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CHAPTER 4

FORMS ON MANIFOLDS

4.1 Manifolds

Our agenda in this chapter is to extend to manifolds the results of
Chapters 2 and 3 and to formulate and prove manifold versions of two
of the fundamental theorems of integral calculus: Stokes’ theorem
and the divergence theorem. In this section we’ll define what we
mean by the term “manifold”, however, before we do so, a word of
encouragement. Having had a course in multivariable calculus, you
are already familiar with manifolds, at least in their one and two
dimensional emanations, as curves and surfaces in R3, i.e., a manifold
is basically just an n-dimensional surface in some high dimensional
Euclidean space. To make this definition precise let X be a subset of
RY Y a subset of R” and f : X — Y a continuous map. We recall

Definition 4.1.1. f is a C*° map if for every p € X, there exists a
neighborhood, Uy, of p in RY and a C* map, gp : Up — R", which
coincides with f on U, N X.

We also recall:

Theorem 4.1.2. If f : X — Y is a C*° map, there exists a neigh-
borhood, U, of X in RN and a C>® map, g : U — R™ such that g
coincides with f on X.

(A proof of this can be found in Appendix A.)

We will say that f is a diffeomorphism if it is one—one and onto
and f and f~! are both C> maps. In particular if Y is an open subset
of R”, X is an example of an object which we will call a manifold.
More generally,

Definition 4.1.3. A subset, X, of RY is an n-dimensional manifold
if, for every p € X, there exists a neighborhood, V, of p in R™, an
open subset, U, in R™, and o diffeomorphism ¢ : U — X NV.

Thus X is an n-dimensional manifold if, locally near every point p,
X “looks like” an open subset of R™.

Some examples:
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1. Graphs of functions. Let U be an open subset of R™ and
f:U — R aC*® function. Its graph

Iy={(z,t) eR"™; zeU,t=f(2)}
is an n-dimensional manifold in R”*!. In fact the map
p:U—R"™M 1 (2 f(z))

is a diffeomorphism of U onto T'y. (It’s clear that ¢ is a C>° map,
and it is a diffeomorphism since its inverse is the map, 7 : I'y — U,
m(x,t) = x, which is also clearly C*.)

2. Graphs of mappings. More generally if f : U — R¥ is a C™
map, its graph

Iy ={(z.y) ER"xR", zecU,y=f(2)}

is an n-dimensional manifold in R"%,

3. Vector spaces. Let V be an n- dimensional vector subspace of
RYM, and (ey,...,e,) a basis of V. Then the linear map
(4.1.1) p:R" =V, (wl,...,xn)HZajiei

is a diffeomorphism of R™ onto V. Hence every n-dimensional vector
subspace of RY is automatically an n-dimensional submanifold of
RY. Note, by the way, that if V is any n-dimensional vector space,
not necessarily a subspace of RV, the map (5.1.1) gives us an iden-
tification of V' with R™. This means that we can speak of subsets
of V as being k-dimensional submanifolds if, via this identification,
they get mapped onto k-dimensional submanifolds of R™. (This is
a trivial, but useful, observation since a lot of interesting manifolds
occur “in nature” as subsets of some abstract vector space rather
than explicitly as subsets of some R™. An example is the manifold,
O(n), of orthogonal n x n matrices. (See example 10 below.) This
manifold occurs in nature as a submanifold of the vector space of n
by n matrices.)

4.  Affine subspaces of R™. These are manifolds of the form p+ V,
where V is a vector subspace of R, and p is some specified point in
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RY. In other words, they are diffeomorphic copies of the manifolds
in example 3 with respect to the diffeomorphism

Tp:RNxRN, rT—T+D.

If X is an arbitrary submanifold of RY its tangent space a point,
p € X, is an example of a manifold of this type. (We’ll have more to
say about tangent spaces in §4.2.)

5. Product manifolds. Let X;, i = 1,2 be an n;-dimensional sub-
manifold of RVi. Then the Cartesian product of X; and Xo

X1 X X2 = {(a:l,xg); x; € XZ}

is an n-dimensional submanifold of RY where n = ny + ny and
RY = RM — RNz,

We will leave for you to verify this fact as an exercise. Hint: For
pi € X;, i = 1,2, there exists a neighborhood, V;, of p; in RY:, an
open set, U; in R™  and a diffeomorphism ¢ : U; — X; NV;. Let
U=U;xU;,V=VixVoand X = X; x Xg,andlet p: U — XNV
be the product diffeomorphism, (¢(q1), ¥2(q2))-

6.  The unit n-sphere. This is the set of unit vectors in R**+1:

St ={reR"™, i+ 42l =1},

To show that S™ is an n-dimensional manifold, let V' be the open
subset of R"*! on which x,; is positive. If U is the open unit ball
in R” and f: U — R is the function, f(z) = (1 — (22 +---+22))"/2,
then S™ NV is just the graph, I'y, of f as in example 1. So, just as
in example 1, one has a diffeomorphism

po:U—=S"NV.

More generally, if p = (21,...,2,+1) is any point on the unit sphere,
then z; is non-zero for some i. If x; is positive, then letting o be the
transposition, i <> n + 1 and f, : R»*!1 — R"*! the map

fO’(xly’ . 7xn) = (xo(l)w .- 7x0(n))

one gets a diffeomorphism, f, o ¢, of U onto a neighborhood of p in
S™ and if x; is negative one gets such a diffeomorphism by replacing
fo by — fo. In either case we’ve shown that for every point, p, in S,
there is a neighborhood of p in S™ which is diffeomorphic to U.
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7. The 2-torus. In calculus books this is usually described as the
surface of rotation in R? obtained by taking the unit circle centered
at the point, (2,0), in the (z1,2z3) plane and rotating it about the
xrg-axis. However, a slightly nicer description of it is as the product
manifold S* x S in R%. (Ezercise: Reconcile these two descriptions.)

We’ll now turn to an alternative way of looking at manifolds: as
solutions of systems of equations. Let U be an open subset of RV
and f: U — R¥ a C* map.

Definition 4.1.4. A point, a € R*, is a regular value of f if for

every point, p € f~1(a), f is a submersion at p.

Note that for f to be a submersion at p, Df(p) : RY — R* has to
be onto, and hence k£ has to be less than or equal to N. Therefore
this notion of “regular value” is interesting only if N > k.

Theorem 4.1.5. Let N — k = n. If a is a regular value of f, the

set, X = f~Y(a), is an n-dimensional manifold.

Proof. Replacing f by 7_, o f we can assume without loss of gener-
ality that @ = 0. Let p € f71(0). Since f is a submersion at p, the
canonical submersion theorem (see Appendix B, Theorem 2) tells us
that there exists a neighborhood, @, of 0 in RY, a neighborhood, U,
of p in U and a diffeomorphism, g : O — Uy such that

(4.1.2) fog=m
where 7 is the projection map
RY=RFxR" >R, (2,9)—x.

Hence 7=1(0) = {0} x R® = R™ and by (5.1.1), g maps O N7~ 1(0)
diffeomorphically onto Uy N f~1(0). However, O N 7~1(0) is a neigh-
borhood, V, of 0 in R”™ and Uy N f~1(0) is a neighborhood of p in X,
and, as remarked, these two neighborhoods are diffeomorphic.

O

Some examples:
8. The n-sphere. Let

f:R”+1—>]R
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be the map,
(T1y- ooy Tn1) = @5 + -+ a2, — 1.

Then
Df($) = 2($17 o axn-i-l)

so, if z #£ 0 f is a submersion at z. In particular f is a submersion
at all points, z, on the n-sphere

S = f710)
so the n-sphere is an n-dimensional submanifold of R™*1.
9.  Graphs. Let g : R" — RF be a C*> map and as in example 2 let
Ly={(z,y) ER" xR, y=g(z)}.
We claim that I'y is an n-dimensional submanifold of RHE = R™ x
RF.
Proof. Let
f:R" x RF - RF
be the map, f(z,y) =y — g(z). Then
Df(z,y) = [-Dg(x), Ii]

where I, is the identity map of R* onto itself. This map is always

of rank k. Hence I'y = f71(0) is an n-dimensional submanifold of
R,

O

10. Let M,, be the set of all n x n matrices and let S,, be the set
of all symmetric n X n matrices, i.e., the set

Sp={AcM,, A=A"}.
The map
la; ;] = (a11,a12,...,010, 021, ..., Q2p, - . .)
gives us an identification

2

M, = R"
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and the map

[CLZ'J'] — (all, . Q1n,0922,...09n,033,...03n, . - )
gives us an identification
S, 2 R™T
(Note that if A is a symmetric matrix,
a2 = az1, a13 = az1, a3z = a23, etc.
so this map avoids redundancies.) Let

O(n)={AeM,, AlA=T}.

This is the set of orthogonal n x n matrices, and we will leave for you
as an exercise to show that it’s an n(n — 1)/2-dimensional manifold.

Hint: Let f: M, — S, be the map f(A) = A'A — I. Then
O(n) = f71(0).

These examples show that lots of interesting manifolds arise as
zero sets of submersions, f : U — R¥. This is, in fact, not just an
accident. We will show that locally every manifold arises this way.
More explicitly let X € RY be an n-dimensional manifold, p a point
of X, U a neighborhood of 0 in R”, V a neighborhood of p in RY and
¢ : (U,0) = (VNX,p) a diffeomorphism. We will for the moment
think of ¢ as a C>® map ¢ : U — R whose image happens to lie in
X.

Lemma 4.1.6. The linear map

Dp(0) : R" — RN
18 injective.
Proof. ™' : VN X — U is a diffeomorphism, so, shrinking V if
necessary, we can assume that there exists a C>*° map v : V — U
which coincides with ¢~'on V' N X Since ¢ maps U onto V N X,
o= !oyis the identity map on U. Therefore,

D(¢p o 9)(0) = (D) (p) Dp(0) = 1

by the chain rule, and hence if Dp(0)v = 0, it follows from this
identity that v = 0.
O
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Lemma 5.1.6 says that ¢ is an immersion at 0, so by the canon-
ical immersion theorem (see Appendix B,Theorem 4) there exists a
neighborhood, Uy, of 0 in U, a neighborhood, V},, of p in V, and a
diffeomorphism

(4.1.3) g: (Vp,p) — (Ug x RY™™,0)
such that
(4.1.4) gop=u,

¢ being, as in Appendix B, the canonical immersion
(4.1.5) LUy — Ug xRV ™z — (2,0).

By (5.1.3) g maps ¢(Uy) diffeomorphically onto ¢(Up). However, by
(5.1.2) and (5.1.3) ¢(Up) is defined by the equations, z; = 0, i =
n+1,...,N. Hence if g = (g1,...,9n) the set, p(Up) =V, N X is
defined by the equations

(4.1.6) =0, i=n+1,...,N.
Let £ =N —n, let
m:RY =R" x RY - R
be the canonical submersion,
m(x1,...,ZN) = (Tpt1,---TN)

and let f = wog. Since g is a diffeomorphism, f is a submersion and
(5.1.5) can be interpreted as saying that

(4.1.7) V,NnX = f~10).

Thus to summarize we’ve proved

Theorem 4.1.7. Let X be an n-dimensional submanifold of RN and
let £ = N —n. Then for every p € X there exists a neighborhood, V),
of p in RN and a submersion

f: (Vpp) = (R,0)

such that X NV, is defined by the equation (5.1.6).
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A nice way of thinking about Theorem 4.1.2 is in terms of the
coordinates of the mapping, f. More specifically if f = (f1,..., fx)
we can think of f~!(a) as being the set of solutions of the system of
equations

(418) fl(:E) = a;, 1= 1, ce ,k‘

and the condition that a be a regular value of f can be interpreted
as saying that for every solution, p, of this system of equations the
vectors

Ofi

(4.1.9) (@) =3 5, O dr;

13

in TyR™ are linearly independent, i.e., the system (5.1.7) is an “in-
dependent system of defining equations” for X.

Exercises.

1. Show that the set of solutions of the system of equations

i+ +z, = 1

and

z1+-+z, = 0
is an n — 2-dimensional submanifold of R™.
2. Let 8! be the n-sphere in R™ and let
X,={zecsS" ', z+---+z,=d}.

For what values of a is X, an (n — 2)-dimensional submanifold of
Sn=1?

3. Show that if X;, i = 1,2, is an n;-dimensional submanifold of
RN then
X; x Xy CRM x R

is an (nj + ng2)-dimensional submanifold of RM x RN,
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4.  Show that the set
X ={(z,v) € S" ' xR", z-v=0}

is a 2n — 2-dimensional submanifold of R x R™. (Here “x -v” is the
dot product, _ z;v;.)

5. Let g : R — R* be a C*® map and let X = graphg. Prove
directly that X is an n-dimensional manifold by proving that the
map

7R =X,z (3,9(2))

is a diffeomorphism.
6. Prove that O(n) is an n(n — 1)/2-dimensional manifold. Hints:
(a) Let f: M, — S, be the map
f(A)=A"A=1.

Show that O(n) = f~1(0).
(b) Show that

f(A+eB)=A'A+ e¢(A'B + B'A) + ¢B'B.
(c) Conclude that the derivative of f at A is the map
) BeM, — A'B+ B'A.

(d) Let A bein O(n). Show that if C'is in S,, and B = AC//2 then
the map, (*), maps B onto C.

(e) Conclude that the derivative of f is surjective at A.
(f) Conclude that 0 is a regular value of the mapping, f.

7. The next five exercises, which are somewhat more demanding
than the exercises above, are an introduction to “Grassmannian”
geometry.

(a) Letey,...,e,bethestandard basis of R" and let W = span{ex1,. ..

Prove that if V' is a k-dimensional subspace of R™ and

(1.1) VAW = {0},

sen}.
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then one can find a unique basis of V' of the form

l
(12) Vi:ei—l—Zbi,jekﬂ-, 1=1,...,k,
j=1
where £ =n — k.

(b) Let Gy be the set of k-dimensional subspaces of R having the
property (1.1) and let My, be the vector space of k x ¢ matrices.
Show that one gets from the identities (1.2) a bijective map:

(1.3) v My — G

8.  Let S, be the vector space of linear mappings of R™ into itself
which are self-adjoint, i.e., have the property A = A’

(a) Given a k-dimensional subspace, V' of R™ let my : R™ — R”™ be
the orthogonal projection of R™ onto V. Show that 7y is in .S,, and
is of rank k, and show that (my)% = my.

(b) Conversely suppose A is an element of S, which is of rank &
and has the property, A2 = A. Show that if V is the image of A in
R™, then A = 7.

Notation. We will call an A € S,, of the form, A = 7wy above a
rank k projection operator.

9. Composing the map

(1.4) p:Gy— Sy, V -y
with the map (1.3) we get a map

(1.5) ©:Mpe—Sn, ©=p-7.

Prove that ¢ is C*°.
Hints:

(a) By Gram—Schmidt one can convert (1.2) into an orthonormal
basis

(1.6) 6173,...,6n73

of V. Show that the e; p’s are C* functions of the matrix, B = [b; ;].
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(b) Show that my is the linear mapping

k

veV — Z(v - € B)EiB -
i=1

10. Let Vp = span{ey,...,e,} and let G = p(G). Show that ¢
maps a neighborhood of 0 in M, , diffeomorphically onto a neigh-
borhood of 7y, in Gy.

Hints: my is in Gy, if and only if V satisfies (1.1). For 1 <i < k let
k ¢
(1.7) w; =my(e) = Z a; je; + Z CirClotr -
j=1 r=1

(a) Show that if the matrix A = [a; ;] is invertible, 7y is in G-
(b) Let O C Gy, be the set of all my’s for which A is invertible.
Show that ¢! : 0 — M ¢ is the map

(,0_1(7'('\/) =B=A"C

where C' = [¢; j].

11. Let G(k,n) C S, be the set of rank k projection operators.

Prove that G(k,n) is a k¢-dimensional submanifold of the Euclidean
n(n+1)
2

space, S, = R
Hints:

(a) Show that if V' is any k-dimensional subspace of R™ there exists
a linear mapping, A € O(n) mapping Vj to V.

(b) Show that 7y = Amy, A~ L.
(¢) Let K4 : S, — S, be the linear mapping,

KA(B)=ABA™!.

Show that
Kpo-@: Mpp— Sy

maps a neighborhood of 0 in My, , diffeomorphically onto a neigh-
borhood of 7y in G(k,n).



154 Chapter 4. Forms on Manifolds

Remark 4.1.8. Let Gr(k,n) be the set of all k-dimensional sub-
spaces of R™. The identification of Gr(k,n) with G(k,n) given by
V «— @y allows us to restate the result above in the form.

The “Grassmannnian” Theorem: The set (Gr(k,n)) (a.k.a. the “Grass-

mannian of k-dimensional subspaces of R™”) is a k¢-dimensional sub-
n(n+1)

manifold of S,, = R~ 2 .

12.  Show that Gr(k,n) is a compact submanifold of S,,. Hint: Show
that it’s closed and bounded.

4.2 Tangent spaces

We recall that a subset, X, of RY is an n-dimensional manifold, if,
for every p € X, there exists an open set, U C R", a neighborhood,
V, of p in RY and a C*°-diffeomorphism, ¢ : U — X N X.

Definition 4.2.1. We will call ¢ a parametrization of X at p.

Our goal in this section is to define the notion of the tangent space,
T,X, to X at p and describe some of its properties. Before giving
our official definition we’ll discuss some simple examples.

Example 1.

Let f : R — R be a C*™ function and let X = graphf.
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X =graphf

/
X

Then in this figure above the tangent line, ¢, to X at pg = (20, yo)
is defined by the equation

Y —yo = a(x — x0)

where a = f’(x¢) In other words if p is a point on £ then p = py+ Avg
where vog = (1,a) and A € R. We would, however, like the tangent
space to X at po to be a subspace of the tangent space to R? at py,
i.e., to be the subspace of the space: T,;R? = {py} x R?, and this
we’ll achieve by defining

Ty X = {(po, \v0), A €R}.

Example 2.

Let S? be the unit 2-sphere in R3. The tangent plane to S? at po
is usually defined to be the plane

{po+V;U€]R3, v Lpo}.

However, this tangent plane is easily converted into a subspace of
T,R? via the map, pp + v — (po,v) and the image of this map

{(po,v); vER®, v Lpg}

will be our definition of T}, S?.
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Let’s now turn to the general definition. As above let X be an
n-dimensional submanifold of RY, p a point of X, V a neighborhood
of pin RY, U an open set in R” and

v:(Uq) — (XNV,p)
a parameterization of X. We can think of ¢ as a C* map

¢:(Uq) — (V,p)

whose image happens to lie in X NV and we proved in §5.1 that its
derivative at ¢

(4.2.1) (dp)q : T,R™ — T,RY
is injective.
Definition 4.2.2. The tangent space, T, X, to X at p is the image

of the linear map (4.2.1). In other words, w € T,RY is in T,X if
and only if w = dpg(v) for some v € T,R™. More succinctly,

(4.2.2) T,X = (dog)(T,R").

(Since dpq is injective this space is an n-dimensional vector subspace
of T,RN.)

One problem with this definition is that it appears to depend on
the choice of . To get around this problem, we’ll give an alternative
definition of 7}, X. In §5.1 we showed that there exists a neighbor-
hood, V, of p in RY (which we can without loss of generality take
to be the same as V above) and a C*° map

(4.2.3) f:(V,p) — (R¥,0), k=N-n,

such that X NV = f~1(0) and such that f is a submersion at all
points of X NV, and in particular at p. Thus

dfy : T,RY — TyRF

is surjective, and hence the kernel of df, has dimension n. Our alter-
native definition of T, X is

(4.2.4) T,X = kernel df, .
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The spaces (4.2.2) and (4.2.4) are both n-dimensional subspaces
of TPRN , and we claim that these spaces are the same. (Notice that
the definition (4.2.4) of T, X doesn’t depend on ¢, so if we can show
that these spaces are the same, the definitions (4.2.2) and (4.2.4) will
depend neither on ¢ nor on f.)

Proof. Since ¢(U) is contained in X NV and X NV is contained in
f710), fop =0, so by the chain rule

(4.2.5) dfp o dpg =d(fop)g=0.

Hence if v € T,R" and w = dpy(v), dfp(w) = 0. This shows that the
space (4.2.2) is contained in the space (4.2.4). However, these two

spaces are n-dimensional so they coincide.
O

From the proof above one can extract a slightly stronger result:

Theorem 4.2.3. Let W be an open subset of R® and h : (W,q) —
(RN, p) a C= map. Suppose h(W) is contained in X. Then the image
of the map

dhg : T,R" — T,RY
is contained in T,X.

Proof. Let f be the map (4.2.3). We can assume without loss of
generality that h(WW) is contained in V, and so, by assumption,
h(W) C X NV. Therefore, as above, foh = 0, and hence dh,(T,R)
is contained in the kernel of df),.

O

This result will enable us to define the derivative of a mapping
between manifolds. Explicitly: Let X be a submanifold of R, Y a
submanifold of R™ and g : (X,p) — (Y,y0) a C* map. By Defi-
nition 5.1.1 there exists a neighborhood, @, of X in RY and a C™
map, g : O — R™ extending to g. We will define

(4.2.6) (dgp) : TyX — T, Y
to be the restriction of the map
(4.2.7) (dg), : T,RYN — T, ,R™

to T, X. There are two obvious problems with this definition:
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1. Is the space
(dgp)(TpX)

contained in T}, Y7
2. Does the definition depend on g?
To show that the answer to 1. is yes and the answer to 2. is no, let
p: (Uyxo) = (XN V,p)

be a parametrization of X, and let h = g o ¢. Since p(U) C X,
h(U) CY and hence by Theorem 4.2.4

dhgy (ToyR™) C T, Y .

But by the chain rule

(4.2.8) dha, = dgp © dipg,

so by (4.2.2)

(4.2.9) (d5,)(T,X) < T,¥

and

(4.2.10) (dgp)(TpX) = (dh)zy (T, R™)

Thus the answer to 1. is yes, and since h = go ¢ = go ¢, the answer
to 2. is no.
From (4.2.5) and (4.2.6) one easily deduces

Theorem 4.2.4 (Chain rule for mappings between manifolds). Let
Z be a submanifold of R® and ¢ : (Y,yo) — (Z,29) a C*>° map. Then
dipy, o dgy = d( 0 g)p.

We will next prove manifold versions of the inverse function theo-
rem and the canonical immersion and submersion theorems.

Theorem 4.2.5 (Inverse function theorem for manifolds). Let X
and Y be n-dimensional manifolds and f : X — Y a C® map.
Suppose that at p € X the map

dfp : Ty X — T5Y , q=f(p),

1s bijective. Then f maps a neighborhood, U, of p in X diffeomor-
phically onto a neighborhood, V', of ¢ in'Y .
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Proof. Let U and V be open neighborhoods of p in X and ¢ in Y
and let

vo : (Uo,po) — (U, p)
and

Yo = (Vo,q0) — (V;q)

be parametrizations of these neighborhoods. Shrinking Uy and U we
can assume that f(U) C V. Let

g : (Uo,po) — (Vo, qo)

be the map zpo_l o fowy. Then ¢y o g = f o, so by the chain rule

(dvho)go © (dg)pe = (df )p © (depo)p -

Since (dip)q, and (dgo)p, are bijective it’s clear from this identity
that if df, is bijective the same is true for (dg),,. Hence by the inverse
function theorem for open subsets of R", g maps a neighborhood of
po in Uy diffeomorphically onto a neighborhood of ¢y in V4. Shrinking
Up and Vy we assume that these neighborhoods are Uy and V) and
hence that ¢ is a diffeomorphism. Thus since f : U — V is the map
oo gopy it is a diffeomorphism as well.

O

Theorem 4.2.6 (The canonical submersion theorem for manifolds).
Let X and Y be manifolds of dimension n and m, m < n, and let
f: X =Y be aC>® map. Suppose that at p € X the map

dfp : TpX = T,Y, q=f(p),

is surjective. Then there exists an open neighborhood, U, of p in X,
and open neighborhood, V' of f(U) in'Y and parametrizations

®o - (U070) - (va)
and

o (VOvO) - (V7 q)
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such that in the diagram below

v v

@OT Two

Uy — W
the bottom arrow, 1/10_1 o f oy, is the canonical submersion, .

Proof. Let U and V be open neighborhoods of p and ¢ and

©o : (Uo,po) — (U, p)
and

Yo = (Vo,q0) — (V5 q)

be parametrizations of these neighborhoods. Composing g and g
with the translations we can assume that pg is the origin in R™ and
qo the origin in R™, and shrinking U we can assume f(U) C V. As
above let g : (Up,0) — (Vp,0) be the map, wo_l o f opg. By the chain
rule

(dvbo)o © (dg)o = dfp o (deo)o

therefore, since (di)p and (dyg)g are bijective it follows that (dg)g
is surjective. Hence, by Theorem 5.1.2, we can find an open neigh-
borhood, U, of the origin in R™ and a diffeomorphism, ¢ : (Uy,0) —
(Up,0) such that g o is the canonical submersion. Now replace Uy
by Uy and ¢g by g o ¢1.

O

Theorem 4.2.7 (The canonical immersion theorem for manifolds).
Let X and Y be manifolds of dimension n and m, n < m, and
f: X =Y aC*® map. Suppose that at p € X the map

dfp : T,X =T, q=f(p)

is injective. Then there exists an open meighborhood, U, of p in X,
an open neighborhood, V', of f(U) in'Y and parametrizations

®o - (U070) - (Uap)
and
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¢0 : (‘/070) - (V7 q)
such that in the diagram below

f

U ——

on Tilfo

Uy — W

the bottom arrow, gy o f o g, is the canonical immersion, t.

Proof. The proof is identical with the proof of Theorem 4.2.6 except
for the last step. In the last step one converts g into the canonical
immersion via a map 1 : (V1,0) — (Vp, 0) with the property goy; =
¢ and then replaces ¥y by 19 o 9.

O

Exercises.

2
n—1»

1. What is the tangent space to the quadric, z,, = 23+ +x
at the point, (1,0,...,0,1)?

2. Show that the tangent space to the (n — 1)-sphere, S"~1, at p,
is the space of vectors, (p,v) € T,R" satisfying p - v = 0.

3. Let f:R" — RF be a C*® map and let X = graphf. What is
the tangent space to X at (a, f(a))?

4.  Let o: 8" ! — §"~1 be the antipodal map, o(z) = —z. What
is the derivative of o at p € S*~1?

5. Let X; C RN §=1,2, be an n;-dimensional manifold and let
p; € X;. Define X to be the Cartesian product

X1 x Xy CRM x RN

and let p = (p1,p2). Show that 7, X is the vector space sum of the
vector spaces, T}, X1 and T, Xs.
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6. Let X C RY be an n-dimensional manifold and w; U —
XNV, 1=1,2, two parametrizations. From these parametrizations
one gets an overlap diagram

XxXnv

dy / \ d
(4.2.11) w, _Y W
where V =11 N Vo, W; = o, (X NV) and ¢ = 5 0 1.

2
2

() Let p€ XNV and let ¢; = ¢; '(p). Derive from the overlap
diagram (4.2.11) an overlap diagram of linear maps

(d1)a, / (;) Xczm)qz

(4.2.12) T, R" © T,Rr

(b) Use overlap diagrams to give another proof that 7, X is intrin-
sically defined.

4.3 Vector fields and differential forms on manifolds

A vector field on an open subset, U, of R” is a function, v, which
assigns to each p € U an element, v(p), of T,U, and a k-form is a
function, w, which assigns to each p € U an element, w(p), of A*(T, )
These definitions have obvious generalizations to manifolds:

Definition 4.3.1. Let X be a manifold. A vector field on X is a
function, v, which assigns to each p € X an element, v(p), of T,X,
and a k-form is a function, w, which assigns to each p € X an
element, w(p), of Ak(T;X).

We’ll begin our study of vector fields and k-forms on manifolds
by showing that, like their counterparts on open subsets of R", they
have nice pull-back and push-forward properties with respect to map-
pings. Let X and Y be manifolds and f: X — Y a C* mapping.

Definition 4.3.2. Given a vector field, v, on X and a vector field,
w, on Y, we’ll say that v and w are f-related if, for all p € X and

q=f(p)
(4.3.1) (df )pv(p) = w(q) .
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In particular, if f is a diffeomorphism, and we’re given a vector
field, v, on X we can define a vector field, w, on Y by requiring
that for every point, ¢ € Y, the identity (4.2.1) holds at the point,
p = f71(q). In this case we'll call w the push-forward of v by f
and denote it by f.v. Similarly, given a vector field, w, on Y we can
define a vector field, v, on X by applying the same construction to
the inverse diffeomorphism, f~' : Y — X. We will call the vector
field (f~1),w the pull-back of w by f (and also denote it by f*w).

For differential forms the situation is even nicer. Just as in §2.5
we can define the pull-back operation on forms for any C* map
f: X — Y. Specifically: Let w be a k-form on Y. For every p € X,
and ¢ = f(p) the linear map

df, : T,X — T,Y
induces by (1.8.2) a pull-back map
(dfp)* : AN(T) — AM(T})

and, as in §2.5, we’ll define the pull-back, f*w, of w to X by defining
it at p by the identity

(4.3.2) (fw)(p) = (dfp)*w(q).-

The following results about these operations are proved in exactly
the same way as in §2.5.

Proposition 4.3.3. Let X, Y and Z be manifolds and f : X —Y
and g: Y — Z C*® maps. Then if w is a k-form on Z

(4.3.3) fgw) =(go f)w,

and if v is a vector field on X and f and g are diffeomorphisms

(4.3.4) (g0 v = g(fiv).

Our first application of these identities will be to define what one
means by a “C* vector field” and a “C* k-form”.
Let X be an n-dimensional manifold and U an open subset of X.

Definition 4.3.4. The set U is a parametrizable open set if there
exists an open set, Uy, in R™ and a diffeomorphism, ¢y : Uy — U.
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In other words, U is parametrizable if there exists a parametriza-
tion having U as its image. (Note that X being a manifold means
that every point is contained in a parametrizable open set.)

Now let U C X be a parametrizable open set and ¢ : Uy — U a
parametrization of U.

Definition 4.3.5. A k-form w on U is C* if pjw is C*.

This definition appears to depend on the choice of the parametriza-
tion, ¢, but we claim it doesn’t. To see this let ¢1 : Uy — U be
another parametrization of U and let

P Uy — Uy

be the composite map, ¢, Lo pg. Then ¢y = 1 o1 and hence by
Proposition 4.3.3
pow =V piw,
so by (2.5.11) pjw is C= if pjw is C*°. The same argument applied
to ¢! shows that pjw is C* if pjw is C=. Q.E.D
The notion of “C*” for vector fields is defined similarly:

Definition 4.3.6. A vector field, v, on U is C* if pjv is C*°.

By Proposition 4.3.3 ¢jv = ¥*pJv, so, as above, this definition is
independent of the choice of parametrization.
We now globalize these definitions.

Definition 4.3.7. A k-form, w, on X is C>® if, for every point
p € X, w is C® on a neighborhood of p. Similarly, a vector field, v,
on X is C*® if, for every point, p € X, v is C*° on a neighborhood
of p.

We will also use the identities (5.2.4) and (5.2.5) to prove the
following two results.

Proposition 4.3.8. Let X and Y be manifolds and f : X — Y a
C*> map. Then if w is a C*®° k-form onY, f*w is a C*° k-form on X.

Proof. For p € X and ¢ = f(p) let o : Uy — U and ¢pg : Vo — V
be parametrizations with p € U and ¢ € V. Shrinking U if necessary
we can assume that f(U) C V. Let g : Uy — Vp be the map, g =
¢0_1 o fowg. Then ¥gog = f oy, so g"Ygw = @i f*w. Since w is
C™®, Yfw is C*°, so by (2.5.11) g*jw is C*°, and hence, ¢f, f*w is C*.
Thus by definition f*w is C*° on U.

O
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By exactly the same argument one proves:

Proposition 4.3.9. If w is a C*° wvector field on Y and f is a dif-
feomorphism, f*w is a C*° wvector field on X.

Some notation:

1. We'll denote the space of C* k-forms on X by QF(X).

2. For w € QF(X) we'll define the support of w to be the
closure of the set

{re X, w(p) #0}

and we’ll denote by QIS(X ) the space of completely supported
k-forms.

3. For a vector field, v, on X we’ll define the support of v to
be the closure of the set

{pe X, v(p) #0}.

We will now review some of the results about vector fields and the
differential forms that we proved in Chapter 2 and show that they
have analogues for manifolds.

1. Integral curves

Let I C R be an open interval and v : I — X a C* curve. For tg € 1
we will call @ = (tg,1) € T, R the unit vector in T3, R and if p = (o)
we will call the vector

d’}/to (U) S TpX

the tangent vector to v at p. If v is a vector field on X we will say
that v is an integral curve of v if for all £ty €

v(y(to)) = dy, () .

Proposition 4.3.10. Let X and Y be manifolds and f : X — Y a
C*® map. If v and w are vector fields on X and Y which are f-related,
then integral curves of v get mapped by f onto integral curves of w.
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Proof. If the curve, v : I — X is an integral curve of v we have to
show that fo~y:I — Y is an integral curve of w. If 7(¢t) = p and
q = f(p) then by the chain rule

wlg) = dfp(v(p)) = dfy(d(iD)
— d(f oy)i(D).

O

From this result it follows that the local existence, uniqueness
and “smooth dependence on initial data” results about vector fields
that we described in §2.1 are true for vector fields on manifolds.
More explicitly, let U be a parametrizable open subset of X and
@ : Up — U a parametrization. Since Uy is an open subset of R"
these results are true for the vector field, w = ¢jv and hence since
w and v are gg-related they are true for v. In particular

Proposition 4.3.11 (local existence). For every p € U there exists
an integral curve, y(t), —e <t < €, of v with v(0) = p.

Proposition 4.3.12 (local uniqueness). Let v; : I; — U i = 1,2 be
integral curves of v and let I = I1 N Iy. Suppose v2(t) = ~1(t) for
some t € I. Then there exists a unique integral curve, v : IUly — U
with v =71 on Iy and v = 5 on Is.

Proposition 4.3.13 (smooth dependence on initial data). For every
p € U there exists a neighborhood, O of p in U, an interval (—e,€)
and a C*® map, h : O X (—€,€) — U such that for every p € O the
curve

1(t) = h(p,t), —e<t<e,

is an integral curve of v with v,(0) = p.

As in Chapter 2 we will say that v is complete if, for every p € X
there exists an integral curve, v(t), —oo < t < oo, with v(0) = p. In
Chapter 2 we showed that one simple criterium for a vector field to
be complete is that it be compactly supported. We will prove that
the same is true for manifolds.

Theorem 4.3.14. If X is compact or, more generally, if v is com-
pactly supported, v is complete.

Proof. It’s not hard to prove this by the same argument that we
used to prove this theorem for vector fields on R™, but we’ll give a
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simpler proof that derives this directly from the R™ result. Suppose
X is a submanifold of RY. Then for p € X,

T,X C T,RY ={(p,v), veR"},
so v(p) can be regarded as a pair, (p, v(p)) where v(p) is in R"V. Let
(4.3.5) fo: X - RY

be the map, f,(p) = v(p). It is easy to check that v is C* if and
only if f, is C*°. (See exercise 11.) Hence (see Appendix B) there
exists a neighborhood, @ of X and a map ¢g : O — R extending
fv. Thus the vector field w on O defined by w(q) = (¢, 9(q)) extends
the vector field v to O. In other words if ¢ : X — O is the inclusion
map, v and w are t-related. Thus by Proposition 4.3.10 the integral
curves of v are just integral curves of w that are contained in X.

Suppose now that v is compactly supported. Then there exists a
function p € C3°(O) which is 1 on the support of v, so, replacing
w by pw, we can assume that w is compactly supported. Thus w is
complete. Let y(t), —oo < t < oo be an integral curve of w. We will
prove that if 7(0) € X, then this curve is an integral curve of v. We
first observe:

Lemma 4.3.15. The set of points, t € R, for which v(t) € X is both
open and closed.

Proof. If p ¢ suppv then w(p) = 0 so if y(t) = p, 7(¢) is the constant
curve, v = p, and there’s nothing to prove. Thus we are reduced to
showing that the set

(4.3.6) {teR, ~(t) €suppv}

is both open and closed. Since suppwv is compact this set is clearly
closed. To show that it’s open suppose (ty) € suppv. By local exis-
tence there exist an interval (—e +tg, € + tp) and an integral curve,
~1(t), of v defined on this interval and taking the value v1(tg) = v(¢o)
at p. However since v and w are t-related ; is also an integral curve
of w and so it has to coincide with «y on the interval (—e+tg, €+1p).
In particular, for ¢ on this interval, v(¢) € suppwv, so the set (5.2.6)
is open.

O
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To conclude the proof of Theorem 4.3.14 we note that since R is
connected it follows that if y(t9) € X for some tg € R then y(t) € X
for all t € R, and hence 7 is an integral curve of v. Thus in particular
every integral curve of v exists for all time, so v is complete.

O

Since w is complete it generates a one-parameter group of diffeo-
morphisms, g; : O — O, —0o < t < oo having the property that the
curve

gt(p) = 1(t), —oo<t<oo

is the unique integral curve of w with initial point, ,(0) = p. But if
p € X this curve is an integral curve of v, so the restriction

fi =g X

is a one-parameter group of diffeomorphisms of X with the property
that for p € X the curve

fi(p) = 7p(t), —co<t<oo

is the unique integral curve of v with initial point 7,(0) = p.

2. The exterior differentiation operation

Let w be a C* k-form on X and U C X a parametrizable open
set. Given a parametrization, ¢g : Uy — U we define the exterior
derivative, dw, of w on X by the formula

(4.3.7) dw = (g ) dpfw .

(Notice that since Up is an open subset of R” and ¢jw a k-form on
Uy, the “d” on the right is well-defined.) We claim that this definition
doesn’t depend on the choice of parametrization. To see this let ¢ :
Ui — U be another parametrization of U and let ¢ : Uy — U; be
the diffeomorphism, 901_1 o @p. Then ¢y = 1 01 and hence

dpjw = dy*oiw = Y™ dpjw
= (e ) dpjw
hence

(po ") dojw = (1) dpfw
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as claimed. We can therefore, define the exterior derivative, dw, glob-
ally by defining it to be equal to (4.3.7) on every parametrizable open
set.

It’s easy to see from the definition (4.3.7) that this exterior differ-
entiation operation inherits from the exterior differentiation opera-
tion on open subsets of R™ the properties (2.3.2) and (2.3.3) and that
for zero forms, i.e., C*° functions, f : X — R, df is the “intrinsic” df
defined in Section 2.1, i.e., for p € X df, is the derivative of f

df, : T,X — R
viewed as an element of A! (T; X). Let’s check that it also has the
property (2.5.12).

Theorem 4.3.16. Let X and Y be manifolds and f: X —Y a C®
map. Then for w € QF(Y)
(4.3.8) ffdw = df*w.

Proof. For every p € X we’ll check that this equality holds in a
neighborhood of p. Let ¢ = f(p) and let U and V' be parametrizable
neighborhoods of p and ¢. Shrinking U if necessary we can assume
f(U) C V. Given parametrizations

p:Uy—U
and
P:Vg—V
we get by composition a map
9:Uo—WV, g=v¢'ofop
with the property ¢ o g = f o . Thus
e d(ffw) = d¢*f*w (by definition of d)
= d(fop)w
= d{Yog)w
dg* (*w)
g"do*w by (2.5.12)
g dw (by definition of d)
= ¢ ffdw.

Hence df*w = f* dw.
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3. The interior product and Lie derivative operation

Given a k-form, w € QF(X) and a C*®vector field, w, we will define
the interior product

(4.3.9) L(v)w e QF (X)),

as in §2.4, by setting

and the Lie derivative

(4.3.10) Lw = QFX)
by setting
(4.3.11) Lyw = (v)dw+ di(v)w.

It’s easily checked that these operations satisfy the identities (2.4.2)—
(2.4.8) and (2.4.12)—(2.4.13) (since, just as in §2.4, these identities
are deduced from the definitions (5.2.9) and (5.2.1) by purely formal
manipulations). Moreover, if v is complete and

fi: X=X, —o<t<x

is the one-parameter group of diffeomorphisms of X generated by v
the Lie derivative operation can be defined by the alternative recipe

(4.3.12) Lyw = <% ft*w> (t =0)

as in (2.5.22). (Just as in §2.5 one proves this by showing that the
operation (5.2.12) has the properties (2.12) and (2.13) and hence
that it agrees with the operation (5.2.11) provided the two operations
agree on zero-forms.)

Exercises.

1. Let X C R3 be the paraboloid, x3 = 2 + 2% and let w be
the vector field

W=z i—i—az a— + 2z 9
N 1(9%1 2(9%2 38%3'
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(a) Show that w is tangent to X and hence defines by
restriction a vector field, v, on X.

(b) What are the integral curves of v?

2. Let S? be the unit 2-sphere, 2% + 23 + 25 = 1, in R3 and
let w be the vector field

0 0
W=T1=—— —To— .

8:172 2 al‘l

(a) Show that w is tangent to S2, and hence by restriction

defines a vector field, v, on S2.

(b) What are the integral curves of v?
3. As in problem 2 let S? be the unit 2-sphere in R? and let
w be the vector field

w—i—az T 0 +x 0 +2x 0
T 0wz O\ T'0x 0wy o

(a) Show that w is tangent to S? and hence by restriction
defines a vector field, v, on S2.

(b) What do its integral curves look like?

4. Let S' be the unit circle, x% + x% = 1, in R? and let
X = S x 8! in R* with defining equations

fi = 22 +23-1=0
fo = x?ﬁ—xi—lzo.

(a) Show that the vector field

I PO e
AL T o, 18 ’

A € R, is tangent to X and hence defines by restriction a
vector field, v, on X.

(b) What are the integral curves of v?
(¢) Show that L, f; = 0.
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5. For the vector field, v, in problem 4, describe the one-
parameter group of diffeomorphisms it generates.

6. Let X and v be as in problem 1 and let f : R?> — X be the
map, f(x1,22) = (21, 2,77 + x3). Show that if u is the vector

field,
0

U=l 57— +Toa7—

8%1 8952 ’
then f.u =wv.

7. Let X be a submanifold of X in R" and let v and w be
the vector fields on X and U. Denoting by ¢ the inclusion map
of X into U, show that v and w are t-related if and only if w
is tangent to X and its restriction to X is v.

8. Let X be a submanifold of RY and U an open subset of
RY containing X, and let v and w be the vector fields on X
and U. Denoting by ¢ the inclusion map of X into U, show that
v and w are (-related if and only if w is tangent to X and its
restriction to X is v.

9. An elementary result in number theory asserts

Theorem 4.3.17. A number, A € R, is irrational if and only
if the set
{m+ I, m and n intgers}

is a dense subset of R.

Let v be the vector field in problem 4. Using the theorem above
prove that if A is irrational then for every integral curve, (),
—o0 < t < o0, of v the set of points on this curve is a dense
subset of X.

10. Let X be an n-dimensional submanifold of RY. Prove that
a vector field, v, on X is C* if and only if the map, (5.2.5) is
C™.

Hint: Let U be a parametrizable open subset of X and ¢ : Uy —
U a parametrization of U. Composing ¢ with the inclusion map
t: X — RY one gets a map, top: U — RY. Show that if

. 0
v = sza—%

then
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2 fi = al‘j Uy
where f1, ..., fn are the coordinates of the map, f,, and ¢1,..., 0N

the coordinates of ¢ o ¢.

11. Let v be a vector field on X and ¢ : X — R, a C* function.
Show that if the function

(4.3.13) Lyp = 1(v)dy
is zero  is constant along integral curves of v.

12. Suppose that ¢ : X — R is proper. Show that if L, =0,
v is complete.

Hint: For p € X let a = ¢(p). By assumption, »~!(a) is com-
pact. Let p € C3°(X) be a “bump” function which is one on
¢ !(a) and let w be the vector field, pv. By Theorem 4.3.14,
w is complete and since

Ly = t(pv)de = pi(v) dp = 0

© is constant along integral curves of w. Let (1), —0o < t < 00,
be the integral curve of w with initial point, v(0) = p. Show
that ~ is an integral curve of v.

4.4 Orientations

The last part of Chapter 5 will be devoted to the “integral calculus”
of forms on manifolds. In particular we will prove manifold versions
of two basic theorems of integral calculus on R", Stokes theorem and
the divergence theorem, and also develop a manifold version of degree
theory. However, to extend the integral calculus to manifolds with-
out getting involved in horrendously technical “orientation” issues
we will confine ourselves to a special class of manifolds: orientable
manifolds. The goal of this section will be to explain what this term
means.
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Definition 4.4.1. Let X be an n-dimensional manifold. An orien-
tation of X is a rule for assigning to each p € X an orientation of
T,X.

Thus by definition 1.9.1 one can think of an orientation as a “label-
ing” rule which, for every p € X, labels one of the two components
of the set, A"(T; X)—{0}, by A™(T,; X)4, which we’ll henceforth call
the “plus” part of A"(T}; X), and the other component by A™(T; X)_,
which we’ll henceforth call the “minus” part of A"(7;X).

Definition 4.4.2. An orientation of X is smooth if, for every p €
X, there exists a neighborhood, U, of p and a non-vanishing n-form,
w e Q"(U) with the property

(4.4.1) we = A"(TFX)y

for every q € U.

Remark 4.4.3. If we’re given an orientation of X we can define
another orientation by assigning to each p € X the opposite orien-
tation to the orientation we already assigned, i.e., by switching the
labels on A™(T;)+ and A™(T,;)—. We will call this the reversed ori-
entation of X. We will leave for you to check as an exercise that
if X is connected and equipped with a smooth orientation, the only
smooth orientations of X are the given orientation and its reversed
orientation.

Hint: Given any smooth orientation of X the set of points where
it agrees with the given orientation is open, and the set of points
where it doesn’t is also open. Therefore one of these two sets has to
be empty.

Note that if w € Q"(X) is a non-vanishing n-form one gets from
w a smooth orientation of X by requiring that the “labeling rule”
above satisfy

(4.4.2) wp € AN(TFX)+

for every p € X. If w has this property we will call w a volume form.
It’s clear from this definition that if w; and w9 are volume forms on
X then wy = fy1w; where f5 1 is an everywhere positive C* function.



4.4 Orientations 175

Example 1.

Open subsets, U of R™. We will usually assign to U its standard
orientation, by which we will mean the orientation defined by the
n-form, dx1 A --- A dzy,.

Example 2.

Let f: RY — RF be a C* map. If zero is a regular value of f, the
set X = f71(0) is a submanifold of RV of dimension, n = N — k,
by Theorem 4.2.5. Moreover, for p € X, T, X is the kernel of the
surjective map

df, : T,RY — T,R*

so we get from df, a bijective linear map
(4.4.3) T,RN /T, X — T,R*.

As explained in example 1, TPRN and T,R* have “standard” orien-
tations, hence if we require that the map (5.3.3) be orientation pre-
serving, this gives TpRN /T, X an orientation and, by Theorem 1.9.4,
gives T, X an orientation. It’s intuitively clear that since df, varies
smoothly with respect to p this orientation does as well; however,
this fact requires a proof, and we’ll supply a sketch of such a proof
in the exercises.

Example 3.

A special case of example 2 is the n-sphere
S" = {(z1,...,Tn41) e R", x%—i-"'—kxiﬂ =1},

which acquires an orientation from its defining map, f : R"*! — R,
flx) =i+ +ahy — 1

Example 4.

Let X be an oriented submanifold of RY. For every p € X, T,X
sits inside 7, pRN as a vector subspace, hence, via the identification,
T,RN « RY one can think of 7,X as a vector subspace of RY. In
particular from the standard Euclidean inner product on RN one
gets, by restricting this inner product to vectors in 7, X, an inner
product,

B, :T,X xT,X —R
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on T, X. Let 0, be the volume element in A"(7; X) associated with
B, (see §1.9, exercise 10) and let ¢ = ox be the non-vanishing n-form
on X defined by the assignment

peEX —op,.

In the exercises at the end of this section we’ll sketch a proof of the
following.

Theorem 4.4.4. The form, ox, is C*° and hence, in particular, is a
volume form. (We will call this form the Riemannian volume form.)

Example 5. The Mobius strip. The Mobius strip is a surface in

R3 which is not orientable. It is obtained from the rectangle
R={(z,y);0<z<1,-1<y<1}

by gluing the ends together in the wrong way, i.e., by gluing (1,y)
to (0, —y) . It is easy to see that the Mdbius strip can’t be oriented
by taking the standard orientation at p = (1,0) and moving it along
the line, (¢,0), 0 < ¢ <1 to the point, (0,0) (which is also the point,
p, after we've glued the ends of the rectangle together).

We’ll next investigate the “compatibility” question for diffeomor-
phisms between oriented manifolds. Let X and Y be n-dimensional
manifolds and f: X — Y a diffeomorphism. Suppose both of these
manifolds are equipped with orientations. We will say that f is ori-
entation preserving if, for all p € X and ¢ = f(p) the linear map

df, : T, X = T,Y

is orientation preserving. It’s clear that if w is a volume form on Y
then f is orientation preserving if and only if f*w is a volume form
on X, and from (1.9.5) and the chain rule one easily deduces

Theorem 4.4.5. If Z is an oriented n-dimensional manifold and
g :Y — Z a diffeomorphism, then if both f and g are orientation
preserving, so is g o f.

If f: X — Y is a diffeomorphism then the set of points, p € X,
at which the linear map,

dfp : T,X = T5Y, q=f(p),
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is orientation preserving is open, and the set of points at which its
orientation reversing is open as well. Hence if X is connected, df,, has
to be orientation preserving at all points or orientation reversing at
all points. In the latter case we’ll say that f is orientation reversing.

If U is a parametrizable open subset of X and ¢ : Uy — U a
parametrization of U we’ll say that this parametrization is an ori-
ented parametrization if ¢ is orientation preserving with respect to
the standard orientation of Uy and the given orientation on U. No-
tice that if this parametrization isn’t oriented we can convert it into
one that is by replacing every connected component, V{, of Uy on
which ¢ isn’t orientation preserving by the open set

(4.4.4) VOﬁ ={(x1,...,zy) €ER", (z1,...,2p1,—p) € Vo}
and replacing ¢ by the map

(4.4.5) Y(z1, ..., 2n) = @(T1,. .., Tp—1, —Tp) -

If p; : U; — U, i = 0,1, are oriented parametrizations of U and
¥ : Ug — Uj is the diffeomorphism, cpl_l o (g, then by the theorem
above 1 is orientation preserving or in other words
O

0z

(4.4.6) det[ ] >0

at every point on Uj.

We’ll conclude this section by discussing some orientation issues
which will come up when we discuss Stokes theorem and the diver-
gence theorem in §5.5. First a definition.

Definition 4.4.6. An open subset, D, of X is a smooth domain if

(a) its boundary is an (n — 1)-dimensional submanifold of X
and

(b) the boundary of D coincides with the boundary of the clo-
sure of D.

Examples.

1.  The n-ball, x% + -+ 4+ 22 < 1, whose boundary is the sphere,
232t =1,
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2. The n-dimensional annulus,
l<ai+ - +a2<2

whose boundary consists of the spheres,

P4 a2 =1land 2?4 +a2 =2,

3. Let S"! be the unit sphere, 2% + --- 4+ 22 = 1 and let D =
R"™ — S"~1. Then the boundary of D is S"~! but D is not a smooth
domain since the boundary of its closure is empty.

4. The simplest example of a smooth domain is the half-space
(4.4.7) H" = {(z1,...,2z,) € R", 1z <0}

whose boundary

(4.4.8) {(z1,...,2n) €R", x1 =0}

we can identify with R”~! via the map,

(z2,...,2,) ER" = (0,29,...,2,).

We will show that every bounded domain looks locally like this
example.

Theorem 4.4.7. Let D be a smooth domain and p a boundary point
of D. Then there exists a neighborhood, U, of p in X, an open set,
Uy, in R™ and a diffeomorphism, ¢ : Uy — U such that ¢ maps
Uyp NH™ onto UN D.

Proof. Let Z be the boundary of D. First we will prove:

Lemma 4.4.8. For every p € Z there exists an open set, U, in X
containing p and a parametrization

(4.4.9) YUy —U
of U with the property

(4.4.10) YUy NBAH") =UN Z.
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Proof. X is locally diffeomorphic at p to an open subset of R™ so
it suffices to prove this assertion for X equal to R™. However, if
Z is an (n — 1)-dimensional submanifold of R™ then by 4.2.7 there
exists, for every p € Z a neighborhood, U, of p in R™ and a function,
@ € C*°(U) with the properties

(4.4.11) reUNZ < p(x)=0
and
(4.4.12) dg, #0.

Without loss of generality we can assume by (5.3.12) that

dp

(4.4.13) B

(p) #0.
Hence if p : U — R" is the map

(4.4.14) p(x1, ... xy) = (p(x), 22, ..., Tp)

(dp), is bijective, and hence p is locally a diffeomorphism at p.
Shrinking U we can assume that p is a diffeomorphism of U onto an
open set, Uy. By (5.3.11) and (4.4.14) p maps U N Z onto Uy N BdH"
hence if we take v to be p~!, it will have the property (5.3.10).

O

We will now prove Theorem 4.4.4. Without loss of generality we
can assume that the open set, Uy, in Lemma 4.4.8 is an open ball
with center at ¢ € BdH"™ and that the diffeomorphism, ¢ maps ¢ to
p. Thus for »~1(U N D) there are three possibilities.

i. »~Y(UND)=(R"— BdH") N Up.
ii. ¥~(UND)=R"-H")NUp.
or
iii. ¥~ 1(UND)=H"NUj.
However, i. is excluded by the second hypothesis in Definition 5.3.5
and if ii. occurs we can rectify the situation by composing ¢ with

the map, (z1,...,2,) — (—21,22,...,ZTp).
O
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Definition 4.4.9. We will call an open set, U, with the properties
above a D-adapted parametrizable open set.

We will now show that if X is oriented and D C X is a smooth
domain then the boundary, Z, of D acquires from X a natural ori-
entation. To see this we first observe

Lemma 4.4.10. The diffeomorphism, 1 : Uy — U in Theorem 4.4.7
can be chosen to be orientation preserving.

Proof. If it is not, then by replacing ¢ with the diffeomorphism,
P xy,. .. xn) = Y(x1, ..., Ty 1, —2p), We get a D-adapted parametriza-
tion of U which is orientation preserving. (See (5.3.4)—(5.3.5).)

]

Let Vp = Uy NR™*! be the boundary of Uy N H". The restriction
of ¥ to Vy is a diffeomorphism of V) onto U N Z, and we will orient
U N Z by requiring that this map be an oriented parametrization.
To show that this is an “intrinsic” definition, i.e., doesn’t depend on
the choice of ¢, we’ll prove

Theorem 4.4.11. If; : U; — U, i = 0,1, are oriented parametriza-
tions of U with the property

v U, NH"—-UND

the restrictions of v; to U NR™ 1 induce compatible orientations on
UnX.

Proof. To prove this we have to prove that the map, 4,01_1 0 g, Te-
stricted to U N BdH" is an orientation preserving diffeomorphism of
Up NR™ ! onto U; NR™ L. Thus we have to prove the following:

Proposition 4.4.12. Let Uy and Uy be open subsets of R™ and f :
Uy — Uy an orientation preserving diffeomorphism which maps UyN
H™ onto Uy N H". Then the restriction, g, of f to the boundary,
Ug NR™ L of Uy NH" is an orientation preserving diffeomorphism,
g:UgNR"™! - U nR*1L.

Let f(x) = (fi(x),..., fu(x)). By assumption fi(x1,...,x,) is less
than zero if x7 is less than zero and equal to zero if z1 is equal to
zero, hence
(4.4.15) a—xl(O,xg, ceyTp) >0

and
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Moreover, since g is the restriction of f to the set x1 =0

ofi _ 0g;
(4.4.17) %(0,33‘2,...,1'”) = o, (x2,..., 1)
for i,j > 2. Thus on the set, x1 =0
of,1  of . [0
(4.4.18) det [8:5]} = 25 det [&Tj] .

Since f is orientation preserving the left hand side of (4.4.18) is
positive at all points (0,2, ..., 2,) € UsNR"~! hence by (4.4.15) the

. % % . . . .
same is true for o and det [ 3%}' Thus g is orientation preserving.

Remark 4.4.13. For an alternative proof of this result see exercise 8
i §3.2 and exercises 4 and 5 in §35.6.

We will now orient the boundary of D by requiring that for every
D-adapted parametrizable open set, U, the orientation of Z coin-
cides with the orientation of U N Z that we described above. We will
conclude this discussion of orientations by proving a global version
of Proposition 5.3.11.

Proposition 4.4.14. Let X;, i = 1,2, be an oriented manifold,
D; C X; a smooth domain and Z; its boundary. Then if f is an
orientation preserving diffeomorphism of (X1, D1) onto (Xa, D2) the
restriction, g, of f to Z1 is an orientation preserving diffeomorphism
of Z1 onto Zs.

Let U be an open subset of X; and ¢ : Uy — U an oriented
D;-compatible parametrization of U. Then if V' = f(U) the map
fow :U — V is an oriented Ds-compatible parametrization of V
and hence g : U N Z; — V N Zs is orientation preserving.

O

Exercises.
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1. Let V be an oriented n-dimensional vector space, B an inner

producton V ande; € V,7=1,...,n an oriented orthonormal basis.
Given vectors, v; € V, i =1,...,n show that if

(4.4.19) bi,j = B(Ui, Uj)

and

(4.4.20) v; = ZaMEJ-,

the matrices A = [a; ;] and B = [b; ;] satisfy the identity:
(4.4.21) B=A'A

and conclude that detB = (det.A)2. (In particular conclude that
det B> 0.)

2. Let V and W be oriented n-dimensional vector spaces. Suppose
that each of these spaces is equipped with an inner product, and let
e, €V,i=1,...,nand f; € W,i=1,...,n beoriented orthonormal
bases. Show that if A : W — V is an orientation preserving linear
mapping and Af; = v; then

(4.4.22) A*voly = (det[b; ;]) 2 vol

where voly = ef A--- Aey, volw = f{ A--- A fr and [b; ;] is the
matrix (4.4.19).

3. Let X be an oriented n-dimensional submanifold of R, U an
open subset of X, Uy an open subset of R® and ¢ : Uy — U an
oriented parametrization. Let ;, ¢ = 1,..., N, be the coordinates of
the map

Up— U — RV,

the second map being the inclusion map. Show that if o is the Rie-
mannian volume form on X then

(4.4.23) Yo = (det[gpi7j])% dxy A --- N dxy,

where

X dr, Oy
(4.4.24) 0ij = EZPE 1 <ij<n.
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(Hint: For p € Uy and ¢ = ¢(p) apply exercise 2 with V = T, X,
W =T,R", A = (dyp), and v; = (dp), (%)p.) Conclude that o is a

C* infinity n-form and hence that it is a volume form.
4.  Given a C* function f: R — R, its graph
X = {(z.f(z)), =R}
is a submanifold of R? and
p:R—=X, z—(z f(z))

is a diffeomorphism. Orient X by requiring that ¢ be orientation
preserving and show that if ¢ is the Riemannian volume form on X
then

2\ 3
(4.4.25) Yo = <1 + <%> ) dz .

Hint: Exercise 3.

5. Given a C*™ function f : R™ — R its graph
X ={(z, f(z)), @eR"}

is a submanifold of R"*! and

(4.4.26) 0:R" = X, z—(z, f(x))

is a diffeomorphism. Orient X by requiring that ¢ is orientation
preserving and show that if o is the Riemannian volume form on X
then

(4.4.27) “’*”:<1+Z<ax>) dzy A - Ady, .
i=1 ‘

Hints:

(a) Let v = (ci1,...,c,) € R". Show that if C': R" — R is the
linear mapping defined by the matrix [¢;c;] then Cv = (3 ¢?)v
and Cw=0ifw-v=0.
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(b) Conclude that the eigenvalues of C' are A\; = Y ¢? and
Moo= = Ay =0,

(c) Show that the determinant of I + C is 1+ ) c7.

(d) Use (a)—(c) to compute the determinant of the matrix
(4.4.24) where ¢ is the mapping (4.4.26).

Let V be an oriented N-dimensional vector space and ¢; € V*,
1,...,k, k linearly independent vectors in V*. Define

L:V =Rk

to be the map v — (¢1(v),...,l(v)).

(a) Show that L is surjective and that the kernel, W, of L is
of dimension n = N — k.

(b) Show that one gets from this mapping a bijective linear
mapping
(4.4.28) V/W — RE

and hence from the standard orientation on R¥ an induced ori-
entation on V/W and on W. Hint: §1.2, exercise 8 and Theo-
rem 1.9.4.

(c) Let w be an element of AN (V*). Show that there exists a
w € A" (V*) with the property

(4.4.29) LN N AN =w.
Hint: Choose an oriented basis, e1,...,ey of V such that w =
ef A---ANeyand £; = ef fori = 1,...,k, and let p = e} | A

(d) Show that if v is an element of A™(V*) with the property
UA- Al Av=0

then there exist elements, v;, of A"~1(V*) such that

(4.4.30) v = Zﬁi A V.

Hint: Same hint as in part (c).
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(e) Show that if u = p;, i = 1,2, are elements of A™(V*) with
the property (4.4.29) and ¢ : W — V is the inclusion map then
1 = t*pe. Hint: Let v = py — pe. Conclude from part (d)
that *v = 0.

(f) Conclude that if p is an element of A™(V*) satisfying
(4.4.29) the element, o = *u, of A"(W*) is intrinsically de-
fined independent of the choice of u.

(g) Show that o lies in A™(V*),.

Let U be an open subset of RN and f : U — RF a C*® map.

If zero is a regular value of f, the set, X = f~1(0) is a manifold of
dimension n = N — k. Show that this manifold has a natural smooth
orientation. Some suggestions:

(a) Let f = (f1,...,fx) and let
dfi Ao A dfiy =Y frda;

summed over multi-indices which are strictly increasing. Show
that for every p € X fr(p) # 0 for some multi-index, I =
(’il,...,’ik), 1<y <~ < <N.
(b) Let J = (J1,---4Jn), 1 < j1 < -+ < jn < N be the com-
plementary multi-index to I, i.e., j,. # is for all r and s. Show
that

dfi N Ndfy Ndey==xfrdei AN--- N\ dxn

and conclude that the n-form

1
=+—dz
Y I J

is a C*° n-form on a neighborhood of p in U and has the prop-
erty:

(4.4.31) dfiy N Ndfg AN p=dxy A+ N dzy .

(c) Let ¢: X — U be the inclusion map. Show that the assign-
ment
peX — (),

defines an intrinsic nowhere vanishing n-form
oeN(X)
on X. Hint: Exercise 6.
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(d) Show that the orientation of X defined by o coincides
with the orientation that we described earlier in this section.
Hint: Same hint as above.

8. Let S™ be the n-sphere and ¢ : S — R™*! the inclusion map.
Show that if w € Q"(R"*!) is the n-form, w = Y (—=1)"" 'z dzy A- - A
da; . . dxp41, the n-form *w € Q"(S™) is the Riemannian volume
form.

9. Let S"*! be the (n + 1)-sphere and let
Sn+1 {(‘Tla"'axn+2) GSn+17 1 <O}

be the lower hemi-sphere in S™*1.

(a) Prove that S7"! is a smooth domain.
(b) Show that the boundary of ST+ is S™.

(¢c) Show that the boundary orientation of S™ agrees with the
orientation of S™ in exercise 8.

4.5 Integration of forms over manifolds

In this section we will show how to integrate differential forms over
manifolds. In what follows X will be an oriented n-dimensional man-
ifold and W an open subset of X, and our goal will be to make sense
of the integral

(4.5.1) /Ww

where w is a compactly supported n-form. We’ll begin by showing
how to define this integral when the support of w is contained in
a parametrizable open set, U. Let Uy be an open subset of R” and
o : Ug — U a parametrization. As we noted in §5.3 we can assume
without loss of generality that this parametrization is oriented. Mak-
ing this assumption, we’ll define

(4.5.2) /W w= /Wo Pow
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where Wy = 1 (U N W). Notice that if p*w = fdry A -+ A doy,
then, by assumption, f is in C5°(Up). Hence since

/ Yow = fdxy...dzy,
Wo Wo

and since f is a bounded continuous function and is compactly sup-
ported the Riemann integral on the right is well-defined. (See Ap-
pendix B.) Moreover, if ¢ : Uy — U is another oriented parametriza-
tion of U and ¢ : Uy — Uj is the map, ¢ = 901_10900 then ¢y = p1 0,
so by Proposition 4.3.3

pow =P piw.
Moreover, by (5.2.5) 1 is orientation preserving. Therefore since
Wi =9p(Wo) = (UNW)

Theorem 3.5.2 tells us that

(4.5.3) /cp’{w:/ Dow
Wi Wo

Thus the definition (5.4.2) is a legitimate definition. It doesn’t de-
pend on the parametrization that we use to define the integral on
the right. From the usual additivity properties of the Riemann in-

tegral one gets analogous properties for the integral (5.4.2). Namely
for w; € QX(U), i =1,2

(4.5.4) / wl—i-wg:/ w1+/ wo
1% 1% 1%

and for w € QX(U) and c € R

(45.5) [ow=c| o

We will next show how to define the integral (5.4.1) for any com-
pactly supported n-form. This we will do in more or less the same
way that we defined improper Riemann integrals in Appendix B: by
using partitions of unity. We’ll begin by deriving from the partition
of unity theorem in Appendix B a manifold version of this theorem.
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Theorem 4.5.1. Let
(4.5.6) U={U,,a€eT}

be a covering of X be open subsets. Then there exists a family of
functions, p; € Cg°(X), i =1,2,3,..., with the properties

(a) pi = 0.

(b) For every compact set, C C X there exists a positive inte-
ger N such that if i > N, suppp; N C = 0.

(¢) 2pi=1.

(d) For every i there exists an oo € T such that supp p; C U,.

Remark 4.5.2. Conditions (a)—-(c) say that the p;’s are a partition
of unity and (d) says that this partition of unity is subordinate to the
covering (5.4.6).

Proof. For each p € X and for some U, containing a p choose an
open set O, in RY with p € O, and with

(4.5.7) 0,NX CU,.

Let O be the union of the O,’s, and let p; € C3°(0), 1,2,..., be a
partition of unity subordinate to the covering of O by the O,’s. By
(5.4.7) the restriction, p;, of p; to X has compact support and it is

clear that the p;’s inherit from the p;’s the properties (a)—(d).
O

Now let the covering (5.4.6) be any covering of X by parametriz-
able open sets and let p; € C3°(X), i = 1,2,..., be a partition of
unity subordinate to this covering. Given w € Q7 (X) we will define
the integral of w over W by the sum

(4.5.8) ; /W piw .

Note that since each p; is supported in some U, the individual sum-
mands in this sum are well-defined and since the support of w is com-
pact all but finitely many of these summands are zero by part (b)
of Theorem 5.6.1. Hence the sum itself is well-defined. Let’s show
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that this sum doesn’t depend on the choice of U and the p;’s. Let
U’ be another covering of X by parametrizable open sets and p;-,
j=1,2,..., a partition of unity subordinate to U’. Then

(45.9) %: /W fw = EJ: /ng:p;piw
“T(Th)

by (5.4.4). Interchanging the orders of summation and resuming with
respect to the j’s this sum becomes

/ .
> /W;pjmw

or

rf

Hence
/
Piw = / piw ,
X fyte= ],
so the two sums are the same. O
From (5.4.8) and (5.4.4) one easily deduces
Proposition 4.5.3. For w; € Q}(X), 1 =1,2

(4.5.10) /wl—I-WQ:/ w1+/ w9
w w w

and for w € QF(X) and c € R

(4.5.11) /W w = C/Ww.

The definition of the integral (5.4.1) depends on the choice of an
orientation of X, but it’s easy to see how it depends on this choice.
We pointed out in Section 5.3 that if X is connected, there is just one
way to orient it smoothly other than by its given orientation, namely
by reversing the orientation of T}, at each point, p, and it’s clear from
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the definitions (5.4.2) and (5.4.8) that the effect of doing this is to
change the sign of the integral, i.e., to change fX w to — fX w.

In the definition of the integral (5.4.1) we’ve allowed W to be an ar-
bitrary open subset of X but required w to be compactly supported.
This integral is also well-defined if we allow w to be an arbitrary
element of Q"(X) but require the closure of W in X to be compact.
To see this, note that under this assumption the sum (5.4.7) is still
a finite sum, so the definition of the integral still makes sense, and
the double sum on the right side of (5.4.9) is still a finite sum so it’s
still true that the definition of the integral doesn’t depend on the
choice of partitions of unity. In particular if the closure of W in X
is compact we will define the volume of W to be the integral,

(4.5.12) vol(W) = /W Ovol »

where 0 is the Riemannian volume form and if X itself is compact
we’ll define its volume to be the integral

(4.5.13) VOI(X):/XUvol-

We’ll next prove a manifold version of the change of variables
formula (3.5.1).

Theorem 4.5.4. Let X' and X be oriented n-dimensional manifolds
and f : X' — X an orientation preserving diffeomorphism. If W is
an open subset of X and W' = f~1(W)

(4.5.14) ffw= / w
w’ w
for allw € Q}(X).

Proof. By (5.4.8) the integrand of the integral above is a finite sum
of C*° forms, each of which is supported on a parametrizable open
subset, so we can assume that w itself as this property. Let V be
a parametrizable open set containing the support of w and let (g :
U — V be an oriented parameterization of V. Since f is a diffeomor-
phism its inverse exists and is a diffeomorphism of X onto X;. Let
V' = f~Y(V) and ¢, = f~L o pp. Then ¢f, : U — V' is an oriented
parameterization of V’. Moreover, f o @) = ¢q so if Wy = ¢y (W)
we have

Wo = (¢0) " (fH(W)) = (¢p) = (W)
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and by the chain rule we have

pow = (foyp)w=(po) frw
hence
[ o= [ e[ wra=[ ro
w Wo Wo w’
O
Exercise.

Show that if f: X’ — X is orientation reversing

(4.5.15) W’f w= —/Ww.

We’ll conclude this discussion of “integral calculus on manifolds”
by proving a preliminary version of Stokes theorem.

Theorem 4.5.5. If i is in Q2" 1(X) then

(4.5.16) / dp=0.
X

Proof. Let p;, i = 1,2,... be a partition of unity with the property
that each p; is supported in a parametrizable open set U; = U.
Replacing p by p;p it suffices to prove the theorem for p € Q2=H(U).
Let ¢ : Uy — U be an oriented parametrization of U. Then

/duz/ w*duz/ dp* =10
U Uy Uo

by Theorem 3.3.1.

Exercises.

1.  Let f:R™ — R be a C* function and let
X = {($,$n+1) e R )y Tn4l = f(x)}

be the graph of f. Let’s orient X by requiring that the diffeomor-
phism
v:R" = X, z— (z,f(x))
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be orientation preserving. Given a bounded open set U in R” com-
pute the Riemannian volume of the image

Xy =»(U)
of U in X as an integral over U. Hint: §4.4, exercise 5.

2. Evaluate this integral for the open subset, X7, of the paraboloid,
z3 = 2% + 23, U being the disk 2% + 23 < 2.

3. In exercise 1 let ¢ : X < R™*! be the inclusion map of X onto
R+,

(a) Ifw € Q*(R") is the n-form, x, 41 dz1 A+ A dz,, what is the
integral of t*w over the set X7 Express this integral as an integral
over U.

(b) Same question for w = x%H dxi N -+ Ndxy,.

(¢) Same question for w = dzi A+ A dx,.

4. Let f:R™ — (0,+00) be a positive C* function, U a bounded
open subset of R™, and W the open set of R"*! defined by the
inequalities

0 <apt1 < f(ﬂjl, c. ,:En)

and the condition (z1,...,x,) € U.

(a) Express the integral of the (n 4+ 1)-form w = x4 dxy A -+ A
dxn,4+1 over W as an integral over U.

(b) Same question for w = x%+1 dry AN+ A depyq.

(c) Same question for w =dzy A -+ A dxy,

5.  Integrate the “Riemannian area” form
r1dro N drs + xodrs A dxy + x3dry N drg

over the unit 2-sphere S2. (See §4.4, exercise 8.)
Hint: An easier problem: Using polar coordinates integrate w =
x3dzy A dze over the hemisphere, 23 = /1 — 2% — 3, 2?4+ <1

6. Let a be the one-form ) ", y; dz; in formula (2.7.2) and let
v(t),0 <t <1, beatrajectory of the Hamiltonian vector field (2.7.3).
What is the integral of o over ~(t)?
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4.6 Stokes theorem and the divergence theorem

Let X be an oriented n-dimensional manifold and D C X a smooth
domain. We showed in §5.3 that if Z is the boundary of D it acquires
from D a natural orientation. Hence if + : Z — X is the inclusion
map and g is in Q77 1(X), the integral

fo
Z

is well-defined. We will prove:

Theorem 4.6.1 (Stokes theorem). For u € QF~1(X)

(4.6.1) /Z = /D .

Proof. Let p;, i =1,2,..., be a partition of unity such that for each
1, the support of p; is contained in a parametrizable open set, U; = U,
of one of the following three types:

(a) U CIntD.
(b) U C ExtD.

(¢) There exists an open subset, Uy, of R™ and an oriented
D-adapted parametrization

(4.6.2) p:Uy—U.

Replacing p by the finite sum ) p;u it suffices to prove (5.5.1) for
each p;u separately. In other words we can assume that the support
of p itself is contained in a parametrizable open set, U, of type (a),
(b) or (c). But if U is of type (a)

/d,u:/du:/d,u
D U X

and ¢*p1 = 0. Hence the left hand side of (5.5.1) is zero and, by
Theorem 5.4.5, the right hand side is as well. If U is of type (b) the
situation is even simpler: (*u is zero and the restriction of u to D
is zero, so both sides of (5.5.1) are automatically zero. Thus one is
reduced to proving (5.5.1) when U is an open subset of type (c).
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In this case the restriction of the map (5.5.1) to Uy N BdH™ is an
orientation preserving diffeomorphism

(4.6.3) b :UyNBdH" - UNZ
and
(4.6.4) Lz 0P = QO lgn-1

where the maps ¢t =tz and
tgn—1 : R R

are the inclusion maps of Z into X and BdH" into R™. (Here we're
identifying BdH" with R"~1.) Thus

/du /cpdﬂ /dcpu
n Hn

* k ok
/ Lzt = Vg
A Rn—1
2/ Lpn—1@" 1L
n—1

= / Lin,1 (’D*M .
BdH™

Thus it suffices to prove Stokes theorem with u replaced by ¢*pu, or,
in other words, to prove Stokes theorem for H”; and this we will now
do.

Stokes theorem for H": Let

p=3 (0 fder A Adzg Ao A da,.

and by (5.5.4)

Then

dp = Z gfl dry N -+ A dx,

Zg
and

Lotn=5 [ Gt don
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We will compute each of these summands as an iterated integral
doing the integration with respect to dx; first. For ¢ > 1 the dx;
integration ranges over the interval, —oo < x; < oo and hence since
fi is compactly supported

0o afz T;=+00

—dxi:fi(xl,...,xi,...,xn) =0.

—00 axl T;—=—00

On the other hand the dx; integration ranges over the integral,
—o0o < 1 < 0 and

0
0
—ooa—fidxl = f(0,zg,...,2y,).

Thus integrating with respect to the remaining variables we get

(4.6.5) / du:/ fO,29,...,xy)dxy. .. dxy, .
n Rnfl

On the other hand, since t,—121 = 0 and g,y 7; = x; for i > 1,

tpn—1pt = f1(0,22,...,xn)dxo A -+ A dxy

SO

(4.6.6) /L]Enl,u = /f(O,a:Q,...,a:n)dxg oo dxy, .

Hence the two sides, (5.5.5) and (5.5.6), of Stokes theorem are equal.
O

One important variant of Stokes theorem is the divergence theo-
rem: Let w be in Q7(X) and let v be a vector field on X. Then

Lyw = 1(v)dw + di(v)w = di(v)w,

hence, denoting by ¢z the inclusion map of Z into X we get from
Stokes theorem, with p = t(v)w:

Theorem 4.6.2 (The manifold version of the divergence theorem).

(4.6.7) /D Low= /Z G (w)w)



196 Chapter 4. Forms on Manifolds

If D is an open domain in R™ this reduces to the usual divergence
theorem of multi-variable calculus. Namely if w = dxy A - A dxy,
and v = Zvia%i then by (2.4.14)

Lydzy A -+ A dxyy = div(v)dzy A -+ A dxy,

where

(4.6.8) div() =Y gz .

Thus if Z is the boundary of D and ¢z the inclusion map of Z into
Rn

(4.6.9) / div(v)dz = / Uy (tydxy A+ A dxy,) .
D z

The right hand side of this identity can be interpreted as the “flux”
of the vector field, v, through the boundary of D. To see this let
f :R™ — R be a C* defining function for D, i.e., a function with
the properties

(4.6.10) peD < f(p) <0
and
(4.6.11) dfp #0if p € BdD.

This second condition says that zero is a regular value of f and hence
that Z = BdD is defined by the non-degenerate equation:

peZ<« f(p)=0.

Let w be the vector field
0f\2\ = 0f 0
<Z (3331) ) Z dx; Ox;

In view of (5.5.11) this vector field is well-defined on a neighborhood,
U, of Z and satisfies

(4.6.12) v(w)df =1.
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Now note that since df A dx1 A--- A dx, =0

0=c(w)df N dzy A--- N day)
= (v(w)df)dxy N+ N dxy — df AN(w)dzy A+ A day,
=dri N A dxy, — df AN(w)dxy A+ A day,,

hence letting v be the (n — 1)-form «(w)dxy A -+ A dx,, we get the
identity

(4.6.13) dvy N+ N dxy = df ANv

and by applying the operation, ¢(v), to both sides of (5.5.13) the
identity

(4.6.14) v(v)dxy A+ A dxy = (Lo f)v — df A(v)v.

Let vz = v be the restriction of v to Z. Since ¢}, = 0, v, df =0
and hence by (5.5.14)

vz(v)day Ao A dan) = vz (Lo vz,

and the formula (5.5.9) now takes the form

(4.6.15) /D div(v) do = / Lofvy

Z

where the term on the right is by definition the flux of v through Z.
In calculus books this is written in a slightly different form. Letting

. (z(g’f))

and letting

=

(2 (2))

of  of
<a_xl’”' ’a_xn>

and

we have
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Lyvy = (- ¥)oy

and hence
(4.6.16) /div(v) dx :/(ﬁ-ﬁ)az.
D A

In three dimensions oz is just the standard “infinitesimal element of
area” on the surface Z and n, the unit outward normal to Z at p,
so this version of the divergence theorem is the version one finds in
most calculus books.

As an application of Stokes theorem, we’ll give a very short alter-
native proof of the Brouwer fixed point theorem. As we explained in
§3.6 the proof of this theorem basically comes down to proving

Theorem 4.6.3. Let B" be the closed unit ball in R and S"~! its
boundary. Then the identity map
idgn-1: "1 — g7t
can’t be extended to a C*° map
f:B"— 5"t

Proof. Suppose that f is such a map. Then for every n — 1-form,
e Qn_l(Sn_l),

(4.6.17) df*u = / (bgn—1)"f 1.
Br Sn—1

But df*u = f*du = 0 since p is an (n — 1)-form and S"~! is an (n —
1)-dimensional manifold, and since f is the identity map on S~ !
(ts, )" f*u = (fouign)u = pu Thus for every p € Q" 1(S"1),
(4.6.17) says that the integral of u over S"~! is zero. Since there are
lots of (n — 1)-forms for which this is not true, this shows that a

mapping, f, with the property above can’t exist.
O

Exercises.

1. Let B™ be the open unit ball in R” and S"~! the unit (n —
1)-sphere, Show that volume (S™"~!) = nvolume (B"). Hint: Apply
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Stokes theorem to the (n—1)-form p = > (=1)"ta;dzi A+ A dz; A
-+ A dz,, and note (§5.3, exercise 9) that y is the Riemannian volume
form of S~ 1.

2. Let D C R"™ be a smooth domain with boundary Z. Show
that there exists a neighborhood, U, of Z in R™ and a C*> defining
function, g : U — R for D with the properties

(I) peUND<g(p) <O.
and

(IT) dg, #0ifpe Z

Hint: Deduce from Theorem 4.4.4 that a local version of this result
is true. Show that you can cover Z by a family

U={Us,acT}

of open subsets of R™ such that for each there exists a function,
o+ Uy — R, with properties (I) and (II). Now let p;, i = 1,2,...,
be a partition of unity and let g = > p;iga, where supp p; C U,,.

3. In exercise 2 suppose Z is compact. Show that there exists a
global defining function, f : R” — R for D with properties (I) and
(IT). Hint: Let p € C°(U), 0 < p < 1, be a function which is one on
a neighborhood of Z, and replace g by the function

pg + (1 —p)onext D
f=<gonZz
p—9g(l—p)onint D.

4. Show that the form L, fvy in formula (5.5.15) doesn’t depend
on what choice we make of a defining function, f, for D. Hints:

(a) Show that if g is another defining function then, at p € Z,
df, = Adgp,, where X is a positive constant.

(b) Show that if one replaces dfy, by (dg), the first term in the
product, (L, f)(p)(vz), changes by a factor, A, and the second
term by a factor 1/A.

5. Show that the form, vz, is intrinsically defined in the sense
that if v is any (n — 1)-form satisfying (5.5.13), vz is equal to ¢} v.
Hint: §4.5, exercise 7.
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6. Show that the form, oz, in the formula (5.5.16) is the Rieman-
nian volume form on Z.

7. Show that the (n — 1)-form
= (x4 —I—xi)_"Z(—l)r_l:ET dzy A+ A day -+ day,

is closed and prove directly that Stokes theorem holds for the annulus
a < z? 4 .-+ 22 < b by showing that the integral of u over the
sphere, a:% + -+ + 22 = a, is equal to the integral over the sphere,
224422 =b

8. Let f:R"™! — R be an everywhere positive C> function and
let U be a bounded open subset of R"~!. Verify directly that Stokes
theorem is true if D is the domain

0<zp < flzg,...,2n-1), (21,...,Zp-1) €U
and p an (n — 1)-form of the form
(X1, xp)dey A A dag—q
where ¢ is in C§°(R"™).

9. Let X be an oriented n-dimensional manifold and v a vector
field on X which is complete. Verify that for w € Q2 (X)

/va:O,
X

(a) directly by using the divergence theorem,
(b) indirectly by showing that

foe

where f; : X — X, —00 < t < 00, is the one-parameter group
of diffeomorphisms of X generated by v.

10. Let X be an oriented n-dimensional manifold and D C X a
smooth domain whose closure is compact. Show that if Z is the
boundary of D and g : Z — Z a diffeomorphism, g can’t be extended
to a smooth map, f: D — Z.
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4.7 Degree theory on manifolds

In this section we’ll show how to generalize to manifolds the results
about the “degree” of a proper mapping that we discussed in Chap-
ter 3. We’ll begin by proving the manifold analogue of Theorem 3.3.1.

Theorem 4.7.1. Let X be an oriented connected n-dimensional
manifold and w € QF(X) a compactly supported n-form. Then the
following are equivalent

(a) [yw=0.
(b) w = du for some u € QP H(X).

We've already verified the assertion (b) = (a) (see Theorem 5.4.5),
so what is left to prove is the converse assertion. The proof of this
is more or less identical with the proof of the “(a) = (b)” part of
Theorem 3.2.1:

Step 1. Let U be a connected parametrizable open subset of X.
If w € Q%(U) has property (a), then w = du for some p € QP~1(U).

Proof. Let ¢ : Uy — U be an oriented parametrization of U. Then

/ go*w:/wzo
Uy X

and since Uy is a connected open subset of R”, p*w = dv for some
v € Q" YUy) by Theorem 3.3.1. Let u = (¢~ 1)*v. Then du =
(™) dv = w.

O

Step 2. Fix a base point, pg € X and let p be any point of X. Then
there exists a collection of connected parametrizable open sets, W;,
1=1,...,N with pg € W7 and p € Wy such that, for 1 <¢ < N —1,
the intersection of W; and W1 is non-empty.

Proof. The set of points, p € X, for which this assertion is true is
open and the set for which it is not true is open. Moreover, this
assertion is true for p = pq.

O
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Step 3. We deduce Theorem 4.7.1 from a slightly stronger result.
Introduce an equivalence relation on Q7'(X) by declaring that two
n-forms, wy and wo, in Q7(X) are equivalent if w1 —wy € dQ?~H(X).
Denote this equivalence relation by a wiggly arrow: w; ~ ws. We will
prove

Theorem 4.7.2. For wy and wy € Q7 (X) the following are equiva-
lent

((1) wal :wa2
(b) w1 ~ wW2.

Applying this result to a form, w € QF(X), whose integral is zero,
we conclude that w ~ 0, which means that w = du for some p €
On=Y(X). Hence Theorem 4.7.2 implies Theorem 4.7.1. Conversely,
iffX w) = fX wy. Then fX(wl —wy) =0, $0 wy —wy = du for some
we QNX). Hence Theorem 4.7.1 implies Theorem 4.7.2.

Step 4. By a partition of unity argument it suffices to prove The-
orem 4.7.2 for wy € QF(U;) and wy € QF(Usz) where U; and Uy are
connected parametrizable open sets. Moreover, if the integrals of w;
and wy are zero then w; = du; for some u; € Q2 (U;) by step 1, so in
this case, the theorem is true. Suppose on the other hand that

/le:/XwQ:c;éo.

Then dividing by ¢, we can assume that the integrals of w; and wo
are both equal to 1.

Step 5. Let W;, ¢ = 1,...,N be, as in step 2, a sequence of
connected parametrizable open sets with the property that the in-
tersections, W1 NUy, Wy MUy and W; " W;4q,i=1,...,N — 1, are
all non-empty. Select n-forms, oy € QYU NW1), ay € Q2 (WnNUs)
and «; € QP(W; N Wigq),i=1,..., N — 1 such that the integral of
each «; over X is equal to 1. By step 1 Theorem 4.7.1 is true for
U1, Uy and the W;’s, hence Theorem 4.7.2 is true for Uy, Us and the
Wi’s, so

W1~ Qg QY Y AN Y W2

and thus w; ~ ws. O
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Just as in (3.4.1) we get as a corollary of the theorem above the
following “definition—theorem” of the degree of a differentiable map-

ping:

Theorem 4.7.3. Let X and Y be compact oriented n-dimensional
manifolds and let Y be connected. Given a proper C*° mapping, f :
X =Y, there exists a topological invariant, deg(f), with the defining
property:

(4.7.1) /Xf*w:degf/yw.

Proof. As in the proof of Theorem 3.4.1 pick an n-form, wy € Q7 (Y),
whose integral over Y is one and define the degree of f to be the
integral over X of f*wy, i.e., set

(4.7.2) deg(f):/xf*wo.

Now let w be any n-form in Q7 (Y") and let

(4.7.3) /Yw =c.

Then the integral of w — cwy over Y is zero so there exists an (n—1)-
form, g, in Q2= 1Y) for which w — cwp = du. Hence f*w = cf*wo +

df*u, so
| rro=c [ ron—deets) [ w

by (5.6.2) and (5.6.3).
O

It’s clear from the formula (5.6.1) that the degree of f is indepen-
dent of the choice of wyg. (Just apply this formula to any w € Q7 (Y)
having integral over Y equal to one.) It’s also clear from (5.6.1) that
“degree” behaves well with respect to composition of mappings:

Theorem 4.7.4. Let Z be an oriented, connected n-dimensional
manifold and g : Y — Z a proper C*° map. Then

(4.7.4) deggo f = (deg f)(degyg) .
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Proof. Let w be an element of Q'(Z) whose integral over Z is one.
Then

deggofz/x(gof)*w - /f ogw—deff/gw

= (deg f)(degyg).
O

We will next show how to compute the degree of f by generalizing
to manifolds the formula for deg(f) that we derived in §3.6.

Definition 4.7.5. A point, p € X is a critical point of f if the map
(4.7.5) dfp : TpX — Ty Y

s not bijective.

We'll denote by C'y the set of all critical points of f, and we’ll call
a point ¢ € Y a critical value of f if it is in the image, f(Cy), of
Cy and a regular value if it’s not. (Thus the set of regular values
is the set, Y — f(CYy).) If ¢ is a regular value, then as we observed
in §3.6, the map (5.6.5) is bijective for every p € f~!(¢q) and hence
by Theorem 4.2.5, f maps a neighborhood U, of p diffeomorphically
onto a neighborhood, V), of ¢. In particular, Upﬂf_l(q) = p. Since f
is proper the set f~!(q) is compact, and since the sets, U,, are a cov-
ering of f~1(gq), this covering must be a finite covering. In particular
the set f~!(q) itself has to be a finite set. As in §2.6 we can shrink
the Up’s so as to insure that they have the following properties:

i) Each U, is a parametrizable open set.

i) U, NUy is empty for p # p'.

(
(i
(iii) f(Up) = f(Uy) =V for all p and p'.
(iv) V is a parametrizable open set.

(

v) f7HV)=UUp, p € fH0)-

To exploit these properties let w be an n-form in QF(V) with
integral equal to 1. Then by (v):

deer) = [ fru=3 [ 1o
p
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But f: U, — V is a diffeomorphism, hence by (5.4.14) and (5.4.15)

-

if f:U, — V is orientation preserving and

f*w:—/w
Uy v

if f:U, — V is orientation reversing. Thus we’ve proved

Theorem 4.7.6. The degree of f is equal to the sum

(4.7.6) > oy

pEf~1(q)

where o, = +1 if the map (5.6.5) is orientation preserving and o, =
—1 if it is orientation reversing.

We will next show that Sard’s Theorem is true for maps between
manifolds and hence that there exist lots of regular values. We first
observe that if U is a parametrizable open subset of X and V a
parametrizable open neighborhood of f(U) in Y, then Sard’s Theo-
rem is true for the map, f : U — V since, up to diffeomorphism, U
and V are just open subsets of R™. Now let ¢ be any point in Y, let B
be a compact neighborhood of ¢, and let V' be a parametrizable open
set containing B. Then if A = f~!(B) it follows from Theorem 3.4.2
that A can be covered by a finite collection of parametrizable open
sets, Uy, ...,Uyn such that f(U;) C V. Hence since Sard’s Theorem
is true for each of the maps f : U; — V and f~!(B) is contained in
the union of the U;’s we conclude that the set of reqular values of f
intersects the interior of B in an open dense set. Thus, since ¢ is an
arbitrary point of Y, we’ve proved

Theorem 4.7.7. If X and Y are n-dimensional manifolds and f :
X — Y is a proper C* map the set of reqular values of f is an open
dense subset of Y.

Since there exist lots of regular values the formula (5.6.6) gives us
an effective way of computing the degree of f. We’ll next justify our
assertion that deg(f) is a topological invariant of f. To do so, let’s
generalize to manifolds the Definition 2.5.1, of a homotopy between
C® maps.
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Definition 4.7.8. Let X and Y be manifolds and f; : X — Y,
1=0,1, a C*® map. A C* map

(4.7.7) F:Xx[0,1]—Y

is a homotopy between fo and fy if, for all x € X, F(x,0) = fo(x)
and F(z,1) = fi(z). Moreover, if fo and f1 are proper maps, the
homotopy, F', is a proper homotopy if it is proper as a C map,
i.e., for every compact set, C, of Y, F~Y(C) is compact.

Let’s now prove the manifold analogue of Theorem 3.6.8.

Theorem 4.7.9. Let X and Y be oriented n-dimensional manifolds
and let Y be connected. Then if f; : X — Y, i =0,1,, is a proper
map and the map (5.6.4) is a property homotopy, the degrees of these
maps are the same.

Proof. Let w be an n-form in Q7(Y") whose integral over Y is equal
to 1, and let C' be the support of w. Then if F' is a proper homotopy
between fy and fi, the set, F~(C), is compact and its projection
on X

(4.7.8) {reX; (x,t) € F7YC) for some t € [0,1]}

is compact. Let
ft: X—>Y

be the map: fi(x) = F(z,t). By our assumptions on F, f; is a proper
C* map. Moreover, for all ¢ the n-form, f/w is a C* function of ¢
and is supported on the fixed compact set (5.6.8). Hence it’s clear
from the Definition 4.5.8 that the integral

[

is a C* function of t. On the other hand this integral is by definition
the degree of f; and hence by Theorem 5.6.3 is an integer, so it
doesn’t depend on t. In particular, deg(fo) = deg(f1).

O

Exercises.

1.  Let f:R — R be the map, z — z". Show that deg(f) =0 if n
is even and 1 if n is odd.
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2. Let f: R — R be the polynomial function,
f@)=2"+aiz" "+ +an 17+ an,

where the a;’s are in R. Show that if n is even, deg(f) = 0 and if n
is odd, deg(f) = 1.

3. Let S! be the unit circle

{e ) 0<6<2rm}

0 N6

)
— e R

in the complex plane and let f : S* — S! be the map, e
N being a positive integer. What’s the degree of f7

4.  Let S ! be the unit sphere in R" and ¢ : S"~! — 877! the
antipodal map, £ — —x. What’s the degree of o7

5.  Let A be an element of the group, O(n) of orthogonal n x n
matrices and let

fA . Sn—l N Sn—l
be the map, x — Az. What’s the degree of f4?

6. A manifold, Y, is contractable if for some point, py € Y, the
identity map of Y onto itself is homotopic to the constant map,
fpo 1Y =Y, fpo(y) = po. Show that if Y is an oriented contractable
n-dimensional manifold and X an oriented connected n-dimensional
manifold then for every proper mapping f : X — Y deg(f) = 0. In
particular show that if n is greater than zero and Y is compact then
Y can’t be contractable. Hint: Let f be the identity map of Y onto
itself.

7. Let X and Y be oriented connected n-dimensional manifolds
and f : X — Y a proper C* map. Show that if deg(f) # 0 f is
surjective.

8.  Using Sard’s Theorem prove that if X and Y are manifolds of
dimension k£ and ¢, with £k < £ and f: X — Y is a proper C* map,
then the complement of the image of X in Y is open and dense.
Hint: Let r = ¢ — k and apply Sard’s Theorem to the map

g: X x5 =Y, g(xa)=f(z).

9. Prove that the sphere, S?, and the torus, S' x S2, are not
diffeomorphic.
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4.8 Applications of degree theory

The purpose of this section will be to describe a few typical ap-
plications of degree theory to problems in analysis, geometry and
topology. The first of these applications will be yet another variant
of the Brouwer fixed point theorem.

Application 1. Let X be an oriented (n+ 1)-dimensional manifold,
D C X a smooth domain and Z the boundary of D. Assume that
the closure, D = Z U D, of D is compact (and in particular that X
is compact).

Theorem 4.8.1. Let Y be an oriented connected n-dimensional
manifold and f : Z — Y a C* map. Suppose there exists a C*™
map, F': D — 'Y whose restriction to Z is f. Then the degree of f
18 zero.

Proof. Let p be an element of Q7 (Y). Then du = 0, so dF*u =
F*du = 0. On the other hand if + : Z — X is the inclusion map,

/DdF*uz/ZL*F*uz/Zf*uzdeg(f)Lu

by Stokes theorem since F ot = f. Hence deg(f) has to be zero.
O

Application 2. (a non-linear eigenvalue problem)

This application is a non-linear generalization of a standard theo-
rem in linear algebra. Let A : R™ — R"™ be a linear map. If n is even,
A may not have real eigenvalues. (For instance for the map

A:R2_>R27 (‘Tay)ﬁ(_ywx)

the eigenvalues of A are £/—1.) However, if n is odd it is a standard
linear algebra fact that there exists a vector, v.€ R™ — {0}, and a
A € R such that Av = Av. Moreover replacing v by |z—| one can
assume that |v| = 1. This result turns out to be a special case of a

much more general result. Let S"~! be the unit (n — 1)-sphere in R”
and let f: S"~! — R™ be a C* map.

Theorem 4.8.2. There exists a vector, v € S™ ' and a number
A € R such that f(v) = Av.
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Proof. The proof will be by contradiction. If the theorem isn’t true
the vectors, v and f(v), are linearly independent and hence the vector

(4.8.1) g(v) = f(v) = (f(v) - v)v
is non-zero. Let

_9v)
(4.8.2) h(v) = ok

By (5.7.1)=(5.7.2), |v| = |h(v)| = 1 and v - h(v) = 0, i.e., v and h(v)
are both unit vectors and are perpendicular to each other. Let

(4.8.3) e STt snth o<t <
be the map
(4.8.4) Y(v) = (cos mt)v + (sin7t)h(v).

For ¢t = 0 this map is the identity map and for t = 1, it is the
antipodal map, o(v) = v, hence (5.7.3) asserts that the identity map
and the antipodal map are homotopic and therefore that the degree
of the antipodal map is one. On the other hand the antipodal map
is the restriction to S"~1 of the map, (z1,...,2,) — (—21,..., —2p)
and the volume form, w, on S™~! is the restriction to S™~! of the
(n — 1)-form

(4.8.5) STV aydag A ANdai A A day

If we replace x; by —z; in (5.7.5) the sign of this form changes by
(—1)™ hence 0*w = (—1)"w. Thus if n is odd, o is an orientation
reversing diffeomorphism of S™~! onto S"7!, so its degree is —1,
and this contradicts what we just deduced from the existence of the
homotopy (5.7.4).

O

From this argument we can deduce another interesting fact about
the sphere, S"~!, when n— 1 is even. For v € S"~! the tangent space
to S™1 at v is just the space,

{v,w); weR" v-w=0},
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so a vector field on S"~! can be viewed as a function, g : "1 — R"

with the property
(4.8.6) g(v)-v=0

for all v € S™~ 1. If this function is non-zero at all points, then,
letting h be the function, (5.7.2), and arguing as above, we're led to
a contradiction. Hence we conclude:

Theorem 4.8.3. Ifn—1 is even and v is a vector field on the sphere,
S"=L, then there exists a point p € S"~ at which v(p) = 0.

Note that if n — 1 is odd this statement is not true. The vector
field

9 9 o 0
(487) xla—m — xga—m + .+ x2n—lax2n - x2nm

is a counterexample. It is nowhere vanishing and at p € S" ! is
tangent to S™1.

Application 3. (The Jordan—Brouwer separation theorem.) Let X
be a compact oriented (n — 1)-dimensional submanifold of R™. In
this subsection of §5.7 we’ll outline a proof of the following theorem
(leaving the details as a string of exercises).

Theorem 4.8.4. If X is connected, the complement of X : R" — X
has exactly two connected components.

This theorem is known as the Jordan-Brouwer separation theorem
(and in two dimensions as the Jordan curve theorem). For simple,
easy to visualize, submanifolds of R" like the (n—1)-sphere this result
is obvious, and for this reason it’s easy to be misled into thinking
of it as being a trivial (and not very interesting) result. However,
for submanifolds of R™ like the curve in R? depicted in the figure on
page 214 it’s much less obvious. (In ten seconds or less, is the point,
p, in this figure inside this curve or outside?)

To determine whether a point, p € R"® — X is inside X or outside
X, one needs a topological invariant to detect the difference, and
such an invariant is provided by the “winding number”.

Definition 4.8.5. For p €¢ R" — X let

(4.8.8) Yp: X — St
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be the map

I
(4.8.9) Yp(z) = ol

The winding number of X about p is the degree of this map.

Denoting this number by W (X, p) we will show below that W (X, p) =
0 if p is outside X and W (X, p) = £1 (depending on the orientation
of X) if p is inside X, and hence that the winding number tells us
which of the two components of R” — X, p is contained in.

Exercise 1.

Let U be a connected component of R™ — X. Show that if py and
p1 are in U, W(X,po) = W(X,p1).
Hints:

(a) First suppose that the line segment,
pe=1—tpo+tp1, 0<t<1

lies in U. Conclude from the homotopy invariance of degree
that W(X,po) = W(X,p) = W(X, p1).

(b) Show that there exists a sequence of points
qi izla"'aNa qZ€U7
with ¢ = pp and qy = p1, such that the line segment joining

q; to qi+1 isin U.

Exercise 2.
Show that R™ — X has at most two connected components.
Hints:

(a) Show that if ¢ is in X there exists a small e-ball, B.(q),
centered at ¢ such that Bc(¢) — X has two components. (See
Theorem 4.2.7.

(b) Show that if p is in R™ — X, there exists a sequence
qi,izl,...,N, q,-ER"—X,

such that g1 = p, qn € B(q) and the line segments joining ¢;
to gj41 are in R™ — X.
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Exercise 3.

For v € 5", show that x € X is in ,*(v) if and only if z lies
on the ray

(4.8.10) p+itv, 0<t<oo.

Exercise 4.

Let x € X be a point on this ray. Show that
(4.8.11) (dvp)e : Ty X — TyS™ !

is bijective if and only if v ¢ T, X, i.e., if and only if the ray (4.8.10)
is not tangent to X at z. Hint: ~y, : X — S"! is the composition
of the maps

(4.8.12) 7: X —->R"—{0}, z—z—p,
and
(4.8.13) iR — {0} — S"L, oy "Z—‘ .

Show that if 7(y) = v, then the kernel of (dr),, is the one-dimensional
subspace of R" spanned by v. Conclude that if y = x—p and v = y/|y|
the composite map

(dvp)e = (dm)y o (d7p)a
is bijective if and only if v ¢ T, X.

Exercise 5.

From exercises 3 and 4 conclude that v is a regular value of -, if
and only if the ray (4.8.10) intersects X in a finite number of points
and at each point of intersection is not tangent to X at that point.

Exercise 6.

In exercise 5 show that the map (4.8.11) is orientation preserving
if the orientations of T, X and v are compatible with the standard
orientation of T,R". (See §1.9, exercise 5.)

Exercise 7.
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Conclude that deg(y,) counts (with orientations) the number of
points where the ray (4.8.10) intersects X.

Exercise 8.

Let p1 € R® — X be a point on the ray (4.8.10). Show that if
v € §"7!is a regular value of 7, it is a regular value of ~,, and
show that the number

deg(vp) — deg(vp,) = W(X,p) — W(X, p1)

counts (with orientations) the number of points on the ray lying
between p and p;. Hint: Exercises 5 and 7.

Exercise 8.

Let © € X be a point on the ray (4.8.10). Suppose © = p + tv.
Show that if € is a small positive number and

pr=p+(tLeyv

then
W(X7p+) = W(X7p—) + 17

and from exercise 1 conclude that p; and p_ lie in different compo-
nents of R™ — X. In particular conclude that R™ — X has exactly two
components.

Exercise 9.
Finally show that if p is very large the difference

p
vp(x)—m, re X,

is very small, i.e., 7, is not surjective and hence the degree of v, is
zero. Conclude that for p € R™ — X, p is in the unbounded compo-
nent of R” — X if W(X,p) = 0 and in the bounded component if
W(X,p) = £1 (the “£” depending on the orientation of X).

Notice, by the way, that the proof of Jordan-Brouwer sketched
above gives us an effective way of deciding whether the point, p, in
Figure 4.9.2, is inside X or outside X. Draw a non-tangential ray
from p. If it intersects X in an even number of points, p is outside X
and if it intersects X is an odd number of points p inside.
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outside ¢

Figure 4.8.2.

Application 3. (The Gauss—Bonnet theorem.) Let X C R"™ be
a compact, connected, oriented (n — 1)-dimensional submanifold.
By the Jordan—Brouwer theorem X is the boundary of a bounded
smooth domain, so for each x € X there exists a unique outward
pointing unit normal vector, n,. The Gauss map

i X — gt

is the map, © — n,. Let ¢ be the Riemannian volume form of S7~1,
or, in other words, the restriction to S"~! of the form,

Z(—l)i_1$i dry N --- 352 s N dxy,,

and let ox be the Riemannian volume form of X. Then for each
peX

(4.8.14) (v*o)p = K(p)(ox)q
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where K (p) is the scalar curvature of X at p. This number measures
the extent to which “X is curved” at p. For instance, if X, is the
circle, |z| = a in R?, the Gauss map is the map, p — p/a, so for all
p, Ko(p) = 1/a, reflecting the fact that, for a < b, X, is more curved
than Xp.

The scalar curvature can also be negative. For instance for sur-
faces, X in R3, K (p) is positive at p if X is convez at p and negative
if X is convex—concave at p. (See Figure 4.8.3 below. The surface in
part (a) is convex at p, and the surface in part (b) is convex—concave.)

~
—

DAY

\-»4

~
—

Figure 4.8.3.

Let vol (S"~1) be the Riemannian volume of the (n — 1)-sphere,
ie., let

27Tn/2
1 n—1y _
vol (S"77) T(n/2)
(where I is the gamma function). Then by (4.8.14) the quotient
fKaX
4.8.15 T anCiy
( ) vol (Sn—1)

is the degree of the Gauss map, and hence is a topological invariant
of the surface of X. For n = 3 the Gauss—Bonnet theorem asserts
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that this topological invariant is just 1 — g where g is the genus
of X or, in other words, the “number of holes”. Figure 4.8.4 gives a
pictorial proof of this result. (Notice that at the points, p1,...,py the
surface,X is convex—concave so the scalar curvature at these points
is negative, i.e., the Gauss map is orientation reversing. On the other
hand, at the point, pg, the surface is convex, so the Gauss map at
this point us orientation preserving.)

surface X of genus g the sphere S?

Figure 4.8.4.

4.9 Indices of Vector Fields

Let D be a bounded smooth domain in R" and v = ) v;0/0z; a C*
vector field defined on the closure, D, of D. We will define below a
topological invariant which, for “generic” v’s , counts (with appro-
priate +-signs) the number of zeroes of v. To avoid complications
we’ll assume v has no zeroes on the boundary of D.

Definition 4.9.1. Let X be the boundary of D and let

(4.9.1) fo: X — 5n1
be the mapping
p oY)
v(p)|’

where v(p) = (v1(p), ..., vn(p)). The index of v with respect to D is
by definition the degree of this mapping.

We'll denote this index by ind (v, D) and as a first step in inves-
tigating its properties we’ll prove

Theorem 4.9.2. Let D1 be a smooth domain in R™ whose closure
s contained in D. Then

(4.9.2) ind(v, D) = ind(v, D1)
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provided that v has no zeroes in the set D — Dy.

Proof. Let W = D — D;. Then the map (5.8.1) extends to a C°> map

(4.9.3) F:W-—-s"1 po |

Moreover,
BdW)=XUX

where X is the boundary of D with its natural boundary orienta-
tion and X, is the boundary of D; with its boundary orientation
reversed. Let w be an element of Q"~1(S"~!) whose integral over
S"~1is 1. Then if f = f, and f; = (f1), are the restrictions of F to
X and X; we get from Stokes theorem (and the fact that dw = 0)
the identity

0 = /F*dw:/ dF*w
w w

_ / frw— | fiw=deg(f) — deg(fr).
X X1

Hence
ind(v, D) = deg(f) = deg(f1) = degind(v, D).

O

Suppose now that v has a finite number of isolated zeroes, p1, ..., Dk,
in D. Let B¢(p;) be the open ball of radius ¢ with center at p;. By
making € small enough we can assume that each of these balls is
contained in D and that they’re mutually disjoint. We will define
the local indez, ind(v, p;) of v at p; to be the index of v with respect
to Be(p;). By Theorem 5.8.2 these local indices are unchanged if we
replace € by a smaller €, and by applying this theorem to the domain

we get, as a corollary of the theorem, the formula

k
(4.9.4) ind(v, D) = ) " ind(v, p;)
=1



218 Chapter 4. Forms on Manifolds

which computes the global index of v with respect to D in terms of
these local indices.

Let’s now see how to compute these local indices. Let’s first sup-
pose that the point p = p; is at the origin of R™. Then near p =0

/
U = Uljn + v

where
(4.9.5) v = vy —Za-w-i
-J. = Vlin — i zaxy

the a;;’s being constants and

0
(4.9.6) v = Z fzga—wj
where the f;;’s vanish to second order near zero, i.e., satisfy
(4.9.7) |fij(@)] < Claf?

for some constant, C' > 0.

Definition 4.9.3. We’ll say that the point, p = 0, is a non-degenerate
zero of v is the matriz, A = [a; ;] is non-singular.

This means in particular that
(4.9.8) Z | Z a; jz;| > Ch|z|
J

form some constant, C7 > 0. Thus by (5.8.7) and (5.8.8) the vector
field
= 0, 0<t<1

has no zeroes in the ball, B.(p), p = 0, other than the point, p = 0,
itself provided that e is small enough. Therefore if we let X, be the
boundary of B.(0) we get a homotopy

F:X.x[0,1] = S™', (x,t) — fui(x)
between the maps

fvlin : X — Sgn—t

and
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fo 1 Xe— Sn—t
and thus by Theorem 4.7.9, deg(f,) = deg(fvyy, ), and hence
(4.9.9) ind(v, p) = ind(viin p) -

We’ve assumed in the above discussion that p = 0, but by intro-
ducing at p a translated coordinate system for which p is the origin,
these comments are applicable to any zero, p of v. More explicitly if
c1,...,Cpy are the coordinates of p then as above

/
V= Uljp +v

where

(4.9.10) Uin = X a4 (@i — ¢i) 50

and v’ vanishes to second order at p, and if p is a non-degenerate
zero of ¢, i.e., if the matrix, A = [a; ;], is non-singular, then exactly
the same argument as before shows that
ind(v, p) = ind(vin , p) -
We will next prove:

Theorem 4.9.4. If p is a non-degenerate zero of v, the local indez,
ind(v,p), is +1 or —1 depending on whether the determinant of the
matriz, A = [a; ;] is positive or negative.

Proof. As above we can. without loss of generality, assume p = 0,
and by (5.8.9) we can assume v = vy, . Let D be the domain

(4.9.11) > O aigm)’ <1

and let X be its boundary. Since the only zero of v, inside this
domain is p = 0 we get from (5.8.4) and (5.8.7)

ind,(v) = indy,(vyin ) = ind(viin, D).

Moreover, the map
fvlin X = Sn_l
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is, in view of (5.8.11), just the linear map, v — Av, restricted to X.
In particular, since A is a diffeomorphism, this mapping is as well,
sothe degree of this map is +1 or —1 depending on whether this map
is orientation preserving or not. To decide which of these alternatives
is true let w = >_(—1)%x;dxy A ---dx; A ---dz, be the Riemannian
volume form on S™~! then

(4.9.12) / o @ = deg(foim) vol (sm1y.
X

Since v is the restriction of A to X this is equal, by Stokes theorem,
to

/A*dw = n/ A¥dxy A - ANdzy,
D D

= ndet(A)/da;l/\--'/\da;n
D

= ndet(A4)vol (D)
which gives us the formula
ndet Avol (D)
4. .1 d in s _D - _— = 7
( 9 3) eg(fvl ) VOl (Sn_l)

O

We'll briefly describe the various types of non-degenerate zeroes
that can occur for vector fields in two dimensions. To simplify this
description a bit we’ll assume that the matrix

A= air, @12
a1 a22

is diagonalizable and that its eigenvalues are not purely imaginary.
Then the following five scenarios can occur:

1.  The eigenvalues of A are real and positive. In this case the
integral curves of v);, in a neighborhood of p look like the curves in
Figure 5.8
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Figure 4.9.1.

and hence, is a small neighborhood of p, the integral sums of v itself
look approximately like the curve in Figure 5.8.

2. The eigenvalues of A are real and negative. In this case the
integral curves of vy, look like the curves in Figure 5.8, but the
arrows are pointing into p, rather than out of p, i.e.,

Figure 4.9.2.

3. The eigenvalues of A are real, but one is positive and one is
negative. In this case the integral curves of vy, look like the curves
in Figure 3.
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i
i

Figure 4.9.3.
4.  The eigenvalues of A are complex and of the form, a 4+ v/—1b
with a positive. In this case the integral curves of vy, are spirals
going out of p as in Figure 4.

Figure 4.9.4.

5. The eigenvalues of A are complex and of the form, a ++/—1b
with a negative. In this case the integral curves are as in Figure 4
but are spiraling into p rather than out of p.
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Definition 4.9.5. Zeroes of v of types 1 and 4 are called sources;
those of types 2 and 5 are called sinks and those of type 3 are called
saddles.

Thus in particular the two-dimensional version of (5.8.4) tells us

Theorem 4.9.6. If the vector field, v, on D has only non-degenerate
zeroes then ind(v, D) is equal to the number of sources and sinks
minus the number of saddles.



