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Lecture 24 — Finite dimensional g-modules over a s.s. Lie algebra.
Prof. Victor Kac Scribe: Mario De Franco, Roberto Svaldi

1 Finite dimensional representations of semisimple Lie algebras

Let g be a finite dimensional semisimpe Lie algebra, over an algebraically closed field F of charac-
teristic 0. Choose a Cartan subalgebras h C g and a subset of positive roots A, C h*. Let

g:m_®h@m+

be the triangular decomposition. Recall that 91, (resp. 91_) is generated by the vectors Ey, ..., E,
(resp. Fi,...,F;) or, equivanlenty, that M4 = Goea, 9+q- Let us define

b=bhoN,.
b is called a Borel subalgebra. Note that
b,6] = 9, (1)

Indeed, [b,b] C M, follows immediately by the definition of b, while [b, b] D 9 follows from the
fact that [h,g] # 0, if a(h) # 0 and such h always exists, since o # 0. As D1, is a nilpotent
subalgebra, we see that b is a solvable subalgebra. Moreover, b is a maximal solvable subalgebra
(and all such subalgebras are conjugated).

Since by Weyl’s complete reducibility theorem, every finite dimensional g-module is a direct sum
of irreducible ones, it suffices to study finite dimensional, irreducible g-modules.

Proposition 1.1. Let V be afinite dimensional, irreducile g-module. Then dA € h* and0 #£ vy € V
s.t. the following three properties hold:

i) hva = A(h)vp, Yh € b*;

’LZ) er’UA = 0,’

iii) U(g)oy = V.

It follows immediately that property iii) is equivalent to the following property
iig) U(M_)

Proof. By Lie’s Theorem, b has an eigenvector 0 # v € V so that Vb € b, A(b)v, for some A € h*.
But, by the property illustrated in (1), we see that A(9y) = 0, since A([by,ba]) = A(b1)A(bs) —
A(b2)A(b1). Let A = ]\Ib € b*, then 7) and i) hold and 4i7) follows from the irreducibility of the
g-module V| since U(g)vy (we are identifying vy = v) is a non-zero submodule of V' (it contains vp
since Id € i(g)). O



Definition 1.1. A g-module V' (not necessarily finite dimensional) with the property that JA € h*
and 0 # vp € V such that properties i), i), 7i¢) from the previous proposition hold, is called highest
weight module with heighest weight A and vy is called a heighest weight vector.

Let AL = {p1,..., 5} be the set of positive roots for g. Choose root vectors Eg, € My, E_g, € N_
and let hy,..., Hy, be a nasis for b, then vectors Eg,, E_g, (i =1,...,N), h; (j=1,...,n) form a
basis for g. By PBW theorem, monomials of the form

ETy BTN HY'. HYER.ERN, my g, sy € Ly

In particular

Definition 1.2. For an arbitrary g-module V', let h be an element of h*, we denote V), = {v €
V | hv = A(h)v, Vh € b} the weight space for h attached to A\. A non-zero vector v € V), is called
singular of weight X\ if 91, v = 0.

Example 1.1. Any A € h* is a singular weight of a highest weight g-module with highest weight
A.

Notation 1.1. Given A € b§*, let D(A) = {A — >0  kio; : ki € Zy} C b*, where II =
{a1, ag, ... a,} is the set of simple roots of g.

Theorem 1.2. Let V' be a highest weight g-module with highest weight A € §*. Then,

(a) V =@repm) A

(b) VA = Fup and dim V), < oo

(c) V is an irreducible g-module if and only if F*vy are the only singular vectors.
(d) V contains a unique proper maximal submodule.

(e) Ifv is a singular vector with weight A, then Q(v) = (A42p, \)v. Here (-,-) is a non-degenerate
symmetric invariant bilinear form on g and Q is the corresponding Casimir operator, and

2p = ZO{GA+ Q.
(F) Qv = (A+2p, A)Idy

(9) If X is a singular weight, then (A + p, A+ p) = (A + p, A+ p).

Proof: Pfa, b)
By iii), V=U(n_)va = > FE" ...E") vy € V) — SN miBi € D(A), proving a) and b).
Pf ¢)

We know
(x)  U=@xepm)(UNWy)

for a submodule U by a previous lecture. So choose A € D(A) to be of minimal height with
UNVy,#0. Then E,v =0 for any v € U NV, so v is a singular vector. And if v is a singular
vector of weight A, then U(g)v = U(n_)v which is a proper submodule of V unless A = A.



Pf d)

The sum of proper submodules of V is again a proper submodule because it does not contain vy .
Thus this sum is a unique maximal submodule.

Pfe)

Take a a basis {Eg,, E_g,, H;} and its dual {E_g,, Es,, H'} and compute Casimir operator Q =
SUTHH YN EsE_p, +E_5Ep, =Y HHH + 23V E_35 Eg, +2v~'a. Apply this to a singular
vector vy to get

r N
Quy =Y ANH)AH oy + > (A Bi)va+0
1 1

The right hand side is (A, \) + 2(A, p)).
Pf f)

Qua = (A + 2p,A)up by e) and since Q@ commutes with U(g) we get Q(E™) ....E_gyvavy) =
(A +2p, A)E™ ....E_p 0

Pf g)
follows from f) and e).
Pf )

If A is singular weight, then (A +2p,A\) = (A + 2p, A) by g). This describes a compact set in which
the singular weights must lie. But A € D(A), a discrete set. As the intersection of a discrete set
and compact set is finite, we have that the singular weights must be finite in number.

A Verma module M(A) is highest weight module with highest weight A such that any other
module with highest weight A is quotient of M(A). We construct M(A) as U(g)/U(g)(ny;h —
A(h),h €b)

By Theorem 1 d), M(A) has unique maximum submodule J(A) such that L(A) = M(A)/J(A) is
unique highest weight module with highest weight A.

Theorem 1.3. (a) For any A € bx, there exists a Verma module M(A), unique up to isomor-
phism.

(b) M(A) has unique irreducible quotient L(A)
(c) M(A)] = M(N) (resp. L(A) = L(AN)) iff A =N
(d) E™} ....E" vy form basis of M(A).

Proof: a), b), ¢) are clear. d) follows from the PBW theorem because ET’élETéVN never lies in

J(A).



