CHAPTER 1

MULTILINEAR ALGEBRA

1.1 Background

We will list below some definitions and theorems that are part of
the curriculum of a standard theory-based sophomore level course
in linear algebra. (Such a course is a prerequisite for reading these
notes.) A vector space is a set, V', the elements of which we will refer
to as wvectors. It is equipped with two vector space operations:
Vector space addition. Given two vectors, vy and wvo, one can add
them to get a third vector, v1 + vs.

Scalar multiplication. Given a vector, v, and a real number, A, one
can multiply v by X to get a vector, Av.

These operations satisfy a number of standard rules: associativ-
ity, commutativity, distributive laws, etc. which we assume you're
familiar with. (See exercise 1 below.) In addition we’ll assume you're
familiar with the following definitions and theorems.

1. The zero vector. This vector has the property that for every
vector, v, v+ 0 =04v = v and Av = 0 if X is the real number, zero.

2. Linear independence. A collection of vectors, v;, 1 =1,...,k, is
linearly independent if the map

(1.1.1) RF -V, (c1y...,cp) = Qv + -+ + Uk
is1—1.
3. The spanning property. A collection of vectors, v;, i =1,...,k,

spans V' if the map (1.1.1) is onto.

4. The notion of basis. The vectors, v;, in items 2 and 3 are a basis
of V if they span V and are linearly independent; in other words, if
the map (1.1.1) is bijective. This means that every vector, v, can be
written uniquely as a sum

(1.1.2) v = Zcivi.
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2 Chapter 1. Multilinear algebra

5. The dimension of a vector space. If V possesses a basis, v;,
i=1,...,k, V issaid to be finite dimensional, and k is, by definition,
the dimension of V. (It is a theorem that this definition is legitimate:
every basis has to have the same number of vectors.) In this chapter
all the vector spaces we’ll encounter will be finite dimensional.

6. A subset, U, of V is a subspace if it’s vector space in its own
right, i.e., for v, v1 and vy in U and A in R, Av and vy 4+ vy are in U.

7.  Let V and W be vector spaces. A map, A : V — W is linear if,
for v, v1 and v9 in V and A € R

(1.1.3) A(dv) = NAv
and
(1.1.4) A(vy +v2) = Avi+ Av,y.

8. The kernel of A. This is the set of vectors, v, in V which get
mapped by A into the zero vector in W. By (1.1.3) and (1.1.4) this
set is a subspace of V. We'll denote it by “Ker A”.

9.  The image of A. By (1.1.3) and (1.1.4) the image of A, which
we’ll denote by “Im A”, is a subspace of W. The following is an
important rule for keeping track of the dimensions of Ker A and
Im A.

(1.1.5) dimV = dimKer A+ dimIm A.

Example 1. The map (1.1.1) is a linear map. The v;’s span V if its
image is V and the v;’s are linearly independent if its kernel is just
the zero vector in R¥.

10. Linear mappings and matrices. Let vy,...,v, be a basis of V
and wy,...,wy, a basis of W. Then by (1.1.2) Av; can be written
uniquely as a sum,

m
(116) A'Uj = Zcmwi y Cij € R.

i=1
The m x n matrix of real numbers, [¢; ;], is the matriz associated
with A. Conversely, given such an m X n matrix, there is a unique
linear map, A, with the property (1.1.6).



1.1 Background 3
11.  An inner product on a vector space is a map
B:VxV —-R
having the three properties below.
(a) For vectors, v, v1, vo and w and A\ € R
B(vy + v9,w) = B(v1,w) + B(va, w)

and
B(A\v,w) = AB(v,w) .

(b) For vectors, v and w,
B(v,w) = B(w,v).
(¢) For every vector, v
B(v,v) > 0.
Moreover, if v # 0, B(v,v) is positive.
Notice that by property (b), property (a) is equivalent to
B(w, \v) = AB(w,v)

and
B(w,v1 4+ v2) = B(w,v1) + B(w,vq) .

The items on the list above are just a few of the topics in linear al-
gebra that we’re assuming our readers are familiar with. We’ve high-
lighted them because they’re easy to state. However, understanding
them requires a heavy dollop of that indefinable quality “mathe-
matical sophistication”, a quality which will be in heavy demand in
the next few sections of this chapter. We will also assume that our
readers are familiar with a number of more low-brow linear algebra
notions: matrix multiplication, row and column operations on matri-
ces, transposes of matrices, determinants of n X n matrices, inverses
of matrices, Cramer’s rule, recipes for solving systems of linear equa-
tions, etc. (See §1.1 and 1.2 of Munkres’ book for a quick review of
this material.)
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Exercises.

1. Our basic example of a vector space in this course is R™ equipped
with the vector addition operation

(al,...,an)—i—(bl,...,bn) = (al +bl,...,an+bn)
and the scalar multiplication operation
AMag,...,an) = (Aaq, ..., Aay).

Check that these operations satisfy the axioms below.

5]
~—

Commutativity: v + w = w + v.

b) Associativity: v+ (v + w) = (u +v) + w.

c) For the zero vector, 0 = (0,...,0), v+0=0+v.
v+ (—=1)v =0.
lv =w.

= D
~—

Associative law for scalar multiplication: (ab)v = a(bv).

Distributive law for scalar addition: (a + b)v = av + bv.

o2
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Distributive law for vector addition: a(v + w) = av + aw.

2. Check that the standard basis vectors of R™: e; = (1,0,...,0),
es = (0,1,0,...,0), etc. are a basis.

3. Check that the standard inner product on R"
n
B((a17 s aan)7 (bb cee abn)) = Z aibi
i=1
s an inner product.

1.2 Quotient spaces and dual spaces

In this section we will discuss a couple of items which are frequently,
but not always, covered in linear algebra courses, but which we’ll
need for our treatment of multilinear algebra in §§1.1.3 — 1.1.8.
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The quotient spaces of a vector space

Let V be a vector space and W a vector subspace of V. A W -coset
is a set of the form

v+ W={v+w,weW}.

It is easy to check that if v; — vy € W, the cosets, vy + W and
vo + W, coincide while if v1 — vo & W, they are disjoint. Thus the
W-cosets decompose V into a disjoint collection of subsets of V. We
will denote this collection of sets by V/W.

One defines a vector addition operation on V/W by defining the
sum of two cosets, v1 + W and vy + W to be the coset

(1.2.1) v+ + W

and one defines a scalar multiplication operation by defining the
scalar multiple of v + W by A to be the coset

(1.2.2) v+ W

It is easy to see that these operations are well defined. For instance,
suppose v + W = v} + W and vg + W = vy, + W. Then v; — v}
and vy — v) are in W3 so (v1 + v2) — (v] 4+ v}) is in W and hence
vy +ve+ W =] + 0+ W.

These operations make V/W into a vector space, and one calls
this space the quotient space of V by W.

We define a mapping

(1.2.3) T V-V/W

by setting m(v) = v + W. It’s clear from (1.2.1) and (1.2.2) that
7 is a linear mapping, and that it maps V to V/W. Moreover, for
every coset, v + W, w(v) = v + W; so the mapping, 7, is onto. Also
note that the zero vector in the vector space, V/W | is the zero coset,
0+ W = W. Hence v is in the kernel of 7 if v+W =W ie., v e W.
In other words the kernel of 7 is W.

In the definition above, V and W don’t have to be finite dimen-
sional, but if they are, then

(1.2.4) dimV/W =dimV —dim W .

by (1.1.5).
The following, which is easy to prove, we’ll leave as an exercise.
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Proposition 1.2.1. Let U be a vector space and A :'V — U a linear
map. If W C Ker A there exists a unique linear map, A% : V/W — U
with property, A= A% or.

The dual space of a vector space

We’ll denote by V* the set of all linear functions, ¢ : V' — R. If ¢;
and /o are linear functions, their sum, ¢; + s, is linear, and if ¢ is
a linear function and A is a real number, the function, A¢, is linear.
Hence V* is a vector space. One calls this space the dual space of V.

Suppose V' is n-dimensional, and let eq,...,e, be a basis of V.
Then every vector, v € V', can be written uniquely as a sum

v=rcie;+---+cpen, ¢ €ER.
Let

(1.2.5) e;(v) =¢.

7

If v=ce +-+cpe, and v = cle; + -+ + e, then v+ =
(1 +c))er+-+ (cn+d,)en, so

ef(v+v) =+ =¢€(v)+e (V).
This shows that e} (v) is a linear function of v and hence e} € V*.

Claim: e

,i=1,...,nis a basis of V*.

Proof. First of all note that by (1.2.5)
oy )1 i=g
(1.2.6) e;(ej) = { 0. i
If ¢ € V* let \; = {(e;) and let £/ = > \jef. Then by (1.2.6)

(1.2.7) Ules) =Y Niej(e;) = A = Uey),

ie., £ and ¢ take identical values on the basis vectors, e;. Hence
(=1,

Suppose next that )~ \jef = 0. Then by (1.2.6), A; = (3_ \ief)(ej) =
0 for all j =1,...,n. Hence the €¥’s are linearly independent.

J
O
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Let V and W be vector spaces and A : V. — W, a linear map.
Given ¢ € W* the composition, £ o A, of A with the linear map,
¢ : W — R, is linear, and hence is an element of V*. We will denote
this element by A*¢, and we will denote by

A Wr =V
the map, £ — A*/. It’s clear from the definition that
A*(€1 +ly) = A% + A%l

and that
AN = NA™Y,

i.e., that A* is linear.

Definition. A* is the transpose of the mapping A.

We will conclude this section by giving a matrix description of
A*. Let eq,...,e, be a basis of V and fy,..., f;n a basis of W3 let
el,...,e; and ff, ..., f bethe dual bases of V* and W*. Suppose A
is defined in terms of eq,...,e, and f1,..., f;, by the m X n matrix,

la; j], i.e., suppose
Aej = Z CL,’JfZ' .

Claim. A* is defined, in terms of f;,..., f;, and e],..., e, by the
transpose matrix, [a;;].

Proof. Let
A fF = Z cj i€ -
Then
A f(es) = cniekle;) = cj
k

by (1.2.6). On the other hand
A'fi(ej) = [fi(Ae) = f} (Z ak,jfk) = an;f{ (fi) = ai;
k

SO am = Cjﬂ'.
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Exercises.

1.  Let V be an n-dimensional vector space and W a k-dimensional
subspace. Show that there exists a basis, e1,...,e, of V with the
property that eq,...,e; is a basis of W. Hint: Induction on n — k.
To start the induction suppose that n —k = 1. Let eq,...,e,_1 be a
basis of W and e,, any vector in V' — W

2. Inexercise 1 show that the vectors f; = w(eg1;), i =1,...,n—k
are a basis of V/W.

3. In exercise 1 let U be the linear span of the vectors, egy;, i =
1,...,n—k.

Show that the map
U—-V/W, u—m(u),

is a vector space isomorphism, i.e., show that it maps U bijectively
onto V/W.

4. Let U, V and W be vector spaces and let A : V — W and
B : U — V be linear mappings. Show that (AB)* = B*A*.

5. Let V =R? and let W be the x;-axis, i.e., the one-dimensional
subspace
{(21,0); 1 € R}

of R2.

(a) Show that the W-cosets are the lines, o = a, parallel to the
T1-axis.

(b) Show that the sum of the cosets, “zo = a” and “ze =" is the
coset “rg = a+0b”.

(¢) Show that the scalar multiple of the coset, “xy = ¢” by the
number, A, is the coset, “xo = Ac”.

6. (a) Let (V*)* be the dual of the vector space, V*. For every
veV,let u, : V¥ — R be the function, p,(¢) = £(v). Show that
the p, is a linear function on V*, i.e., an element of (V*)*, and show
that the map

(1.2.8) w:V—= V" v—p,

is a linear map of V into (V*)*.
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(b) Show that the map (1.2.8) is bijective. (Hint: dim(V*)* =
dimV* = dimV, so by (1.1.5) it suffices to show that (1.2.8) is
injective.) Conclude that there is a natural identification of V' with
(V*)*, i.e., that V and (V*)* are two descriptions of the same object.

7. Let W be a vector subspace of V and let
Wh={ecV* ((w)=0ifweW}.

Show that W+ is a subspace of V* and that its dimension is equal to
dim V —dim W. (Hint: By exercise 1 we can choose a basis, e1, ..., e,
of V' such that ey, ...ex is a basis of W. Show that ey ,... € is a
basis of W=.) W+ is called the annihilator of W in V*.

8. Let V and V' be vector spaces and A : V — V' a linear map.
Show that if W is the kernel of A there exists a linear map, B :
V/W — V', with the property: A = Bom, m being the map (1.2.3).
In addition show that this linear map is injective.

9. Let W be a subspace of a finite-dimensional vector space, V.
From the inclusion map, ¢ : W+ — V*, one gets a transpose map,

L* . (V*)* N (WJ_)*
and, by composing this with (1.2.8), a map
Gop: Vo — (WhH*.

Show that this map is onto and that its kernel is W. Conclude from
exercise 8 that there is a natural bijective linear map

v:V/W — (W)

with the property vom = t* o . In other words, V/W and (W=)* are
two descriptions of the same object. (This shows that the “quotient
space” operation and the “dual space” operation are closely related.)

10. Let V7 and V5 be vector spaces and A : V7 — V5 a linear map.
Verify that for the transpose map: A* : V' — V*

KerA* = (ImA)*

and

ImA* = (KerA)t.
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11. (a) Let B:V xV — R be an inner product on V. For v € V
let

ly:V =R
be the function: ¢,(w) = B(v,w). Show that ¢, is linear and show
that the map

(1.2.9) L:V-SV" v—{,

is a linear mapping.

(b) Prove that this mapping is bijective. (Hint: Since dimV =
dim V* it suffices by (1.1.5) to show that its kernel is zero. Now note
that if v # 0 ¢,(v) = B(v,v) is a positive number.) Conclude that if
V' has an inner product one gets from it a natural identification of
V with V*.

12. Let V be an n-dimensional vector space and B : V xV — R

an inner product on V. A basis, eq,...,e, of V is orthonormal is
1 i=y
(1.2.10) B(e;, e5) —{ 0 it]

(a) Show that an orthonormal basis exists. Hint: By induction let
ei, i = 1,...,k be vectors with the property (1.2.10) and let v be a
vector which is not a linear combination of these vectors. Show that

the vector
w=uv— ZB(ei,v)ei

is non-zero and is orthogonal to the e;’s. Now let ey = Aw, where
A = B(w, w)_%.

(b) Letey,...e, and €],...e), be two orthogonal bases of V' and let
(1.2.11) ¢ = aijei.

Show that

(1 j=k
(1.2.12) Zawal,k—{ 0 G4k

(c) Let A be the matrix [a;;]. Show that (1.2.12) can be written
more compactly as the matrix identity

(1.2.13) AA' =1

where [ is the identity matrix.
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(d) Let eq,...,e, be an orthonormal basis of V and e7,..., e} the
dual basis of V*. Show that the mapping (1.2.9) is the mapping,
Le;=¢,i=1,...n.
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1.3 Tensors

Let V be an n-dimensional vector space and let V¥ be the set of all
k-tuples, (v1,...,v;), v; € V. A function

T:VF SR
is said to be linear in its i*" variable if, when we fix vectors, v1, ..., v;_1,
Vi41,---,Vk, the map
(1.3.1) vEV =T (V1. .y Vim1,V, Vg1, -+, Ug)
is linear in V. If T is linear in its i*® variable for i = 1,..., k it is said

to be k-linear, or alternatively is said to be a k-tensor. We denote
the set of all k-tensors by £¥(V'). We will agree that O-tensors are
just the real numbers, that is £°(V) = R.

Let Ty and T, be functions on V*. It is clear from (1.3.1) that if
T1 and 15 are k-linear, so is 11 + T5. Similarly if T" is k-linear and A
is a real number, AT is k-linear. Hence £¥(V/) is a vector space. Note
that for k = 1, “k-linear” just means “linear”, so L1(V) = V*,

Let I = (i1,...1%) be a sequence of integers with 1 < i, < n,
r=1,..., k. We will call such a sequence a multi-index of length k.
For instance the multi-indices of length 2 are the square arrays of
pairs of integers

(,5), 1 <i,j<n

and there are exactly n? of them.

Exercise.

Show that there are exactly n* multi-indices of length k.
Now fix a basis, e1,...,e,, of V and for T € LF(V) let

(1.3.2) Tr =T(ei,--.,€,)

for every multi-index I of length k.

Proposition 1.3.1. The T;’s determine T, i.e., if T and T’ are
k-tensors and Tt =T} for all I, then T =T".
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Proof. By induction on n. For n = 1 we proved this result in § 1.1.
Let’s prove that if this assertion is true for n — 1, it’s true for n. For
each e; let T; be the (k — 1)-tensor

(’Ul, e ,’Un_l) — T(Ul,. .. ,’un_l,ei) .

Then for v = c1e1 + - - - ey
T(Ula tee 7'Un—17'0) = Zciﬂ(/v:h’ . 7vn—1)7

so the T;’s determine T'. Now apply induction.

The tensor product operation
If T7 is a k-tensor and 715 is an ¢-tensor, one can define a k+ ¢-tensor,
T1 ® T, by setting

(T @ To) (v, .-+ Vpte) = Tr(v1, .o ) T2 (Vi1 - - -, Vgt -

This tensor is called the tensor product of T7 and Ty. We note that
if 71 or 15 is a O-tensor, i.e., scalar, then tensor product with it
is just scalar multiplication by ¢, that is a ® T = T ® a = aT
(a eR, T e LE(V)).

Similarly, given a k-tensor, 17, an f-tensor, T5 and an m-tensor,
T3, one can define a (k + ¢ + m)-tensor, T} ® Th ® T3 by setting
(1.3.3) Ty @To®@T3(v1, .y Vktttm)

= Tl(vl, e ,vk)TQ(Uk_H, v ,Uk+g)T3(Uk+g+1, Ce ,Uk+g+m) .

Alternatively, one can define (1.3.3) by defining it to be the tensor
product of 71 ® To and T3 or the tensor product of 77 and Tb ® T5.
It’s easy to see that both these tensor products are identical with
(1.3.3):

(1.3.4) (Meh)eTlz=T1(LeT3)=T1 T T;.

We leave for you to check that if A is a real number

(1.3.5) M @Ty) = (\T1) @ Ty =T @ (M)

and that the left and right distributive laws are valid: For ki = ko,

(1.3.6) (Tl +H)RIT3=TTs+ T, RT3
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and for ko = k3
(1.3.7) N(MTh+T) =TT+ T1 ®T5.

A particularly interesting tensor product is the following. For i =
1,...,klet ¢; € V* and let

(1.3.8) T=0LR Q.
Thus, by definition,
(1.3.9) T(vi,...,vp) =l1(v1) ... Cx(vg) -

A tensor of the form (1.3.9) is called a decomposable k-tensor. These
tensors, as we will see, play an important role in what follows. In
particular, let ey, ..., e, be a basis of V and e], ..., e}, the dual basis
of V*. For every multi-index, I, of length k let

er=¢€;, ® - ®e; .
Then if J is another multi-index of length k,

. 1, I=J
(1.3.10) el(ejl,...,ejk):{ 0. I£J

by (1.2.6), (1.3.8) and (1.3.9). From (1.3.10) it’s easy to conclude
Theorem 1.3.2. The €}’s are a basis of LF¥(V).

Proof. Given T € LF(V), let

T = Tiej

where the T7’s are defined by (1.3.2). Then

(1.3.11) T'(ejy,.-ve5) = > Trej(ej, .. e5) =Ty

by (1.3.10); however, by Proposition 1.3.1 the T';’s determine T', so
T' = T. This proves that the ej’s are a spanning set of vectors for
LF(V). To prove they’re a basis, suppose

Z Cre; =0
for constants, C; € R. Then by (1.3.11) with 7" =0, C; = 0, so the

e7’s are linearly independent.
O

As we noted above there are exactly n* multi-indices of length k
and hence n* basis vectors in the set, {€e7}, so we’ve proved

Corollary. dim £*(V) = n*.



1.3 Tensors 15
The pull-back operation

Let V and W be finite dimensional vector spaces andlet A: V — W
be a linear mapping. If T' € L¥(W), we define

AT VF SR
to be the function
(1.3.12) A*T(?}l,... ,’Uk) = T(A?)l,... ,A’Uk).

It’s clear from the linearity of A that this function is linear in its
ith variable for all i, and hence is k-tensor. We will call A*T the
pull-back of T by the map, A.

Proposition 1.3.3. The map
(1.3.13) A* kW) — £k, T AT,

s a linear mapping.

We leave this as an exercise. We also leave as an exercise the
identity

(1.3.14) A*(Tl ®@Ty) = AT @ A*Th

for Ty € L¥(W) and Ty € £L™(W). Also, if U is a vector space and
B :U — V a linear mapping, we leave for you to check that

(1.3.15) (AB)*T = B*(A*T)

for all T € LF(W).

Exercises.

1. Verify that there are exactly n* multi-indices of length k.
2. Prove Proposition 1.3.3.

3. Verify (1.3.14).

4. Verify (1.3.15).
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5. Let A:V — W be a linear map. Show that if /;, i =1,... k
are elements of W*

AL ® @) =A@ ® A%l

Conclude that A* maps decomposable k-tensors to decomposable
k-tensors.

6. Let V be an n-dimensional vector space and ¢;, i = 1,2, ele-
ments of V*. Show that {1 ® £5 = ¢ ® {1 if and only if ¢; and ¢
are linearly dependent. (Hint: Show that if ¢; and {9 are linearly
independent there exist vectors, v;, 2 =,1,2 in V with property

1, i=j

Now compare ({1 ® {2)(v1,v2) and (f2 @ £1)(v1,v2).) Conclude that if
dim V' > 2 the tensor product operation isn’t commutative, i.e., it’s
usually not true that {1 ® 5 = £5 ® ¢;.

7.  Let T be a k-tensor and v a vector. Define T, : V*=1 — R to
be the map

(1.3.16) Ty(v1, .. vp—1) = T(v,01,...,05_1).
Show that T}, is a (k — 1)-tensor.

8. Show that if T} is an r-tensor and 75 is an s-tensor, then if
r >0,
(M @T2)y=(T1)y T

9. Let A:V — W be a linear map mapping v € V tow € W.
Show that for T' € LF(W), A*(T,) = (A*T),.
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1.4 Alternating k-tensors

We will discuss in this section a class of k-tensors which play an
important role in multivariable calculus. In this discussion we will
need some standard facts about the “permutation group”. For those
of you who are already familiar with this object (and I suspect most
of you are) you can regard the paragraph below as a chance to re-
familiarize yourselves with these facts.

Permutations

Let ), be the k-element set: {1,2,...,k}. A permutation of order k
is a bijective map, o : >, — >_,. Given two permutations, o; and
09, their product, o104, is the composition of o1 and o9, i.e., the map,

7 — 01(0‘2(i)) 5

and for every permutation, o, one denotes by o~! the inverse per-
mutation:

oli)=je o '(j)=1i.
Let S), be the set of all permutations of order k. One calls S; the

permutation group of ), or, alternatively, the symmetric group on
k letters.

Check:

There are k! elements in Sj.

For every 1 <i < j <k, let 7 = 7;; be the permutation
(@) = J
(1.4.1) T(j) = 1
TW) = ¢, (#i,5.
7 is called a transposition, and if j = ¢+ 1, 7 is called an elementary
transposition.

Theorem 1.4.1. Every permutation can be written as a product of
finite number of transpositions.
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Proof. Induction on k: “k = 2”7 is obvious. The induction step: “k—17"
implies “k”: Given o € S, o(k) =i < 70(k) = k. Thus 1,0 is, in
effect, a permutation of >, . By induction, 7,50 can be written as
a product of transpositions, so

o :Tik(TikU)

can be written as a product of transpositions.
O

Theorem 1.4.2. Every transposition can be written as a product of
elementary transpositions.

Proof. Let 7 = 75, ¢ < j. With ¢ fixed, argue by induction on j.
Note that for j > i+ 1

Tij = Tj=1,jTi,j—17Tj—1,5 -

Now apply induction to 7; ;1.
O

Corollary. Every permutation can be written as a product of ele-
mentary transpositions.

The sign of a permutation

Let z1,...,x; be the coordinate functions on R¥. For o € Sj we
define
T (i) — T
1.4.2 _1)e = JT 2@ —Tel)
1<)

Notice that the numerator and denominator in this expression are
identical up to sign. Indeed, if p = o (i) < 0(j) = ¢, the term, z, —z,
occurs once and just once in the numerator and one and just one
in the denominator; and if ¢ = o(i) > o(j) = p, the term, z, — z4,
occurs once and just once in the numerator and its negative, x, —x,,
once and just once in the numerator. Thus

(1.4.3) (—1)7 = +1.
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Claim:
For o, 7 € S
(1.4.4) (=) = (=1)7(-1)".

Proof. By definition,

Lor(i) — Tor(j
(_1)07 _ H (%) () )

T — 2
i<j v

We write the right hand side as a product of

Lr(i) — T1(5) T
(1.4.5) ——= =(-1)
211 Ty — Ty
and
(1.4.6) [ ot = Feri)

i<j Tr@@) =~ T7(j5)

Fori < j,let p = 7(i) and ¢ = 7(j) when 7(i) < 7(j) and let p = 7(j)
and ¢ = 7(¢) when 7(j) < 7(¢). Then

Lor(i) — Tor() _ Tolp) ~ Tolg)

Lr(i) = Tr(5) Tp — Tq

(i.e., if 7(i) < 7(j), the numerator and denominator on the right
equal the numerator and denominator on the left and, if 7(j) < 7(4)
are negatives of the numerator and denominator on the left). Thus
(1.4.6) becomes

H Lo(p) ~ To(q) _ (_1)0 )

T, —
p<qg P 1

O

We’ll leave for you to check that if 7 is a transposition, (—1)" = —1
and to conclude from this:

Proposition 1.4.3. If o is the product of an odd number of trans-
positions, (—1)? = —1 and if o is the product of an even number of

transpositions (—1)7 = +1.
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Alternation

Let V be an n-dimensional vector space and T € L*(v) a k-tensor.
If o € Sk, let T € L*(V) be the k-tensor

(147) TU(’Ul, ce ,Uk) = T(’Ug—l(l), ce ,Uofl(k)) .

Proposition 1.4.4. 1. If T=01 R - - Q4Lg, £; € V*, then T? =
loy @+ @ Ly (-

2. The map, T € LF(V) — T € L¥(V) is a linear map.
3. T = (T7).
Proof. To prove 1, we note that by (1.4.7)
(L@ @) (v1,...,0%)
= l1(Vo-1(1)) (Vo1 (1)) -

Setting 071 (i) = ¢, the i term in this product is £,y (vg); so the
product can be rewritten as

Loy (V1) -+ Lo iy (Vi)

or
(Ecr(l) ®--- ®€U(k))(1}17 s avk) :

The proof of 2 we’ll leave as an exercise.

Proof of 3: By item 2, it suffices to check 3 for decomposable
tensors. However, by 1

(L@ @) = Lor) @ @ Lor()
= (67(1) & gT(k))U
= (@207,

Definition 1.4.5. T € £*(V) is alternating if T% = (=1)°T for all
o€ Sg.

We will denote by A*(V) the set of all alternating k-tensors in
LF(V). By item 2 of Proposition 1.4.4 this set is a vector subspace
of LF(V).
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It is not easy to write down simple examples of alternating k-
tensors; however, there is a method, called the alternation operation,
for constructing such tensors: Given T € L*(V) let

(1.4.8) ART =) (=1)7T7.

TESE

We claim

Proposition 1.4.6. For T € L*(V) and o € S},
1. (AWT)? = (-1)7AltT
2. ifT e AF(V), AT = k!T.
3. ALtT? = (At T)°
4 the map
Alt : LE(V) = £F(V), T — Alt (T)
1s linear.
Proof. To prove 1 we note that by Proposition (1.4.4):
(ALT)” = Y (-1)7(T°7)
= (-7 (-7,

But as 7 runs over Si, o7 runs over Si, and hence the right hand
side is (—1)7Alt (T).

]
Proof of 2. If T € A*
ART = ) (-1)7T7
= ST
= kIT.
]

Proof of 3.

AT = Z(_l)TTTU — (_1)0 Z(_l)TJTTU
— (“1)7ALT = (ALt T) .
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Finally, item 4 is an easy corollary of item 2 of Proposition 1.4.4.
O

We will use this alternation operation to construct a basis for
AF(V). First, however, we require some notation:
Let I = (41,...,1) be a multi-index of length k.

Definition 1.4.7. 1. [ is repeating if i, = is for some r # s.
2. I is strictly increasing if i1 <ig < -+ <.

3. Foro € Sk, 17 = (ig(1)s -+ lok)) -

Remark: If I is non-repeating there is a unique o € Sj, so that I
is strictly increasing.
Let e1,...,e, be a basis of V and let

* * *
ef_e’i1®.”®eik

and
Yy = Alt (e7).
Proposition 1.4.8. 1. ¢ = (—1)%¢;.

2. If I is repeating, vy = 0.
3. If I and J are strictly increasing,

1 I=J
¢I(ej17"'7ejk):{ 0 I#J

Proof. To prove 1 we note that (e7)? = eJ,; so
Alt (e7o) = Alt (e7)? = (—1)7Alt (e7) -
O

Proof of 2: Suppose I = (i1,...,ix) with i, = i for r # s. Then if
T = Ti,is> €] = €]r SO

Y = = (=1)"pr = =9y .
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Proof of 3: By definition
V(e ren) =Y (1)7ei (e, €5,).
But by (1.3.10)

i} 1T =J
(1.4.9) 617(611""’6%)_{ 0if I" #J

Thus if I and J are strictly increasing, I” is strictly increasing if and
only if I” = I, and (1.4.9) is non-zero if and only if I = J.
O
Now let T be in A*. By Proposition 1.3.2,

T:Zaje}, ay €R.

Since

kT Alt (T)
1 .
T = EZaJAlt(eJ) => by

We can discard all repeating terms in this sum since they are zero;
and for every non-repeating term, .J, we can write J = I, where I
is strictly increasing, and hence 17 = (—1)7¢;.

Conclusion:

We can write 17" as a sum

(1.4.10) T=> e,

with I’s strictly increasing.

Claim.

The c;’s are unique.
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Proof. For J strictly increasing

(1.4.11) T(ejy,---ne5,) = > crrlej,- . ej,) =cy.

By (1.4.10) the 1;’s, I strictly increasing, are a spanning set of vec-
tors for A*(V), and by (1.4.11) they are linearly independent, so
we’ve proved

Proposition 1.4.9. The alternating tensors, 1y, I strictly increas-
ing, are a basis for A¥(V).

Thus dim .A*(V) is equal to the number of strictly increasing multi-
indices, I, of length k. We leave for you as an exercise to show that
this number is equal to

n n! “ 2
(1.4.12) <k> = I = “mn choose k
Hf1<k<n.
O
Hint: Show that every strictly increasing multi-index of length k
determines a k element subset of {1,...,n} and vice-versa.
Note also that if £ > n every multi-index
T=(ir,....iy)

of length £ has to be repeating: ¢, = i, for some r # s since the i,’s
lie on the interval 1 < i < n. Thus by Proposition 1.4.6

Yr=20
for all multi-indices of length £ > 0 and
(1.4.13) AF = {0}.

Exercises.

1. Show that there are exactly k! permutations of order k. Hint: In-
duction on k: Let o € S, and let o(k) = ¢, 1 < i < k. Show that
7,10 leaves k fixed and hence is, in effect, a permutation of >, ;.

2. Prove that if 7 € Sy, is a transposition, (—1)” = —1 and deduce
from this Proposition 1.4.3.
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3. Prove assertion 2 in Proposition 1.4.4.

4. Prove that dim A*(V) is given by (1.4.12).

5. Verify that for i < j — 1
TZ?] = T]_17]T7'7]_17 T]_lvj N

6. For k = 3 show that every one of the six elements of Sj is either
a transposition or can be written as a product of two transpositions.

7.  Let 0 € Si be the “cyclic” permutation
o(iy=i+1, i=1,...,k—1

and o(k) = 1. Show explicitly how to write o as a product of trans-
positions and compute (—1)?. Hint: Same hint as in exercise 1.

8.  In exercise 7 of Section 3 show that if T is in A, T}, is in A*~1.
Show in addition that for v,w € V and T € A*, (T}))y, = —(Ty)w-

9. Let A:V — W be a linear mapping. Show that if 7" is in
AR(W), A*T is in A¥(V).

10. In exercise 9 show that if T is in £L¥(W), Alt (A*T) = A*(Alt (T)),
i.e., show that the “Alt” operation commutes with the pull-back op-
eration.
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1.5 The space, A*(V*)

In § 1.4 we showed that the image of the alternation operation, Alt :
L£E(V) — £k(V) is A¥(V). In this section we will compute the kernel
of Alt.

Definition 1.5.1. A decomposable k-tensor {1 Q@ --- Q £y, £; € V*,
is redundant if for some index, i, €; = ;1.

Let Z% be the linear span of the set of reductant k-tensors.
Note that for £k = 1 the notion of redundant doesn’t really make
sense; a single vector £ € L1(V*) can’t be “redundant” so we decree

V) = {0}.
Proposition 1.5.2. If T € 7%, Alt (T) = 0.
Proof. Let T = £, ®---®¥€, with £; = ;1. Then if 7 = Tii+1 7 =T
and (—1)" = —1. Hence Alt (T') = Alt (T7) = At (T)" = —Alt (T);
so Alt (T') = 0. O

To simplify notation let’s abbreviate £*(V), A¥(V) and Z¥(V) to
Lk, AF and TF.

Proposition 1.5.3. If T €I" and T' € L then T QT and T' @ T
are in I" TS,

Proof. We can assume that T and T are decomposable, i.e., T =
(@@L and T' = 0] ®--- @/, and that T is redundant: ¢; = ;1.
Then

TRT =06 ® 416060 L, Q0 @ QL

is redundant and hence in Z"*¢. The argument for 7" ® T is similar.
O

Proposition 1.5.4. If T € £LF and o € Sy, then
(1.5.1) 77 =(-1)°T+ S

where S is in .
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Proof. We can assume T is decomposable, ie., T = /1 ® -+ ® .
Let’s first look at the simplest possible case: k = 2 and o = 71 2.
Then

T° = (=)T = L@b+lboh
= (Lh+l)R@ (U +1l) — @l —l®2)/2,
and the terms on the right are redundant, and hence in Z2. Next

let k be arbitrary and 0 = 7;41. f 11 = 6, @ - ® {j_9 and Ty =
lizo® -+ ® L. Then

T—(-1)T=T1® (l; ®lip1+ i1 ® ;) @T3

is in 7% by Proposition 1.5.3 and the computation above.
The general case: By Theorem 1.4.2, o can be written as a product
of m elementary transpositions, and we’ll prove (1.5.1) by induction
on m.
We’ve just dealt with the case m = 1.
The induction step: “m — 17 implies “m”. Let 0 = 70 where [ is a
product of m — 1 elementary transpositions and 7 is an elementary
transposition. Then
7= (1% = (~17T7 4.

= (-1)7(-1)°T+. -

= (-1)°T+--
where the “dots” are elements of Z%, and the induction hypothesis

was used in line 2.
O

Corollary. If T € LF, the
(1.5.2) AW (T) =kKIT+ W,
where W is in I*.

Proof. By definition Alt (T') = >"(—1)°T, and by Proposition 1.5.4,
T° = (=1)°T + W, with W, € Z*. Thus

AG(T) = D (=1)7(=1)7T + > (-1)7W,
= KT+W
where W = > (—1)7W,.
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Corollary. Z% is the kernel of Alt .

Proof. We've already proved that if T € ZF, Alt(T) = 0. To prove
the converse assertion we note that if Alt (1) = 0, then by (1.5.2)

T=—-LtWw.
with W e ZF . ]

Putting these results together we conclude:

Theorem 1.5.5. Every element, T, of LF can be written uniquely
as a sum, T =T1 + Ty where T} € AF and T, € T*.

Proof. By (1.5.2), T =T, + T, with
Ty = LAL(T)
and
T, = —HW.

To prove that this decomposition is unique, suppose 17 + 15 = 0,
with T} € A* and T, € Z%. Then

0=Alt (Tl + 1) = k\'Ty
so T7 = 0, and hence T5 = 0.

Let
(1.5.3) AV = chv TR v,

i.e., let A¥ = A*¥(V*) be the quotient of the vector space L* by the
subspace, Z¥, of £*. By (1.2.3) one has a linear map:

(1.5.4) T LF s A T T4 IF
which is onto and has Z* as kernel. We claim:

Theorem 1.5.6. The map, , maps AF bijectively onto A*.

Proof. By Theorem 1.5.5 every ZF coset, T + ¥, contains a unique
element, T}, of A*. Hence for every element of A* there is a unique
element of A* which gets mapped onto it by .

O
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Remark. Since A* and AF are isomorphic as vector spaces many
treatments of multilinear algebra avoid mentioning A¥, reasoning
that AF is a perfectly good substitute for it and that one should,
if possible, not make two different definitions for what is essentially
the same object. This is a justifiable point of view (and is the point
of view taken by Spivak and Munkres'). There are, however, some
advantages to distinguishing between A* and A*, as we’ll see in § 1.6.

Exercises.

1. A k-tensor, T, € L¥(V) is symmetric if T =T for all o € Sy.
Show that the set, S¥(V'), of symmetric k tensors is a vector subspace

of LF(V).

2. Let e1,...,e, be a basis of V. Show that every symmetric 2-
tensor is of the form
> el ¢

where a; ; = a;; and e, ..., ey are the dual basis vectors of V*.

3. Show that if T is a symmetric k-tensor, then for k > 2, T is
in Z%. Hint: Let ¢ be a transposition and deduce from the identity,
T° =T, that T has to be in the kernel of Alt.

4. Warning: Tn general S*(V)) # TF(V). Show, however, that if
k = 2 these two spaces are equal.

5.  Show that if ¢ € V* and T € ZF 2, then /@ T ® £ is in Z".

6. Show that if /; and /5 are in V* and T is in Ik_Q, then /1 ®
T®Ulb+ 0T ® 4 is in I

7. Given a permutation o € S and T € Z*, show that T° € T*.

8. Let W be a subspace of £* having the following two properties.

(a) For S€S)V)and T € £F2, S®T is in W.
(b) For T'in W and o € Si, T is in W.

Land by the author of these notes in his book with Alan Pollack, “Differential Topol-

9

ogy
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Show that W has to contain Z% and conclude that Z* is the small-
est subspace of £F having properties a and b.

9.  Show that there is a bijective linear map

a: AP — AF
with the property
1
(1.5.5) arn(T) = EAR (T)

for all T € £*, and show that « is the inverse of the map of A* onto
AF described in Theorem 1.5.6 (Hint: §1.2, exercise 8).

10. Let V be an n-dimensional vector space. Compute the dimen-
sion of S¥(V'). Some hints:

(a) Introduce the following symmetrization operation on tensors
T € LF(V):

Sym(T)= Y T7.

TESK

Prove that this operation has properties 2, 3 and 4 of Proposi-
tion 1.4.6 and, as a substitute for property 1, has the property:
(SymT')? = SymT.

(b) Let ¢r = Sym(e}), e = €;, ® -+ @ e; . Prove that {¢, I
non-decreasing} form a basis of S¥(V).

(¢c) Conclude from (b) that dim S¥(V) is equal to the number of
non-decreasing multi-indices of length k: 1 < i3 <9 < --- <l < n.

(d) Compute this number by noticing that
(il,...,in) — (i1+0,i2+1,...,ik+k—1)

is a bijection between the set of these non-decreasing multi-indices
and the set of increasing multi-indices 1 < j; < -+ < jp <n+k—1.
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1.6 The wedge product

The tensor algebra operations on the spaces, £F(V), which we dis-
cussed in Sections 1.2 and 1.3, i.e., the “tensor product operation”
and the “pull-back” operation, give rise to similar operations on the
spaces, AF. We will discuss in this section the analogue of the tensor
product operation. As in § 4 we’ll abbreviate £F(V) to £F and AF(V)
to A* when it’s clear which “V” is intended.

Given w; € A%, i = 1,2 we can, by (1.5.4), find a T; € £ with
w; = 7(T;). Then Ty @ Ty € LF1HF2, Tet

(1.6.1) w1 Awy = 7(T) ® Ty) € AFrtk2

Claim.

This wedge product is well defined, i.e., doesn’t depend on our choices
of T1 and TQ.

Proof. Let n(Ty) = w(T]) = wy. Then T = T + W for some W; €
I"“, SO
Neohh=T1Th+ W Th.

But W; € ZF' implies W, @ Ty € ZF1 %2 and this implies:
7T(T1, ®@Ty) =m(Th @ Ts) .

A similar argument shows that (1.6.1) is well-defined independent of
the choice of T5.
O

More generally let w; € A%, i = 1,2,3, and let w; = 7n(T3), T; €
LFi. Define

w1 Nwo Nws € ARitkatks

by setting
wiAwa Aws =m(T1 @To @T3) .

As above it’s easy to see that this is well-defined independent of the
choice of T, Ty and T3. It is also easy to see that this triple wedge
product is just the wedge product of wy Awsy with ws or, alternatively,
the wedge product of w; with wy A ws, i.e.,

(1.6.2) w1 Nwa ANwg = (wl N WQ) Nwg = w1 A (wg A wg).
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We leave for you to check:
For A e R

(1.6.3) )\(wl A wg) = ()\wl) Nwy = wi A ()\wg)

and verify the two distributive laws:

(1.6.4) (w1 + (UQ) Nwsg = w1 NAwg+wo Aws
and
(1.6.5) w1 A ((UQ + W3) = w1 Awy+wi Nws.

As we noted in § 1.4, ZF = {0} for k = 1, i.e., there are no non-zero
“redundant” k tensors in degree k = 1. Thus

(1.6.6) A VY =V = (v,

A particularly interesting example of a wedge product is the fol-
lowing. Let ¢; € V* = AY(V*),i=1,...,k. Thenif T =1 ®@--- @4

(1.6.7) UL A N =7(T) € AF(V*).

We will call (1.6.7) a decomposable element of A*(V*).
We will prove that these elements satisfy the following wedge prod-
uct identity. For o € S:

(1.6.8) 50(1) VANRERIVAN fg(k) = (=170 NNl

Proof. For every T € LF, T = (—=1)°T + W for some W € I* by
Proposition 1.5.4. Therefore since 7(W) =0

(1.6.9) 7(T%) = (—1)°x(T).
In particular, if T'= 41 @ -+ @ by, T? = L5(1) @ - @ Lo, SO

T(T7) = Loy N Ny = (=1)77(T)
(L)l A Al

In particular, for ¢ and ¢, € V*

(1.6.10) bi Ny = —0s N1lq
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and for 41, £ and ¢3 € V*
(1.6.11) ANy Nl = —ly N1 N3 =0a NE3 N\ Hq.

More generally, it’s easy to deduce from (1.6.8) the following result
(which we’ll leave as an exercise).

Theorem 1.6.1. If w; € A" and wy € A® then
(1.6.12) w1 N\ wo = (—1)TSWQ A wi .

Hint: It suffices to prove this for decomposable elements i.e., for
wi =0 AN ANl and wy = £} A--- AL, Now make rs applications
of (1.6.10).

Let eq,...,e, be a basis of V and let e],...,e;, be the dual basis
of V*. For every multi-index, I, of length k,

(1.6.13) e, N-ef, =m(er) =7(ef, ®---®@e¢j ).

] ik ik

Theorem 1.6.2. The elements (1.6.13), with I strictly increasing,
are basis vectors of A*.

Proof. The elements
r = Alt (e}), I strictly increasing,

are basis vectors of A* by Proposition 3.6; so their images, 7(11),
are a basis of A*. But

n(r) = Y (1))
= Y1)
= D))

= kln(e}).

Exercises:

1. Prove the assertions (1.6.3), (1.6.4) and (1.6.5).

2. Verify the multiplication law, (1.6.12) for wedge product.
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3. Given w € A" let w* be the k-fold wedge product of w with
itself, i.e., let w? =w Aw, w? =w A w Aw, etc.

(a) Show that if r is odd then for k > 1, w* = 0.
(b) Show that if w is decomposable, then for k > 1, w¥ = 0.

4. If w and p are in A?" prove:

it =3 </;>wwk_g'

=0

Hint: As in freshman calculus prove this binomial theorem by induc-
tion using the identity: (';) = (12:11) + ('71).

5. Let w be an element of A%. By definition the rank of w is k if
wk £ 0 and w**! = 0. Show that if

w=e A fi+--+epAfi
with e;, f; € V*, then w is of rank < k. Hint: Show that

wk:k‘!el/\fl/\'-'/\ek/\fk.

6. Givene; € V* i =1,...,k show that e; A--- Aep # 0 if and
only if the e;’s are linearly independent. Hint: Induction on k.
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1.7 The interior product

We’ll describe in this section another basic product operation on the
spaces, AF(V*). As above we’ll begin by defining this operator on
the £L¥(V)’s. Given T € LF¥(V) and v € V let +,T be the be the
(k — 1)-tensor which takes the value

(1.7.1)
k

T (Vi VEg_1) = Z(—l)r_lT(Vl, e Vo1, Vy Vi ey V1)

r=1

on the k — 1-tuple of vectors, vi,...,Vk_1, i.e., in the r* summand
on the right, v gets inserted between v,_; and v,. (In particular
the first summand is T'(v,vy,...,vg_1) and the last summand is
(—=1)* 1T (vy,...,vg_1,v).) It’s clear from the definition that if v =
V1 + Vo

(1.7.2) wT = 1, T+ 1y,T,
and if T =T + 15
(1.7.3) wI = T1+ 1,1y,

and we will leave for you to verify by inspection the following two
lemmas:

Lemma 1.7.1. If T is the decomposable k-tensor {1 ® --- @ £}, then
(1.7.4) LVT:Z(_l)T’—lgT(V)gl ®”’®Zr®”’®€k

where the “cap” over £, means that it’s deleted from the tensor prod-
uct

and

Lemma 1.7.2. IfTy € LP and Ty € L9

(1.7.5) (T @Ts) =1, Th @To + (—1)PT1 @ 1Ty .
We will next prove the important identity

(1.7.6) tv(tyT)=0.

Proof. It suffices by linearity to prove this for decomposable tensors
and since (1.7.6) is trivially true for T € £, we can by induction
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assume (1.7.6) is true for decomposible tensors of degree k — 1. Let
/1 ® --- ® fr be a decomposable tensor of degree k. Setting T =
L ® - ®L,_1 and £ = ¢}, we have

Lv(€1®”’®€k) = LV(T®€)
= T+ (D) w)T
by (1.7.5). Hence

Wn(T@0) = (1 T) @+ (=1 20(v), T
+(=D)F (), T
But by induction the first summand on the right is zero and the two

remaining summands cancel each other out.
O

From (1.7.6) we can deduce a slightly stronger result: For v, vs €
v

(1.7.7) byy byy = —lyylyy -
Proof. Let v.=vy1 + va. Then ¢y = iy, + Ly, SO

0=1tyty = (tv; +tva)(tv; +tv,)
byibyy T bvy vy + byglyy F Lyy b,
= lyilyy + byoylyvy

since the first and last summands are zero by (1.7.6).
O

We'll now show how to define the operation, ¢,, on A*(V*). We’ll
first prove
Lemma 1.7.3. If T € L£F is redundant then so is t,T.
Proof. Let T =T, ® L ® £ ® T, where £ is in V*, T} is in LP and T3
is in £9. Then by (1.7.5)
W = w1 QLRIRQTH

H=1)PT @1, (L@ 0) @ T
(1P @ @4 @ 1Ty .
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However, the first and the third terms on the right are redundant
and

(@) =L(v)l—L(v)l
by (1.7.4). 0

Now let 7 be the projection (1.5.4) of £* onto A* and for w =
7(T) € AF define

(1.7.8) tyw = 7(t,T).

To show that this definition is legitimate we note that if w = 7(T}) =
n(T3), then Th —T5 € 7", so by Lemma 1.7.3 ¢t,17 — ty15 € 751 and
hence

7T(varl) = 7T(LVT2) .

Therefore, (1.7.8) doesn’t depend on the choice of T'.

By definition ¢, is a linear mapping of AF(V*) into AF~1(V*).
We will call this the interior product operation. From the identities
(1.7.2)(1.7.8) one gets, for v,vi,vo € V w € A* w; € AP and
wy € A?

(1.7.9) Lviqva)W = by W by w

(1.7.10) ty(wi Awa) = tywy Awa + (—1)Pwy A tywo
(L.7.11)  y(tyw) =0

and

(1.7.12) byl = —lyyly W

Moreover if w = ¢ A --- Al is a decomposable element of AF one
gets from (1.7.4)

k
(1.7.13) ww =3 (=1 (VA Al A Al
r=1
In particular if eq,..., e, is a basis of V, €], ..., e}, the dual basis of

V*¥and wr =ej A---ANej, 1<ip <--- <ig <n, then (ej)wr =0
if j ¢ I and if j =i,

(1.7.14) ej)wr = (—1)" " twy

r

where I, = (iy,... ,/z'\T,...,ik) (i.e., I is obtained from the multi-
index I by deleting i,).
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Exercises:

1. Prove Lemma 1.7.1.
2. Prove Lemma 1.7.2.

3. Show that if T' € A*, i, = kT, where T, is the tensor (1.3.16).
In particular conclude that i, 7' € A*~1. (See §1.4, exercise 8.)

4.  Assume the dimension of V' is n and let € be a non-zero element
of the one dimensional vector space A™. Show that the map

(1.7.15) p: V= AL w5 ,Q,

is a bijective linear map. Hint: One can assume 2 = e] A --- A ey,
where eq,..., e, is a basis of V. Now use (1.7.14) to compute this
map on basis elements.

5. (The cross-product.) Let V' be a 3-dimensional vector space, B
an inner product on V and € a non-zero element of A3. Define a map

VXV -V
by setting
(1.7.16) v1 X vy = p~H(Lwy A Lug)

where p is the map (1.7.15) and L : V — V* the map (1.2.9). Show
that this map is linear in vy, with vy fixed and linear in vy with vy
fixed, and show that v1 X v9 = —vg X v7.

6. For V =R3let e;, ep and ez be the standard basis vectors and
B the standard inner product. (See §1.1.) Show that if Q = ej AejAes
the cross-product above is the standard cross-product:

e1 X eg = €3
(1.7.17) ey X €3 = €1
ez X ey =eg.
Hint: If B is the standard inner product Le; = €] .

Remark 1.7.4. One can make this standard cross-product look even
more_standard by using the calculus notation: e; = i, ea = j and
€3 — k
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1.8 The pull-back operation on A*

Let V and W be vector spaces and let A be a linear map of V into
W. Given a k-tensor, T' € L¥(W), the pull-back, A*T, is the k-tensor

(1.8.1) A*T(Ul,...,’uk) :T(Avl,...,A’uk)

in £¥(V). (See § 1.3, equation 1.3.12.) In this section we’ll show how
to define a similar pull-back operation on AF.

Lemma 1.8.1. If T € TF(W), then A*T € IF(V).

Proof. It suffices to verify this when 7T is a redundant k-tensor, i.e., a
tensor of the form

where ¢, € W* and ¢; = ¢; ;1 for some index, i. But by (1.3.14)

AT =A"1® - @ A

and the tensor on the right is redundant since A*¢; = A*¢;14.
O

Now let w be an element of A¥(W*) and let w = 7(T) where T is
in LF(W). We define

(1.8.2) A'w = m(AT).

Claim:
The left hand side of (1.8.2) is well-defined.

Proof. If w = 7(T) = n(T"), then T = T’ + S for some S € ZF(W),
and A*T' = A*T + A*S. But A*S € ZF(V), so

7(A*T') = ©(A*T).
Proposition 1.8.2. The map
A AR — ARV,

mapping w to A*w is linear. Moreover,
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(i) Ifw; € AF(W), i=1,2, then

(1.8.3) A*(wl VAN WQ) = A%w; AN A*wo.

(ii) IfU is a vector space and B : U — V a linear map, then
for w € AF(W™),

(1.8.4) B*A*w = (AB)*w.

We'll leave the proof of these three assertions as exercises. Hint:
They follow immediately from the analogous assertions for the pull-
back operation on tensors. (See (1.3.14) and (1.3.15).)

As an application of the pull-back operation we’ll show how to
use it to define the notion of determinant for a linear mapping. Let
V be a n-dimensional vector space. Then dimA"(V*) = () = 1;
ie., A"(V*) is a one-dimensional vector space. Thus if A: V — V
is a linear mapping, the induced pull-back mapping:

A* L AMV) = ANV,

is just “multiplication by a constant”. We denote this constant by
det(A) and call it the determinant of A, Hence, by definition,

(1.8.5) A*w = det(A)w

for all win A™(V*). From (1.8.5) it’s easy to derive a number of basic
facts about determinants.

Proposition 1.8.3. If A and B are linear mappings of V into V,
then

(1.8.6) det(AB) = det(A) det(B).
Proof. By (1.8.4) and

(AB)'w = det(AB)w
= B*(A*w) =det(B)A*w
= det(B)det(A)w,

so, det(AB) = det(A) det(B).
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Proposition 1.8.4. If I : V — V is the identity map, Iv = v for
allveV, det(I) =1.

We’ll leave the proof as an exercise. Hint: I* is the identity map
on A"(V*).

Proposition 1.8.5. If A: V — V is not onto, det(A) = 0.

Proof. Let W be the image of A. Then if A is not onto, the dimension
of W is less than n, so A"(W*) = {0}. Now let A = Iy B where Iy
is the inclusion map of W into V and B is the mapping, A, regarded
as a mapping from V to W. Thus if w is in A”(V*), then by (1.8.4)

A*w = B*[jyw

and since Ijjw is in A™(W) it is zero.
O

O

We will derive by wedge product arguments the familiar “matrix
formula” for the determinant. Let V and W be n-dimensional vector
spaces and let e,...,e, be a basis for V and f1,..., f, a basis for
W. From these bases we get dual bases, e],... ey, and f],..., f},
for V* and W*. Moreover, if A is a linear map of V into W and
la; j] the n x n matrix describing A in terms of these bases, then the
transpose map, A* : W* — V* is described in terms of these dual
bases by the n x n transpose matrix, i.e., if

Ae; = Zai,jfia
then
A*f; = Z aj,ie;-k .
(See § 2.) Consider now A*(f{f A--- A f). By (1.8.3)

A(FIN N ) = ATFEANATS
= D (akei) A Alank,e,)

the sum being over all ki, ..., k,, with 1 < k. < n. Thus,

A*(ff/\---/\f;';):Zaml...an,kn ep, N Nep,



42 Chapter 1. Multilinear algebra

If the multi-index, k1, ..., ky, is repeating, then e A---Aey is zero,
and if it’s not repeating then we can write

ki=o(i) i=1,...,n

for some permutation, o, and hence we can rewrite A*(ff A--- A fr)
as the sum over o € S, of

Z A1,5(1) """ An,o(n) (BT AREERA e;)a :

But
(efN--Ne ) =(=1)%e] A+ Ne,

n

so we get finally the formula

(1.8.7) A*(ff NN fr) = detla; jle] A--- Nep,
where
(1.8.8) det[ai,j] = Z(_l)aal,a(l) Oy g(n)

summed over o € S,,. The sum on the right is (as most of you know)
the determinant of [a; ;].

Notice that if V=W and e; = f;, 1 =1,...,n,thenw =e]A--- A
ey = fiA--- A fr hence by (1.8.5) and (1.8.7),

(1.8.9) det(A) = det[a; ;] .

Exercises.

1. Verify the three assertions of Proposition 1.8.2.

2. Deduce from Proposition 1.8.5 a well-known fact about deter-
minants of n x n matrices: If two columns are equal, the determinant
is zero.

3. Deduce from Proposition 1.8.3 another well-known fact about
determinants of n x n matrices: If one interchanges two columns,
then one changes the sign of the determinant.

Hint: Let eq,...,e, be a basis of V and let B : V — V be the
linear mapping: Be; = e;, Be; = ¢; and Bey = eg, { # i,j. What is
B*(ef N---Nep)?
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4.  Deduce from Propositions 1.8.3 and 1.8.4 another well-known
fact about determinants of n x n matrix. If [b; ;] is the inverse of
la; j], its determinant is the inverse of the determinant of [a; ;].

5. Extract from (1.8.8) a well-known formula for determinants of
2 % 2 matrices:

a a
det 1 120 = a11G22 — A12021 -
az1, a2

6.  Show that if A = [a;;] is an n X n matrix and A" = [a;;] is its
transpose det A = det A*. Hint: You are required to show that the
sums

Z(—l)”al’o(l) N an,o(n) o c Sn

and

Z(_l)aaa(l),l <+ Og(n)n oesS,
are the same. Show that the second sum is identical with
Z(_l)TaT(l),l v ar(n),n

summed over T =o' € S,,.
7. Let A be an n x n matrix of the form
-0 ¢

where B is a k x k matrix and C the £ x £ matrix and the bottom
¢ x k block is zero. Show that

det A =det Bdet C'.
Hint: Show that in (1.8.8) every non-zero term is of the form

(=1)77b1o1) « - - Dro (k) CLr(1) - - - COr(0)

where o € S, and 7 € S).

8.  Let V and W be vector spaces and let A :V — W be a linear
map. Show that if Av = w then for w € AP(w*),

A (w)w = 1(v)A*w.

(Hint: By (1.7.10) and proposition 1.8.2 it suffices to prove this for
w € AY(W*), ie., for w € W*.)
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1.9 Orientations

We recall from freshman calculus that if £ C R2 is a line through the
origin, then /—{0} has two connected components and an orientation
of £ is a choice of one of these components (as in the figure below).

More generally, if L is a one-dimensional vector space then . — {0}
consists of two components: namely if v is an element of L — [0}, then
these two components are

L, = {)\’U /\>0}

and
Ly = {)\’U, )\<0}

An orientation of L is a choice of one of these components. Usu-
ally the component chosen is denoted L., and called the positive
component of L — {0} and the other component, L_, the negative
component of L. — {0}.

Definition 1.9.1. A vector, v € L, is positively oriented if v is in
L,.

More generally still let V' be an n-dimensional vector space. Then
L = A"(V*) is one-dimensional, and we define an orientation of V
to be an orientation of L. One important way of assigning an orien-
tation to V' is to choose a basis, e1,...,e, of V. Then, if e],... e} is
the dual basis, we can orient A™(V*) by requiring that ej A---Aej be
in the positive component of A™(V*). If V has already been assigned
an orientation we will say that the basis, ey, ..., ey, is positively ori-
ented if the orientation we just described coincides with the given
orientation.

Suppose that eq,...,e, and f1,..., f, are bases of V and that

(1.9.1) ej = aifi.



1.9 Orientations 45

Then by (1.7.7)
Ji N A f = detla; jle] A+ Nep,
so we conclude:

Proposition 1.9.2. Ifeq,..., e, is positively oriented, then f1,..., fn
is positively oriented if and only if det|a; ;] is positive.

Corollary 1.9.3. Ifeq,..., e, is a positively oriented basis of V, the
basis: e1,...,€i—1,—€i,€it1,-..,en 1S negatively oriented.

Now let V' be a vector space of dimension n > 1 and W a sub-
space of dimension k < n. We will use the result above to prove the
following important theorem.

Theorem 1.9.4. Given orientations on 'V and V/W, one gets from
these orientations a natural orientation on W.

Remark What we mean by “natural’ will be explained in the course
of the proof.

Proof. Let r = n — k and let m be the projection of V' onto V/W
. By exercises 1 and 2 of §2 we can choose a basis eq,...,e, of V
such that e,y1,...,e, is a basis of W and 7(ey),...,m(e,) a basis
of V/W. Moreover, replacing e; by —e; if necessary we can assume
by Corollary 1.9.3 that 7(e1),...,m(e,) is a positively oriented basis
of V/W and replacing e,, by —e,, if necessary we can assume that
e1,...,en is a positively oriented basis of V. Now assign to W the
orientation associated with the basis e,41,..., €.

Let’s show that this assignment is “natural” (i.e., doesn’t depend
on our choice of ey,...,e,). To see this let fi,..., f, be another
basis of V' with the properties above and let A = [a; ;] be the matrix
(1.9.1) expressing the vectors ey, ..., e, as linear combinations of the
vectors fi,... f,. This matrix has to have the form

(1.9.2) A— [ v }

where B is the r xr matrix expressing the basis vectors m(ey), ..., m(e;)
of V/W as linear combinations of 7(f1),...,n(f;) and D the k x k
matrix expressing the basis vectors e,11,...,¢e, of W as linear com-
binations of f,11,..., fn. Thus

det(A) = det(B) det(D).
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However, by Proposition 1.9.2, det A and det B are positive, so det D
is positive, and hence if e,41, ..., e, is a positively oriented basis of

W sois frats---y fn-
O

As a special case of this theorem suppose dim W = n — 1. Then
the choice of a vector v € V — W gives one a basis vector, m(v),
for the one-dimensional space V/W and hence if V is oriented, the
choice of v gives one a natural orientation on W.

Next let V;, ¢ = 1,2 be oriented n-dimensional vector spaces and
A : Vi — V5 a bijective linear map. A is orientation-preserving if,
for w € A™(V5)4, A*w is in A™(V})4. For example if Vi = V5, then
A*w = det(A)w so A is orientation preserving if and only if det(A4) >
0. The following proposition we’ll leave as an exercise.

Proposition 1.9.5. Let V;, i = 1,2,3 be oriented n-dimensional
vector spaces and A; : Vi — Vi1, i = 1,2 bijective linear maps.
Then if Ay and As are orientation preserving, so is As o Aj.

Exercises.

1. Prove Corollary 1.9.3.

2. Show that the argument in the proof of Theorem 1.9.4 can be
modified to prove that if V and W are oriented then these orienta-
tions induce a natural orientation on V/W.

3. Similarly show that if W and V/W are oriented these orienta-
tions induce a natural orientation on V.

4. Let V be an n-dimensional vector space and W C V a k-
dimensional subspace. Let U = V/W and let « : W — V and
7w :V — U be the inclusion and projection maps. Suppose V and U
are oriented. Let y be in A" *(U*), and let w be in A"(V*),.. Show
that there exists a v in AF(V*) such that 7*u A v = w. Moreover
show that (*v is intrinsically defined (i.e., doesn’t depend on how
we choose v) and sits in the positive part, AF(W*), of AF(W).

5.  Letey,...,e, bethe standard basis vectors of R"™. The standard
orientation of R™ is, by definition, the orientation associated with
this basis. Show that if W is the subspace of R™ defined by the
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equation, x1 = 0, and v = e; € W then the natural orientation of W
associated with v and the standard orientation of R™ coincide with
the orientation given by the basis vectors, es,...,e, of W.

6. Let V be an oriented n-dimensional vector space and W an
n — 1-dimensional subspace. Show that if v and v’ are in V — W then
v/ = A+ w, where w is in W and A € R — {0}. Show that v and v/
give rise to the same orientation of W if and only if X is positive.

7.  Prove Proposition 1.9.5.

8. A key step in the proof of Theorem 1.9.4 was the assertion that
the matrix A expressing the vectors, e;, as linear combinations of the
vectors, f;, had to have the form (1.9.2). Why is this the case?

9. (a) Let V be a vector space, W a subspace of V and A:V —
V' a bijective linear map which maps W onto W. Show that one gets
from A a bijective linear map

B:V/W = V/W

with property
mA = B,

7 being the projection of V onto V/W.

(b) Assume that V, W and V/W are compatibly oriented. Show
that if A is orientation-preserving and its restriction to W is orien-
tation preserving then B is orientation preserving.

10. Let V be a oriented n-dimensional vector space, W an (n —1)-
dimensional subspace of V and i : W — V the inclusion map. Given
w € A(V); and v € V — W show that for the orientation of W
described in exercise 5, i*(t,w) € A"HW),.

11. Let V be an n-dimensional vector space, B : V x V — R an
inner product and eq, ..., e, a basis of V which is positively oriented
and orthonormal. Show that the “volume element”

vol =ejA---Aey, e A"(V")

is intrinsically defined, independent of the choice of this basis. Hint:
(1.2.13) and (1.8.7).
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12. (a) Let V be an oriented n-dimensional vector space and B an
inner product on V. Fix an oriented orthonormal basis, eq,...,e,,
of V.and let A:V — V be a linear map. Show that if

Aei =V; = E ajﬂ-ej

and b; ; = B(v;,V;), the matrices A = [a; ;] and B = [b; ;] are related
by: B= AT A.
(b) Show that if v is the volume form, e A--- Ae’, and A is orien-
tation preserving
1
A*v = (det B)2v.

(¢) By Theorem 1.5.6 one has a bijective map
AN (V)= AN(V).

Show that the element, 2, of A”(V) corresponding to the form, v,
has the property

1Q(v1, ..., va)|? = det([b; ;])

where vi,...,v, are any n-tuple of vectors in V' and b; j = B(v;,v;).



CHAPTER 2

DIFFERENTIAL FORMS

2.1 Vector fields and one-forms

The goal of this chapter is to generalize to n dimensions the basic
operations of three dimensional vector calculus: div, curl and grad.
The “div”, and “grad” operations have fairly straight forward gener-
alizations, but the “curl” operation is more subtle. For vector fields
it doesn’t have any obvious generalization, however, if one replaces
vector fields by a closely related class of objects, differential forms,
then not only does it have a natural generalization but it turns out
that div, curl and grad are all special cases of a general operation on
differential forms called exterior differentiation.

In this section we will review some basic facts about vector fields
in n variables and introduce their dual objects: one-forms. We will
then take up in §2.2 the theory of k-forms for k greater than one.
We begin by fixing some notation.

Given p € R™ we define the tangent space to R™ at p to be the set
of pairs

(2.1.1) T,R" ={(p,v)}; veR".
The identification
(2.1.2) T,R" - R", (p,v)—v

makes T, R™ into a vector space. More explicitly, for v, vi and vo € R"
and A € R we define the addition and scalar multiplication operations
on T,R™ by the recipes

(p,vi) +(p,v2) = (p,v1+va)
and
Ap,v) = (pAv).

Let U be an open subset of R” and f : U — R™ a C' map. We
recall that the derivative

Df(p) : R" - R™

This is page 49
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of f at p is the linear map associated with the m x n matrix
ofi

)

It will be useful to have a “base-pointed” version of this definition
as well. Namely, if ¢ = f(p) we will define

dfp : T,R" — T,R™
to be the map

(2.1.3) dfp(p,v) = (¢ Df(p)Vv) -

It’s clear from the way we’ve defined vector space structures on 7, R™
and T;R™ that this map is linear.

Suppose that the image of f is contained in an open set, V, and
suppose g : V — R¥ is a C! map. Then the “base-pointed”” version
of the chain rule asserts that

(2.1.4) dgq o dfy = d(f o g)p-

(This is just an alternative way of writing Dg(q)Df(p) = D(g o
Hp).)

In 3-dimensional vector calculus a vector field is a function which
attaches to each point, p, of R? a base-pointed arrow, (p,¥). The
n-dimensional version of this definition is essentially the same.

Definition 2.1.1. Let U be an open subset of R™. A vector field on
U is a function, v, which assigns to each point, p, of U a vector v(p)
in T,R™.

Thus a vector field is a vector-valued function, but its value at p
is an element of a vector space, T,R" that itself depends on p.
Some examples.

1.  Given a fixed vector, v € R", the function
(2.1.5) p € R" — (p,v)
is a vector field. Vector fields of this type are constant vector fields.

2.  In particular let e;,7 = 1,...,n, be the standard basis vectors
of R™. If v = ¢; we will denote the vector field (2.1.5) by 9/0x;. (The
reason for this “derivation notation” will be explained below.)
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3. Given a vector field on U and a function, f : U — R we’ll
denote by fv the vector field

peU— f(p)u(p).

4.  Given vector fields v; and vy on U, we’ll denote by vy + v the
vector field

p €U — vi(p) +v2(p) -

5. The vectors, (p,e;), i = 1,...,n, are a basis of T,R", so if
v is a vector field on U, v(p) can be written uniquely as a linear
combination of these vectors with real numbers, ¢;(p), i = 1,...,n,
as coefficients. In other words, using the notation in example 2 above,
v can be written uniquely as a sum

SN
(2.1.6) v= Zgi%
i=1 ¢

where g; : U — R is the function, p — g;(p).

We'll say that v is a C* vector field if the g;’s are in C*(U).
A basic vector field operation is Lie differentiation. If f € C*(U)
we define L, f to be the function on U whose value at p is given by

(2.1.7) Df(p)v = Luf(p)

where v(p) = (p,v). If v is the vector field (2.1.6) then

)
(2.1.8) Lf =) gi5—f

(motivating our “derivation notation” for v).

Exercise.
Check that if f; € C1(U), i = 1,2, then
(219) Lv(flfQ) = flva2+f1va2'

13

Next we’ll generalize to n-variables the calculus notion of an “in-
tegral curve” of a vector field.
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Definition 2.1.2. A C' curve v : (a,b) — U is an integral curve of
v if for alla <t <b and p=~(t)

(5 ®) = ot

i.e., if v is the vector field (2.1.6) and g : U — R™ is the function
(g1,---,9n) the condition for ~(t) to be an integral curve of v is that
it satisfy the system of differential equations

(2.1.10) D 1) = g2(1)).

We will quote without proof a number of basic facts about systems
of ordinary differential equations of the type (2.1.10). (A source for
these results that we highly recommend is Birkhoff-Rota, Ordinary
Differential Equations, Chapter 6.)

Theorem 2.1.3 (Existence). Given a point pg € U and a € R, there
exists an interval I = (a —T,a+T), a neighborhood, Uy, of py in U
and for every p € Uy an integral curve, v, : I — U with vy(a) = p.

Theorem 2.1.4 (Uniqueness). Let vy, : I; — U, i = 1,2, be integral
curves. If a € I N Iy and 1 (a) = v2(a) then y1 =2 on I1 N Iy and
the curve v : Iy U Iy — U defined by

- ’yl(t), tE[l
W(t)_{w(t), tel,

s an integral curve.

Theorem 2.1.5 (Smooth dependence on initial data). Let v be a
C®-vector field, on an open subset, V, of U, I C R an open interval,
a € I a point on this interval and h : V x I — U a mapping with the
properties:

(i) h(p,a) = p.
(ii) For all p € V the curve
Wwil—=U %) =hpt)

s an integral curve of v.

Then the mapping, h, is C*°.
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One important feature of the system (2.1.11) is that it is an au-
tonomous system of differential equations: the function, g(x), is a
function of x alone, it doesn’t depend on ¢. One consequence of this
is the following:

Theorem 2.1.6. Let I = (a,b) and force R let I. = (a —¢,b—c).
Then if v : I — U is an integral curve, the reparametrized curve

(2.1.11) Yeile = U, () =7(t+c)

is an integral curve.

We recall that a C'-function ¢ : U — R is an integral of the system
(2.1.11) if for every integral curve «(t), the function t — @(v(t)) is
constant. This is true if and only if for all ¢ and p = ~(¢)

0= S60(0) = (D9), () = (D)

where (p,v) = v(p). But by (2.1.6) the term on the right is L,p(p).
Hence we conclude

Theorem 2.1.7. o € CY(U) is an integral of the system (2.1.11) if
and only if Ly,p = 0.

We’ll now discuss a class of objects which are in some sense “dual
objects” to vector fields. For each p € R™ let (T,R)* be the dual vec-
tor space to T,R", i.e., the space of all linear mappings, ¢ : T,R" —
R.

Definition 2.1.8. Let U be an open subset of R™. A one-form on U
is a function, w, which assigns to each point, p, of U a vector, wp,
in (T,R™)*.

Some examples:

1. Let f: U — R be a C! function. Then for p € U and
¢ = f(p) one has a linear map

(2.1.12) df, : T,R" — T.R
and by making the identification,

T,R = {c,R} =R
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df,, can be regarded as a linear map from 7T, R" to R, i.e., as an
element of (7,R™)*. Hence the assignment

(2.1.13) pe U —df, € (T,R")"
defines a one-form on U which we’ll denote by df.

2. Given a one-form w and a function, ¢ : U — R the product
of ¢ with w is the one-form, p € U — ¢(p)wp.

3. Given two one-forms wi and ws their sum, wy + wy is the
one-form, p € U — wi(p) + wa(p).

4. The one-forms dz,...,dx, play a particularly important
role. By (2.1.12)

(2.1.14) (da;) (%)p = 0ij

i.e.,isequal to 1ifi = j and zero if i # j. Thus (dz1)p, ..., (dzy)p
are the basis of (T;R")* dual to the basis (9/0z;),. Therefore,
if w is any one-form on U, w), can be written uniquely as a sum

wp=Y_ filp)(dxi)p, filp) €R
and w can be written uniquely as a sum
(2.1.15) w=)Y_ fids;

where f; : U — R is the function, p — f;(p). We'll say that w
is a C™ one-form if the f;’s are C*°.

Exercise.

Check that if f:U — R is a C* function

(2.1.16) df = Z%d@.

Suppose now that v is a vector field and w a one-form on U. Then

for every p € U the vectors, v, € T,R" and w, € (T,R"™)* can be
paired to give a number, ((vp)w, € R, and hence, as p varies, an
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R-valued function, ¢(v)w, which we will call the interior product of v
with w. For instance if v is the vector field (2.1.6) and w the one-form
(2.1.15) then

(2.1.17) t(v)w = Zfig,- .

Thus if v and w are C* so is the function ¢(v)w. Also notice that if
p € C®(U), then as we observed above

B dp 0
d(p N Z al‘l al‘l

so if v is the vector field (2.1.6)

L
(2.1.18) t(v)dyp = Zg, 0z, L,p.

Coming back to the theory of integral curves, let U be an open
subset of R™ and v a vector field on U. We’ll say that v is complete
if, for every p € U, there exists an integral curve, v : R — U with
~v(0) = p, i.e., for every p there exists an integral curve that starts
at p and exists for all time. To see what “completeness” involves, we
recall that an integral curve

v:[0,0) = U,

with v(0) = p, is called mazimal if it can’t be extended to an interval
[0,0/), b/ > b. (See for instance Birkhoff-Rota, §6.11.) For such curves
it’s known that either

i. b=+o0
or

ii. |[y(t)] = +ocast—b
or

iii. the limit set of
{r@®), 0<tb}
contains points on the boundary of U.

Hence if we can exclude ii. and iii. we’ll have shown that an integral
curve with «(0) = p exists for all positive time. A simple criterion
for excluding ii. and iii. is the following.
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Lemma 2.1.9. The scenarios . and tii. can’t happen if there exists
a proper C'-function, ¢ : U — R with Lyp = 0.

Proof. L, = 0 implies that ¢ is constant on 7(t), but if ¢(p) = ¢
this implies that the curve, (t), lies on the compact subset, ¢! (c),
of U; hence it can’t “run off to infinity” as in scenario ii. or “run off
the boundary” as in scenario iii.

]

Applying a similar argument to the interval (—b, 0] we conclude:

Theorem 2.1.10. Suppose there exists a proper C'-function, ¢ :
U — R with the property L, = 0. Then v is complete.

Example.

Let U = R? and let v be the vector field
30 0

v=1'— —y—.
oy oz

Then ¢(x,y) = 2y%+a* is a proper function with the property above.

Another hypothesis on v which excludes ii. and iii. is the following.

We’'ll define the support of v to be the set

suppv =q € U, w(q) # 0},

and will say that v is compactly supported if this set is compact. We
will prove

Theorem 2.1.11. If v is compactly supported it is complete.

Proof. Notice first that if v(p) = 0, the constant curve, vo(t) = p,
—00 < t < 00, satisfies the equation

“0(t) =0 =(p),

so it is an integral curve of v. Hence if ~(t), —a < t < b, is any
integral curve of v with the property, v(t9) = p, for some tg, it has
to coincide with g on the interval, —a < t < a, and hence has to be
the constant curve, y(t) = p, on this interval.

Now suppose the support, A, of v is compact. Then either () is
in A for all ¢t or is in U — A for some ty. But if this happens, and
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p = 7(to) then v(p) = 0, so y(¢) has to coincide with the constant
curve, Yo(t) = p, for all t. In neither case can it go off to co or off to
the boundary of U as t — b.

O

One useful application of this result is the following. Suppose v is
a vector field on U, and one wants to see what its integral curves
look like on some compact set, A C U. Let p € C5°(U) be a bump
function which is equal to one on a neighborhood of A. Then the
vector field, w = pv, is compactly supported and hence complete,
but it is identical with v on A, so its integral curves on A coincide
with the integral curves of v.

If v is complete then for every p, one has an integral curve, 7, :
R — U with v,(0) = p, so one can define a map

f:U—U

by setting fi;(p) = vp(t). If v is C>°, this mapping is C> by the
smooth dependence on initial data theorem, and by definition fy is
the identity map, i.e., fo(p) = 7,(0) = p. We claim that the f;’s also
have the property

(2-1-19) ftofa= ftra-

Indeed if fq(p) = ¢, then by the reparametrization theorem, 7, (t)
and v, (t + a) are both integral curves of v, and since ¢ = v4(0) =
vp(a) = fa(p), they have the same initial point, so

Y(t) = filg) = (fio fa)(p)
= YWt +a)= frra(p)

for all ¢. Since fy is the identity it follows from (2.1.19) that f;o f_;
is the identity, i.e.,
f—t - ft_l )

so f; is a C*° diffeomorphism. Hence if v is complete it generates a
“one-parameter group”, f;, —oo < t < 00, of C*°-diffeomorphisms.
For v not complete there is an analogous result, but it’s trickier to
formulate precisely. Roughly speaking v generates a one-parameter
group of diffeomorphisms, f;, but these diffeomorphisms are not de-
fined on all of U nor for all values of t. Moreover, the identity (2.1.19)
only holds on the open subset of U where both sides are well-defined.
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We’ll devote the remainder of this section to discussing some “func-
torial” properties of vector fields and one-forms. Let U and W be
open subsets of R™ and R™, respectively, and let f : U — W be a
C* map. If v is a C*®-vector field on U and w a C*-vector field on
W we will say that v and w are “f-related” if, for all p € U and

q=f(p)
(2.1.20) dfp(v,) = wy.

Writing
n

_ 9 k
vo= ;:1 %8217@' , v € C¥(U)
and

m

0

j=1

this equation reduces, in coordinates, to the equation

(2.1.21) wilg) =) gxf] (p)v;(p)-

In particular, if m = n and f is a C*° diffeomorphism, the formula
(3.2) defines a C*-vector field on W, i.e.,

(2.1.22) w; = Z (%vj> o f L.

Hence we’ve proved

Theorem 2.1.12. If f : U — W is a C* diffeomorphism and v a
C®-vector field on U, there exists a unique C* vector field, w, on W
having the property that v and w are f-related.

We’ll denote this vector field by fiv and call it the push-forward
of v by f.

I’ll leave the following assertions as easy exercises.
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Theorem 2.1.13. Let U;, i = 1,2, be open subsets of R™, v; a
vector field on U; and f : Uy — Uy a C®-map. If v and vy are
f-related, every integral curve

v:1I—U;

of v1 gets mapped by f onto an integral curve, foy: 1 — Us, of vs.

Corollary 2.1.14. Suppose v1 and ve are complete. Let (f;)¢ : Uy —
U;, —0o < t < o0, be the one-parameter group of diffeomorphisms

generated by v;. Then fo (f1)r = (f2)ro f.
Hints:

1. Theorem 4 follows from the chain rule: If p = v(¢) and ¢ = f(p)
d d
1, (50) = FI60).

2. To deduce Corollary 5 from Theorem 4 note that for p € U,
(f1)¢(p) is just the integral curve, v, (t) of v1 with initial point ,(0) =
.

The notion of f-relatedness can be very succinctly expressed in
terms of the Lie differentiation operation. For ¢ € C*(Us) let f*¢
be the composition, ¢ o f, viewed as a C* function on Uy, i.e., for

p € Urlet f*o(p) = ¢(f(p))- Then
(2.1.23) [ Ly, p = Ly, fr .
(To see this note that if f(p) = ¢ then at the point p the right hand
side is

(dp)q o dfp(v1(p))
by the chain rule and by definition the left hand side is

dipg(v2(q)) -

Moreover, by definition

v2(q) = dfp(v1(p))

so the two sides are the same.)

Another easy consequence of the chain rule is:
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Theorem 2.1.15. Let U;, i = 1,2,3, be open subsets of R™, v; a
vector field on U; and f; : Uy — U1, i = 1,2 a C*®-map. Suppose
that, for ¢ = 1,2, v; and v;y1 are fi-related. Then vy and vs are
fa o fi-related.

In particular, if fi and fo are diffeomorphisms and v = vy

(f2)«(f1)sv = (fao f1)sv.

The results we described above have “dual” analogues for one-
forms. Namely, let U and V' be open subsets of R™ and R™, respec-
tively, and let f : U — V be a C*°-map. Given a one-form, u, on V'
one can define a “pull-back” one-form, f*u, on U by the following
method. For p € U let ¢ = f(p). By definition u(q) is a linear map

(2.1.24) p(q) : T;R™ - R
and by composing this map with the linear map
dfp : T,R" — T,R"
we get a linear map
fg o dfy : T,R" — R,
i.e., an element ji, o dfy, of TyR™.

Definition 2.1.16. The one-form f*u is the one-form defined by
the map
peU— (uyo df,) € /R

where ¢ = f(p).
Note that if ¢ : V' — R is a C*-function and p = dy then
fig o dfp = dipg o dfy = d(p o )y

ie.,

(2.1.25) Fu=dpof.

In particular if pu is a one-form of the form, y = dy, with ¢ €
C>®(V), f*u is C*°. From this it is easy to deduce

Theorem 2.1.17. If u is any C* one-form on V, its pull-back, f*w,
is C*. (See exercise 1.)
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Notice also that the pull-back operation on one-forms and the
push-forward operation on vector fields are somewhat different in
character. The former is defined for all C>° maps, but the latter is
only defined for diffeomorphisms.

Exercises.

1. Let U be an open subset of R?, V' an open subset of R and
f:U —V aCFmap.

(a) Show that for ¢ € C*°(V) (2.1.25) can be rewritten

(2.1.25") ffde=df*p.
(b) Let u be the one-form
Y= f: pidr; @ € C(V)
i=1
on V. Show that if f = (f1,..., fim) then
fiw= if*%'dfi-
i=1
(¢c) Show that if p is C*° and f is C*°, f*u is C*°.

2. Let v be a complete vector field on U and f; : U — U, the one
parameter group of diffecomorphisms generated by v. Show that if

peCY(U)
d .
Lv‘p - (%ft (’D>t:0 .

3. (a) Let U = R? and let v be the vector field, x10/0xy —
x90/0x1. Show that the curve

teR — (rcos(t+0), rsin(t + 0))

is the unique integral curve of v passing through the point, (r cos 8, sin §),
at t = 0.



62 Chapter 2. Differential forms

(b) Let U =R" and let v be the constant vector field: > ¢;0/0z;.
Show that the curve

teR—a+t(cr,...,cn)

is the unique integral curve of v passing through a € R™ at ¢t = 0.

(¢) Let U =R" and let v be the vector field, > z;0/0x;. Show that
the curve

teR —el(ay,...,an)

is the unique integral curve of v passing through a at ¢t = 0.

4.  Show that the following are one-parameter groups of diffeomor-
phisms:

(@) fi:R—=R, filz)=z+t
(b) fi:R—=R, fi(z)=c
() fi:R2—=TR%  fi(x,y) = (costx —sinty, sintx + costy)

5. Let A:R"™ — R" be a linear mapping. Show that the series

exptA = I+tA+ A2+ |A3

3!

converges and defines a one-parameter group of diffeomorphisms of
R™.

6. (a) What are the infinitesimal generators of the one-parameter
groups in exercise 137

(b) Show that the infinitesimal generator of the one-parameter group
in exercise 14 is the vector field

0
Z G g

where [a; ;] is the defining matrix of A.

7. Let v be the vector field on R, x2% Show that the curve
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is an integral curve of v with initial point (0) = a. Conclude that
for a > 0 the curve

x(t)

is a maximal integral curve. (In particular, conclude that v isn’t
complete.)

1
=— 0<t< =
1—at a

8. Let U be an open subset of R"™ and v; and vy vector fields on U.
Show that there is a unique vector field, w, on U with the property

Ly = Ly, (Loyp) — Loy (Lo, )
for all ¢ € C>*(U).

9.  The vector field w in exercise 8 is called the Lie bracket of
the vector fields v; and vy and is denoted [vq,ve]. Verify that “Lie
bracket” satisfies the identities

[v1,v2] = —[v2, 1]

and
[v1[v2, v3]] + [v2, [v3, v1]] + [vs, [v1,v2]] = 0.

Hint: Prove analogous identities for L,,, L,, and L,,.

10. Let vy = 0/0x; and v = ) gj0/0z;. Show that
0 0
[v1, 0] = Z 3—%928—% .
11. Let v1 and vy be vector fields and f a C* function. Show that

[1)1, fvg] = Lv1 f’Ug + f[’Ul, Ug] .

12. Let U and V be open subsets of R™ and f : U — V a diffeo-
morphism. If w is a vector field on V, define the pull-back, f*w of
w to U to be the vector field

Frw=(fw).
Show that if ¢ is a C*° function on V'
f*LwQD = Lf*wf*(up-
Hint: (2.1.26).
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13. Let U be an open subset of R™ and v and w vector fields on U.
Suppose v is the infinitesimal generator of a one-parameter group of
diffeomorphisms

fi: U—=U, —oco<t<oo.
Let wy = f;w. Show that for ¢ € C>*(U)

L[v,w](p = Lw(p
where

. d .
wo = %ftw\tzo.

Hint: Differentiate the identity

ft*Lw‘p = Lwtft*('lp

with respect to ¢ and show that at ¢ = 0 the derivative of the left
hand side is
LyLyp

by exercise 2 and the derivative of the right hand side is
L.+ Ly(Lyp) -
14. Conclude from exercise 13 that
d .
(2.1.26) [v,w] = Eft W |¢=0 -
15. Let U be an open subset of R™ and let v : [a,b] — U, t —

(71(t), ..., (t)) be a Ct curve. Given w = Y f; dz; € QY(U), define
the line integral of w over 7 to be the integral

n b d :
[e=3> [ soe 5 ar.
v =17
Show that if w = df for some f € C*(U)

/w:fww»—ﬂw@»
Y

In particular conclude that if v is a closed curve, i.e., y(a) = v(b),
this integral is zero.
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16. Let
- I dl‘Q ! 1)) dl‘l

e OYR? - {0
2T a2 ( {o}),

and let 7 : [0,27] — R% — {0} be the closed curve, t — (cost,sint).
Compute the line integral, fy w, and show that it’s not zero. Conclude

that w can’t be “d” of a function, f € C*°(R? — {0}).

17. Let f be the function

arctan i—f ,x1 >0
f(a;l,xg): %,1‘1:0,JE2>0
arctanz—f +7m,21 <0
where, we recall: —5 < arctant < §. Show that this function is C*

and that df is the 1-form, w, in the previous exercise. Why doesn’t
this contradict what you proved in exercise 167

2.2 k-forms

One-forms are the bottom tier in a pyramid of objects whose k' tier
is the space of k-forms. More explicitly, given p € R™ we can, as in
§1.5, form the k'™ exterior powers

(2.2.1) A(TIR™), k=1,2,3,...,n
of the vector space, T;R", and since

1k _
(2.2.2) A(T,;R") = T)R"

one can think of a one-form as a function which takes its value at p
in the space (2.2.2). This leads to an obvious generalization.

Definition 2.2.1. Let U be an open subset of R™. A k-form, w, on
U is a function which assigns to each point, p, in U an element w(p)
of the space (2.2.1) .

The wedge product operation gives us a way to construct lots of
examples of such objects.

Example 1.
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Let w;, 2 =1,...,k be one-forms. Then wy A -+ Awy, is the k-form
whose value at p is the wedge product
(2.2.3) wi(P) A Awi(p) .

Notice that since w;(p) is in A'(T¥R™) the wedge product (2.2.3)
makes sense and is an element of A* (T;R™).

Example 2.

Let f;, ¢ = 1,...,k be a real-valued C* function on U. Letting
w; = df; we get from (2.2.3) a k-form

(2.2.4) dfy N+ A dfy

whose value at p is the wedge product

(2.2.5) (dfi)p A+ A (dfe)p -

Since (dz1)p, - -, (dzy), are a basis of T;R"™, the wedge products
(2.2.6) (dl‘il)p/\"'/\(d$1k)p, 1< < <. <n

are a basis of A* (7). To keep our multi-index notation from getting
out of hand, we’ll denote these basis vectors by (dzy),, where I =
(i1,...,1%) and the I’s range over multi-indices of length k which
are strictly increasing. Since these wedge products are a basis of
A*(TyR™) every element of A*(T7R™) can be written uniquely as a
sum

Zc;(daq)p, Cr eR

and every k-form, w, on U can be written uniquely as a sum

(2.2.7) w = Zf[ dry

where dz; is the k-form, dx;; A --- Adx;,, and fr is a real-valued
function,

fr:U—R.

Definition 2.2.2. The k-form (2.2.7) is of class C" if each of the
frisis in C"(U).

Henceforth we’ll assume, unless otherwise stated, that all the k-
forms we consider are of class C*°, and we’ll denote the space of
these k-forms by QF(U).

We will conclude this section by discussing a few simple operations
on k-forms.
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1.  Given a function, f € C>®°(U) and a k-form w € Q¥(U) we define
fw € QF(U) to be the k-form
peU — flplw, € AM(T;R™).
2. Given w; € Q¥(U), i = 1,2 we define w; + wy € QF(U) to be

the k-form
peU — (wi)p+ (w2)p € Ak(T;R") .

(Notice that this sum makes sense since each summand is in A* (T,R™).)

3. Given w; € QF(U) and wy € QF2(U) we define their wedge
product, wi A wp € QF1HR2(y) to be the (ky + kg)-form

pEU — (wi)p A (w2)p € AP (TFR™) .

We recall that A°(T*R") = R, so a zero-form is an R-valued function
and a zero form of class C* is a C*° function, i.e.,

QUU) =C>(U).
A fundamental operation on forms is the “d-operation” which as-
sociates to a function f € C*°(U) the 1-form df. It’s clear from the

identity (2.1.10) that df is a 1-form of class C*, so the d-operation
can be viewed as a map

(2.2.8) d:Q%U) — QYU).

We will show in the next section that an analogue of this map exists
for every QF(U).

Exercises.

1. Let w € Q%(R*) be the 2-form, dz1 A dxs + drs A dry. Compute
wA\w.

2. Let w; € QY(R3), i = 1,2, 3 be the 1-forms

w1 = X9 dl‘3 — X3 dl‘Q

Wy = I3 dl‘l — T dl‘3
and

w3 = I dl‘Q — T2 dl‘l .

Compute
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a) w1 Aws.

b) wa Aws.

c) w3Awi.

d) wi; Awy Aws.

3. Let U be an open subset of R" and f; € C*°(U),i=1,...,n.
Show that

Ofi

8:Ej

dfl/\--'/\dfn:det[ }dml/\---/\d‘rn.

4. Let U be an open subset of R™. Show that every (n — 1)-form,
w € Q" H(U), can be written uniquely as a sum

n
S fidry A Adwp A Aday,
i=1

where f; € C*°(U) and the “cap” over dx; means that dz; is to be
deleted from the product, dz1 A - - A dxy,.

n
5. Let p= Z x;idz;. Show that there exists an (n — 1)-form, w €
i=1

Q"~1(R™ — {0}) with the property

pAw=dr; A Ndxy,.

6. Let J be the multi-index (ji,...,/jx) and let dzj = dxj, A--- A
dxj, . Show that dz; = 0 if j, = js for some r # s and show that if
the j,’s are all distinct

dry = (—1)7 dxy

where I = (i1,...,1) is the strictly increasing rearrangement of
(j1,---,Jx) and o is the permutation
U= e e =

7. Let I be a strictly increasing multi-index of length k£ and J a
strictly increasing multi-index of length ¢. What can one say about
the wedge product dxy A dx5?
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2.3 Exterior differentiation

Let U be an open subset of R”. In this section we are going to define
an operation

(2.3.1) d:QFU) — QFL(U).

This operation is called exterior differentiation and is the fundamen-
tal operation in n-dimensional vector calculus.

For k = 0 we already defined the operation (2.3.1) in §2.1. Before
defining it for the higher k’s we list some properties that we will
require to this operation to satisfy.

Property 1. For wy and wy in QF(U), d(w; + ws) = dwy + dws.

Property II. For wy € QF(U) and wy € QY(U)

(2.3.2) d(w1 VAN (UQ) = dwy N wg + (—1)’%1 A dws .

Property III. For w € QF(U)
(2.3.3) d(dw) = 0.

Let’s point out a few consequences of these properties. First note
that by Property III
(2.3.4) d(df) =0
for every function, f € C*°(U). More generally, given k functions,
fieC>®U),i=1,...,k, then by combining (2.3.4) with (2.3.2) we
get by induction on k:

(2.3.5) d(dfy A+ Adfy) =0.

Proof. Let u = dfs A--- Adfy. Then by induction on k, du = 0; and
hence by (2.3.2) and (2.3.4)

d(dfy A p) = d(dif) A+ (~1) dfi A du =0,

as claimed.)
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In particular, given a multi-index, I = (i1, ...,i) with 1 <4, <n
(2.3.6) d(dxr) = d(dx;, A --- Ndxg,) =0.

Recall now that every k-form, w € QF(U), can be written uniquely
as a sum

w=> frder, frec>U)

where the multi-indices, I, are strictly increasing. Thus by (2.3.2)
and (2.3.6)

(2.3.7) do=">"dfi A dzy .

This shows that if there exists a “d” with properties I-—III, it has to
be given by the formula (2.3.7). Hence all we have to show is that
the operator defined by this formula has these properties. Property 1
is obvious. To verify Property II we first note that for I strictly
increasing (2.3.6) is a special case of (2.3.7). (Take fr =1 and f; =
0 for J # I.) Moreover, if I is not strictly increasing it is either
repeating, in which case dx; = 0, or non-repeating in which case I
is strictly increasing for some permutation, o € Sj, and

(2.3.8) de = (—1)0 da;ja .

Hence (2.3.7) implies (2.3.6) for all multi-indices I. The same argu-
ment shows that for any sum over indices, I, for length k

> frdar

one has the identity:

(2.3.9) d0> " frder) = dfi A dzy

(As above we can ignore the repeating I’s, since for these I's, dx; =
0, and by (2.3.8) we can make the non-repeating I’s strictly increas-

ing.)
Suppose now that wy € QF(U) and wy € QY(U). Writing

wp = Zfldfvl

and

wy = ZQJ dr g
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with f; and gy in C*°(U) we get for the wedge product

(2.3.10) w1 Awy = ijgJ dry N\ dxy
and by (2.3.9)

(2.3.11) dwi ANwy) = Zd(fng) A dxp ANdxy.

(Notice that if I = (i1, - ,ix) and J = (Ji,...,4¢), dey Adzy =
drg, K being the multi-index, (i1,...,k,j1,...,J¢). Even if I and
J are strictly increasing, K won’t necessarily be strictly increasing.
However in deducing (2.3.11) from (2.3.10) we’ve observed that this
doesn’t matter .) Now note that by (2.1.11)

d(f19s) = g5 dfr + frdgy,
and by the wedge product identities of §(1.6),

dgy Ndxr = dgj ANdxi N--- ANdxg,
(—1)kda:]/\dgj,

so the sum (2.3.11) can be rewritten:
> dfr Adar Agydey + (=D frdag A dgy A day,
or

(D= dii A dar) A (3 g das) + (=08 (3 dgs Aday)

or finally:
dwi A\ wy + (—1)kw1 A dws .

Thus the “d” defined by (2.3.7) has Property II. Let’s now check that
it has Property III. If w = Y fr dxy, f; € C>°(U), then by definition,
dw =Y df; N dzr and by (2.3.6) and (2.3.2)

d(dw) = d(dfr) A dar,

so it suffices to check that d(dfr) = 0, i.e., it suffices to check (2.3.4)
for zero forms, f € C>°(U). However, by (2.1.9)

af = o 4
j=1 "
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so by (2.3.7)

d(df) = n d(a—f) da;
1

Notice, however, that in this sum, dx; A dz; = —dx; A dx; and

0% f 0% f

&Tiaxj B ax](‘)azz

so the (7, ) term cancels the (j,4) term, and the total sum is zero.
O

A form, w € QF(U), is said to be closed if dw = 0 and is said to be
ezact if w = dp for some pu € QF~1(U). By Property III every exact
form is closed, but the converse is not true even for 1-forms. (See
§2.1, exercise 8). In fact it’s a very interesting (and hard) question
to determine if an open set, U, has the property: “For k > 0 every
closed k-form is exact.”!

Some examples of sets with this property are described in the
exercises at the end of §2.5. We will also sketch below a proof of the
following result (and ask you to fill in the details).

Lemma 2.3.1 (Poincaré’s Lemma.). If w is a closed form on U of
degree k > 0, then for every point, p € U, there exists a neighborhood
of p on which w is exact.

(See exercises 5 and 6 below.)

Exercises:

1.  Compute the exterior derivatives of the forms below.

1For k = 0, df = 0 doesn’t imply that f is exact. In fact “exactness” doesn’t make
much sense for zero forms since there aren’t any “—1” forms. However, if f € C*°(U)
and df = 0 then f is constant on connected components of U. (See § 2.1, exercise 2.)
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(a) mydwy A dxs

(b) x1dry — xodry

(¢c) e~ fdf where f = S ;p?

(d) >y midw;

(e) 2?21(—1)i$id$1/\"'/\d/a?,'/\--'/\ dz,

2. Solve the equation: dy = w for u € Q'(R3), where w is the
2-form

dxo N\ dxs
To dxg N\ dxs
¢) (224 22)dx1 A das

d) coszidx; A dxs
3. Let U be an open subset of R".

(a) Show that if u € QF(U) is exact and w € Q¥(U) is closed then
A w is exact. Hint: The formula (2.3.2).

(b) In particular, dz; is exact, so if w € QY(U) is closed day A w =
dp. What is p?

4. Let @ be the rectangle, (aj,b1) X -+ X (an, by). Show that if w
is in Q™(Q), then w is exact.

Hint: Let w = fdxy A--- A dx, with f € C®(Q) and let g be the

function

z1
g(wl,...,xn):/ flt,xo, ... ) dt.
al
Show that w = d(gdza A --- A dxy,).

5. Let U be an open subset of R”™!, A C R an open interval
and (z,t) product coordinates on U x A. We will say that a form,
p € QYU x A) is reduced if it can be written as a sum

(2.3.12) p=>_ fr(zt)dxs,

(i.e., no terms involving dt).
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(a) Show that every form, w € QF(U x A) can be written uniquely
as a sum:

(2.3.13) w=dtANa+ 0

where « and ( are reduced.
(b) Let p be the reduced form (2.3.12) and let

du d
_t = Z Ef](x,t) dﬂl’]

and
dU“:Z<Z f[:Et d$l)/\d$1.
Show that J
m
dpu= dt N — +dyp.
H o +dyp
(¢) Let w be the form (2.3.13). Show that

dw=dt N dya + dt/\%—l—dUﬁ

and conclude that w is closed if and only if

ap

2.3.14 —

(2.3.14) 7 dya
By = 0.

(d) Let o be a reduced (k — 1)-form. Show that there exists a re-
duced (k — 1)-form, v, such that

dv
(2.3.15) pri Q.

Hint: Let a = ) fr(z,t)dx; and v = > gr(z,t)dx;. The equa-
tion (2.3.15) reduces to the system of equations

(2.3.16) jtgl(iﬂ t) = fr(z,t).

Let ¢ be a point on the interval, A, and using freshman calculus show
that (2.3.16) has a unique solution, g;(z,t), with gr(z,c) = 0.
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(e) Show that if w is the form (2.3.13) and v a solution of (2.3.15)
then the form

(2.3.17) w—dv

is reduced.
(f) Let
v = Z hi(x,t)dx)I
be a reduced k-form. Deduce from (2.3.14) that if v is closed then
d
d—z = 0 and dy~vy = 0. Conclude that hj(x,t) = hy(z) and that

v = Zhj(:n) dxy

is effectively a closed k-form on U. Now prove: If every closed k-form
on U is exact, then every closed k-form on U x A is exact. Hint: Let
w be a closed k-form on U x A and let v be the form (2.3.17).

6. Let @ C R™ be an open rectangle. Show that every closed form
on @ of degree k > 0 is exact. Hint: Let Q = (a1,b1) X -+ X (an, by).
Prove this assertion by induction, at the n'" stage of the induction
letting U = (a1,b1) X -+ X (ap—1,bn—1) and A = (an, by).

2.4 The interior product operation

In §2.1 we explained how to pair a one-form, w, and a vector field,
v, to get a function, ¢(v)w. This pairing operation generalizes: If one
is given a k-form, w, and a vector field, v, both defined on an open
subset, U, one can define a (k — 1)-form on U by defining its value
at p € U to be the interior product

(2.4.1) t(v(p))w(p) -

Note that v(p) is in T,R™ and w(p) in A*(T;R™), so by definition
of interior product (see §1.7), the expression (2.4.1) is an element of
Ak_l(T;]R”). We will denote by «(v)w the (k —1)—form on U whose
value at p is (2.4.1). From the properties of interior product on vector
spaces which we discussed in §1.7, one gets analogous properties for
this interior product on forms. We will list these properties, leaving
their verification as an exercise. Let v and w be vector fields, and wq
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and wo k-forms, w a k-form and p an ¢-form. Then ¢(v)w is linear in
w:

(2.4.2) L(v) (w1 + we) = t(v)wy + t(v)ws,
linear in v:
(2.4.3) v+ ww=1)w+ z(w)w,

has the derivation property:

(2.4.4) L) (w A ) = t(v)w A g+ (—1)Fw A (v)p
satisfies the identity

(2.4.5) L) (L(w)w) = —t(w)(t(v)w)

and, as a special case of (2.4.5), the identity,

(2.4.6) t(v)(L(v)w) =0.

Moreover, if w is “decomposable” i.e., is a wedge product of one-
forms

(2.4.7) wo o= pr A A g,

then
k

(248) o = ST ) A A g
r=1

We will also leave for you to prove the following two assertions, both
of which are special cases of (2.4.8). If v = 9/0x, and w = dxs =
dx;, N -+ Adz;, then

k

(2.4.9) w = Z(—l)rdfrda:b
r=1

where
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and I, = (i1,...,ir,...,i) and if v = > fid/0z; and w = dxy A
-+ A dx, then

(2.4.10) (v)w = Z(—l)r_lfr dzy A+ dey - A day, .

By combining exterior differentiation with the interior product op-
eration one gets another basic operation of vector fields on forms: the
Lie differentiation operation. For zero-forms, i.e., for C*° functions,
¢, we defined this operation by the formula (2.1.14). For k-forms
we’ll define it by the slightly more complicated formula

(2.4.11) Lyw = 1(v)dw + diu(v)w .

(Notice that for zero-forms the second summand is zero, so (2.4.11)
and (2.1.14) agree.) If w is a k-form the right hand side of (2.4.11)
is as well, so L, takes k-forms to k-forms. It also has the property

(2.4.12) dLyw = Ly dw
i.e., it “commutes” with d, and the property
(2.4.13) Ly(wAp)=LywAp+wA Lyu

and from these properties it is fairly easy to get an explicit formula
for Lyw. Namely let w be the k-form

w=>_ frdr;, frec>{U)
and v the vector field
> 9i0/0zi, gi€C(U).
By (2.4.13)
Ly(frdzr) = (Lofr)dzr + fi(Ly dzr)

and

k
Lydr; = Y dwy Ao ALydzi, Ao A da,
r=1

and by (2.4.12)
LU dl’ir = dvaiT.
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so to compute L,w one is reduced to computing L,z;. and L,fr.
However by (2.4.13)

Lyz;, = g,
and

0
va] = Zgza—il

We will leave the verification of (2.4.12) and (2.4.13) as exercises,
and also ask you to prove (by the method of computation that we've
just sketched) the divergence formula

Jg;
8%2'

(2.4.14) Ly(dxy A+ Ndxy,) = Z ( > dxi N --- Ndxy, .

Exercises:

1. Verify the assertions (2.4.2)—(2.4.7).

2. Show that if w is the k-form, dz; and v the vector field, 9/0z,
then ¢(v)w is given by (2.4.9).

3.  Show that if w is the n-form, dxq A - -+ A dz,, and v the vector
field, > f; 0/0z;, t(v)w is given by (2.4.10).

4. Let U be an open subset of R™ and v a C* vector field on U.
Show that for w € QF(U)

dL,w = L,dw

and

tolyw = Lytyw.

Hint: Deduce the first of these identities from the identity d(dw) =0
and the second from the identity ¢(v)(¢(v)w) =0.)

5. Given w; € QF(U), i = 1,2, show that
Lv(wl VAN (UQ) = Lywi Awg + w1 A Lyws .

Hint: Plug w = w1 A we into (2.4.11) and use (2.3.2) and (2.4.4)to
evaluate the resulting expression.
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6. Let v; and vy be vector fields on U and let w be their Lie
bracket. Show that for w € QF(U)

Lyw = Ly, (Ly,w) — Ly, (Ly,w) .

Hint: By definition this is true for zero-forms and by (2.4.12) for
exact one-forms. Now use the fact that every form is a sum of wedge
products of zero-forms and one-forms and the fact that L, satisfies
the product identity (2.4.13).

7. Prove the divergence formula (2.4.14).
8. (a) Letw = QF(R™) be the form

W—Zf]xl,..., da,’]
and v the vector field, 9/ axn. Show that

an—z fI (x1y...,zy)dxy .

(b) Suppose t(v)w = Lyw = 0. Show that w only depends on
x1,..., 251 and dz1,...,dx,_1, i.e., is effectively a k-form on R™ 1.

(¢) Suppose t(v)w = dw = 0. Show that w is effectively a closed
k-form on R"~1.

(d) Use these results to give another proof of the Poincaré lemma
for R™. Prove by induction on n that every closed form on R™ is
exact.

Hints:
i.  Let w be the form in part (a) and let

gr(z1,...,x / fr(xy, ..., 21, t)dt.
Show that if v = ) grdxy, then Lyv = w.
ii.  Conclude that
(*) w— du(o)ry = (o) dv.

iii. Suppose dw = 0. Conclude from (*) and from the formula (2.4.6)
that the form § = «(v) dv satisfies df = ¢(v)3 = 0.

iv. By part c, 3 is effectively a closed form on R"~!, and by induc-
tion, S = da. Thus by (*)

w=d(o)r + da.
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2.5 The pull-back operation on forms

Let U be an open subset of R", V' an open subset of R™ and f :
U — V a C*® map. Then for p € U and q = f(p), the derivative of f
at p

dfp : T,R" — T,R™
is a linear map, so (as explained in §7 of Chapter 1) one gets from
it a pull-back map

(2.5.1) dfy - AR(TIR™) — AM(TFR™)
In particular, let w be a k-form on V. Then at ¢ € V, w takes the
value

wg € AF(T;R™),
so we can apply to it the operation (2.5.1), and this gives us an
element:

(2.5.2) dfjwg € AF(THR™).

In fact we can do this for every point p € U, so this gives us a
function,

(2.5.3) peU — (dfy)'wg, a=f(p).

By the definition of k-form such a function is a k-form on U. We will
denote this k-form by f*w and define it to be the pull-back of w by
the map f. A few of its basic properties are described below.

1. Let ¢ be a zero-form, i.e., a function, ¢ € C>°(V'). Since
AT =ANT;) =R

the map (2.5.1) is just the identity map of R onto R when £ is equal
to zero. Hence for zero-forms

(2.5.4) (f*e)(p) = ¢(q),
i.e., f*p is just the composite function, p o f € C*(U).

2. Let u € QY(V) be the 1-form, u = dy. By the chain rule (2.5.2)
unwinds to:

(2.5.5) (dfp)"dpg = (dp)q © dfp = d(w o f)p
and hence by (2.5.4)
(2.5.6) ffdp=df*e.
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3. Ifw; and wy are in QF(V) we get from (2.5.2)

(dfp)" (w1 + wa)q = (dfp)" (w1)q + (dfp)" (w2)q ,
and hence by (2.5.3)

[fwi +w2) = ffwr + ffws.

4. We observed in § 1.7 that the operation (2.5.1) commutes with
wedge-product, hence if w; is in QF(V) and ws is in QY(V)

df;(wl)q A (w2)g = df;(wl)q A df;(w2)q .
In other words

(2.5.7) f*w1 N wo = f*w1 VAN f*CUQ .

5.  Let W be an open subset of R¥ and g : V. — W a C* map.
Given a point p € U, let ¢ = f(p) and w = g(q). Then the composi-

tion of the map
(dfy)* = A(Ty) — AM(T)

and the map
(dgq)™ : A¥(T5) — AX(Ty)

is the map
(dgq o dfy)" : AM(Ty,) — AM(T;)

by formula (1.7.4) of Chapter 1. However, by the chain rule
(dgq) o (df)p = d(g © f)p
so this composition is the map
d(go f)y: AN(Ty) — AN(T}) .
Thus if w is in QF(W)
(2.5.8) [Hgw)=(g0 f)w.

Let’s see what the pull-back operation looks like in coordinates.
Using multi-index notation we can express every k-form, w € QF(V)
as a sum over multi-indices of length &

(2.5.9) w="Y qrder,
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the coefficient, ¢y, of dr; being in C*°(V'). Hence by (2.5.4)

frw=>" frorf*(der)

where f*pr is the function of ¢ o f. What about f*dz;? If I is the
multi-index, (i1, ...,1x), then by definition

drp =dxi A--- N dxg,

SO
d*dxp = fdx; N N frday,

by (2.5.7), and by (2.5.6)
[rdr; = df*x; = df;
where f; is the i coordinate function of the map f. Thus, setting
dfr = dfy, N+ Ndfy,
we get for each multi-index, I,
(2.5.10) frdxr =dfy
and for the pull-back of the form (2.5.9)
(2.5.11) Fro=>" frerdf.

We will use this formula to prove that pull-back commutes with
exterior differentiation:

(2.5.12) dffw=f"dw.

To prove this we recall that by (2.2.5), d(dfr) = 0, hence by (2.2.2)
and (2.5.10)

df'w = ) dferndf
= D frdpr A df*dr

= f*) der A day
= ffdw.
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A special case of formula (2.5.10) will be needed in Chapter 4: Let
U and V be open subsets of R"® and let w = dx1 A -+ A dx,. Then
by (2.5.10)

frwp = (dfi)p A=+ A(dfn)p
for all p € U. However,

(@0 = 3 G0y,

and hence by formula (1.7.7) of Chapter 1

of:
E?xj

Frw, = det [ (p)] (dz1 A A dan)p.

In other words

ofi
8a;j

(2.5.13) f*dxl/\---/\dxn:det[ } dxi A A dxy, .

We will outline in exercises 4 and 5 below the proof of an important
topological property of the pull-back operation. Let U be an open
subset of R™, V' an open subset of R™, A C R an open interval
containing 0 and 1 and f; : U — V, 4= 0,1, a C* map.

Definition 2.5.1. A C* map, F : U x A — V, is a homotopy
between fo and f1 if F(x,0) = fo(x) and F(z,1) = fi(z).

Thus, intuitively, fo and fi are homotopic if there exists a family
of C*®° maps, f; : U =V, fi(x) = F(x,t), which “smoothly deform
fo into f1”. In the exercises mentioned above you will be asked to
verify that for fy and f; to be homotopic they have to satisfy the
following criteria.

Theorem 2.5.2. If fo and fi are homotopic then for every closed
form, w € QF(V), fiw — fiw is exact.

This theorem is closely related to the Poincaré lemma, and, in fact,
one gets from it a slightly stronger version of the Poincaré lemma
than that described in exercises 56 in §2.2.

Definition 2.5.3. An open subset, U, of R™ is contractable if, for
some point pg € U, the identity map

fi:U—=U, f(p)=p,
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18 homotopic to the constant map

fo:U—=U, folp)=po-

From the theorem above it’s easy to see that the Poincaré lemma
holds for contractable open subsets of R”. If U is contractable every
closed k-form on U of degree k > 0 is exact. (Proof: Let w be such a
form. Then for the identity map fjw = w and for the constant map,

fiw=0.)
Exercises.
1. Let f:R3 — R3 be the map
f(@1, 22, 33) = (2122, 7973, 23) .
Compute the pull-back, f*w for

(a) w=uxydrs
(b) w=uz1dz1 A dxs
(¢) w=uz1dry A dee N\ drs

2. Let f:R? — R3 be the map
flar,w2) = (2,23, 2122)
Complete the pull-back, f*w, for

(a) w=uzodry+ x3drs
(b) w=uz1dzs A dxs
(¢) w=dxi A dxo A dzs

3. Let U be an open subset of R™, V' an open subset of R™, f :
U — V aC® map and 7 : [a,b] — U a C* curve. Show that for

w € QYY) / /
ffo=[ w
gl m

where 71 : [a,b] — V is the curve, v1(t) = f(v(t)). (See § 2.1,
exercise 7.)
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4. Let U be an open subset of R", A C R an open interval con-
taining the points, 0 and 1, and (z,t) product coordinates on U x A.
Recall (§ 2.2, exercise 5) that a form, p € QYU x A) is reduced if it
can be written as a sum

(2.5.14) = Z fr(z,t)dey

(i.e., none of the summands involve “dt”). For a reduced form, p, let
Qu € QY(U) be the form

(2.5.15) Qu= (Z /0 1 frz,t) dt> dzy

and let p; € QY(U), i = 0,1 be the forms

(2.5.16) po = Y fr(x,0)dx;
and
(2.5.17) po= Y fr(z,1)da;.

Now recall that every form, w € Q¥(U x A) can be written uniquely
as a sum

(2.5.18) w=dtAa+0

where a and 3 are reduced. (See exercise 5 of § 2.3, part a.)

(a) Prove
Theorem 2.5.4. If the form (2.5.18) is closed then
(2.5.19) Bo — B = dQu.

Hint: Formula (2.5.14).

(b) Let ¢p and ¢; be the maps of U into U x A defined by ¢o(z) =
(,0) and ¢1(xz) = (x,1). Show that (2.5.19) can be rewritten

(2.5.20) Low — Ljw = dQa.

5.  Let V be an open subset of R and f; : U — V,i=0,1, C*®
maps. Suppose fy and f; are homotopic. Show that for every closed
form, p € QF(V), fiu— fiuis exact. Hint: Let F: U x A — V be a
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homotopy between fy and f; and let w = F*u. Show that w is closed
and that fju = (jw and f{p = tjw. Conclude from (2.5.20) that

(2.5.21) fan— fin= dQa
where w = dt Aa+ 3 and « and (3 are reduced.

6. Show that if U C R™ is a contractable open set, then the
Poincaré lemma holds: every closed form of degree k > 0 is exact.

7. An open subset, U, of R" is said to be star-shaped if there exists
a point pg € U, with the property that for every point p € U, the
line segment,

tp+(1—t)po, 0<t<1,

joining p to pg is contained in U. Show that if U is star-shaped it is
contractable.

8. Show that the following open sets are star-shaped:
(a) The open unit ball

{z eR" ||lz|| < 1}.

(b) The open rectangle, I; x --- x I, where each Ij is an open
subinterval of R.

(c) R™ itself.
(d) Product sets

Ul XUQQR”ZRM x R™
where U; is a star-shaped open set in R™:.

9. Let U be an open subset of R, f; : U — U, t € R, a one-
parameter group of diffeomorphisms and v its infinitesimal generator.
Given w € QF(U) show that at t = 0

d .
(2.5.22) %ft w= Lyw.

Here is a sketch of a proof:
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(a) Let y(t) be the curve, y(t) = fi(p), and let ¢ be a zero-form,
i.e., an element of C*°(U). Show that

fiop) = p(y(1))

and by differentiating this identity at ¢ = 0 conclude that (2.4.40)
holds for zero-forms.

(b) Show that if (2.4.40) holds for w it holds for dw. Hint: Differ-
entiate the identity
at t = 0.
(c) Show that if (2.4.40) holds for w; and ws it holds for w; A wo.
Hint: Differentiate the identity

fi(wi Awa) = flwi A fiws
at t = 0.

(d) Deduce (2.4.40) from a, b and c. Hint: Every k-form is a sum
of wedge products of zero-forms and exact one-forms.

10. In exercise 9 show that for all t
d
(2.5.23) Eft*w = f{Lyw = Ly ffw.

Hint: By the definition of “one-parameter group”, fsi: = fso fr =
fro fs, hence:

fopw = fi(fiw) = i (fiw).
Prove the first assertion by differentiating the first of these identities
with respect to s and then setting s = 0, and prove the second
assertion by doing the same for the second of these identities.

In particular conclude that

(2.5.24) fiLyw = Lyffw.

11. (a) By massaging the result above show that

(2525) %ft*w = thw + Qt dw
where
(2.5.26) Quw = fli(v)w.

Hint: Formula (2.4.11).
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(b) Let
Qw = /1 fi(v)wdt.
0
Prove the homotopy indentity

(2.5.27) fiw— fow = dQw+ Q dw .

12. Let U be an open subset of R™, V' an open subset of R™, v a
vector field on U, w a vector field on V and f: U — V a C* map.
Show that if v and w are f-related

L(v)ffw = frr(w)w.

Hint: Chapter 1, §1.7, exercise 8.

2.6 Div, curl and grad

The basic operations in 3-dimensional vector calculus: grad, curl and
div are, by definition, operations on vector fields. As we’ll see below
these operations are closely related to the operations

(2.6.1) d: QF(R?) — QFFL(R?)

in degrees k = 0,1,2. However, only two of these operations: grad
and div, generalize to n dimensions. (They are essentially the d-
operations in degrees zero and n — 1.) And, unfortunately, there is
no simple description in terms of vector fields for the other n — 2 d-
operations. This is one of the main reasons why an adequate theory
of vector calculus in n-dimensions forces on one the differential form
approach that we’ve developed in this chapter. Even in three dimen-
sions, however, there is a good reason for replacing grad, div and curl
by the three operations, (2.6.1). A problem that physicists spend a
lot of time worrying about is the problem of general covariance: for-
mulating the laws of physics in such a way that they admit as large
a set of symmetries as possible, and frequently these formulations
involve differential forms. An example is Maxwell’s equations, the
fundamental laws of electromagnetism. These are usually expressed
as identities involving div and curl. However, as we’ll explain below,
there is an alternative formulation of Maxwell’s equations based on
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the operations (2.6.1), and from the point of view of general covari-
ance, this formulation is much more satisfactory: the only symmetries
of R3 which preserve div and curl are translations and rotations,
whereas the operations (2.6.1) admit all diffeomorphisms of R? as
symmetries.

To describe how grad, div and curl are related to the opera-
tions (2.6.1) we first note that there are two ways of converting vector
fields into forms. The first makes use of the natural inner product,
B(v,w) =Y vyw;, on R™. From this inner product one gets by § 1.2,
exercise 9 a bijective linear map:

(2.6.2) L:R" — (R")*

with the defining property: L(v) = ¢ < ¢(w) = B(v,w). Via the
identification (2.1.2) B and L can be transferred to T,,R", giving one
an inner product, B, on T,R" and a bijective linear map

(2.6.3) Ly, : T,R" — T'R".

Hence if we're given a vector field, v, on U we can convert it into a
1-form, v¥, by setting

(2.6.4) vf(p) = Lyo(p)

and this sets up a one—one correspondence between vector fields and
1-forms. For instance

(2.6.5) b & of = day,

- 8:17@

(see exercise 3 below) and, more generally,

(2.6.6) b= Z'ﬂ% = Ujj = Z fl dZL'Z .

In particular if f is a C*° function on U the vector field “grad f” is
by definition

of o
(2.6.7) Zag}fi 3,

and this gets converted by (2.6.8) into the 1-form, df. Thus the
“grad” operation in vector calculus is basically just the operation,
d: QY U) — QYU).
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The second way of converting vector fields into forms is via the
interior product operation. Namely let €2 be the n-form, dzi A--- A
dx,. Given an open subset, U of R™ and a C* vector field,

0
2.6.8 = o
(2:6.8) v=2 figy
on U the interior product of v with € is the (n — 1)-form
(2.6.9) L(v)Q = Z(—l)r_lfrd:rl Ao Aday e A day, .

Moreover, every (n — 1)-form can be written uniquely as such a sum,
50 (2.6.8) and (2.6.9) set up a one-one correspondence between vector
fields and (n — 1)-forms. Under this correspondence the d-operation
gets converted into an operation on vector fields

(2.6.10) v — di(v)§2.

Moreover, by (2.4.11)
di(v)Q2 = L,Q

and by (2.4.14)
L, = div(v)Q

where

. (2
(2.6.11) div(v) ; T
In other words, this correspondence between (n—1)-forms and vector
fields converts the d-operation into the divergence operation (2.6.11)
on vector fields.

Notice that “div” and “grad” are well-defined as vector calculus
operations in n-dimensions even though one usually thinks of them
as operations in 3-dimensional vector calculus. The “curl” operation,
however, is intrinsically a 3-dimensional vector calculus operation.
To define it we note that by (2.6.9) every 2-form, pu, can be written
uniquely as an interior product,

(2.6.12) pw=t(w)dry A dra A dzs,

for some vector field to, and the left-hand side of this formula de-
termines tv uniquely. Now let U be an open subset of R? and v a
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vector field on U. From v we get by (2.6.6) a 1-form, v¥, and hence
by (2.6.12) a vector field, w, satisfying

(2.6.13) do® = u(w0) dzy A dag A das.
The “curl” of v is defined to be this vector field, in other words,
(2.6.14) curlo =,

where v and to are related by (2.6.13).

We'll leave for you to check that this definition coincides with the
definition one finds in calculus books. More explicitly we’ll leave for
you to check that if v is the vector field

0 0 0
(2.6.15) v o= fla—xl + fz({)—m2 + f3a—a;3
then
0 0
(2.6.16) curlv = gla—xl + 925 + 938—:173
where
_of ot
9 8:173 8:172
dfs 0fi
2.6.1 = - —
( 0 7) 92 8%1 8%3
_ Oh _Of
g3 8:172 8:171 '

To summarize: the grad, curl and div operations in 3-dimensions
are basically just the three operations (2.6.1). The “grad” operation
is the operation (2.6.1) in degree zero, “curl” is the operation (2.6.1)
in degree one and “div” is the operation (2.6.1) in degree two. How-
ever, to define “grad” we had to assign an inner product, B, to the
next tangent space, T,R", for each p in U; to define “div” we had to
equip U with the 3-form, €2, and to define “curl”, the most compli-
cated of these three operations, we needed the B),’s and 2. This is
why diffeomorphisms preserve the three operations (2.6.1) but don’t
preserve grad, curl and div. The additional structures which one
needs to define grad, curl and div are only preserved by translations
and rotations.
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We will conclude this section by showing how Maxwell’s equa-
tions, which are usually formulated in terms of div and curl, can be
reset into “form” language. (The paragraph below is an abbreviated
version of Guillemin—Sternberg, Symplectic Techniques in Physics,
§1.20.)

Maxwell’s equations assert:

(2.6.18) divegy = ¢

0
2.6.19 lop = ——=v
(2:6.19) curlog = —Luy
(2.6.20) divoy, = 0
(2.6.21) Ceurloy, = tw+ %UE

where vg and vy are the electric and magnetic fields, q is the scalar
charge density, 1o is the current density and c is the velocity of light.
(To simplify (2.6.25) slightly we’ll assume that our units of space—
time are chosen so that ¢ = 1.) As above let Q = dzq A dxs A dzs
and let

(2.6.22) ug = (op)Q
and
(2.6.23) HUpr = L(UM)Q.

We can then rewrite equations (2.6.18) and (2.6.20) in the form

(2.6.18") dug = qQ
and
(2.6.20) duy = 0.

What about (2.6.19) and (2.6.21)? We will leave the following
“form” versions of these equations as an exercise.

0
2.6.19/ -
(2.6.19") do, B M

and

(2.6.21) do’, = () + %ME
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where the 1-forms, UﬁE and bt}w , are obtained from vg and v, by

the operation, (2.6.4).
These equations can be written more compactly as differential
form identities in 3 + 1 dimensions. Let wy; and wg be the 2-forms

(2.6.24) W = g — O A dt
and
(2.6.25) wp = pgp—vi, A dt

and let A be the 3-form
(2.6.26) A=qQ+ (r)QA dt.

We will leave for you to show that the four equations (2.6.18) —
(2.6.21) are equivalent to two elegant and compact (3+1)-dimensional
identities

(2.6.27) dwyy = 0
and

(2.6.28) dwg = A.
Exercises.

1. Verify that the “curl” operation is given in coordinates by the
formula (2.6.17).

2. Verify that the Maxwell’s equations, (2.6.18) and (2.6.19) be-
come the equations (2.6.20) and (2.6.21) when rewritten in differen-
tial form notation.

3. Show that in (3 4+ 1)-dimensions Maxwell’s equations take the
form (2.6.17)—(2.6.18).

4. Let U be an open subset of R? and v a vector field on U. Show
that if v is the gradient of a function, its curl has to be zero.

5. If U is simply connected prove the converse: If the curl of v
vanishes, v is the gradient of a function.
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6. Let w = curlv. Show that the divergence of w is zero.

7. Is the converse statment true? Suppose the divergence of w is
zero. Is w = curlv for some vector field v?

2.7 Symplectic geometry and classical mechanics

In this section we’ll describe some other applications of the theory
of differential forms to physics. Before describing these applications,
however, we’ll say a few words about the geometric ideas that are

involved. Let x1,...,x9, be the standard coordinate functions on
R?" and for i = 1,...,n let y; = ;4. The two-form

n
(2.7.1) w=Y_ dz; A jy;

i=1

is known as the Darbouz form. From the identity

(2.7.2) w=—d (Z Yi dxi) .

it follows that w is exact. Moreover computing the n-fold wedge
product of w with itself we get

i;=1 in=1

= Z dz;, Ndyi, N\--- ANdx;, ANdy;, .

We can simplify this sum by noting that if the multi-index, I =
i1,...,1y,, is repeating the wedge product

(2.7.3) dxi, ANdyi, \--- Ndzi, A\ dz;,

involves two repeating dx;,’s and hence is zero, and if I is non-
repeating we can permute the factors and rewrite (2.7.3) in the form

dry ANdyr A -+ Ndxy A dyy, .

(See §1.6, exercise 5.) Hence since these are exactly n! non-repeating
multi-indices

Wr=nldey Adyy A+ A dap A dyy,
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ie.,
2.7.4 Lon = Q
where
(2.7.5) Q = dxyANdyp A A dxy N dyy

is the symplectic volume form on R?".

Let U and V be open subsets of R?". A diffeomorphism f: U — V
is said to be a symplectic diffeomorphism (or symplectomorphism for
short) if f*w = w. In particular let

(2.7.6) fi:U=U, —oo<t<oo

be a one-parameter group of diffeomorphisms and let v be the vector
field generating (2.7.6). We will say that v is a symplectic vector field
if the diffeomorphisms, (2.7.6) are symplectomorphisms, i.e., for all ¢,

(2.7.7) filw=w.

Let’s see what such vector fields have to look like. Note that by
(2.5.23)

d * *
(2.7.8) a'ft w = ft va ,
hence if ffw = w for all ¢, the left hand side of (2.7.8) is zero, so
fiLyw=0.

In particular, for t = 0, f; is the identity map so f;/L,w = L,w = 0.
Conversely, if Lyw = 0, then ffL,w = 0 so by (2.7.8) ffw doesn’t
depend on t. However, since ffw = w for ¢t = 0 we conclude that
ffw = w for all t. Thus to summarize we’ve proved

Theorem 2.7.1. Let f; : U — U be a one-parameter group of dif-
feomorphisms and v the infinitesmal generator of this group. Then v
is symplectic of and only if L,w = 0.

There is an equivalent formulation of this result in terms of the
interior product, ¢(v)w. By (2.4.11)

Lyw = du(v)w + 1(v) dw .
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But by (2.7.2) dw = 0 so
Lyw = di(v)w

Thus we’ve shown

Theorem 2.7.2. The vector field v is symplectic if and only if 1(v)w
is closed.

If t(v)w is not only closed but is exact we’ll say that v is a Hamil-
tonian vector field. In other words v is Hamiltonian if

(2.7.9) t(v)w =dH

for some C* functions, H € C*(U).
Let’s see what this condition looks like in coordinates. Let

(2.7.10) v = Zfl -+ 9 o

Then

Zfl < )dx]/\dyj
+Zgl < )dwj/\dyl

(a)d 1 i=i

Ll 5 | dey =

dz;) 0 i#j
d

<8x,>dyj =0

so the first summand above is

> fidyi

and a similar argument shows that the second summand is

—Zgidwi-

But

and
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Hence if v is the vector field (2.7.10)

(2.7.11) L(v)w = Z fidy; — g; dx; .
Thus since OH OH
H = —— dx; + — dy;
d oz, dx; + 0 dy
we get from (2.7.9)-(2.7.11)
(2.7.12) P —

so v has the form:

(2.7.13) v =

B 0y; Ox; Ox; ayi'

In particular if v(t) = (z(t), y(t)) is an integral curve of v it has
to satisfy the system of differential equations

dx :
dt

(2.7.14)

dy;
dt

o alt), y(t)

S0, 90

The formulas (2.7.10) and (2.7.11) exhibit an important property of
the Darboux form, w. Every one-form on U can be written uniquely

as a sum

> fidy; — gi da;

with f; and g; in C*°(U) and hence (2.7.10) and (2.7.11) imply

Theorem 2.7.3. The map, v — 1(v)w, sets up a one-one correspon-
dence between vector field and one-forms.

In particular for every C*° function, H, we get by correspondence
a unique vector field, v = vy, with the property (2.7.9).
We next note that by (1.7.6)

L,H = 1(v)dH = 1(v)(¢t(v)w) = 0.

Thus

(2.7.15)

L,H=0
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i.e., H is an integral of motion of the vector field, v. In particular
if the function, H : U — R, is proper, then by Theorem 2.1.10 the
vector field, v, is complete and hence by Theorem 2.7.1 generates a
one-parameter group of symplectomorphisms.

One last comment before we discuss the applications of these re-
sults to classical mechanics. If the one-parameter group (2.7.6) is a
group of symplectomorphisms then ffw"” = ffw A--- A ffw =w" so
by (2.7.4)

(2.7.16) Q=0

where (2 is the symplectic volume form (2.7.5).

The application we want to make of these ideas concerns the de-
scription, in Newtonian mechanics, of a physical system consisting of
N interacting point-masses. The configuration space of such a system
is

R"=R3x--- xR3 (N copies)
with position coordinates, z1,...,z, and the phase space is R?"
with position coordinates zi,...,x, and momentum coordinates,
Yl,---,Yn- The kinetic energy of this system is a quadratic function
of the momentum coordinates

1 1
2.7.1 "
(2.7.17) 3 2

and for simplicity we’ll assume that the potential energy is a func-
tion, V(x1,...,x,), of the position coordinates alone, i.e., it doesn’t
depend on the momenta and is time-independent as well. Let

1 1
(2.7.18) H= izgyf—l—‘/(azl,...,xn)

be the total energy of the system. We’ll show below that Newton’s
second law of motion in classical mechanics reduces to the assertion:
the trajectories in phase space of the system above are just the integral
curves of the Hamiltonian vector field, vg.

Proof. For the function (2.7.18) the equations (2.7.14) become

da:i 1
2.7.1 = —Y
dyi ov

dt B (%cl '
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The first set of equation are essentially just the definitions of mo-
menta, however, if we plug them into the second set of equations we
get

d2$i 6V
2.7.20 mi— = ——
( ) ! dt2 8:17@
and interpreting the term on the right as the force exerted on the i
point-mass and the term on the left as mass times acceleration this
equation becomes Newton’s second law.

O

In classical mechanics the equations (2.7.14) are known as the
Hamilton—Jacobi equations. For a more detailed account of their role
in classical mechanics we highly recommend Arnold’s book, Mathe-
matical Methods of Classical Mechanics. Historically these equations
came up for the first time, not in Newtonian mechanics, but in gemo-
metric optics and a brief description of their origins there and of their
relation to Maxwell’s equations can be found in the bookl we cited
above, Symplectic Techniques in Physics.

We’ll conclude this chapter by mentioning a few implications of
the Hamiltonian description (2.7.14) of Newton’s equations (2.7.20).

1. Conservation of energy. By (2.7.15) the energy function (2.7.18)
is constant along the integral curves of v, hence the energy of the
system (2.7.14) doesn’t change in time.

2. Noether’s principle. Let v, : R*™ — R?™ be a one-parameter
group of diffeomorphisms of phase space and w its infinitesmal gen-
erator. The ’s are called a symmetry of the system above if

(a) They preserve the function (2.7.18)
and

(b) the vector field w is Hamiltonian.
The condition (b) means that
(2.7.21) (w)w =dG

for some C* function, G, and what Noether’s principle asserts is that
this function is an integral of motion of the system (2.7.14), i.e., sat-
isfies L,G = 0. In other words stated more succinctly: symmetries
of the system (2.7.14) give rise to integrals of motion.
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3.  Poincaré recurrence. An important theorem of Poincaré asserts
that if the function H : R?" — R defined by (2.7.18) is proper then
every trajectory of the system (2.7.14) returns arbitrarily close to
its initial position at some positive time, ty, and, in fact, does this
not just once but does so infinitely often. We’ll sketch a proof of this
theorem, using (2.7.16), in the next chapter.

Exercises.

1. Let vy be the vector field (2.7.13). Prove that div(vg) = 0.

2. Let U be an open subset of R™, f; : U — U a one-parameter
group of diffeomorphisms of U and v the infinitesmal generator of
this group. Show that if « is a k-form on U then ffa = « for all ¢ if
and only if L,a = 0 (i.e., generalize to arbitrary k-forms the result
we proved above for the Darboux form).

3. The harmonic oscillator. Let H be the function > 1 m;(z? +
y?) where the m;’s are positive constants.

(a) Compute the integral curves of vy.

(b) Poincaré recurrence. Show that if (x(¢),y(t)) is an integral curve
with initial point (zo,v0) = (2(0),y(0)) and U an arbitrarily small
neighborhood of (g, o), then for every ¢ > 0 there exists a t > ¢
such that (z(t),y(t)) € U.

4.  Let U be an open subset of R?" and let H;, i = 1,2, be in
C*(U);. Show that

(2.7.22) ey, vm,] = vl
where

~OH, 9Hy 9Hy OH,
(2.7.23) H :; dr; dy;  Ox; Oy

5. The expression (2.7.23) is known as the Poisson bracket of H
and Hy and is denoted by {H7, Hy}. Show that it is anti-symmetric

{H1,Ha} = —{Ha, H1}
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and satisfies Jacobi’s identity

0= {Hy,{Ha, H3}} + {Ha,{Hs, H1}} + {H3,{Hy, H2}} .

6. Show that

(2.7.24) {Hy1, Hy} = Ly Hy = — Loy, Hy .

7. Prove that the following three properties are equivalent.

(a) {Hi, Hz}=0.
(b) Hj is an integral of motion of vs.

(¢c) Hj is an integral of motion of v;.

8. Verify Noether’s principle.

Conservation of linear momentum. Suppose the potential, V in
(2 7.18) is invariant under the one-parameter group of translations

Ti(x1,...,xn) = (x1+t,. .. zn + 1)

(a) Show that the function (2.7.18) is invariant under the group of
diffeomorphisms

7t($7 y) = (nﬂf, y) .
(b) Show that the infinitesmal generator of this group is the Hamil-
tonian vector field vg where G = )", ;.

(c) Conclude from Noether’s principle that this function is an in-
tegral of the vector field vy, i.e., that “total linear moment” is con-
served.

(d) Show that “total linear momentum” is conserved if V' is the
Coulomb potential
2 or—a]

|z 2_$y|

10. Let R::R?*" — R?" be the rotation which fixes the variables,
(zk,yr), k # 1 and rotates (z;,y;) by the angle, t:

R;(:El,yl) = (costz; +sinty;, —sintxz; + costy;) .
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(a) Show that Ri, —oco < t < oo, is a one-parameter group of
symplectomorphisms.

(b) Show that its generator is the Hamiltonian vector field, vy,
where H; = (22 + y2)/2.

(c) Let H be the “harmonic oscillator” Hamiltonian in exercise 3.
Show that the RJ’s preserve H.

(d) What does Noether’s principle tell one about the classical me-
chanical system with energy function H?

11. Show that if U is an open subset of R?" and v is a symplec-
tic vector field on U then for every point, pg € U, there exists a
neighborhood, Uy, of py on which v is Hamiltonian.

12.  Deduce from exercises 4 and 11 that if v; and v9 are symplectic
vector fields on an open subset, U, of R?" their Lie bracket, [v1, va],
is a Hamiltonian vector field.

13. Let a be the one-form, > | y; du;.

(a) Show that w = — da.

)
b) Show that if a; is any one-form on R?" with the property,
w = —dayq, then

a=aoa + F

for some C*° function F'.

(¢) Show that a = ¢(w)w where w is the vector field

0

- Z yi(‘?—yi .
14. Let U be an open subset of R?" and v a vector field on U. Show
that v has the property, L,a = 0, if and only if
(2.7.25) t(v)w =du(v)a.
In particular conclude that if L, = 0 then v is Hamiltonian. Hint: (2.7.2).
15. Let H be the function
(2.7.26) H(zy) =) fi@)yi.,
where the f;’s are C* functions on R™. Show that

(2.7.27) Ly, 00 =0.
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16. Conversely show that if H is any C*> function on R?" satisfying
(2.7.27) it has to be a function of the form (2.7.26). Hints:

(a) Let v be a vector field on R?" satisfying L,a = 0. By the
previous exercise v = vy, where H = 1(v)a.

(b) Show that H has to satisfy the equation

" 9H

(¢c) Conclude that if H, = g—g then H, has to satisfy the equation

- 0
;yla_yzHr =0.

d) Conclude that H, has to be constant along the rays (z,ty),
0<t<o0.

(e) Conclude finally that H, has to be a function of = alone, i.e., doesn’t
depend on y.

17.  Show that if vgn~ is a vector field

0
Zfz’(l’)a—:gi

on configuration space there is a unique lift of vgn to phase space
0 0
v = E () =— (T, y)=—

satisfying L,a = 0.
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CHAPTER 3

INTEGRATION OF FORMS

3.1 Introduction

The change of variables formula asserts that if U and V are open
subsets of R” and f : U — V a C! diffeomorphism then, for every
continuous function, ¢ : V' — R the integral

/V e(y) dy

exists if and only if the integral

/ o0 f(2)|det Df ()| dz
U

exists, and if these integrals exist they are equal. Proofs of this can
be found in [?], [?] or [?]. This chapter contains an alternative proof
of this result. This proof is due to Peter Lax. Our version of his
proof in §3.5 below makes use of the theory of differential forms;
but, as Lax shows in the article [?] (which we strongly recommend as
collateral reading for this course), references to differential forms can
be avoided, and the proof described in§3.5 can be couched entirely
in the language of elementary multivariable calculus.

The virtue of Lax’s proof is that is allows one to prove a version
of the change of variables theorem for other mappings besides dif-
feomorphisms, and involves a topological invariant, the degree of a
mapping, which is itself quite interesting. Some properties of this in-
variant, and some topological applications of the change of variables
formula will be discussed in §3.6 of these notes.

Remark 3.1.1. The proof we are about to describe is somewhat
simpler and more transparent if we assume that f is a C* diffeo-
morphism. We’ll henceforth make this assumption.

This is page 105
Printer: Opaque this
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3.2 The Poincaré lemma for compactly supported forms
on rectangles

Let v be a k-form on R™. We define the support of v to be the closure
of the set

{r eR", v, #0}

and we say that v is compactly supported if supp v is compact. We
will denote by % (R™) the set of all C* k-forms which are compactly
supported, and if U is an open subset of R™, we will denote by
ng (U) the set of all compactly supported k-forms whose support is
contained in U .

Let w = fdzy A --- Adx, be a compactly supported n-form with
f € C°(R™). We will define the integral of w over R":

[

to be the usual integral of f over R"

fdx.
R

(Since f is C*° and compactly supported this integral is well-defined.)
Now let @ be the rectangle

[al,bl] X oo X [an,bn] .

The Poincaré lemma for rectangles asserts:

Theorem 3.2.1. Letw be a compactly supported n-form, with suppw C
Int Q. Then the following assertions are equivalent:

a. [Jw=0.

b. There exists a compactly supported (n—1)-form, u, with supp pu C
Int Q satisfying du = w.

We will first prove that (b)=-( a). Let

n
u:Zfidxl/\.../\dw,-/\.../\dxn,

i=1
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(the “hat” over the dr; meaning that dz; has to be omitted from the
wedge product). Then

dp = Z(—l)i_I%dxl Ao N dxy,,

o0x;
i=1 t

and to show that the integral of du is zero it suffices to show that
each of the integrals

of

(2.1); dx
is zero. By Fubini we can compute (2.1); by first integrating with
respect to the variable, x;, and then with respect to the remaining
variables. But

of

a—midxi = f(x)

since f; is supported on U.

We will prove that (a) = (b) by proving a somewhat stronger
result. Let U be an open subset of R™. We’ll say that U has property
P if every form, w € Q™ (U) whose integral is zero in d Q™1 (U).

We will prove

Theorem 3.2.2. Let U be an open subset of R* ' and A C R an
open interval. Then if U has property P, U x A does as well.

r;=b;

=0

Ti=a;

Remark 3.2.3. It’s very easy to see that the open interval A itself
has property P. (See exercise 1 below.) Hence it follows by induction
from Theorem 3.2.2 that

IntQ:A1X"'XAn, A,:(az,b,)
has property P, and this proves “(a) = (b)”.

To prove Theorem 3.2.2 let (z,t) = (21,...,2n—1,t) be product
coordinates on U x A. Given w € QX (U x A) we can express w
as a wedge product, dt A a with o = f(z,t)dx; A --- A dxp—1 and
feCE(U x A). Let § € Q7 1(U) be the form

(3.2.1) o </A Fat) dt) duy Aeee Adzy .

Then
/ 0= f(:n,t)d:ndt:/ w
Rnfl Rn n
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so if the integral of w is zero, the integral of 6 is zero. Hence since U
has property P, 3 = dv for some v € Q?~1(U). Let p € C*(R) be a
bump function which is supported on A and whose integral over A
is one. Setting

k=—p(t)dt \v

we have
di = p(t)dt N dv = p(t)dt N O,
and hence
w—drk = dtN(a—pt)0)=dt Nu(z,t)dey N+ A dxp—1
where

w@t) = fw)=olt) [ st

by (3.2.1). Thus

(3.2.2) /u(a:,t) dt =0.

Let a and b be the end points of A and let

(3.2.3) v(w,t):/ i(z,s)ds.

By (3.2.2) v(a,z) = v(b,x) =0, so v is in C§°(U x A) and by (3.2.3),
Ov /0t = u. Hence if we let v be the form, v(z,t)dxy A -+ A dxy_1,
we have:

dy = wu(z,t)de N Ndrp_1 =w—dk

and

w = dv+k).

Since v and & are both in Q2 }(U x A) this proves that w is in
dQn~YU x A) and hence that U x A has property P.

Exercises for §3.2.

1. Let f: R — R be a compactly supported function of class
C" with support on the interval, (a,b). Show that the following are
equivalent.
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(a) [ f(z)de =0.
(b) There exists a function, g : R — R of class C"*! with support
on (a,b) with g—g =f.

Hint: Show that the function

oa) = [ fds

is compactly supported.

2. Let f = f(x,y) be a compactly supported function on R¥ x R¢
with the property that the partial derivatives

of
8%2'

(x,y),i=1,...,k,

and are continuous as functions of  and y. Prove the following “dif-
ferentiation under the integral sign” theorem (which we implicitly
used in our proof of Theorem 3.2.2).

Theorem 3.2.4. The function

ﬂ@Z/f@wwy

is of class C' and

99 iy — [ 21

Hints: For y fixed and h € R¥,

fl(x + hay) - fl(xhy) = Dxfz(c)h

for some point, ¢, on the line segment joining = to x + ¢. Using the
fact that D, f is continuous as a function of z and y and compactly
supported, conclude:

Lemma 3.2.5. Given e > 0 there exists a § > 0 such that for |h| < §

|f (@ +h,y) = f(2,y) = Do f(x,c)h] < €lh].
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Now let Q C R be a rectangle with supp f € R*¥ x @ and show
that

9z + B) — g(x) — ( [ pesay) dy) bl < evol (@)h].

Conclude that g is differentiable at x and that its derivative is
/Dxf(w,y) dy .

3. Let f: RF x R — R be a compactly supported continuous
function. Prove

Theorem 3.2.6. If all the partial derivatives of f(x,y) with respect
to x of order < r exist and are continuous as functions of r and y
the function

9(x) Z/f(w,y) dy
1s of class C".
4.  Let U be an open subset of R"™!, A C R an open interval
and (x,t) product coordinates on U x A. Recall (§2.2) exercise 5)
that every form, w € QF(U x A), can be written uniquely as a sum,

w = dt \Na+ 3 where a and 3 are reduced, i.e., don’t contain a factor
of dt.

(a) Show that if w is compactly supported on U x A then so are
o and f.

(b) Let o = Z fr(x,t)dzy. Show that the form
I

(3.2.4) =3 < /A i) dt> doy
I

is in Q¥ 1(U).
(c) Show that if dw = 0, then df = 0. Hint: By (3.2.4)

a9 = Z( 8f1(g;,t)dt> dz; A dzg

I A 8:17@
= /(dUa) dt

A

dp

27 -2
and by (??) dya I
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5. In exercise 4 show that if 8 is in d Q*~1(U) then w is in d QF(U).
Hints:

(a) Let 6 = dv, with v = Q¥2(U) and let p € C*®(R) be a bump
function which is supported on A and whose integral over A is
one. Setting k = —p(t) dt A v show that

w—dk = dtN(a—p(t)d)+p
= dt A ur(x,t)der) + 8
1

where

wi(e,t) = file,t) - plt) /A fra, 1) dt

(b) Let a and b be the end points of A and let

vr(x,t) = /t ur(x,t)dt.

Show that the form Y vr(x,t)dzs is in Q¥~1(U x A) and that
dy=w—dr— 0 —dy~.

(c) Conclude that the form w — d(x + ) is reduced.
(d) Prove: If A € Q¥(U x A) is reduced and d\ = 0 then \ = 0.
Hint: Let A\ = )" gr(x,t) dey. Show that dA = 0 = %gj(:n,t) =0

and exploit the fact that for fixed z, gr(x,t) is compactly sup-
ported in .

6. Let U be an open subset of R™. We'll say that U has property
Py, for k < n, if every closed k-form, w € QF(U), is in d QF~1(U).
Prove that if the open set U C R™! in exercise 3 has property Pj
then so does U x A.

7. Show that if @ is the rectangle [a1,b1] X -+ X [ay,b,] and U =
Int @) then u has property Pg.

8.  Let H" be the half-space

(3.2.5) {(x1,...,2,); x <0}
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and let w € Q7 (R) be the n-form, f dziA---A dx, with f € C°(R"™).
Define:

(3.2.6) / w= flxy,. ... xp)dezy - - day
n Hn

where the right hand side is the usual Riemann integral of f over
H"™. (This integral makes sense since f is compactly supported.) Show
that if w = du for some p € Q7 1(R™) then

(3.2.7) / w:/ Ay
n Rn—1

where ¢ : R*~! — R" is the inclusion map
(X2, .. xn) — (0,29,...,2p).

Hint: Let p = Y, fidzy A Jx\l -+« A dx,. Mimicking the “(b) =
(a)” part of the proof of Theorem 3.2.1 show that the integral (3.2.6)
is the integral over R"~! of the function

0
. Z—Q(ajl,xg,...,xn)dxl .

3.3 The Poincaré lemma for compactly supported forms
on open subsets of R"

In this section we will generalize Theorem 3.2.1 to arbitrary con-
nected open subsets of R".

Theorem 3.3.1. Let U be a connected open subset of R™ and let w
be a compactly supported n-form with suppw C U. The the following
assertions are equivalent,

a. [Jw=0.

b. There exists a compactly supported (n—1)-form, u, with supp pu C
U and w = du.

Proof that (b) = (a). The support of p is contained in a large
rectangle, so the integral of du is zero by Theorem 3.2.1.
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Proof that (a) = (b): Let w; and wy be compactly supported n-
forms with support in U. We will write

w1 ~Y Wy

as shorthand notation for the statement: “There exists a compactly
supported (n—1)-form, p, with support in U and with w; —wy = du.”,
We will prove that (a) = (b) by proving an equivalent statement:
Fix a rectangle, Qo C U and an n-form, wgy, with suppwy C Qo and
integral equal to one.

Theorem 3.3.2. Ifw is a compactly supported n-form with suppw C
U and c = [w then w ~ cwy.

Thus in particular if ¢ = 0, Theorem 3.3.2 says that w ~ 0 proving
that (a) = (b).

To prove Theorem 3.3.21let Q; CU, v =1,2,3,..., be a collection
of rectangles with U = Ulnt @; and let ¢; be a partition of unity
with supp ¢; C Int Q;. Replacing w by the finite sum > g;w, m
large, it suffices to prove Theorem 3.3.2 for each of the summands
p;w. In other words we can assume that suppw is contained in one
of the open rectangles, Int (J;. Denote this rectangle by Q. We claim
that one can join )y to @) by a sequence of rectangles as in the figure
below.

Lemma 3.3.3. There exists a sequence of rectangles, R;, i =0,...,
N + 1 such that Ry = Qo, Ry+1 = @ and Int R; N Int R; 1 is non-
empty.

Proof. Denote by A the set of points, x € U, for which there exists a
sequence of rectangles, R;, i =0,...,N + 1 with Ry = Qq, with = €
Int Ry41 and with Int R; N Int R;41 non-empty. It is clear that this

113
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set is open and that its complement is open; so, by the connectivity
of U, U = A. O

To prove Theorem 3.3.2 with suppw C @, select, for each i, a
compactly supported n-form, v;, with suppy; C Int R; N Int R; 4
and with f v; = 1. The difference, v; — v;41 is supported in Int R;11,
and its integral is zero; so by Theorem 3.2.1, v; ~ v;;1. Similarly,
wo ~ v and, if ¢ = [w, w ~ cvy. Thus

Cwg ~CcYg~ -+~ CUN =W

proving the theorem.

3.4 The degree of a differentiable mapping

Let U and V be open subsets of R” and R¥. A continuous mapping,
f:U — V,is proper if, for every compact subset, B, of V, f~1(B) is
compact. Proper mappings have a number of nice properties which
will be investigated in the exercises below. One obvious property
is that if f is a C*° mapping and w is a compactly supported k-
form with support on V', f*w is a compactly supported k-form with
support on U. Our goal in this section is to show that if U and V'
are connected open subsets of R” and f : U — V is a proper C*
mapping then there exists a topological invariant of f, which we
will call its degree (and denote by deg(f)), such that the “change of
variables” formula:

(3.4.1) /Uf*w:deg(f)/vw

holds for all w € Q2 (V).
Before we prove this assertion let’s see what this formula says in
coordinates. If

w=p(y)dyr A ANdyn
then at x € U

ffw=(po f)(x)det(Df(x))dry A+ ANdxy;

so, in coordinates, (3.4.1) takes the form

(3.42) /V o(y) dy = deg(f) /U oo [(x)det(Df(x)) dz.
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Proof of 8.4.1. Let wy be an n-form of compact support with supp wg
C V and with [wy = 1. If we set deg f = [;; f*wo then (3.4.1) clearly
holds for wy. We will prove that (3.4.1) holds for every compactly
supported n-form, w, with suppw C V. Let ¢ = fv w. Then by
Theorem 3.1 w—cwy = du, where p is a completely supported (n—1)-
form with supp . C V. Hence

ffw—cfiwo=frdp=dfu,

and by part (a) of Theorem 3.1
[ Fome ronmstn [ o
U 1%

We will show in § 3.6 that the degree of f is always an integer
and explain why it is a “topological” invariant of f. For the moment,
however, we’ll content ourselves with pointing out a simple but useful
property of this invariant. Let U, V and W be connected open subsets
of R" and f:U — V and g : V — W proper C* mappings. Then

(3.4.3) deg(g o f) = deg(g) deg(f)

Proof. Let w be a compactly supported n-form with support on W.
Then

O

(go flw=g"f'w;

SO

Jaore = [ g = desto) [ 1
~ degly)des() [ w.

w
O
From this multiplicative property it is easy to deduce the following
result (which we will need in the next section).

Theorem 3.4.1. Let A be a non-singular n X n matriz and fa :
R™ — R™ the linear mapping associated with A. Then deg(fa) = +1
if det A is positive and —1 if det A is negative.

A proof of this result is outlined in exercises 59 below.
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Exercises for §3.4.

1.  Let U be an open subset of R” and ¢;, i = 1,2, 3, ..., a partition
of unity on U. Show that the mapping, f : U — R defined by

=2 ke
k=1

is a proper C*° mapping.

2. Let U and V be open subsets of R” and R and let f: U — V
be a proper continuous mapping. Prove:

Theorem 3.4.2. If B is a compact subset of V and A = f~1(B)
then for every open subset, Uy, with A C Uy C U, there exists an
open subset, Vo, with B C Vo CV and f~1(Vp) C Up.

Hint: Let C be a compact subset of V' with B C Int C. Then the
set, W = f~1(C) — Uy is compact; so its image, f(WW), is compact.
Show that f(WW) and B are disjoint and let

Vo =IntC — f(W).

3. Show that if f : U — V is a proper continuous mapping and X
is a closed subset of U, f(X) is closed.

Hint: Let Uy = U — X. Show that if p is in V — f(X), f~1(p) is
contained in Uy and conclude from the previous exercise that there
exists a neighborhood, Vg, of p such that f~!(1}) is contained in Uy.
Conclude that V and f(X) are disjoint.

4. Let f: R™ — R" be the translation, f(z) = x + a. Show that
deg(f) =1.

Hint: Let v : R — R be a compactly supported C*° function. For
a € R, the identity

(3.4.4) / W(t) dt = / W(t — a)dt

is easy to prove by elementary calculus, and this identity proves the
assertion above in dimension one. Now let

(3.4.5) o(x) =1(x1). .. o(2n)

and compute the right and left sides of (3.4.2) by Fubini’s theorem.
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5. Let o be a permutation of the numbers, 1,...,n and let f, :
R™ — R" be the diffeomorphism, f,(z1,...,2,) = (T5(1), -+ s To(n))-
Prove that deg f, = sgn(o).

Hint: Let ¢ be the function (3.4.5). Show that if w is equal to
o(x)dxy A Ndxy, ffo = (sgno)w.

6. Let f:R"™ — R" be the mapping
flxe, .. xn) = (21 + Axo, ma, ..., Xy).

Prove that deg(f) = 1.

Hint: Let w = p(x1,...,25)dxy A ... A dx, where ¢ : R — R is
compactly supported and of class C*°. Show that

/f*w:/cp(a;l+)\a:2,a;2,...,xn)da:1...dmn

and evaluate the integral on the right by Fubini’s theorem; i.e., by
first integrating with respect to the x; variable and then with respect
to the remaining variables. Note that by (3.4.4)

/f(a:l—i—)\xg,mg,...,xn)da:l:/f(azl,xg,...,xn)dxl.

7. Let f:R™ — R" be the mapping

flz1,. .. xn) = (Ax1, 29, ..., T)

with A # 0. Show that deg f = +1 if X\ is positive and —1 if A is
negative.

Hint: In dimension 1 this is easy to prove by elementary calculus
techniques. Prove it in d-dimensions by the same trick as in the
previous exercise.

8. (a) Letey,...,e, be the standard basis vectors of R™ and A,
B and C' the linear mappings

Ae; = e, Ae = Zamej, i>1
J

(3.4.6) Be; = e, i>1, Bei=)Y bje
j=1

Cer = e, Ce=e€;+ce, i>1.
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Show that
BA061 = Z bjej
and
BACe; = Z = (aj,i + cibj)e]- + ¢;b1eq
J
for i > 1.

(b)
(347) Lei = Zﬁj’iej’ 1= 1,...,71.
j=1

Show that if /1 1 # 0 one can write L as a product, L = BAC, where
A, B and C are linear mappings of the form (3.4.6).

Hint: First solve the equations

i1 = b;
for j =1,...,n, then the equations
b= bic

for ¢ > 1, then the equations
bji = aji+cibj

for ¢,5 > 1.

(¢) Suppose L is invertible. Conclude that A, B and C' are invertible
and verify that Theorem 3.4.1 holds for B and C using the previous
exercises in this section.

(d) Show by an inductive argument that Theorem 3.4.1 holds for
A and conclude from (3.4.3) that it holds for L.

9.  To show that Theorem 3.4.1 holds for an arbitrary linear map-
ping, L, of the form (3.4.7) we’ll need to eliminate the assumption:
¢11 # 0. Show that for some j, ¢;1 is non-zero, and show how to
eliminate this assumption by considering f, o L where o is the trans-
position, 1 < j.
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10. Here is an alternative proof of Theorem 4.3.1 which is shorter
than the proof outlined in exercise 9 but uses some slightly more
sophisticated linear algebra.

(a) Prove Theorem 3.4.1 for linear mappings which are orthogonal,
i.e., satisfy L'L = I.

Hints:
i.  Show that L*(z3 + -+ +22) = 2%+ - +22.
ii.  Show that L*(dzq A --- A dzxy) is equal to dzq A -+ A dxy, or
—dx1 A - -+ Adx, depending on whether L is orientation preserving
or orinetation reversing. (See § 1.2, exercise 10.)
iii. Let ¢ be as in exercise 4 and let w be the form

w=vY@? 4+ +ai)de A A day, .

Show that L*w = w if L is orientation preserving and L*w = —w if
L is orientation reversing.

(b) Prove Theorem 3.4.1 for linear mappings which are self-adjoint
(satisfy L' = L). Hint: A self-adjoint linear mapping is diagonizable:
there exists an intervertible linear mapping, M : R” — R" such that

(3.4.8) M~ 'LMe; = Ne;, i=1,...,n.

(¢c) Prove that every invertible linear mapping, L, can be written

as a product, L = BC where B is orthogonal and C is self-adjoint.
Hints:

i Show that the mapping, A = L'L, is self-adjoint and that it’s

eigenvalues, the \;’s in 3.4.8, are positive.

ii.  Show that there exists an invertible self-adjoint linear mapping,

C, such that A = C? and AC = CA.

iii. Show that the mapping B = LC~! is orthogonal.

3.5 The change of variables formula

Let U and V be connected open subsets of R". If f : U — V is a
diffeomorphism, the determinant of D f(z) at € U is non-zero, and
hence, since it is a continuous function of z, its sign is the same at
every point. We will say that f is orientation preserving if this sign
is positive and orientation reversing if it is negative. We will prove
below:
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Theorem 3.5.1. The degree of f is +1 if f is orientation preserving
and —1 if f is orientation reversing.

We will then use this result to prove the following change of vari-
ables formula for diffeomorphisms.

Theorem 3.5.2. Let o : V — R be a compactly supported continu-
ous function. Then

(3.5.1) /U oo [(2)] det(Df)(x)]| = /V o) dy.

Proof of Theorem 3.5.1. Given a point, a; € U, let ag = —f(aq) and
for i = 1,2, let g; : R™ — R”™ be the translation, g;(x) = x + a;. By
(3.4.1) and exercise 4 of § 4 the composite diffeomorphism

(3.5.2) g20foq

has the same degree as f, so it suffices to prove the theorem for this
mapping. Notice however that this mapping maps the origin onto
the origin. Hence, replacing f by this mapping, we can, without loss
of generality, assume that 0 is in the domain of f and that f(0) = 0.

Next notice that if A : R™ — R"™ is a bijective linear mapping the
theorem is true for A (by exercise 9 of § 3.4), and hence if we can
prove the theorem for A=! o f, (3.4.1) will tell us that the theorem
is true for f. In particular, letting A = D f(0), we have

D(A™ o £)(0) = AT'Df(0) =T

where I is the identity mapping. Therefore, replacing f by A~'f,
we can assume that the mapping, f, for which we are attempting to
prove Theorem 3.5.1 has the properties: f(0) = 0 and Df(0) = I.
Let g(z) = f(z) — x. Then these properties imply that g(0) = 0 and
Dg(0) = 0.

O

Lemma 3.5.3. There exists a § > 0 such that |g(z)| < i|z| for
lx] < 4.

Proof. Let g(z) = (g1(x),...,gn(x)). Then

99
8:17 5

(0) =0;



3.5 The change of variables formula 121

so there exists a 6 > 0 such that

892' 1
< Z
al‘j (l‘)' -2

for |x| < 6. However, by the mean value theorem,

9gi
gi(z) = (c)x;
Z oz J
for ¢ = tox, 0 < tg < 1. Thus, for |x| < §,

1
9:(@)] < 5 5up o] =

9 ||,
SO 1
l9(2)| = sup |gi(2)| < 3 [2].
O
Let p be a compactly supported C*° function with 0 < p < 1
and with p(x) = 0 for |z| > 0 and p(x) = 1 for |z| < g and let

f:R™ — R"™ be the mapping

(35.3) fla) =2+ p(x)g(x).
It’s clear that

(3.5.4) f(z) = for |z| >0

and, since f(z) =z + g(z),

(3.5.5) flz) = f(a) for |z| <

N

In addition, for all z € R™:

1
(3.5.6) [f(2)] = 5 lal-

Indeed, by (3.5.4), | f(x)| > |z| for |x| > §, and for |z| <§

[f@)] = [z = p(z)]g(z)]
1

1
> ol — lg(@)| 2 Jol - 5 lol = 5 ||

V
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by Lemma 3.5.3.
Now let Q, be the cube, {z € R", |z| < r}, and let Q¢ = R"— Q,..
From (3.5.6) we easily deduce that

(3.5.7) FHQ) C Qo

for all 7, and hence that fis proper. Also notice that for x € Qy,

3
F@) < lal +lg(a)] < 5 I
by Lemma 3.5.3 and hence
(3.5.8) F7H(Q5,) € Q5.

We will now prove Theorem 3.5.1. Since f is a diffeomorphism
mapping 0 to 0, it maps a neighborhood, Uy, of 0 in U diffeomor-
phically onto a neighborhood, V, of 0 in V', and by shrinking Uy if
necessary we can assume that Up is contained in Qs/; and Vp con-
tained in Qs/4. Let w be an n-form with support in Vj whose integral
over R™ is equal to one. Then f*w is supported in Uy and hence in
Q5/2- Also by (3.5.7) f*w is supported in Qs/5. Thus both of these

forms are zero outside Q;/5. However, on Qs s, f: f by (3.5.5), so
these forms are equal everywhere, and hence

deg(f) = [ £ = [ Fo—des(h).

Next let w be a compactly supported n-form with support in Q% /2

and with integral equal to one. Then f*w is supported in Qf by
(3.5.8), and hence since f(z) =2 on Qf f*w = w. Thus

s - [ 1= [t

Putting these two identities together we conclude that deg(f)=1.
Q.E.D.

If the function, ¢, in Theorem 3.5.2 is a C*° function, the iden-
tity (3.5.1) is an immediate consequence of the result above and the
identity (3.4.2). If ¢ is not C*°, but is just continuous, we will deduce
Theorem 3.5.2 from the following result.
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Theorem 3.5.4. Let V be an open subset of R™. If p : R — R is
a continuous function of compact support with suppp C V' ; then for
every € > 0 there exists a C*° function of compact support, ¥ : R" —
R with suppy CV and

sup |¢(z) — p(x)] <e.

Proof. Let A be the support of ¢ and let d be the distance in the
sup norm from A to the complement of V. Since ¢ is continuous and
compactly supported it is uniformly continuous; so for every ¢ > 0
there exists a § > 0 with § < ¢ such that |o(z) — ¢(y)| < € when
|z —y| < d. Now let @ be the cube: |z| < § and let p: R™ — R be a
non-negative C*° function with supp p C @ and

(3.5.9) /p(y) dy=1.
Set
(z) = / oly — )p(y) dy.

By Theorem 3.2.5 ¢ is a C*° function. Moreover, if Ay is the set of
points in R4 whose distance in the sup norm from A is < ¢ then for
x ¢ Asand y € A, |z —y| >  and hence p(y —x) = 0. Thus for
T ¢ A(g

/p(y —x)p(y)dy = /Ap(y —x)p(y)dy =0,

. . d
so v is supported on the compact set As. Moreover, since § < g,

supp v is contained in V. Finally note that by (3.5.9) and exercise 4
of §3.4:

(3.5.10) [ ot =ardy= [ oty =1
and hence

p(r) = / o(x)p(y — =) dy

SO

o(x) — d(x) = / (o(@) — p())ply — 2) dy

and
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o(z) — ¥(a)] < / () — ()| ply — 2) dy .

But p(y — ) = 0 for [z —y| > §; and |p(z) — ¢(y)| < € for [z —y| <4,
so the integrand on the right is less than

€ / ply —x)dy,
and hence by (3.5.10)

o(z) — ()] <.
O

To prove the identity (3.5.1), let v : R" — R be a C*® cut-off
function which is one on a neighborhood, V7, of the support of ¢, is
non-negative, and is compactly supported with suppy C V, and let

cz/’v(y)dy-

By Theorem 3.5.4 there exists, for every ¢ > 0, a C* function 1,
with support on V; satisfying

(3.5.11) lp — 1| < 5 -
Thus

| [e-vma] < [ 1e-viwmd
< /Vvlso—w(:vy)dy

< i/’y(y)dyég

(3512) | [ etwan— [ vwas] <5.

Similarly, the expression

‘/U(so—w Of(:E)|deth(;p)|d$‘



3.5 The change of variables formula 125

is less than or equal to the integral

[ e f@lte =)o f(a)] | et Df @) o

and by (3.5.11), [(¢ — ) o f(x)| < 5, so this integral is less than or
equal to

3c | Yo f(x)|det Df(x)|dx

and hence by (3.5.1) is less than or equal to §. Thus
(3.5.13)

L/wo ) |det Df (x |mF1/¢w 1)|det Df (z)| de

€
z| < 5.

Combining (3.5.12), (3.5.13) and the identity

/w dy = [ o 1) det Df (o) d

we get, for all € > 0,

‘/V‘P(y)dy—/Uwf(w)!deth(a:)yda; <e

/w(y)dyz/goof(:n)|deth(x)|dx.

and hence

Exercises for §3.5

1. Let h: V — R be a non-negative continuous function. Show
that if the improper integral

/V h(y) dy

is well-defined, then the improper integral

/ ho f(z)| det D (z)| da
U

is well-defined and these two integrals are equal.
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Hint: If ¢;, i = 1,2,3,... is a partition of unity on V then v¢; =
@; o f is a partition of unity on U and

/cpihdy = /wi(hof(x))]deth(x)\dx.
Now sum both sides of this identity over 3.

2. Show that the result above is true without the assumption that
h is non-negative.

Hint: h = hy — h_, where hy = max(h,0) and h_ = max(—h,0).

3. Show that, in the formula (3.4.2), one can allow the function,
©, to be a continuous compactly supported function rather than a
C*° compactly supported function.

4. Let H" be the half-space (??) and U and V open subsets of
R™. Suppose f : U — V is an orientation preserving diffeomorphism
mapping U NH" onto V N H". Show that for w € Q(V)

(3.5.14) / [fw= / w.
UNH" VAH?

Hint: Interpret the left and right hand sides of this formula as im-
proper integrals over U N Int H® and V N Int H".

5. The boundary of H" is the set
bH" = {(0,x2,...,20), (x2,...,2,) € R"}
so the map
iRYY S HY (29, 2,) — (0,22, .., 2,)
in exercise 9 in §3.2 maps R"~! bijectively onto bH".

(a) Show that the map f: U — V in exercise 4 maps U N bH"
onto V' N bH".

(b) Let U' = :=Y(U) and V' = +=}(V). Conclude from part (a)
that the restriction of f to U NbH" gives one a diffeomorphism

g:U =V
satisfying:
(3.5.15) t-g=1f-t.
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(c) Let p be in Q?~1(V). Conclude from (3.2.7) and (3.5.14):

(3.5.16) /g*L*,u:/ Iy

and in particular show that the diffeomorphism, g : U" — V’,
is orientation preserving.

3.6 Techniques for computing the degree of a mapping

Let U and V be open subsets of R” and f : U — V a proper C*®
mapping. In this section we will show how to compute the degree
of f and, in particular, show that it is always an integer. From this
fact we will be able to conclude that the degree of f is a topological
invariant of f: if we deform f smoothly, its degree doesn’t change.

Definition 3.6.1. A point, x € U, is a critical point of f if the
derivative
Df(z):R" - R"

fails to be bijective, i.e., if det(Df(x)) = 0.

We will denote the set of critical points of f by C. It’s clear from
the definition that this set is a closed subset of U and hence, by
exercise 3 in §3.4, f(Cy) is a closed subset of V. We will call this
image the set of critical values of f and the complement of this image
the set of regular values of f. Notice that V — f(U) is contained in
f — f(Cy), so if a point, g € V is not in the image of f, it’s a
regular value of f “by default”, i.e., it contains no points of U in
the pre-image and hence, a fortiori, contains no critical points in its
pre-image. Notice also that C'y can be quite large. For instance, if ¢ is
apoint in V and f : U — V is the constant map which maps all of U
onto ¢, then Cy = U. However, in this example, f(Cy) = {c}, so the
set of regular values of f is V — {¢}, and hence (in this example) is
an open dense subset of V. We will show that this is true in general.

Theorem 3.6.2. (Sard’s theorem.)
If U and V are open subsets of R"™ and f : U — V a proper C*
map, the set of regular values of f is an open dense subset of V.

We will defer the proof of this to Section 3.7 and, in this section,
explore some of its implications. Picking a regular value, ¢, of f we
will prove:



128 Chapter 3. Integration of forms

Theorem 3.6.3. The set, f~1(q) is a finite set. Moreover, if f~'(q) =
{p1,...,pn} there exist connected open neighborhoods, U;, of p; in' Y
and an open neighborhood, W, of q in V such that:

i.  fori#j U; and Uj are disjoint;

i fTW)=UU,

is.  f maps U; diffeomorphically onto W.

Proof. If p € f~1(q) then, since q is a regular value, p ¢ Cy; so
Df(p): R" — R

is bijective. Hence by the inverse function theorem, f maps a neigh-
borhood, U, of p diffeomorphically onto a neighborhood of g. The
open sets

{Up, pef e}
are a covering of f~1(q); and, since f is proper, f~'(q) is compact;
so we can extract a finite subcovering

{U,,, i=1,...,N}

and since p; is the only point in U,, which maps onto ¢, f~1(q) =
{pb' . apN}

Without loss of generality we can assume that the U,,,’s are disjoint
from each other; for, if not, we can replace them by smaller neighbor-
hoods of the p;’s which have this property. By Theorem 3.4.2 there
exists a connected open neighborhood, W, of ¢ in V' for which

f7iw) UUpi .
To conclude the proof let U; = f~1(W) N U,,.
O

The main result of this section is a recipe for computing the de-
gree of f by counting the number of p;’s above, keeping track of
orientation.

Theorem 3.6.4. For eachp; € f~1(q) let oy, = +1if f : Uy — W is
orientation preserving and —1 if f : U; — W is orientation reversing.
Then

N
(3.6.1) deg(f) = > op, .
=1
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Proof. Let w be a compactly supported n-form on W whose integral

is one. Then N
d = w = *w.
cB(f) = [ ;/Uifw

Since f : U; — W is a diffeomorphism

/f*w::t/ w=+4lor —1
U; 1%

depending on whether f : U; — W is orientation preserving or not.
Thus deg(f) is equal to the sum (3.6.1).
O

As we pointed out above, a point, ¢ € V' can qualify as a regular
value of f “by default”, i.e., by not being in the image of f. In this
case the recipe (3.6.1) for computing the degree gives “by default”
the answer zero. Let’s corroborate this directly.

Theorem 3.6.5. If f : U — V isn’t onto, deg(f) = 0.
Proof. By exercise 3 of §3.4, V — f(U) is open; so if it is non-empty,
there exists a compactly supported n-form, w, with support in V' —

f(U) and with integral equal to one. Since w = 0 on the image of f,
ffw=0;s0

0= /U frw = deg(f) /V w = deg(f).

g

Remark: In applications the contrapositive of this theorem is much
more useful than the theorem itself.

Theorem 3.6.6. If deg(f) # 0 f maps U onto V.
In other words if deg(f) # 0 the equation

(3.6.2) fl@)=y

has a solution, x € U for every y € V.

We will now show that the degree of f is a topological invariant of
f:if we deform f by a “homotopy” we don’t change its degree. To
make this assertion precise, let’s recall what we mean by a homotopy
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between a pair of C*° maps. Let U be an open subset of R™, V an
open subset of R, A an open subinterval of R containing 0 and 1, and
fi:U—=V,1=0,1,C>® maps. Then a C* map FF: U Xx A — Visa
homotopy between fy and fi if F'(z,0) = fo(z) and F(z,1) = fi(x).
(See Definition ??.) Suppose now that fy and f; are proper.

Definition 3.6.7. F is a proper homotopy between fo and fy if the
map

(3.6.3) Fl.UxA—-VxA

mapping (x,t) to (F(x,t),t) is proper.
Note that if F' is a proper homotopy between fy and f1, then for
every t between 0 and 1, the map
fe: U=V, fi(z) = Fy(r)
is proper.
Now let U and V be open subsets of R™.
Theorem 3.6.8. If fy and f1 are properly homotopic, their degrees

are the same.

Proof. Let
w=y)dyt A+ A dyn

be a compactly supported n-form on X whose integral over V is 1.
The the degree of f; is equal to

(3.6.4) /U S(FL(2,1), ... Fy (1)) det Dy F(z,t) dz .

The integrand in (3.6.4) is continuous and for 0 < ¢ < 1 is supported
on a compact subset of U x [0, 1], hence (3.6.4) is continuous as a
function of t. However, as we’ve just proved, deg(f;) is integer valued
so this function is a constant. O

(For an alternative proof of this result see exercise 9 below.) We’ll
conclude this account of degree theory by describing a couple appli-
cations.

Application 1. The Brouwer fixed point theorem
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Let B™ be the closed unit ball in R":
{r eR", ||lz|]| < 1}.

Theorem 3.6.9. If f : B® — B" is a continuous mapping then f
has a fized point, i.e., maps some point, xy € B™ onto itself.

The idea of the proof will be to assume that there isn’t a fixed
point and show that this leads to a contradiction. Suppose that for
every point, © € B" f(z) # xz. Consider the ray through f(x) in the
direction of x:

fl@)+s(x— f(x), 0<s<o0.

This intersects the boundary, S*~!, of B™ in a unique point, v(z),
(see figure 1 below); and one of the exercises at the end of this section
will be to show that the mapping v : B® — S" 1 x — (), is a
continuous mapping. Also it is clear from figure 1 that v(z) = =z if
x € S" 1 so we can extend v to a continuous mapping of R” into
R™ by letting 7 be the identity for ||z| > 1. Note that this extended
mapping has the property

(3.6.5) [v(z)] > 1
for all x € R™ and
(3.6.6) v(z) =2

for all ||z|| > 1. To get a contradiction we’ll show that v can be
approximated by a C> map which has similar properties. For this
we will need the following corollary of Theorem 3.5.4.

Lemma 3.6.10. Let U be an open subset of R™, C a compact subset
of U and ¢ : U — R a continuous function which is C*° on the
complement of C. Then for every e > 0, there exists a C* function,
Y : U — R, such that ¢ — 1 has compact support and | — | < e.

Proof. Let p be a bump function which is in C§°(U) and is equal to
1 on a neighborhood of C. By Theorem 3.5.4 there exists a function,
o € C5°(U) such that |pp — 9| < €. Let ¢ = (1 — p)¢ + 1o, and
note that

p—¢ = (1=pp+pp—(1—p)le—1b
= py—o.
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By applying this lemma to each of the coordinates of the map, 7,
one obtains a C* map, g : R — R such that

(3.6.7) lg—~|l <e<1

and such that g = « on the complement of a compact set. How-
ever, by (3.6.6), this means that g is equal to the identity on the
complement of a compact set and hence (see exercise 9) that g is
proper and has degree one. On the other hand by (3.6.8) and (3.6.6)
llg(x)|| > 1—efor all x € R™, so 0 ¢ Im g and hence by Theorem 3.6.4,

deg(g) = 0. Contradiction.
U

y(x)

Figure 3.6.1.

Application 2. The fundamental theorem of algebra

Let p(2) = 2" +a,_12" "' +---+a12+ag be a polynomial of degree
n with complex coefficients. If we identify the complex plane

C={z=a+iy;z,y €R}

with R? via the map, (z,y) € R? — z = x + iy, we can think of p as
defining a mapping

p:R* - R? 2 — p(2).
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We will prove
Theorem 3.6.11. The mapping, p, is proper and deg(p) = n.
Proof. Fort € R

pi(z2) = (1—1)2" +tp(2)
n—1 .
= 2"+t Z a;zb.
i=0
We will show that the mapping
g:Rx RS R2, 2z — p(2)
is a proper homotopy. Let
C =sup{lai|,i=0,...,n—1}.
Then for |z| > 1

!l Jao| +larl2] + -+ + Jan—a|[2]"~

C’Z‘n_l 7

lag + -+ + ap—12""| <
<

and hence, for |[t| < a and |z| > 2aC,
pe(2)] = [2" = aCl2|" !
> aClz|" ',

If A is a compact subset of C then for some R > 0, A is contained
in the disk, |w| < R and hence the set

{z € C, (p(2),t) € A X [—a,al}
is contained in the compact set
{zeC,aClz|" ! < R},

and this shows that g is a proper homotopy. Thus each of the map-
pings,

p:C—C,
is proper and deg p; = degp; = degp = deg pg. However, pg : C — C
is just the mapping, z — 2" and an elementary computation (see

exercises 5 and 6 below) shows that the degree of this mapping is n.
O
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In particular for n > 0 the degree of p is non-zero; so by Theo-
rem 3.6.4 we conclude that p : C — C is surjective and hence has
zero in its image.

Theorem 3.6.12. (fundamental theorem of algebra)
FEvery polynomial,

1

p(z) =2"+ap12""" +---+ag,

with complex coefficients has a complex root, p(zg) = 0, for some
zp € C.

Exercises for §3.6

1. Let W be a subset of R™ and let a(x), b(z) and ¢(x) be real-
valued functions on W of class C". Suppose that for every z € W
the quadratic polynomial

(*) a(x)s® 4 b(z)s + c(x)

has two distinct real roots, sy (x) and s_(z), with sy (x) > s_(x).
Prove that s; and s_ are functions of class C".

Hint: What are the roots of the quadratic polynomial: as®+bs+c?

2. Show that the function, (), defined in figure 1 is a continuous
mapping of B" onto S?"~. Hint: v(x) lies on the ray,

flx)+s(z—fz)), 0<s<o0
and satisfies ||y(z)|| = 1; so v(z) is equal to
f(@) + s0(x — f())
where sg is a non-negative root of the quadratic polynomial
£ (@) + s(z = f(a)]* — 1.

Argue from figure 1 that this polynomial has to have two distinct
real roots.
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3. Show that the Brouwer fixed point theorem isn’t true if one
replaces the closed unit ball by the open unit ball. Hint: Let U be
the open unit ball (i.e., the interior of B™). Show that the map

X

is a diffeomorphism of U onto R", and show that there are lots of
mappings of R™ onto R"™ which don’t have fixed points.

4.  Show that the fixed point in the Brouwer theorem doesn’t have
to be an interior point of B", i.e., show that it can lie on the bound-
ary.

5. If we identify C with R? via the mapping: (x,y) — 2z = x + iy,
we can think of a C-linear mapping of C into itself, i.e., a mapping
of the form

z—cz, ceC

as being an R-linear mapping of R? into itself. Show that the deter-
minant of this mapping is |c|?.

6. (a) Let f:C — C be the mapping, f(z) = 2". Show that
Df(z) =nz"""t.
Hint: Argue from first principles. Show that for h € C = R?

(z+h)" — 2" —nz""1h
|

tends to zero as |h| — 0.

(b) Conclude from the previous exercise that

det Df(z) = n?|z|*"72.

(c) Show that at every point z € C—0, f is orientation preserving.

(d) Show that every point, w € C — 0 is a regular value of f and
that

Y w) ={z1,...,2,}
with o,, = +1.
(e) Conclude that the degree of f is n.
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7. Prove that the map, f, in exercise 6 has degree n by deducing
this directly from the definition of degree. Some hints:

(a) Show that in polar coordinates, f is the map, (r,6) — (™, n8).
(b) Let w be the two-form, g(x?+y2) dz A dy, where g(t) is a com-
pactly supported C* function of ¢t. Show that in polar coordinates,

w = g(r?)rdr A df, and compute the degree of f by computing the
integrals of w and f*w, in polar coordinates and comparing them.

8. Let U be an open subset of R™, V' an open subset of R™, A an
open subinterval of R containing 0 and 1, f; : U — V ¢ =0, 1, a pair
of C*° mappings and F' : U x A — V a homotopy between fy and f;.

(a) In §2.3, exercise 4 you proved that if y is in Q%(V) and du = 0,
then

(3.6.8) fon—fip=dv

where v is the (k — 1)-form, Qc, in formula (??). Show (by careful
inspection of the definition of Q) that if F' is a proper homotopy
and p € QF(V) then v € QF1(U).

(b) Suppose in particular that U and V are open subsets of R"
and g is in Q7(V). Deduce from (3.6.8) that

/ﬁMZ/ﬁu

and deduce directly from the definition of degree that degree is a
proper homotopy invariant.

9. Let U be an open connected subset of R® and f : U — U
a proper C*° map. Prove that if f is equal to the identity on the
complement of a compact set, C', then f is proper and its degree is
equal to 1. Hints:

(a) Show that for every subset, A, of U, f~1(A) C AUC, and
conclude from this that f is proper.

(b) Let C’ = f(C). Use the recipe (1.6.1) to compute deg(f) with
qgeU—-C".

10. Let [a;;] be an n X n matrix and A : R® — R" the linear
mapping associated with this matrix. Frobenius’ theorem asserts: If
the a; j’s are non-negative then A has a non-negative eigenvalue. In
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other words there exists a v € R™ and a A € R, A > 0, such that
Av = Av. Deduce this linear algebra result from the Brouwer fixed
point theorem. Hints:

(a) We can assume that A is bijective, otherwise 0 is an eigenvalue.
Let S"~! be the (n — 1)-sphere, |z| = 1, and f : S"1 — S"~! the

map,
Ax

@) =7
| Az|
Show that f maps the set
Q:{(:Elv"'axn)esn_l; :EZZO}

into itself.

(b) It’s easy to prove that @ is homeomorphic to the unit ball
B! i.e., that there exists a continuous map, g : Q — B™ ! which is
invertible and has a continuous inverse. Without bothering to prove
this fact deduce from it Frobenius’ theorem.

3.7 Appendix: Sard’s theorem

The version of Sard’s theorem stated in §3.5 is a corollary of the
following more general result.

Theorem 3.7.1. Let U be an open subset of R™ and f: U — R" a
C* map. Then R™ — f(Cy) is dense in R".

Before undertaking to prove this we will make a few general com-
ments about this result.

Remark 3.7.2. If O, n = 1,2, are open dense subsets of R", the

intersection
(On
n

is dense in R™. (See [?], pg. 200 or exercise 4 below.)

Remark 3.7.3. If A,,, n=1,2,... are a covering of U by compact
sets, O = R" = f(CyNA,) is open, so if we can prove that it’s dense
then by Remark 3.7.2 we will have proved Sard’s theorem. Hence
since we can always cover U by a countable collection of closed cubes,
it suffices to prove: for every closed cube, A C U, R" — f(CyNA) is
dense in R™.
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Remark 3.7.4. Let g : W — U be a diffeomorphism and let h =
fog. Then

(3.7.1) f(C) = h(Ch)

so Sard’s theorem for g implies Sard’s theorem for f.

We will first prove Sard’s theorem for the set of super-critical
points of f, the set:
(3.7.2) Ci={peU, Df(p)=0}.
Proposition 3.7.5. Let A C U be a closed cube. Then the open set
R™ — f(AN Cfp) is a dense subset of R".

We’ll deduce this from the lemma below.

Lemma 3.7.6. Given ¢ > 0 one can cover f(AN Cfc) by a finite
number of cubes of total volume less than €.

Proof. Let the length of each of the sides of A be ¢. Given é > 0 one

n
can subdivide A into N™ cubes, each of volume, <N , such that

if x and y are points of any one of these subcubes

Ofi .y _ Of

axj axj

(3.7.3)

(y)'<5-

Let Aq,..., A, be the cubes in this collection which intersect C’fc.

Then for zg € A; N Cﬁ, %(20) =0, so for z € A;
8a;j
ofi
7.4
(3.7.4) 8$j(z)‘<5

by (3.7.3). If  and y are points of A; then by the mean value theorem
there exists a point z on the line segment joining x to y such that

i) = i) = 3 o) )

and hence by (3.7.4)

l
(3.7.5) (@) = fiw)| <0l — il <md
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AN
Thus f(CfNA;) is contained in a cube, B;, of volume nﬁ , and

f(Cy N A) is contained in a union of cubes, B;, of total volume less
that
o

so if w choose §"¢™ < €, we're done.

O

Proof. To prove Proposition 3.7.5 we have to show that for every
point p € R™ and neighborhood, W, of p, W — f(C’fc N A) is non-
empty. Suppose

(3.7.6) W C f(CinA).

Without loss of generality we can assume W is a cube of volume e,
but the lemma tells us that f (C’]ﬁc N A) can be covered by a finite
number of cubes whose total volume is less than e, and hence by
(3.7.6) W can be covered by a finite number of cubes of total volume
less than €, so its volume is less than e. This contradiction proves
that the inclusion (3.7.6) can’t hold.

O

Ofi

To prove Theorem 3.7.1 let U; ; be the subset of U where 3
Ty

Then

£ 0.

U:UUi,jUOfra

so to prove the theorem it suffices to show that R" — f(U; ; N Cy) is
dense in R"™, i.e., it suffices to prove the theorem with U replaced by
U ;. Let o; : R™ x R™ be the involution which interchanges z; and
x; and leaves the remaining x;’s fixed. Letting frew = 04 foiq0; and
Unew = 0Uq1q, we have, for f = frew and U = Upeyw

(3.7.7) %(p) #0 foral peU}
1

so we're reduced to proving Theorem 3.7.1 for maps f : U — R"
having the property (3.7.6). Let g : U — R™ be defined by

(3.7.8) g(x1, ... xn) = (fi(z),z2,...,2p) .
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Then

(3.7.9) g'ry = ffr1 = fi(zr,...,xn)

and

(3.7.10) det(Dg) = 214y,
al‘l

Thus, by the inverse function theorem, g is locally a diffeomorphism
at every point, p € U. This means that if A is a compact subset of
U we can cover A by a finite number of open subsets, U; C U such
that ¢ maps U; diffeomorphically onto an open subset W; in R™. To
conclude the proof of the theorem we’ll show that R" — f(CrNU;NA)
is a dense subset of R™. Let h : W; — R" be the map h = fog~!.
To prove this assertion it suffices by Remark 3.7.4 to prove that the

set

R"™ — h(Ch)
is dense in R™. This we will do by induction on n. First note that for
n=10 = C’ff, so we've already proved Theorem 3.7.1 in dimension
one. Now note that by (3.7.8), h*z1 = z1, i.e., h is a mapping of the
form

(3.7.11) h(x1,...,xn) = (x1, ha(x), ..., ho(2)).
Thus if we let W, be the set
(3.7.12) {(z9,...,2n) € R"L: (¢, 20,...,2,) € W;}

and let h. : W, — R"! be the map
(3.7.13) he(wa, ... xy) = (ha(c,xa, ...y 2p), - s hp(c,xa, .. xy)) .
Then

(3.7.14) det(Dh.)(xa, ..., x,) = det(Dh)(c, xa, ..., xTy)
and hence
(3.7.15) (c,x) e WiNCp < xeCh,.

Now let pg = (¢,x9) be a point in R"™. We have to show that every
neighborhood, V', of py contains a point p € R™ — h(C},). Let V, C
R™~! be the set of points, z, for which (c,z) € V. By induction V,
contains a point, z € R"~t — h.(Cj,) and hence p = (¢,x) isin V by
definition and in R™ — h(C),) by (3.7.15).

Q.E.D.
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Exercises for §3.7
1. (a) Let f:R — R be the map f(z) = (2 — 1)2. What is the
set of critical points of f? What is its image?

(b) Same questions for the map f(z) = sinz + x.

(c) Same questions for the map

f(:v)z{o’l e

e =, x>0

2. Let f:R™ — R" be an affine map, i.e., a map of the form
f(z) = A(x) + zo
where A : R™” — R” is a linear map. Prove Sard’s theorem for f.

3. Let p: R — R be a C* function which is supported in the

interval (—%, %) and has a maximum at the origin. Let r1,79,...,

be an enumeration of the rational numbers, and let f : R — R be
the map

Fa) = riple —i).
=1

Show that f is a C** map and show that the image of C is dense in
R. (The moral of this example: Sard’s theorem says that the com-
plement of C is dense in R, but Cf can be dense as well.)

4.  Prove the assertion made in Remark 3.7.2. Hint: You need to
show that for every point p € R™ and every neighborhood, V', of p,
() O, NV is non-empty. Construct, by induction, a family of closed
balls, By, such that

(a) ByCV

(b) Bit1 € Bk

(¢) BeC () On
n<k

(d) radius By < £

and show that the intersection of the By’s is non-empty.

5. Verify (3.7.1).



