) be two I' spaces defined on
objects by sending the finite set K to the space

H B(H Mat iy (A)*) X EXs, ik
feMap«(K,Ng) keK

and
H TC(H Matf(k)(A)) X EzzkeK fk)
feMap«(K,Ng) keK

The action on the morphisms are far from obvious, and we refer the reader to [6] for the
details. The transformation we have defined give rise to a map of I' spaces, and hence a
spectrum-level transformation Kr(A) — TCr(A).

We will only need the former, and have to prove that it is compatible with the definition
we already have given for rings.

Note that the inclusion BGM — N¥NGM is onto N¥(NGM)S" | and is fixed by the
restriction maps, and so our trace factors through a weak transformation K(A) — T'C(A).
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5 Split square zero extensions and the trace

Let A be an S-algebra and P an A bimodule. Then we define AV P as before, and recall
that we have for every x € Z97 a decomposition of V(A V P)(x) by letting

VOUPx =\ A Felw)

dEAm([1—1],[q]) 0<i<q

where

P(S®) ifi€img
Then V(AVP)(x) 2\ 0 VO(A, P)(x) and THH(AVP; X)@ >~>> [[ o, THHD(A, P; X)

where

E¢(I):{A(SI) if § ¢ ime

THHY(A, P; X), = holim QX (XAVY) (4, P)(x))

xeZat!
We want to get control over the various actions, to get a description of T'C' of a split
square zero extension.

Lemma 5.0.3 For every prime power a = p”
sd,THH(AV P; X)% ——— [0 sd,THHU) (A, P; X)Ca
s an equivalence.

Proof: Note that, for every a
XAV(AV P)(x*) 2= \[(XAVY)(A, P)(x*))

Jj=20
is a C, isomorphism, and the action respects the wedge decomposition. We note that

V(j/“)(A, P)(x) ifj=0 moda

* otherwise

VO(A, P)(x*)% = {

If a = p™ where p is a prime, we have maps of fibrations
Map(SP", XAV 50 VA, P)(x7P))“r — Map(S™, XAV 5 VI(A, P)(x))
[1j50 Map(S", XAVO(A, P)(x))r — ;50 Map(S™*, XAV (A, P)(x")%
with homotopy fiber
holikaMap(S“xw, SEAX A \/j>0 V0O)(A, P)(x%)) e,
k >

|

[T holim@* Map(S™, S'AX AV O(A, P)(x"))nc
o k

ap
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The map of fibers factors through
holimQ* (] [ Map(S™*, SEAX AVU(A, P)(X7)))nc,

F j>0
By Blakers-Massey the map into this space is an equivalence, and also the map out of this
space (virtually exchange the product for a wedge to tunnel it through the orbits).
Hence

sdp THH(AV P; X)C» I, sq THH(AV P; X)C

| |

[TssdayTHHO(AV Py X )~ [T sd, THHD(AV P; X )Cn

is cartesian. But the right vertical map is an equivalence for a = 1, and hence by induction
for all a = p™. [

Assume from now on that P is n — 1 connected, and X is m — 1 connected. We want
to study the maps

sdy THHUP)(A, P; X)Cor — 2 sq, THHO(A, P; X)Ce
a bit closer. The fiber is

holim (92*sd,,THHY) (A, P; S*AX)e,,)
k
and is by assumption jpn +m — 1 connected. If p does not divide j, the base space is
equivalent to

holim (Q*sd, THHY (A, P; S*AX )nc,)
k

which is jn +m — 1 connected.

So consider
sdy THH") (A, P; X)C
where p does not divide [. If s > r the R maps will compose to an Ip n + m con-
nected map to THH"" ") (A, P; X) which is Ip*"n +m — 1 connected. If r > s the R
maps will compose to an Ipn + m connected map to to SdprfsTHH(l)(A, P;X)CP**S ~
holim?(sdprfsTHH(l)(A, P; Sk/\X))thPS which is In +m — 1 connected.
Hence

s—r+1

holim sd+THH"P (A, P; X)Cr

PERp
will be max(ln +m — 1,Ip* "n + m — 1) connected. This means that there is a 2n + m
connected map

TR(AV P; X,p) — TR(A; X, p) x | [ holim sdye-THH?' (A, P; X) -
r>0 p'eERy

— TR(A; X, p) x [ [ sdpy THHV (A, P; X)%

r>0
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(the last map is pn+m > 2n+m connected as all maps in the homotopy limit on the first
line are pn + m connected).

Lemma 5.0.4 Let A, P, X and a = p" be as before. Then
ITHHM(A, P; X)|% —— |[THH®M(A, P; X)[".

Proof: Let x € Z9 and set S(x) = S™, Y(x) = XAVW(4, P)(x%) and U(x) =
S(x)/S(x)%. Notice that U(x) is finite and free, S(x)“ is a(Lix)/p dimensional, and
Y (x) is a(Ux) + m — 1 connected and Y% = x. Consider the map of fibrations

Map(U(x), Y (x))%  ——  Map(S(x),Y(x))% ——  Map(S(x)%, Y (x))

l l |

Map(U(x), QY (x))"“ —— Map(S(x), QY (x))"“* —— Map(S(x)“, QY (x))""

The left vertical map is highly connected, and goes to infinity with Lix (ref). The upper
right hand corner is isomorphic to Mapc,, (S(x)?, Y (x)“?) = *. By the approximation

lemma, holim_z; commutes with finite homotopy limits, and so

holim—=; Map(S(x)%?, QY (x))h¢ —~— (holim_— Map(S (%)%, QY (x)))",

pSA

but as S(x) is only a(Lix)/p dimensional, and QY (x) is a(Lix) + m — 1 connected, this
means that the homotopy colimit is contractible. [
Collecting the information so far we get

Lemma 5.0.5 There is a 2n + m connected map

E(A; X, p) — E(A; X, p) % holim ‘I(l)(A, P; X)‘hcpr'

prEFp

Proof: Take — of the T'R expression, and insert the lemma. [

Recall that T (A, P; X)@Q <<< N¥T(A, P; X) — SIAT(A, P; X) are equivalences.
Let @ be the endofunctor of spectra sending X to the equivalent €2 spectrum QX = {m —
holim_— Xovk}-

Theorem 5.0.6 (Hesselholt) Let A, P, X and p as above. The “composite”

TC(AV P;X,p) —— T(AV P;X) «—— NYT(A,P;X) —— S'AT(A, P; X)

|

SIAT(A, Py X)

1 2n + m—"7 connected after p completion.
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Proof: In a 2n + m—7 range, this looks like
holim(NYT (A, P; X))"“ — QNYIT(A,P;X) «— NYT(A, P;X) = SIAT(A, P;X)

p"EFp
SINT (A, P; X)
but the diagram
holim(NVT'(A, P; X))"® = holim(SLAL(A, P; X))"% «— (SLAT(A, P; X))M"

prEFp prEFp

J | -|

~

QNYI(A, P; X) —  QSIANL(A, P X)) — QS'AL(A, P X))

gives the result as the upper right hand map is an equivalence after p completing (ref).
The right hand vertical map is an equivalence (refapp) [

Corollary 5.0.7 Let A be a simplicial ring and P a simplicial A bimodule. The trace
induces an equivalence

DK (A % —)(P) — DiTC(A x —)(P).

Proof: We have seen that this is so after profinite completion, and we must study what
happens for the other corners in the definition of T'C'. But here we may replace the
S homotopy fixed points by the negative cyclic homology, and as we are talking about
square zero extensions, even by shifted cyclic homology. But as cyclic homology respects
connectivity we see that the horizontal maps in

(NYT(A, P; X)) —— (T(Ax Py X))

! !

(NYT(A, P; X) (o))" —— (T(A x P; X))

are both 2k + m connected if P is kK — 1 connected and X is m — 1 connected.
Summing up: both maps going right to left in

~

K(Ax P) —— TC(Ax P) «—— (N¥T(A, P))"¥" —=— (SLAT(A, P))""

l |

T(Ax P) «—— QNYT(A,P) — Q(S}_/\T(A,P))

= -

NYT(A,P) —— SIAT(A,P)

STAT(A, P)

are 2k connected, and all composites from top to the bottom are 2k connected. [
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Chapter VII

The comparison of K-theory and 7'C

At long last we come to the comparison between algebraic K-theory and topological cyclic
homology. The reader should be aware, that even though we propose topological cyclic
homology as an approximation to algebraic K-theory, there are marked differences between
the two functors. This is exposed by a number of different formal properties, as well as
the fact that in most cases they give radically different output.

However, the local structure is the same. We have seen that this is the case if we use
the myopic view of stabilizing, but we will now see that they have the same local structure
even with the eyes of deformation theory.

More precisely, we prove the integral version of the Goodwillie conjecture

Theorem 0.0.8 Let A — B be a map of S-algebras inducing a surjection mgA — moB
with nilpotent kernel, then

K(A) —— TC(A)

K(B) —— TC(B)
1s homotopy cartesian.

The version where the map is in fact 1-connected was proposed as a conjecture by the
second author at the ICM in Kyoto 1990. The current proof was found in 1996.

Some history

Something about consequences and related results.

We prove it in two steps. In section 1 we prove the result for the case where A — B is
a split surjection of simplicial rings with square zero kernel. This case is possible to attack
by means of a concrete cosimplicial resolution calculating the loops of the classifying space
of the fiber. Some connectedness bookkeeping then gives the result. In section 2 we get
rid of the square zero condition and the condition that A — B is split. This last point
requires some delicate handling made possible by the fact that we know that in the relative
situations both K-theory and T'C' can be calculated degreewise. Using the “denseness” of
simplicial rings in S-algebras, and the “continuity” of K and T'C' we are finished.
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1 K-theory and cyclic homology for split square zero
extensions of rings

Recall that if A is a ring and P is an A-bimodule we write A x P for the ring whose
underlying abelian group is A@® P and whose multiplication is defined by (a1, p1)- (a9, p2) =
(ayas, aips 4+ pras). Then the projection A x P — A is a surjection of rings whose kernel
is a the square zero ideal which we identify with P..

Definition 1.0.9 For A a simplicial ring and P an A bimodule, let F 4P be the iterated

fiber of
K(Ax P) —— TC(Ax P)

| !

K(A) —— TC(A)

regarded as a functor from A bimodules to spectra.

Theorem 1.0.10 Let A be a simplicial ring. Then F 4P ~ x for all A-bimodules P.

That is, the diagram in definition 1.0.9 is homotopy cartesian.

The proof of this theorem will occupy the rest of this section. In the next, we will show
how the theorem extends to S-algebras to prove Goodwillie’s ICM90 conjecture.

We may without loss of generality assume that A is discrete. We know by ref that
if P is k-connected, then F4P is 2k-connected; so for general P it is natural to study
QOFF 4(B*P) (whose connectivity goes to infinity with k), or more precisely, the map

k
F, P — QFF 4(B*P):

This map appears naturally as the map of fibers of F4 applied to the (co)cartesian

square
P—— 0

Lo

0 —— BP
Since F 4 is not a priori linear, we don’t know that np is an equivalence, but we will show
that it is as connected as F4(BP) is. This means that F 4P is as connected as QF 4(BP),
and by induction F 4 P must be arbitrarily connected, and we are done.
To see this, model P ~ QBP by means of the cosimplicial object

w(, BP, ) = {[q] = S.(S;, BP) = BP*"}

(refappend)NBNB. We coaugment this by P — w(x, BP,x), and let S — P2 be the
composite

Pn —— AUD e simplicial A bimodules.
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For any n-cube &X', we have a tower

F,.1. —— F, . F Fy
d, d, d
where
FO = X@a
q)O = X{l}v

F’j = fib{Fj_l — (I)j—l} and
o, = fib {Xj — holim X|Pn[j] — {j}}

where Pn[j] = {S € Pn|je S, {j+1,...,n} NS =0}. This is nothing more than a spe-
cific choice of path for computing the iterated fiber Fj, | of X.

In the case X = F4,P" we get F} = [y = F4P and & = QF4BP. Theorem 1.0.10
follows from the claim that F3 is as connected as QF 4 BP is. This will again follow if we
know this to be true for the ®;s and for F, ;.

We first consider the question for the ®;s. Note that the maps in Pnlj] always preserve
j, which is the last element. Translated to A, for all 0 < [ < j, it has all the inclusions
d": [I] = [l + 1] but the one omitting [ + 1. This leaves som room for a change of base
isomorphism of j cubes P"|Pn[j] = Q7 given by sending d’ to 6° which omits the i + 1th
coordinate, and is the identity on the vertices of cardinality < 1. Here we have used that
the cubes are strongly (co)cartesian. The important outcome is that @7 can be constructed
iteratively by taking products with BP.

Thus ®; = iterated fiberF 4Q7, which can be analyzed as follows. Let Py,... P, be A
bimodules, and define

FA(PO;Pl...,Pj)

inductively by letting F 4(P,) be as before, and setting
FA(PQ;Pl,...,Pj) :fibGT’{FA(PQ;Pl,...,Pj_l) —_— FA(P() X Pj;Pla"'ypj—l)}

We see that
F4(x;BP,...,BP) ~ ®,

Now, assume that we know that F 4(x; BP) ~ QF 4BP is m-connected for all A and
P. We will show that ®; >~ F4(x; BP, ..., BP) is also m-connected.

This will follow from the more general statement, that if all the P; are 1-reduced, then
Fa(—; P1,..., P;) is m-connected. For j =1 this is immediate as

F4(Po; Pr) = fiber{Fa(Fy) — Fa(Py x P1)} = QF 4yp,(P1)}



(lem:VI1.3}

(lem:VI1.4}

(lem:VI1.5}

224 CHAPTER VII. THE COMPARISON OF K-THEORY AND TC

so assume that F4(—; Py, ..., Pj_1) is m-connected. In particular F 4(FPp; Py, ..., Pj—1) and
Fa(Py x (Pj)g; Pr,...,P;_1) are m-connected, and using that F4(—) may be calculated
degreewise we see that

Fa(Pyi Py, (P)),) is {O =0
m — 1 connected
and hence the conclusion follows.

We are left with showing that the iterated fiber of F 4P" is as highly connected as we
need. In fact, we will show that FoP" is (n — 3)-cartesian, and so choosing n big enough
we are done. In order to prove this, and so to prove the triviality of F 4P, it is enough to
prove the two following lemmas.

Lemma 1.0.11 K(A x P") is n-cartesian.

Proof:  Follows from NBNBref with £ = 0. [
and

Lemma 1.0.12 TC(A x P™) is n — 3 cartesian.

Proof: This proof occupies the rest of the section and involves several sublemmas.
For each 0 < i < n, let P; be an A bimodule, and let T'(A4; Py,...,P,) = {k —
T(A; Py,...,P,;S*)} be the n reduced simplicial spectrum given by

[g] = holim Q-*(S*A \/ /\ FI @ 75™)

xermH! $E€Am ([n],[q]) 0<i<q

for ¢ > n, where A,,([n],[q]) is the set of injective order preserving maps ¢: {0 < --- <
n} — {0 < --- < ¢}, and where F/ = Aif j € im¢ and F? = Py1(j) otherwise. The
simplicial operations are the ordinary Hochschild ones, where the Ps multiply trivially.
This is a functor from simplicial A bimodules to spectra, and restricted to each factor it
preserves cartesian diagrams. We let Z("H)(A, P) be the composite with the diagonal. We
see that this agrees with our earlier definition.

Lemma 1.0.13 Let M be a strongly (co)cartesian S-cube of simplicial A bimodules. Then
T™ (A, M) is cartesian if |S| > n.

Proof:  The proof follows Goodwille’s argument in [40, proposition 3.4]. We define a new
S-cube Z as follows. If 7" C S, let Sy C PS be the full subcategory with objects U
containing 7" and with |S — U| < 1.

Zr = holim ... holim T'(A,{My,})

U,eSt Un€St

As M was strongly cartesian M |S7 is cartesian, and so the map I(”)(A, Mryp) — Zris an
equivalence for each 7. The homotopy limits may be collected to be over S;" which may
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be written as Nyer.A; where A, is the full subcategory of A = S;™ such that s is in every
factor. As |S| > n the A cover A as in the hypothesis of [40, lemma 1.9], and so Z is

cartesian. ]
(lem:VI1.6}

Lemma 1.0.14 If P is (k — 1)-connected, then

T(Ax P) «—— V0§j<oo I(j)(Av P) — V0§j<nz(j)(Aa P)
is (n(k 4+ 1) — 1)-connected.
Proof: NBNB(ref) gives that

T(Ax P) «—— Vosjcoo TW(A, P).

If Pis (k — 1)-connected each simplicial dimensions contains smash of j copies of P:

ifg<j—1
T(A,P), is {01 4=

k7 — 1 connected
and so TV (A, P)is j —1+kj — 1= (k+1)j — 2 connected. '

{lem:VI1.
Lemma 1.0.15 T(A x P") is id — 2 cartesian.

Proof: Consider
T(Ax P) S VO§j<n I(j)(Aa P)

‘| |

holim§ # (T(A x P§) —— holimS # 0\, TV (A, PE)

By lemma 1.0.14 a is (n—1)-connected. By lemma 1.0.13 7Y (A, —) is n-excisive for j < n,
and so

v0§j<nz(j)(A’ P) \/0§j<n holim@)ﬂj)(A,Pg).

Since V ~ [] for spectra, this implies that b is an equivalence.
Again, by lemma 1.0.14

T(AxPg) — VO§j<n I(j)(A> P3)

is (2n—1)-connected for S # (), with fiber, say Fg, (2n—2)-connected. The fiber of ¢ equals
holims<—7£@ Fs, and must then be 2n —2 —n+1=n — 1 connected (an n cube consisting of
[ connected spaces must have (I — n)-connected iterated fiber: by induction). Hence c is
n-connected.

This means that d must be (n — 2)-connected. Likewise for all subcubes (some are

id-cartesian). '
Applying proposition NBNB5.7 with & = n — 2, this concludes the proof of lemma
1.0.12 [

This also concludes the proof of theorem 1.0.10. [
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2 Goodwillie’s ICM’90 conjecture.

In this section we will prove

Theorem 2.0.16 (Goodwillie’s ICM’90 conjecture) Let A — B be a map of S-algebras
inducing a surjection mgA — w9 B with nilpotent kernel, then

K(A) —— TC(A)

| !

K(B) —— TC(B)
15 homotopy cartesian.

Following the procedure of [39] we first prove it in the case A — B is a simplicial ring
map, and then use the density argument to extend it to S-algebras.
We start up with some consequences of the split square zero case.

{vi2.2}
Lemma 2.0.17 Let f: B — A be a simplicial ring map such that each f, is an epimor-

phism with nilpotent kernel. Then
K(B) —— TC(B)

|

K(A) —— TC(A)
15 homotopy cartesian.

Proof:  Let I =ker(f). As we may calculate the K-theory and T'C' of a simplicial radical
extension degreewise, the statement will follow if we can prove the it for f,: B, — A, for
each ¢q. That is, we may assume that B and A are discrete, and that I = ker(f) satisfies
I™ = 0. Note that each of the maps

B=B/I"—-B/I"' — ... B/I* - B/I=A

are square zero extensions, so it will be enough to show the corollary when 1% = 0.
Let F' — A be a free resolution of A, and perform pullback

P —— F

B 1.4
Using again that we may calculate the K-theory and T'C' of a simplicial radical extension
degreewise, the result will follow for P — F' (and hence for f) if we can prove the statement

for P, — Iy for each ¢q. But as each I} is a free ring P, — F, must be a split square zero
extension, for which the theorem is guaranteed by 1.0.10. [
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(lem:VI2.3}
Lemma 2.0.18 Let f: B — A be a 1-connected epimorphism of simplicial rings, then
K(B) —— TC(B)
K(A) —— TC(A)
1s homotopy cartesian.

Proof: Note that if R — S is a k-connected map of simplicial rings, then K(R) — K(S5)
and TC(R) — TC(S) will be (at least) (k — 1)-connected. We will clearly be done if we
can show that any £ > 1 connected map f: A — B has a diagram of the following sort

B=—Dp

/1<—E——/T

where g is a (k+1)-connected epimorphism and h is a square zero extension. The horizontal
maps are simply the replacement of I by a k-reduced ideal I’ C B’ described in 77. We set
g to be the projection B" — B’/(I')> = C. We have a short exact sequence of simplicial
abelian groups

0 —— ker(m) —— I'®z I' —"— (I')? —— 0.

As I' is k-reduced, so is ker(m), and I’ ®z I’ is (2k — 1)-connected, and accordingly
ker(g) = (I')*> must be at least k-connected. '

{theo:VI2
Theorem 2.0.19 Let f: A — B be a map of simplicial rings inducing a surjection myA —

moB with nilpotent kernel, then

K(A) —— TC(A)

|

K(B) —— TC(B)
1s homotopy cartesian.

Proof: Consider the diagram

L

moB —— myA
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The theorem will follow for f if it is true for the three other maps. This follows for the
vertical maps by lemma 2.0.18, and for the horizontal map by lemma ?7. [
Proof: (Proof of theorem ??. As in the preceding proof, it is enough to consider the maps
A — mpA. We know that for every S € obP, the diagram

l |

K(mA) —— TC(myA)
is cartesian, and furthermore, that

K(A) = holim K (Ag)

SeP—0
and
TC(A) = holim TC(Ag)
SeP—0
and the result follows. '

3  Some hard calculations and applications

To be written. Must contain reviews of the relevant results of Bokstedt, Brun, Hesselholt,
Hsiang, Madsen, Rognes and Tsalidis. (will contain no original mathematics)



Appendix A

Simplicial techniques

For the convenience of the reader, we give a short review of simplicial techniques. This is
meant only as a reference, and is far from complete. Most results are referred away, and we
only provide proofs when no convenient single reference was available, or when the proofs
have some independent interest. Most of the material in this appendix can be found in
Bousfield and Kan’s book [14] or in Goerss and Jardine’s book [36].

0.1 The category A

Let A be the category consisting of the finite ordered sets [n] ={0 <1< 2 <--- <n} for
every nonnegative integer n, and monotone maps. In particular, for 0 < i < n we have the
maps

| i < o
d:n—1] — [n], d'(j) = “skips 7”
-1, d() {jH I p
' ' . o
s't n+1] — [n], s'(y) = {‘7 ‘7 - Z “hits i twice”
=1 1<y

Every map in A has a factorization in terms of these maps. Let ¢ € A([n],[m]). Let
{in <ip <+ <ip} = [m] —im(¢), and {ji < j> <--- < ji} = {j € [n]|6(4) = &(j + 1)}
Then
Cb(]) = k%1 ... JNgl1gI2 ... gl (])
This factorization is unique, and hence we could describe A as being generated by the
maps d’ and s’ subject to the “cosimplicial identities” :
dd = d'd" fori<j
$st =s"1s? fori > j
and -
dis’=t fori < j
sld" = < id fori=7j,j+1
d=1ts) fori>j+1
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0.2 Simplicial and cosimplicial objects

If C is a category, the opposite category, C° is the same category, but where you have
reversed the direction of all arrows. A functor from C° is sometimes called a contravariant
functor.

If C is any category, a simplicial C object is a functor A° — C, and a cosimplicial C
object is a functor A — C.

If X is a simplicial object, we let X,, be the image of [n], and for a map ¢ € A we
will often write ¢* for X (¢). For the particular maps d* and s°, we write simply d; and
s; for X (d') and X (s'), and call them face and degeneracy maps. Note that the face and
degeneracy maps satisfy the “simplicial identities” which are the duals of the cosimplicial
identities. Hence a simplicial object is often defined in the literature to be a subcategory
of C, consisting of a sequence of objects X,, and maps d; and s; satisfying these identities.

Dually, for a cosimplicial object X, we let X" = X([n]), ¢. = X(¢), and the coface
and codegeneracy maps are written d’ and s°.

A map between two (co)-simplicial C objects is a natural transformation. Generally,
we let sC and cC be the categories of simplicial and co-simplicial C objects.

Functor categories like sC and ¢C inherits limits and colimits from C (and in particular
sums and products), when these exist. We say that (co)limits are formed degreewise.

Example 0.2.1 (the topological standard simplices)
There is an important cosimplicial topologi-

cal space [n] — A™ where A" is the standard

topological n-simplex

A" = (50, r0) € RS = 1, 2 0)

with
d'(o, ..., Tn-1) =(20,- -, 25, 0, Ti1, - -, Tna) The standard topological
32(3307 e 7$n+1) :('T()u cee s L1, Ty T 1, iy 2y - - - ,$n+1) 2-simplex A? € R.

0.3 Resolutions from adjoint functors
Adjoint functors are an important source of (co)simplicial objects. Let
F
D=cC
U

be a pair of adjoint functors: we have a natural bijection of morphism sets

C(F(d),c) = D(d,U(c))
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induced by the unit 04: d — UF(d) (corresponding to idp@q) € D(F(d), F(d))) and counit
dc: FU(c) — ¢ (corresponding to idyy € C(U(c),U(c))). Then

la] = (FU)™"(c)
defines a simplicial C object with structure maps defined by
d; = (FU)i(S(FU)qfiwtlZ (FU)™2(c) — (FU)"(c)

and
i = (FUY Foyrop-: (FU(e) — (FU)™(c).

Dually, [q] — (UF)%"!(d) defines a cosimplicial D object. These (co)simplicial objects are
called the (co)simplicial resolutions associated with the adjoint pair.

The coposite T' = UF (together with the associated natural transformations 1 — T'
and TT — T) is occasionally referred to as a triple or monad (probably short for “monoid
in the monoidal category of endofunctors and composition”), and likewise FU a cotriple
or comonad, but never mind: the important thing to us are the associated (co)simplicial
resolutions,

1 Simplicial sets

Let Ens be the category of sets (when we say “sets” they are supposed to be small in some
fixed universe). LetS = s€ns the category of simplicial sets. Since all (co)limits exist in
Ens, all (co)limits exist in S. The category of simplicial sets has close connections with the
category 7 op of topological spaces. In particular, the realization and singular functors (see
1.1) induce equivalences between their respective “homotopy categories” (see 1.3.3 below).

In view of this equivalence, we let a “space” mean a simplicial set (unless explicitly
called a topological space). We also have a pointed version. A pointed set is a set with
a preferred element, called the base point, and a pointed map is a map respecting base
points. The category of pointed spaces (= pointed simplicial sets = simplicial pointed sets)
is denoted S,. Also S, has (co)limits. In particular we let

X\/Y:XHY

and
XNY =X xY/XVY

If X € S we can add a disjoint basepoint and get the pointed simplicial set

X+:XH*
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1.1 Simplicial sets vs. topological spaces
{subsec:A
There are adjoint functors
|—I
Top S

sin

defined as follows. For Y € Top, the singular functor is defined as
sinY = {[n] — Top(A™,Y)}

(the set of unbased continuous functions from the topological standard simplex to V). As
[n] — A”™ was a cosimplicial space, this becomes a simplicial set. For X € S, the realization
functor is defined as

| X| = <H X, % A") /(" x,u) ~ (x, p.u).

The realization functor is left adjoint to the singular functor, i.e. there is a bijection
Top(|X|,Y) < S(X,sinY)
The bijection is induced by the adjunction maps

X —sin | X]|

u—(z,u)

re X, —~A" =X, x A" — |X]) €sin|X|,
and

|sinY| =Y
(y,u) € sin(Y), x A" —y(u) €Y

If S, is the category of simplicial pointed sets(i.e. “pointed spaces”), then the singular
and realization functor also define adjoint functors between S, and the category of pointed
topological spaces, 7 op,.

If X € S, we define

m(X) = m(|X]), and H.(X) = H(|X]).

1.2 Simplicial abelian groups

Let Ab be the category of abelian groups. Since .4b has all (co)limits, so has the category
A = s Ab of simplicial abelian groups. A simplicial abelian group M may be regarded as a
chain complex:

C(M):{Mo do—dy M, do—d1+d2 M, do—d1+da2—d3 }
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We define the homotopy groups of M by

There are free/forgetful functors

2[-]

Ab S Ens
U

where Z[X] is the free abelian group on the set X. One can prove that the definition of
homotopy groups of simplicial abelian groups agree with the definition for simplicial sets:
T (|[UM)|) = m (M) = H (C(M)) see e.g. [36, 7|. Note that the singular homology of a
topological space Y is defined as H.(Y) = m.(Z[sinY]). For X € S we define H.(X) =
7«(Z]X]). The map X = 1-X C UZ[X] induces the Hurewicz map m.(X) — H.(X) on
homotopy groups.

1.3 The standard simplices, and homotopies

We define a cosimplicial space (cosimplicial simplicial set)

[n] = Aln] = {lg] — A(lg]; [n])}-

The spaces A[n] are referred to as the standard simplices. Note that the realization |A[n]| of
the standard simplex equals A", the topological standard simplex. The standard simplices
are in a precise way, the building blocks (representing objects) for all simplicial sets: if X
is a simplicial set, then there is a functorial isomorphism

S(Aln}, X) = Xy, [ f([n] = [n])

A homotopy between two maps fo, fi: X — Y € Sisamap H: X x A[l] — Y such
that the composites
XX x A0 2% xxAl] -2y, i=0,1
are fi and fo. Since | X x A[l]] = |X| x |A[1]], we see that the realization of a homotopy
is a homotopy in 7 op. The pointed version is a map

H: XAA[l]; =Y

(the subscript , means a disjoint basepoint added).

We say that fy and f; are strictly homotopic if there is a homotopy between them,
and homotopic if there is a chain of homotopies which connect fy and f;. In this way,
“homotopic” forms an equivalence relation.

Another way to say this is that two maps fy, fi: X — Y are homotopic if there is a
map

H: X x I —Y, orin the pointed case H: XA\, =Y
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which is equal to fy and f; at the “ends” of I, where [ is a finite number of A[l]s glued
together at the endpoints, i.e. for some sequence of numbers i; € {0,1}, 1 < j <mn, [ is
the colimit of

Afl] Afl] e All]
N AN N
A0] Alo] AJ0]

We still denote the two end inclusions d°, d*: x = A[0] — I.
We note that elements in 7;(X) can be represented by maps a: I — X such that
ad’ = ad' = 0.

1.1.4 Function spaces

In analogy with the mapping space, we define the simplicial function space of maps from
X to Y to be the simplicial set

S(X,Y) = {lg] = S(X x Alg], Y)}

the cosimplicial structure of the standard simplices makes this into a simplicial set. In the
pointed case we set

S.(X,Y) ={lg] — S.(XAAlg]4,Y)
We reserve the symbol Y for the pointed case: YX = S,(X,Y), and so Y*+ = §(X,Y).

Unfortunately, these definition are not homotopy invariant; for instance, the weak equiva-
lence BN — sin|BN| does not induce an equivalence S,(S*, BN) — S,(S*,sin |BN|) (on
7o it is the inclusion N C Z). To remedy this we define

Map(X.Y) = S(X.Y)

and
Map.(X,Y) = S.(X,sin|Y])

In fact, using the adjointness of the singular and realization functor, we see that

Map(X,Y) ={[q] — Top(|X]| x [Alg]], [V} = {lg] = Top(A?, Top(|X]|,|Y])}
=sin(Top(|X1,|Y]))

and likewise in the pointed case.
These function spaces still have some sort of adjointness properties, in that

Map(X x Y, Z) = S(X, Map(Y, Z)) = Map(X, Map(Y, Z))

and
Map.(XNY, Z) = S.(X, Map.(Y, Z)) = Map,(X, Map.(Y, Z))

where the equivalences have canonical left inverses.
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1.1.5 The nerve of a category

Let C be a small category. For every n > 0, regard [n] = {0 < 1 < --- < n} as a category
(if @ < b there is a unique map a < b: beware that many authors let the arrow point in the
other direction. The choice of convention does not matter to the theory). Furthermore, we
identify the maps in A with the corresponding functors, so that A sits as a full subcategory
of the category of (small) categories.

Definition 1.1.5.1 The nerve NC of the small category C is the simplicial category
lq] — 0bN,C = {category of functors [¢] — C}

The nerve is a functor from the category of small categories to simplicial categories.

We see that the set of objects 0bN,C, is the set of all chains ¢y <= ¢; «= -+ < ¢, in C,
and in particular obNyC = obC.

Frequently, the underlying simplicial set obNC is also referred to as the nerve of C. Note
that obN[q] = Alg].

The nerve obN, as a functor from categories to spaces, has a left adjoint given by sending
a simplicial set X to the category C'X defined as follows. The set of objects is Xy. The
set of morphisms is generated by X, where y € X; is regarded as an arrow y: dyy — dyy,
subject to the relations that sgx = 1, for every z € Xy, and for every z € X5

doz

dodoZ dldoz

diz
doz

dldlz

commutes. The adjunction map CobND — D is an isomorphism, and the nerve obN is a
full and faithful functor.

1.1.5.2 Natural transformations and homotopies

The nerve takes natural transformations to homotopies: if : F} — Fj is a natural transfor-
mation of functors C — D, regard it as a functor n: C x [1] — D by sending (¢ « ¢/,0 < 1)

to
F1(0> — F1(0,>

" | w|

Fy(c) —— Fo(c)
Thus we have defined a homotopy between Fj and Fi:

0bNC x A[1] = 0bNC x 0bN[1] = 0bN(C x [1]) — 0bND

{Def :nerv
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1.1.5.3 Over and under categories

If C is a category and ¢ an object in C, the category over ¢, written C/c, is the category
whose objects are maps f: d — ¢ € C, and a morphism from f to ¢ is a factorization
f = ga. Dually the under category is defined. Over and under categories are frequently
referred to as comma categories in the literature.

1.1.6 Subdivisions and Kan’s Fx*

Consider the subcategory A,, C A with all objects, but just monomorphisms. For any
n > 0 we consider the subdivision of the standard n-simplex A[n]. To be precise, it is
N(A,,/[n]), the nerve of the category of order preserving monomorphisms into [n]. For
every ¢: [n] — [m] € A we get a functor ¢.: A,,/[n] — A,,/[m] sending «: [q] C [n]
to the unique monomorphism ¢,(«) such that pa = ¢.(a)¢ where ¢ is an epimorphism
(see section 0.1). This means that N(A,,/—) is a cosimplicial space, and the functor
A, /[n] = [n] sending «: [p] C [n] to a(p) € [n] defines a cosimplicial map to the standard
simplices {[n] — A[n] = N[n]}.
For any simplicial set X Kan then defines

Ex(X) = {lqg] = S(N(An/la]), X)}
This is a simplicial set, and N(A,,/[¢q]) — Aln], defines an inclusion X C Fz(X). Set

Ez™X = lim 2™ (X).
k

The inclusion X C Fx*>X is a weak equivalence, and Ez* X is always a “Kan complex”,
that is a fibrant object in the sense of section 1.3. In fact, they give the possibility of
defining the homotopy groups without reference to topological spaces via

T X = 1S (S, Ex™ X)

where 7y component classes.

1.1.7 Filtered colimits in S,

Filtered colimits are colimits over filtered categories (see [79, p. 207]). Filtered colimits of
sets especially nice because they commute with finite limits (see |79, p. 211]). This fact
has an analog for simplicial sets, and this is one of the many places we should be happy for
not considering general topological spaces. Recall that a filtered category J is a nonempty
category such that for any j, j’ € obJ there are maps j — k, j — k to a common object,
and such that if f,g: j — 7/, then there is an h: 5 — k such that hAf = hg.

Given a space Y, its N-skeleton is the subspace sknyY C Y generated by simplices in
dimension less than or equal to V.
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A space Y is finite if it has only finitely many non degenerate base points. Alternatively
finiteness can be spelled out as, Y = skyY for some N, Yj is finite, and its g-skeleton for
q¢ < N is formed by iterated pushouts over finite sets D,

VDq Algly — VDq Alg]+

| !

skeY  —— sk)Y

{lemma:A1:
Lemma 1.1.7.1 Let J be a filtered category and Y finite. Then the canonical map
lim S, (Y, X) — S.(Y, lim X)

7 J
18 an isomorphism
Proof: Since S,(Y,—)q = S.(YAA[q]+, —) and YAA[q; is finite, it is clearly enough to
prove that

lim S, (Y, X) = S.(Y, lim X).

7 7
Remember that filtered colimits commute with finite limits. Since Y is a finite colimit of
diagrams made out of A[g]’s, this means that it is enough to prove the lemma for Y = A[q],
which is trivial since S,(Alg], X) = X, and colimits are formed degreewise. [
Lemma 1.1.7.2 If J is a filtered category, then the canonical map

lim Fz*°X — Ex*™lim X

7 7
18 an isomorphism.
Proof: Since colimits commute with colimits, it is enough to prove that Fx commute with
filtered colimits, but this is clear since Ex(X), = Si(N(A./[n]), X) and N(A,,/[n]) is a
simplicial finite set equal to its n-skeleton. [
{lemma:pi

Proposition 1.1.7.3 Homotopy groups commute with filtered colimits.

Proof: Let X € obS, and J be a filtered category. First note that mp, being a colimit itself,
commutes with arbitrary colimits. For ¢ > 0 we have isomorphisms

T lim X =m S, (59, Er™ lim X)
7 7

gﬂ‘oé(sq, hl)n E:L'OOX)
J

= lim 7S, (S?, B2 X) = lim 7, X
7 7
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1.1.8 The classifying space of a group

Let G be a group, and regard it as a one point category whose morphisms are the group
elements. Then N,G = G*?, and BG = NG is called the classifying space of G.. The
homotopy groups of BG are given by

G ifi=1

0 otherwise

mi(BG) = {

If G is abelian, BG becomes a simplicial abelian group. Hence we may apply the construc-
tion again, and get a bisimplicial abelian group, and so on. Taking the diagonal, we get a
sequence G, BG, diag* BBG, ... The nth term diag*B"G is isomorphic to Z[S”] ® G, and
is often written H(G,n), and is characterized up to homotopy by having only one nonzero
homotopy group m, = G, and such spaces are called Filenberg-MacLane spaces. We call
any space (weakly) equivalent to a simplicial abelian group, an Eilenberg-MacLane space.
Note that there is a map S'AH (G, n) — Z[S'] ® H(G,n) = H(G,n + 1), and so they are
examples of spectra (see section 1.2 below).

If G is a simplicial group there is an alternative construction for the homotopy type
of diag*BG, called W, which is most easily described as follows: We have a functor
U: A x A — A sending two ordered sets S and T to the naturally ordered disjoint union
S UT. For any simplicial set X we may consider the bisimplicial set sdy X gotten by
precomposing X with U (so that the (sd2X),, = Xp14+1: the diagonal of this construction
was called the (second) edgewise subdivision in chapter VI). We define WG to be space
with ¢-simplices

W,G = {bisimplicial maps sdyAlq] — BG},

where the simplicial structure is induced by the cosimplicial structure of [¢] — Al[g]. This
description is isomorphic to the one given in [82] (with reversed orientation).

1.1.9 Kan’s loop group

The classifying space BG of a group G is a reduced space (i.e. it only has one zero simplex).
On the category of reduced spaces X there is a particularly nice model GX for the loop
functor due to Kan [61], see [82, p. 118] or [36]. If ¢ > 0 we have that G,X is the free group
generated by X,; modulo contracting the image of sy to the base point. The degeneracy
and face maps are induced from X except the extreme face map (which extreme depends
on your choice of orientation, see [82, definition 26.3| for one choice). The Kan loop group
is adjoint to the W-construction described above. As a matter of fact, W and G form
a “Quillen equivalence” which among other things implies that the homotopy category of
reduced spaces is equivalent to the homotopy category of simplicial groups.

1.1.10 Path objects

Let Y be a simplicial object in a category C. There is a convenient combinatorial model
mimicking the path space Y!. Let Li: A x A — A be the ordered disjoint union.
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Definition 1.1.10.1 Let Y be a simplicial object in a category C. Then the path object
is the simplicial object PY given by precomposing Y with [0]U?: A —— A.

Hence P, X = X 41.
The map PY — Y corresponding to evaluation is given by the natural transformation

d’: id — [0] Uid (concretely: it is P,X = Xy11 &Xq ).

Lemma 1.1.10.2 The maps Yo — PY — Yj induced by the natural maps [0] — [0]U[q] —
[0] are simplicial homotopy equivalences.

Proof: That PY — Y, — PY is simplicially homotopic to the identity follows from the
natural transformation of functors (A/[1])° — A° sending ¢: [q] — [1] to ¢.: [0] U [q] —
[0] U [¢] with ¢.(0) =0 and

0 if ¢(j)

j+1 if ¢(j)

[

The connection to the path-space is the following: considering A as a subcategory of
the category of small categories in the usual way, there is a (non-naturally) split projection
[1] x [g] — [0] U [g] collapsing everything in {0} x [¢] through the natural [0] C [0] U [¢],
and sending {1} x [¢] isomorphically to the image of the natural [¢] C [0]U [g]. If X is a
simplicial set, the usual path space is

X' = S(A[L], X) = {lg] = S(AL] x Alg], X) = S(N([1] x [q]), X)}

whereas PX = {[q] — S(N([0] U [q]), X)}, and the injection PX C X'+ is induced by the
above projection.

1.2 Spectra

A spectrum is a sequence of spaces X = {X° X X2 . .} together with (structure) maps
SIAXF — Xkl for k > 0. A map of spectra f: X — Y is a sequence of maps f*: X*¥ — Y*
compatible with the structure maps: the diagrams

Sl/\Xk NN Xk—i—l
J/fk: J/fk+l
Sl/\Yk - Yk+1

We let Spt be the resulting category of spectra. This category is enriched in S,, with
morphism spaces given by

Spt"(X,Y) = {[q] — Spt(XAA[g]+,Y)}

{A12spt}
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In fact, this is the zero space of a function spectrum
SpH(X.Y) = {k > SpiU(X, Y O+0))
There is a specially important spectrum, namely the sphere spectrum
S={k~ S"=S8'A...AS"}

whose structure maps are the identity. Note that there is a natural isomorphism Spt (S, X)) =
X.

Recall that if Y € S,, then QY = S,(S%,sin|Y]). Let n%: sin|X"| — QX" be
the adjoint of S'Asin |[X™| — sin |[STAX™| — sin| X"}, We say that a spectrum X is an
Q-spectrum if n'y is an equivalence for all n.

For X € obSpt we define the spectrum

QX = {n — lim Q" X"}
k

where the colimit is taken over the maps

n+k
QF xhtn e Okl yokant

This is an Q2-spectrum. The homotopy groups of X are set to

X = lim 7rq+ka
k

where the colimit is over the maps 7, , X* — 7, QX 1 = 7 X for k> ¢ In
effect, this means that a map of spectra X — Y induces an isomorphism in homotopy if
and only if QX* — QY* is a weak equivalence for every k.

We say that a spectrum X is cofibrant if all the structure maps S*AX*F — X**1 are
cofibrations (i.e., inclusions). We say that a spectrum X is n-connected if m,X = 0 for
q < n. We then get the trivial observation:

Lemma 1.2.0.3 There is a canonical pointwise equivalence | J, -, Cn(X) = X such that

for given n, C,(X) is a cofibrant —n — 1-connected spectrum.

Proof: By induction we use the functorial factorizations in S, to build a pointwise equiv-
alence (and fibration) C(X) = X such that C(X) is cofibrant. Let

Co(X) = {C(X)°, C(X)L,...,C(X)", S'AC(X)", ...}

with the obvious structure maps, and we see that C(X) = [J,,5 Cn(X). '
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1.3 Homotopical algebra

Categories like sC or csC sometimes have structure like we are used to in homotopy theory
in 7Top. Technically speaking, they often form what is called a simplicial closed model
category, see either one of [100], [54], [53] or [36].

In homotopy theory there are three important concepts: fibrations, cofibrations and
weak equivalences. The important thing is to know how these concepts relate to each
other: Consider the (solid) commuting diagram

%E
o 7
il o7 if

X—DB

where ¢ is a cofibration and f is a fibration. If either ¢ or f are weak equivalences, then
there exists a (dotted) map s: X — E making the resulting diagram commutative. The
map s will in general only be unique up to homotopy (there is a general rule in this game
which says that “existence implies uniqueness”, meaning that the existence property also
can be used to prove that there is a homotopy between different liftings).

Note that there may be many meaningful choices of weak equivalences, fibrations and
cofibration on a given category.

1.3.1 Examples

1. Spaces. In S the weak equivalences are the maps f: X — Y which induce an
isomorphism on homotopy groups (X, z) — m.(Y, f(z)) for all x € Xy. The cofi-
brations are simply the injective maps, and the fibrations are all maps which have
the lifting property described above with respect to the cofibrations which are weak
equivalences. These are classically called Kan fibrations.

These notions also pass over to the subcategory S, of pointed simplicial sets. The
inclusion of the basepoint is always a cofibration (i.e. all spaces are cofibrant), but
the projection onto a one point space is not necessarly a fibration (i.e. not all spaces
are fibrant). The fibrant spaces are also called Kan spaces (or Kan compler).

2. Topological spaces. In 7op and 7op,, weak equivalences are still those which
induce isomorphism on homotopy. The fibrations are the Serre fibrations, and the
cofibrations are those which satisfy the lifting property with respect to the Serre
fibrations which are weak equivalences. All topological spaces are fibrant, but not
all are cofibrant. CW-complexes are cofibrant. Both the realization functor and the
singular functor preserve weak equivalences, fibrations and cofibrations.

3. Simplicial groups, rings, monoids, abelian groups. In sG, the category of
simplicial groups, a map is a weak equivalence or a fibration if it is in S, and
the cofibrations are the maps which have the lifting property with respect to the

i

{A412}

{A413}
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fibrations which are weak equivalences. Note that this is much more restrictive,
than just requiring it to be a cofibration (inclusion) in S, (the lifting is measured in
different categories). However, if X — Y € S, is a cofibration, then F(X) — F(Y)
is also a cofibration, where F': Ens, — G is the free functor, which sends a pointed
set X to the free group on X modulo the basepoint.

Likewise in A, the category of simplicial abeilan groups, and sRing, the category of
simplicial rings.

Functor categories. Let I be any small category, and let [/, S,] be the category of
functors from I to S,. This is a closed simplicial model category in the “pointwise”
structure: a map X — Y (natural transformation) is a weak equivalence (resp.
fibration) if X (i) — Y (i) is a weak equivalence (resp. fibration) of simplicial sets,
and it is a cofibration if it has the left lifting property with respect to all maps that
are both weak equivalences and fibrations. An important example is the pointwise
structure on I'-spaces (see chapter 11.2.1.5), G-spaces (see below).

Generally, it is the pointwise structure which is used for the construction of homotopy
(co)limits (see section 1.9 below).

The pointwise structure on spectra. A map X — Y of spectra is a pointwise
equivalence (resp. fibration) if for every k it gives an equivalence (resp. pointwise
fibration) X* — Y* of pointed simplicial sets. A map is a cofibration if it has the
lifting property with respect to maps that are both pointwise fibrations and pointwise
equivalences. A spectrum X is cofibrant if all the structure maps S'AXF — XF*+!
are cofibrations (i.e., inclusions).

The stable structure on spectra. A map X — Y of spectra is a stable equivalence
if it induces an isomorphism on homotopy groups, and a (stable) cofibration if it is
a cofibration in the pointwise structure. The map is a fibration if it has the lifting
property with respect to maps that are both cofibrations and stable equivalences.

G-spaces and G-spectra. Let GG be a simplicial monoid. The category of G-spaces
(see CNBNBref) is a closed simplicial model category with the following structure:
a map is a G-equivalence (resp. G-fibration) if it is an equivalence (resp. fibration)
of spaces, and a cofibration if it has the left lifting property with respect to all maps
that are both G-equivalences and G-fibrations. Also, the category of G-spectra (see
CNBNBref) has a pointwise and a stable structure giving closed simplicial model
categories. Pointwise fibrations and pointwise equivalences (resp. stable fibrations
and stable equivalences) er given by forgetting down to spectra, and pointwise (resp.
stable) cofibrations are given by the left lifting property.

The examples 1.3.1.1-1.3.1.3 can be summarized as follows: Consider the diagram

-l F H(D) Tu()
Top, 5SS, =2sG =2 A = sRing
sin U U U
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where the U are forgetful functors, 7%(A) the tensor ring on an abelian group, and H,(—) =
—/l=,—]: G — Ab (applied degreewise). We know what weak equivalences in 7 op, are,
and we define them everywhere else to be the maps which are sent to weak equivalences
in 7op,. We know what cofibrations are in S,, and use the axiom to define the fibrations.
We then define fibrations everywhere else to be the maps that are sent to fibrations in S,,
and use the axioms to define the cofibrations.

The proof that 1.3.1.1-1.3.1.4 define closed simplicial model categories is contained in
[100, 114], and the proof 1.3.1.5 and 1.3.1.6 is in [13]. None of these proofs state explicitly
the functoriality of the factorizations of the axiom CM5 below, but for each of the cases it
may be easily reconstructed from a “small object” kind of argument. For a discrete group
G, the case of G-spaces is a special case of 1.3.1.4 but a direct proof in the general case
is fairly straight forward, and the same proof works the pointwise structure on G-spectra.
The proof for the stable structure then follows from the pointwise structure by the same
proof as in [13] for the case G = .

1.3.2 The axioms

For convenience we list the axioms for a closed simplicial model category C. It is a category
enriched in S, it is tensored and cotensored (see B.?7 and B.?7). We call the function spaces
C(—,—). Furthermore C has three classes of maps called fibrations, cofibrations and weak
equivalences satisfying the following axioms

CM1 C is closed under finite limits and colimits.

CM2 (The saturation axiom) For two composable morphisms

b L2 idec
if any two of f, g and gf are weak equivalences, then so is the third.

CM3 (Closed under retracts) If a map f is a retract of g (in the arrow category), and g is
a weak equivalence, a fibration or a cofibration, then so is f.

T—>E
. s/i

X—0B

where 7 is a cofibration and f is a fibration. If either i or f are weak equivalences, then
there exists a (dotted) map s: X — E making the resulting diagram commutative.

CM4 Given a solid diagram

CM5 (Functorial factorization axiom) Any map f may be functorially factored as f = ip =
jq where i is a cofibration, p a fibration and a weak equivalence, j a cofibration and
a weak equivalence, and ¢ a fibration.

{Def:CMC}

{cM1}

{cM2}

{cM3}

{cM4}

{cM5}
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{su7}
SM7 If i: A»— B is a cofibration and p: X — Y is a fibration, then the canonical map

(i*,p)
Q(B7X) —1”> Q(A7 X) HQ(A,Y) Q(B7Y)

is a fibration of simplicial sets. If either i or p are weak equivalences, then (i*, p,) is
also a weak equivalence.

An object X is a retract of Y if there are maps X — Y — X whose composite is idx.
Note that the demand that the factorizations in CM5 should be functorial is not a part
of Quillen’s original setup, but is true in all examples we will encounter, and is sometimes
extremely useful. Furthermore, with the exception of S and 7 op, all our categories will be
S.-categories, that is the function spaces have preferred basepoints.

1.3.3 The homotopy category
osec:Hoadd}
It makes sense to talk about the homotopy category Ho(C) of a closed simplicial model

category C. These are the categories where the weak equivalences are formally inverted
(see e.g. [100]).
The realization and singular functor induce equivalences

Ho(S,) ~ Ho(T op.)

This has the consequence that for all practical purposes we can choose whether we rather
want to work with simplicial sets or topological spaces. Both categories have their draw-
backs, and it is useful to know that all theorems which are proven for either homotopy
category holds for the other.

1.4 Fibrations in S,

Let f: E — B € S, be a fibration. We call F' =[], E the fiber of f. Recall that we get
a long exact sequence

= Mg D = 1y B — ' — m— B — ...

The m;s are groups for ¢ > 0 and abelian groups for ¢« > 1, and m,E maps into the center
of 7T1F.

1.4.1 Actions on the fiber
{A141}

If 7 and G are groups and m — Aut(G) is a group homomorphism from 7 to the group os
automorphisms on G we say that 7 actson G. If H C GG is a normal subgroup we have an
action G — Aut(H) via g — {h — g~'hg}. In particular, any groups acts on itself in this
fashion, and these automorphisms are called the inner automorphisms.



1.4. FIBRATIONS IN S, 245

Let f: E — B be a fibration and assume B is fibrant. Let i: F' = E[[;* C E be the
inclusion of the fiber. Then there are group actions

mE — Aut(m.F)

and
m B — Aut(H.F)

and the actions are compatible in the sense that the obvious diagram

T xmE — mwF

! !

H.FxmB —— H.F

commutes. For future reference, we review the construction.

The spaces F', E, and B are fibrant, so function spaces into these spaces are homotopy
invariant. For instance is BS' = S,(S', B) a model for the loops on B. We write X' for
the free path space X2+,

Consider the map p: X — F X B5" defined by

do

X lim_ {F —— E

'] e

F x BS' lim_ {F —— B «%_ pI B «}

We see that p is both a fibration and a weak equivalence.

Hence there exists splittings F'x BS' — X, unique up to homotopy, which by adjointness
give rise to a homotopy class of maps B* ' H om(F, X). Via the projection onto the last
factor

X=FxpE xgF 25 F,

this gives rise to a homotopy class of maps BS' — H om(F, F). For every such we have a
commuting diagram

1

BS — Hom(F, F)

| l

B =mB —— myHom(F,F) — End(H,(F))

and the lower map does not depend on the choice of the upper map. As F is fibrant
moHom(F, F) is the monoid of homotopy classes of unbased self maps. Any homotopy
class of unbased self maps defines an element in End(H,(F')), and the map from m B is a
monoid map, and giving rise to the desired group action m B — Aut(H,(F)).



yinMaction}

246 APPENDIX A. SIMPLICIAL TECHNIQUES

For the pointed situation, consider the (solid) diagram

g1 mni+j

X2 -F (1.4.1.0)
L

// p
Fx BS'—F x B

where in;: F' — X = F xg E! xz F is inclusion of the first factor, and j is the inclusion
ES =« xp Bl xpx C F xg B! x5y F = X. Again there is a homotopy class of liftings,
and since the top row in the diagram is trivial, the composites

FxpES' - x 22, F

all factor through FAES'. So, this time the adjoints are pointed: ES — Hom,(F,F),
giving rise to a unique

mE = mE% — mo(Hom,(F, F)) — End(m(F)).

Again the map is a map of monoids, and so factors through the automorphisms, and we
get the desired group action m E — Aut(m.(F')), compatible with the homology operation.

1.4.2 Actions for maps of grouplike simplicial monoids

If 7: G C M is the inclusion of a subgroup in a monoid, then j/1 is the over category of j
considered as a functor of categories. Explicitly, it has the elements of M as objects, and
a map from m to m’ is a ¢ € G such that m’g = m.
We have an isomorphism ) x G*7 ——, N,(i/1) given by
g1 g2 9q
(m7glv"'7gq)'_>m magi mgigsz - dq

and B(M,G,*) = {[g] — M x G*?} with the induced simplicial structure, is called the
one-sided bar construction.

Theorem 1.4.2.1 Let M be a group-like simplicial monoid, and j: G C M a (simplicial)
subgroup. Then
N(j/1) - NG — NM

is a fiber sequence, and the action
QNG x N(j/1) — N(j/1) € Ho(S\)
may be identified with the conjugate action

G x N(j/1) =N (j/1)
(g, (m, g1, -, 9q)) € Gg X Ny(j/1) —(gmg™", 9919, . 9949")

{eq:A1410
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Proof: That the sequence is a fiber sequence follows from e.g. Waldhausen’s theorem B’
(NBNBref-can’t we find a better reference?). As to the action, replace the fiber sequence
with the equivalent fiber sequence

F——£r-1.B
defined by B = sin [N M|, and the pullback diagrams

| | and | /|

pl %,

B x —— B
where f is the composite
dy

E=NG xp B - B! B
To describe the action, consider the diagram (the maps will be described below)

J

F\{G&—N>FV(NG)SI>N—>F\/E51L>X

b

FxG—>Fx(NG)’>——=Fx ES'—=DB x F
The rightmost square is the same as the lifting square in 1.4.1.0. The horizontal weak
equivalences are induced by
NG —— E = NG xpg B!, x +— (z, f(x)) (the constant map at f(z))
G — (NG)S' = S.(S*, NG), adjoint to the canonical inclusion S'’AG —— NG

By the uniqueness of liftings, any lifting F x G — X is homotopic to F x G = G x ES
composed with a lifting F x ES' — X. Hence we may equally well consider lifings F x G —
X. We will now proceed to construct such a lifting by hand, and then show that the
constructed lifting corresponds to the conjugate action.

We define a map NG x G x A[l] — (NG) by sending (z,g9,¢) = (g, (z1,...,2,),9) €
G, x N,G x A(lgl. [1]) to

H(x)(¢) = (97 Ow1g™?W, g?Waag P, ., g4V, g70@)

(where g% = 1 and ¢g' = g). Note that, if 1 is the constant map [q] — [1] sending everything
to 1, then HI(z)(1) = (9197, ..., 92,97 "). Welet H: NG x G — NG be the adjoint,

and by the same formula we have a diagram

NG x G — (NG)!

l l

NM x G —2 (NM)!

J J

BxG 2. pBI
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This extends to a map ExX G — ET by sending (z,a) € NGxg B! = Eto g~ HY(z,a) =
(HY(x), H(«)). Since ]
GCBxG o pr 4., p
is trivial for i = 0,1 (and so, if (z, ) € F, we have H9(x,a)(i) = (H(z)(i), H(a)(i)) € F
for i = 0,1), we get that, upon restricting to F' x G this gives a lifting
FxG—oFxpE' xgF=X

Composing with
X=FxpE'xpF 5 F

we have the “conjugate” action
FxG—=F,  (g.(x,0)— (z,a) = H(z,a)(1) = (H(z)(1), H(a)(1))

is equivalent to the action of GG on the fiber in the fiber sequence of the statement of the
theorem.

Let C' = sin |[N(M/1)| x5 B' and F = C xg E. Since C is contractible, F = F'is an
equivalence. We define a conjugate action on C' using the same formulas, such that C' — B
is a G-map, and this defines an action on F such that

Fxg —— F
l
F
I

N(G/1) x G —— N(j/1)

commutes, where the lower map is the action in the theorem. As the vertical maps are
equivalences by the first part of the theorem, this proves the result. [

1.5 Bisimplicial sets

A bisimplicial set is a simplicial object in S, that is, a simplicial space. From the functors

dia, pr
A2 AxA A
pr2

we get functors
S 8§ —— S
where the leftmost is called the diagonal and sends X to diag*(X) = {[q] — X,,}, and
the two maps to the right reinterpret a simplicial space X as a bisimplicial set by letting
it be constant in one direction (e.g. pri(X) = {[p], [q] — X,}).
There are important criteria for when information about each X, may be sufficient to
conclude something about diag*X. We cite some useful facts. Proofs may be found either

in the appendix of [13] or in [36].
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sewise equ}
Theorem 1.5.0.2 Let X — Y be a map of simplicial spaces inducing a weak equivalence
X, =Y, for every ¢ > 0. Then diag*X — diag*Y is a weak equivalence.

Definition 1.5.0.3 (The 7m.-Kan condition, [13]) Let
X =A{lg) — X} ={lpl, la] = Xpq}

be a simplicial space. For a € X, consider the maps
d;: mp( Xy, a) — mp(Xy1, dia), 0<i<gq
We say that X satisfies the 7,-Kan condition at a € X, if for every tuple of elements
(T0, -+ Tty Thg1, - - - Tg) € H mp(Xgo1, dia)

0<i<m
1 #£k

such that d;z; = d;j_ x; for k # i < j # k, there is an
x € my(Xy,a)
such that d;z = x; for i # k.

For an alternative description of the 7.-Kan condition see [36].

Examples of simplicial spaces which satisfies the 7,-Kan condition are bisimplicial
groups and simplicial spaces {[¢] — X,} where each X, is connected, see [13].

Recall that a square is (homotopy) catesian if it is equivalent to a categorically cartesian

square of fibrations.
{theo:A1B!
Theorem 1.5.0.4 [[13]] Let

- X

L

W ——Y

be a commutative diagram of simplicial spaces, such that
V, — X,
W, — Y,
is homotopy cartesian for every p. If X and Y satisfy the m.-Kan condition and if {[q] —
mo(Xy)} — {lg] — m(Yy)} is a fibration, then
diag*V —— diag* X
diag*W —— diag*Y

1s homotopy cartesian.
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As an immediate corollary we have the important result that loops can often be cal-
culated degreewise. Recall that if X is a space, then the loop space of Y is QX =
S.(8",sin |X)).

Corollary 1.5.0.5 Let X be a simplicial space such that X,, is connected for every p > 0.
Then there is a natural equivalence between Qdiag*X and diag*{[p] — QX,}.

Proof: Let Y, = sin|X,|, and consider the homotopy cartesian square

J J

* Yy

Now, since each Y}, is connected, this diagram satisfies the conditions of theorem 1.5.0.4,
and so

diag™{[p] — 8.(5",Y,)} —— diag™{[p] — S.(A[1],Y;)}

| l

* — diag™{[p] — Yy}
is homotopy cartesian. Since S.(A[1],Y,) is contractible for every p we get a natural
equivalence between Qdiag*X ~ Qdiag*{[p] — Y,} and diag*{[p] — QX,} = diag*{[p] —

S.(S1, )} '

Theorem 1.5.0.6 [[13]] Let X be a pointed simplicial space satisfying the m.-Kan condi-
tion. Then there is a first quadrant convergent spectral sequence

Eﬁq = mp([n] = 7y (Xn)) = Tprg(diag™ X)
As an application we prove two corollaries

Corollary 1.5.0.7 Let G be a simplicial group, and let BG be the diagonal of [n] — BG,,.
Then
7BG = 111G

Proof: Note that BG,, is connected for each n, and so BG satisfies the m,-Kan condition.
Now

0 ifqg#1
Ezgq = my([n] = 7 (BGr)) = {W,,G if g =1

and the result follows. '

Corollary 1.5.0.8 Let X be a simplicial space. Then there is a convergent spectral se-
quence
Ezq = Hp([n] = Hq(Xn)) = Hp+q(di(lg*X)

Proof: Apply the spectral sequence of the theorem to the bisimplicial abelian group Z.X.
[
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1.5.0.9 Linear simplicial spaces

Definition 1.5.0.10 A simplicial object X in a model category is linear if the natural
maps
Xp—>X1 X Xo Xl XXy XXoXl

are weak equivalences, where the i’th component is induced from [1] = {i — 1,7} C [p] for
0<i1<p.

This is inspired by categories where a space X is a nerve of a category exactly if the said
map is an isomorphism. A slicker way of formulating this is to say that X is linear if it
takes the pushouts of monomorphisms that exist in A to homotopy pullbacks.

Note that if Xy = *, this gives a “weak multiplication” on Xj:

(do,d2)

~

dy

X1 X X1 X2 Xl.
Saying that this weak multiplication has a homotopy inverse is the same as saying that all

the diagrams

Xp O Xl
o]
Xp—l —_— X

are homotopy cartesian, where the top map is induced by [1] = {0,p} C [p] (this formu-
lation essentially claims that you must have inverses in a monoid to be able to uniquely
produce g and h such that gh = m, if the only thing you know is g and m).

The following proposition is proved in [109, page 296] and is used several times in the
text. The natural map in question is gotten as follows: you always have a map of simplicial
spaces A[l] x X; — X, but if Xy = % you may collaps the endpoints and get a pointed
map S'AX; — X. Take the diagonal, and consider the adjoint map X; — S,(S*, diag*X),
which we map map further to QX = S.(S*, sin | X]).

Proposition 1.5.0.11 Let X be a linear simplicial space with Xy = %. Then the natural
map
X1 — QX

15 a weak equivalence if and only if the induced weak multiplication on Xy has a homotopy
1muverse.

Proof: Since X is linear, we have that for each ¢ the square
X, —— FX
X() = X —> Xq

is homotopy cartesian. That X; has a homotopy inverse implies that X and PX satisfy
the m,-Kan condition, and that {[q] — mo(P,X)} — {[q] — m0(X,)} is isomorphic to the

{A1Segall
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classifying fibration E(myX;) = B(moX1, m0X1,*) — B(meX1) (which is a fibration since
X1 is a group). Hence theorem 1.5.0.4 gives that

Xy —— diag*PX

x —— diag*X

is homotopy cartesian, and the result follows by the contractibility of PX. [
Applying this proposition to the bar construction of a group-like simplicial monoid, we get:

Corollary 1.5.0.12 Let M be a group-like simplicial monoid. Then the natural map M —
QBM 1is a weak equivalence.

1.6 The plus construction

1.6.1 Acyclic maps

Recall from 1.1.6.2 that a map of pointed connected spaces is called acyclic if the integral
homology of the homotopy fiber vanishes. We need some facts about acyclic maps.

If Y is a connected space, we may form it’s universal cover Y as follows. From sin Y,
form the space B by identifying two simplices u,v € sin |Y'|, whenever, considered as maps
Alq] — sin Y|, they agree on the one-skeleton of Ag]. Then sin|Y| — B is a fibration of
fibrant spaces [82, 8.2|, and Y is defined by the pullback diagram

Y —— BAl
Y — B

and we note that Y — Y is a fibration with fiber equivalent to the discrete set m Y.

Lemma 1.6.1.1 Let f: X — Y be a map of connected spaces, and Y the universal cover
of Y. Then f is acyclic if and only if

H.(X xy Y) — H(Y)

18 an isomorphism.

Proof: We may assume that X — Y is a fibration with fiber F. Then X xy Y — Y also
is a fibration with fiber F', and the Serre spectral sequence

Hp(ff§ Hy(F)) = Hpo(X xy }7>

gives that if H,(F) = 0, then the edge homomorphism (which is induced by X xy Y — Y)
is an isomorphism as claimed.
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Conversely, if H.(X xy Y) — H,(Y) is an isomorphism. Then it is easy to check
directly that H,(F) =0 for ¢ < 1. Assume we have shown that H,(F) =0 for ¢ < k for a
k > 2. Then the spectral sequence gives an exact sequence

Hin(X xyY) —— Hp 1 (Y) —— Hp(F) —— Hpy(X xyY) —— H(Y) —— 0

which implies that Hy(F') = 0 as well. o
The lemma can be reformulated using homology with local coefficients: H,(Y) =

H.(Y;Z[mY]) and H (X xy Y) =2 H(Z[X]| ®z[r,x) Z[mY]) = H(X; [*Z[mY]), so f
is acyclic if and only if it induces an isomorphism
H.(X; f"ZmY]) = H.(Y;Z[mY))

This can be stated in more general coefficients:

Corollary 1.6.1.2 A map f: X — Y of connected spaces is acyclic if and only if it for
any local coefficient system G on'Y, f induces an isomorphism

H.(X; f*G) &2 H.(Y;G)

Proof: By the lemma we only need to verify one implication. If i: FF — Y is the fiber of
f, the Serre spectral sequence give

Hy(Y; Hy(F34°fG)) = Hpio(X; f7G)

However, i* f*G is a trivial coefficient system, so if ]:I*(F ) = 0, the edge homomorphism
must be an isomorphism. [
This reformulation of acyclicity is useful, for instance when proving the following lemma.

Lemma 1.6.1.3 Let
x 1.y

Ll

z L5
be a pushout cube of connected spaces with f acyclic, and either f or g a cofibration. Then
f!is acyclic.

Proof: Let G be a local coefficient system in S. Using the characterization of acyclic maps
as maps inducing isomorphism in homology with arbitrary coefficients, we get by excision
that

H.(S5,Z;G) = H.(Y, X;(¢g')"G) = 0

implying that f’ is acyclic. [

Lemma 1.6.1.4 Let f: X — Y be a map of connected spaces. Then f is a weak equiva-
lence if and only if it is acyclic and induces an isomorphism of the fundamental groups.

Proof: Let F be the homotopy fiber of f. If f induces an isomorphism 7 X = mY on
fundamental groups, then 7 F' is abelian. If f is acyclic, then 7 F' is perfect. Only the
trivial group is both abelian and perfect, so m F = 0. As H,F = 0 the Whitchead theorem
tells us that |F| is contractible. '

{cor:acyl

{lem:push

{lem:weac:
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1.6.2 The construction

We now give a functorial construction of the plus construction, following the approach of
[14, p. 218|.

If X is any set, we may consider the free abelian group generated by X, and call it
Z[X]. If X is pointed we let Z[X] = Z[X]/Z[+]. This defines a functor Ens, — Ab
which is adjoint to the forgetful functor U: Ab — Ens,, and extends degreewise to all
spaces. The transformation given by the inclusion of the generators X — Z[X] (where
we symptomatically have forgotten to write the forgetful functor) induces the Hurewicz
homomorphism m,(X) — m,(Z[X]) = H,(X).

As Z is a left adjoint functor, as explained in section 0.3 it gives rise to a cosimplicial
space Z via

Z[X] = {[n] = Z""'[X]}

where the superscript n + 1 means that we have used the functor Z n + 1 times. The
total (see section 1.8) of this cosimplicial space is called the integral completion of X and
is denoted Z . X.

If Y is a pointed set, consider the category U/Y of functions A — Y from abelian
groups to Y. The forgetful functor U/Y — Ens,/Y, has a left adjoint y/ given by sending
f: X =Y to Z[X] — Y where

ZIX]={ ) nwi € ZIX]|f(21) = -+ = f(aa)}

1<i<n

and where we map > n;z; to the common f(z;). Again we extend to simplicial sets. So,
if X — Y is any map of spaces, there is a cosimplicial subspace of Z[X], whose total is

called the fiberwise integral completion of X. The construction is natural in f.

If X is a space, there is a natural fibration sin | X | — sin | X |/ P given by “killing, in each
component, m;(X) for i > 1 and the maximal perfect subgroup Pm(X) C m;(X)”. More
precisely, let sin|X|/P be the space obtained from sin |X| by identifying two simplices
u, v € sin | X|, whenever, for every injective map ¢ € A([1], [¢]), we have d;¢p*u = d;¢*v for
1=20,1, and

[p*u] ™ * [p*v] = 0 € m (X, do¢p*u) /Py (X, dod™u)

The projection sin |Y'| — sin | X|/P is a fibration.
Definition 1.6.2.1 The plus construction X +— X7 is the functor given by the fiberwise

integral completion of sin | X| — sin | X|/P, and ¢x: X — X7 is the natural transformation
coming from the inclusion X C Zsin | X|].

That this is the desired definition follows from [14, p. 219]|, where they use the alter-
native description of corollary 1.6.1.2 for an acyclic map:

Proposition 1.6.2.2 If X is a pointed connected space, then
gx: X — X7
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1s an acyclic map killing the maximal perfect subgroup of the fundamental group.

We note that ¢y is always a cofibration (=inclusion).

1.6.3 Uniqueness of the plus construction

Now, Quillen provides the theorem we need: X is characterized up to homotopy under
X by this property

{theo:Alp
Theorem 1.6.3.1 Consider the (solid) diagram of connected spaces

If Y is fibrant and Pm X C ker{mX — mY} then there exists a dotted map h making the
resulting diagram commutative. Furthermore, the map is unique up to homotopy, and is a
weak equivalence if f is acyclic.

Proof: Let S = X ][ Y and consider the solid diagram

By lemma 1.6.1.3, we know that g is acyclic. The van Kampen theorem tells us that 7.5
is the “free product” m Xt %, x mY, and the hypothesis imply that 7Y — 7.5 must be
an isomorphism.

By lemma 1.6.1.4, this means that ¢ is a weak equivalence. Furthermore, as gy is a
cofibration, so is g. Thus, as Y is fibrant, there exist a dotted H making the diagram
commutative, and we may choose h = H f’. By the universal property of S, any h must
factor through f’, and the uniqueness follows by the uniqueness of H.

If f is acyclic, then both f = hqx and ¢x are acyclic, and so h must be acyclic. Further-
more, as [ is acyclic ker{m; X — m Y} must be perfect, but as Pm X C ker{mX — mY}
we must have PmX = ker{m X — mY}. So, h is acyclic and induces an isomorphism on
the fundamental group, and by 1.6.1.4 h is an equivalence. [

Recall that a space X is 0-connected if myX is a point, and if it is connected it is
k-connected for a k > 0 if for all vertices z € X we have that 7,(X,z) =0 for 0 < ¢ < k.
A space is —1-connected by definition if it is nonempty. A map X — Y is k-connected if
its homotopy fiber is (k — 1)-connected.

{lemma: A1,
Lemma 1.6.3.2 Let X — Y be a k-connected map of connected spaces. Then X+ — YT

18 also k-connected
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Proof:  Either one uses the characterization of acyclic maps by homology with local
coefficients, and check by hand that the lemma is right in low dimensions, or one can use
our choice of construction and refer it away: [14, p. 113 and p. 42|. [

1.6.4 Spaces under BA;

Let A, be the alternating group on n letters. For n > 5 this is a perfect group with no
nontrivial subgroups. We give a description of Quillen’s plus for BA; by adding cells. Since
Ajs is perfect, it is enough to display a map BAs — Y inducing an isomorphism in integral
homology, where Y is simply connected.

Let a # I € As. This can be thought of as a map S' = A[1]/0A[1] — BAjs (consider
a as an element in By As, since ByAs; = * this is a loop). Form the pushout

‘Sl| - D2
o
|BAs| —— X3

Since A5 has no nontrivial normal subgroups, the van Kampen theorem tells us that X is
simply connected. The homology sequence of the pushout splits up into

0 — Hy(As) — Hy(X,) — Hi(S') — 0, and H,(As) & H,(X,), for ¢ # 1

Since H;(S') = Z, we may choose a splitting Z — Ho(X1) = m(X), and we let 3: |S?| —
X represent the image of a generator of Z. Form the pushout

5% —— D?
oL
X, — X,

We get isomorphisms H,(X;) = H,(X») for ¢ # 2,3, and an exact diagram

HQ(A5)
)

0 — H3(X)) — H3(Xy) — Hy(S5?%) — Ha(X,) — Ha(X2) —=0

|

H,(Sh)

But by the definition of 3, the composite Hy(S?) — Hy(X;) — H;(S") is an isomorphism.
Hence H3(X;) = H3(X3) and Ho(As) = Hy(Xs). Collecting what we have gotten, we get
that the map |BAs| — X, is an isomorphism in homology and m; X, = 0, and BA; —
“BAZ” = sin X3 is a model for the plus construction.
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Proposition 1.6.4.1 Let C be the category of spaces under BAs with the property that if
BAs; — Y € obC then the image of As normally generates PmY . Then the bottom arrow

in the pushout diagram
BA5 - “BA:L—:_ ”

J J

Y ::}/-}- ”

15 a functorial model for the plus construction in C.

Proof:  As it is clearly functorial, we only have to check the homotopy properties of
Y — “Y*”. By lemma 1.6.1.3, it is acyclic, and by van Kampen 71 (“Y*7) = m Y %4, {1}.
Using that the image of As normally generate PmY we get that m (“Y17) = mY/Pm Y,
and we are done. 1

Example 1.6.4.2 If R is some ring, we get a map

We will show that E(R) is normally generated by

|

In view of the proof in lemma IIINBNBref (I1.1.6.2) that e}, normally generate E(R), this
follows from the identity

—OoOOo
OO
oo

| €45 c 4

en = ([ ei], ex']
Hence, all spaces under BAs, where the map on fundamental groups is the above map

As — GL(R) lie in C. In particular in the language of chapter II G/YI(A) is in this class for
any S-algebra A.

1.7 Simplicial abelian groups and chain complexes

1.7.0.3 Simplicial abelian groups, chain complexes and loop groups

The correspondence between chain complexes and simplicial abelian groups is well known,
but we need some details pertaining to the various models for loops not usually described
in the standard texts.

1.7.0.4 Chain complexes in general

As usual, a chain complex is a sequence

Co={+—Cp1—Cg—=Cop1— ...}
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such that any composite is zero, and a map of chain complexes f,: C, — D, is a collection
of maps f,: Cy — D, such that the diagrams

CqL’Dq

Lo

fq—1
Cq Dq

commute. We let C'h be the category of chain complexes, and Ch=° be the full subcategory
of chain complexes C, such that C;, =0 if ¢ < 0.

If C, is a chain complex, we let Z,C = ker{C, — C,_1} (cycles), B,C =im{C,11 — C,}
(boundaries) and H,C, = Z,C'/B,C (homology).

1.7.0.5 Truncations and shifts

Let C, be a chain complex and k an integer. Then C,[k] is the shifted chain complex, i.e.
C,[k] = Cy and the maps are moved accordingly. There are two functors Ch — Ch=°.
The first simply truncates: if C, is a chain complex, then ¢, (C,) is the chain complex you
get by setting the groups in negative dimension to zero

1, (Co)={+=0=0—Ch—Cy «—Cy«— ...}

Then we get that
H,/(C,) if¢g>0
Hy(t+(Cy)) = Co/By  ifqg=0
0 ifqg<O

To remove the noise in dimension zero we have the gentler truncation C., [0, c0) given by

so that
0 ifg<0

Note that C,[0,00) C C, — t,(C.).

1.7.0.6 The algebraic mapping cone and homotopy pullback

Let f: A, — C. be a map of chain complexes. Then the mapping cone C(f), is the chain
complex with C(f), = A, ® Cy41 and boundary map A,  Cpy1 — A1 @ C, given by
sending (a, c) to (da + (—1)7fc,dc). This gives a short exact sequence

0—Cl] = C(f)s = A — 0
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and the boundary map H,(A,) — H,_1(C,[1]) =2 H,(C,) is f.
Note that C(id4). is contractible, and that C(f). can be described as the pushout of
chain complexes

Al] —— C(ida).

| |

C.[1] —— C(f).

More generally, given a diagram B,Q > f >> A,Q < g << C, we give a model for the
homotopy pullback: C(f,g). is the chain complex with

C(f,9)q = By @ Ag1 © C

and boundary map B, ® Ay41 & Cy — Byy1 & A, @ Cyyq given by sending (b, a,c) to
(db, (—1)2fb+ da + (—1)%gc, gc). Then we have a short exact sequence

0— Al = C(f,9) = B.®C, — 0

1.7.0.7 The normalized chain complex

The isomorphism between simplicial abelian groups and chain complexes concentrated in
non-negative degrees is given by the normalized chain complex: If M is a simplicial abelian
group, then C?"™ (M) (which is usually called N, M, an option unpalatable to us since this
notation is already occupied by the nerve) is the chain complex given by

q—1
Crom(M) = [ ker{d;: My — M}
=0

and boundary map Cy°™M — CJ°™ M given by the remaining face map d,. As commented
earlier, this defines an isomorphism of categories.

1.7.0.8 The Moore complex

Associated to a simplicial abelian group M there is another chain complex, the Moore
complex C, M defined by C,M = M, with boundary map given by the alternating sum
)= Z‘;:O(—l)j dj: My — M,_;. The inclusion of the normalized complex into the Moore
complex CP™ (M) C C.(M) is a homotopy equivalence (see e.g., |7, 22.1]).

It should also be mentioned that the Moore complex is the direct sum of the normalized
complex and the subcomplex generated by the images of the degeneracy maps. hence you
will often see the normalized complex defined as the quotient of the Moore complex by the
degenerate chains.

{normaliz
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1.7.0.9 Various loop constructions

There are three natural loop constructions we need to consider, and we need to study their
relations.
If M is a simplicial abelian group we may consider the simplicial abelian group

S.(S', M) = s Ab(Z[S"), M)
This fits into the short exact sequence
0— S.(SY, M) — S, (A[1],M) - M — 0

and the middle group is contractible. We describe this group in a slightly different fashion
using

Lemma 1.7.0.10 There is a natural isomorphism of functors A° x A — Ens between

A(lpl, MHAA([p], [g])+ and A([p), [0] U [g]).-

Proof: The isomorphism is gotten by sending (¢1: [p] — [1],42: [p] — [q]) to ¥1(¢s +
1): [p] — [g+1]. The inverse is gotten by sending ¢: [p| — [¢+1] to (¢1: [p] — [1], ¢2: [p] —
[q]) where

Lo, i) =0 .o, if ¥(5)
¢1(J)—{17 ifw(j)#() and ¢2(J)—{ . . )

This is natural in [p] and [¢] as one may check. '
If X is a simplicial object, we let PX be the simplicial object gotten by precomposition
with
0]U—: A° — A°

(so that (PX), = X,41 and the face and degeneracy maps are shifted), and consider the
map PX — X induced from the obvious inclusion d°: [q] — [0] U [g]. If X is pointed we

define LX as the pullback
LX —— PX

Lo

— - X

Note that PX contains X, as a retract, and the nontrivial composition is homotopic to
the identity. In our case this can be viewed as a corollary to the lemma above:

Corollary 1.7.0.11 Let M be a simplicial abelian group, then the projection Alg+ 1] —
Alg + 1] induces a (split) short exact sequence

0— S.(A[1l],M) - PM — My — 0
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If M is a simplicial abelian group, then
0—LM—-PM—-M-—0
is a short exact sequence, and so we obtain yet a new short exact sequence
0— S.(S',M) — LM — My — 0

On the level of homotopy groups, the first exact sequences gives rise to the isomorphisms
mgLM = 741 M for ¢ > 0 and the exact sequence 0 — m M — mgLM — My — moM — 0.

Lemma 1.7.0.12 Let M be a simplicial abelian group. There are natural isomorphisms
CYm(LM) =t ((CF™M)[1])
and
Cror™(S.(ST, M) = ((CremmM)[1])[0, 00).

Proof: the first isomorphism follows from the definitions, and the second by the relationship
between the loop spaces. [
Notice that these isomorphisms extend to maps of Moore complexes

~

C.S.(S', M) —— (C.(M)[1])[0, )
C.LM  —— £ (C(M)[1])

and the upper map is an equivalence.

1.8 Cosimplicial spaces.

{17}
Recall that a cosimplicial space is a functor

X:A—=S

The category of cosimplicial spaces is a simplical category: if Z is a space and X is a
cosimplicial space, then Z x X is the cosimplicial space whose value on [¢] € A is Z x X9.
The function space

S(X,Y)eS

of maps from the cosimplicial space X to the cosimplicial space Y has ¢-simplices the set
of maps (natural transformation of functors A° x A — §)

Algf x X =Y
The total space of a cosimplicial space X is the space

Tot X = cS(A[-], X)
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(where A[—] is the cosimplicial space whose value on [¢] € A is Alg] = A(—,[¢])). The
g-simplices are cosimplicial maps Afg] x A[-] — X.

It helps me to keep my tongue straight in my mouth (but may simply confuse almost
everybody else, so disregard this if it is not in your taste) that if X, Y : I° x I — Ens, then
the “function space” is the functor I° — Ens sending a € 1° to

STLS(I(% 05) X X(Zvj)v Y(Zv.])>

1,5€l

and the “total space” is the functor I° — Ens sending o € I° to

/'GI Ens(I(i,a) x 1(3,7),Y(i,7))

1.8.1 The pointed case

In the pointed case we make the usual modifications: A pointed cosimplicial space is
a functor X: A — S,, the function space ¢S.(X,Y) has g-simplices the set of maps
Alg]+AX — Y, and the total space Tot X = ¢S.(A[—];, X) is isomorphic (a an unbased
space) to what you get if you forget the basepoint before taking Tot.

1.9 Homotopy limits and colimits.

Let I be a small category, and [I,S,] the category of functors from I to S,. This is a
simplicial category in the sense that we have function spaces and “tensors” with pointed
simplicial sets satisfying the usual properties. If F, G € [I,S.] we define the function space
to be the simplicial set IS, (F, G) whose ¢ simplices are

IS.(F,G)q = [I, S.](FAA[gl+, G)

i.e. the set of all pointed natural transformations F'(i)AA[q]+ — G(i), and whose simplicial
structure comes from regarding [¢] — Alg] as a cosimplicial object. If F' € [I°,S,] and
G € [1,S.] we define

FAG € S.

to be the colimit of
\/  F()ANGGE) =\ FGAG()
v:i—jel i€l
where the upper map sends the v summand to the j summand via 1AG~, and the lower
map sends the v summand to the ¢ summand via FyAl (in other words: it is the coend

[T FAG).
If Fell’,S] Gell,S]and X € S,, we get that
S.(FAG, X) = I'S.(F, 5.(G, X)) = IS.(G, S.(F, X))

Recall the nerve and over construction. Let N(//—), € [I,S.], be the functor which
sends i € obl to N(I/i).
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Definition 1.9.0.1 If F' € [I,S,], then the homotopy limit is defined by
holim F' = IS, (N(I/—),sin |F|)
T

and the homotopy colimit is defined by
holim F' = N(I°/—) AF
T

Note that according to the definitions, we get that
S.(N(I?/=)4NF, X) = I°S.(N(I°/ =)+, S.(F, X))

7

so many statements dualize. Most authors do not include the “sin| — |” construction
into their definition of the homotopy limit. This certainly has categorical advantages
(i.e., the above duality becomes an on the nose duality between homotopy limits and
colimits: S, (holim+ F, X') = holimg S, (F, X)), but has the disadvantage that whenever
they encounter a problem in homotopy theory they have to assume that their functor has
“fibrant values”.

1.9.1 Connection to categorical notions

We can express the categorical notions in the same language using the constant functor
x: [ — &, with value the one-point space:

limF = IS, (4, F)
I

and
T
The canonical maps N(I/—) — % and N(I°/—) — = give natural maps (use in addition
F — sin|F| in the first map)
limF — holim F, and holim /' — limF’
T 1

=
1

1

1.9.2 Functoriality

Let

f F

I J S,

be functors between small categories. Then there are natural maps

J*: holim F' — holim F'f
7 T

and
J«: holim F'f — holim F
T 7

Under certain conditions these maps are equivalences.
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Lemma 1.9.2.1 (Cofinality lemma, cf. [14, X1.9.2]) Let I and J be small categories

and let

f F

I J

S
be functors. Then
holimFf —— holimF
T J

is an equivalence if the under categories j/f are contractible for all j € obJ (f is “right
cofinal”); and dually

holim F’ BEAN holimF f
7 T

is an equivalence if the over categories f/j are contractible for all j € obJ (f is “left
cofinal”).

For a sketch of the proof, see the simplicial version.
The corresponding categorical statement to the cofinality lemma only uses the path
components of I, and we list it here for comparison:

Lemma 1.9.2.2 (Categorical cofinality lemma, cf. [79, p. 217]) Let I and J be small

categories and let

g s,

be functors. Then
imFf —— limF
T 7
is an isomorphism if and only if the under categories j/f are connected for all j € obJ;
and dually
imF —L limFf
7 T

is an isomorphism if and only if the over categories f/j are connected for all j € obJ.

Homotopy colimits are functors of “natural modules” (really of S,-natural modules,
see enriched section), that is the category of pairs (I, F') where [ is a small category and
F: 1 — S, is a functor. A morphism (I, F') — (J,G) is a functor f: I — J together with
a natural transformation F' — f*G = G o f and induces the map

holim F* — holim f*G — holim G
T T 7

Homotopy limits should be thought of as a kind of cohomology. It is a functor of “natural
comodules” (I, F') (really S,-natural comodules), that is, the category of pairs as above,
but where a map (I, F') — (J, G) now is a functor f: J — [ and a natural transformation
f*F — G. Such a morphism induces the map

holim F* — holim f*F' — holim G
T 7 J

{Al1lemma:



1.9. HOMOTOPY LIMITS AND COLIMITS. 265

Lemma 1.9.2.3 (Homotopy lemma, cf. [14, XI.5.6 and XII.4.2]) Letn: F — G €
[I,S.] be an equivalence (i.e. n;: F(i) — G(i) is a weak equivalence for all i € obl ). Then

holim F =5 holim G
7 T

and
holim F =5 holim G
T T

are equivalences.

Proof:  The first statement follows from the fact that N(I/—) is cofibrant and sin |F'| and
sin |G| are fibrant in the closed simplicial model category of [I, S,] of 1.3.4, and the second
statement follows from duality. [

Lastly we have the following very useful observation. We do not know of any reference,
but the first part is fairly obvious, and the second part follows by some work from the
definition (remember that we take a functorial fibrant replacement when applying the
homotopy limit):

Lemma 1.9.2.4 Let f: I C J be an inclusion of small categories and F: J — S,. Then
the natural map

f«: holim F' f — holim F
T 7
is an cofibration (i.e., an injection) and

f*: holim F' — holim F'f
T T
s a fibration.

1.9.3 (Co)simplicial replacements

There is another way of writing out the definition of the homotopy (co)limit of a functor
F: 1 — S,. Note that

IS.(N(1/=),F)= []  Flio)

tg—-+1qgENg(I)

Using the simplicial structure of N,(I/—) this defines a cosimplicial space. This gives a
functor

1,8 —— [A,S.],

the so-called cosimplicial replacement, and the homotopy limit is exactly the composite

i7,8] 2L b s) A s s,

{lemma:ho

{subsec:A



>colimconn}

toweroffib}

266 APPENDIX A. SIMPLICIAL TECHNIQUES

Likewise, we note that
N/ nF =\ FGy)
Gg—-—igENg(I)

defining a functor \/.: [I,S,] — [A° S,], the so-called simplicial replacement, and the
homotopy colimit is the composite

1,8] Vs jae,s,) e, s,

There is a strengthening of the homotopy lemma for colimits which does not dualize:
Lemma 1.9.3.1 Let n: ' — G € [I,S,] be a natural transformation such that
ni: F(i) = G(i)
1s n-connected for all v € obl. Then

holim F — hogm G
T 7

18 n-connected.

Proof: Notice that, by the description above, the map N,(I°/—) AF — N (1°/—)+AG is
n-connected for each ¢. The result then follows upon taking the diagonal. [

Lemma 1.9.3.2 Let ... » X,, - X,,_1 — ... = Xg — * be a tower of fibrations. Then
the canonical map
l'gn X, — holim X,

18 an equivalence.

1.9.4 Homotopy (co)limits in other categories

Note that, when defining the homotopy (co)limit we only used the simplicial structure of
[1, S.], plus the possibility of functorially replacing any object by an equivalent (co)fibrant
object. If C is any category with all (co)products (at least all those indexed by the various
N,(1/i)s etc.), we can define the (co)simplicial replacement functors for any F' € [1,C]:

[['F=Ald— II  FGo}

i0<—m<—iq€Nq(1)

and
I1-F=A{ld~ [T FG)}

to+-—igE€Ny(I)

In the special case of a closed simplicial model category, we can always precompose []*
(resp. [].) with a functor assuring that F'(i) is (co)fibrant to get the right homotopy
properties.
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As an easy example, we could consider unbased spaces. For I € [I, S| we let holim« F' =
Tot([]*sin |F|) and holim— F' = diag* [ [ .F. Recall the adjoint functor pair

X—X4

S = S
U

We get that if F' € [I,S] and G € [I,S.], then [[*UG = U[]*G, and ([[+F)+ =V «(F}),

SO

U holim G = holim UG, and (holim F') | = holim(F; )
T 1 1 T

More generally, the (co)simplicial replacement will respect left (right) adjoint functors.

1.9.5 Simplicial abelian groups

In abelian groups, the product is the product of the underlying sets, whereas the coproduct
is the direct sum. All simplicial abelian groups are fibrant, and we choose a functorial
factorization 0 — C(M) = M, for instance the one coming from the free/forgetful adjoint
functor pair to sets. Note that the diagonal (total) of a (co)simplicial simplicial abelian
group is a simplicial abelian group, and we define

holim F' = Tot I
I 11

and
holim F' = diag”* i
1 I1

Note that this last definition is “wrong” in that we have not replaced F'(i) by a cofibrant
object. But this does not matter since it is an easy excercise to show that

holim7 F = holim7 CF

(forget down to simplicial spaces, use that homotopy groups commute with filtered colimits
1.1.7.3 and finite products, and use that a degreewise equivalence of bisimplicial sets induces
an equivalence on the diagonall.5.0.2 ).

If F' is a functor to abelian groups, the (co)homotopy groups of the (co)simplicial
replacement functors above are known to algebraists as the derived functors of the (co)limit,
ie.

lim@WF =H(I,F)=7"||*F, and lim o F = H,([,F) == | [ .F
n (I,F)==]] (s (I,F)==]]

This is used by the following statements for the general case. We say that a category
J has finite cohomological dimension if there is some n such that lim< )F =0 for all F
and s > n. For instance, N has finite cohomological dimension (n = 1).

{subsec:A
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Theorem 1.9.5.1 Let X: J — S, be a functor. If m,X take values in abelian groups for
all ¢ > 0, then there is a spectral sequence with E* term

EZ, =limImX,  0<-—s<t
J
which under favourable conditions converges to msi,holims X. FEspecially, if J has finite
cohomological dimension, the spectral sequence converges. If J = N it collapses to the
exact sequence
0— ligl (1)7Tt+1X — ho(l_imX — liin mX — 0
N N N
If h is some connected reduced homology theory satisfying the wedge axiom then there is a
convergent spectral sequence

Esz’t = lim 5y X' — gy holim X
J 7
The homotopy limits in abelian groups coincide with what we get if we forget down to
S., but generally the homotopy colimit will differ. However, if F': I — A, and U: Ab —
Ens, is the forgetful functor, there is a natural map
holimUF ——— UholimF' = Udiag*{[q] — D X(iy)}
T T

10+—i1+—<lq

given by sending wedges to sums. We leave the proof of the following lemma as an excercise
(use that homotopy groups commute with filtered direct limit, and the Blakers—Massey
theorem 1.10.0.8)

Lemma 1.9.5.2 Let F': [ — A be a functor such that F (i) is n-connected for all i € obl.
Then
holim UF' — U holim F'
1 1

is (2n + 1)-connected.

1.9.6 Spectra

The category of spectra has two useful notions of fibrations and weak equivalences, the
stable and the pointwise. For the pointwise case there is no difference from the space
case, and so we concentrate on the stable structure. Any spectrum is pointwise equivalent
to a cofibrant spectrum (i.e., on for which all the structure maps S*AX* — X*+1 are
cofibrations, see 1.2.0.3), so it is no surprise that the pointwise homotopy colimit has good
properties also with respect to the stable structure. For homotopy limits we need as usual
a bit of preparations. We choose a fibrant replacement functor X — QX as in 1.2. Let
X: J — Spt be a functor from a small category to spectra. Then

holim X = {k — diag” ] [ .X*}
J

{theo:1lim
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which is just holim_, J applied pointwise, and

holim X = {k + Tot" H “QF X1
T

which is equivalent to k ~— holim+ QX (we just have skipped the extra application of
sin| — |).

Lemma 1.9.6.1 Pointwise homotopy limits and colimits preserve stable equivalences of
spectra.

Proof:  For the homotopy limit this is immediate from the construction since all stable
equivalences are transformed into pointwise equivalences of pointwise fibrant spectra by Q.
For the homotopy colimit, notice that we just have to prove that for a diagram of specta X,
the canonical map X — ()X induces an stable equivalence of homotopy colimits. By lemma
1.2.0.3 we may assume that all spectra in X are —n connected, and then Freudenthal’s
suspension theorem 1.10.0.9 gives that the maps in X* — Q*X are 2k — n connected.
Since homotopy colimits preserve connectivity (lemma 1.9.3.1) this means that the map of
pointwise homotopy colimits is a weak equivalence. [

1.9.7 Enriched categories

(This presupposes MA2) Let V = (V, ®, e) be a symmetric monoidal closed category with
all coproducts. The most important examples beside the case (Ens, X, *) treated above, is
the case (S,, A, SY), i.e. the case of (pointed) simplicial categories.

We model the simplicial and cosimplicial replacement functors as follows. Let I be a
small V-category, and i_; € obl. The nerve of I/i_; can in this setting be reinterpreted as
a simplicial V-object with g-simplices

[/21 H ® (g, ik—1) € 0bV

10,...,0q 0<k<q

Let C be a (co)tensored V-category. Let X: I — C be a V-functor, then we define

ho%mVX ={[q] — /IK(N;/( =~ J] V() Llix,ir-1), X (io))}

10,--+y0q 1<k<q

and

hohmVX {lq] »—>/ NV (I°/—)® X = H ® (i, ik—1) ® X (ig) }

10,..%q 1<k<q

The homotopy V-limit is a cosimplicial C-object, and the homotopy V-colimit is a simplicial
C-object.

We see that the homotopy limit is a functor of V-natural comodules, and homotopy
colimits are functors of V-natural modules (ref MA2).
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1.9.8 Example

Let I be an S,-category, and let X: I — S, be a S,-functor. Then the homotopy (co)limit
of X is defined by

holim X = Tot holim®* sin | X| = Tot{[q] — [ Sel /\ Llix,ir—1),sin|X(io)])}
I I

00ye.rig 1<k<q

and the homotopy colimit as

holim X = diag* holim ** X = diag*{[g] — \/ /\ L(ix.ir-1)AX (i)}
1 I .

If I is a constant simplicial category (i.e. an ordinary category), then this definition agrees
with the usual one (of course you have to adjoin basepoints to all morphism sets).

As a particularly important example, let G be a simplicial monoid, and X a G-space
(i.e. an S,-functor X: G, — S,), then the homotopy fixed point and orbit spaces are just
holimg X and holimg X. See appendix C for further details.

All the usual results for homotopy (co)limits generalize, for instance

Lemma 1.9.8.1 (Homotopy lemma) Let X,Y: [ — S, be S,-functor, and let n: X —

Y be a Si-natural equivalence. Then n induces a weak equivalence on holim< and holim—.

Proof: |[Note on proof|/The homotopy colimit statement is clear since a map of simplicial
spaces which induce an equivalence in each degree induce an equivalence on the diagonal.
For the homotopy limit case, the proof proceeds just as the one sketched in [14, page 303]:
first one shows that

H S /\ L (g, ir—1),sin [ X (io)]) }

..... iq 1<k<gq

is a fibrant cosimplicial space (this uses the “matching spaces” of [14, page 274|, essentially
you fix an 7y and use that the degeneracy map

ot VOV A s~ VA T

0<j<q i1,..ig—1 1<k<g—1 i1,...,0q 1<k<q

is an inclusion). Then one uses that a map of fibrant cosimplicial spaces that is a pointwise
equivalence, induces an equivalence on T'ot. [
Do we actually need the following?

Lemma 1.9.8.2 (Cofinality lemma) Let f: I — J be S.-functors. Then

holim F* BEAN holim« F'f
7
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1s an equivalence for all ssimplicial F': J — S, if and only iof f is “left cofinal” in the sense
that for all j € obJ

~ N/ =1l \ 2(fGo) ) N\ Ll i)}

i0y-1siq 1<k<q
with the obvious face and degeneracy maps .

Proof: Assume S° ~ N(f/j), and let X = sin|F|. Consider the bicosimplicial space C
which in bidegree p, g is given by

cr= [ s NN Llie)A N\ LG dia), X (o))

10,...9p €1 1<k<p 1<i<q
j07 .. -jq eJ

Fixing g, we get a cosimplicial space

H S /\ S0 g1-1), S« (N (f/dq); X (Jo)))

Jo,---Jq€J 1<i<q

which by hypothesis is equivalent to

IT SCA 2Gnd), X (o))

jordg€J  1<I<q

which, when varying ¢, is holim< X. Fixing p we get a cosimplicial space

H SO N\ Llinier), [T Se(L(flio)gdn N\ L0 dim1), X (o))

ip€l 1<k<p J0,---Jq€J 1<i<q

Note that X (f(i0)) — {la] = TI},..jes S:(L(f(0), Jo) A Ni<i<q L0 G1-1), X (Go)) } is an
equivalence (it has an extra codegeneracy), and so, when varying p again, we get holim«< F'f.
One also has to show compatibility with the map in the statement.

In the opposite direction, let F'(j) = S.(J(4,7'), Z) for some j' € obJ and fibrant space
Z. Writing out the cosimplicial replacements for holim< F' and holim— F'f we get that
the first is contractible, whereas the latter is S.(N(f/j'),Z), and so N(f/j') must be
contractible. [

Note that in the proof, for a given F': J — §,, the crucial point was that for all

7,7 € obJ Su(N(f/j'), X (j)) ~ X(j). This gives the corollary

Corollary 1.9.8.3 Given simplicial functors

N S 3

then
holims F ——— holims F f
is an equivalence if for all j, 7' € obJ Map.(N(f/5"), F(j)) ~ F(5).
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This corollary is often very useful, for instance in the form

Corollary 1.9.8.4 Given simplicial functors

gt s,

such that F' has p-complete values and such that (N(f/j), =~ S® (resp. such that N(j/f), ~
SY) for every j € obJ, then

. f* .
holims F' ——— holim¢ F'f
s an equivalence.

Proof:  We have to show that for all j, 7' € obJ Map.(N(f/j"), F(j)) ~ F(j)). If we can
show that for any spaces Y and Z such that Y, ~ S® and Z ~ Z,, then Z ~ Map.(Y, Z),
we are done. This follows from the string of isomorphisms [S™, Map. (Y, Z)| = [S"AY, Z] =
[SPAY, Z,] = [(S"AY ), Z5] =2 [(S™)pAY L), = [(S™),, Z,) = [S™, Z]. The third and the
last isomorphism comes from the fact that if Z ~ 77, then [V, Z] = [V, Z]. This follows
by examining the diagram

V. Zp) =— 1V, 23]

Example 1.9.8.5 The inclusion Cpe = lim, o, C,r € S* induces an equivalence BC)s) —
BS", (the S's should be sin |S!|s, but we allow ourself this lapse of consistency for once).
Thus we get that for any p-complete space X with S! action, the map

1
XhS N XhC'poo

is an equivalence. (Proof that BCp~, — BS'): We have a short exact sequence Cpee C
S — lim_, pS*, and so it is enough to show that B(lim5 S'), ~ *. But this is clear, since
the homotopy groups of B(lim5 S*') = H(Z[1/p],2) are uniquely p-divisible.)

1.10 Cubical diagrams

(rel to simp/cosimp. and B-M results.)
Introduce the categories P and Pn,

Definition 1.10.0.6 An n-cubeis a functor X' from the category Pn of subsets of {1,...,n}
to any of the categories where we have defined homotopy (co)limits (ref). We say that X is
k-cartesian if Xy — holims<—7£@ Xs is k-connected, and k-cocartesian if holimm Xg —
,,,,, ny is k-connected. It is homotopy cartesian if it is k-cartesian for all £, and homotopy

cocartesian if it is k-cocartesian for all k.



1.10. CUBICAL DIAGRAMS 273

When there is no possibility of confusing with the categorical notions, we write just carte-
sian and cocartesian. Homotopy (co)cartesian cubes are also called homotopy pullback
cubes (resp. homotopy pushout cubes), and the initial (resp. final) vertex is then called
the homotopy pullback (resp. homotopy pushout) of the rest of the diagram.

As a convention we shall say that a 0 cube is k-cartesian (resp. k-cocartesian) if X} is
(k — 1)-connected (resp. k-connected).

So, a 0 cube is an object Xy, a 1 cube is a map Xy — X1y, and a 1 cube is k-(co)cartesian
if it is k-connected as a map. A 2 cube is a square

X@ —_— X{l}

! J

Xy —— Xy

and so on. We will regard a natural transformation of n cubes X — ) as an n + 1 cube.
In particular, if F' — G is some natural transformation of functors of simplicial sets, and
X is an n cube of simplicial sets, then we get an n 4+ 1 cube FX — GX.

The equivalence P — @ >~>> A....

This means that for any functor from a small category J: X — S,

holim X ~ holim Hjm_,,,(_j‘SleN‘s‘J X (j0)
J SeP—0

and
holim.JX ~ holim vj0<—~~~<—j\5| X(J1s1)
Sepo—p

This is especially interesting if J is finite (which is equivalent to saying that N(J) is a
finite space), for then the homotopy limit is a homotopy pullback of a (finite) cube, and the
homotopy colimit is the homotopy pushout of a (finite) cube. Explicitly, if N(J) = skiN(J)
(that is, as a functor from A, it factors through the homotopy equivalent subcategory Ay,
of objects [q] for ¢ < k), then holim< X is equivalent to the homotopy pullback of the
punctured k-cube which sends S € Pk — 0 to [] X (jo), and dually for the
homotopy colimit.

This means that statements for homotopy pullbacks and pushouts are especially worth
while listening to. The Blakers—Massey theorem is an instance of such a statement. It
relates homotopy limits and homotopy colimits in a certain range. The ultimate Blakers—
Massey theorem is the following.

Jo——J|s|€N|s|J

Theorem 1.10.0.7 Let S be a finite set with |S| = n > 1, and let k: PS — Z be a
monotone function. Set M (k) to be the minimum of > k(1) over all partitions {T,} of
S by nonempty sets. Let X be an S cube.

1. If X|r is k(T')-cocartesian for each nonempty T C S, then X is 1 —n + M(k)
cartesian.

2. If X(—U(S=T))|r is k(T) cartesian for each nonempty T C S, then X isn—1+M (k)
cocartesian.
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See [40, 2.5 and 2.6] for a proof.

The usual Blakers—Massey theorem is a direct corollary of this. We say that a cube is
strongly (co)cartesian if all subcubes of dimension strictly greater than one are homotopy
(co)cartesian (demanding this also for dimension one would be the same as demanding
that all maps were equivalences, and would lead to a rather uninteresting theory!).

Corollary 1.10.0.8 (Blakers—Massey) Let X be a strongly cocartesian n cube, and sup-
pose that Xy — Xy is ks-connected for all1 < s <n. Then X is 1 —n+ ) _k, cartesian.
Dually, if X is strongly cartesian, and X1, oy —(s) — X{1,...n} @8 ks connected for1 < s < n,
then X isn—14 Y ks cocartesian.

By applying the Blakers-Massey theorem to the cocartesian square
X — A[lJAX

l |

x —— SIAX

you get

Corollary 1.10.0.9 (Freudenthal) If X is (n—1)-connected, then the natural map X —
QYS'AX) is (2n — 1)-connected.

For reference we list the following useful corollary which is the unstable forerunner of
the fact that stably products are sums.

Corollary 1.10.0.10 Let X and Y be pointed spaces and X be m-connected and Y be
n-connected. Then X VY — X XY is m + n-connected.

Proof: This is much easier by using the Whitehead and Kiinneth theorems, but here goes.
Assume for simplicity that m > n Consider the cocartesian square

XVY — X xY

! l

* —— XAY

Now, XAY is m+n+ 1-connected (by e.g., considering the spectral sequence 1.5.0.6 of the
associated bisimplicial set), the left vertical map is n + 1-connected and the top horizontal
map is — for trivial reasons — n-connected. Hence the diagram 2n-cartesian and so the top
horizontal map must be at least 2n-connected (since m + n > 2n). With this improved
connectivity, we can use Blakers-Massey again. Repeating this procedure until we get
cartesianness that exceeds m +n we get that the top map is m -+ n-connected (and finally,
the diagram is m + 2n-cartesian). 1
The Blakers—-Massey theorem has the usual consequence for spectra:
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Corollary 1.10.0.11 Let X be an n-cube of bounded below spectra. Then X is homotopy
cartesian if and only if it is homotopy cocartesian.

Lemma 1.10.0.12 Let X: I xJ — Spt be a functor where I is finite. Then the canonical

maps
holim holim X — holim holim X
T T T T
and

holim holim X — holim holim X
7 T T 7

are equivalences.

Proof:  The homotopy colimit of X over [ is equivalent to the homotopy pushout of a
punctured cube with finite wedges of copies of X (i)’s on each vertex. But in spectra finite
wedges are equivalent to products, and homotopy pushout cubes are homotopy pullback
cubes, and homotopy pullbacs commute with homotopy limits. This proves the first equiv-
alence, the other is dual. [

Corollary 1.10.0.13 Let X.: A° x J — Spt be a functor regarded as a functor from J to
simplicial spectra. Assume J has finite cohomological dimension and diag*X is bounded
below. Then
diag® holim X. — holim diag* X.
J J

18 an equivalence.

Proof: Assume lim+ ) =0 for s > n, and m,diag*X. =0 for s < m. Let

skpX. = holim X,
ISV

This maps by a k — m-connected map to diag*X., and let ' be the homotopy fiber of
this map. Then E?, = lim ImF =0if s< -—nort<k—m,somn, holim« F' = 0 for
g < k—m —n. All in all, this means that the last map in

skiholim X. = holim holim X, —— holim holim X, = holim sk; X — holim diag* X
J [gleAk J J ([gleAg J J ’

is k — n — m-connected. Letting k£ go to infinity we have the desired result. [
Even in the nonstable case there is a shadow of these nice properties.

Definition 1.10.0.14 If f is some integral function, we say that an S cube X is f cartesian
if each d subcube (face) of X is f(d) cartesian. Likewise for f cocartesian.

Corollary 1.10.0.15 Let k > 0. An S cube of spaces is id + k cartesian if and only if it
15 2-id + k — 1 cocartesian. The implication cartesian to cocartesian holds even if k = 0.
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Proof: Note that it is trivially true if |S| < 1. Assume it is proven for all d cubes with
d <n.

To prove one implication, let X’ be an id+ k cartesian n = |S| cube. All strict subcubes
are also ¢d + k cartesian, and so 2 -id + k — 1 cocartesian, and the only thing we need to
show is that X itself is 2n 4+ k£ — 1 cocartesian. This follows from 2.2.2: X is K cocartesian
where

K=n-1+min() (|T.| +k))
where the minimum is taken over all partitions {7,} of S by nonempty sets. But this
minimum is clearly attained by the trivial partition, for if we subdivide T into 77 and T5
then |T|+k = |Th|+|Ta| +k < |Th|+Ek+|T5|+k,and so K = (n—1)+(n+k) =2n+k—1.

In the opposite direction, let X be a 2-id+ k — 1 cocartesian n = |S| cube. This time,
all strict subcubes are by assumption ¢d + k cartesian, and so we are left with showing that
X is n + k cartesian. Again this follows from 2.2.1: X" is K cartesian where

K=(1-n)+mn(> 2T, +k - 1))

07

where the minimum is taken over all partitions {7,,} of S by nonempty sets. But this
minimum is clearly attained by the trivial partition, for if we subdivide T into 7} and
Ty then 2|T|+k —1 =2/Ih| + 2|15 + k-1 < 2|Th| + k — 1+ 2|T5| + k — 1, and so
K=(1-n)+2n+k—-1)=n+k. '

Homology takes cofiber sequences to long exact sequences. This is a reflection of the
well-known statement

Lemma 1.10.0.16 If X is a cocartesian cube, then ZX is cartesian.

Proof: This follows by induction on the dimension of X'. If dimX = 1 it is true by definition,
and if X has dimension d > 1 split X into two d — 1 dimensional cubes X* — X/ and take
the cofiber X — X/ — X As X was cocartesian, so is X¢, and by assumption ZX¢ is
cartesian, and ZX* — ZX! — ZX¢ is a fiber sequence, and so ZX must be cartesian.
[
We will need a generalization of the Hurewicz theorem. Recall that the Hurewicz
theorem states that if X is & —1 > 0 connected, then m, X — H(X) is an isomorphism
and 7,1 X — Hp1 X is a surjection, or in other words that

X M, 7x
is k + 1-connected. . .
Using the transformation h: 1 — Z on hx: X — ZX we get a square

X "™, 7x

N

7X X, 77X
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One may check by brute force that this square is k+2 cartesian if X is k—1 > 0 connected.
We may continue this process to obtain arbitrarily high dimensional cubes by repeatedly
applying h and the generalized Hurewicz theorem states that the result gets linearily closer
to being cartesian with the dimension.

Theorem 1.10.0.17 [The Hurewicz theorem (generalized form)| Let k > 1. If X is an
1d + k cartesian cube of simplicial sets, then so is X — ZX.

Proof: To fix notation, let X be an n = |S| cube with iterated fiber F' and iterated cofiber
C. Let C be the S cube which sends S to C, and all strict subsets to *. Then the |S| + 1
cube X — C is cocartesian.

As X is id + k cartesian, it is 2-id + k — 1 cocartesian, and in particular C'is 2n+k — 1
connected. Furthermore, if X'|T is some d subcube of X where {S} ¢ T', then X|T is
2d + k — 1 cocartesian, and so X|T' — C|T = * is 2d + k cocartesian. Also, if X'|T is some
strict subcube with {S} € T, then X|T" — C|T is still 2d + k cocartesian because C' is
2n+k —1 connected, and d < n. Thus X — C is 2-id+ k — 2 cocartesian, and cocartesian.
Using 2.2.1 again, we see that ¥ — Cis 1 —n+2(n+1+k —2) =n+ 2k — 1 cartesian
as the minimal partition is obtained by partitioning S U {n + 1} in two.

This implies that the map of iterated fibers F' — Q"C' is n + 2k — 1 connected. We
note that n+2k—1>n—+k+1ask > 1.

Furthermore, as C' is 2n + k — 1 connected, Q"C' — Q"ZC is n + k + 1 connected.

But lemma 2.5 implies that

7X — 7C
is cartesian. Hence the iterated fiber of ZX is Q"ZC, and we have shown that the map
from the iterated fiber of X is n + 1 + k connected. Doing this also on all subcubes gives
the result. [

In particular

Corollary 1.10.0.18 Let X be a k — 1 > 0-connected space. Then the cube you get by
applying h n times to X is id + k-cartesian.

1.11 Completions and localizations

Let R be either, F, for a prime p or a subring of Q. The free/forgetful adjoint pair

R
sR — mod S S,

give rise to a cosimplicial functor on spaces wich in dimension ¢ takes X € S, to the
simplicial R-module R7t!(X) considered as a space. In favourable circumstances the total,
or homotopy limit R, X, of this cosimplicial space has the right properties of an “R-
completion”. More precisely, we say that X is good (with respect to R) if X — RoX
induces an isomorphism in R-homology, and R, X — R, R.X is an equivalence.

{theo:Hur
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Especially, simply connected spaces and loop spaces are good, and so R-completion of
spectra is well behaved (this is a homotopy limit construction, so we should be prepared
to make our spectra 2-spectra before applying R, to each space).

Explictly, for a spectrum X, let J be a set of primes, I the set of primes not in J and
p any prime, we let

Xy = {k = X = (2 ) X"

and
X ={k— Q" X; = (Z/pZ)(Q"X)}

We write Xq or X(g) for the rationalization Xy, and we say that X is rational it X — Xq
is an equivalence, which is equivalent to asserting that m,X is a rational vector space.
Generally, X is a localization, in the sense that X — X(;) induces an equivalence in
spectrum homology with coefficients in Z[/!], and m. X)) = m.X ® Z[[].

Also, X, is a p-completion in the sense that X — X, induces an equivalence in spec-
trum homology with coefficients in Z/pZ, and there is a natural short exact (nonnaturally
splittable) sequence

0 — Ext!(Cpoo, m X) — 7, X, — Hom(Chpeo, e 1 X) — 0

where Cpee = Z[1/p]/Z. One says that an abelian group M is “Ext —p-complete” if M —
Ext(Cpe, M) is an isomorphism and Hom(Cpe, M) = 0. A spectrum X is p-complete (i.e.
X — X, is an equivalence) if and only if 7,.X is Ext —p-complete.

Lemma 1.11.0.19 Any simplicial space satisfying the mw.-Kan condition and which is
“good” in every degree (and in particular, any simplicial spectrum) may be p-completed
or localized degrecwise

Proof: We prove the less obvious completion part. Let Y be the simplicial space {q +—
(X,)p}. We must show that the map diag*X — diag*Y is a p-completion. Use the spectral
sequence for the simplicial space Y, and that Ext —p completeness is closed under extension
to see that diag*(Y") is p-complete. Then use the spectral sequence for the simplicial space
F,Y to see that H.(diag*X,F,) — H,.(diag*Y,F,) is an isomorphism. '

Theorem 1.11.0.20 [12] Let X be any spectrum, then

X E— XQ

l l

A~

Hp prime Xp (Hp prime X;)Q
1s homotopy cartesian.

Also from the description of Bousfield we get that p-completion commutes with arbi-
trary homotopy limits and J-localization with arbitrary homotopy colimits.
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1.11.1 Completions and localizations of simplicial abelian groups

If M is a simplicial abelian group, then we can complete or localize the Eilenberg-MacLane
spectrum H M. The point here is that this gives new Eilenberg-MacLane spectra which
can be described explicitly. The proofs of the statements below follow from the fact that
Eilenberg-MacLane spectra and completion and localization are determined by their ho-

motopy groups.
Let M € obA = sAb be a simplicial abelian group. Then H(M ®z Q) is clearly a model
for HMpy. The map HM — HDM(q) is given by MQ >m—m®1>> M @z Q.

Choose a free resolution R — Z[1/p]/Z. Then we may define the p-completion as
M, = A(R,Z[S"] ®z M)

(internal function object in A, see ?) which is a simplicial abelian group whose Eilenberg-
MacLane spectrum H(M},) is equivalent to (HM), (note the similarity with the up to
homotopy definition commonly used for spectra). The homotopy groups are given by
considering the second quadrant spectral sequence (ref?)

Eit = Ext;*(Z[1/p])Z, 7,1 M) = 75 M,

whose only nonvanishing colums are in degree 0 and —1. The map M — M, is given as
follows. Let @ = R ][z ,,,z Z[1/p], and consider the short exact sequence

0—-Z—-Q—R—0
giving rise to the exact sequence
0— A(R,Z[SY] ®z M) — A(Q,Z[S'| @z M) — Z[S'] @z M — 0

which gives the desired map M — M.
If M is a cyclic abelian group then, M — M ®z Q and M — M, are cyclic maps.
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Chapter B

Some language

B.1 A quick review on enriched categories

To remind the reader, and set notation, we give a short presentation of enriched categories
(see e.g., |23], [64] or |?]), together with some relevant examples. Our guiding example will
be Ab-categories, also known as linear categories. These are categories where the morphism
sets are actually Abelian groups, and composition is bilinear. That is: in the definition
of “category”, sets are replaced by Abelian groups, Cartesian product by tensor product
and the one point set by the group of integers. Besides Ab-categories, the most important
example will be the I'S,-categories, which are used frequently from chapter II on, and we
go out of our way to point out some relevant details for this case. Note however, that scary
things like limits and ends are after all not that scary since limits (and colimits for that
matter) are calculated pointwise.

B.1.1 Closed categories

Recall the definition of a symmetric monoidal closed category (V,[J, e), see e.g., [79]. For
convenience we repeat the definition below, but the important thing to remember is that
it behaves as (Ab, ®z, Z).

Definition B.1.1.1 A monoidal category is a tuple (C,, e, a, A, p) where C is a category,
[ is a functor C x C — C, and «, A and 7 are natural isomorphisms

Qg pe: ad(b0c) = (a0b)Oe, Aot eda —— a, and p,: ade —— a

with A\, = p.: elJe — e, satisfying the coherence laws given by requiring that the following

281

{A2}

{Def:A21.
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diagrams commute:

a(Ob0(cOd)) < (aO0)O(cOd) , ad(eCc)
lll]a la (DN
ad((b0c)Od) ((adb)de)Od o allc
\ o1 p1
(ad(b0e))0d (ale)Oe

A monoidal category is symmetric when it is equipped with a natural isomorphism
Va,p: aldb —= 5 ba

such that the following diagrams commute

alb adb ale P a
ba ella

a)(b0c) = (adb)Oc
\L 10y l'Y
o0(c0b) (cTa)Tb
\ ~[1
(aCJc)Ob)

A symmetric monoidal closed category (often just called a closed category) is a symmetric
monoidal category such that
—b:C—C

has a right adjoint C(b, —): C — C (which is considered to be part of the data).

If C is a closed category, we will refer to C(b, ¢) as the internal morphism objects.

B.1.2 Enriched categories

Let (V,0, e) be any closed symmetric monoidal category.

Definition B.1.2.1 A V-category C is a class of objects, obC, and for objects cg, ¢, o €
obC objects in V, C(¢;, ¢;), and a “composition”

Q(Cl, CO)DQ(@, Cl) - Q(Cz, Co)
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and a “unit”

e — C(c,c)

in V subject to the usual unit and associativity axioms: given objects a, b, c,d € 0obC then
the following diagrams in V' commute

1%

C(c, d)T(C(b, c)IC(a, b)) (C(c, d)TC(b, c))TC(a, b)

| |

C(c,d)3C(a, ) C(b,d)OC(a, b)
C(a,0)de —— Cla,b) ——  eOC(a,b)

| -| |
C(a,b)0C(a,a) —— C(a,b) «——— C(b,0)IC(a,b)

We see that C is an ordinary category (an “Ens-category”) too, which we will call
C too, or UyC if we need to be precise, with the same objects and with morphism sets
UoC(e,d) = V(e,C(c,d)).

We see that C can be viewed as a functor UC° x UC — V: if f € C(¢',¢) = V(e,C(c,¢))
and g € C(d,d") = V(e,C(d,d")) then f*g. = g.f* = C(f,9): C(c,d) — C(c,d) € V is
defined as the composite

Cle,d) = e0C(c, d)0e 229, ¢(d, d)TC (e, )TC(c, ) — C(c, d')-

B.1.2.2 Some further definitions

If C and D are two V-categories, we define their tensor product (or whatever the oper-
ator in V' is called) COD to be the V-category given by ob(COD) = obC x obD, and
COD((c, d), (¢, d")) = C(c, )TD(d, d').

Let C be a V-category where V' has finite products. If UC is a category with sum (i.e.
it has an initial object *, and categorical coproducts), then we say that C is a V-category
with sum if the canonical map C(cV ¢, d) — C(c,d) x C(c/,d) is an isomorphism.

A V-functor F from C to D is an assignment obC — obD together with maps C(c, ¢’) —
D(F(c), F(c)) preserving unit and composition. A V-functor F': C — D is V-full (resp.
V -faithful) if C(c,d) — D(F(c), F(d)) is epic (resp. monic). A V-natural transformation
between two V-functors F,G: C — D is a map n.: F(c) — G(c) € UD for every ¢ € obC
such that all the diagrams
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commute.
If
F
D=C
U

is a pair of V-functors, we say that F'is V-left adjoint to U (and U is V -right adjoint to

F) if there are V-natural transformations FU ——1¢c (the counit) and UF<"—1p (the
unit) such that the following diagrams commute:

nU Fn
U——UFU F——FUF

B.1.2.3 Examples of enriched categories

1. Any symmetric monoidal closed category (V,[J,e) is enriched in itself due to the
internal morphism objects.

2. A linear category is nothing but an .Ab-category, that is a category enriched in
(Ab,®,7Z). Note that an additive category is something else (it is a linear cate-
gory with a zero object and all finite sums). “Linear functor” is another name for
Ab-functor.

3. Just as a ring is an Ab-category with one object, or a k-algebra is a (k — mod)-
category with only one object, an S-algebra is a [S.-category with only one object.
This is equivalent to saying that it is a monoid in (TS, A, S), which is another way
of saying that an S-algebra is something which satisfies all the axioms of a ring, if
you replace every of Ab, ® or Z by IS, A or S (in that order).

4. Let C be a category with sum (and so is “tensored over I'"” by the formula ¢k, =
V, ¢). This defines a (discrete) [S,-category C¥ by setting C"(c, d)(X) = C(c, /OX)
for X € obI" and ¢, ¢ € obC, and with composition given by

Y (e, d)(X)NCY (b, )(Y) —— C(e, dOX)AC(b, CIY)
COON 6Oy, (d0X)TY)AC(b, DY)

- C(b, (dOX)TY)
=~ C(b, dJ(XOY)) — CY (b, d)(XAY)

Slightly more general, we could have allowed C to be an S,-category with sum.
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B.1.3 Monoidal V-categories

There is nothing hindering us from adding a second layer of complexity to this. Given
a closed category (V,X, ¢), a (symmetric) monoidal (closed) V -category is a (symmetric)
monoidal (closed) category (C,, e) in the sense that you use definition B.1.1.1, but do it
in the V-enriched world (i.e., C is a V-category, : C XK C — C a V-functor, the required
natural transformations are V-natural (and C(b, —) is V-right adjoint to —[1b)).

B.1.3.1 Important convention

All categories are considered to be enriched over (S, A, S°) without further mention. In
particular, (V.0 e) is a closed S,-category, and any V-category C is also an S,-category
which is sometimes also called C, but when accuracy is important UC, with morphism
spaces C(b,c) = V(e,C(b,c)) € 0bS,. This fits with the convention of not underlining
function spaces. Of course, it also defines a set-based category UyC too by considering
zero-simplices only.

B.1.4 Modules

A left C-module P is an assignment obC — obV, and a morphism P(c)0C(¢,b) — P(b) in
V such that the obvious diagrams commute; or in other words, a C-module is a V-functor
P: C — V. Right modules and bimodules are defined similarly as V-functors C° — V and
C°C — V. If V has finite products and C is a V-category with sum, a C°-module M is
said to be additive if the canonical map M(cV ') — M(c) x M (') is an isomorphism, and
a bimodule is additive if P(c¢V ¢, d) — P(c,d) x P(c,d) is an isomorphism.

Example B.1.4.1 If a ring A is considered to be an Ab-category with just one object,
one sees that a left A-module M in the ordinary sense is nothing but a left A-module in
the sense above: consider the functor A — Ab with M as value, and sending the morphism
a € A to multiplication on M —"""" =M . Likewise for right modules and bimodules.

Likewise, if A is an S-algebra, then an A-module is a IS, functor A — IS,. Again,
this another way of saying that an A-module is an “—AA"-algebra, which is to say that it
satisfies all the usual axioms for a module, mutatis mutandem.

B.1.4.2 V-natural modules

A V-natural bimodule is a pair (C, P) where C is a V-category and P is a C-bimodule. A
map of V-natural bimodules (C, P) — (D, Q) is a V-functor F': C — D and a V-natural
transformation P — F*(Q) where F*(@) is the C-bimodule given by the composite

cooe 2XE, pop 9, v

Similarly one defines V-natural modules as pairs (C, P) where C is a V-category and P a
C-module. A map of V-natural modules (C, P) — (D, Q) is a V-functor F': C — D and a

{Def :natu
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V-natural transformation P — F*() where F*() is the C-bimodule given by the composite

c—Lt.p 2. v

The V-natural (bi)modules form a 2-category: the maps of V-natural (bi)modules are
themselves objects of a category. The morphisms in this category are (naturally) called
natural transformations; a natural transformation n: F' — G where F,G are two maps
of V-natural bimodules (C,P) — (D,Q) is a V-natural transformation n: FF — G of
V-functors C — D such that the diagram

P(c,d) — Q(F(c), F())

l l(na)*

Q(G(c), G(c)) " Q(F(e), G(¢))

commutes. A natural isomorphism is a natural transformation such that all the 7. are
isomorphisms. Likewise one defines the notion of a natural transformation/isomorphism
for maps of V-natural modules.

For cohomology considerations, the dual notion of V-natural co(bi)modules is useful.
The objects are the same as above, but a morphism f: (C,P) — (D,Q) is a functor
f: D — C together with a natural transformation f*P — (), and so on.

Example B.1.4.3 Let C be a category with sum, and let P be an additive C-bimodule
(ie., P(cVc,d)—=P(c,d) x P(c,d)). Recall the definition of C¥. We define a CV-
bimodule P by the formula PY(c,d)(X) = P(c¢,ddX). Note that since P is additive we
have a canonical map P(c,d) — P(c0X,dOX), and the right module action uses this.
Then (CY, PY) is a natural module, and (CY, PY) — ((-0X)*CY, (-0X)*P") is a map of

natural modules.

B.1.5 Ends and coends

Ends and coends are universal concepts as good as limits and colimits, but in the set-
based world you can always express them in terms of limits and colimits, and hence are
less often used. The important thing to note is that this is the way we construct natural
transformations: given two (set-based) functors F,G: C — D, a natural transformation
n from F' to G is a collection of maps 7.: F(c¢) — G(c) satisfying the usual condition.
Another way to say the same thing is that the set of natural transformations is a set
DE(F, Q) together with a family of functions

DE(F,G) 7, D(F(e), G(e))
such that for every f: ¢; — ¢
DYUF,G) 2 D(F(cr),G(cr))

)
Pcol G(f)*l
)

D(F(co), Glco)) —25 D(F(er), G(co))
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Furthermore, D¢(F, @) is universal among sets with this property: It is “the end of the
functor D(F(—),G(—)): C° x C — D”. This example is the only important thing to
remember about ends. What follows is just for reference.

Definition B.1.5.1 Let C and D be V-categories and T': C°JC — D a V-functor. A
V-natural family is an object d € obD, and for every object ¢ € 0bC a map f.: d — T(c,c)
such that the following diagram commute

T(c1,—
C(er, o) 2D DT (er, 1), Ten, o))

T(—,cg)l f;*ll

D(T(co, o), T(er,cn)) —2  D(d, T(er, co)

Definition B.1.5.2 Let C be a V-category. The end of a bimodule T: C°JC — V is a
V-natural family

[ T(c,c) —— T(x,z)
such that for any other V-natural family f,: v — T'(z, x), there exists a unique morphism
v — [ T(c,c) making the following diagram commute:

v J.T(cc)
fa
\T(z, z) :

Definition B.1.5.3 Let T: C°0C — D be a V-functor. The end of T is a V-natural
family

[.T(c,c) 2 T(x, )
such that for every d € obD

D(d, [, T(c.c) = D(d,T(z,x))

is the end of

CODC Q(dvT(_v_)) v

With mild assumptions, this can be expressed as a limit in D (see [?, page 39]). The
dual of the end is the coend. The most basic is the tensor product: considering a ring A as
an Ab-category with one object (called A), a left module M : A — Ab and a right module

N: A° — Ab, the tensor product N ®4 M is nothing but the coend fA N® M.

B.1.6 Functor categories

Assume that V' has all limits. If I is a small category, we define the V-category [ ;C of
“functors from I to C” as follows. The objects are just the functors from I to UC, but the
morphisms [, C(F, G) is set to be the end [,C(F,G) = [._,C(F(i),G(i)) of

1ox 1 29 pee xve =< v
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We check that this defines a functor [/, UC|° x [I,UC] — V. The composition is defined
by the map

(/IQ(G,H))D</IQ(F,G)) - /I/IQ(G,H)DQ(F,G)‘M/IQ(G,H)DQ(F’G)
= /I C(F, H)

Note that [ is here an ordinary category, and the end here is an end of set-based categories.

In the case where the forgetful map V NVe ) Ens has a left adjoint, say X — elX,

then there is a left adjoint functor from categories to V-categories, sending a category I to
a “free” V-category elll, and the functor category we have defined is the usual V-category
of V-functors from e[/ to C (see 23], [?] or [?]).

Also, a C-bimodule P gives rise to a [, C-bimodule [, P with [, P(F,G) defined as the
end. The bimodule structure is defined as

/QD/PD/QH/ QDPDQ%/QDPDQH/P.
I I I %3 I I

As an example, one has the fact that if C is any category and D is an Ab-category, the
free functor from sets to abelian groups Z: Ens, — Ab induces an equivalence between the
Ab-category of Ab-functors ZC — D and the Ab-category of functors C — D. See |?] for a
discussion on the effect of change of base-category.

Example B.1.6.1 (Modules over an S-algebra) Let A be an S-algebra. The category
M4 of A-modules is again a [S,-category . Explicitly, if M and N are A-modules, then

M, (M, N) :/

PS*(M, N) = lim{FS*(M, N) = FS*(A/\M, N)}
A - -

with the obvious maps.
We refer to [107] for a more thorough discussion of S-algebras and A-modules and their
homotopy properties. See also chapter II.



Chapter C

Group actions

In this appendix we will collect some useful facts needed in chapter VI. We will not strive
for the maximal generality, and there is nothing here which can not be found elsewhere in
some form.

C.1 (G-spaces

Let G be a simplicial monoid. A G-space X is a space X together with a pointed G action
w: GLANX — X such that the expected diagrams commute. Or said otherwise: it is a
simplicial functor

G 2. s,

with G considered as a simplicial category with one object. We let X denote both the
functor and the image of the object in G. That the functor is simplicial assures that
the resulting map G — S.(X, X) is simplicial, and by adjointness it gives rise to x (the
“plus” in G4 AX — X comes from the fact that G — S,(X, X) is not basepoint preserving
as it must send the identity to the identity). Then the functoriality encodes the desired
commuting diagrams.

According to our general convention of writing CS, for the category of functors from a
category C to S, (blatantly violated in our notation IS, for functors from I'° to spaces), we
write G, for the category of G-spaces. This is a pointed simplicial category with function
spaces

GS.(X,Y) = {lg) = GS.(XAAlq)s. V)}

If X is a G-space and Y is a G°-space (a right G-space), we let their smash product be
the space
YAeX =YAX/(yghx ~ yAgz)

The forgetful map GS, — S, has a left adjoint, namely X — G AX, the free G-space
on the space X.

Generally we say that a G-space X is free if for all non-base points z € X the isotropy
groups I, = {g € G|gx = x} are trivial, whereas Ilpase point = G (“free away from the
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basepoint”). A finite free G-space a G-space Y with only finitely many non-degenerate
G-cells. (you adjoin a “G-cell” of dimension n to Y; by taking a pushout of maps of G
spaces

OA(M)AG, 2L A(n)AG.,
Y; - Yin
where G acts trivially on 0A(n) and A(n).)

C.1.1 The orbit and fixed point spaces

Let f: M — G be amap of monoids. Precomposition with f gives a functor f*: [G, Ens.] —
[M, Ens,] and since all (co)limits exists this functor has both a right and a left adjoint. If
f is surjective and G a group, let H C M be the submonoid of elements mapping to the
identity. Then the right adjoint of f* is

X—X"=lmX ={reX|h-a=zforall he H}
H

the set of fixed points, and the left adjoint is

X = Xg=lmX =X/(h-z~ 1)
H

the set of orbits. The same considerations and definitions holds in the simplicial case, and

we even get simplicial adjoints:
X—XH

GS.(Xy,Y) 2 MS.(X, f*Y), and GS.(Y, X)) = MS,(f*Y, X)

If G is a simplicial group, the homomorphism G' — G° x G sending g to (g7, g) makes
it possible to describe —Ag— and GS,(—, —) in terms of orbit and fixed point spaces. If
X,Y € 0bGS, and Z € 0bG°S, then ZAX and S,(X,Y) are naturally G° x G-spaces, and

since GG is a group also G-spaces, and we get that

INeX 2 (ZAX)g, and  GS.(X,Y) 2 S.(X,Y)°.

C.1.2 The homotopy orbit and homotopy fixed point spaces

Let G be a simplicial monoid. When regarded as a simplicial category, with only one object
, we can form the over (resp. under) categories, and the nerve N(G/x*) (resp. N(x/G);)
is a contractible free G-space (resp. contractible free G°-space), and the G orbit space
is BG = NG. For G a group, N(G/*) = B(G,G, %) (resp. N(x/G) = B(*,G,G)) the
one sided bar construction, and we note that in this case the left and right distinction is
inessential. We write EG, for any contractible free G-space.
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Definition C.1.2.1 Let GG be a simplicial monoid and X a G-space. Then the homotopy
fized point space is
X"% = holim X = GS,(N(G/*),sin|X])
a

and the homotopy orbit space is

XhG = hol;mX = N(*/G)+AgX
G

A nice thing about homotopy fixed point and orbit spaces is that they preserve weak
equivalences (since homotopy (co)limits do). We have maps X¢ — X"¢ and X;¢ — Xg,
and a central problem in homotopy theory is to know when they are equivalences.

Note that if GG is a group, then

X" ~ Map.(EG,, X)%, and  X,o~ (EGAX)g

Any free G-space EG, whose underlying space is contractible will do in the sense that
they all give equivalent answers.

Lemma C.1.2.2 Let U be a free G-space, and X any fibrant G-space (i.e., a G space
which is fibrant as a space). Then

GS. (U, X) —— GS,(UNEG,, X),
and so if G is a group S, (U, X)¢ ~ 8, (U, X)"“. Furthermore, if U is d-dimensional, then
GS. (U, —) sends n-connected maps of fibrant spaces to (n — d)-connected maps.
Proof: By induction on the G-cells, it is enough to prove it for U = S¥AG,. But then
the map is the composite from top left to top right in

GS.(S*AG,, X) —— GS.(SFAGLAEG,, X) —— GS.(S*AGLAEG,, X)

. .|

S.(S5X)  —To S.(S*AEG,,X)
where i, is the G-isomorphism from S¥AG,AEG . (no action on EG,) to S*AGLAEG.,
(diagonal action) given by the shear map (s, g,e) — (s, g, ge). The last statement follows
from induction on the skeleta, and the fact that GS,(S*AG., —) = 8,(S*,—) sends n-
connected maps of fibrant spaces to (n — k)-connected maps. [

C.2 (Naive) G-spectra

Let G be a simplicial monoid. The category of G-spectra, GSpt is the category of simplicial
functors from G to the category of spectra. A map of G-spectra is called a pointwise (resp.
stable) equivalence if the underlying map of spectra is.

{lemma:A3:

{shear ma
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This notion of G-spectra is much less rigid than what most people call G-spectra (see
e.g., |71]), and they would prefer to call these spectra something like “naive pre-G-spectra’”.
To make it quite clear: our G-spectra are just sequences of G-spaces together with structure
maps STAX"™ — X" that are G-maps. A map of G-spectra X — Y is simply a collection
of G-maps X" — Y commuting with the structure maps.

Again, G-spectra form a simplicial category, with function objects

GSpt"(X,Y) = {[g] = GSpt(XAAg]+,Y)}
Even better, it has function spectra
GSpt(X,Y) = {k — GSpt°(X,Y*")}

If X is a G-spectrum we could define the homotopy orbit and fixed point spectra

pointwise, i.e.

Xng = {k = (X")na)}
and

uXhG — {k’ — (Xk)hG}w
These construction obviously preserve pointwise equivalences, but just as the homotopy
limit naively defined (without the sin| — |, see appendix A.1.9) may not preserve weak
equivalences, some care is needed in the stable case.

Pointwise homotopy orbits always preserve stable equivalences, but pointwise homotopy
fixed points may not. (it is the old story: since all spectra are pointwise equivalent to
cofibrant ones in the stable model category of spectra, pointwise homotopy colimits are
well behaved with respect to stable equivalences, but homotopy limits are only well behaved
on the fibrant spectra). However, if the spectrum X is an {2-spectrum, stable and pointwise

equivalences coincide, and this may always be assured by applying the construction QX =
{k +— Q%X = lims Q" X**"} of appendix A.1.2. This is encoded in the real definition.

Definition C.2.0.3 Let GG be a simplicial monoid and X a G-spectrum. Then the homo-
topy orbit spectrum is given by

Xne = {k = (X")na)}
whereas the homotopy fixed point spectrum is given by
X" = {k o (Q°X)")

Lemma C.2.0.4 Let G be a simplicial monoid and f: X — Y a map of G-spectra. If f
is a stable equivalence of spectra, then fua: Xne — Yaa and f"¢: X" — Y'C are stable
equivalences.

For G-spectra X there are spectral sequences
Eg,q = HP(BG§ 7Tq)() = 7Tp+q(XhG)

and
E:iq = HP(BG;m,X) = mpig(X")
which can be obtained by filtering EG.
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C.2.1 The norm map for finite groups

Except for an occasional S'-homotopy fixed point, we will mostly concern ourselves with
finite groups. In these cases the theory simplifies considerably, so although some of the
considerations to follow have more general analogs (see e.g., [71] or [44]) we shall restrict
our statements to this context. We have to define the norm map Xno — X", and we use
ideas close to [134].

Consider the weak equivalence

Qo(ﬁ/\G+) - QO(HG §) = HG Q0§

(we should really have written S,(G 4, QS) instead of [, QS since that makes some of
the manipulations below easier to guess, but we chose to stay with the less abstract notion
for now). Regard this as a G x G map under the multiplication (a,b)g = bga™!, and we
have an equivalence

~

S.(E(G x G)+, Q°(8NG4))¢ —— S.(E(G x )+, [15 Q" (8)7*¢

We have a preferred point in the latter space, namely the one defined by the diagonal

A€ (H SO)GXG C HQOE)GXG C é(E(G « G)+,HQO§)GXG.
G G G

Note that the homotopy class of A represents the “norm” of the finite group G in the usual

' A=Y geZ[G=mn ] 5"

geG

Now, pick the point f in S.(E(G x G),Q°(SAG))“*¢ in the component of
[A] € 8. (E(G x G)1, Q°(SAG))“¢

of your choice (we believe in the right to choose freely, the so called axiom of choice, but
now that you’ve chosen we ask you kindly to stick to your choice).
So we have a preferred G x G-map

E(G x G)4 L Q" (SAG)

such that the composite with

Q(8rG4) — Q([]®)

is homotopic (by a homotopy we may fix once and for all) to the projection onto S° followed
by the diagonal. Otherwise said, if f': EGy — S.(EG4,Q°(G4A8)) is the adjoint of f,
then /

S? —— EG, L Si(BEG+,QY(G4NS)) —— Q°(G4AS)
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maps the nonbasepoint of S° into the component > gecd € mo(GAS). Using this map,
we define
7: X = QX

to be the composite X = SAX — Q(G,AS)AX — Q(G.AX) — QX. On homotopy
groups it is simply the endomorphism of 7,X given by multiplication with gec 9 €
To(G4+AS).

ite groups}
Proposition C.2.1.1 Let G be a finite group and X a G-spectrum. Then there is a natural
map, called the norm map

N: Xpo — XM¢

such that the composite X —sXpe —>X"¢ QX equals 7. If X = GLAY with
trivial G action on'Y, then the norm map is an equivalence.

Proof: For each k € N let v be the name of the composite
EG,AXF LM 8. (EG,, QUG AS))AX*

J

S.(EG,, QUG ASAXY)) 25 S (BEG, QUSAXY)) 2 S.(EG., QX)
where p is induced by the G action of X and A by the structure map
Q°(SAX") =1lim Q" (S"AX") — lim Q" (X" ) = Q" X.

From the G' x G-structure on f, we get that v actually factors through the orbits and fixed
points:
v BEG N X" — S.(EGL,Q"X)“
Varying k, this gives the norm map.
From the commutativity of the diagram

X* Q°(GLAS)AX* Q°(GLASAXF) Q"X

| | | |

FAL

EGANXF == S.(EG, Q°(GiAS))NXF —= S.(EG,, Q°(G4ASAXF)) — S.(EG ., Q*X)

| |

(XhG)k N (XhG)k

where the top row is 7, the second claim follows.
The last statement may be proven as follows. If X = G AY then consider the commu-
tative diagram

T (GLAY) —— T (GoAY g —— T (GLAY)Y —— 7 (GLAY)

=| gl gl gl

D, Y v, .Y .Y _4, D, .Y



C.3. CIRCLE ACTIONS AND CYCLIC HOMOLOGY 295

where V(g — y,) = Zg Yy, and A(y) = {¢g — y}. The “missing” arrow can of course be
filled in as the vertical maps are isomorphisms, but there is only one map 7.Y — w.Y
making the bottom composite the norm, namely the identity. [

Corollary C.2.1.2 Let U be a finite free G-space and Y a G-spectrum. Then the norm
maps

(U/\Y)hg — (U/\Y)hG

and
é([ﬁ Y)hG - é([ﬁ Y)hG

are both equivalences.

Proof: By induction on G-cells in U, reduce to the case U = S"AG.. Use a shear map as

in the proof C.1.2 to remove action from S"AY and S.(S",Y) in the resulting expressions.

Note the stable product to sum shift in the last case. Use the proposition C.2.1.1. [
We have one very important application of this corollary:

Corollary C.2.1.3 Let U be a finite free G-space, and X any G-space. Then there is a
chain of natural equivalences

lim Q*(Map, (U, S*AX)ne) ~ Map, (U, lim Q" (S*AX))"7.
k k

If U s d-dimensional and X n-connected, then

Map.(U, X)% — Map,(U,lim Q*(S*AX))"“
k

18 2n — d + 1 connected.

Proof: Recall that Map,(—, —) = S.(—,sin| — |). Corollary C.2.1.2 tells us that the norm
map
HmQ*(Map, (U, S*AX )ne) —— HmQF(limQ' Map, (U, S'ASFAX))"C
k k l

is an equivalence, and the latter space is equivalent to Map, (U, lim- QFSEAX)ME by lemma
A.1.1.7.1 since U and EG, (and G) are finite. The last statement is just a reformulation
of lemma C.1.2.2 since X — lim, QOF(S*AX) is 2n + 1 connected by the Freudenthal
suspension theorem A.1.10.0.9. [

C.3 Circle actions and cyclic homology

The theory for finite groups has a nice continuation to a theory for compact Lie groups.
We will only need one case: G = S' = sin|S!|, and in an effort to be concrete, we cover
that case in some detail. For the more general theory, please consult other and better
sources.

{cor:A3 n

{cor:A3 n
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If X is an St-spectrum, we can also consider the homotopy fixed points under the finite
subgroups C' C S'. As Map,(ES*,, X) — Map,(EC, X) is a C-equivariant homotopy
we can calculate X" equally well as Map,(ES',, X)¢. Thus, if ¢’ C C is a subgroup,
we can think of X"¢ — X"® most conveniently as the inclusion Map, (ES',, X)¢ C
Map,(ES*,, X)“".

Lemma C.3.0.4 If X is an S-spectrum and p some prime, then the natural map

1 .
XhS N hOllm Xthr
T

s an equivalence after p-completion.
Proof: This is just a reformulation of A.1.9.8.5 1
Lemma C.3.0.5 Let Y be a spectrum, and let the functorial (in'Y' ) S*-map of spectra
'S AY —=— Map,(St,,SIAY)
be the adjoint of the composite
stast, —— st gt
smashed with Y. Then f' is an equivalence of spectra.

Proof: The diagram
Y! — ST AY? 2, S'AY!
Map,(S*, S*AYY) —2° Map,(St,,S'AY!) —— sin |SIAY|

commutes, and both horizontal sequences are (stable) fiber sequences of spectra (when
varying [). The outer vertical maps are both stable equivalences, and the so the middle
map (which is the map in question) must also be a stable equivalence. [

Corollary C.3.0.6 IfY is a spectrum, then there is a natural chain of stable equivalences
(YASY )M ~ SIAY.

Proof: The lemma gives us that

(S AY)S" S Map, (S'y, S'AY)"S ~ Map, (ES* L AS,, Q(S'AY))S
~Map, (ES'., Q(S'AY)) ~ Q(S'AY) ~ S'AY
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C.3.1 The norm for S!-spectra

Nothing of what follows are new ideas, but since we have stubbornly insisted on giving
explicit models for everything we do, we offer the following brief explanation of the S!-
norm. See [44] for a fuller description of a theory containing the discussion below as a
particular example.

First use the stable equivalence (and S* x S*-map) from lemma C.3.0.5 with Y = 8™

S'ASTH — 8.(8%4.8),
inducing an equivalence
S.(E(S' x 81);, QUS*AS™))SS" S S,(E(S* x 814, Q°(S.(S, 8)))5 S,

The latter space has a preferred element, given by (), of the unbased S* x S'-map S* — x,
under the map

S.(8%4, 857" = Q°8,(811,8)% ST — S.(E(S' x 81)1. Q°(S.(S,8)))5

and we choose an element in S,(E(S* x S1),, Q°(S*AS™1))S"*5" which is sent to this
_l’_

homotopy class.
Let X be an S'-spectrum and consider the following composite of S x S'-maps

B(S* x SV AN 25 QU(SYLAS AN

QUS* ASTIAX ) —— QUSTIAX ) —— QFX
The adjoint of this composite
ES' AXj1 — S.(ES',,Q"X)
factors through orbits and fixed points
(ES* AXpi1)st — S.(ESY,, Q" X)S'

to define the norm map S'AX,s1 — X"S'. The norm map is obviously functorial in the
St spectrum X.

C.3.2 Cyeclic spaces

Recall the relevant notions: Let A be the category with the same objects as A, but with
morphism sets given by

A(lp], la]) = Adlp], la]) x Cpa
with composition subject to the extra relations (where t,, is the generator of C,41)

tad' = d" ', 4 1<i<n
tpd’ = d"

ths' = 5"t 1<i<n
tns’ = s"2

{Cyclic s
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A cyclic object in some category C is a functor A° — C and a cyclic map is a natural
transformation between cyclic objects. Due to the inclusion j: A C A, any cyclic object
X gives rise to a simplicial object j*X.

As noted by Connes [19], this is intimately related to objects with a circle action (see
also [59], [28] and [6]). In analogy with the standard n-simplices A[n] = {[q] — A([q], [n]),
we define the cyclic sets A[n] = A(—, [n]): A° — Ens.

Lemma C.3.2.1 (|28]) For alln, |j*A[n]| is an T-space, naturally (in [n] € obA°) home-
omorphic to T x |A[n]].

Proof:  ([28]). Consider the the “twisted product” A[l] x; An| whose ¢-simplicies are
(¢ + 1)-tuples of pairs of integers

(0,40) ... (0,4q), (1,2041), - - (1,44)

where 0 < 4441 < - <7y <49 < --- <4 < mand 0 < a < ¢ and the obvious face
and degeneracy maps . Note that j*A[n] is the quotient of A[l] x; A[n] by identifying
((0,49),...,(0,4,)) and ((1,40),...,(1,4,)). Furthermore, write out.....NBNB '
[
There are lots of adjoint functors that are nice to have: if C is a category with finite
sums we get an adjoint pair
Nev
M =¥
Ph
where the cyclic nerve NV is the left adjoint given in degree ¢ by NX([¢]) = V¢ ,, X,
and with a twist in the simplicial structure, just as in the proof of the lemma above (in
fact, A[n] = NYA[n|, see e.g., [74, 7.1.5] for more details where N is called F').
More concretely, we also have an adjoint pair
|—=la A
T —Top. S Ens,

sinp

o

given by

[gleA®
Xla= [ Wl oaX, = TT 1Ml A%/ ~
[gleAe

where X is a cyclic set and |Ag]|a is [j*Alg]| = T x |A[n]| considered as a T-space, and
sing Z = {lg] = T = Top(|Algl|a, Z)}
for Z a T-space. Note that since |[A[g]|x = T x |A[n]| we have a natural isomorphism
J sing Z = sin(UZ)

where U denotes the forgetful functor from T-spaces to (topological pointed) spaces (right
adjoint to T, A—). Furthermore, by formal nonsense, if X is a cyclic set and Y is a space
(pointed simplicial set!) then we have natural homeomorphisms

UX[y=[*X] and  [NPY[y 2 T A]Y]
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where U denotes the forgetful functor from T-spaces to (topological pointed) spaces (right
adjoint to T, A—). Occasionally it is more convenient to consider the adjoint pair
[—[a Ao
T—Top, = S,

sinp

given by

[gleAn°
| XA =/ Alglla AIX =TT [Alglla +AIAR][AX,/ ~
[gleA°,[p]eA°

where X is a cyclic space, and

sing Z = {[q], [p] = T — Top(|A[g]|a x [Alp]], Z)}

for Z a T-space. We record the relations in this case in the

Lemma C.3.2.2 There are natural isomorphisms
Jrsing Z = sin(UZ2), UlX|a =" X] and INYY |y = T AY]
where X is a cyclic space, Y a simplicial space and Z a T-space.

This makes it possible to write out the T action quite explicit: Let X be a cyclic space,
then the T-action on | X| is given by

T, ALX] 2 [NX| — |X]

where the last map is induced by the unit of adjunction N¥X — X (we have suppressed
some forgetful functors).

C.3.2.3 Connes’ B-operator and the cyclic action

Let M be a cyclic abelian group and G a simplicial abelian group. Then the free cyclic
functor takes the form NYG = {[q] — Z[C,] ® G} (with the twist as before). Analogous
to the stable equivalence T,AX ~ S'AX V X for spectra, we get a natural equivalence
NYG ~ (Z[SY|®G) @G, and so a weak map Z[S'|@ M — Z[STQM)®M ~ NYM — M,
which on homotopy groups takes the form 7, 1M — mw,M. This is the same map as was
described for the associated Eilenberg-MacLane specrum in lemma 3.1.1.

Connes’ defines the B-operator to be the map

N=3(-1)¥¥ (=1)7sq M, (+(=1)7) M,
e+t 7 Mgt

M,

Mq
One checks that B satisfies the relations BoB = 0 and Bob+boB = 0 where b = Y (—1)7d;.
This latter relation implies that B defines a complex

B B B
EaMm B oaoM B
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contravariant functor, 230
cosimplicial object, 230
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cotriple, 231
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cyclic map, 125
cyclic nerve of a category, 137
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degeneracy map, 230
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end, 287

end of a bimodule, 287
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exact functor, 31

face map, 230
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fiber, 244

fiber product of categories, 104
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fibration, 241
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filtered colimit, 236

finite free G-space, 290

finite space, 237

finiteness obstruction, 21

fixed point set, 290

flat category, 49

free G-space, 289
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Freudenthal’s suspension theorem, 274
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Grothendieck group Ky, 20
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Hochschild homology of Ab-categories, 49 local ring, 22

Hochschild homology of k-algebras, 124 localization of I'S,-categories, 159
hofib: a functorial choice representing the Loday-Quillen/Tsygan theorem, 177
homotopy fiber, 55 long exact sequence of a fibration, 244

homotopic maps, 233
homotopy, 233

homotopy colimit, 263
homotopy groups of I'-spaces, 76
homotopy limit, 263

homotopy fixed point space, 291
homotopy fixed point spectrum, 292 on spectra

homotopy groups of a simplicial abelian group, pointwise, 242
9233 stable, 242

model category structure
on G-spaces, 242
on G-spectra, 242
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on simplicial groups, 241
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main diagram, 164
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Mayer—Vietoris sequence, 24
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homotopy inverse, 251
homotopy orbit space, 291
homotopy orbit spectrum, 292
Hurewicz map, 69, 233
Hurewicz theorem, 117

ideal class group, 22 on simplicial monoids, 241
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integral completion, 254 on spaces, 241
internal morphism object, 282 model structure
isotropy group, 289 on topological spaces, 241
monad, 231
Jacobson radical, 100 monoid in a monoidal category, 68
Jacobson radical, rad(—), 19, 22, 41 monoidal V-category, 285
Jardine, 229 monoidal category, 281
Jones, 22
naive pre-G-spectra, 292
Kan, 28, 229, 236 negative (b, B)-bicomplex, 205
Kan loop group, 37 negative cyclic homology, 178
Kan complex, 241 negative homology, 205
Kan fibration, 241 nerve, 38
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Kummer, 22 nilpotent action, 95

nilpotent fibration, 95
nilpotent group, 95
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partial integral completion, 26
path category, 59
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perfect, 19

periodic (b, B)-bicomplex, 205
periodic homology, 205
Picard group, 22

plus construction, 26

pointed category, 31

pointed set, 231

pointed space, 231

pointed spaces, 232

pointwise equivalence, 40
pointwise cofibration, 77
pointwise equivalence, 77
pointwise fibration, 77
pointwise structure on I'S,, 77
positive (b, B)-bicomplex, 205
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Q-construction, 25
quasi-perfect, 19
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quite special, 88
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radical extensions, 41
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315

shear map, 291

Shukla homology, 124
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simplicial functor, 76

simplicial identity, 230

simplicial set, 231

singular complex, sinY’, 232

singular homology, 233

skeleton, 236
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smash product of I'-spaces, 64
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spaces under BAjs, 28
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stably free module, 21
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strictly homotopic maps, 233

strong symmetric monoidal functor, 67
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symmetric monoidal closed category, 282
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symmetric monoidal category, 65, 282
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