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There are a few special n × n matrices that can be applied to a vector in
O(n log n) operations.

1 Circulant

An n× n circulant matrix takes the form:

C =



c0 cn−1 . . . c2 c1
c1 c0 cn−1 c2
... c1 c0

. . .
...

cn−2
. . .

. . . cn−1

cn−1 cn−2 . . . c1 c0

 .

This matrix has the wonderful property of being diagonalized by the DFT ma-
trix. That is,

C = F−1ΛF,

where F is the n × n DFT matrix and Λ is a diagonal matrix such that Λ =
diag(Fc). Therefore a circulant matrix can be applied to a vector in O(n log n)
operations using the FFT.

2 Toeplitz

An n× n Toeplitz matrix takes the form:

T =



a0 a−1 a−2 . . . . . . a−n+1

a1 a0 a−1
. . .

...

a2 a1
. . .

. . .
. . .

...
...

. . .
. . .

. . . a−1 a−2

...
. . . a1 a0 a−1

an−1 . . . . . . a2 a1 a0


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A toeplitz matrix can be embedded into a circulant matrix of size 2n:

A =



a0 a−1 . . . . . . a−n+1 0 an−1 . . . a2 a1

a1 a0
. . .

... a−n+1
. . .

. . . a2

a2
. . .

. . .
. . .

...
...

. . .
. . .

...
...

. . . a0 a−1 a−2
. . .

. . . an−1

an−1 . . . . . . a1 a0 a−1 a−2 . . . a−n+1 0

0 an−1 . . . . . . a1 a0 a−1 . . . . . . a−n+1

a−n+1
. . .

. . . a2 a1 a0
. . .

...
...

. . .
. . .

... a2
. . .

. . .
. . .

...

a−2
. . .

. . . an−1

...
. . . a0 a−1

a−1 a−2 . . . . . . 0 an−1 . . . . . . a1 a0



.

To achieve a fast matrix-vector product we can use the relation:

Tv =
(
In 0n

)
A

(
v

0n

)
,

where the matrix-product with A can be performed using the FFT.

3 Hankel

An n× n Hankel matrix takes the form:

H =



b0 b1 b2 . . . . . . bn−1

b1 b2 . .
.

. .
.

. .
.

b−1

b2 . .
.

. .
.

. .
.

. .
.

b−2

... . .
.

. .
. ...

... . .
.

. .
.

b−n+3 b−n+2

bn−1 b−1 . . . . . . b−n+2 b−n+1


.

If the columns are permuted left-to-right, then H becomes a Toeplitz matrix.
Therefore, we can use the following relation:

Hv = Tv(n :−1:1),

where T is a Toeplitz matrix.
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