CHAPTER 1

MULTILINEAR ALGEBRA

1.1 Background

We will list below some definitions and theorems that are part of
the curriculum of a standard theory-based sophomore level course
in linear algebra. (Such a course is a prerequisite for reading these
notes.) A vector space is a set, V', the elements of which we will refer
to as wvectors. It is equipped with two vector space operations:
Vector space addition. Given two vectors, vy and wvo, one can add
them to get a third vector, v1 + vs.

Scalar multiplication. Given a vector, v, and a real number, A, one
can multiply v by X to get a vector, Av.

These operations satisfy a number of standard rules: associativ-
ity, commutativity, distributive laws, etc. which we assume you're
familiar with. (See exercise 1 below.) In addition we’ll assume you're
familiar with the following definitions and theorems.

1. The zero vector. This vector has the property that for every
vector, v, v+ 0 =04v = v and Av = 0 if X is the real number, zero.

2. Linear independence. A collection of vectors, v;, 1 =1,...,k, is
linearly independent if the map

(1.1.1) RF -V, (c1y...,cp) = Qv + -+ + Uk
is1—1.
3. The spanning property. A collection of vectors, v;, i =1,...,k,

spans V' if the map (1.1.1) is onto.

4. The notion of basis. The vectors, v;, in items 2 and 3 are a basis
of V if they span V and are linearly independent; in other words, if
the map (1.1.1) is bijective. This means that every vector, v, can be
written uniquely as a sum

(1.1.2) v = Zcivi.
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2 Chapter 1. Multilinear algebra

5. The dimension of a vector space. If V possesses a basis, v;,
i=1,...,k, V issaid to be finite dimensional, and k is, by definition,
the dimension of V. (It is a theorem that this definition is legitimate:
every basis has to have the same number of vectors.) In this chapter
all the vector spaces we’ll encounter will be finite dimensional.

6. A subset, U, of V is a subspace if it’s vector space in its own
right, i.e., for v, v1 and vy in U and A in R, Av and vy 4+ vy are in U.

7.  Let V and W be vector spaces. A map, A : V — W is linear if,
for v, v1 and v9 in V and A € R

(1.1.3) A(dv) = NAv
and
(1.1.4) A(vy +v2) = Avi+ Av,y.

8. The kernel of A. This is the set of vectors, v, in V which get
mapped by A into the zero vector in W. By (1.1.3) and (1.1.4) this
set is a subspace of V. We'll denote it by “Ker A”.

9.  The image of A. By (1.1.3) and (1.1.4) the image of A, which
we’ll denote by “Im A”, is a subspace of W. The following is an
important rule for keeping track of the dimensions of Ker A and
Im A.

(1.1.5) dimV = dimKer A+ dimIm A.

Example 1. The map (1.1.1) is a linear map. The v;’s span V if its
image is V and the v;’s are linearly independent if its kernel is just
the zero vector in R¥.

10. Linear mappings and matrices. Let vy,...,v, be a basis of V
and wy,...,wy, a basis of W. Then by (1.1.2) Av; can be written
uniquely as a sum,

m
(116) A'Uj = Zcmwi y Cij € R.

i=1
The m x n matrix of real numbers, [¢; ;], is the matriz associated
with A. Conversely, given such an m X n matrix, there is a unique
linear map, A, with the property (1.1.6).
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11.  An inner product on a vector space is a map
B:VxV —-R
having the three properties below.
(a) For vectors, v, v1, vo and w and A\ € R
B(vy + v9,w) = B(v1,w) + B(va, w)

and
B(A\v,w) = AB(v,w) .

(b) For vectors, v and w,
B(v,w) = B(w,v).
(¢) For every vector, v
B(v,v) > 0.
Moreover, if v # 0, B(v,v) is positive.
Notice that by property (b), property (a) is equivalent to
B(w, \v) = AB(w,v)

and
B(w,v1 4+ v2) = B(w,v1) + B(w,vq) .

The items on the list above are just a few of the topics in linear al-
gebra that we’re assuming our readers are familiar with. We’ve high-
lighted them because they’re easy to state. However, understanding
them requires a heavy dollop of that indefinable quality “mathe-
matical sophistication”, a quality which will be in heavy demand in
the next few sections of this chapter. We will also assume that our
readers are familiar with a number of more low-brow linear algebra
notions: matrix multiplication, row and column operations on matri-
ces, transposes of matrices, determinants of n X n matrices, inverses
of matrices, Cramer’s rule, recipes for solving systems of linear equa-
tions, etc. (See §1.1 and 1.2 of Munkres’ book for a quick review of
this material.)
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Exercises.

1. Our basic example of a vector space in this course is R™ equipped
with the vector addition operation

(al,...,an)—i—(bl,...,bn) = (al +bl,...,an+bn)
and the scalar multiplication operation
AMag,...,an) = (Aaq, ..., Aay).

Check that these operations satisfy the axioms below.

5]
~—

Commutativity: v + w = w + v.

b) Associativity: v+ (v + w) = (u +v) + w.

c) For the zero vector, 0 = (0,...,0), v+0=0+v.
v+ (—=1)v =0.
lv =w.

= D
~—

Associative law for scalar multiplication: (ab)v = a(bv).

Distributive law for scalar addition: (a + b)v = av + bv.

o2
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Distributive law for vector addition: a(v + w) = av + aw.

2. Check that the standard basis vectors of R™: e; = (1,0,...,0),
es = (0,1,0,...,0), etc. are a basis.

3. Check that the standard inner product on R"
n
B((a17 s aan)7 (bb cee abn)) = Z aibi
i=1
s an inner product.

1.2 Quotient spaces and dual spaces

In this section we will discuss a couple of items which are frequently,
but not always, covered in linear algebra courses, but which we’ll
need for our treatment of multilinear algebra in §§1.1.3 — 1.1.8.
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The quotient spaces of a vector space

Let V be a vector space and W a vector subspace of V. A W -coset
is a set of the form

v+ W={v+w,weW}.

It is easy to check that if v; — vy € W, the cosets, vy + W and
vo + W, coincide while if v1 — vo & W, they are disjoint. Thus the
W-cosets decompose V into a disjoint collection of subsets of V. We
will denote this collection of sets by V/W.

One defines a vector addition operation on V/W by defining the
sum of two cosets, v1 + W and vy + W to be the coset

(1.2.1) v+ + W

and one defines a scalar multiplication operation by defining the
scalar multiple of v + W by A to be the coset

(1.2.2) v+ W

It is easy to see that these operations are well defined. For instance,
suppose v + W = v} + W and vg + W = vy, + W. Then v; — v}
and vy — v) are in W3 so (v1 + v2) — (v] 4+ v}) is in W and hence
vy +ve+ W =] + 0+ W.

These operations make V/W into a vector space, and one calls
this space the quotient space of V by W.

We define a mapping

(1.2.3) T V-V/W

by setting m(v) = v + W. It’s clear from (1.2.1) and (1.2.2) that
7 is a linear mapping, and that it maps V to V/W. Moreover, for
every coset, v + W, w(v) = v + W; so the mapping, 7, is onto. Also
note that the zero vector in the vector space, V/W | is the zero coset,
0+ W = W. Hence v is in the kernel of 7 if v+W =W ie., v e W.
In other words the kernel of 7 is W.

In the definition above, V and W don’t have to be finite dimen-
sional, but if they are, then

(1.2.4) dimV/W =dimV —dim W .

by (1.1.5).
The following, which is easy to prove, we’ll leave as an exercise.
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Proposition 1.2.1. Let U be a vector space and A :'V — U a linear
map. If W C Ker A there exists a unique linear map, A% : V/W — U
with property, A= A% or.

The dual space of a vector space

We’ll denote by V* the set of all linear functions, ¢ : V' — R. If ¢;
and /o are linear functions, their sum, ¢; + s, is linear, and if ¢ is
a linear function and A is a real number, the function, A¢, is linear.
Hence V* is a vector space. One calls this space the dual space of V.

Suppose V' is n-dimensional, and let eq,...,e, be a basis of V.
Then every vector, v € V', can be written uniquely as a sum

v=rcie;+---+cpen, ¢ €ER.
Let

(1.2.5) e;(v) =¢.

7

If v=ce +-+cpe, and v = cle; + -+ + e, then v+ =
(1 +c))er+-+ (cn+d,)en, so

ef(v+v) =+ =¢€(v)+e (V).
This shows that e} (v) is a linear function of v and hence e} € V*.

Claim: e

,i=1,...,nis a basis of V*.

Proof. First of all note that by (1.2.5)
oy )1 i=g
(1.2.6) e;(ej) = { 0. i
If ¢ € V* let \; = {(e;) and let £/ = > \jef. Then by (1.2.6)

(1.2.7) Ules) =Y Niej(e;) = A = Uey),

ie., £ and ¢ take identical values on the basis vectors, e;. Hence
(=1,

Suppose next that )~ \jef = 0. Then by (1.2.6), A; = (3_ \ief)(ej) =
0 for all j =1,...,n. Hence the €¥’s are linearly independent.

J
O
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Let V and W be vector spaces and A : V. — W, a linear map.
Given ¢ € W* the composition, £ o A, of A with the linear map,
¢ : W — R, is linear, and hence is an element of V*. We will denote
this element by A*¢, and we will denote by

A Wr =V
the map, £ — A*/. It’s clear from the definition that
A*(€1 +ly) = A% + A%l

and that
AN = NA™Y,

i.e., that A* is linear.

Definition. A* is the transpose of the mapping A.

We will conclude this section by giving a matrix description of
A*. Let eq,...,e, be a basis of V and fy,..., f;n a basis of W3 let
el,...,e; and ff, ..., f bethe dual bases of V* and W*. Suppose A
is defined in terms of eq,...,e, and f1,..., f;, by the m X n matrix,

la; j], i.e., suppose
Aej = Z CL,’JfZ' .

Claim. A* is defined, in terms of f;,..., f;, and e],..., e, by the
transpose matrix, [a;;].

Proof. Let
A fF = Z cj i€ -
Then
A f(es) = cniekle;) = cj
k

by (1.2.6). On the other hand
A'fi(ej) = [fi(Ae) = f} (Z ak,jfk) = an;f{ (fi) = ai;
k

SO am = Cjﬂ'.
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Exercises.

1.  Let V be an n-dimensional vector space and W a k-dimensional
subspace. Show that there exists a basis, e1,...,e, of V with the
property that eq,...,e; is a basis of W. Hint: Induction on n — k.
To start the induction suppose that n —k = 1. Let eq,...,e,_1 be a
basis of W and e,, any vector in V' — W

2. Inexercise 1 show that the vectors f; = w(eg1;), i =1,...,n—k
are a basis of V/W.

3. In exercise 1 let U be the linear span of the vectors, egy;, i =
1,...,n—k.

Show that the map
U—-V/W, u—m(u),

is a vector space isomorphism, i.e., show that it maps U bijectively
onto V/W.

4. Let U, V and W be vector spaces and let A : V — W and
B : U — V be linear mappings. Show that (AB)* = B*A*.

5. Let V =R? and let W be the x;-axis, i.e., the one-dimensional
subspace
{(21,0); 1 € R}

of R2.

(a) Show that the W-cosets are the lines, o = a, parallel to the
T1-axis.

(b) Show that the sum of the cosets, “zo = a” and “ze =" is the
coset “rg = a+0b”.

(¢) Show that the scalar multiple of the coset, “xy = ¢” by the
number, A, is the coset, “xo = Ac”.

6. (a) Let (V*)* be the dual of the vector space, V*. For every
veV,let u, : V¥ — R be the function, p,(¢) = £(v). Show that
the p, is a linear function on V*, i.e., an element of (V*)*, and show
that the map

(1.2.8) w:V—= V" v—p,

is a linear map of V into (V*)*.
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(b) Show that the map (1.2.8) is bijective. (Hint: dim(V*)* =
dimV* = dimV, so by (1.1.5) it suffices to show that (1.2.8) is
injective.) Conclude that there is a natural identification of V' with
(V*)*, i.e., that V and (V*)* are two descriptions of the same object.

7. Let W be a vector subspace of V and let
Wh={ecV* ((w)=0ifweW}.

Show that W+ is a subspace of V* and that its dimension is equal to
dim V —dim W. (Hint: By exercise 1 we can choose a basis, e1, ..., e,
of V' such that ey, ...ex is a basis of W. Show that ey ,... € is a
basis of W=.) W+ is called the annihilator of W in V*.

8. Let V and V' be vector spaces and A : V — V' a linear map.
Show that if W is the kernel of A there exists a linear map, B :
V/W — V', with the property: A = Bom, m being the map (1.2.3).
In addition show that this linear map is injective.

9. Let W be a subspace of a finite-dimensional vector space, V.
From the inclusion map, ¢ : W+ — V*, one gets a transpose map,

L* . (V*)* N (WJ_)*
and, by composing this with (1.2.8), a map
Gop: Vo — (WhH*.

Show that this map is onto and that its kernel is W. Conclude from
exercise 8 that there is a natural bijective linear map

v:V/W — (W)

with the property vom = t* o . In other words, V/W and (W=)* are
two descriptions of the same object. (This shows that the “quotient
space” operation and the “dual space” operation are closely related.)

10. Let V7 and V5 be vector spaces and A : V7 — V5 a linear map.
Verify that for the transpose map: A* : V' — V*

KerA* = (ImA)*

and

ImA* = (KerA)t.
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11. (a) Let B:V xV — R be an inner product on V. For v € V
let

ly:V =R
be the function: ¢,(w) = B(v,w). Show that ¢, is linear and show
that the map

(1.2.9) L:V-SV" v—{,

is a linear mapping.

(b) Prove that this mapping is bijective. (Hint: Since dimV =
dim V* it suffices by (1.1.5) to show that its kernel is zero. Now note
that if v # 0 ¢,(v) = B(v,v) is a positive number.) Conclude that if
V' has an inner product one gets from it a natural identification of
V with V*.

12. Let V be an n-dimensional vector space and B : V xV — R

an inner product on V. A basis, eq,...,e, of V is orthonormal is
1 i=y
(1.2.10) B(e;, e5) —{ 0 it]

(a) Show that an orthonormal basis exists. Hint: By induction let
ei, i = 1,...,k be vectors with the property (1.2.10) and let v be a
vector which is not a linear combination of these vectors. Show that

the vector
w=uv— ZB(ei,v)ei

is non-zero and is orthogonal to the e;’s. Now let ey = Aw, where
A = B(w, w)_%.

(b) Letey,...e, and €],...e), be two orthogonal bases of V' and let
(1.2.11) ¢ = aijei.

Show that

(1 j=k
(1.2.12) Zawal,k—{ 0 G4k

(c) Let A be the matrix [a;;]. Show that (1.2.12) can be written
more compactly as the matrix identity

(1.2.13) AA' =1

where [ is the identity matrix.
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(d) Let eq,...,e, be an orthonormal basis of V and e7,..., e} the
dual basis of V*. Show that the mapping (1.2.9) is the mapping,
Le;=¢,i=1,...n.
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1.3 Tensors

Let V be an n-dimensional vector space and let V¥ be the set of all
k-tuples, (v1,...,v;), v; € V. A function

T:VF SR
is said to be linear in its i*" variable if, when we fix vectors, v1, ..., v;_1,
Vi41,---,Vk, the map
(1.3.1) vEV =T (V1. .y Vim1,V, Vg1, -+, Ug)
is linear in V. If T is linear in its i*® variable for i = 1,..., k it is said

to be k-linear, or alternatively is said to be a k-tensor. We denote
the set of all k-tensors by £¥(V'). We will agree that O-tensors are
just the real numbers, that is £°(V) = R.

Let Ty and T, be functions on V*. It is clear from (1.3.1) that if
T1 and 15 are k-linear, so is 11 + T5. Similarly if T" is k-linear and A
is a real number, AT is k-linear. Hence £¥(V/) is a vector space. Note
that for k = 1, “k-linear” just means “linear”, so L1(V) = V*,

Let I = (i1,...1%) be a sequence of integers with 1 < i, < n,
r=1,..., k. We will call such a sequence a multi-index of length k.
For instance the multi-indices of length 2 are the square arrays of
pairs of integers

(,5), 1 <i,j<n

and there are exactly n? of them.

Exercise.

Show that there are exactly n* multi-indices of length k.
Now fix a basis, e1,...,e,, of V and for T € LF(V) let

(1.3.2) Tr =T(ei,--.,€,)

for every multi-index I of length k.

Proposition 1.3.1. The T;’s determine T, i.e., if T and T’ are
k-tensors and Tt =T} for all I, then T =T".
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Proof. By induction on n. For n = 1 we proved this result in § 1.1.
Let’s prove that if this assertion is true for n — 1, it’s true for n. For
each e; let T; be the (k — 1)-tensor

(’Ul, e ,’Un_l) — T(Ul,. .. ,’un_l,ei) .

Then for v = c1e1 + - - - ey
T(Ula tee 7'Un—17'0) = Zciﬂ(/v:h’ . 7vn—1)7

so the T;’s determine T'. Now apply induction.

The tensor product operation
If T7 is a k-tensor and 715 is an ¢-tensor, one can define a k+ ¢-tensor,
T1 ® T, by setting

(T @ To) (v, .-+ Vpte) = Tr(v1, .o ) T2 (Vi1 - - -, Vgt -

This tensor is called the tensor product of T7 and Ty. We note that
if 71 or 15 is a O-tensor, i.e., scalar, then tensor product with it
is just scalar multiplication by ¢, that is a ® T = T ® a = aT
(a eR, T e LE(V)).

Similarly, given a k-tensor, 17, an f-tensor, T5 and an m-tensor,
T3, one can define a (k + ¢ + m)-tensor, T} ® Th ® T3 by setting
(1.3.3) Ty @To®@T3(v1, .y Vktttm)

= Tl(vl, e ,vk)TQ(Uk_H, v ,Uk+g)T3(Uk+g+1, Ce ,Uk+g+m) .

Alternatively, one can define (1.3.3) by defining it to be the tensor
product of 71 ® To and T3 or the tensor product of 77 and Tb ® T5.
It’s easy to see that both these tensor products are identical with
(1.3.3):

(1.3.4) (Meh)eTlz=T1(LeT3)=T1 T T;.

We leave for you to check that if A is a real number

(1.3.5) M @Ty) = (\T1) @ Ty =T @ (M)

and that the left and right distributive laws are valid: For ki = ko,

(1.3.6) (Tl +H)RIT3=TTs+ T, RT3
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and for ko = k3
(1.3.7) N(MTh+T) =TT+ T1 ®T5.

A particularly interesting tensor product is the following. For i =
1,...,klet ¢; € V* and let

(1.3.8) T=0LR Q.
Thus, by definition,
(1.3.9) T(vi,...,vp) =l1(v1) ... Cx(vg) -

A tensor of the form (1.3.9) is called a decomposable k-tensor. These
tensors, as we will see, play an important role in what follows. In
particular, let ey, ..., e, be a basis of V and e], ..., e}, the dual basis
of V*. For every multi-index, I, of length k let

er=¢€;, ® - ®e; .
Then if J is another multi-index of length k,

. 1, I=J
(1.3.10) el(ejl,...,ejk):{ 0. I£J

by (1.2.6), (1.3.8) and (1.3.9). From (1.3.10) it’s easy to conclude
Theorem 1.3.2. The €}’s are a basis of LF¥(V).

Proof. Given T € LF(V), let

T = Tiej

where the T7’s are defined by (1.3.2). Then

(1.3.11) T'(ejy,.-ve5) = > Trej(ej, .. e5) =Ty

by (1.3.10); however, by Proposition 1.3.1 the T';’s determine T', so
T' = T. This proves that the ej’s are a spanning set of vectors for
LF(V). To prove they’re a basis, suppose

Z Cre; =0
for constants, C; € R. Then by (1.3.11) with 7" =0, C; = 0, so the

e7’s are linearly independent.
O

As we noted above there are exactly n* multi-indices of length k
and hence n* basis vectors in the set, {€e7}, so we’ve proved

Corollary. dim £*(V) = n*.
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The pull-back operation

Let V and W be finite dimensional vector spaces andlet A: V — W
be a linear mapping. If T' € L¥(W), we define

AT VF SR
to be the function
(1.3.12) A*T(?}l,... ,’Uk) = T(A?)l,... ,A’Uk).

It’s clear from the linearity of A that this function is linear in its
ith variable for all i, and hence is k-tensor. We will call A*T the
pull-back of T by the map, A.

Proposition 1.3.3. The map
(1.3.13) A* kW) — £k, T AT,

s a linear mapping.

We leave this as an exercise. We also leave as an exercise the
identity

(1.3.14) A*(Tl ®@Ty) = AT @ A*Th

for Ty € L¥(W) and Ty € £L™(W). Also, if U is a vector space and
B :U — V a linear mapping, we leave for you to check that

(1.3.15) (AB)*T = B*(A*T)

for all T € LF(W).

Exercises.

1. Verify that there are exactly n* multi-indices of length k.
2. Prove Proposition 1.3.3.

3. Verify (1.3.14).

4. Verify (1.3.15).
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5. Let A:V — W be a linear map. Show that if /;, i =1,... k
are elements of W*

AL ® @) =A@ ® A%l

Conclude that A* maps decomposable k-tensors to decomposable
k-tensors.

6. Let V be an n-dimensional vector space and ¢;, i = 1,2, ele-
ments of V*. Show that {1 ® £5 = ¢ ® {1 if and only if ¢; and ¢
are linearly dependent. (Hint: Show that if ¢; and {9 are linearly
independent there exist vectors, v;, 2 =,1,2 in V with property

1, i=j

Now compare ({1 ® {2)(v1,v2) and (f2 @ £1)(v1,v2).) Conclude that if
dim V' > 2 the tensor product operation isn’t commutative, i.e., it’s
usually not true that {1 ® 5 = £5 ® ¢;.

7.  Let T be a k-tensor and v a vector. Define T, : V*=1 — R to
be the map

(1.3.16) Ty(v1, .. vp—1) = T(v,01,...,05_1).
Show that T}, is a (k — 1)-tensor.

8. Show that if T} is an r-tensor and 75 is an s-tensor, then if
r >0,
(M @T2)y=(T1)y T

9. Let A:V — W be a linear map mapping v € V tow € W.
Show that for T' € LF(W), A*(T,) = (A*T),.



1.4 Alternating k-tensors 17

1.4 Alternating k-tensors

We will discuss in this section a class of k-tensors which play an
important role in multivariable calculus. In this discussion we will
need some standard facts about the “permutation group”. For those
of you who are already familiar with this object (and I suspect most
of you are) you can regard the paragraph below as a chance to re-
familiarize yourselves with these facts.

Permutations

Let ), be the k-element set: {1,2,...,k}. A permutation of order k
is a bijective map, o : >, — >_,. Given two permutations, o; and
09, their product, o104, is the composition of o1 and o9, i.e., the map,

7 — 01(0‘2(i)) 5

and for every permutation, o, one denotes by o~! the inverse per-
mutation:

oli)=je o '(j)=1i.
Let S), be the set of all permutations of order k. One calls S; the

permutation group of ), or, alternatively, the symmetric group on
k letters.

Check:

There are k! elements in Sj.

For every 1 <i < j <k, let 7 = 7;; be the permutation
(@) = J
(1.4.1) T(j) = 1
TW) = ¢, (#i,5.
7 is called a transposition, and if j = ¢+ 1, 7 is called an elementary
transposition.

Theorem 1.4.1. Every permutation can be written as a product of
finite number of transpositions.
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Proof. Induction on k: “k = 2”7 is obvious. The induction step: “k—17"
implies “k”: Given o € S, o(k) =i < 70(k) = k. Thus 1,0 is, in
effect, a permutation of >, . By induction, 7,50 can be written as
a product of transpositions, so

o :Tik(TikU)

can be written as a product of transpositions.
O

Theorem 1.4.2. Every transposition can be written as a product of
elementary transpositions.

Proof. Let 7 = 75, ¢ < j. With ¢ fixed, argue by induction on j.
Note that for j > i+ 1

Tij = Tj=1,jTi,j—17Tj—1,5 -

Now apply induction to 7; ;1.
O

Corollary. Every permutation can be written as a product of ele-
mentary transpositions.

The sign of a permutation

Let z1,...,x; be the coordinate functions on R¥. For o € Sj we
define
T (i) — T
1.4.2 _1)e = JT 2@ —Tel)
1<)

Notice that the numerator and denominator in this expression are
identical up to sign. Indeed, if p = o (i) < 0(j) = ¢, the term, z, —z,
occurs once and just once in the numerator and one and just one
in the denominator; and if ¢ = o(i) > o(j) = p, the term, z, — z4,
occurs once and just once in the numerator and its negative, x, —x,,
once and just once in the numerator. Thus

(1.4.3) (—1)7 = +1.
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Claim:
For o, 7 € S
(1.4.4) (=) = (=1)7(-1)".

Proof. By definition,

Lor(i) — Tor(j
(_1)07 _ H (%) () )

T — 2
i<j v

We write the right hand side as a product of

Lr(i) — T1(5) T
(1.4.5) ——= =(-1)
211 Ty — Ty
and
(1.4.6) [ ot = Feri)

i<j Tr@@) =~ T7(j5)

Fori < j,let p = 7(i) and ¢ = 7(j) when 7(i) < 7(j) and let p = 7(j)
and ¢ = 7(¢) when 7(j) < 7(¢). Then

Lor(i) — Tor() _ Tolp) ~ Tolg)

Lr(i) = Tr(5) Tp — Tq

(i.e., if 7(i) < 7(j), the numerator and denominator on the right
equal the numerator and denominator on the left and, if 7(j) < 7(4)
are negatives of the numerator and denominator on the left). Thus
(1.4.6) becomes

H Lo(p) ~ To(q) _ (_1)0 )

T, —
p<qg P 1

O

We’ll leave for you to check that if 7 is a transposition, (—1)" = —1
and to conclude from this:

Proposition 1.4.3. If o is the product of an odd number of trans-
positions, (—1)? = —1 and if o is the product of an even number of

transpositions (—1)7 = +1.
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Alternation

Let V be an n-dimensional vector space and T € L*(v) a k-tensor.
If o € Sk, let T € L*(V) be the k-tensor

(1.4.7) TJ(’Ul, cee ,vk) = T(’Ugfl(l), ce ,1)071(]{)) .

Proposition 1.4.4. 1. If T=01® - - Q¥ {; € V*, then T =
lo() @ ® Lotk

2. The map, T € LF(V) — T € L¥(V) is a linear map.
3. T =(T7).
Proof. To prove 1, we note that by (1.4.7)

(L@ @) (v1,...,v)
=l (ve-101)) - (Vo1 (ay) -

Setting 071(i) = ¢, the i*" term in this product is Co(q)(vq); sO the
product can be rewritten as

Loy (V1) -+ Lo iy (k)

or
Uo) @ -+ @ L)) (v1, .-+, V) -

The proof of 2 we’ll leave as an exercise.

Proof of 3: Let T =¥ ® -+ & {§. Then

T — ea(l)®”'®€a(k)
@0

where £ = {5(;). Thus
(T7) =Ly ® @ Ly -
But if 7(i) = j, E’T(j) = Ly(r(j))- Hence

(T7)" = Lor) @ @ Loriy
— TO'T .
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Definition 1.4.5. T € £*(V) is alternating if T% = (=1)°T for all
o€ S;.

We will denote by A*(V) the set of all alternating k-tensors in
LE(V). By item 2 of Proposition 1.4.4 this set is a vector subspace
of LF(V).

It is not easy to write down simple examples of alternating k-
tensors; however, there is a method, called the alternation operation,
for constructing such tensors: Given T € L*(V) let

(1.4.8) AT = Y (-1)7T7.

TESE
We claim

Proposition 1.4.6. For T € L¥(V) and o € Sy,
1. (AWT)? = (—1)7AltT
2. ifTeAXV), AT = kIT.
3. ALtT = (AltT)°
4 the map
Alt : LE(V) = £F(V), T — Alt (T)
1s linear.
Proof. To prove 1 we note that by Proposition (1.4.4):
(ALT)” = Y (-1)7(T™)
— (1 Z(_l)mTTU'

But as 7 runs over Sj, 7o runs over Si, and hence the right hand
side is (—1)7Alt (T).
O

Proof of 2. If T € A*
ART = ) (-1)7T7

= > ()(=)T
= KIT.



22 Chapter 1. Multilinear algebra

Proof of 3.
AL TS = Z(_l)TTTJ _ (_1)0 Z(_l)TUTTU
— (—1)°ALT = (ALt T)° .
O

Finally, item 4 is an easy corollary of item 2 of Proposition 1.4.4.
O

We will use this alternation operation to construct a basis for
AF(V). First, however, we require some notation:
Let I = (41,...,1) be a multi-index of length k.

Definition 1.4.7. 1. I is repeating if i, = is for some r # s.

2. I is strictly increasing if i1 <ig < -+ <.

3. For o € S, IUZ(io(l),...,io(k)) .

Remark: If I is non-repeating there is a unique o € Sj, so that I

is strictly increasing.
Let e1,...,e, be a basis of V and let

* * *
e =6, ® Qe

and
1/1[ = Alt (67) .
Proposition 1.4.8. 1. ¢ = (—1)%%;.

2. If I is repeating, Yy = 0.
8. If I and J are strictly increasing,

1 I=J
¢I(ej17"-aejk):{ 0 I#J

Proof. To prove 1 we note that (e7)? = eJo; so

Alt (¢5,) = Alt ()7 = (—1)7Alt (¢}).
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Proof of 2: Suppose I = (i1,...,i) with i, = is for r # s. Then if
T = Tiy is» €] = €Jr SO

Yy = = (=1)"pr = =9y .

Proof of 3: By definition
Yr(ej,--re) =D (1) 7€t (e, €5,).
But by (1.3.10)

i 1t =J
(1.4.9) err (s ej) = { 0if I7 # J

Thus if I and J are strictly increasing, I” is strictly increasing if and

only if I” = I, and (1.4.9) is non-zero if and only if I = J.
O

Now let T be in A*. By Proposition 1.3.2,
T:ZaJej, ay € R.
Since
EIT = Alt(T)
1 *
T = HZaJAlt(eJ) = by

We can discard all repeating terms in this sum since they are zero;
and for every non-repeating term, .J, we can write J = 19, where I
is strictly increasing, and hence 1y = (—1)7¢;.

Conclusion:

We can write 17" as a sum

(1.4.10) T=>Y e,

with I’s strictly increasing.
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Claim.

The ¢;’s are unique.

Proof. For J strictly increasing

(1.4.11) T(ejp,...,€j5,) = chl/q(ejl, S €) =cJ.

By (1.4.10) the 1;’s, I strictly increasing, are a spanning set of vec-
tors for A*(V), and by (1.4.11) they are linearly independent, so
we’ve proved

Proposition 1.4.9. The alternating tensors, 1y, I strictly increas-
ing, are a basis for A¥(V).

Thus dim A* (V) is equal to the number of strictly increasing multi-
indices, I, of length k. We leave for you as an exercise to show that
this number is equal to

n n!
1.4.12 =———= “nch ”
( ) <k> CEIE n choose k

if1<k<n.
O

Hint: Show that every strictly increasing multi-index of length k
determines a k element subset of {1,...,n} and vice-versa.
Note also that if £ > n every multi-index

I= (i, ig)

of length £ has to be repeating: ¢, = i, for some r # s since the i,’s
lie on the interval 1 < i < n. Thus by Proposition 1.4.6

Yr=0
for all multi-indices of length k£ > 0 and

(1.4.13) AF = {0}.
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Exercises.

1. Show that there are exactly k! permutations of order k. Hint: In-
duction on k: Let o € Sk, and let o(k) =4, 1 < i < k. Show that
7,0 leaves k fixed and hence is, in effect, a permutation of ), ;.

2. Prove that if 7 € Sk is a transposition, (—1)” = —1 and deduce
from this Proposition 1.4.3.

3. Prove assertion 2 in Proposition 1.4.4.
4. Prove that dim A*(V) is given by (1.4.12).

5. Verify that for i < j — 1
Tig = Tj=1,5Ti,j—1,Tj—1,5 -

6. For k = 3 show that every one of the six elements of Sj is either
a transposition or can be written as a product of two transpositions.

7. Let o0 € S be the “cyclic” permutation
o(i)y=i+1, i=1,...,k—1

and o(k) = 1. Show explicitly how to write o as a product of trans-
positions and compute (—1)?. Hint: Same hint as in exercise 1.

8. In exercise 7 of Section 3 show that if T is in A¥, T}, is in A*~1L.
Show in addition that for v,w € V and T € A*, (T}))w = —(Tw)w-

9. Let A:V — W be a linear mapping. Show that if 7" is in
AR(W), A*T is in A¥(V).

10. In exercise 9 show that if T is in £L¥(W), Alt (A*T) = A*(Alt (T)),
i.e., show that the “Alt” operation commutes with the pull-back op-
eration.
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1.5 The space, A*(V*)

In § 1.4 we showed that the image of the alternation operation, Alt :
L£E(V) — £k(V) is A¥(V). In this section we will compute the kernel
of Alt.

Definition 1.5.1. A decomposable k-tensor {1 Q@ --- Q £y, £; € V*,
is redundant if for some index, i, €; = ;1.

Let Z% be the linear span of the set of reductant k-tensors.
Note that for £k = 1 the notion of redundant doesn’t really make
sense; a single vector £ € L1(V*) can’t be “redundant” so we decree

V) = {0}.
Proposition 1.5.2. If T € 7%, Alt (T) = 0.
Proof. Let T = £, ®---®¥€, with £; = ;1. Then if 7 = Tii+1 7 =T
and (—1)" = —1. Hence Alt (T') = Alt (T7) = At (T)" = —Alt (T);
so Alt (T') = 0. O

To simplify notation let’s abbreviate £*(V), A¥(V) and Z¥(V) to
Lk, AF and TF.

Proposition 1.5.3. If T €I" and T' € L then T QT and T' @ T
are in I" TS,

Proof. We can assume that T and T are decomposable, i.e., T =
(@@L and T' = 0] ®--- @/, and that T is redundant: ¢; = ;1.
Then

TRT =06 ® 416060 L, Q0 @ QL

is redundant and hence in Z"*¢. The argument for 7" ® T is similar.
O

Proposition 1.5.4. If T € £LF and o € Sy, then
(1.5.1) 77 =(-1)°T+ S

where S is in .
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Proof. We can assume T is decomposable, ie., T = /1 ® -+ ® .
Let’s first look at the simplest possible case: k = 2 and o = 71 2.
Then

T° = (=)T = L@b+lboh
= (Lh+l)R@ (U +1l) — @l —l®2)/2,
and the terms on the right are redundant, and hence in Z2. Next

let k be arbitrary and 0 = 7;41. f 11 = 6, @ - ® {j_9 and Ty =
lizo® -+ ® L. Then

T—(-1)T=T1® (l; ®lip1+ i1 ® ;) @T3

is in 7% by Proposition 1.5.3 and the computation above.
The general case: By Theorem 1.4.2, o can be written as a product
of m elementary transpositions, and we’ll prove (1.5.1) by induction
on m.
We’ve just dealt with the case m = 1.
The induction step: “m — 17 implies “m”. Let 0 = 70 where [ is a
product of m — 1 elementary transpositions and 7 is an elementary
transposition. Then
7= (1% = (~17T7 4.

= (-1)7(-1)°T+. -

= (-1)°T+--
where the “dots” are elements of Z%, and the induction hypothesis

was used in line 2.
O

Corollary. If T € LF, the
(1.5.2) AW (T) =kKIT+ W,
where W is in I*.

Proof. By definition Alt (T') = >"(—1)°T, and by Proposition 1.5.4,
T° = (=1)°T + W, with W, € Z*. Thus

AG(T) = D (=1)7(=1)7T + > (-1)7W,
= KT+W
where W = > (—1)7W,.
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Corollary. Z% is the kernel of Alt .

Proof. We've already proved that if T € ZF, Alt(T) = 0. To prove
the converse assertion we note that if Alt (1) = 0, then by (1.5.2)

T=—-LtWw.
with W e ZF . ]

Putting these results together we conclude:

Theorem 1.5.5. Every element, T, of LF can be written uniquely
as a sum, T =T1 + Ty where T} € AF and T, € T*.

Proof. By (1.5.2), T =T, + T, with
Ty = LAL(T)
and
T, = —HW.

To prove that this decomposition is unique, suppose 17 + 15 = 0,
with T} € A* and T, € Z%. Then

0=Alt (Tl + 1) = k\'Ty
so T7 = 0, and hence T5 = 0.

Let
(1.5.3) AV = chv TR v,

i.e., let A¥ = A*¥(V*) be the quotient of the vector space L* by the
subspace, Z¥, of £*. By (1.2.3) one has a linear map:

(1.5.4) T LF s A T T4 IF
which is onto and has Z* as kernel. We claim:

Theorem 1.5.6. The map, , maps AF bijectively onto A*.

Proof. By Theorem 1.5.5 every ZF coset, T + ¥, contains a unique
element, T}, of A*. Hence for every element of A* there is a unique
element of A* which gets mapped onto it by .

O



1.5 The space, A¥(V*) 29

Remark. Since A* and AF are isomorphic as vector spaces many
treatments of multilinear algebra avoid mentioning A¥, reasoning
that AF is a perfectly good substitute for it and that one should,
if possible, not make two different definitions for what is essentially
the same object. This is a justifiable point of view (and is the point
of view taken by Spivak and Munkres'). There are, however, some
advantages to distinguishing between A* and A*, as we’ll see in § 1.6.

Exercises.

1. A k-tensor, T, € L¥(V) is symmetric if T =T for all o € Sy.
Show that the set, S¥(V'), of symmetric k tensors is a vector subspace

of LF(V).

2. Let e1,...,e, be a basis of V. Show that every symmetric 2-
tensor is of the form
> el ¢

where a; ; = a;; and e, ..., ey are the dual basis vectors of V*.

3. Show that if T is a symmetric k-tensor, then for k > 2, T is
in Z%. Hint: Let ¢ be a transposition and deduce from the identity,
T° =T, that T has to be in the kernel of Alt.

4. Warning: Tn general S*(V)) # TF(V). Show, however, that if
k = 2 these two spaces are equal.

5.  Show that if ¢ € V* and T € ZF 2, then /@ T ® £ is in Z".

6. Show that if /; and /5 are in V* and T is in Ik_Q, then /1 ®
T®Ulb+ 0T ® 4 is in I

7. Given a permutation o € S and T € Z*, show that T° € T*.

8. Let W be a subspace of £* having the following two properties.

(a) For S€S)V)and T € £F2, S®T is in W.
(b) For T'in W and o € Si, T is in W.

Land by the author of these notes in his book with Alan Pollack, “Differential Topol-

9

ogy
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Show that W has to contain Z% and conclude that Z* is the small-
est subspace of £F having properties a and b.

9.  Show that there is a bijective linear map

a: AP — AF
with the property
1
(1.5.5) arn(T) = EAR (T)

for all T € £*, and show that « is the inverse of the map of A* onto
AF described in Theorem 1.5.6 (Hint: §1.2, exercise 8).

10. Let V be an n-dimensional vector space. Compute the dimen-
sion of S¥(V'). Some hints:

(a) Introduce the following symmetrization operation on tensors
T € LF(V):

Sym(T)= Y T7.

TESK

Prove that this operation has properties 2, 3 and 4 of Proposi-
tion 1.4.6 and, as a substitute for property 1, has the property:
(SymT')? = SymT.

(b) Let ¢r = Sym(e}), e = €;, ® -+ @ e; . Prove that {¢, I
non-decreasing} form a basis of S¥(V).

(¢c) Conclude from (b) that dim S¥(V) is equal to the number of
non-decreasing multi-indices of length k: 1 < i3 <9 < --- <l < n.

(d) Compute this number by noticing that
(il,...,in) — (i1+0,i2+1,...,ik+k—1)

is a bijection between the set of these non-decreasing multi-indices
and the set of increasing multi-indices 1 < j; < -+ < jp <n+k—1.
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1.6 The wedge product

The tensor algebra operations on the spaces, £F(V), which we dis-
cussed in Sections 1.2 and 1.3, i.e., the “tensor product operation”
and the “pull-back” operation, give rise to similar operations on the
spaces, AF. We will discuss in this section the analogue of the tensor
product operation. As in § 4 we’ll abbreviate £F(V) to £F and AF(V)
to A* when it’s clear which “V” is intended.

Given w; € A%, i = 1,2 we can, by (1.5.4), find a T; € £ with
w; = 7(T;). Then Ty @ Ty € LF1HF2, Tet

(1.6.1) w1 Awy = 7(T) ® Ty) € AFrtk2

Claim.

This wedge product is well defined, i.e., doesn’t depend on our choices
of T1 and TQ.

Proof. Let n(Ty) = w(T]) = wy. Then T = T + W for some W; €
I"“, SO
Neohh=T1Th+ W Th.

But W; € ZF' implies W, @ Ty € ZF1 %2 and this implies:
7T(T1, ®@Ty) =m(Th @ Ts) .

A similar argument shows that (1.6.1) is well-defined independent of
the choice of T5.
O

More generally let w; € A%, i = 1,2,3, and let w; = 7n(T3), T; €
LFi. Define

w1 Nwo Nws € ARitkatks

by setting
wiAwa Aws =m(T1 @To @T3) .

As above it’s easy to see that this is well-defined independent of the
choice of T, Ty and T3. It is also easy to see that this triple wedge
product is just the wedge product of wy Awsy with ws or, alternatively,
the wedge product of w; with wy A ws, i.e.,

(1.6.2) w1 Nwa ANwg = (wl N WQ) Nwg = w1 A (wg A wg).
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We leave for you to check:
For A e R

(1.6.3) )\(wl A wg) = ()\wl) Nwy = wi A ()\wg)

and verify the two distributive laws:

(1.6.4) (w1 + (UQ) Nwsg = w1 NAwg+wo Aws
and
(1.6.5) w1 A ((UQ + W3) = w1 Awy+wi Nws.

As we noted in § 1.4, ZF = {0} for k = 1, i.e., there are no non-zero
“redundant” k tensors in degree k = 1. Thus

(1.6.6) A VY =V = (v,

A particularly interesting example of a wedge product is the fol-
lowing. Let ¢; € V* = AY(V*),i=1,...,k. Thenif T =1 ®@--- @4

(1.6.7) UL A N =7(T) € AF(V*).

We will call (1.6.7) a decomposable element of A*(V*).
We will prove that these elements satisfy the following wedge prod-
uct identity. For o € S:

(1.6.8) 50(1) VANRERIVAN fg(k) = (=170 NNl

Proof. For every T € LF, T = (—=1)°T + W for some W € I* by
Proposition 1.5.4. Therefore since 7(W) =0

(1.6.9) 7(T%) = (—1)°x(T).
In particular, if T'= 41 @ -+ @ by, T? = L5(1) @ - @ Lo, SO

T(T7) = Loy N Ny = (=1)77(T)
(L)l A Al

In particular, for ¢ and ¢, € V*

(1.6.10) bi Ny = —0s N1lq



1.6 The wedge product 33
and for 41, £ and ¢3 € V*
(1.6.11) ANy Nl = —ly N1 N3 =0a NE3 N\ Hq.

More generally, it’s easy to deduce from (1.6.8) the following result
(which we’ll leave as an exercise).

Theorem 1.6.1. If w; € A" and wy € A® then
(1.6.12) w1 N\ wo = (—1)TSWQ A wi .

Hint: It suffices to prove this for decomposable elements i.e., for
wi =0 AN ANl and wy = £} A--- AL, Now make rs applications
of (1.6.10).

Let eq,...,e, be a basis of V and let e],...,e;, be the dual basis
of V*. For every multi-index, I, of length k,

(1.6.13) e, N-ef, =m(er) =7(ef, ®---®@e¢j ).

] ik ik

Theorem 1.6.2. The elements (1.6.13), with I strictly increasing,
are basis vectors of A*.

Proof. The elements
r = Alt (e}), I strictly increasing,

are basis vectors of A* by Proposition 3.6; so their images, 7(11),
are a basis of A*. But

n(r) = Y (1))
= Y1)
= D))

= kln(e}).

Exercises:

1. Prove the assertions (1.6.3), (1.6.4) and (1.6.5).

2. Verify the multiplication law, (1.6.12) for wedge product.
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3. Given w € A" let w* be the k-fold wedge product of w with
itself, i.e., let w? =w Aw, w? =w A w Aw, etc.

(a) Show that if r is odd then for k > 1, w* = 0.
(b) Show that if w is decomposable, then for k > 1, w¥ = 0.

4. If w and p are in A?" prove:

it =3 </;>wwk_g'

=0

Hint: As in freshman calculus prove this binomial theorem by induc-
tion using the identity: (';) = (12:11) + ('71).

5. Let w be an element of A%. By definition the rank of w is k if
wk £ 0 and w**! = 0. Show that if

w=e A fi+--+epAfi
with e;, f; € V*, then w is of rank < k. Hint: Show that

wk:k‘!el/\fl/\'-'/\ek/\fk.

6. Givene; € V* i =1,...,k show that e; A--- Aep # 0 if and
only if the e;’s are linearly independent. Hint: Induction on k.



1.7 The interior product 35

1.7 The interior product

We’ll describe in this section another basic product operation on the
spaces, AF(V*). As above we’ll begin by defining this operator on
the £L¥(V)’s. Given T € LF¥(V) and v € V let +,T be the be the
(k — 1)-tensor which takes the value

(1.7.1)
k

T (Vi VEg_1) = Z(—l)r_lT(Vl, e Vo1, Vy Vi ey V1)

r=1

on the k — 1-tuple of vectors, vi,...,Vk_1, i.e., in the r* summand
on the right, v gets inserted between v,_; and v,. (In particular
the first summand is T'(v,vy,...,vg_1) and the last summand is
(—=1)* 1T (vy,...,vg_1,v).) It’s clear from the definition that if v =
V1 + Vo

(1.7.2) wT = 1, T+ 1y,T,
and if T =T + 15
(1.7.3) wI = T1+ 1,1y,

and we will leave for you to verify by inspection the following two
lemmas:

Lemma 1.7.1. If T is the decomposable k-tensor {1 ® --- @ £}, then
(1.7.4) LVT:Z(_l)T’—lgT(V)gl ®”’®Zr®”’®€k

where the “cap” over £, means that it’s deleted from the tensor prod-
uct

and

Lemma 1.7.2. IfTy € LP and Ty € L9

(1.7.5) (T @Ts) =1, Th @To + (—1)PT1 @ 1Ty .
We will next prove the important identity

(1.7.6) tv(tyT)=0.

Proof. It suffices by linearity to prove this for decomposable tensors
and since (1.7.6) is trivially true for T € £, we can by induction
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assume (1.7.6) is true for decomposible tensors of degree k — 1. Let
/1 ® --- ® fr be a decomposable tensor of degree k. Setting T =
L ® - ®L,_1 and £ = ¢}, we have

Lv(€1®”’®€k) = LV(T®€)
= T+ (D) w)T
by (1.7.5). Hence

Wn(T@0) = (1 T) @+ (=1 20(v), T
+(=D)F (), T
But by induction the first summand on the right is zero and the two

remaining summands cancel each other out.
O

From (1.7.6) we can deduce a slightly stronger result: For v, vs €
v

(1.7.7) byy byy = —lyylyy -
Proof. Let v.=vy1 + va. Then ¢y = iy, + Ly, SO

0=1tyty = (tv; +tva)(tv; +tv,)
byibyy T bvy vy + byglyy F Lyy b,
= lyilyy + byoylyvy

since the first and last summands are zero by (1.7.6).
O

We'll now show how to define the operation, ¢,, on A*(V*). We’ll
first prove
Lemma 1.7.3. If T € L£F is redundant then so is t,T.
Proof. Let T =T, ® L ® £ ® T, where £ is in V*, T} is in LP and T3
is in £9. Then by (1.7.5)
W = w1 QLRIRQTH

H=1)PT @1, (L@ 0) @ T
(1P @ @4 @ 1Ty .
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However, the first and the third terms on the right are redundant
and

(@) =L(v)l—L(v)l
by (1.7.4). 0

Now let 7 be the projection (1.5.4) of £* onto A* and for w =
7(T) € AF define

(1.7.8) tyw = 7(t,T).

To show that this definition is legitimate we note that if w = 7(T}) =
n(T3), then Th —T5 € 7", so by Lemma 1.7.3 ¢t,17 — ty15 € 751 and
hence

7T(varl) = 7T(LVT2) .

Therefore, (1.7.8) doesn’t depend on the choice of T'.

By definition ¢, is a linear mapping of AF(V*) into AF~1(V*).
We will call this the interior product operation. From the identities
(1.7.2)(1.7.8) one gets, for v,vi,vo € V w € A* w; € AP and
wy € A?

(1.7.9) Lviqva)W = by W by w

(1.7.10) ty(wi Awa) = tywy Awa + (—1)Pwy A tywo
(L.7.11)  y(tyw) =0

and

(1.7.12) byl = —lyyly W

Moreover if w = ¢ A --- Al is a decomposable element of AF one
gets from (1.7.4)

k
(1.7.13) ww =3 (=1 (VA Al A Al
r=1
In particular if eq,..., e, is a basis of V, €], ..., e}, the dual basis of

V*¥and wr =ej A---ANej, 1<ip <--- <ig <n, then (ej)wr =0
if j ¢ I and if j =i,

(1.7.14) ej)wr = (—1)" " twy

r

where I, = (iy,... ,/z'\T,...,ik) (i.e., I is obtained from the multi-
index I by deleting i,).
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Exercises:

1. Prove Lemma 1.7.1.
2. Prove Lemma 1.7.2.

3. Show that if T' € A*, i, = kT, where T, is the tensor (1.3.16).
In particular conclude that i, 7' € A*~1. (See §1.4, exercise 8.)

4.  Assume the dimension of V' is n and let € be a non-zero element
of the one dimensional vector space A™. Show that the map

(1.7.15) p: V= AL w5 ,Q,

is a bijective linear map. Hint: One can assume 2 = e] A --- A ey,
where eq,..., e, is a basis of V. Now use (1.7.14) to compute this
map on basis elements.

5. (The cross-product.) Let V' be a 3-dimensional vector space, B
an inner product on V and € a non-zero element of A3. Define a map

VXV -V
by setting
(1.7.16) v1 X vy = p~H(Lwy A Lug)

where p is the map (1.7.15) and L : V — V* the map (1.2.9). Show
that this map is linear in vy, with vy fixed and linear in vy with vy
fixed, and show that v1 X v9 = —vg X v7.

6. For V =R3let e;, ep and ez be the standard basis vectors and
B the standard inner product. (See §1.1.) Show that if Q = ej AejAes
the cross-product above is the standard cross-product:

e1 X eg = €3
(1.7.17) ey X €3 = €1
ez X ey =eg.
Hint: If B is the standard inner product Le; = €] .

Remark 1.7.4. One can make this standard cross-product look even
more_standard by using the calculus notation: e; = i, ea = j and
€3 — k
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1.8 The pull-back operation on A*

Let V and W be vector spaces and let A be a linear map of V into
W. Given a k-tensor, T' € L¥(W), the pull-back, A*T, is the k-tensor

(1.8.1) A*T(Ul,...,’uk) :T(Avl,...,A’uk)

in £¥(V). (See § 1.3, equation 1.3.12.) In this section we’ll show how
to define a similar pull-back operation on AF.

Lemma 1.8.1. If T € TF(W), then A*T € IF(V).

Proof. It suffices to verify this when 7T is a redundant k-tensor, i.e., a
tensor of the form

where ¢, € W* and ¢; = ¢; ;1 for some index, i. But by (1.3.14)

AT =A"1® - @ A

and the tensor on the right is redundant since A*¢; = A*¢;14.
O

Now let w be an element of A¥(W*) and let w = 7(T) where T is
in LF(W). We define

(1.8.2) A'w = m(AT).

Claim:
The left hand side of (1.8.2) is well-defined.

Proof. If w = 7(T) = n(T"), then T = T’ + S for some S € ZF(W),
and A*T' = A*T + A*S. But A*S € ZF(V), so

7(A*T') = ©(A*T).
Proposition 1.8.2. The map
A AR — ARV,

mapping w to A*w is linear. Moreover,
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(i) Ifw; € AF(W), i=1,2, then

(1.8.3) A*(wl VAN WQ) = A%w; AN A*wo.

(ii) IfU is a vector space and B : U — V a linear map, then
for w € AF(W™),

(1.8.4) B*A*w = (AB)*w.

We'll leave the proof of these three assertions as exercises. Hint:
They follow immediately from the analogous assertions for the pull-
back operation on tensors. (See (1.3.14) and (1.3.15).)

As an application of the pull-back operation we’ll show how to
use it to define the notion of determinant for a linear mapping. Let
V be a n-dimensional vector space. Then dimA"(V*) = () = 1;
ie., A"(V*) is a one-dimensional vector space. Thus if A: V — V
is a linear mapping, the induced pull-back mapping:

A* L AMV) = ANV,

is just “multiplication by a constant”. We denote this constant by
det(A) and call it the determinant of A, Hence, by definition,

(1.8.5) A*w = det(A)w

for all win A™(V*). From (1.8.5) it’s easy to derive a number of basic
facts about determinants.

Proposition 1.8.3. If A and B are linear mappings of V into V,
then

(1.8.6) det(AB) = det(A) det(B).
Proof. By (1.8.4) and

(AB)'w = det(AB)w
= B*(A*w) =det(B)A*w
= det(B)det(A)w,

so, det(AB) = det(A) det(B).
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Proposition 1.8.4. If I : V — V is the identity map, Iv = v for
allveV, det(I) =1.

We’ll leave the proof as an exercise. Hint: I* is the identity map
on A"(V*).

Proposition 1.8.5. If A: V — V is not onto, det(A) = 0.

Proof. Let W be the image of A. Then if A is not onto, the dimension
of W is less than n, so A"(W*) = {0}. Now let A = Iy B where Iy
is the inclusion map of W into V and B is the mapping, A, regarded
as a mapping from V to W. Thus if w is in A”(V*), then by (1.8.4)

A*w = B*[jyw

and since Ijjw is in A™(W) it is zero.
O

O

We will derive by wedge product arguments the familiar “matrix
formula” for the determinant. Let V and W be n-dimensional vector
spaces and let e,...,e, be a basis for V and f1,..., f, a basis for
W. From these bases we get dual bases, e],... ey, and f],..., f},
for V* and W*. Moreover, if A is a linear map of V into W and
la; j] the n x n matrix describing A in terms of these bases, then the
transpose map, A* : W* — V* is described in terms of these dual
bases by the n x n transpose matrix, i.e., if

Ae; = Zai,jfia
then
A*f; = Z aj,ie;-k .
(See § 2.) Consider now A*(f{f A--- A f). By (1.8.3)

A(FIN N ) = ATFEANATS
= D (akei) A Alank,e,)

the sum being over all ki, ..., k,, with 1 < k. < n. Thus,

A*(ff/\---/\f;';):Zaml...an,kn ep, N Nep,
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If the multi-index, k1, ..., ky, is repeating, then e A---Aey is zero,
and if it’s not repeating then we can write

ki=o(i) i=1,...,n

for some permutation, o, and hence we can rewrite A*(ff A--- A fr)
as the sum over o € S, of

Z A1,5(1) """ An,o(n) (BT AREERA e;)a :

But
(efN--Ne ) =(=1)%e] A+ Ne,

n

so we get finally the formula

(1.8.7) A*(ff NN fr) = detla; jle] A--- Nep,
where
(1.8.8) det[ai,j] = Z(_l)aal,a(l) Oy g(n)

summed over o € S,,. The sum on the right is (as most of you know)
the determinant of [a; ;].

Notice that if V=W and e; = f;, 1 =1,...,n,thenw =e]A--- A
ey = fiA--- A fr hence by (1.8.5) and (1.8.7),

(1.8.9) det(A) = det[a; ;] .

Exercises.

1. Verify the three assertions of Proposition 1.8.2.

2. Deduce from Proposition 1.8.5 a well-known fact about deter-
minants of n x n matrices: If two columns are equal, the determinant
is zero.

3. Deduce from Proposition 1.8.3 another well-known fact about
determinants of n x n matrices: If one interchanges two columns,
then one changes the sign of the determinant.

Hint: Let eq,...,e, be a basis of V and let B : V — V be the
linear mapping: Be; = e;, Be; = ¢; and Bey = eg, { # i,j. What is
B*(ef N---Nep)?
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4.  Deduce from Propositions 1.8.3 and 1.8.4 another well-known
fact about determinants of n x n matrix. If [b; ;] is the inverse of
la; j], its determinant is the inverse of the determinant of [a; ;].

5. Extract from (1.8.8) a well-known formula for determinants of
2 % 2 matrices:

a a
det 1 120 = a11G22 — A12021 -
az1, a2

6.  Show that if A = [a;;] is an n X n matrix and A" = [a;;] is its
transpose det A = det A*. Hint: You are required to show that the
sums

Z(—l)”al’o(l) N an,o(n) o c Sn

and

Z(_l)aaa(l),l <+ Og(n)n oesS,
are the same. Show that the second sum is identical with
Z(_l)TaT(l),l v ar(n),n

summed over T =o' € S,,.
7. Let A be an n x n matrix of the form
-0 ¢

where B is a k x k matrix and C the £ x £ matrix and the bottom
¢ x k block is zero. Show that

det A =det Bdet C'.
Hint: Show that in (1.8.8) every non-zero term is of the form

(=1)77b1o1) « - - Dro (k) CLr(1) - - - COr(0)

where o € S, and 7 € S).

8.  Let V and W be vector spaces and let A :V — W be a linear
map. Show that if Av = w then for w € AP(w*),

A (w)w = 1(v)A*w.

(Hint: By (1.7.10) and proposition 1.8.2 it suffices to prove this for
w € AY(W*), ie., for w € W*.)
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1.9 Orientations

We recall from freshman calculus that if £ C R2 is a line through the
origin, then /—{0} has two connected components and an orientation
of £ is a choice of one of these components (as in the figure below).

More generally, if L is a one-dimensional vector space then . — {0}
consists of two components: namely if v is an element of L — [0}, then
these two components are

L, = {)\’U /\>0}

and
Ly = {)\’U, )\<0}

An orientation of L is a choice of one of these components. Usu-
ally the component chosen is denoted L., and called the positive
component of L — {0} and the other component, L_, the negative
component of L. — {0}.

Definition 1.9.1. A vector, v € L, is positively oriented if v is in
L,.

More generally still let V' be an n-dimensional vector space. Then
L = A"(V*) is one-dimensional, and we define an orientation of V
to be an orientation of L. One important way of assigning an orien-
tation to V' is to choose a basis, e1,...,e, of V. Then, if e],... e} is
the dual basis, we can orient A™(V*) by requiring that ej A---Aej be
in the positive component of A™(V*). If V has already been assigned
an orientation we will say that the basis, ey, ..., ey, is positively ori-
ented if the orientation we just described coincides with the given
orientation.

Suppose that eq,...,e, and f1,..., f, are bases of V and that

(1.9.1) ej = aifi.
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Then by (1.7.7)
Ji N A f = detla; jle] A+ Nep,
so we conclude:

Proposition 1.9.2. Ifeq,..., e, is positively oriented, then f1,..., fn
is positively oriented if and only if det|a; ;] is positive.

Corollary 1.9.3. Ifeq,..., e, is a positively oriented basis of V, the
basis: e1,...,€i—1,—€i,€it1,-..,en 1S negatively oriented.

Now let V' be a vector space of dimension n > 1 and W a sub-
space of dimension k < n. We will use the result above to prove the
following important theorem.

Theorem 1.9.4. Given orientations on 'V and V/W, one gets from
these orientations a natural orientation on W.

Remark What we mean by “natural’ will be explained in the course
of the proof.

Proof. Let r = n — k and let m be the projection of V' onto V/W
. By exercises 1 and 2 of §2 we can choose a basis eq,...,e, of V
such that e,y1,...,e, is a basis of W and 7(ey),...,m(e,) a basis
of V/W. Moreover, replacing e; by —e; if necessary we can assume
by Corollary 1.9.3 that 7(e1),...,m(e,) is a positively oriented basis
of V/W and replacing e,, by —e,, if necessary we can assume that
e1,...,en is a positively oriented basis of V. Now assign to W the
orientation associated with the basis e,41,..., €.

Let’s show that this assignment is “natural” (i.e., doesn’t depend
on our choice of ey,...,e,). To see this let fi,..., f, be another
basis of V' with the properties above and let A = [a; ;] be the matrix
(1.9.1) expressing the vectors ey, ..., e, as linear combinations of the
vectors fi,... f,. This matrix has to have the form

(1.9.2) A— [ v }

where B is the r xr matrix expressing the basis vectors m(ey), ..., m(e;)
of V/W as linear combinations of 7(f1),...,n(f;) and D the k x k
matrix expressing the basis vectors e,11,...,¢e, of W as linear com-
binations of f,11,..., fn. Thus

det(A) = det(B) det(D).
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However, by Proposition 1.9.2, det A and det B are positive, so det D
is positive, and hence if e,41, ..., e, is a positively oriented basis of

W sois frats---y fn-
O

As a special case of this theorem suppose dim W = n — 1. Then
the choice of a vector v € V — W gives one a basis vector, m(v),
for the one-dimensional space V/W and hence if V is oriented, the
choice of v gives one a natural orientation on W.

Next let V;, ¢ = 1,2 be oriented n-dimensional vector spaces and
A : Vi — V5 a bijective linear map. A is orientation-preserving if,
for w € A™(V5)4, A*w is in A™(V})4. For example if Vi = V5, then
A*w = det(A)w so A is orientation preserving if and only if det(A4) >
0. The following proposition we’ll leave as an exercise.

Proposition 1.9.5. Let V;, i = 1,2,3 be oriented n-dimensional
vector spaces and A; : Vi — Vi1, i = 1,2 bijective linear maps.
Then if Ay and As are orientation preserving, so is As o Aj.

Exercises.

1. Prove Corollary 1.9.3.

2. Show that the argument in the proof of Theorem 1.9.4 can be
modified to prove that if V and W are oriented then these orienta-
tions induce a natural orientation on V/W.

3. Similarly show that if W and V/W are oriented these orienta-
tions induce a natural orientation on V.

4. Let V be an n-dimensional vector space and W C V a k-
dimensional subspace. Let U = V/W and let « : W — V and
7w :V — U be the inclusion and projection maps. Suppose V and U
are oriented. Let y be in A" *(U*), and let w be in A"(V*),.. Show
that there exists a v in AF(V*) such that 7*u A v = w. Moreover
show that (*v is intrinsically defined (i.e., doesn’t depend on how
we choose v) and sits in the positive part, AF(W*), of AF(W).

5.  Letey,...,e, bethe standard basis vectors of R"™. The standard
orientation of R™ is, by definition, the orientation associated with
this basis. Show that if W is the subspace of R™ defined by the
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equation, x1 = 0, and v = e; € W then the natural orientation of W
associated with v and the standard orientation of R™ coincide with
the orientation given by the basis vectors, es,...,e, of W.

6. Let V be an oriented n-dimensional vector space and W an
n — 1-dimensional subspace. Show that if v and v’ are in V — W then
v/ = A+ w, where w is in W and A € R — {0}. Show that v and v/
give rise to the same orientation of W if and only if X is positive.

7.  Prove Proposition 1.9.5.

8. A key step in the proof of Theorem 1.9.4 was the assertion that
the matrix A expressing the vectors, e;, as linear combinations of the
vectors, f;, had to have the form (1.9.2). Why is this the case?

9. (a) Let V be a vector space, W a subspace of V and A:V —
V' a bijective linear map which maps W onto W. Show that one gets
from A a bijective linear map

B:V/W = V/W

with property
mA = B,

7 being the projection of V onto V/W.

(b) Assume that V, W and V/W are compatibly oriented. Show
that if A is orientation-preserving and its restriction to W is orien-
tation preserving then B is orientation preserving.

10. Let V be a oriented n-dimensional vector space, W an (n —1)-
dimensional subspace of V and i : W — V the inclusion map. Given
w € A(V); and v € V — W show that for the orientation of W
described in exercise 5, i*(t,w) € A"HW),.

11. Let V be an n-dimensional vector space, B : V x V — R an
inner product and eq, ..., e, a basis of V which is positively oriented
and orthonormal. Show that the “volume element”

vol =ejA---Aey, e A"(V")

is intrinsically defined, independent of the choice of this basis. Hint:
(1.2.13) and (1.8.7).
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12. (a) Let V be an oriented n-dimensional vector space and B an
inner product on V. Fix an oriented orthonormal basis, eq,...,e,,
of V.and let A:V — V be a linear map. Show that if

Aei =V; = E ajﬂ-ej

and b; ; = B(v;,V;), the matrices A = [a; ;] and B = [b; ;] are related
by: B= AT A.
(b) Show that if v is the volume form, e A--- Ae’, and A is orien-
tation preserving
1
A*v = (det B)2v.

(¢) By Theorem 1.5.6 one has a bijective map
AN (V)= AN(V).

Show that the element, 2, of A”(V) corresponding to the form, v,
has the property

1Q(v1, ..., va)|? = det([b; ;])

where vi,...,v, are any n-tuple of vectors in V' and b; j = B(v;,v;).



