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CHAPTER 3

INTEGRATION OF FORMS

3.1 Introduction

The change of variables formula asserts that if U and V are open
subsets of R” and f : U — V a C! diffeomorphism then, for every
continuous function, ¢ : V' — R the integral

/V e(y) dy

exists if and only if the integral

/ o0 f(2)|det Df ()| dz
U

exists, and if these integrals exist they are equal. Proofs of this can
be found in [?], [?] or [?]. This chapter contains an alternative proof
of this result. This proof is due to Peter Lax. Our version of his
proof in §3.5 below makes use of the theory of differential forms;
but, as Lax shows in the article [?] (which we strongly recommend as
collateral reading for this course), references to differential forms can
be avoided, and the proof described in§3.5 can be couched entirely
in the language of elementary multivariable calculus.

The virtue of Lax’s proof is that is allows one to prove a version
of the change of variables theorem for other mappings besides dif-
feomorphisms, and involves a topological invariant, the degree of a
mapping, which is itself quite interesting. Some properties of this in-
variant, and some topological applications of the change of variables
formula will be discussed in §3.6 of these notes.

Remark 3.1.1. The proof we are about to describe is somewhat
simpler and more transparent if we assume that f is a C* diffeo-
morphism. We’ll henceforth make this assumption.
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106 Chapter 3. Integration of forms

3.2 The Poincaré lemma for compactly supported forms
on rectangles

Let v be a k-form on R™. We define the support of v to be the closure
of the set

{r eR", v, #0}

and we say that v is compactly supported if supp v is compact. We
will denote by % (R™) the set of all C* k-forms which are compactly
supported, and if U is an open subset of R™, we will denote by
ng (U) the set of all compactly supported k-forms whose support is
contained in U .

Let w = fdx1 A --- Adx, be a compactly supported n-form with
f € C°(R™). We will define the integral of w over R":

[

to be the usual integral of f over R"

fdx.
R

(Since f is C*° and compactly supported this integral is well-defined.)
Now let @ be the rectangle

[al,bl] X oo X [an,bn] .

The Poincaré lemma for rectangles asserts:

Theorem 3.2.1. Letw be a compactly supported n-form, with suppw C
Int Q. Then the following assertions are equivalent:

a. [Jw=0.

b. There exists a compactly supported (n—1)-form, u, with supp pu C
Int Q satisfying du = w.

We will first prove that (b)=-( a). Let

n
u:Zfidxl/\.../\dw,-/\.../\dxn,

i=1
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(the “hat” over the dr; meaning that dz; has to be omitted from the
wedge product). Then

dp = Z(—l)i_I%dxl Ao N dxy,,

o0x;
i=1 t

and to show that the integral of du is zero it suffices to show that
each of the integrals

of

(2.1); dx
is zero. By Fubini we can compute (2.1); by first integrating with
respect to the variable, x;, and then with respect to the remaining
variables. But

of

a—midxi = f(x)

since f; is supported on U.

We will prove that (a) = (b) by proving a somewhat stronger
result. Let U be an open subset of R™. We’ll say that U has property
P if every form, w € Q™ (U) whose integral is zero in d Q™1 (U).

We will prove

Theorem 3.2.2. Let U be an open subset of R* ' and A C R an
open interval. Then if U has property P, U x A does as well.

r;=b;

=0

Ti=a;

Remark 3.2.3. It’s very easy to see that the open interval A itself
has property P. (See exercise 1 below.) Hence it follows by induction
from Theorem 3.2.2 that

IntQ:A1X"'XAn, A,:(az,b,)
has property P, and this proves “(a) = (b)”.

To prove Theorem 3.2.2 let (z,t) = (21,...,2n—1,t) be product
coordinates on U x A. Given w € QX (U x A) we can express w
as a wedge product, dt A a with o = f(z,t)dx; A --- A dxp—1 and
feCE(U x A). Let § € Q7 1(U) be the form

(3.2.1) o </A Fat) dt) duy Aeee Adzy .

Then
/ 0= f(:n,t)d:ndt:/ w
Rnfl Rn n
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so if the integral of w is zero, the integral of 6 is zero. Hence since U
has property P, 3 = dv for some v € Q?~1(U). Let p € C*(R) be a
bump function which is supported on A and whose integral over A
is one. Setting

k=—p(t)dt \v

we have
de = p(t)dt N dv = p(t)dt N O,
and hence
w—drk = dtN(a—pt)0)=dt Nu(z,t)dey N+ A\ dxp—q
where

wt) = fw)=olt) [ st

by (3.2.1). Thus

(3.2.2) /u(a:,t) dt =0.

Let a and b be the end points of A and let

(3.2.3) v(w,t):/ i(z,s)ds.

By (3.2.2) v(a,z) = v(b,x) =0, so v is in C§°(U x A) and by (3.2.3),
0v /0t = u. Hence if we let v be the form, v(z,t)dxy A -+ A dxy_1,
we have:

dy = wu(z,t)de N Ndrp_1 =w—dk

and

w = dv+k).

Since v and & are both in Q2 }(U x A) this proves that w is in
dQn~YU x A) and hence that U x A has property P.

Exercises for §3.2.

1. Let f: R — R be a compactly supported function of class
C" with support on the interval, (a,b). Show that the following are
equivalent.
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(a) [ f(z)de =0.
(b) There exists a function, g : R — R of class C"*! with support
on (a,b) with g—g =f.

Hint: Show that the function

oa) = [ fds

is compactly supported.

2. Let f = f(x,y) be a compactly supported function on R¥ x R¢
with the property that the partial derivatives

of
8%2'

(x,y),i=1,...,k,

and are continuous as functions of  and y. Prove the following “dif-
ferentiation under the integral sign” theorem (which we implicitly
used in our proof of Theorem 3.2.2).

Theorem 3.2.4. The function

ﬂ@Z/f@wwy

is of class C' and

09 iy — [ 21

Hints: For y fixed and h € R¥,

fl(x + hay) - fl(xhy) = Dxfz(c)h

for some point, ¢, on the line segment joining = to x + ¢. Using the
fact that D, f is continuous as a function of z and y and compactly
supported, conclude:

Lemma 3.2.5. Given e > 0 there exists a § > 0 such that for |h| < §

|f (@ +h,y) = f(2,y) = Do f(x,c)h] < €lh].
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Now let Q C R be a rectangle with supp f € R*¥ x @ and show
that

9z + B) — g(x) — ( [ pesay) dy) bl < evol (@)h].

Conclude that g is differentiable at x and that its derivative is
/Dxf(w,y) dy .

3. Let f: RF x R — R be a compactly supported continuous
function. Prove

Theorem 3.2.6. If all the partial derivatives of f(x,y) with respect
to x of order < r exist and are continuous as functions of r and y
the function

9(x) Z/f(w,y) dy
1s of class C".
4.  Let U be an open subset of R"™!, A C R an open interval
and (x,t) product coordinates on U x A. Recall (§2.2) exercise 5)
that every form, w € QF(U x A), can be written uniquely as a sum,

w = dt \Na+ 3 where a and § are reduced, i.e., don’t contain a factor
of dt.

(a) Show that if w is compactly supported on U x A then so are
o and f.

(b) Let a = Z fr(x,t)dzy. Show that the form
I

(3.2.4) =3 < /A i) dt> doy
I

is in Q¥=1(U).
(c) Show that if dw = 0, then df = 0. Hint: By (3.2.4)

a9 = Z( 8f1(g;,t)dt> dz; A dzg

I A 8:17@
= /(dUa) dt

A

dp

27 -2
and by (??) dya I
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5. In exercise 4 show that if 8 is in d Q*~1(U) then w is in d QF(U).
Hints:

(a) Let 6 = dv, with v = Q¥2(U) and let p € C*®(R) be a bump
function which is supported on A and whose integral over A is
one. Setting k = —p(t) dt A v show that

w—dk = dtN(a—p(t)d)+p
= dt A ur(x,t)der) + 8
1

where

wi(e,t) = file,t) - plt) /A fra, by dt

(b) Let a and b be the end points of A and let

vr(x,t) = /t ur(x,t)dt.

Show that the form > vr(x,t)dzs is in Q¥~1(U x A) and that
dy=w—dr— 0 —dy~.

(c) Conclude that the form w — d(k + ) is reduced.
(d) Prove: If A € Q¥(U x A) is reduced and d\ = 0 then \ = 0.
Hint: Let A\ = )" gr(x,t) dey. Show that dA = 0 = %gj(:n,t) =0

and exploit the fact that for fixed z, gr(x,t) is compactly sup-
ported in .

6. Let U be an open subset of R™. We'll say that U has property
Py, for k < n, if every closed k-form, w € QF(U), is in d QF~1(U).
Prove that if the open set U C R™! in exercise 3 has property Pj
then so does U x A.

7. Show that if @ is the rectangle [a1,b1] X -+ X [ay,b,] and U =
Int @) then u has property Pg.

8.  Let H" be the half-space

(3.2.5) {(x1,...,2,); x <0}



112 Chapter 3. Integration of forms

and let w € Q7 (R) be the n-form, f dziA---A dx, with f € C°(R"™).
Define:

(3.2.6) / w= flxy,. ... xp)dezy - - day
n Hn

where the right hand side is the usual Riemann integral of f over
H"™. (This integral makes sense since f is compactly supported.) Show
that if w = du for some p € Q7 1(R™) then

(3.2.7) / w:/ Iy
n Rn—1

where ¢ : R*~! — R" is the inclusion map
(X2, xn) — (0,29, ..., 2p) .

Hint: Let p = Y, fidzy A Jx\l -+« A dx,. Mimicking the “(b) =
(a)” part of the proof of Theorem 3.2.1 show that the integral (3.2.6)
is the integral over R"~! of the function

0
. Z—Q(ajl,xg,...,xn)dxl .

3.3 The Poincaré lemma for compactly supported forms
on open subsets of R"

In this section we will generalize Theorem 3.2.1 to arbitrary con-
nected open subsets of R".

Theorem 3.3.1. Let U be a connected open subset of R™ and let w
be a compactly supported n-form with suppw C U. The the following
assertions are equivalent,

a. [Jw=0.

b. There exists a compactly supported (n—1)-form, u, with supp pu C
U and w = du.

Proof that (b) = (a). The support of p is contained in a large
rectangle, so the integral of du is zero by Theorem 3.2.1.
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Proof that (a) = (b): Let w; and wy be compactly supported n-
forms with support in U. We will write

w1 ~Y Wy

as shorthand notation for the statement: “There exists a compactly
supported (n—1)-form, p, with support in U and with w; —wy = du.”,
We will prove that (a) = (b) by proving an equivalent statement:
Fix a rectangle, Qo C U and an n-form, wgy, with suppwy C Qo and
integral equal to one.

Theorem 3.3.2. Ifw is a compactly supported n-form with suppw C
U and c = [w then w ~ cwy.

Thus in particular if ¢ = 0, Theorem 3.3.2 says that w ~ 0 proving
that (a) = (b).

To prove Theorem 3.3.21let Q; CU, v =1,2,3,..., be a collection
of rectangles with U = Ulnt @; and let ¢; be a partition of unity
with supp ¢; C Int Q;. Replacing w by the finite sum > | g;w, m
large, it suffices to prove Theorem 3.3.2 for each of the summands
p;w. In other words we can assume that suppw is contained in one
of the open rectangles, Int (J;. Denote this rectangle by Q. We claim
that one can join )y to @) by a sequence of rectangles as in the figure
below.

Lemma 3.3.3. There exists a sequence of rectangles, R;, i =0,...,
N + 1 such that Ry = Qo, Ry+1 = @ and Int R; N Int R; 1 is non-
empty.

Proof. Denote by A the set of points, x € U, for which there exists a
sequence of rectangles, R;, i =0,...,N + 1 with Ry = Qq, with = €
Int Ry41 and with Int R; N Int R;41 non-empty. It is clear that this

113
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set is open and that its complement is open; so, by the connectivity
of U, U = A. O

To prove Theorem 3.3.2 with suppw C @, select, for each i, a
compactly supported n-form, v;, with suppy; C Int R; N Int R; 4
and with f v; = 1. The difference, v; — v;41 is supported in Int R;11,
and its integral is zero; so by Theorem 3.2.1, v; ~ v;;1. Similarly,
wo ~ v and, if ¢ = [w, w ~ cvy. Thus

Cwg ~CcYg~ -+~ CUN =W

proving the theorem.

3.4 The degree of a differentiable mapping

Let U and V be open subsets of R” and R*. A continuous mapping,
f:U — V,is proper if, for every compact subset, B, of V, f~1(B) is
compact. Proper mappings have a number of nice properties which
will be investigated in the exercises below. One obvious property
is that if f is a C*° mapping and w is a compactly supported k-
form with support on V', f*w is a compactly supported k-form with
support on U. Our goal in this section is to show that if U and V'
are connected open subsets of R” and f : U — V is a proper C*
mapping then there exists a topological invariant of f, which we
will call its degree (and denote by deg(f)), such that the “change of
variables” formula:

(3.4.1) /Uf*w:deg(f)/vw

holds for all w € Q2 (V).
Before we prove this assertion let’s see what this formula says in
coordinates. If

w=p(y)dyr A ANdyn
then at x € U

ffw=(po f)(x)det(Df(x))dry A+ ANdxy;

so, in coordinates, (3.4.1) takes the form

(3.42) /V o(y) dy = deg(f) /U oo [(x)det(Df(x)) dz.
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Proof of 8.4.1. Let wy be an n-form of compact support with supp wg
C V and with [wy = 1. If we set deg f = [;; f*wo then (3.4.1) clearly
holds for wy. We will prove that (3.4.1) holds for every compactly
supported n-form, w, with suppw C V. Let ¢ = fv w. Then by
Theorem 3.1 w—cwy = du, where p is a completely supported (n—1)-
form with supp . C V. Hence

ffw—cfiwo= frdp=dfu,

and by part (a) of Theorem 3.1
[ Fome ronmstn [ o
U 1%

We will show in § 3.6 that the degree of f is always an integer
and explain why it is a “topological” invariant of f. For the moment,
however, we’ll content ourselves with pointing out a simple but useful
property of this invariant. Let U, V and W be connected open subsets
of R"and f:U — V and g : V — W proper C* mappings. Then

(3.4.3) deg(g o f) = deg(g) deg(f)

Proof. Let w be a compactly supported n-form with support on W.
Then

O

(go flw=g"f'w;

SO

Jaore = [ g = desto) [ 1
~ degly)des() [ w.

w
O
From this multiplicative property it is easy to deduce the following
result (which we will need in the next section).

Theorem 3.4.1. Let A be a non-singular n X n matriz and fa :
R™ — R™ the linear mapping associated with A. Then deg(fa) = +1
if det A is positive and —1 if det A is negative.

A proof of this result is outlined in exercises 59 below.
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Exercises for §3.4.

1.  Let U be an open subset of R” and ¢;, i = 1,2, 3, ..., a partition
of unity on U. Show that the mapping, f : U — R defined by

=2 ke
k=1

is a proper C*° mapping.

2. Let U and V be open subsets of R” and R and let f: U — V
be a proper continuous mapping. Prove:

Theorem 3.4.2. If B is a compact subset of V and A = f~1(B)
then for every open subset, Uy, with A C Uy C U, there exists an
open subset, Vo, with B C Vo CV and f~1(Vp) C Up.

Hint: Let C be a compact subset of V' with B C Int C. Then the
set, W = f~1(C) — Uy is compact; so its image, f(WW), is compact.
Show that f(WW) and B are disjoint and let

Vo =IntC — f(W).

3. Show that if f : U — V is a proper continuous mapping and X
is a closed subset of U, f(X) is closed.

Hint: Let Uy = U — X. Show that if p is in V — f(X), f~1(p) is
contained in Uy and conclude from the previous exercise that there
exists a neighborhood, Vg, of p such that f~!(1}) is contained in Uy.
Conclude that V and f(X) are disjoint.

4. Let f: R™ — R" be the translation, f(z) = x + a. Show that
deg(f) =1.

Hint: Let v : R — R be a compactly supported C*° function. For
a € R, the identity

(3.4.4) / W(t) dt = / W(t — a)dt

is easy to prove by elementary calculus, and this identity proves the
assertion above in dimension one. Now let

(3.4.5) o(x) =1(x1). .. p(2n)

and compute the right and left sides of (3.4.2) by Fubini’s theorem.
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5. Let o be a permutation of the numbers, 1,...,n and let f, :
R™ — R" be the diffeomorphism, f,(z1,...,2,) = (T5(1), -+ s To(n))-
Prove that deg f, = sgn(o).

Hint: Let ¢ be the function (3.4.5). Show that if w is equal to
o(x)dxy A Ndxy, ffo = (sgno)w.

6. Let f:R"™ — R" be the mapping
flxy, .. xn) = (21 + Axo, @, ..., Xy).

Prove that deg(f) = 1.

Hint: Let w = p(x1,...,25)dx1 A ... A dx, where ¢ : R — R is
compactly supported and of class C*°. Show that

/f*w:/cp(a;l+)\a:2,a;2,...,xn)da:1...dmn

and evaluate the integral on the right by Fubini’s theorem; i.e., by
first integrating with respect to the x; variable and then with respect
to the remaining variables. Note that by (3.4.4)

/f(a:l—i—)\xg,mg,...,xn)da:l:/f(azl,xg,...,xn)dxl.

7. Let f:R™ — R" be the mapping

flz1,. .. xn) = (Ax1, 29, ..., T)

with A # 0. Show that deg f = +1 if X\ is positive and —1 if A is
negative.

Hint: In dimension 1 this is easy to prove by elementary calculus
techniques. Prove it in d-dimensions by the same trick as in the
previous exercise.

8. (a) Letey,...,e, be the standard basis vectors of R™ and A,
B and C' the linear mappings

Ae; = e, Ae = Zamej, i>1
J

(3.4.6) Be; = e, i>1, Bei=)Y bje
j=1

Cer = e, Ce=e€;+ce, i>1.
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Show that
BA061 = Z bjej
and
BACe; = Z = (aj,i + cibj)e]- + ¢;b1eq
J
for i > 1.

(b)
(347) Lei = Zﬁj’iej’ 1= 1,...,71.
j=1

Show that if /1 1 # 0 one can write L as a product, L = BAC, where
A, B and C are linear mappings of the form (3.4.6).

Hint: First solve the equations

i1 = b;
for j =1,...,n, then the equations
b= bic

for ¢ > 1, then the equations
bji = aji+cibj

for ¢,5 > 1.

(¢) Suppose L is invertible. Conclude that A, B and C are invertible
and verify that Theorem 3.4.1 holds for B and C using the previous
exercises in this section.

(d) Show by an inductive argument that Theorem 3.4.1 holds for
A and conclude from (3.4.3) that it holds for L.

9.  To show that Theorem 3.4.1 holds for an arbitrary linear map-
ping, L, of the form (3.4.7) we’ll need to eliminate the assumption:
¢11 # 0. Show that for some j, ¢;1 is non-zero, and show how to
eliminate this assumption by considering f, o L where o is the trans-
position, 1 < j.
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10. Here is an alternative proof of Theorem 4.3.1 which is shorter
than the proof outlined in exercise 9 but uses some slightly more
sophisticated linear algebra.

(a) Prove Theorem 3.4.1 for linear mappings which are orthogonal,
i.e., satisfy L'L = I.

Hints:
i.  Show that L*(z3 + -+ +22) = 2%+ - +22.
ii.  Show that L*(dzq A --- A dzxy) is equal to dzq A -+ A dxy, or
—dx1 A - -+ Adx, depending on whether L is orientation preserving
or orinetation reversing. (See § 1.2, exercise 10.)
iii. Let ¢ be as in exercise 4 and let w be the form

w=vY@? 4+ +ai)de A A day, .

Show that L*w = w if L is orientation preserving and L*w = —w if
L is orientation reversing.

(b) Prove Theorem 3.4.1 for linear mappings which are self-adjoint
(satisfy L' = L). Hint: A self-adjoint linear mapping is diagonizable:
there exists an intervertible linear mapping, M : R” — R" such that

(3.4.8) M~ *LMe; = Ne;, i=1,...,n.

(¢) Prove that every invertible linear mapping, L, can be written

as a product, L = BC' where B is orthogonal and C' is self-adjoint.
Hints:

i Show that the mapping, A = L'L, is self-adjoint and that it’s

eigenvalues, the \;’s in 3.4.8, are positive.

ii.  Show that there exists an invertible self-adjoint linear mapping,

C, such that A = C? and AC = CA.

iii. Show that the mapping B = LC~! is orthogonal.

3.5 The change of variables formula

Let U and V be connected open subsets of R". If f : U — V is a
diffeomorphism, the determinant of D f(z) at € U is non-zero, and
hence, since it is a continuous function of z, its sign is the same at
every point. We will say that f is orientation preserving if this sign
is positive and orientation reversing if it is negative. We will prove
below:
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Theorem 3.5.1. The degree of f is +1 if f is orientation preserving
and —1 if f is orientation reversing.

We will then use this result to prove the following change of vari-
ables formula for diffeomorphisms.

Theorem 3.5.2. Let o : V — R be a compactly supported continu-
ous function. Then

(3.5.1) /U oo [(2)] det(Df)(x)]| = /V o) dy.

Proof of Theorem 3.5.1. Given a point, ay € U, let ag = —f(aq) and
for i = 1,2, let g; : R™ — R” be the translation, g;(x) = x + a;. By
(3.4.1) and exercise 4 of § 4 the composite diffeomorphism

(3.5.2) g20foq

has the same degree as f, so it suffices to prove the theorem for this
mapping. Notice however that this mapping maps the origin onto
the origin. Hence, replacing f by this mapping, we can, without loss
of generality, assume that 0 is in the domain of f and that f(0) = 0.

Next notice that if A : R™ — R"™ is a bijective linear mapping the
theorem is true for A (by exercise 9 of § 3.4), and hence if we can
prove the theorem for A=! o f, (3.4.1) will tell us that the theorem
is true for f. In particular, letting A = D f(0), we have

D(A™ o £)(0) = AT'Df(0) =T

where I is the identity mapping. Therefore, replacing f by A~'f,
we can assume that the mapping, f, for which we are attempting to
prove Theorem 3.5.1 has the properties: f(0) = 0 and Df(0) = I.
Let g(z) = f(z) — x. Then these properties imply that g(0) = 0 and
Dg(0) = 0.

O

Lemma 3.5.3. There exists a § > 0 such that |g(z)| < i|z| for
lx] < 4.

Proof. Let g(z) = (g1(x),...,gn(x)). Then

99
8:17 5

(0) =0;
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so there exists a 6 > 0 such that

892' 1
< Z
al‘j (l‘)' -2

for |x| < 6. However, by the mean value theorem,

9gi
gi(z) = (c)x;
Z oz J
for ¢ = tox, 0 < tg < 1. Thus, for |z| < 4,

1
9:(@)] < 5 5up o] =

9 ||,
SO 1
l9(2)| = sup |gi(2)| < 3 [2].
O
Let p be a compactly supported C*° function with 0 < p < 1
and with p(x) = 0 for |z| > 0 and p(x) = 1 for |z| < g and let

f:R™ — R"™ be the mapping

(35.3) fla) =2+ p(x)g(x).
It’s clear that

(3.5.4) f(z) = for |z| >0

and, since f(z) =z + g(z),

(3.5.5) flz) = f(a) for |z| <

N

In addition, for all z € R™:

1
(3.5.6) [f(2)] = 5 lal-

Indeed, by (3.5.4), | f(x)| > |z| for |x| > §, and for |z| <§

[f@)] = [z = p(z)]g(z)]
1

1
> ol — lg(@)| 2 Jol - 5 lol = 5 ||

V
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by Lemma 3.5.3.
Now let Q, be the cube, {z € R", |z| < r}, and let Q¢ = R"— Q,..
From (3.5.6) we easily deduce that

(3.5.7) FHQ) C Qo

for all 7, and hence that fis proper. Also notice that for x € Qy,

3
F@) < lal +lg(a)] < 5 Io
by Lemma 3.5.3 and hence
(3.5.8) F7HQ5,) € Q5

We will now prove Theorem 3.5.1. Since f is a diffeomorphism
mapping 0 to 0, it maps a neighborhood, Uy, of 0 in U diffeomor-
phically onto a neighborhood, V, of 0 in V', and by shrinking Uy if
necessary we can assume that Up is contained in Qs/; and Vpy con-
tained in Qs/4. Let w be an n-form with support in Vj whose integral
over R™ is equal to one. Then f*w is supported in Uy and hence in
Q5/2- Also by (3.5.7) f*w is supported in Qs/5. Thus both of these

forms are zero outside Q;/5. However, on Qs s, f: f by (3.5.5), so
these forms are equal everywhere, and hence

deg(f) = [ £ro= [ Fo=des(h).

Next let w be a compactly supported n-form with support in Q% /2

and with integral equal to one. Then f*w is supported in Qf by
(3.5.8), and hence since f(z) =2 on Qf f*w = w. Thus

s = [ 1= [t

Putting these two identities together we conclude that deg(f)=1.
Q.E.D.

If the function, ¢, in Theorem 3.5.2 is a C*° function, the iden-
tity (3.5.1) is an immediate consequence of the result above and the
identity (3.4.2). If ¢ is not C*°, but is just continuous, we will deduce
Theorem 3.5.2 from the following result.
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Theorem 3.5.4. Let V be an open subset of R™. If p : R — R is
a continuous function of compact support with suppp C V' ; then for
every € > 0 there exists a C*° function of compact support, ¥ : R" —
R with suppy CV and

sup |¢(z) — p(x)] <e.

Proof. Let A be the support of ¢ and let d be the distance in the
sup norm from A to the complement of V. Since ¢ is continuous and
compactly supported it is uniformly continuous; so for every ¢ > 0
there exists a § > 0 with § < ¢ such that |o(z) — ¢(y)| < € when
|z —y| < d. Now let @ be the cube: |z| < § and let p: R™ — R be a
non-negative C* function with supp p C @ and

(3.5.9) /p(y) dy =1.
Set
(z) = / oly — )p(y) dy.

By Theorem 3.2.5 ¢ is a C*° function. Moreover, if Ay is the set of
points in R4 whose distance in the sup norm from A is < ¢ then for
x ¢ Asand y € A, |z —y| >  and hence p(y —x) = 0. Thus for
T ¢ A(g

/p(y —x)p(y)dy = /Ap(y —x)p(y)dy =0,

. . d
so v is supported on the compact set As. Moreover, since § < g,

supp v is contained in V. Finally note that by (3.5.9) and exercise 4
of §3.4:

(3.5.10) [ ot =ardy= [ oty =1
and hence

p(r) = / o(x)p(y — =) dy

SO

o(x) — d(x) = / (o(@) — p())ply — 2) dy

and
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o(z) — ¥(a)] < / () — ()| ply — 2) dy .

But p(y — ) = 0 for [z —y| > §; and |p(z) — ¢(y)| < € for [z —y| <4,
so the integrand on the right is less than

€ / ply —x)dy,
and hence by (3.5.10)

o(z) — ()] <.
O

To prove the identity (3.5.1), let v : R" — R be a C*® cut-off
function which is one on a neighborhood, V7, of the support of ¢, is
non-negative, and is compactly supported with suppy C V, and let

cz/’v(y)dy-

By Theorem 3.5.4 there exists, for every ¢ > 0, a C* function 1,
with support on V; satisfying

(3.5.11) lp — 1| < 5 -
Thus

| [e-vma] < [ 1e-viwmd
< /Vvlso—w(:vy)dy

< i/’y(y)dyég

(3512) | [ etwan— [ vwas] <5.

Similarly, the expression

‘/U(so—w Of(:E)|deth(;p)|d$‘
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is less than or equal to the integral

[ e f@lte =)o f(a)] | et Df @) o

and by (3.5.11), [(¢ — ) o f(x)| < 5, so this integral is less than or
equal to

3c | Yo f(x)|det Df(x)|dx

and hence by (3.5.1) is less than or equal to §. Thus
(3.5.13)

L/wo ) |det Df(x |mF1/¢w 1)|det Df (z)| de

€
z| < 5.

Combining (3.5.12), (3.5.13) and the identity

/w dy = [ o 1) det Df (o)) d

we get, for all € > 0,

‘/V‘P(y)dy—/Uwf(w)!deth(a:)yda; <e

/w(y)dyz/goof(:n)|deth(x)|dx.

and hence

Exercises for §3.5

1. Let h: V — R be a non-negative continuous function. Show
that if the improper integral

/V h(y) dy

is well-defined, then the improper integral

/ ho f(z)| det D (z)| da
U

is well-defined and these two integrals are equal.
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Hint: If ¢;, i = 1,2,3,... is a partition of unity on V then v¢; =
@; o f is a partition of unity on U and

/cpihdy = /wi(hof(x))]deth(x)\dx.
Now sum both sides of this identity over 3.

2. Show that the result above is true without the assumption that
h is non-negative.

Hint: h = hy — h_, where hy = max(h,0) and h_ = max(—h,0).

3. Show that, in the formula (3.4.2), one can allow the function,
©, to be a continuous compactly supported function rather than a
C*° compactly supported function.

4. Let H" be the half-space (??) and U and V open subsets of
R™. Suppose f : U — V is an orientation preserving diffeomorphism
mapping U NH" onto V N H". Show that for w € Q2 (V)

(3.5.14) / ffw= / w.
UNH" VAH?

Hint: Interpret the left and right hand sides of this formula as im-
proper integrals over U N Int H” and V N Int H".

5. The boundary of H" is the set
bH" = {(0,x2,...,20), (x2,...,2,) € R"}
so the map
iRYY S HY D (29, ., 3,) — (0,20, .., 2p)
in exercise 9 in §3.2 maps R"~! bijectively onto bH".

(a) Show that the map f: U — V in exercise 4 maps U N bH"
onto V' N bH".

(b) Let U' = :=Y(U) and V' = +=}(V). Conclude from part (a)
that the restriction of f to U NbH" gives one a diffeomorphism

g:U =V
satisfying:
(3.5.15) t-g=1f-t.
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(c) Let p be in Q?~1(V). Conclude from (3.2.7) and (3.5.14):

(3.5.16) /g*L*,u:/ Iy

and in particular show that the diffeomorphism, g : U" — V’,
is orientation preserving.

3.6 Techniques for computing the degree of a mapping

Let U and V be open subsets of R” and f : U — V a proper C*®
mapping. In this section we will show how to compute the degree
of f and, in particular, show that it is always an integer. From this
fact we will be able to conclude that the degree of f is a topological
invariant of f: if we deform f smoothly, its degree doesn’t change.

Definition 3.6.1. A point, x € U, is a critical point of f if the
derivative
Df(z): R" - R"

fails to be bijective, i.e., if det(Df(x)) = 0.

We will denote the set of critical points of f by C. It’s clear from
the definition that this set is a closed subset of U and hence, by
exercise 3 in §3.4, f(Cy) is a closed subset of V. We will call this
image the set of critical values of f and the complement of this image
the set of regular values of f. Notice that V — f(U) is contained in
f — f(Cy), so if a point, g € V is not in the image of f, it’s a
regular value of f “by default”, i.e., it contains no points of U in
the pre-image and hence, a fortiori, contains no critical points in its
pre-image. Notice also that C'y can be quite large. For instance, if ¢ is
apoint in V and f : U — V is the constant map which maps all of U
onto ¢, then Cy = U. However, in this example, f(Cy) = {c}, so the
set of regular values of f is V — {¢}, and hence (in this example) is
an open dense subset of V. We will show that this is true in general.

Theorem 3.6.2. (Sard’s theorem.)
If U and V are open subsets of R"™ and f : U — V a proper C*
map, the set of regular values of f is an open dense subset of V.

We will defer the proof of this to Section 3.7 and, in this section,
explore some of its implications. Picking a regular value, ¢, of f we
will prove:
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Theorem 3.6.3. The set, f~1(q) is a finite set. Moreover, if f~'(q) =
{p1,...,pn} there exist connected open neighborhoods, U;, of p; in' Y
and an open neighborhood, W, of q in V such that:

i.  fori#j U; and Uj are disjoint;

i fTW)=UU,

is.  f maps U; diffeomorphically onto W.

Proof. If p € f~1(q) then, since q is a regular value, p ¢ Cy; so
Df(p): R" — R

is bijective. Hence by the inverse function theorem, f maps a neigh-
borhood, U, of p diffeomorphically onto a neighborhood of g. The
open sets

{Up, pef e}
are a covering of f~1(q); and, since f is proper, f~!(q) is compact;
so we can extract a finite subcovering

{U,,, i=1,...,N}

and since p; is the only point in U,, which maps onto ¢, f~1(q) =
{pb' . apN}

Without loss of generality we can assume that the U,,,’s are disjoint
from each other; for, if not, we can replace them by smaller neighbor-
hoods of the p;’s which have this property. By Theorem 3.4.2 there
exists a connected open neighborhood, W, of ¢ in V' for which

F7w) c UUpi .
To conclude the proof let U; = f~1(W) N U,,.
O

The main result of this section is a recipe for computing the de-
gree of f by counting the number of p;’s above, keeping track of
orientation.

Theorem 3.6.4. For eachp; € f~1(q) let oy, = +1if f : Uy — W is
orientation preserving and —1 if f : U; — W is orientation reversing.
Then

N
(3.6.1) deg(f) = > op, .
=1
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Proof. Let w be a compactly supported n-form on W whose integral

is one. Then N
d = w = *w.
cB(f) = [ ;/Uifw

Since f : U; — W is a diffeomorphism

/f*w::t/ w=+4lor —1
U; 1%

depending on whether f : U; — W is orientation preserving or not.
Thus deg(f) is equal to the sum (3.6.1).
O

As we pointed out above, a point, ¢ € V' can qualify as a regular
value of f “by default”, i.e., by not being in the image of f. In this
case the recipe (3.6.1) for computing the degree gives “by default”
the answer zero. Let’s corroborate this directly.

Theorem 3.6.5. If f : U — V isn’t onto, deg(f) = 0.
Proof. By exercise 3 of §3.4, V — f(U) is open; so if it is non-empty,
there exists a compactly supported n-form, w, with support in V' —

f(U) and with integral equal to one. Since w = 0 on the image of f,
ffw=0;s0

0= /U frw = deg(f) /V w = deg(f).

g

Remark: In applications the contrapositive of this theorem is much
more useful than the theorem itself.

Theorem 3.6.6. If deg(f) # 0 f maps U onto V.
In other words if deg(f) # 0 the equation

(3.6.2) fl@)=y

has a solution, x € U for every y € V.

We will now show that the degree of f is a topological invariant of
f:if we deform f by a “homotopy” we don’t change its degree. To
make this assertion precise, let’s recall what we mean by a homotopy
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between a pair of C*° maps. Let U be an open subset of R™, V an
open subset of R, A an open subinterval of R containing 0 and 1, and
fi:U—=V,1=0,1,C>® maps. Then a C* map FF: U Xx A — Visa
homotopy between fy and fi if F'(z,0) = fo(z) and F(z,1) = fi(x).
(See Definition ??.) Suppose now that fy and f; are proper.

Definition 3.6.7. F is a proper homotopy between fo and fy if the
map

(3.6.3) Fl.UxA—-VxA

mapping (x,t) to (F(x,t),t) is proper.
Note that if F' is a proper homotopy between fy and f1, then for
every t between 0 and 1, the map
fe: U=V, fi(z) = Fy(r)
is proper.
Now let U and V be open subsets of R™.
Theorem 3.6.8. If fy and f1 are properly homotopic, their degrees

are the same.

Proof. Let
w=y)dyt A+ A dyn

be a compactly supported n-form on X whose integral over V is 1.
The the degree of f; is equal to

(3.6.4) /U S(FL(2,1), ... Fy (1)) det Dy F(z,t) dz .

The integrand in (3.6.4) is continuous and for 0 < ¢ < 1 is supported
on a compact subset of U x [0, 1], hence (3.6.4) is continuous as a
function of t. However, as we’ve just proved, deg(f;) is integer valued
so this function is a constant. O

(For an alternative proof of this result see exercise 9 below.) We’ll
conclude this account of degree theory by describing a couple appli-
cations.

Application 1. The Brouwer fixed point theorem



3.6 Techniques for computing the degree of a mapping 131

Let B™ be the closed unit ball in R":
{r eR", ||lz|]| < 1}.

Theorem 3.6.9. If f : B® — B" is a continuous mapping then f
has a fized point, i.e., maps some point, xy € B™ onto itself.

The idea of the proof will be to assume that there isn’t a fixed
point and show that this leads to a contradiction. Suppose that for
every point, © € B" f(z) # xz. Consider the ray through f(x) in the
direction of x:

f@)+s(x— f(x), 0<s<o0.

This intersects the boundary, S*~!, of B™ in a unique point, v(z),
(see figure 1 below); and one of the exercises at the end of this section
will be to show that the mapping v : B® — S" 1z — (), is a
continuous mapping. Also it is clear from figure 1 that v(z) = =z if
x € S" 1 so we can extend v to a continuous mapping of R” into
R™ by letting 7 be the identity for ||z| > 1. Note that this extended
mapping has the property

(3.6.5) [v(z)] > 1
for all x € R™ and
(3.6.6) v(z) =2

for all ||z|| > 1. To get a contradiction we’ll show that v can be
approximated by a C> map which has similar properties. For this
we will need the following corollary of Theorem 3.5.4.

Lemma 3.6.10. Let U be an open subset of R™, C a compact subset
of U and ¢ : U — R a continuous function which is C*° on the
complement of C. Then for every e > 0, there exists a C* function,
Y : U — R, such that ¢ — 1 has compact support and | — | < e.

Proof. Let p be a bump function which is in C§°(U) and is equal to
1 on a neighborhood of C. By Theorem 3.5.4 there exists a function,
o € C5°(U) such that |pp — 9| < €. Let ¢ = (1 — p)¢ + 1o, and
note that

p—¢ = (1=pp+pp—(1—p)le—1b
= py—o.
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By applying this lemma to each of the coordinates of the map, 7,
one obtains a C* map, g : R — R such that

(3.6.7) lg—~|l <e<1

and such that g = « on the complement of a compact set. How-
ever, by (3.6.6), this means that g is equal to the identity on the
complement of a compact set and hence (see exercise 9) that g is
proper and has degree one. On the other hand by (3.6.8) and (3.6.6)
llg(x)|| > 1—efor all x € R™, so 0 ¢ Im g and hence by Theorem 3.6.4,

deg(g) = 0. Contradiction.
U

y(x)

Figure 3.6.1.

Application 2. The fundamental theorem of algebra

Let p(2) = 2" +a,_12" "' +---+a12+ag be a polynomial of degree
n with complex coefficients. If we identify the complex plane

C={z=a+iy;z,y €R}

with R? via the map, (z,y) € R? — z = x + iy, we can think of p as
defining a mapping

p:R* - R? 2 — p(2).
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We will prove
Theorem 3.6.11. The mapping, p, is proper and deg(p) = n.
Proof. Fort € R

pi(z2) = (1—1)2" +tp(2)
n—1 .
= 2"+t Z a; 2t .
i=0
We will show that the mapping
g:Rx RS R2, 2z — pi(2)
is a proper homotopy. Let
C =sup{lai|,i=0,...,n—1}.
Then for |z| > 1

'l Jao| +larlz] + -+ + Jan—a|[2]"~

C’Z‘n_l 7

lag + -+ + ap—12""| <
<

and hence, for |[t| < a and |z| > 2aC,
pe(2)] > [z = aCl2|" !
> aClz|"'.

If A is a compact subset of C then for some R > 0, A is contained
in the disk, |w| < R and hence the set

{z € C, (pi(2),t) € A X [—a,al}
is contained in the compact set
{zeC,aClz|" ! < R},

and this shows that g is a proper homotopy. Thus each of the map-
pings,

p:C—C,
is proper and deg p; = degp; = degp = deg pg. However, pg : C — C
is just the mapping, z — 2" and an elementary computation (see

exercises 5 and 6 below) shows that the degree of this mapping is n.
O
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In particular for n > 0 the degree of p is non-zero; so by Theo-
rem 3.6.4 we conclude that p : C — C is surjective and hence has
zero in its image.

Theorem 3.6.12. (fundamental theorem of algebra)
FEvery polynomial,

1

p(z) =2"+an12""" +---+ag,

with complex coefficients has a complex root, p(z9) = 0, for some
zp € C.

Exercises for §3.6

1. Let W be a subset of R" and let a(x), b(z) and ¢(x) be real-
valued functions on W of class C". Suppose that for every z € W
the quadratic polynomial

(*) a(x)s® 4 b(z)s + c(x)

has two distinct real roots, sy (x) and s_(z), with sy (x) > s_(x).
Prove that s; and s_ are functions of class C".

Hint: What are the roots of the quadratic polynomial: as®+bs+c?

2. Show that the function, (), defined in figure 1 is a continuous
mapping of B" onto S?"~!. Hint: v(x) lies on the ray,

flz)+s(z—f(z)), 0<s<o0
and satisfies ||y(z)|| = 1; so v(z) is equal to
f(@) + s0(x = f())
where sg is a non-negative root of the quadratic polynomial
If (@) + s(z = f(a)]* — 1.

Argue from figure 1 that this polynomial has to have two distinct
real roots.
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3. Show that the Brouwer fixed point theorem isn’t true if one
replaces the closed unit ball by the open unit ball. Hint: Let U be
the open unit ball (i.e., the interior of B™). Show that the map

X

is a diffeomorphism of U onto R", and show that there are lots of
mappings of R™ onto R™ which don’t have fixed points.

4.  Show that the fixed point in the Brouwer theorem doesn’t have
to be an interior point of B", i.e., show that it can lie on the bound-
ary.

5. If we identify C with R? via the mapping: (x,y) — 2z = x + iy,
we can think of a C-linear mapping of C into itself, i.e., a mapping
of the form

z—cz, ceC

as being an R-linear mapping of R? into itself. Show that the deter-
minant of this mapping is |c|?.

6. (a) Let f:C — C be the mapping, f(z) = 2". Show that
Df(z) =nz""1.
Hint: Argue from first principles. Show that for h € C = R?

(z+h)" — 2" —nz""1h
|

tends to zero as |h| — 0.

(b) Conclude from the previous exercise that

det Df(z) = n?|z|*"72.

(c) Show that at every point z € C—0, f is orientation preserving.

(d) Show that every point, w € C — 0 is a regular value of f and
that

Y w) ={z1,...,2,}
with o,, = +1.
(e) Conclude that the degree of f is n.
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7. Prove that the map, f, in exercise 6 has degree n by deducing
this directly from the definition of degree. Some hints:

(a) Show that in polar coordinates, f is the map, (r,6) — (™, n8).
(b) Let w be the two-form, g(x?+y2) dz A dy, where g(t) is a com-
pactly supported C* function of ¢t. Show that in polar coordinates,

w = g(r?)rdr A df, and compute the degree of f by computing the
integrals of w and f*w, in polar coordinates and comparing them.

8. Let U be an open subset of R™, V' an open subset of R™, A an
open subinterval of R containing 0 and 1, f; : U — V ¢ =0, 1, a pair
of C*° mappings and F' : U x A — V a homotopy between fy and f;.

(a) In §2.3, exercise 4 you proved that if  is in Q%(V) and du = 0,
then

(3.6.8) fon—fip=dv

where v is the (k — 1)-form, Qc, in formula (??). Show (by careful
inspection of the definition of Q) that if F' is a proper homotopy
and p € QF(V) then v € QF1(U).

(b) Suppose in particular that U and V are open subsets of R™
and g is in Q7(V). Deduce from (3.6.8) that

/ﬁMZ/ﬁu

and deduce directly from the definition of degree that degree is a
proper homotopy invariant.

9. Let U be an open connected subset of R® and f : U — U
a proper C*° map. Prove that if f is equal to the identity on the
complement of a compact set, C', then f is proper and its degree is
equal to 1. Hints:

(a) Show that for every subset, A, of U, f~1(A) C AUC, and
conclude from this that f is proper.

(b) Let C’ = f(C). Use the recipe (1.6.1) to compute deg(f) with
geU—-C".

10. Let [a;;] be an n X n matrix and A : R® — R" the linear
mapping associated with this matrix. Frobenius’ theorem asserts: If
the a; j’s are non-negative then A has a non-negative eigenvalue. In
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other words there exists a v € R™ and a A € R, A > 0, such that
Av = Av. Deduce this linear algebra result from the Brouwer fixed
point theorem. Hints:

(a) We can assume that A is bijective, otherwise 0 is an eigenvalue.
Let S"~! be the (n — 1)-sphere, |z| = 1, and f : S"1 — S"~! the

map,
Ax

f@) =7
| Az|
Show that f maps the set
Q:{($17"'axn)€sn_1; $ZZO}

into itself.

(b) It’s easy to prove that @ is homeomorphic to the unit ball
B! i.e., that there exists a continuous map, g : Q — B" ! which is
invertible and has a continuous inverse. Without bothering to prove
this fact deduce from it Frobenius’ theorem.

3.7 Appendix: Sard’s theorem

The version of Sard’s theorem stated in §3.5 is a corollary of the
following more general result.

Theorem 3.7.1. Let U be an open subset of R™ and f: U — R" a
C* map. Then R™ — f(Cy) is dense in R".

Before undertaking to prove this we will make a few general com-
ments about this result.

Remark 3.7.2. If O,, n = 1,2, are open dense subsets of R", the

intersection
(On
n

is dense in R™. (See [?], pg. 200 or exercise 4 below.)

Remark 3.7.3. If A,,, n=1,2,... are a covering of U by compact
sets, O = R" — f(CyNA,) is open, so if we can prove that it’s dense
then by Remark 3.7.2 we will have proved Sard’s theorem. Hence
since we can always cover U by a countable collection of closed cubes,
it suffices to prove: for every closed cube, A C U, R" — f(CyNA) is
dense in R™.



138 Chapter 3. Integration of forms

Remark 3.7.4. Let g : W — U be a diffeomorphism and let h =
fog. Then

(3.7.1) f(C) = h(Ch)

so Sard’s theorem for g implies Sard’s theorem for f.

We will first prove Sard’s theorem for the set of super-critical
points of f, the set:
(3.7.2) Ci={peU, Df(p)=0}.
Proposition 3.7.5. Let A C U be a closed cube. Then the open set
R™ — f(AN Cfp) is a dense subset of R".

We’ll deduce this from the lemma below.

Lemma 3.7.6. Given ¢ > 0 one can cover f(AN Cfc) by a finite
number of cubes of total volume less than €.

Proof. Let the length of each of the sides of A be ¢. Given é > 0 one

n
can subdivide A into N™ cubes, each of volume, <N , such that

if x and y are points of any one of these subcubes

Ofi .y _ Of

axj axj

(3.7.3)

(y)'<5-

Let Aq,..., A, be the cubes in this collection which intersect C’fc.

Then for zg € A; N Cﬁ, %(20) =0, so for z € A;
8a;j
ofi
7.4
(3.7.4) 8$j(z)‘<5

by (3.7.3). If  and y are points of A; then by the mean value theorem
there exists a point z on the line segment joining x to y such that

i) = i) = 3 o) )

and hence by (3.7.4)

l
(3.7.5) (@) = fiw)| <0l — il <md
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AN
Thus f(CfNA;) is contained in a cube, B;, of volume nﬁ , and

f(Cy N A) is contained in a union of cubes, B;, of total volume less
that
o

so if w choose §"¢™ < €, we're done.

O

Proof. To prove Proposition 3.7.5 we have to show that for every
point p € R™ and neighborhood, W, of p, W — f(C’fc N A) is non-
empty. Suppose

(3.7.6) W C f(CinA).

Without loss of generality we can assume W is a cube of volume e,
but the lemma tells us that f (C’]ﬁc N A) can be covered by a finite
number of cubes whose total volume is less than e, and hence by
(3.7.6) W can be covered by a finite number of cubes of total volume
less than €, so its volume is less than e. This contradiction proves
that the inclusion (3.7.6) can’t hold.

O

Ofi

To prove Theorem 3.7.1 let U; ; be the subset of U where 3
Ty

Then

£ 0.

U:UUi,jUOfra

so to prove the theorem it suffices to show that R" — f(U; ; N Cy) is
dense in R"™, i.e., it suffices to prove the theorem with U replaced by
U ;. Let o; : R™ x R™ be the involution which interchanges z; and
x; and leaves the remaining x;’s fixed. Letting frew = 04 foiq0; and
Unew = 0Uq1q, we have, for f = frew and U = Upeyw

(3.7.7) %(p) #0 foral peU}
1

so we're reduced to proving Theorem 3.7.1 for maps f : U — R"
having the property (3.7.6). Let g : U — R™ be defined by

(3.7.8) g(x1, ... xn) = (fi(z),z2,...,2p) .
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Then

(3.7.9) g'ry = ffr1 = fi(zr,...,xn)

and

(3.7.10) det(Dg) = 214y,
al‘l

Thus, by the inverse function theorem, g is locally a diffeomorphism
at every point, p € U. This means that if A is a compact subset of
U we can cover A by a finite number of open subsets, U; C U such
that ¢ maps U; diffeomorphically onto an open subset W; in R™. To
conclude the proof of the theorem we’ll show that R" — f(CrNU;NA)
is a dense subset of R™. Let h : W; — R" be the map h = fog~!.
To prove this assertion it suffices by Remark 3.7.4 to prove that the

set

R"™ — h(Ch)
is dense in R™. This we will do by induction on n. First note that for
n=10 = C’ff, so we've already proved Theorem 3.7.1 in dimension
one. Now note that by (3.7.8), h*z1 = z1, i.e., h is a mapping of the
form

(3.7.11) h(x1,...,xn) = (x1, ha(x), ..., hn(2)).
Thus if we let W, be the set
(3.7.12) {(z9,...,2) € R L: (¢, 20,...,2,) € W;}

and let h. : W, — R""! be the map
(3.7.13) he(wa, ... xy) = (ha(c,xa, ..oy 2p), - s hp(c,xa, .o xy)) .
Then

(3.7.14) det(Dh.)(xa, ..., x,) = det(Dh)(c, xa, ..., Ty)
and hence
(3.7.15) (c,x) e WiNCp < xeCh,.

Now let pg = (¢,x9) be a point in R"™. We have to show that every
neighborhood, V', of py contains a point p € R™ — h(C},). Let V, C
R™! be the set of points, z, for which (c,z) € V. By induction V,
contains a point, z € R"~t — h.(C},) and hence p = (¢, x) isin V by
definition and in R™ — h(C),) by (3.7.15).

Q.E.D.
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Exercises for §3.7
1. (a) Let f:R — R be the map f(z) = (2 — 1)2. What is the
set of critical points of f? What is its image?

(b) Same questions for the map f(z) = sinz + x.

(c) Same questions for the map

f(:v)z{o’l e

e =, x>0

2.  Let f:R™ — R" be an affine map, i.e., a map of the form
f(z) = A(z) + zo
where A : R” — R” is a linear map. Prove Sard’s theorem for f.

3. Let p: R — R be a C* function which is supported in the

interval (—%, %) and has a maximum at the origin. Let r1,79,...,

be an enumeration of the rational numbers, and let f : R — R be
the map

Fa) = riple —i).
=1

Show that f is a C** map and show that the image of C is dense in
R. (The moral of this example: Sard’s theorem says that the com-
plement of C is dense in R, but Cf can be dense as well.)

4.  Prove the assertion made in Remark 3.7.2. Hint: You need to
show that for every point p € R™ and every neighborhood, V', of p,
() O, NV is non-empty. Construct, by induction, a family of closed
balls, By, such that

(a) ByCV

(b) Bit1 € Bk

(¢) BeC () On
n<k

(d) radius By < £

and show that the intersection of the By’s is non-empty.

5. Verify (3.7.1).



